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MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol. 30, n°® 2, 1996, p. 123 a 155)

ON THE CONVERGENCE RATE OF SPECTRAL APPROXIMATION FOR
THE EQUATIONS FOR NONHOMOGENEOUS ASYMMETRIC FLUIDS (*)

by José Luiz BOLDRINI (1) and Marko ROJAS-MEDAR (1)

Abstract. — We study the convergence rate of solutions of spectral semi-Galerkin approxima-
tions for the equations for the motion of a nonhomogeneous incompressible asymmetric fluid in
a bounded domain. We find error estimates that are optimal in the H L norm as well as improved
estimates in the L*-norm.

Résumé. — On étudie le taux de convergence d’une approximation de type semi-Galerkin
spectrale vers la solution des équations du mouvement d’un fluide assymétrique incompressible
non-homogéne dans un domaine borné. On trouve des estimations d’erreur qui sont optimales

1. . L P 2
dans la norme H' ainsi que des estimations améliorées dans la norme L°.

1. INTRODUCTION

In this paper we will study the convergence rate of solutions of spectral
semi-Galerkin approximations for the equations for the motion of a nonho-
mogeneous viscous incompressible asymmetric fluid. These equations are
considered in a bounded domain 2 < R", n =2 or 3, with boundary I, in a
time interval [0,T]. To describe them let u(x,t) € R", w(x, t) e R",
p(x,t) € R and p(x,t) € R denote, respectively, the unknown velocity,
angular velocity of rotation of the fluid particles, the density and the pressure
at a point x € 2, at a time ¢t € [0, T]. Then, the governing equations are

pat+p(u NVN)u—(u+up)Au+gradp =2y rotw + pf,
divu=0,

{pat+p(u VI)w—-(C,+C))Aw - (C,+C,—~C,) Vdivw (1.1)
+4pu w=2urotu+pg,

L%g+(u.V)p=0,
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124 José Luiz BOLDRINI, Marko ROJAS-MEDAR

together with the following boundary and initial conditions

u=0 on I'x(0,7),
u(x,0)=uy(x) in £,
w=0 on I'x(0,T), (1.2)
w(x,0)=wy(x) in £,
p(x,0)=p(x) in Q.

where, for simplicity of exposition we have taken homogeneous boundary
conditions.

Here f(x,t) and g(x, t) are respectively known external sources of linear
and angular momentum of particles. The positive constants u, u,, C, C,
C, characterize isotropic properties of the fluid; u is the usual Newtoman
viscocity ; u,, C,, C,, C, are new viscosities related to the asymmetry of the
stress tensor, and in consequence related to the appearance of the field of
internal rotation w; these constants satisfy C,+ C,> C,. The expressions
grad, 4, div and rot denote the gradient, Laplacian, divergence and rotational

operators, respectively (we also denote the gradient by V and by u);

i-th component of (u.V) u and (#.V) w in cartesian coordmates are given
by

Jax

. n a
[(u.V)u],= 2 % nd [(u.v)w]i=2uj.$
Jj=1 J

respectively ; also (u.V)p=3 ujaél
=1 79X

For the derivation and physical discussion of equations (1.1) see Petrosyan
[9] and Condiff, Dahler [2]. We observe that this model of fluid includes as
a particular case the classical Navier-Stokes, which has been much studied
(see, for instance, the classical books by Ladyzhenskaya [4] and Temam [15]
and the references there in). It also includes the reduced model of the
nonhomogeneous Navier-Stokes equations, which has been less studied than
the previous case (see for instance Simon [14], Kim [3], Ladyzhenskaya and
Solonnikov [S] and Salvi [13]).

Concerning the generalized model of fluids considered in this paper,
Lukaszewicz [8] stablished the local existence of weak solutions for (1.1),
(1.2) under certain assumptions by using linearization and an almost fixed
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SPECTRAL APPROXIMATION FOR NONHOMOGENEOUS FLUIDS 125

point theorem. In that same paper Lukaszewicz remarked about the possibility
of proving the existence of strong solutions (under stronger hypothesis) by
using the techniques of [6] and [7] (linearization and fixed point theorems ; [6]
and [7] assume constant density).

More interested in techniques directly related with numerical applications,
Boldrini and Rojas-Medar [1] established the local (and also global) existence
of strong solutions of (1.1), (1.2) by using the spectral semi-Galerkin method
(see Boldrini and Rojas-Medar [1] and also the next section for the precise
statements of the results). Here, the word spectral is used in the sense that the
eigenfunctions of the associated Stokes and Laplacian operators are used as
the approximation basis.

Since Galerkin methods are much used in numerical simulations, it is
important to derive error estimates for them, even in the case of spectral
Galerkin method, as a preparation and guide for the more practical finite
element Galerkin method.

In this paper we are interested in establishing such error estimates and the
convergence rates of these spectral approximations in several norms. But,
before we describe our results, let us briefly comment related results.

Rautmann in [10] gave a systematic development of error estimates for the
spectral Galerkin approximations for the solutions of the classical Navier-
Stokes equations. Salvi in [12] gave analogous error estimates for the reduced
model of nonhomogeneous viscous incompressible fluids. However, although
the statement of Theorem 3, p.203, in [12] furnishes an optimal rate
(4, +11, where 4, ., is the (n + 1)-th eigenvalue of the Stokes operator), this
is not correct as it can be seen by the last inequality in the proof (p. 204 in
[12]). The rate actually obtained was A 12

n+1°

In this paper we consider the convergence rate of the spectral semi-Galerkin
approximations for the solutions of the more general fluid model (1.1). We
show that there is optimal rate of convergence in the H _norm (see Theo-
rem 3.3), improving in the particular case of the reduced model the result in
Salvi [12]. Differently as in the case of the classical Navier-Stokes equations,
for which optimal L*-error estimates can be obtained (see Rojas-Medar and
Boldrini [11]), in this case we are only able to obtain an improved L*-error
estimates as compared to the trivial one that derives directly from the
H'-estimate (see Theorem 4.2). Also, L™ and heigher order error estimates are
proved (see Theorems 3.4 and 3.5).

