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LOCAL ERROR ESTIMATES FOR FINITE ELEMENT DISCRETIZATIONS OF
THE STOKES EQUATIONS (*)

Douglas N. ARNOLD (') and XIAOBO LIU (?)

Communicated by R. ScoTT

Abstract. — Local error estimates are derived which apply to most stable mixed finite element
discretizations of the stationary Stokes equations.

Résumé. — Nous prouvons des estimations locales d’erreur qui s’appliquent a la plupart des
discrétisations stables par éléments finis mixtes du probléme de Stokes stationnaire.

Key words : Stokes equations, mixed finite element method, local error estimates, interior error
estimates.
AMS(MOS) subject classifications (1985 revision), 65N30, 65N15, 76M10, 76D07.

1. INTRODUCTION

In this article we establish local error estimates for finite element approxi-
mations to solutions of the Stokes equations. To fix ideas, consider a finite
element approximation to the Stokes equations on a polygonal domain.
Suppose that the velocity space contains (at least) all continuous piecewise
polynomials of degree r = 1 subordinate to some triangulation of the domain
which satisfy any essential boundary conditions, and that the pressure space
contains all continuous piecewise polynomials of degree r or of degree
r — 1 (in which case the continuity is dropped for r = 1). Suppose also that
the usual stability condition for Stokes elements is fulfilled. Specific examples
for r =1 include the MINI finite element (continuous piecewise linears and
bubble functions for the velocity and continuous piecewise linears for the
pressure) [1] and the P, — P, finite element (continuous piecewise quadratics
for the velocity and discontinuous piecewise constants for the pressure) [6].
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368 D. N. ARNOLD, XIAOBO LIU

For r = 2 the Hood-Taylor element (continuous piecewise quadratics for the
velocity and continuous piecewise linears for the pressure) [8] and the
augmented P, — P, element (continuous piecewise quadratics plus bubbles
for velocity and discontinuous piecewise linears for pressure) [3], [9] fulfill
these hypotheses. Many other examples are known as well. The usual global
error estimate asserts that for such discretizations the finite element approxi-
mation converges in H ''x L2(.Q) with the same rate as the best approxi-
mation in the finite element spaces, namely the error is O(h") if the exact
solution is smooth enough. Measured in _I:2 x H™ ! the error converges to zero
with one higher order. These estimates require that the exact velocity field
belong to H "+ and the exact pressure field to H'. However, such smoothness
will generally not hold if the domain of the equations is not smoothly bounded
or if the boundary or forcing data is not smooth. In such a case the solution,
while not globally smooth, will usually be smooth in large subdomains,
namely any interior regions a positive distance from the singular points of the
data. It is therefore important to ask whether the optimal order convergence
holds in such subdomains, or whether the singularities degrade the conver-
gence globally. In this paper we establish local error estimates which assert
that the rate of convergence in subdomains of smoothness is indeed optimal.
The precise statement is contained in Theorem 5.3, which is the major result
of the paper.

Local estimates (often called interior estimates because of their application
to problems with boundary singularities), were first studied in 1974 by Nitsche

Tho. +hs nA o~
and Schatz r1n1 for second order elhpt‘.c pI'Gb‘u.uua xuluusu this and subsc-

quent works, the local convergence theory is reasonably well understood for
such problems. See Wahlbin’s handbook article [12, Chapter III] for an
extensive treatment. In 1985 Douglas and Milner adapted the Nitsche-Schatz
approach to the Raviart-Thomas mixed method for scalar second order elliptic
problems [5]. The present work adapts it to analyze a wide class of methods
for the Stokes equations. Although the general approach is not new, there are
a number of significant difficulties which arise for the Stokes system that are
not present in previous works. Recently, Lucia Gastaldi [7] obtained interior
error estimates for some finite element methods for the Reissner-Mindlin plate
model. This work is related to local error analysis of the Stokes equations since
the Reissner-Mindlin model can be reformulated as a decoupled system of two
Laplace equations and a perturbed Stokes system. (Indeed the methods we
develop here will be used in a subsequent work to analyze the method of
Armnold and Falk [2] for the Reissner-Mindlin model.) However Gastaldi’s
work depends strongly on special properties of mixed methods which arise
from particular methods for the plate (especially a commuting diagram
property), and so would not easily adapt to a general analysis of mixed
methods for the Stokes equations.
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LOCAL ERROR ESTIMATES FOR THE STOKES EQUATIONS 369

After the preliminaries of the next section, we set out the hypotheses for the
finite element spaces in section 3. In addition to the natural requirements of
approximability and stability alluded to above, here, as in much of the theory
of interior estimates, the superapproximation property plays a crucial role. In
section 4, we introduce the local equations and derive some basic properties
of their solutions. Section 5 gives the precise statement of our main result and
its proof. We close with a short application in section 6.

