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MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol. 30, n°® 3, 1996, p. 265 a 297)

MULTIGRID METHODS FOR PARAMETER DEPENDENT PROBLEMS (*)

Susanne C. BRENNER (1)

Abstract. — Multigrid methods for parameter dependent problems are discussed. The contrac-
tion numbers of the algorithms are proved within a unifying framework to be bounded away from
one, independent of the parameter and the mesth levels. Examples include the pure displacement
and pure traction boundary value problems in planar linear elasticity, the Timoshenko beam
problem, and the Reissner-Mindlin plate problem.

Résumé. — On discute des méthodes multigrilles pour les problémes dépendant de paramétres.
On prouve que la diminution du nombre d’itérations des algorithmes est bornée indépendamment
du paramétre et du niveau de maillages, et ce dans un cadre général. On donne des exemples
d’élasticité linéaire plane avec des conditions au bord de déplacement ou de traction, du
probléme de poutres de Timoshenko et du probléme de plaques de Reissner-Mindlin.

1. INTRODUCTION

In recent years finite element multigrid methods have been applied to
problems in solid mechanics. The straight-forward approach using low order
conforming finite elements in a displacement formulation runs into trouble
with the phenomenon of locking, which occurs when a certain parameter (e.g.,
the thickness of a plate or a beam, the Poisson ratio of an elastic material)
approaches a limit. The performance of the method deteriorates dramatically,
as occurs for example when the Poisson ratio approaches 0.5 in the problem
of linear elasticity (cf. [28], [30]).

It is well-known that locking can be avoided by using nonconforming finite
elements or reduced integration, and the variational problems can usually be
posed in either a displacement formulation or an equivalent mixed formulation
with a penalty term. It turns out that even though the formulations are
equivalent, the mixed formulation is superior for multigrid algorithms, as was
observed in [6].

In this paper we present a unifying framework for some recent results ({6],
[12], [13], [27]) of robust multigrid methods for parameter dependent prob-
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266 Susanne C. BRENNER

lems using mixed formulations. The problems treated in these papers are stated
here as examples of our theory. The notation is more or less standard. (The
definitions are given in the appendix).

Example 1.1. (Pure displacement boundary value problem in linear elastic-
ity) :

Let 2 be a convex polygonal domain in R® and fe LZ(Q). The
continuous problem is :

Find (u,p)e H'(2)xI[*(2) such that

(1.1) J.gradu gradudx+fpd1vvdx fz vdx Vve ﬁl(g)

‘quivgdx—;"_i—lfgpquzo Vg € LY(Q).

Here u is the displacement, f is the body force, u and A are the Lamé

constants, and p =Ht 25y u. The ranges for the Lamé constants are
O<p,spu<py <o and O0<A<oo. As A approaches oo, the material
becomes nearly incompressible.

The discrete problem is obtained by replacing _Ifll( Q) x [} Q)
by the nonconforming finite element space (cf [12],
[15) Mi(T,)xM° (F,).grad by grad, and div by div,

Example 1.2 (Pure traction boundary value problem in linear elaszicity)
Let 2 be a convex polygonal domain in R?, fe L %(R2) and
ge H”Z( d2). The continuous problem is:
Find (u,p)e H' (Q2)xL*(2) such that

(1.2) fg(g):g(g)dx+fpdivp_dx
Q Q

—_— - 1
_2,u|:fgf vdx+.[mg Eds] Vve H (2)

fqdivgdx—%ﬂqudx=0 Vg € LY(RQ).
Q v e

Here u is the displacement, f is the body force, g is the traction on the
boundary, p=ﬁdiv u and (f, g) satisfy the compatibility condition

J.jj-gdx+j g-vds=0 Vve RM.
Q a2
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MULTIGRID METHODS FOR PARAMETER DEPENDENT PROBLEMS 267

The ranges for the Lamé constants y and A are 0 <y, < p < p; < oo and
0 < A <eo. The subscript « L » indicates the Lz-orthogonality to RM.