Finally, we would like to mention that optimal H ! and L%-error estimates for
spectral Galerkin approximations for the Boussinesq and magnetohydrody-
namic type equations can be obtained. These results will appear elsewhere.

vol. 30, n° 2, 1996



126 José Luiz BOLDRINI, Marko ROJAS-MEDAR

2. PRELIMINARIES

Let Q <cR", n=2 or 3, be a bounded domain with smooth boundary
I (class C* is enough).
We will consider the usual Sobolev spaces

W™UD)={fe LUD), ||9° fll yacpy <+ o || < m},

m=0,1,2, .., 1 <g < +o0o D=g or Qx(0,T),
O0<T <+, with the usual norm. When ¢g=2, we denote by
H™(D)=W>%(D) and Hy(D) = closure of Cg(D) in H*(D). If B is a
Banach space, we denote by LY( [0, T]) ; B) the Banach space of the B-valued
functions defined in the interval [0, T] that are L%integrable in the sense of
Bochner. We shall consider the following spaces of divergence free functions

Cy (2)={ve (C(R));dive=0 in @},
H=closure of Cy (2) in (L))",
V=closure of Cj (2) in (H'(Q))".

Throughout the paper, P denotes the orthogonal projection from
(L*(2))" onto H and A=—- P4 is the Stokes operator. We will denote
respectively by q)k and 4, the eigenfunctions and eigenvalues of the Stokes
operator defined in VN (H 2( £))". It is well known that {(pk(x)}';:=1 form a
orthogonal complete system in the spaces H, V and VN (H2(.Q))" with the
usual inner product, (u,v), (Vu, Vv) and (P Au, P Av), respectively. Here
(.,.) denotes the inner product in L(R) ; also in this paper we will denote
the L?-norm by || Il.

For each k € N, we denote P, the orthogonal projection from (LX(2))"
onto V,=span[g¢,,..,¢,.].

It is easy to see that P and P,, P,, k, me N satisfy for all
fge (LX)

(P f,9)=(fP,g)
(Prg)=(f.Pg)
((P,-P)f9)=(f,(P,-P)g)
(P-PIf9)=(f(P-P)g).
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SPECTRAL APPROXIMATION FOR NONHOMOGENEOUS FLUIDS 127

The following results can be found in Rautmann’s paper [10]. If v € V, then
there holds

lo - P,oll” < £ Vo). @1
k+1
Also, if v e VN (H*(2))", we have
lo-P,ol* < =— |P AV’ 2.2)
A’k+l
||Vv—Vka||2sﬁ||PAv||2. (2.3)

Now we observe that if fe (H 1(Q))", from (2.2) we have

I (1= ) PAI® < 1= I VP> 2.4)

k+1

Also, since P:(H'(2))" = (H'(R2))" is a continuous operator (see
[16]), we have

IVP£I? < ClIfll%: - 2.5)

Thus, for all fe (H'(£2))", we have

(1= P) PRI < 7%= IIfll3 2.6)
k+1

or equivalently, since PP, =P, P= P,, we obtain

IBf = P AI” < 75 A1 @.7)
k+1

We observe that (2.4)-(2.7) also holds with any P,,, m >k, in place of P.
Analogously, we have for any f e (H*(Q))

c
12

k+1

I(1=P) Pf* < Vi (2.8)

An easy consequence of the L’-orthogonality of the {@,}7_, is the follow-
ing: let m>k, m, ke N, fe (LZ(Q))" and v, e V, , v, e V,; then

((P,—P)fiv,~v)=((I-P)v,). (2.9)

vol. 30, n°® 2, 1996



128 José Luiz BOLDRINI, Marko ROJAS-MEDAR

Now, let us denote B=—4:D(B) < (L*(2))" - (L*(2))" where
D(B) denotes the domain of — 4 with the Dirichlet boundary conditions and
¢k(x), o, be the eigen-functions and eigenvalues of B, respectively. As it is
well known, all the above properties have a corresponding one for B.

We will denote R,, k € N, the orthogonal projection of (Lz(Q))" onto
span [y, ... §,]-

It will be also necessary the following variant of the Gronwall’s inequality
(see Rautmann [10]).

LEMMA 2.1: Let a function a(t) = Q0 be absolutely continuous with
a'(t) = 0 and b(t) = 0 summable in [0, T]. Assume the integral inequality

a(t)

C(t)+J.C(S)ds f b(s){(s)ds

holds for the positive continuous functions { and ¢ on [0, T] with a constant
A>0.

Then we have

e+ [ Cras <2

with

A(t) = {1 +J‘t b(s)dx} x(t), x(t)=a(t)epr.t b(s)ds.
0 0

Concerning the existence of solutions for equations (1.1), (1.2), they can be
obtained by uvsing a semi-Galerkin approximation. That is, we consider a
Galerkin approximations

k k
u(x, 1) = Z Co(1) 9'(x), Wwi(x,t)= ; d, (1) ¢*(x)
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SPECTRAL APPROXIMATION FOR NONHOMOGENEOUS FLUIDS 129

for the velocity and rotation of particles respectively and an infinite dimen-

sional approximation pk(x, t) for the density satisfying the following equa-
tions :

'Pk(pkuf+pkukVu"—pkf—2,u,rotwk)+(,u+y,)Au"=0,
Rk(pkwf+pkukak—pkg—2,urrotuk—(C0+Cd—Ca)Vdivwk+
+4u W)+ (C,+C,)BW =0,

ﬁ‘—)Lk+ kvpt=0
kvpF=0,

ot

u*(0) =P, u,,
wh(0) =R, w,,
\P(0) =p,.

(2.10)

As before P, and R, are the orthogonal projections onto the spaces spanned
by {p,, ..., ¢*} and {@', ..., #*}, respectively.

It can be proved that (5, Wk, pk) converges in appropriate sense to a
solution (u, w, p) of (1.1), (1.2). As we said in the Introduction, in this paper
we are interested in deriving error bounds, that is, estimates for

lu =), |lw—wkl, IIp—pkll in suitable norms in terms of powers of
1/,,,, and 1/

ot
These error estimates will be derived in the following sections and will be
based on the next result. To easy the notation, in the rest of this paper the

functions which are R or R” valued will not be notationally distinguished ; the
distinction will be clear from the context.

