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FFT 1] osELoATON RATIEWATOUE 1 JALTSE MRERGLE

(Vol 28, n° 6, 1994, p 725 a 744)

QUASI-NORM ERROR BOUNDS
FOR THE FINITE ELEMENT APPROXIMATION
OF SOME DEGENERATE QUASILINEAR ELLIPTIC EQUATIONS
AND VARIATIONAL INEQUALITIES (*)

by W. B. L1u (') and John W. BARRETT (})

Communicated by R TEMAM

Abstract. — In this paper energy type error bounds are established for the finite element
approximation of the following variational inequality problem

Let K be a closed convex set in the Sobolev space Wy P (22) with p € (1, ), where 2 1s an
open set in R (d =1 or 2) Gwen f, find u € K such that for any v € K

J k(x, IVMI)Vu(X)-V(U(X)—u(x))dXBJ' F@E) — ux)) dx,
2 (e}

where k € C (12 x (0, 00)) is a given nonnegative function with k( . , t) t strictly increasing for
t =0, but possibly degenerate

In some notable cases these error bounds converge at the optimal approximation rate
provided the solution u 1s sufficiently smooth

Résumé — Dans cette publication les bornes d’erreur de genre énergétique sont définies
pour I"approximation des éléments firus du probleme de variation d’inégalité suivant

Prenons K, un ensemble convexe fermé dans I espace de Sobolev Wy (), pe(1, o), ot 2
est un ensemble ouvert dans R® (d = 1 ou 2) Etant donné f, on cherche u € K de maniére a ce
que, pour chaque v € K,

J k(x, |VuI)Vu(x).V(v(x)—u(x))d_xzJ FE)@E) — ulx)) dx,
0 0

ou ke C(2 x (0, ©)) est une fonction non négative donnée avec k( ., t)t de progression
strictement ascendante pour t =0, mais qui peut éventuellement dégénérer

Dans certains cas remarquables, st la solution u est suffisamment réguliére, ces bornes
d’erreur convergent au taux d’approximation optimal

(*) Manuscript received January 6, 1993, revised October 14, 1993
(T)y Supported by SERC grant GR/F81255
(') Department of Mathematics, Impenal College, London, SW7 2BZ
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726 W B LIU, John W BARRETT

1. INTRODUCTION

Let £2 be a bounded open set in RY, d = | or 2, with a Lipschitz boundary
942 1n the case d = 2. Many mathematical models from physical processes
have the following form : given f and g, find u# such that

Vo k(x, |[Vux)|) Vu(x))=f(x) Vxe 2 = R4, (1.1a)

U,y =9l,p - (1.1b)

When k 1s smooth and satisfies the ellipticity and monotonicity conditions
such as those given 1n[9] and [11], there 1s much work on its well-
posedness. Moreover, optimal error bounds for its finite element approxi-
mation have been established 1n various norms

For many physical models, k& does not satisfy these conditions and hence
the hneanzation or deformation procedure used 1n [9] and [11] cannot be
applhied at all. A typical example 1s the p-Laplacian, where k(¢)=
»~2 pe (l,o) and p # 2. Throughout we will denote k(x, t) by
k(t) for almost every x € £2. Such models arise 1n many physical processes :
nonlinear diffusion and filtration, see [19], power-law materials, see [1], and
non-Newtonian flows, see [3]. For such cases the monotonicity method
plays an essential role in establishing well-posedness and error bounds,
see [12]. By this method error estimates for the finite element approximation
of (1.1) have been given for a class of £, which includes the p-Laplacian,
see [6]. [7] and [12], although the results are only suboptimal in most cases
and may be very poor for some important cases (for instance, k(¢) = #"" and
p # 2). On the other hand, numerical computations indicate that the
approximation should converge at the optimal rate for such cases at least for
sufficiently regular solutions. This has been confirmed recently for the
continuous pirecewise linear finite element approximation of (1.1) , firstly for
the case where k(z) = "~ 2 1n [2] and then for more general cases 1n [16]. We
note that there 1s little point in considering a higher order approximation due
to the lack of regularity of the solutions of (1.1) in general. It has been further
shown that the techniques used in dealing with (1 1) can also be applied 1n a
modified form to the case of a quasi-Newtoman flow obeying the power law
or the Carreau law, see [3], and the parabolic p-Laplacian, see [4].

In the mathematical hiterature there has been a huge explosion of work on
the p-Laplacian and related degenerate quasilinear elliptic and parabolic
equations. This work has naturally led to considering the corresponding
variational inequalities (obstacle problems), see [S] for example. It 1s the
purpose of this paper to show that the techmques 1n [2] can be adapted to
study the finite element approximation of the elliptic variational mnequality
corresponding to (1.1). Error bounds 1n energy type norms are proved. In
some notable cases these error bounds converge at the optimal approximation
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QUASI-NORM ERROR BOUNDS... 727

rate provided the corresponding solution is sufficiently smooth. In addition
these results in some cases simplify and improve on those for the equation
case presented in [16]. Although there is much work on the finite element
approximation of elliptic variational inequalities for the Laplacian, see [10]
and [8] for example, and when k is smooth and positive, see [17] and {18],
we know of no work for degenerate k except the brief mention of suboptimal
bounds in [8].