2. NOTATIONS AND PRELIMINARIES

Let 2 denote a bounded domain in R* and €2 its boundary. We shall use
the usual standard L?-based Sobolev spaces H” = H™(Q), m € Z, with the
norm || . ||, o Recall that for me N, H™ ™ denotes the normed dual of
H™, the closure of C,(£2) in H™. We use the notation ( .,.) for both the
L*( Q2 )-innerproduct and its extension to a pairing of H™ and H~ ™. If X is any
subspace of L?, then X denotes the subspace of elements with average value
zero. We affix an undertilde to a space to denote the 2-vector-valued analogue.
The undertilde is also affixed to vector-valued functions and operators, and
double undertildes are used for matrix-valued objects. This is illustrated in the
definitions of the following standard differential operators :

div ¢ = 0¢p, Jox + op, /3 dp= (‘” /ax>
1V = X s ra = 5

ap, lox o¢, /oy
e2d @ =\ 49, /0x ap, /0y )

The letter C denotes a generic constant, not the same in each occurrence, but
always independent of the meshsize parameter A.

Let G be an open subset of £ and s an integer. If ¢ € H'(G),
we H °(G), and we Cy(G), then

[(wo, v)| < Cllgll, slvi_,q-

with the constant C depending only on G, w, and s. For @ ¢ gs( G),
Ye y_s+1(G) define

R(w, @, ¥) = (P(grad w)', grad ¥) - (grad &, P(grad w)'). (2.1)
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370 D. N. ARNOLD, XIAOBO LIU

Then
|R(w, @, )| < Cl DI, I ¥I_ i1 6- 2.2)
If, moreover, ¥e H S*2 we have identity
(grad (w®),grad ¥) = (grad @, grad (w¥))+R(w, @, ¥).

The following lemma states the well-posedness and regularity of the
Dirichlet problem for the generalized Stokes equations on smooth domains.
(Because we are interested in local estimates we really only need this results
when the domain is a disk.) For the proof see [11, Chapter I, § 2].

LEMMA 2.1: Let G be a smoothly bounded plane domain and m a nonne-
gative  integer. Then for any given functions F e _Ij"'_l( G),
K e H™(G) N L*(G), there exist uniquely determined functions

¢ H"''(G)n H'(G), pe H'(G)NLXG),
such that

(grad ¢,grad y) — (divy,p) = (F, ), forall we H'(G),
(divg,q)=(K,q), forall qge I:z(G).

Moreover,

[ @lmirct 1Pl < CCNEN, 1 6+ I1Kl,G)-

where the constant C is independent of F and K.

3. FINITE ELEMENT SPACES

In this section we collect assumptions on the mixed finite element spaces
that will be used in the paper. In addition to the usual approximation and
stability properties required for the finite elements spaces, we need the
so-called superapproximation property, which was first introduced by Nitsche
and Schatz [10].
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LOCAL ERROR ESTIMATES FOR THE STOKES EQUATIONS 371

Let 2 c R? be the bounded open set on which we solve the Stokes
equations and let & denote a mesh size parameter. We denote by V, the finite

element subspace of H (), and by W, the finite element subspace of
L¥(Q). For 2, c @, define

V() ={9_> lo,l @ € Yh}’ W,(£2,) ={Pln.,l pPE Wh}

f/h(Qo)={1> € V,|supp ¢ cQ), W(Q)={pe W,|suppp c 2,} .

Let G, and G be concentric open disks with G, € G € £, i.e,, 50 c G and
G < 2. We assume that there exists a positive real number £, and positive
integers k, and k,, such that for h € (0, k], the following properties hold.

Al. Approximation property.

() If ¢ € H"(G) for some positive integer m, then there exists a
g)le V, such that

lg—¢'llg<Ch" '|Pl,c, r=min(k +1,m).

2)If pe H’(G) for some nonnegative integer /, then there exists a
pl € W,, such that

||P p”OG Ch™ ||P||IG, r2=min(k2+1,l).

Furthermore, if ¢ and p vanish on G\EO, respectively, then Q’ and p[ can
be chosen to vanish on 2\ G.

A2. Superapproximation property. Let we Cy(G), ¢eV, and
p € W,. Then there exist y € V(G) and g € W(G) such that

”w,?—.z/HI,Q < Ch ”1’”1'(;

Iwp —qllg 0 < Chlplly e

where C depends only on G and w.