THEOREM 2.2 : (Boldrini and Rojas-Medar{1]). Let the initial values satisfy
uge Vo (HA(R2))', wye H(R) N"HX(RQ), pye W"=(RQ) and the exter-
nal fields f, g € L*(0, T; H'(Q)) withf, g, € L*(0,T;L*(2)). Then, on a
(possibly small) time interval [0, T] the problem (1.1) and (1.2) has a unique
strong solution (u, w, p). That is, there are functions u, w, p such that

P(pu,+puVu—2p rotw—pf—(u+u,)Au)=0
holds ae. in 2x{0,7T];

pw,+puVw -2 p rotu—pg—(C,+ C,) Aw —

—(Cy+C;—C)Vdivw+4u w=0

vol. 30, n° 2, 1996



130 José Luiz BOLDRINI, Marko ROJAS-MEDAR

holds a.e. in 2 x[0,7T];

ap -
at+qu_0

holds in the L*(2 x [0, T]) sense. Moreover,

pe Wh(2x[0,T]),

ue C([0,T]; H(2) N V)N L*0,T; H(2)) " L*([0,T]; L7(Q))
ALPC([0, T]; H75(R)) N L7, (0, T]; H*™(R)),

u, e C([0,T);LA(R) A V) ALY 0, T; H"(2)) n LF([0, T] s H'*(R))

N LL ([0, T] H(2)) N LL((0, T H(@))

Loc

u,e L} (0,T;H)

we C([0,T]; H(R) nHy(2)) n L (0, T; H(2)) nL*([0,T];L7(R2))

ALY, T; H ™ (R)) N Ly, ((0,T]; H*7%(R)),

Loc

w,e C([0,T];L(RQ) nHy(R2)) nL*0,T;H* °(Q))
AL([0,T]; H'"%(R))n L (0, T; H(2)) N L, ((0,T]; H(RQ)),

w,e L2 (0,T;L%(R))

Loc

for all >0 and 1<p<+oo.

Remark : Actually it is possibly to prove that the strong solution of
Theorem 2.2 is global either if n =2 or if we take small enough initial data
when n =3 (Boldrini and Rojas-Medar [1]).

The above result depends on the certain estimates for the approximations

(uk, wk, pk ), and since these estimates will be also necessary in this paper, we
describe them in the following.
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SPECTRAL APPROXIMATION FOR NONHOMOGENEOUS FLUIDS 131

LEMMA 2.3 : (Boldrini and Rojas-Medar [11). Let (u*, w", p*) be the solu-
tion of (2.8). Then, they satisfies

IV () )2 + WV () 1P + lLdiv w'(2)))* < Fi(1)

f'{ AW (s) 1% + | P Auf(s) 1%} ds < Fy(2),
0
fo{ IWECs) 1%+ Wb (s) 1% ds < Fy(1)

W) I? + Huf(t)II2+J'O{ IVWECs)I® + I Vig(s) I +

+ ldivw'(s) ||} ds < F (1),

1P AU'(e) 1%+ 1AW (2) 1> < Fy(2), -

fo{ 4 (s) 25 + 1w (s) 113} ds < Fy(2),
fo{ [Vi* ()12 + | VW(s) 13-} ds < Fi(2),

foa<s){||uf,<s>u2+ Iwi(s) 1%} ds + o () { I Vul(e)1* +

+ VW) I} < Fy(2),
a(2) {1 (D115 + W) 1135} < Fo(2),

o() { IV () 13- + VW () 13-} < Fi(2),
Lo-<s>{uPAuf<s>||2+ | AW¥(s)1*} ds < F (1),
a spk < f, (0<a=essinfpg, f=-esssupp,)

V()2 < Fip(2t),

P57~ < Fia(2),

vol. 30, n° 2, 1996



132 José Luiz BOLDRINI, Marko ROJAS-MEDAR

Here, o(t)=min{l,1?}.

The same estimates hold for (u, w, p).

In the following we assume the bounds on the right-hand sides of the above
estimates are chosen in such a way that they are monotonously increasing in
time.

Remark : The above estimates implies that the approximations
(u, wk, pk) converges to the solution (u, w, p) in the senses indicated below

Q@ uou wow strongly in LP(O0, T;H3_E(.Q)) and weakly-% in
L7, (0, T; H(2))

Gi) uf > u, wi—>w, weakly in LT _(0,7;H'(2)) and weakly in
L*(0,T; H>™%(2)) in L?(0, T; H' "%(R)) and in L}_(0,T; H*(2))

(i) wt — u,, wh — w, weakly in L} _(0,T; H}(Q2))

(iv) p* = p strongly in L7(0,T;C*"(R)) 0<sy<1

(v) Vp* = Vp weakly-k in L™(2 % [0,T])

(vi) pf — p, weakly-k in L7(£2 x [0,T]).

Here, as before, the above is true for all é>0 and 1 <p <+ oo,

Finally, we would like to say that as is usual we will denote by C a generic
constant depending at most on {2 and the fixed parameters in the problem
(4, y,, C,, C,, C, and the initial conditions, and also f, g and 7). This will
appear in most of the estimates to the be obtained. When for any reason we
want to emphasize the dependence of a certain constant on a given parameter
we will denote this constant with a subscript.

3. ERROR BOUNDS FOR THE APPROXIMATIONS

Let [0,7T] be a time interval as in Theorem 2.2 ; uk, wk, p" the k-th
approximations of u, w, p respectively. We begin by considering the following.