The outline of this paper is as follows. In the next section we state the
precise weak formulation of the problem and then prove some important
inequalities. In Section 3 we establish some abstract error bounds for the
finite element approximation of the problem. In Section 4 we derive some
explicit error bounds from these abstract bounds.

Throughout this paper, we adopt the standard notation W™ (£2) for
Sobolev spaces on {2 with norm || . ||ymq,, and semi-norm | . |ymq o) In
addition C and M denote two general positive constants independent of /2 and
x € .

2. THE WEAK FORMULATION AND SOME INEQUALITIES

Let £ be a bounded open set in R? with a Lipschitz boundary
30. Let K be a closed convex set in Wy?(2)= {ve W"?(2): v =0 on
302} and f € L?>(£2). Let k satisfy the following conditions.

ASSUMPTIONS (E) : We assume that k € C (2 x (0, 00)) and the function
t - k(t) tis continuous and strictly increasing on [0, oo ) and that it vanishes
at t = 0, where throughout the paper we will denote k(x, t) by k(t) for
almost every x € {2. In addition we assume that there exist constants
p=1 and ty=0 such that

MPP '<k@)t<CtP~! for t=t,. 2.1

The problem that we wish to consider is :
(WP) Find u € K such that

J k(x, |Vu@x)|[) Vu(x). Vo (x) —ux))dx =
o
;j f)@E)—ux))de Vvek.
)

Associated with (WP ) is the following minimization problem :
(MP) Find u € K such that

Jo@) =MinJ,(v), (2.2)

vek
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728 W. B. LIU, John W. BARRETT

where
|ve)
J,)(v)zj J k(t)tdtdx—J. fvdx. 2.3)
nJo 0

Under Assumptions (E£) it is a simple matter to establish the existence of a
unique solution u to (MP ) by adapting the argument for the equation case
given in [6], [7] and [12]. In addition it follows that (WP ) and (MP ) are
equivalent problems.

In order to prove error bounds for the finite element approximation of
(WP )= (MP) one requires stronger assumptions on the function k.

ASSUMPTIONS (A): We assume that k € C (12 x (0, o)) and that there
exists a constant p > 1 such that

(A1) There exist constants a, € [0, 1] and ¢, C =0 such that for all
tr=0

k() <Cl™' A +1) “'p-2
and for all s, t =0 satisfying |s/t — 1| < ¢
k@)t —k(s)s| <Clt—s|[t+s)" (A +t+s) P2,

(A2) There exist constants a,€ [0, 1] and M =0 such that for all
t=s5=0

k@)t —k(s)s=M@E —s)[(t +5) (A +1+s) P2,

Assumptions (A) are slightly more general than those in [16], where
a; and a, are either 1 or O, and can be stated in a more compact way.
However, the main advantage to stating the assumptions in this form is that
one can obtain some sharper inequalities, see (2.4) and (2.5), than those
in [6] and [16] for some k.

Remark 2.1 : We note that if k satisfies Assumptions (A) then it satisfies
Assumptions (E). Many functions k met in practical problems satisfy the
Assumptions (A); e.g. k(@)= [*(1 +¢) "#P~? with pe (1, ©) and
w € [0, 1] satisfies (A) with a, = a, = p; k() = (1 +2)?~22 with
p € (1, oo) satisfies (A) with a; = a, = 0. Clearly the choice of parameters
a, and a, are not unique. For example if (A) holds for p € (1, 2] and
a,, a,€ [0,1] then it holds with ;=1 and @, =0. Similarly if
(A) holds for p € [2, ©) and «,, a, € [0, 1] then it holds for @, = 0 and
a, =1. In applying our results in this paper we will always choose
a, = a, as in the examples above. However, we state our Assumptions
(A) in this more general form so as to relate to previous work.

Throughout this section (., . ) denotes the RY inner product.

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



QUASI-NORM ERROR BOUNDS 729

LEMMA 2.1: Let k satisfy the Assumptions (Al) for pe (1, 0) and
a, € [0, 1]. Then for all x, ye R (d=1) and 6 =0 we have that

k(x| x—k(ly])y| =
<Clx—y|" °[(x] + [yD™ A + |x] + |y])' P2, (2.9)

Let k satisfy the Assumptions (A2) for p € (1, o) and a, € [0, 1]. Then
for all x, ye R? (d=1) and & =0 we have that

k(x)x—k(|y)y, x—y)=
=M|x—y |22 [(|x| + |yD™A + |x| + [y TP 20 @2.5)

Proof : We first prove (2.4) with § = 0. Some 1deas similar to those 1n [2],
[6], [7], [12] and [16] will be applied. For any (x, y) € R? x R let

F(x,y)y= [k(|x])x = k(|y])yl/

Hlx =y TCx] + lyD™ @+ x|+ [yD' ™ 'P-2} .