A3. Inverse property. For each he (0,h;], there exists a set
G,, G, € G, € G, such that for each nonnegative integer m there is a constant
C for which

Igly g <Ch ' ™I@l_,g. forall geV,,

”p”O,G,,SCh_m”p"—m,G,,’ forall pe W,.
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372 D. N. ARNOLD, XIAOBO LIU

Ad4. Stability property. There is a positive constant y, such that for all
h € (0, hy] there is a domain G,, G, € G, € G for which

inf sup —————( v 9P, =
pe WG eevycn I12Iialrlog,
p=0 ~ ? =0
When G, = 2, property A4 is the standard stability condition for Stokes
elements. It will usually hold as long as G, is chosen to be a union of elements.
The standard stability theory for mixed methods then gives us the following
result.
LEMMA 3.1 : Let G, be a subdomam for Wthh the stability inequality in A4
holds. Then for Q € H (G,) and peL (G ), there exist unique

ng e Yh(Gh) and np € W, (G,) with f np=J' p such that
G, G,

(grad (¢ — m¢),grad y) — (divy,p—mp) =0,  forall ye V,(G,),
(div(gp-ng).q)=0, forall ge W, (G,).

Moreover,
lg—-npll,g+ lp—7plly g <

<¢ inf Ng-ylio+ inf lIp-glog,)-
\ZE‘Zh(Gh) a¢ WG

The approximation properties Al are typical of finite element spaces
V, and W, constructed from polynomials of degrees at least k, and k,,
respectlvely (It does not matter that the subdomain G is not a union of
elements since ¢ and p can be extended beyond G.) The superapproximation
property is discussed as Assumptions 7.1 and 9.1 in [12]. Many finite element
spaces are known to have the superapproximation property. In particular, it
was verified in [10] for Lagrange and Hermite elements. To end this section
we shall verify the superapproximation for the MINI element.

Let b, denote the cubic bubble on the triangle T, so on T b, is the cubic

polynomial satisfying b,|,,=0 and j b,=1. We extend b, outside T by
T

zero. For a given triangulation J, let V, denote the span of the continuous
piecewise linear functions and the bubble functions b, T € J ,. The MINI
element uses V, X V, as the finite element space for velocities. We wish to
show that 1f ¢ € V,and we Cj(G) then |jwep — vi,csCh M¢||1 ¢ f
some y € V (G). We begin by wrltmg ¢ = ¢, + ¢, with ¢, piecewise 11near
and ¢, = 2;_ 5 Prby for some Bre R
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We know that there exists a piecewise linear function y, supported in G for
which

wo,—will; o< Chlgl,g-

Turning to the bubble function term ¢, define

w,= > (BPrw)bre V,(G)

TcG

where P.w € R is the average value of w on 7. Now if T intersects supp w
then T c G, at least for A sufficiently small. Hence

”W¢b Wb”og 2 ”W¢b V/b||07 2 ”ﬂr T(W p W)”()T

< > MW= Prwli=pyllBrbrllg r < CR2I By 115 6 »
TcG

where the constant C depends on w. Moreover,

lgrad (wo, — w,) 15 o

=3 llgrad (wo, = w,) 13 7

TcG

= > ligrad (B b (w — Prw))llg 1

TcG

= > 18(w — Prw)grad b, + B, bygrad (w — Pow) 12,
TcG

TcG TcG

< c<h2 > llgrad w2 1| Brgrad bllg o+ lgrad w2 . > uﬁTbTu;T)

< Cr’lg,l3 6.

where we used the fact that

167116, 7 < Chllbylly, -
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Taking w,=y,+y, € f’/h(G) we thus have
we, — vl o < Ch(ll Pl g+ 140l 6) -
We complete the proof by showing that
Ioplly r+ 1Pl < Clig,+ &l 7

for any triangle T with the constant C depending only on the minimum angle

of T. Since | grad ¢,.grad ¢, =0, it suffices to prove that
T

I @pllor+ Pl r < Clig,+ @llo 7

If T is the unit triangle this hold by equivalence of all norms on the finite
dimensional space of cubic polynomials, and the extension to an arbitrary
triangle is accomplished by scaling.

4. INTERIOR DUALITY ESTIMATE

Let (¢,p)e H 1(.Q) X Lz(.Q) be some solution to the generalized
Stokes equations

~Ag+gradp=F,
divg =K.
Regardless of the boundary conditions used to specify the particular solution,
(@, p) satisfies

(grad ¢,grad w) = (div y,p) = (F, y), forall ye H'(Q),
(div ¢, q)=(K,q), forall ge L}(Q).

Similarly, regardless of the particular boundary conditions, the finite element
solution (@ p,) € V, X W, satisfies

(grad ¢,.grad ) — (div v, p,) = (F, y), forall ye V(Q),
(div¢,,q)=(K,q), forall ge W,.