THEOREM 3.1 : Suppose the assumptions of Theorem 2.2 hold. Then, the
approximations ut, wh, pk satisfy

k+1 k+1

o) =0l < Gy fb—s 71, @)
lue) = u* () 1>+ w(e) = w () 11> + f;nVu(s) - Vit(s) )% ds

+ ft||Vw(s) —Vwi(s) || *ds + f Il div w(s) — div w*(s) || > ds
0 0

A1 M

SGl(t){ 1 +——1—} (.2)
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SPECTRAL APPROXIMATION FOR NONHOMOGENEOUS FLUIDS 133

for any t € [0, T]. The continuous functions Gy(t), G,(t) depend on t and on
the functions F(t) in Lemma2.3. (3.1) and (3.2) hold also with any u™,
w"”, p" instead of u, w, p for m > k.

Proof : First we suppose (3.2) true. The difference p” — pk with m > k
satisfies

(" =P, +u" V(" = p*) == (u" =) Vp*
and
Py —ph=0.
Let z"(t, s, x) be the solution of the Cauchy problem
7 =u"(Z",s)
"=x for t=s.
Then, by using the characteristic method, we obtain
t
pr(x,t) — pk(x, ty=— J. (om,k(z'"(s, t,x),s)ds
0
where
O (275 1) = (2" 1) — U (2", 1)) V(" 1) .

Bearing in mind properties of 7" (see [5, pp. 93-96]), we get

t

t
1™ =PIl < fo ™ = ) 1Vl - ds < Cf ™ — || ds
0

thanks to the estimates in Lemma 2.3. Hence by taking the limit as m goes to
infinity (see the Remark after Lemma 2.3), we get

(1
lp =Pl < Cf llu—u* ds.
0

Consequently, by using (3.2), we get (3.1).

vol. 30, n® 2, 1996



134 José Luiz BOLDRINI, Marko ROJAS-MEDAR

Now, we prove (3.2). We consider the following equations (m > k)
R.(p"W+p"u" VW™ = p"g+4pu w"—2protu"™)+ (C,+C,)Bw"
- (Cy+C,—C)HR, Vdivw"=0 (3.3)
Rk(pkwf+pkuk Vwk—p"g +4,urw"— 2 u, rot ) + (C,+ Cd)Bwk
- (Cy+C,—CHRVdivw'=0. (34)
Subtracting (3.3) from (3.4), the differences

E=w"—w and p=u"-u"

satisfy
Rmp'”w;"—Rkpkwf+Rmp'"u"'Vw'"—Rkpkukak—
-R,p"g+Rpg+4uR,
—4u R W ~2u R totu”™+2u R, rotu’ - (Cy+C,~C,)R, V divw"
+(Cy+ C,— C,) R, Vdivw* + (C,+ C,) BE=0,
E(0)=(R,~R,)w,. 3.5)

We take the inner product in L2( €2) of (3.5) with ¢, after some computation,
we obtain

(C,+C) IVEN*+ap|IENI*+ (Cy+ Cy— C,) IldiveE|® +
w14y pmyng
=((Rm—Rk)(4,urw"—p”‘g—Zp,rotu"+p"wf+pku"Vwk+
+(C,+C,-C)
V divwh), £) + (R, (p" = p) (g + Wi+ u" VW"), ) + 3 (&, &)

+ (R (P VW =2 p rotn+p uVE), &) . (3.6)

M? AN Modélisation mathématique et Analyse numérique
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SPECTRAL APPROXIMATION FOR NONHOMOGENEOUS FLUIDS 135

By using the Young’s inequality, we get
2N e Ol < uiz-1e1 < cien?
|- 2 (R, rot 7, &)| < E|Vy|®+ ClIEN2. (3.7
Also, we observe that
[(R,(p" = ") (g + W, +u"Vw"), &)

< lp” =AU C N g2 + CIVWIE + Cllu™ 13- | VW™ |2} + 3an¢(||328)

Consequently, by virtue the estimates of Theorem 2.2, and (2.7), we get

[(R,(p" = p*) (g +wr+u" Vw™), &)

t
< Cf nl* ds{C,ll g2 + CIVWiIIZ + CIIP Au™ | Aw™ ||} + 3 e || VE||
0

't
scf 711*ds{C, + C,IVWw*||*} + 3 &|| V€2 (3.9)
0

Moreover, bearing in mind the property (2.9) we have
|(R,—R,) (4,urwk+ 2,urrotuk+p"wf+p"‘g + pfuF vnk
+(Cy+ C,— C,) Vdiv wh, &)|
< {4 W'l +2p, CIVEN +BIW, I+ Bligll + Bllu* V')

k
{+(C,+C,~C,) nvaww"u}”"LII

ak+1

C

A1

<

(3.10)

by virtue the estimates in Lemma 2.2.

vol. 30, n°® 2, 1996



136 José Luiz BOLDRINI, Marko ROJAS-MEDAR

Now, we have
[(R,(p"n VW™ — p*u* V&), &)
< C, P IAwW™ 2 In)* + C, PP AP EN + 2 6| VEN?

< C{Inl*+ 1€} +2€) VE)? (3.11)

again thanks to the estimates in Lemma 2.3.
From the estimates (3.7)-(3.11) we get the differential inequality :

TENGD P EN +(C+ CIVEN +ap,1E1° +

+(Cy+ C,— C,) lldiv &|?

t
< Clinl®+ 1E01%) + CJ.O I#11* ds{C + | Vwy|)*} + afl+5||V77||2
+

By integrating this last inequality, we get for any ¢ >0

"(pm)1/2<”2+ (Ca+ Cd)Jro ||V€|l2ds+4ﬂrj\o ||f”2ds

t
+(CO+Cd—Ca)J. Il div &[> ds
0

t t
Ct +cj ||;7I|2ds{Ct+f nvwfuZ} ds
01 0 0

(3
+ l|p1’2<0|12+zf0 V% ds

Cf;{||n||2+ HE

f{llﬂll + Iléllz}dS+ ot ||,0”250II2+EL V711 ds (3.12)
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in virtue of the estimates in Lemma 2.3.

Similarly, for 7 =u" - u*, we have for any 6>0

(M+#,)fo IV7l%ds + Inl?