We wish to prove that ¥ 1s bounded. For A an d x d orthogonal matrix it
follows that for all (x, y) € R? x R?

F(x,y)=F(y,x), FAx,Ay)=F(,y) and F@O,y)=C. (2.6)

Therefore without loss of generality we can suppose that x, y % 0. Let
b(x)= []x]*" (1 + lxl)l—al]”‘2. Then F can be rewrntten as

F(x,y)=

_ 1k(xD by |x| = kAyDyb DIy 1My /b |x|1]
|/ x| = y/ x| LA+ |y ]/ x4+ [p]/(+ x| )~ P2

We can further assume from (2.6) that x/|x| =e¢;= (1,0, ..., 0) and

|y|/|x| =< 1. It follows that F (x, y) will be bounded 1f y/|x| does not tend to

e, as the function x — k(|x|)/b(x) 1s bounded above. It remains to show that
Im F(x,y)< .
x| - e

If1 —e=< |y|/|x] =1 for some ¢ € (0, 1) then there exists a constant C
such that |x||y| < (|x] + |y|)*<C|x]|]y|. Then 1t follows, since
[x|]y] = (x, y)=< |x—y|? that

k(| x])x —k(y)y|? = G(xD]x| =&y D]y])* +
+2k(xDEAyDUx] Y] — G y)

vol 28, n° 6, 1994



730 W B LIU, John W BARRETT

< C([x] = [yD? [Ax[ + [yD™ A+ [x] + [y[)' " PC-2 4
+Clx—y |2 {(x]lyD™ 1A + [xDA + [yD1~ )22

<Clx—y[2[(x] + [yD™ QA+ |x] + [y ~"'pe-?

Consequently one has that (2 4) holds with 8§ = 0 On the other hand for all
X,y € R? and 6 =0 we have that

lx =y TC(x] + |yD™ (@ + |x| + |y P 2=
< |x—yP 0 Lx] + YDA+ |x] + |y TP,

that 1s, (2 4) holds for any 6 =0
Simuilarly (2 5) for the case 6 = 0 holds since we have for M, =0 that

(k(xP)x —k(y)y, x = y) = k([xD]x| =&y DIyDx] = [y +

+ k(x| + k(¥ INUx]|y] = x5 ¥))

=M(|x| = [y [Ux] + [yD™ A+ x|+ [yD'™7P 2+
+M{[x|™ @+ 2D P24 [y A+ [y P2 x

x (x| [yl = Gy = Milx =y (x| + [yD™ 4+ |x] + 1y 7P 2,

where we have noted for all s, ¢ = O that
$°2(1 + ) " 2P-24 A +0) P 2=
=My[(s+)2 A +s+0) P 2 @27

Clearly (2 7) holds forp € (1, 2]withM, = 1 Forp € (2, o), (2 7) follows
from noting that there exist constants M5 and M,(p) such that

GHD2A+s+1) =M1 +s) P+ A 1) %
and
S+tP 2 <M, 2+ 1P
In addition for all x, y € R% and & =0 we have that
lx =y 12 [x] + [y A+ |x| + |y " 2P2=
= =y P2 0] + Iy @ xl+ D'y 20
and hence (2 5) holds for all 6 =0 O
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Under similar assumptions Chow in {6] has proved (2.4) with 6 =2 —p
for pe (1,2], ;=1 and 6 =0 for pe [2, ©), a;=0; (2.5) with
6 =0forpe (1,2], a;=0and 6 =p -2 forpe [2, ©0), a, = 1. With
these one can establish some error bounds for the finite element approxi-
mation of (1.1) (see [6], [7] and [12]). These error bounds, however, are
only suboptimal in many important cases. In [2] and [16], sharper inequali-
ties, which can also be viewed as generalizations of those in [6] are
established ; that is, (2.4) with ;=1 and (2.5) with a, =0 when
pe (1, 2], (2.4) with «; = 0 and (2.5) with @, = 1 when p € [2, o©0). Itis
these generalizations that makes the establishment of some optimal error
bounds possible for (1.1) by exploiting the associated minimization problem.
However, for some k the inequalities (2.4) and (2.5) are even sharper than
those in [16]. For example k(t) = #* ~2, p € (1, o), satisfies the Assump-
tions (A) with @, = a, = 1. These improved inequalities are absolutely
essential in establishing sharp error bounds for the finite element approxi-
mation of some degenerate quasilinear problems for which there is no
associated minimization problem (for example, the parabolic p-Laplacian,
see [4]).

Remark 2.2 : Lemma 2.1 can be generalised so that the inequalities (2.4)
and (2.5) remain true if x= (x,) and y = (y,,) are d x d matrices with
d

&, y)= Z X, , Y, and |x|?= (x, x). Therefore these crucial inequalities
t,7=1

can be applied to systems, such as those studied in [16].