Therefore

(grad (¢ — ¢,).grad w) — (div y,p~p,) =0, forall ye j/h(:z)(,“)

(div(¢p—-9,).9)=0, forall ge W,. (4.2)
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LOCAL ERROR ESTIMATES FOR THE STOKES EQUATIONS 375

The local interior error analysis starts from these local discretization equations.

THEOREM 4.1: Let G, € G be concentric open disks with closures con-
tained in §2 and s an arbitrary nonnegative integer. Then there exists a
constant C  such that if (¢.p)e yl(Q) x L3 2), and
(@opy) € V, X W, satisfy (4.1) and (4.2), we have

”9 _1);,“0,(;0"' ||P—Ph||_ 1, Go = C(hlli)—?hlll,c'*'h”p_ph”o,c

+lg-dull_ ot lp=prill_1_56)- ws)

In order to prove the theorem we first establish two lemmas.

LEMMA 4.2 : Under the hypotheses of Theorem 4.1, there exists a constant
C for which

||P*Ph||_s_1,co s C(h”,? —Qh"l,c'*'h”P—Ph”o,G

+ ”9_911”—4‘-—1,0-'- ”p_P;,H_S_z,G) .

Proof : Choose a function w € C;(G) which is identically 1 on G,. Also
choose a function 6 € Cj(G,) with integral 1. Then

1p=pall_yorc, < WP =PIyt 6= sup-%—w—) (4.4)
gegl::)(G) s+1,G

Now

(wlp—py)9)= <W(p—ph),g—5fcg> + (W(p—ph),é)fcg

and clearly

(W(p—p,,),5)J‘Gg S Clp-pul__26llglly -

Since g — 5f g e H*'(G) n [*(G) it follows from Lemma 2.1 that there
G

exist

Pe B (G)n H'(G) and Pe H'''(G)NI*G)

vol. 29, n°® 3, 1995



376 D. N. ARNOLD, XIAOBO LIU

such that

(grad @,grad y) — (div y,P) =0, forall ye H'(G), (45)

(divib,q)=(g—5fg,q>, forall ge L*(G). (4.6)
G

Furthermore,

I1Plio 6t 1PNi16 < Clglsin6- 4.7

Then, taking g =w(p —p,) in (4.6), we obtain

(g —5f g, w(p —ph)>
G

= (div &, w(p—-p,))= (div(w®),p—p,)—(gradw, (p—-p,) P)

= (div (w®), p —p,) +{(div[w® - (w®)'],p—p,) -

=A,+B,. 4.8)

Here the superscript / is the approximation operator specified in property Al
of section 3. Choosing y = (w® )1 in (4.1), we get

A= (div(w®),p-p,) = (grad (¢ - ¢,).grad (w®)")
= (grad (¢ — ¢,,). grad (w®)) + (grad (¢ — ¢,,),
grad [(w®)' — (w®)])
= (grad [w( ¢ — ¢,)],grad @) +{R(w, D, ¢ — ¢,,)

+ (grad (¢ — ¢,).grad [(wD) —wd])} = A, + B,, (4.9)
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LOCAL ERROR ESTIMATES FOR THE STOKES EQUATIONS 377

where R is defined in (2.1). Next, setting yw =w(¢ — ¢,) in (4.5), we
obtain

Ay=(grad [w( - 9,)]grad @) = (div [w(g = $,)]. P)
= (div(¢ — ¢,), wP) + (grad w, P(¢ — ¢,,))

= (div (¢ — ¢,), wP — (wP)) + (grad w, P(p — ¢,)),

where we applied (4.2) in the last step.
Applying the approximation property Al and (2.2) we get

|B1| = C(h“?Nz,G”P—Ph“o,G*" ||?||s+2,0llp_ph”_:_z,g) s

lel < ( ”1)__@h“—s—l,G“,?Hs+2,G+h H,@ ‘151:” 1.G“?”2.624’.10)

|[A,| < C(hll¢ = @l GNP g+ 1@~ Bl Pl 6)-

Substituting (4.7) into (4.10) and combining the result with (4.4), (4.8), and
(4.9), we arrive at (4.3). O
Now we state the second lemma to be used in the proof of Theorem 4.1.

LEMMA 4.3 : Under the hypotheses of Theorem 4.1, there exists a constant
C for which

”_? _?h”—s.Go = C(h”,@ _Qh”LG'*'h”P—ph”o.G

+ ”9‘1’;1”_:_1,(;'*' ||P"Ph||_s_2‘c) .