The discrete problem is obtained by using the nonconforming finite element
space Ml (T,)xM° (F,,). The operator div is replaced by div,, and
the strain tensor € is replaced by g; where (¢f. [13], [23])
€, (v) =grad, v — % (Py,rot,v)x. (P,, is the  L?-orthogonal
projection onto the space M° (F,,) of piecewise constant functions on the
coarser grid.)

Example 1.3 (Timoshenko beam problem) :

Let £2 be a finite interval in R and f e L*( ). The continuous problem is :
Find (¢, 0,¢{)e A'(Q)x H'(2)xL*(2) such that

(1.3) j(/)’l//dx+fl(y/—v’)dx=fﬁdx Y(y,v)e H(Q)x H'(2)
Q Q Q2

f (¢—w’)r,dx-d2f pdx=0 Vne L3(Q).
Q Q

Here ¢ is the rotation of the vertical fiber, w is the vertical displacement,

{=d *(¢ - ), d is the thickness of the beam, and d* fis the vertical body
force.

The discrete problem is obtained by replacing
H'(Q2)xH' (Q)xL¥(2) with MYT,)xM)(T,)xM° (F,) (f
[(1D.

Example 1.4 (Reissner-Mindlin plate problem) :

Let 2 be a convex polygonal domain in R* and fe gz(.Q). The
continuous problem is :

Find (¢,p)e H'(2)xH'(Q) such that

E

a.4) 12(1 =)

f[(1—v)§(<~j>):g(g/)+vdivil)div1/]dx
Q

+J.protg/dx=J.j~’-L//dx Vye fll(.Q)

fqroti)dx—tzfcgrlpcgrlqu:O Vge H'(Q).
e Q
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268 Susanne C. BRENNER

This is part of the Brezzi-Fortin formulation (¢f. [17]) of the Reissner-Mindlin
plate problem where ¢ is the rotation of the vertical fiber, E is the Young’s
modulus, v is the Poisson ratio, ¢ is the thickness of the plate, and the Lamé
constant A is taken to be 1.

The discrete problem is obtained by replacing EI Q) x H(R2)
with NI(T,) x My(T,) where Ny(F,)=M(T,)®B(T,) (¢ I21,
3D.

For general background on multigrid methods we recommend the books
[24], [29] and [8], and for mixed methods the book [18]. Earlier work on
multigrid methods for mixed formulations (without parameters) can be found
in [25], [34], and [35]. Other ways of applying multigrid methods to parameter
dependent problems are discussed in [31] and [33].

The rest of this paper is organized as follows. In Section 2 we set up the
framework, followed by the multigrid algorithm in Section 3. Three lemmas
crucial to the convergence analysis are discussed in Section 4 and the con-
vergence analysis is carried out in Section 5. Section 6 contains some con-
cluding remarks and the appendix contains the definitions of the notation.

2. THE FRAMEWORK

The Continuous Problem

@ is a convex polygonal domain in R", n=1 or 2. Let V be a closed
subspace of yl(Q) and W be a closed subspace of H%() where
a=0 or 1. For each parameter t€ (0,7T] (0 <T <o) the continuous

problem is described by a symmetric bilinear form B'( .,.) on Vxw
which satisfies

(A1) |§B'((Ep ql), (22’ 612))| = ( “Exlly‘(g))'*' ”ql ||L2(9)+ta|lq1 HH"(Q))

x ( “ 22”1—1‘(9) + | qz”z}(g) +1* “qznyﬂ(g)) .

(Throughout this paper, C denotes a generic constant independent of both the
mesh level and the parameter ¢.)

We assume the following stability estimate which, together with (A.1),
implies the unique solvability of the continuous problem.

B'((w, r), (v,9)
(A2) sup |B((w,r), (v qu)|
@.q)eVxW ”2“1-11(_(2)""' I|Q||L2(Q)+t ”q”H“(Q)
= C( “y"H](Q)-f— ||r||L2(Q)+ta||r||H“(g)) .
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MULTIGRID METHODS FOR PARAMETER DEPENDENT PROBLEMS 269

For elliptic regularity we require that
(A.3a) H!}’”[ﬁ(g) + {irl et Y i H'*%(Q) s C“ill[}(g)
for (w,r,f) € Vx Wx L*(Q) satisfying