THEOREM 2.1 : Let k satisfy Assumptions (A). Let u=u, € K be the
unique solution of (WP) for a given f, € L*(£2). Then for p € (1, 2]

s~ all iy =<
<A = Fall gyt + Tt llyiongy + T2l grn 275 2:8)

and for p € [2, o©)
(”ul—u2”W"”(ﬂ))p_1sc”fl_fZHLZ(n)' (2.9)

Proof : The results (2.8) and (2.9) follow by adapting the proofs for the
equation case in [6]. O

3. FINITE ELEMENT APPROXIMATION AND ABSTRACT ERROR BOUNDS

In this section we consider the piecewise linear element approximation of
(WP )= (MP). Let 2" be a polygonal approximation to {2 with boundary
302" in the case d =2 and 2"= 2 if d = 1. Let T" be a partitioning of

vol 28, n° 6, 1994



732 W. B. LIU, John W. BARRETT

02" into disjoint open regular d-simplices 7, each of maximum diameter
bounded above h, so that 2" ={_) 7. We assume in the case d = 2 that
et
P,e 3= P, e 302 and dist (02", 302)=< Ch? where P;, i =1 J, is
the vertex set associated with the partitioning 7". We will further assume that
o'he n.
Associated with T" are the finite dimensional spaces

§" = {x € C°(2") ;x| is linear for all = € T"}

and So={x € CO2): x|pn€S"and x| 5 n =0} = W5 =(2").

Let 7, : C°(2") - S", denote the interpolation operator such that for any

ve CO2"), m,v(P;)=v(P,)i =1-J. We recall the following standard
approximation results :

Form=0or1, q,s€ [1, ] and v € W>*(7) (so that v € C*(7)) we
have that

d(lg — 1/s) 3,2 — h
|0 = 74 0] oy, < CHU IO R0 o Ve e ', (Bila)

(m)
provided W>*(7) « W™ 9(r). Furthermore if ¢ > d then

|0 = 74 0| ymagy < Ch "0 g, V7€ T" . (3.1b)

Let K" be a closed convex set in St such that «,(K N C°(2)) < K" and
that v" € K" = v" € K. We note that for the analysis that follows these
assumptions can be relaxed (see [9]).

A possible finite element approximation of (MP ) is then:
(MP)Y': Find u" € K" such that

Jon("y = MinJ os(0") .
vhe k"
h

Equivalently, one can define u
variational inequality :

as the unique solution of the following

(WP )Y : Find u" € K" such that

J k(| Vi )Hvu', Vot —u"))dx= | f" - u")dx Yo' e K.
_()h nh

The well-posedness of (WP )" and (MP )" follows in an analogous way to that
of (WP ) and (MP).
We now establish some error bounds for such an approximation. Although
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no error bounds exist in the literature for degenerate elliptic variational
mequalities by combining the work on « linear » vanational nequalities,
1e [10], with the work on degenerate elliptic equations 1n [6] 1t 1s a simple
matter to obtain the following error bounds if u € W? 7 ()

If & satisfies the Assumptions (A) withp € (1, 2], ; = 1 and a, = O then

lu— u”| < Ch?"?

w! P2h

If k satisfies the Assumptions (A) withp € [2, o0 ), @ = 0 and a, = 1 then

| < Ch?

—u “ w! rh)

Clearly these error bounds are not optimal Below we will establish some
mmproved error bounds by applying the ideas used 1n [2] and [16] These
bounds converge at the optimal rate, provided u 1s sufficiently smooth, 1n
some notable cases Firstly, we establish some abstract error bounds

Let u be the umque solution of (WP) Then for any 6 > -2 and
a € [0, 1] we define for any v € W! 7(2")

"v”l()pa )=
EJ |Vu|2+6 [(|Vul| + [Vo|)* (1 + |Vu] + Ivvl)(l a)](p_z—ﬁ)dx’
ot

where p = max {p, 2+ 8} This 1s well defined for all v e W! ?(2"),
p € (1, o0), smce

||v||‘(’p 5 a)S< Lz" A+ |Vu| + |Vu| Y dx

It 1s easy to establish that || . 1s a quasi-norm on W§ 7 (£2") , that s, 1t

”(p 5 a)
satisfies all the properties of a norm except the homogeneity property In
addition we note for 0 < a; < a, <1 that

IolSd wy=<lolt 3., f P<2+5 (3 2a)
and Ioll%, s ay< WVl 5 oy f P=2+8 (3 2b)

We can now state our abstract error bounds 1n the following way

THEOREM 3 1 Let k sanusfy Assumptions (A) Let u and u" be the unique
solutions of (WP ) and (WP )" We assume in addition that u € L®(£2) and

vol 28, n° 6, 1994



734 W B LIU, John W BARRETT

V. (k(|Vu|)Vu) + f € L2(2) N L®(2\2"). Then for any 8, € (-2, 0],
8,=0 and v" € K" we have that

P
= " NG oy apy =< C Ut = 0" G5, 5, apy + e = 0" | 2y + 12 (3.3)

where p,=max {p,2+8,}.