Proof: Given Fe H'(G), define ®e H**G)n H'(G) and
Pe H*'(G)nI*(G) by

(grad @,grad y) — (div y,P) = (F, y), forall ye _IEI‘(G), 4.11)

(div®,q) =0, forall ge L*(G). (4.12)

Then, by Lemma 2.1,

I @l a6t WPl 116 S CIFll . C=C(GyG).
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Now

(w(¢-9).F)

”?_Qh”——&Gos ”W(.‘?*_@h)”_s,c;: sup Hf”xG

Fe H(G)

F=0

with w as in the proof of the previous Iemma. Setting

y=w(¢p—¢,) in (411), we get
(w($ — $4), F) = (grad @, grad [w(p — ¢,)]) ~ (div [w($ — 9,)], P)
={(grad (w®),grad (¢ — ¢,)) — (div (¢ — ¢,), wP)}
—{R(w, 8.9~ 9,)+
+ (gradw, P(¢ — ¢,))} = E, + F,,
To estimate E,, we set ¢ = (wP)' in (4.2) and obtain
E, = (grad (w®)',grad (¢ — ¢,)) — {(div (¢ — 9,,), wP — (wP)")
— (grad [w® — (wP) ],grad (¢ — 9,))} = E, + F, .
Taking y = (w®) in (4.1), we arrive at
E, = (grad (w®)',grad (¢ — ¢,,))
= (div(w®),p—p,)
= (div (w®),p—p,) + (div [(w®) — (w®)],p - p,)
= (grad w, (p —p,) ) + (div [(wD) - (w®)],p - p,) »

where we applied (4.12) in the last step. Applying (2.2) and the approximation
property Al, we have

|Fi| < CUl@ = @ull_ o161l Plssnat 19— @il 1 61PN 16D
Ile S Ch( ”5]_5 _Q},” 1,(;”P||1,G+ ”1)_9;1”1,0”?”2_0)9

IEzl = C( ||P—Ph”_5_2,(;”?””2,(;'*h“P—P;,”o,(;”?”z,c) .
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From these bounds we get the desired result. O

Proof of Theorem 4.1 : Let G, € G, € ...G_= G be concentric disks. First
applying Lemma 4.2 and Lemma 4.3 with s replaced by O and G replaced by
G,, we obtain

“,? _?h”O,Go+ ||P—P;,”_ 1, Go = C(h"? _Qh” 1,G1'{“}"'”P_'ph”(),(;l

+ ”Q _Qh”_ 1, G, + ”P_P;.”_z'(;,) .

To estimate [[¢—@,ll_,; and lp—p,l_, 6o We again apply
Lemma 4.2 and Lemma 4.3, this time with G, and G being replaced by G, and
G, and s replaced by 1. Thus, we get

”9_9;,”0,(;0'*' ||P—Ph||_ 1,Go < C(h”,?—?hlll'cz'*'h“p_Ph”o,Gz

+ "9 —th]—2,62+ ||P “Ph"_ 3,(;2) .

Continuing in this fashion, we obtain (4.3). O

5. INTERIOR ERROR ESTIMATES

In this section we state and prove the main result of this paper, Theorem 5.3.
First we obtain in Lemma 5.1 a bound on solutions of the homogeneous
discrete system. In Lemma 5.2 this bound is iterated to get a better bound,
which is then used to establish the desired local estimate on disks. Finally
Theorem 5.3 is extends this estimate to arbitrary interior domains.

LEMMA 5.1: Suppose (¢,,p,) € V,xXW, satisfies

(gréldg)h,grzg_ld_q/)—(div_té/,ph)=0, forall ye i/h(Q), (GRY)
(div ¢,,g)=0, forall ge W, (2). (5.2)

Then for any concentric disks G, € G € 2, and any nonnegative integer t, we
have

I @ully, 6, + IPullo, G, SC (RN @ully 6+ Rlpllg 6+

+ ol o+ Pl oy 6), (5:3)

where C=C(t,G, G).
Proof : Let G,, G, € G, € G, be as in Assumption A4. Let G’be another
disk concentric with Go and G, such that G0 E G E G,, and construct

vol. 29, n° 3, 1995
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we C5(G)  with  w=1 on G, Set ¢, =wo,e H'(G,
p, =wp,€ L°(G"). By Lemma3.1, we may define func-
tions n¢, € V,(G,) and np, € W,(G,) by the equations

(grad (@, - ng, )grad ) - (div y, p, —7p, ) =0, forall ye V,( G"()5’4)

(div($, —ng, ).q)=0, forall ge W,(G,),
Qh Q} h h(5.5)

together with j (np~h - p.,: ) = 0. Furthermore, there exists a constant C

Gy

such that

12y — 7@y Iy 6, + 1Py — 724 N6,

ye V.n( G,) g€ W,(G,

sc< inf g, —wl, g+ inf np’,,—quo,c,,>
)