't 't
< Inl?+C| lInPds+-S 45| V|2 ds.
0 L] 0

137

(3.13)

Adding inequalities (3.12) and (3.13), and taking £ > 0 and 6 > 0 in such
way that (C,+C,)-0>0 and py+u, —&>0, we obtain the integral

inequality

't

1€1%+ linll*+ C, fo{ [VEN*+ V) %} ds + czf lldiv &]|* ds

0

‘ C C
<G, fo{ 1707+ UE17}ds + 7=+ ==+ ClIEI* + 1o 1>

k+

‘We observe that

&%= (R, - R,) w,lI> < =€
Qi

and

C

k+1

Inoll* = (P, = P) uoll® < =

Using (3.15) and (3.16) in (3.14), we get :

t

IE1%+ Inll” + C, fo{ IVEN? + |1Vn||2}ds+c2f lldiv &||* ds

0

sCsf{llf7l|2+Iléllz}ds+c{ 1 +/11 }

t
0 QX vt k+1
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Now applying Gronwall’s inequality (Lemma 2.1) we obtain

t t
1E0%+ 7%+ C, fo{ V&N + |1Vn||2}ds+c2f lIldiv &|1* ds

0

%1 Aa

< Cexp(C3t){ 1 +L}

Now, by taking the limit on m goes to infinity (using the Remark after
Lemma 2.3) on the left side we obtain (3.2). Thus Theorem 3.1 proved. W

LEMMA 3.2 : Under the hypotheses of Theorem 2.2, the approximation pk
satisfy :

() = PO < G0 {71 @17

vt k+1

with 2 < r < 6 for any t € [0, T]. The continuous function G,(t) depend
on t and on the functions F(t) in Lemma 2.3. Also, (3.17) holds with any
p" instead of p for m = k.

Proof : First, we observe that since 2 is a bounded domain,
L"(2) c L*(2) with continuous inclusions if r, = r, = 1. Therefore, it
is enough to take r € R such that 3 < r < 6. Let m>k, m, k€ N; then

pr+u"Vp" =0 (3.18)
pi+utVpi=0 (3.19)
p(0) = p"(0) = p,.
Subtracting (3.19) from (3.18), the difference 7 = p™ — p* satisfies
n,=—nVp" —uVn
7(0)=0

where 7 = u™ — u*. Now, multiplying by |z|"~' and integrating over 2, we
get

AL =—an Vo'l dx < VA"l
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thus,

d% Izl - < CUVP" Il =1 Vn ]l < ClVa .

since 3 < r < 6 the estimates after formula (3.16) furnishes

t
[E2HES cf V)% ds < CGl(t){al +%}
0 k+1 k+1

Thus, we have

170 = A1 < c6n =+ 7.

%y Ay

Finally by taking the limit as m goes to infinity (see the Remark after

Lemma 2.3) on the left side, we obtain (3.17). Thus, the Lemma is proved. W
Now, we have

THEOREM 3.3 : Under the hypotheses of Theorem 1, we have

1V (=) ()12 + IV(w = w") (t)IIZ+J.; llw, = u||* ds

t
+f nw,—wf||2dsscc;3(t){ 1 L} (3.20)

+
0 Qv 'q'k+1

for any t € [0, T]. The continuous functions G,(t) depends on t and on the

functions F(t) of Lemma 2.3. Also, (3.20) holds with any u™, w" instead of
u, w for m>k.

Proof : By taking the inner product in LZ(Q) of (3.5) with ¢, after some
computations, we obtain :

m (Cc,+C) (G, +C,-C) .
P22+t g2y e T o mel d gy 2

= (R, =R (=P Wi+ 2 g ot il + p* g = dpu, v +
+(Cy+ Cd—Ca)Vdivwk
A4 E)+ (R (p" = ") (—w/+ g —u" V™), <)

+ (R, (—2p, 1oty —4p &+ p EVW" + pf U VE &) .
vol. 30, n° 2, 1996
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Now, we observe that

[(R,—R,) (—pkwf-l- 2/Jrrotuk+pkg —4,urwk)
+(Cy+ C,— C,) Vdivw' - pfdf vwh), &)]

C

€

n

a LA WG + 4 lirot I + 115 gl + 16w I
.

+ 1P VW2 + (Cy+ €= C) IV div w120 ) + el &, )12
c
< rksl{cl+Cz||VWfH2+C3IIW"II§1:}+£H¢E,II2, (3.22)
N

thanks to the estimates of Lemma 2.3 and 2.7. Also,

[(R(P" = p*) (—wr+ g —u"Vw™), )|

< CEGl(t){al +ik1 }{C+ AR (3.23)

k+1 +1

in virtue of Lemma 3.2 and again the estimates of Lemma 2.3. Similarly we
get

|(R,(—2p,rotn—4u &+ pk VW + puk VE), &)

< CIVENP+ CIVhl*+ell& N2 (3.24)

Now, we observe that

1™ 1% = all& ),

and by taking &= /6, we get from (3.21)
2 d 2 d 2
all& N7+ (C+ CY L VEN + (Co+ €= C) L jdiv e

< _ac (€, + C, I VW% + Cy | wF ] 2
k+1

+ CGl(t)}{ﬁ-kile} {C+ VW% + CIIVEN® + € V)2
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This differential inequality yields the integral inequality

fo 1117 ds + | VEII* + |ldiv &[>

t 't
< aC {C1t+ sz ||wa||2ds+C3j IWe )12 ds}
k+1 0 V]

t
+Csqu1(t){ak1 1+/1k1 1} {J:) ||wa||2ds+ct}
+ +

+ Cjo{ IV711* + IVEI*} ds + CIIVECO) |1,

which, together with

. _1AZO)I1* _ ¢
1V&IP <~ =<

=~ s
+1 Q1

J.(){ VRl + | VEN} ds < Gl(t){a_l__+/11 }

k+1 k+1

the result of Theorem 3.1 and the estimates in Lemma 2.3 yields the stated
result for w. The result for # can be obtained analogously. W

THEOREM 3.4 : Under the hypothesis of Theorem 2.2, we have

t

fIIAw—Awk1|2dsSL1(t){ 1 +%} (3.25)

0 ak+1 k+1

’ 1 1

f I\PAu—PAukllzdssLZ(t){a +7—} (3.26)