Proof - The proof is similar to that of Theorem 2.1 in [2] and Theorem 4.1
in [16). For any v" € K"

1
Jan(@") — Tgn(u) = j Jor(u + 1" —u))(@" —u)dr =
0

1
J Woi(u +t@" —u))@ +t@" —u) —u) -
0
—Thu(u)(u + t@" —u)—u)) ™' dt + Tpr(u)(V" — u)
=AM + T —u),
where

1
A(u“)EJ J k(|V@+t@" —u)]) V@ +t@"—u)) -
0 Jnr

—k(|Vul|) Vu, V" —u)) dxdr .
From (MP )" we have that
AW + Jpru) (" — u) = T on(") — J gn(u) <
< Jou(") — Tpu(u) = A (") + Tpu(u) (" — u).
It follows, since 2"< 2 and (WP )= J,u)(u — u") <0, that
AW < A"y + Tonu)@" — u"y = A" + T, ()" — u)

=A@ +TH@)O" —u) + T @)U - u"y < A@" + TL )" —u) .

On the other hand, V. (k(|Vu|)Vu)+ feL*(2)NL®(02\02",
uelL®(2), 2"< 2 and dist (3402, 32" < Ch? and so we have that

AW <A@" + C(||u- vh”Lz(O,,) +h?) Vote k. 3.4)

Noting for all v,, v, and ¢ € [0, 1] the inequality
t(|Vo | + |Voy| V2 < (|V@)| + |V, + 10y)| )= 2(]Vo,| + |V0,]),

M? AN Modélisation mathématique et Analyse numérique
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QUASI-NORM ERROR BOUNDS 735

1t follows from (2.4) that for all 5, € (— 2, 0]

1
A(v")scj J V- o x
0 Jnk

x [(|Vu] + |Vu + ¢ V" - u)])™
x (1 + |Vu| + |Vu+tV(v"—u)|)l_n‘](p_z‘ﬁ‘)dxdts
P
<Cllu—=v" 5, ap- (3.5)
Similarly 1t follows from (2.5) that for all §,=0

AWhy=M|u—u"|| 5, (3.6)

, @p) ”
Combining (3.4), (3.5) and (3.6) yields the desired result (3.3). O

COROLLARY 3.1a: Under the assumptions of Theorem 3.1 we have with
p, =max {p, 2+ 8,} that.

Ifpe (1, 2] then for all 6, € (=2, 0] and v" € K"

h|2

W Peah +h%). 3.7

lu—u <C(llu =" 5, ap+ llu—v"|

L20h
If p € [2, ©) then for all 8,=0 and v" € K"

p
”u - uh” (pz. 52, ﬂz) =

=C (“vh“Wl P(_()"))(”u - vh” 31/1 P(n‘l) + ”u - vh "L?(_()h) + hz) 5 (38)

and if in addion ue W-®(2) and |v"||
sel,2]

W =@ sC, then for any

”u - uh”(p 8, @) =C (“u - “Wl 1(0‘*\ + ”u - vh"L2(gh) + hZ) . (39)

Proof Ifp e (1, 2] then from a Holder in2quality and (3.2a) we have that

hl2

| —u Wirah =

A , @2-p)p A
< ﬂh[1+|Vu|+|V(u—u)|]dx ||u—“||(,,00)

<Cllu—u7, 50 =C llu—u*|?

@ 0,0) ®. 0, a)) "
Hence the desired result (3.7) follows from (3.3) with 6, = 0.
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Simlarly, if p € [2, o0 ) we have from a Holder inequality and (3.2b) that

”u - vhlllzp’ 0, al)s “u - Uh“[(,p,o‘o)

-2)

< [1+ |Vu| + |V@—-v"|1dx v flu — v"|2
T o - “ w! Pl
< C (19"l 1 gl = V%135 -

Hence the desired result (3.8) follows from (3.3) with 6, = 0.
Finally choosing 6, = s — 2 in (3.3) and noting (3.2b) yields that

”M —vh””‘s_z’al)s

= ”u - Uh”p’:_z’o)s C (”vhnwl m(gh))”u - vh“ivl 5(1)/1)

and hence the desired result (3.9). O

COROLLARY 3.1b: Under the assumptions of Theorem 3.1 we have
Ifpe (1,21 and ue W21~ 2(02) then for all v" e K"

h|2

| — w4 o omy =

2+a,(p-2)
=C([ llu - Uh“W1 2+a10 2)(0,,)] *1 + “u — vh”L2(_Qh) n hz) )

(3.10)
If p€ [2, ) then for all v" € K"

24 ay(p—2)
[lu - uhlwl 2"’"2(?—2)(011)] ? =

2
=C (”vhuwl P(n"))(”u - vh“Wl Pty + ”M - vh”LZ(n") + hz) >

3.11)
and if in addition ue W"*(2) and ||v"||W,m(msC, then for any
se[1, 2]

24+ a,(p-2
[]u—uh|wnzw2<,,_2)m,,)] 2D

sC(”u—vh“ + [lu_vhlle(n’l)+h2)_ (312)

Wl s(nh)
Proof - The result (3.10) follows directly from (3.7) by noting that
||u||%p, 0ap= LVl 2+a|<p-z)mh)]2+a‘(p_2)for allv e wh 2" Pk and
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a, € [0, 1]. The results (3.11) and (3.12) follow directly from (3.8) and (3.9)