< Ch( M)hll et ||P;,|| O,G’) s (5.6)

where we have used the superapproximation property in the last step.
To prove (5.3), note that

[ ?h "1.Go+ ||P;,|| 0, Go = ”17;, ||1,(;,,+ ”Ph IlO.Gh
s llg?;, _n_?h "1,(;,,'*' ”Ph - 7p, ”o,(;,,'*'
I ﬂ?h ”1,(;,"" I py, I 0, Gy

s Ch( ”9;1“ 1.G'+ "ph”o,c') + ”7[,@11 ”1,G;,+ ”nph IIO,G,,'

Next, we bound || n;d_)'; I 6 In (5.4) we take 1/=7rg)~h to obtain, for
a positive constant c,

cling, I1 6, < (grad g, ,grad ng, ) =

= (grad g): , grad n_@’; ) — (div ng_)—; ,p: - np—,: ). (5.8)
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For the first term on the right hand side of (5.8), we have
(grad ¢, ,grad ng, ) = (grad (wg,), grad n g, )
= (grad ¢, grad (wn g, )) - R(w, ng,, $,)
= (grad ¢, grad (wn g, )') +
+ {(grad ¢, 81ad [wr g, — (wrg, )'])
-R(w,n,, $,)} =G, +H,. (5.9)
To bound G, we take y=(wrng, ) in (5.1) and get
G, = (div (wng, )\ p,)
= (div (wnd, ), p,) + (div [(wnd, ) —wxnd, 1,p,)
= (divng, , wp,) + (grad w, p, g, ) + (div [(wrg, ) —wnd, 1,p,)
= (divng,.p, ) + (grad w,p, nd, ) + (div [(wrg, ) - wnd, 1, p,)
=: (divng,,p, ) +H,. (5.10)
Combining (5.7), (5.8), (5.9) and (5.10), we obtain

cIIn_(p—; ”iG,. < (divng_)”h,p: )+ H, + H, - (div rrg_fh,p: —np~h )(5 .

=(divn_¢>~h,np—; )+H +H,.
Taking g =7zp‘; in (5.5), we get
(div g, , np, ) = (div ¢, ,np, ) = (div (wg,), np, )
= (div ¢,, w7zp~h ) + (grad w, ”P-h )
= (div ¢,, wnp—,-l - (wnp; Yy + (grad w, np: ¢,) =H,,

(5.12)
vol. 29, n°® 3, 1995



382 D. N. ARNOLD, XIAOBO LIU

where we used (5.2) at the last step. Applying the Schwarz inequality (2.2),
and the superapproximation property A2, we get

[H| < C(hll @yl + I @ullo 6 “7‘971 Iy,
|H,| < C(lip,li_y g+ hlplloc) Iy 11 g, -

|H3| S C(h”_@h“ Lot "9;,”0(;) ”7:1’-;1 ”o'(;,‘-

Combining the above three inequalities with (5.11) and (5.12), and using the
arithmetic-geometry mean inequality, we arrive at

Iz, 13 6, < CR* N @ullT 6o+ I @ull5 6o+ B2, NG 6o+ P12 1 6) (5.13)

+ Cy(I @ullo o+ Rl @4l o) I7p, g 6, -

Next we estimate | 7p, | 0.c,- By the triangle inequality,

[
~ G,

). < _—— +
1721 ., = || %P1 ~ meas (G, | o 6,

| ol Al
<+ me€as \Uh} J \Ttph —ph )”
G,
b 0, Gy

+meas (G,) ' f P, (5.14)
G,

0, Gy

Notice that the second term on the right hand side of (5.14) is bounded above
by the right hand side of (5.6), and, for the last term,

]l
G, G,

To estimate the first term, we use the inf-sup condition,

0.6, < ClIpyll_ g (5.15)

O,G,.=|

np~ . -~
N jc,, h cc (div y,mp, )g,
"™Pr ~ meas (G, ) =& Sup —

(5.16)
0, Gy ve V(G Tyl g,
~ =0

1
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To deal with the numerator on the right hand side of (5.16), we apply (5.4),
(div w, 7p, ) = (div v, p, ) — (grad (@, — =g, ), grad y)
= (div y, wp,) — (grad (@, — g, ), grad y)
= (div (wy),p,) — (grad (¢, — g, ), grad y) -
— (grad w, p, ¥)
= (div (wy)'. p,) - (grad ($, —ng, ), grad y)
+ (div (wy — (wy)),p,) — (grad w, p, ). (5.17)
We use (5.1) to treat (div (wy ), p,) and get
(div (wy),p,) = (grad ¢, grad (wy)")
= (grad ¢,, grad (wy)) + (grad ¢,, grad [(wy) —wy])
= (grad (wg,), grad y) +{R(w, v, ¢,) +
+ (grad ¢,, grad [(wy ) —wy1)}
= (grad ¢, , grad y) +M,. (5.18)
Combining (5.17) and (5.18), we get
(div y,np, ) = (grad ngp, , grad y) +{(div (wy — (wy ), p,) -
— (gradw,p, y)} + M,
= (grad ng,, grad y) + M, +M,. (5.19)