0 k+1 k+1

||p(t)—pk(t)||i~SL3<r>{ ! +#} (3.27)
%1 Mg

for any te [0,T]). The functions continuous L(t) depend on t and the
functions F(t) in Lemma 2.3. (3.25), (3.26) and (3.27) hold with any u",
w™, p™ instead of u, w, p for m> k.
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Proof : First we suppose (3.26) and we prove (3.27). We have

1
lp-ptlls- < {f ||u—u*nL~||Vp"nL-ds}2.
0

Consequently,
t
lp - PHl2- < Cfo = w117 1 VP*I17- ds

t
< Csup || Vp*|3- follPAu—PAukllzds

< CLz(t){al +Tl_}

k+1 k+1
bearing in mind (3.26).
To prove (3.26), we consider the following equations with m > k:

P (p"u +p"u"Vu" —p"f—2p rotw” — (u+p,)Au")=0 (3.28)
Pk(p" uf+pk u* Vuk-pkf— 2,u,rotw" - (u+up) Auk) =0. 3.29)

Subtracting (3.29) from (3.28) and taking the inner product in L2( Q) of the
result with — P Ay, we get

(u+p,) P A < (P (p"n,+p" " Vi + p"n Vi =2 p 10t &, P Anp))

+ (P(p" = p") (U + u* Vu* - f), P An)

+ (P, = P) (pul + p"u* V" — 2 rot W -
-p° £, PAy)

< C{lIp" n )%+ 1p" " V| + 11 p" n V|| +

+CA42|VE? )

+C, 11 p" = P { IV |12 + | Vit Vi) 2 +
+ | V2 + (VA

CE
+

7 L il + 1" Vil + 2 ot whl }
R

+ 15515} + 3 el P anll®.
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Thus, by taking ¢ = (u + p,)/2 and estimating the terms in the right-hand
side using the results of Lemma 3.2 we have

S+ ) [P AylI® < Clin, >+ CII VI + CILVE? +

C
/1,“_1

+ {C+ V)7

+c{ 1,1 }{c+||vuf||2}

Gt A

(we recall that C depends on the functions F(¢) of Lemma 3.2 and 7).
By integrating the above inequality of 0 a ¢t we get

t t t t
f IP Ay l*ds < 6f ||r/,||2ds+cf nVn||2ds+cf | V&N ds
0] 0 0 0

’ t
1 f{C+CHVuku2}ds+c{#+ . }f{C+HVuf||2}ds
0

k+14d0 sl %y

st(t){ 1 +Al }

Qv k+1

Analogously we prove (3.25). This complete the proof of Theorem 3.4. W

Finally, we have
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THEOREM 3.5 : Under the hypotheses of Theorem 2.2, the approximations
pk, u*, w satisfy :

a(z)n<p“>"2<u,—uf)|12+f'a<s> ||Vu,—Vui‘H2dssR(t){x1 o }
0

k+1 ak+1

o (1) 10" (w, = w1+ f'am | Vw, — V(1% ds
(4]

't
+.[0(S) Il div w, — div wi||* ds < Rl(t){ 1 +/11 }
0 T k+1

o(1) ||u,—uf||2s§R(t){ L. }

A1

(1) Hw,—wfnzséRz(t){ L }

a(t) |PAu—-PAL|* < L(t){akl 1+/1k1 1}
+ +

o(1) | Aw — Aw||? < Ll(t){—l—+/11 !
®r1 Mrst)

Yoy Aess

o(t) ||u—uk||i..$CL(t){ 1,1 }

k2 1 -
a(t) lw—w HL"' = CL‘(t){ak+1+}‘k+l}

' k(2 1 1|1
o(s) || Vu - Vu' || -oa < CM(t + }E
jo () I20mgay < M) { s 71

' 1
j o(s) ||Vw—VW"”é.,,a(m < CMl(t){al +,11 }E
0 k+1 k+1

where 0 < a<1/4 and o(t)=min{l,1t}.

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



SPECTRAL APPROXIMATION FOR NONHOMOGENEOUS FLUIDS 145

If the dimension is two, we have that for all ¢ >0, there is C,>0:

.ra(t)nVu-—VuHL CN(t){ - 1}

1-¢
k+l Ak+1

)le

k+1 “k+1

fa(t) [Vw — Y n,,.,\czv(t){ 1,1 }

for every te [0, T]. The continuous functions R(t), R,(¢), L(t), L,(2),
M(t), M,(t), N(t) and N,(t) depend on ¢ and on the functions F,(t) in
Lemma 2.3. The above estimates holds also with any u™, w" instead of u, w,
m>k.

Proof: We only proof the first two estimates ; the others are proved
similarly.

Differentiating (3.28) and (3.29) with respect to ¢, subtracting the results and
taking the inner product in L*( ) with 7, we obtain

() 1V 17+ 3 S0 P 2 =4 (o ) + (PLCO™ - P )
+ (P, = P) p* g m,) +2,((P,, ~ P,) 10t W', 7,) +

+2p(P.roté,n)+ (Z(t),n,),

where
Z(t)=P.pfui — P, plul + P(p u* Vi), = P, (p" u" V™),
+ PP f), = P (p" ), -

The above inequality implies
() 19,12+ 540,12
1 m
< 5 1PN = %+ o™ = pCll =l 1 N

+ 12N -l 11 (2= P ) + 2, lrot wi' I1(T = P) u'|
+ 24,0t & N, + [(Z(2), 1))

< C) P+ ) (1= + ) gl
k + +

C C C
(’f N2 + (’) 2P a2 (‘) dk
+8llVé,llz+!(Z(t),n,)| (¢>0) (3.30)
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where we use the young inequality (2.9), (2.1), Lemma 2.3 and Theorem 3.4.
Analogously, for every 6 >0 we have

(Co+ C) IIVEN" + (Co+ Cy= C) IdivEN* +4u,l1E 017

1
3Ly e

< C(1) IIft||2+C(t)(1:1——l+a1 ) Ak
+

k+1

c C
C(t) AW 24 (t)” :;‘||2+'a(_t)||w:n||2
A i Ay k+1
C
letl) IV divwil*+ (t) AL 2+ 81V N2+ [(h(2) )|, (331)
where

h(t) = Rkp w -R, p"w +Rk(p u Vwk),

—R (P"u"Vu"),+ R (P"g), - RL(p"9),.