. 2+« -2

by noting that {lolf , . = [|v]y 2rae-» 0010} R
veWw" T DM and a,e [0,1]. O

If @y = @, = a, which is usually the case, then one has from (3.3) on
choosing &, = 8, = 0 that for any v" € K"

for all

llu = u"[1%, 5 4y =C (lu~v"|

0. @) +h%), (3.13)

/(,p, 0, a) + “u - vh”L2(gh)

where p = max {p, 2}. Hence u" converges to u in the quasi-norm

I+ 14,0 4y @ 2 —0 at the optimal rate; that is the same rate as the
. . . J
approximation error 1rif | — " ®.0, )

v v
is the dominant term on the right hand side of (3.13) as 4 — 0. Therefore one
needs to determine at what rate inf ||u — ,—0 as 7 >0 and the

ot

; since in general ir:f flu—v" ”l()p 0, @)
n

"l 0. a

relations between these quasi-norms and standard Sobolev norms. These
questions are addressed in the next section.

Finally, all the above results in this paper simplify slightly when applied to
the equation (1.1) with g = 0, as opposed to the variational inequality. We
have the following simplification of Theorem 3.1.

THEOREM 3.2 : Let k satisfy Assumptions (A). Let u and u" be the unique
solutions of (WP ) with K = W{? () and (WP Y with K" = Sk. Then for any
8,€ (—2,01, 8,=0 and v" € S} we have with p, = max {p, 2 + 8,} that

p
e — w1, 5, ay < C llt = "0 5, ) - (3.14)

Proof: The proof follows that of Theorem 3.1 except that
Jo )" —u") =0 and so in place of (3.4) we have that A (") < A@")
Yo" € St The desired result (3.14) then follows. O

COROLLARY 3.2 : Under the Assumptions of Theorem 3.2 we have that
the results (3.7)-(3.13) with « ||u — v"|| + h* » removed from their right

hand sides.

L2 "

Proof : The results follow immediately from the proofs of (3.7)-(3.13)
with (3.3) replaced by (3.14). O

4. EXPLICIT ERROR BOUNDS

In this section we apply our abstract quasi-norm error bounds established
in the last section to some problems and obtain more explicit results in
familiar norms.
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THEOREM 4.1 : Let k satisfy Assumptions (A) with p € (1, 2]. Let u and
u" be the umique solutions of (WP) and (WPY'. If V. (k(|Vu|) Vu) +
fel*Q)N L2@2\2" and ue W*>* 1" 2(Q), then

2 -2))2
I = u | o < Ch tep -2 .1)

Furthermore 1if u € L i‘(.(2 ), where v =2 + a(p —2)€ [p, 2], and if
there exists an open set D — 2 with a Lipschitz boundary I’ (or whose
number of elements s finite wn the case d=1) such that
ue C "By W (D) and ue C* P (3\D) N W (2\D),
then

[l — u®|]

i rian < Ch. (4.2)

Proof . Furstly, we note for all re [1,0), we W""(£2) and w},
wh € St that

"w—w’

N e 1. @.3)

h)s C [lW — wﬂW‘ rah + ”w - Wgnw1 @M

The error bound (4.1) then follows directly from (3.10) by choosing
v" = 7, u, applymg (4.3) with r =p, w=u, w'=u" whi= 7, u and the

interpolation result (3.1a).
We now prove (4.2). Let Th= {7eT':7NTI'# &} and we set

G'= U 7. From our assumptions 1t follows that mes (G”") < Ch. We now
TE 1?"

consider 2" = 2" U 24U Q% where 2/ D, 2%c Q\D and 2/=G".
From (3.7) with 8, =0 and v" = 7, u, (4.3), (3.1a) and noung that
v/(v — 1)=2 we have that

2
“u - uh le P(_(Zh) =

3
<Ch+C Y ) IV —m,w)|? (| Vu] + |V — 7, u)])" x

=1 1

1—-ay)

x (14 |Vu| + |V - 7,u))" 102 dx <

3
<CR+C Y | |Vu—mw| (|Vu| + |V mw))" " ax.
=1 0,‘
(4.4)
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Let H[u] be the Euclidean norm of the Hessian matrix of # Then for any
r< Q" 1 =1 or 2, we have for all x € 7 that

|V(u — 7, u)(x)| < Ch sup H[ul(y)

YET

<sChH[u](x)+ Chsup |H[ul(x) — Hlul(®)|

yET

< ChH[ul(x)+ Ch*" ||u|| o2 «ic-pr ghy .