%’((y,r),(g,q))=Ji-gdx V(v,q)e VxW.
2

Moreover, in the case where a =1 we also require that
(A.3b) ”ﬁ"}’"[ﬁ(g) + r“H‘(Q) +tlri HY(Q) < Ct : I g l LY 2)
for (w,r,g) e VxWx LX) satisfying

5B’((yy,r),(,lz,q))=j ggdx V(v,g)e VXW.
Q

Examples : Pure displacement problem In Example 1.1, we take
v=H'(Q), W=I[Q), ad 1 =l7_%7. The bilinear form
B'( +,- ) is defined by

%'((y,r),(g,q))=f{grzg\dlv:grzadg+rdivg+qdiv1v-—t2rq}dx.
o

The continuous problem is :
Find (g,p) € VX W such that

%'((z,p),(g,q))=ifgz-gdx V(v.g)e YXW.

The stability and regularity estimates for this example can be found in [12] and
[151.

Pure traction problem In Example 12 we take V= H‘_L(Q),
W=L*Q), and > =2H The bilinear form B'( -+ ) is defined by

%'((y,r),(g,q))=j {g(y):g(g)+rdivg+qdiv_\y—t2rq}dx.
Q

vol. 30, n° 3, 1996



270 Susanne C. BRENNER

The continuous problem is :
Find (u,p) € VX W such that

B((u.p), (0.9)) =2—1ﬂ- [jgi-gdx+'[agg-gds:| V(v,g)e VX W.

The stability and regularity estimates for this example can be found in [13] and
[15].

Timoshenko beam problem In Example 1.3 we take V= H'(Q),
W=L*(Q), and t*=d> The bilinear form B'( -,- ) is defined by

B'((w,r),(v,9)) =J. {wiv]+r(v, =)+ (w, - w)) g - * rq} dx .
Q
The continuous problem is :

Find (u,p) € VX W such that

B'((u,p), (B,q))=fgfv2dx V(v,g)e VxW.

The stability and regularity estimates for this example can be found in {1] and

[6].

Reissner-Mindlin  plate  problem In Example 1.4 we take

V= H'(2) and W=H'(L2). The bilinear form B'( -,- ) is defined by
B'((w,r), (v,9))

=fQ{BE1—E_—VT)[(1 —v)e(w):e(v)+vdiv wdiv ]

+ rrotg+qrotlv—t2c1lrlrcgr]q} dx .

The continuous problem is :
Find (u,p)e VXW such that

%t((E’P): (Ev q)) =J.Q£'de'

The stability and regularity estimates for this example can be found in [3] and
[27].
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Remarks : In Examples 1.1-1.4, we have

B((w,r), (v,g9))=a(w,v)+b(v,r)+b(w,q) -2 c(r,q).

The stability estimate for 8’ follows from appropriate coercivity assumptions
ona(+,+),b(+,-)andc(-,- ). We refer the readers to [1], [26], [6], [18]
and [27].

In the case « = 0 (Examples 1.1-1.3), the terms involving ¢ can be absorbed
into other terms and hence do not appear in (A.1), (A.2) and (A.3). In
Example 1.4 where a = 1, we have a singular perturbation of the Stokes-like
problem and the parameter ¢ cannot be eliminated from the estimates (cf. [3],

[4D.

The Discrete Problem

Let J,(k = 1) be a sequence of triangulations of Q, where J, | is
obtained by connecting the midpoints of each of the triangles in J,. Let A, be
the mesh parameter. Then

2.1) h ,=2h,.

The corresponding finite element spaces are V, x W,. We assume that
W, cW,,, cW Vk, but we assume neither V, c V, | nor V, < V. Our
theory thus allows for the possibility of using nonnested or nonconforming
finite element spaces V| in the discrete problem. In any case, we assume that
V.c Mf (T,) for some ¢ (and hence (V,c QZ(Q)).