Then applying the superapproximation property, the Schwarz inequality, and
(2.2), we arrive at

|M,| < CCllgulio o+ RI@uIL 6 Nl g,
|M,| < C(hllpullo g+ Pl 6D Wil 6,

| (grad nf,.,gr;}dy)l < | ”9?71 Iy e ¥l g, -
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Combining (5.14), (5.15), (5.16), and (5.19) with the above three inequalities,
we obtain

7D, Lo, 6, < CChI @l 1 6+ I @ullo oo+ BIPLN 6 6+

+ lp,ll_y g+ Imgy llyg,) - (5.20)
Substituting (5.20) into (5.13), we obtain
17, 1.6, < CChI @My 6o+ W ullo o+ RPN o 6+ Il 1) - (5:2D)
Thus, substituting (5.21) back into (5.20), we find that || np; o, g, is also

bounded above by the right hand side of (5.21). Therefore, from (5.7) we
obtain

I @ull1 6o+ IPullo.g, S CCRIG4N o+ 1 @ullo 6+

+ h”ph”(),(;"*' “P;,H_ 1_0') .

Applying Theorem 4.1 for the case that ¢ =p=0 and G’in place of
G,, we finally arrive at

I @ull g+ IPullo g, S CCRIGI g+ I Wl 6+
+ h"P;.“o,c + ”ph“_ ,_1,0) . O
LEMMA 5.2 : Suppose the conditions of Lemma 5.1 are satisfied. Then
N @l go* IPallo 6, = CUl @l o+ Pl 2y 6) - (5.22)

Proof : Let G, € G, €.. € G,,,=G be concentric disks and apply
Lemma 5.1 to each pair G; € G, to get

”th| 1,(;1."' ”ph”(),(;j S
= C(hllii)h”l,cjﬂ +h”ph“o,(;j”+ ”..(Ph“—r,G,-H + “ph“—t—l.GiH) . (5.23)

Combining these we obtain

1 1
I @ull 6o+ IPullo, 6o < CCH T N @4l g, + B P41l 6.,

el 6., ¥ Pl i) -
(5.24)
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While by A3, we can find G,, G,,, € G, € G,,, =G, such that

t+1

Rl 6., S B @6 < Cllgull_ 6 < Clgl_, 6s
(5.25)

t+1

R, S B pllo e < Clpll- 16, < Clpallo o1

Thus inequality (5.22) follows from (5.23), (5.24), and (5.25). O

We now state the main result of the paper.

THEOREM 5.3: Let Q,EQ EQ and suppose that
(¢.p) e HI(Q) X LZ(Q) (the exact solution) satisfies
Plg € gm_l(Ql) plg, € ﬁm—l(Ql) for some integer m > 0. Suppose
that (P, p,) € V, X W, (the finite element solution) is given so that (4.1)
and (4.2) hold. Let t be a nonnegative integer. Then there exists a constant C
depending only on Q,, Q,, and t, such that

lg = dull o+ 1P =Pulli_1 0, S CCA" N @l + A" PN iy
+”1’"15;,”_,,91+”P‘P;,”_,_l,gl), s=0,1 (5.26)

with ry=min (k, + 1,m), r,=min (k, +2,m), and k,, k, as in Al
The theorem will follow easily from a slightly more localized version.

LEMMA 5.4 : Suppose the hypotheses of Theorem 5.3 are fulfilled and, in
addition, that 2,= G, and Q, = G are concentric disks. Then the conclusion
of the theorem holds.

Proof : Let G € G”be further concentric disks strictly contained between
G, and G and let G, be a union of elements which is strictly contained between
G’and G and for which properties A3 and A4 hold. Thus

G,EG,EG' EG,EGCGEQ.