In addition 1t 1s easy to check that the function ¥ (¢)=t%(a + t)? with
a=0 and B € (-—1,0] 1s increasing on R* and Y(|t; +1,]|)=<
2[¥(|t,|) + ¥ (|1, )] for all ¢, ¢, € R. Therefore we have for : = 1 and 2
that

J i |V (u~ 7Th”)|2 (|Vu| + |V(u - 'rrhu)|)c”(”‘2)dxs
0

@ -2
< Ch? J‘nh |H[u] |2 |Vu] 10 )dx + C(||”||c2 a2 p)/u(nlh))hz .
' 45)
Applying Green’s formula 1t 1s easy to deduce for all w e W? '(£2) and
B € (-1, 0) that
| w1 o = C Ol cony Il
see Lemma 3 1 in [2]. Hence 1t follows that

a,(p—2) @ (p-2)+1
| W 1907 < € Ul Wl vy )

Next we note from (3.1a) that

J ) |V (u - Trhu)l2 (|Vul| + |V — =, u)|)a‘@_2)dxs

3

s] |V(u— 7rhu)|"dx
ot

<C[mes (2P~ [|V@u - =, )], "'<"-‘><ng>]" < Ch*[||ul|,: w1 -

Combining the above with (4.4)-(4.6) and noting the assumed regularity on u
yields the desired result (4.2). O
We have the following simplification of (4.2) in the equation case

COROLLARY 4 1 * Let k satisfy Assumptions (A) with p € (1, 2]. Let u and
u" be the umque solutions of (WP) with K = W} ?(2) and (WP Y' with
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K'=St If uew
ue C2 a;(2-p)v

(4 2) holds

2209000y then (41) holds Moreover if

(2)NW? Y (Q), where v =2+ a,(p—2)€ [p, 2], then

Proof The proof follows directly from the proof of Theorem 4 1 with
nNt= 0" 0= 0%=F and noting Corollary32 O

Remark 4 1 We note the following points concerning Theorem 4 1 and
Corollary 4 1

(1) If t—>k(t)t 1s globally Lipschitz for ¢#=0, then we can set
a; = 0 m Assumptions (A) and so from (4 1) u" converges to u at the optimal
rate in W' 7 (2)1f u € H*>(£2) This regularity requirement on  1s certainly
achievable 1n the equation case for a wide class of data, see [13] For
example k() = (1 + 12)P-22 p € (1, 2], satisfies Assumptions (A) with
a;,=a,=0

(11) The regularity requirements on # do not seem minimal In many cases
it can be further weakened For example for a quasi-uniform partition
T" and under some additional assumptions on f, one can weaken the
regularity requirement for (4 2) to hold in the equation case to u €
w!+2p P(£2), which seems the weakest possible, see [14] Simularly, one
can weaken the regularity requirement for (4 2) to hold for the variational
mequality to u € W2 ¢ -D(@)n w'+2 P(D)yn W 2P P(Q\D)

(1) For the vanational inequality 1t i1s not realistic to assume that
ueCE P @yN WBL(2) or ue W'+2? P(2) as n the case of the

equation, see [14] and [15] where conditions on the data are given for this to
be achieved A more realistic assumption for global regularity 1s that
u € W? 9(02) for any g = 2, although we have not yet proved this In general
one can only expect u to have higher regularity either side of the free
boundary Hence the introduction of /" in Theorem 4 1

We now apply Theorem 4 1 to the following obstacle problem Let k&
satisfy Assumptions (A) with p € (1, 2] let K= {v € W(l, P2y v=¢},
where we assume that the obstacle ¢ € W) 7(2) N C%2) and 1s convex It
then follows that K*= {v" € Sf v"=m, ¢} 15 well-defined and that
7, [KNC%2)]cK"<K (We note that if ¢ 1s not convex, then

K" 15 not a subset of K However, one can adapt the methods used 1n [10] to
obtain similar results to the above ) In addition for u to achieve the required
regularity assumptions for (4 1) and (4 2) to hold 1t 1s necessary tor the
obstacle ¢ to satisfy these conditions, since u = ¢ 1n the contact set For
example m the case of (42) we require that ¢ € C- “'® 7" (2)n
W3 1(2) Furthermore, we would choose D = {xe 2 uEx)=e¢x)} so
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that I"1s the free boundary of the contact set Then provided u satisfies the
regulanty requirements and the free boundary 1s regular one can apply
Theorem 4 1 Unfortunately, such results are not available 1n the literature at
present

Let us now consider the case p € [2, o) We have the following result

THEOREM 4 2 Let k satisfy Assumptions (A) with p € [2, o) Let u and
u" be the umque solutions of (WP) and (WPY' If V. (k(|Vu|)Vu) +
fel’(2)NLY(Q\2") and ue W' *(2)N W? (), se [1, 2], then

s/2+ ay(p 2)]

Hu—uh”leMz(p 2) h)sCh @7

n

Proof The result (4 7) with the seminorm on the left-hand side follows
from (3 12) with v/ = 7, u and (3 1) by noting that 2 + d@2 ' ~s YH=s
The result for the norm follows from (4 3) with r =2 + a,(p —2),
w=u, wi=u" wh= 7, u and noting for ue W! ®2)nN W2 5(2),

s€[1,2], and r = 2 that

|l — 7, ul =C[||lu— 7pul (CR))