Adding the inequalities (3.30) and (3.31) and taking ¢ >0 and § >0 so
that (C,+C,)—-¢>0 and (u+pyg)-6>0, we get

(u+ ) V701> +(C,+C) IVEN + (Cy+ C,— C,) N1div E,II?

TETAIAEEE A IO LS AT RN A

< () Ul lP+ MNP + € (7= + =) g + 1w 1)

+1 ak+1

C t
O k12 4 1P a1 + 1T
k+1
C(1) m m .
+af 2L+ DI IE 1 div it V)
+

+ [(Z(2), n)| + | (h(2), )] .
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Multiplying the above inequality by o(¢) =min {1, ¢} integrating of O a
t, using the Theorem 3.3 and Lemma 2.3 we obtain

(#+u,)fOG(S) 1V7,1% ds + (C, + Cd)J.OG(S) IVEN*ds  (3.32)

+(Cy+ c,,—ca)ftau) ndiv.f,nzds+4#rft”<s) I 1* ds
0 0

a(t)

+a(t) 1A+ == 1) &)1

sC(:)(al + -1 >+fa(s)|(Z(s),n,)|ds+fa(s)|h(s),f,|ds,
0 0

r+1 Fre+d

since (0) [(F)?n,1>=0 and a(0) ()&% =0.

Now, we estimate the first integral on the hand-right side of the above
inequality ; the second integral can be done similarly. We observe that

joa(S) [(Z(s).n,)| ds < J.OG(S) ICZCsN N, Il ds

" 172 " 172
< <f0a<s) ||(Z<s>>||2ds> <foa<s) |If7,l|2ds)
‘ 12 " 1/2
fa(s) ||(Z(s))llzdS> (f 25 1 p Aug |12ds>
0 oA

12
=7 <f o(s) II(Z(S))II2ds> _
“k+1 0
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Here we used (2.2) and the estimates of the Lemma 2.3. Now, we will prove
that the integral on the hand-right side of the above inequality is finite. This
is proved of in a standard manner by using the estimates of the Lemma 2.3.
Consequently in (3.32), we have

t

(/J+#,)f

0

a(s) ||V, |I? ds + (ca+cd)foa(s) V& || ds

+(Co+ Cy— c,)fta(s) Il div ¢,||2ds+4urft0(s> I 1% ds
0 0

g(_t) KN12 2 M kN12 ¢ 2 1 1
SN PP+ TGP < e (G4 7).

Now, by taking the limit as m goes to infinity (using the remark after
Lemma 2.3), on the left side we obtain the first two estimates of the Theo-
rem. W

4. IMPROVED L?-ERROR BOUNDS

The L’-estimates obtained in Theorem 3.1 are not optimal ; in fact it is

expected to obtain a rate of convergence of order ~21 + 21 instead of

1 1 Mee1 Oy
only 7 +
kvl %kt
We were not able to do that, but in this Section we will improve the

L*-estimates in Theorem 3.1 by using a bootstrap argument.

In order to do that, let u= 3 a,(t) ¢'(x) and w= 3 b(t) ¢i(x) be the
i=1 i=1
k
eigenfunction expansions of u# and w. Let =3 a(t) ¢'(x) and
i=1
k
=3 b(t) ¢'(x) be the k-th partial sum of the series for u and w,
i=1

respectively, and let

I3 k Kk E k_ kL k k Kk
e=u—-v,e =w—z,¥ =u -0 and o =w —2z7 ,
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where 1* and w* be the k-th Galerkin approximations of # and w, respectively.
Then, we have u-—u'=¢"- t//k and w-w'=¢-d"
With these notations, we state

LEMMA 4.1 :

T ()11 + ua"(z>u2+fo< IV*I? + 1V6*)12 + |l div 6*[|%) ds

11/2 o
ak+1 k+1 ak+l k+1 ak+1 k+1 k+1

1 1 1 1 1 1
< C(1) { 2ttt t + 5 }
A A A

for any te€ [0, T]. The continuous function C(t) depend on t and on the
functions, F(t) in Lemma 2.3.

Proof : We observe that v* and & satisfy
Pk(put+puVu—pf—2,urrotw)+(/.l+,ur)Avk=O “.1)

R (pw,+puVw —pg —2u rotu) +4,u,zk——

~(Cy+C,;~C)R,Vdivw+(C,+C,)BZ=0 (42

for all, t € [0, T].
Subtracting (4.1) of (2.8) (i) and (4.2) of (2.8) (il) we obtain

(,u+‘u,)A!//k+ Pk(pk uf - pu,) + Pk(pk u* Vi — puVu)
+P(p—p*) f+2u, Prot (w=w"))=0, (4.3)
(C,+C,)Bo*+4pu "+ (Cy+ Cy— C)R(V div(w—w"))
+ R (P Wi — pw,) + R (0" u* VW' — pu Vw)

+R(p=p)g+2u R(rot (u—-u"))=0 4.4)
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By taking the inner product in L?of (4.3) with y, and of (4.4) with ¢* and
proceeding as in the previous Section, we obtain

() IV I2+ 3Ly ()2 412 = (pek, v
A AR ETAT A
+((p=p*) u Vil y*) — (py* Vi, )
+ (pe Vi y*) — (pu Vi u*) + (pu Ve, y*)
+ (rot o, y*) — (& rot y*) + ((p = P £, W) 4.5)
ky2,1d k12 K2
(C,+C) IV I+ Ly ()2 k)2 -
— (pef, d") + (Cy+ C,— C,) |ldiva®|?