Take we Cg(G’) identically 1 on Ggand set g-)=w_<p, p=wp. Let
np e V(G), np e W, (G) be defined by

(grad (§ - 7). grad y) - (div y,p~7p) =0,
forall we V,(G,), (527
(div(¢-ng).q)=0,

forall g e W,(G,), (5.28)
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together with f np = f P. Then using Lemma 3.1 and Al we have
Gy Gy

1@ —ndll, g+ 15 —mpllog < c< inf lg—wl, g+

ve ‘71:( Gy)

+ i p —
o nf 15— qll, G,,)

< CR" " NP lm g, + 1 1Pl mor6,) -
(5.29)

Let’s now estimate [[¢ — @,ll, ¢, and ||p—p,llo s, First, the triangle
inequality gives us
I¢ = @ulli,c,+ 1P = Pullo,q,
sll¢g—n+@lig+Ilp—mplog+ g — @4l 6+ 175 —pullo q,
< lg-n+ @l g+ 15 =mlog+ 17 = Byll1 6+ 175 = Pyllo.q,

S CR" NPl +h" " Plare)+

a
14

~
n
9
=]
~=

b —o
2T ¥n,6,"
From (5.27), (5.28) and (4.1), (4.2) we find
(grad (¢, - n¢).grad y) — (div y,p, —np) =0,

forall ye ‘°/h(G6),
(div(¢,—7n9),q)=0, forall ge W,(G).

We next apply Lemma 5.2 to gjh—ni} and p, —np wuth G replaced by
Gy Then it follows from (5.22) that )

I ¢y — 7l g+ Py —7Pllog, < Cl @, —nPl_, g+
+ lpy=mPl_ 1 6y)
SCUg-dull o+ lp=pll_ v+ 1@ —ndl_, 6+
+ lp—7pl_,_16y)
SClg-gull_ g+ llp=pll_ o1+ 1@ —ndlly g+ 15-7Plloc,) -
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In the light of (5.30), (5.29), and the above inequality, we have
1@ = @ulli g+ 1P —pPullog, < (A" N @lpc+h? P,y g

+lg—@ull_.c+llp=p,l_,_ .
-l p—pl 1LG) (5.31

Thus, we have proved the desired result for s = 1. For s =0, we just apply
Theorem 4.1 to the disks G, and G’and get

“Q _Qh”o,(;o"' HP _ph”_ 1, Go < C(h'”i) _thll,c"" h”p _phllo,c'

+@-oul_ et lP—pPll_, 1 c)-

Then, applying (5.31) with G replaced by G’, we obtain the desired result
1¢ = Suloc,+ 1P —Pull 16, < CCR @, + PPN -1 6

+”Q—Qh||_,,(;+HP“P;,”_,_LG)- O

Proof of Theorem 5.3 : The argument here is same as in Theorem 5.1 of
[10]. Let d=d,/2 where d,=dist(2,3R2,). Cover 2, with a finite
number of disks Go(x,.), i=1,2,..,k centered at x € 50 with
diam Gy(x;) = d. Note that the number of disks, k, depends only on €, and
Q,. Let G( x;), i=1,2,..,k be corresponding concentric disks with
diam G(x;) = 2d. Applying Lemma 5.4, we have

1@ = @ulls 6oyt 1P —Pulls_i 6oy < ClR" N @1 0y +
+h2 Pl ot 6ty TUD =@l oyt 1P —Pull_ o1 6xy) - (5:32)

Then the inequality (5.26) follows by summing (5.32) i. O

6. AN EXAMPLE APPLICATION

As an example, we apply our general result to the Stokes system when the
domain is a non-convex polygon, in which case the finite element approxi-
mation does not achieve optimal convergence rate in the energy norm on the
whole domain, due to the boundary singularity of the exact solution.
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Assume that €2 is a non-convex polygon. Then it is known that the solution
of the Stokes system satisfies

pe H"(Q)NH(RQ), pe H(Q),
¢ e H(Q),pe H(Q)), if Q €EQ,

for s < s, where s, is a constant which is determined by the largest interior
angle of € [4]. For a non-convex polygonal domain we have
1/2 < s, < 1. The value of s, for various angles have been tabulated in [4].
For example, for an L-shaped domain, s, ~0.544.

The MINI element was introduced by Arnold, Brezzi and Fortin [1] as a
stable Stokes element with few degrees of freedom. Here the velocity is
approximated by the space of continuous piecewise linear functions and
bubble functions and the pressure is approximated by the space of continuous
piecewise linear functions only. Globally we have

I$=@ulliat IP=Pulloo< CH(IPl 1 0+ Pl o),

which reflects a loss of accuracy due to the singularity of the solutions.

In order to apply Theorem 5.3, we note that a standard duality argument as
in [1] gives us

l¢—Pulloa+ lp=Pull_ o< Ch**|Fll, o

Hence, according to Theorem 5.3, for 2, € 2, € Q, we have

I @ — Pullio,+ 1P—Pulloa, < CChIGI, o +Rlpl, o +h* I Fllg.q)-

Since 2 s > 1, the finite element approximation achieves the optimal order of
convergence rate in the energy norm in interior subdomains.
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