O

]s/r
wl '@’ w' s(ah

If the assumptions of Theorem 4 2 hold with @, = 0 and s = 2 then (4 7)
yields an optimal H' (2 ") error bound For example k(z) = (1 + £2)® 272 for
p € [2, o) satisfies (A2) with a, = 0 However, for degenerate problems
a, € (0, 1] and then the error bound (4 7) degenerates as p — o0

THEOREM 4 3 Let k satisfy Assumptions (A) with p € [2, co) Let u and
u" be the unique solutions of (WP) and (WP )Y Let V. k(|Vul) Vu) +
fel*(2)n Le(2\2") and ue W' *(2)N W2 s5(Q), se [1,2] It fol
lows that  for any qe€ [2,p] and re(l,q) that if

| Vu | “re ava g 0, where D < 2" then

D
|u—u"|w1 ,(D)sCh:/q 49

Proof Tt follows from (39) with v*= 7, u, (31) by noting that
2+d2 ' -5 ')=s and Holder’s mnequality that

[lu_uhIer(D)]qs
q-ryr
sj IV(u-uh)|q|Vu|a2(p_q)dxx (J |Vu|_a2r(p qy(q_”dx) =
D D

= —uh)? = s 410
Cllu u||(pq 2az)\Ch ( )
Hence the desired result (4 9) O

We now apply Theorem 4 3 to the obstacle problem discussed above
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THEOREM 4.4 : Let k satisfy Assumptions (A) for p € (2, ) and
a, = a, = a € (0, 1], and be differentiable on (0, o). Let ¢ € Wi () be
convex, K= {(veW§?(2):v=¢} and K= (V" e Sj:v"=m, ¢}. Let u
and u" be the unique solutions of (WP) and (WP )'. We further assume
that V. k(|Vu|)Vu) + f e L2 (2)NLY(L\2", ¢, ueW"*@2)n
W25(02), se [1,2), and |f| " € L'(D), where y >0 and D= {x € 2":
ux)= o x)}.

Then for any r € [1, p), we have that

|u — uhlwl oy =

< Ch™0 {52, 5r(y +5)+ 0 =2) ys)rlp(y + )+ (P =2) ¥s1} | 4.11)
Consequently, we have that

-1, -1
Iu_uhl )SChmm{xIZ,s/[l+7 +s7'1} (4.12)

wh 1o
and hence if s =2 and y = 2 that

|u — u”| <Ch. (4.13)

WD)

Proof : Setting w = Vu, we have that |w| € W"5(2) since V|w| =
d

(Z w, .Vw,)/|w|. As — V. (k(|Vu|)Vu) = f a.e. in D, it follows that

=1

k(lw)V.w+k'(JwD))|w|w.V|w|Y|w| =—-f ae. in D. (4.14)

It follows from Assumptions (A) and the differentiability of & on
(0, oo) that there exist two continuous functions N; and N, on [0, c0) such
that

k(t)<t*®?-2N,(t)
and
K@)t= k@t)t) —k@)< k@)t) =
<t*?-2N,(t) on (0, 0). (4.15)

Combining (4.14) and (4.15) yields that there exists n € L*(D) such that
|f| <7 |Vu|*?-2 ae.in D. (4.16)

As @ =0 and p =2 it follows from (4.16) that for g € [2, p) and
re (1, q)

J |Vu|*“’("‘q)’("")dxsj [ |f]~'1° dx, (4.17)
D D
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where o=r(p —q)[(p—-2)(g—-r)]=0. Hence if o <s on setting
p=sloce (1, ©) and y =op/(p —1)= os/(s— o) we have from a
Holder inequality that

J ,Vul_‘”("_q)’(q")dxs
D

ols (p —1)ip
= lj nsdx] [J |f|‘7dx} sC. (4.18
D D

Noting that y = os/(s—0)=>0 = ys/(y +s)>s=qg =7 [p(y +5) +
@-2)ys)r(y +s)+ (p-2) ys]. Asr e [1, p)and p > 2 it follows that
g € (r, p). However, we also require g = 2 for (4.17), (4.18) and hence (4.9)
to hold. It follows for r € [2 ys/(y + s+ ys), p) that g = r[p(y +s) +
P -=2)ysV[r(y +s)+ (p —2) vs] € [2, p) and hence (4.9) holds. On the
other hand for re [1,2 ys/(y +s+ vs)) we have that g<2 and
| - uhlw. oy =<Clu~— u"lwl 2ystr 54 99y C h*2. Hence the desired result
(4.11) holds. Finally, the results (4.12) and (4.13) follow directly from
4.11). O

Remark 4 2 : Clearly, unlike (4.7), the error bounds (4.12) and (4.13) do

not degenerate as p — 0. If D N 342 " has positive measure then by applying
(4.3) we can replace the semi-norm by the norm in (4.11)-(4.13).

Remark 4.3 - In an analogous manner to the proof of Corollary 4.1 the
assumption  that V. (k(|Vu|)Vu) + f € L*(2) N L (2\2") in
Theorems 4.2-4.4 above can be dropped in the case of the equation,
K=W}P(2) and K" = S%.
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