(P} ", ")+ ((p-p*) 2. d")

N—

+((p —pk) u* Vwk, o) + (pu*, Ve, o*)
+ (pek Vw, 6*) + 2 p (rot l//k, ) - 2u( &, rot o-k)
+(Cy+Cy=CH(VdivE, d)+((p-p-g.6%) ). (4.6)

Also, we have

(4 t t
p—pk=—f(u—uk)Vpk—f ekVpk+fkapk-
] ] 0

From this, we observe that if y is any function in (H "(2))", for any
0 >0, there holds

((p=-P)xv*) < C,;Uolle"llzlle"lli»-» ds] 2
! k2 kn2 2 k2
+ C; fouwu IVA 2= | i3 +28 [ Vy*|>.
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By using this with y =f, ¥y = u*. Vu* and y = v* and the following facts
=y

k2 C
”e " 2 ||u“112 =2 >
/1
K+ o
k2 C
&l Iwll e < —5—,
Qv Qi

|Cpu Vb, y*)| = | (pu Vi, €)1,

for which we have used (2.2), together the estimates of the lemma 2.3 ;
estimating as usual, (4.5) furnishes, for any 6 >0, y >0,

() IVPA I+ 34 ()1 )2

C
2
r+1 %l

— (pe, ") < +Clly*I?

+ S IV + 1VCE VY 2+ 1112 )

k+1

+yIVa*|> + 13 6| V¥ |2

(4
+ cfo Iy 1% ds{ | Vo112 + 1V VY 12 + 1A% ). @.7)

Proceeding in the some way with (4.6), we obtain for any &> 0,
y>0

(Co+ CHIVA I+ 3L 11 ()2 6|12 - (peo’)

C +C C C
+ | —=——2) IVdivd*|? >
ak+1 '1k+1
+Clld*|? +a lwll 3s +0f I 12 ds{ gl + IIVZ¥)?
k+1

+ |V VW) |12

C (gl + IVZI2+ IV VW) 12} + p | Va2 + 1 VWF 2. (@.8)

“k+1
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By adding (4.7) and (4.8), we are left with

(Cy+C,-C) ,
(u+pI VY2 + (Co+ € V6" |)? + ————2= ||V div o*|®

+ 2L ()2 + S LN Y - (o o) — (pe®)

NI»—-‘

C C
s t3
1 k+1

+ CCIYEI? + 16*1%)

C
Iwilze +
ak+1 k+1

+

IV 12+ 19w, 1%} + follvlllzdS{ 1Vw,11* +

+ | Vu %},

Integrating with respect to ¢, we have (with C, > 0)

t
C, f CIVYEI? + V12 + 1V div 6*[1?) ds + | 6512 + |51
0

- J. (pef’ ak) ds
0

—fo(Pef, y*)ds < J.(lll// I*+ llakllz)dS+C{ +— }-(4-9)

vl Qi

By integration by parts with respect to ¢ and recalling that ok(O) =0, we
can estimate as follows

<

t t
j(psf,ak)ds < J(p,ak,ak)ds +
0 0

't
f (pe', o¥) ds
0

+ | (p(2) &(2), d*(1)))]
< f0||p,||L~||s"u'||a"|| ds+f0npurnek|| CHE + 1w = w0 +

+ Bl la*l
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(3 't T
< Cj 1“1 ds + Cf IlakI|2d5+Cf0|I8k|I el + N Il (w = w"), 1l +
0 0

S
APy Vo
(84
k+1 ak+1
t
<L+ L+ € f||w,—wf||2ds 2
84
Orr1 Xyq TEkHIAVO

1 1 1
s C( 2 T ap t FIC A
Xl %1 Cppne

Similarly, we estimate

(3
1 1 1
f(pef, ) dr|| < c(/12 + =+ = )
Y k41 Arr1 Aeere %y

Thus, from (4.9) and the above, we are left with

I ()12 + I6*(e) 1% + ¢, L(uw"u% I Va*||* ds < Cf0< Iy () 11% +

+ |1a"(z)||2ds)>

1 1 1 1 1 1
+C + + + + + .
( /ﬁ+1 ,12 13/2 3/2 11/2 y 172 )

k+1 k+1 ak+1 ak+1 k+1 k+1ak+1

From this and Gronwall’s inequality, we conclude that

T () I1* + ||a"(r)||2+L< IV ()12 + IV (s) 11> ds)

72
k1 Ml A % oA Aol

o 1 1 1 1 1 1
SCet(lz +/12 Tttt + 1/2)

and the Lemma 4.1 is proved. 1
Now we are ready to prove the following
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THEOREM 4.2 :

D Nu(e) = u () 12+ Iw(e) —wh(e)?

1 1 1 1
{ 2+ ~21 t =t 3t ! } - C(1)
k+1

12 12
ak+1 A‘k+1 o‘k+1 Ak+1 ak+1'1k+1 k+1}‘

A

i) () =PI

1 1 1 1 1 1
< + + + + + - C(t
{ 2 }.2 3/2 13/2 AIIZ 1/2 /-l'k o } ( )

Qpv1 kvl s kvl 1M1 %s
for any, t € [0, T].

Proof : From estimates in Lemma 2.3 and (2.8) we conclude that

C(t)
IIekII2=||u—ka\2< S lull g s —5—.
’lk+l A’k+l
Analogously, we have
C C(1)
e 12 = llw~21% < —llwlp < 5
k+1 ak+l
Thus, since lu— o) = Il = v I < [ + 1yl and
Ilw—wk| =¥~ ")) < |lé*| + |l6*|, Lemma 4.1 and the above

imply ().
Now, proceeding as we done in the begining of Theorem 3.1

lp(r) = ()% < C(z)fonum - (s)*ds.

This and (i) imply (ii). W

We observe that we cannot obtain the optimal rate due to the terms p e and
p s,. However, they do not appear in the classical Navier-Stokes equations,
and also in the Boussinesq and mathetohydrodynamic type equations, and,

consequently, for these equations it is possible to obtain optimal L*-error
estimates.

Remark : If we consider the reduced model of nonhomogeneous fluids, like
in Salvi [12], the above estimates are reduced to

u(r) —u(2))? /13(,2) and |lp(t) = p5(0)|I? )3(,5)
k+1 Yk+1

with again of % with respect to the convergence rate obtained in [12].
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