The discrete problem is described by a symmetric bilinear form
B(-,+) on V., x W, We assume that

(A4) I%;{((Ep q, )s (Eza qz))l < ( ”21 ”k + qu ”Lz(g) +* “q1 ”H"(Q))

x ( 1\32||k+ "‘b”[}(g) + tQHQQHH"(Q))

where

(2.2) I v I = I v “1}(9) + llgrrgd‘ 14 ”Ll(g) N

vol. 30, n°® 3, 1996



272 Susanne C. BRENNER

and the following stability estimate holds

(AS) sup I%k((_‘:,v’r)7(27q))l

v,q)eV,xW, ”E”k+ ”anZ(Q) + ta"q”H"(g)

= C( ”L"”k"' “r”Lz(_Q) + t‘x”r”H"(Q)) .
In particular, the bilinear form SB;‘( -, + ) is nondegenerate.

The approximation property of V, X W, is described by an interpolation
operator

I : (VW) N (H(Q)xH' " (2)) > V,x W,
k _ = ~k k

with the property that
(A.6) l|(1}’,r)'17k(}y, r)”l}({;)

< C(hl|w

. 1
) + min (hk|r|H|(Q), hk+°‘|r|H1+u(Q))) .

We shall denote by 77, and T} the vector and scalar parts of /7.
Finally, we require the following discretization error estimate :

(A.7a) Iw = will 2y + A1+ 7B ) Ir =1l 2oy < Chipll fll 2o

where (w,r)e VW and (w,r)e V,xW, satisfy

B'((w, ), (0, 9)) =J'gf,-gdx V(v,q) e VXW

and

%;((!}’kv r)»(0,q)) = J.QJ:'de V(v,g)e V,xW,
and in the case a =1 we also require that
(AT6) N w = wellizgay + (B4 ) I =1l izgy < CF PRGN aa
where (w,r)e Vx W and (w,r,) e V, x W, satisfy
SBI((E,’),(E,Q))=ngqu V(v,g)e VxW
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MULTIGRID METHODS FOR PARAMETER DEPENDENT PROBLEMS 273

and

552((1vk,rk),(2,q))=fgqux V(v,q) € VX W,

Examples : Pure displacement problem For Example 1.1, we take
V,= MUF,) and W, =M’ (F). The bilinear form B;( -,- ) is defined
by

?B;((Lv,r),(g,q))=.l‘{grad w:grad, v + rdiv, v + g div, w — t* rq} dx,

and the discrete problem is :
Find (u,p,) € V, x W, such that

B((u.p)(v,9))= ff vdx VY(v,q)e V,xW,.

We use the Crouzeix-Raviart interpolation operator defined by
II(w,r)= (y*, r*), where

(2.3) w(m)—| |J‘wds

at the midpoint m, of the edge e in J, and r is the Lz—orthogonal projection
of r

The stability, interpolation and error estimates in this case are found in [15]
and [20].

Pure traction problem In Example 1.2 we take V, = M* 1 (F,) and
W, = Mm° (T ,_,). The bliniear form B( -,- ) is deﬁned by

%L((y,r),(y_,q))=f{J(w) J(v)+rd1vkv+qd1vk w— 2 rq}dx,
where

€(v) =grad, v~ 3(P,_ 1o, v) 7,

and P,_, is the L’ -orthogonal projection onto M° (T_)=W, The
discrete problem is :

vol. 30, n°® 3, 1996



274 Susanne C. BRENNER

Find (u4,,p,) € V,x W, such that

%;((g,p),(y_,q))zﬁ|:fgi.2dx+jmg-gds:| V(v,g)e V,xW,.

We use the interpolation operator deﬁned by IT(w,r)=(wW,r ) where
w is the L —orthogonal projection of the w defined by (2.3), and r is the
L’ -orthogonal projection of . The stablhty, interpolation and error estimates
in this case are found in [13] and [20].

Timoshenko beam For Example 13 we take V,= (J ) and
W, = M° (T ,). Since both V, and W, are conformmg, we take ?B to be
the restriction of B’ to V., xW,, and the discrete problem is just the
restriction of the continuous problem to V, x W The interpolation operator
is defined by I(w, r) = (w r) where w is the Lagrange interpolant
of w and r is the L? -orthogonal projection of . The interpolation error
estimate is standard (cf- [21], [14]). The stability and error estimates in this
case are found in [1] and [6].

Reissner-Mindlin  plate problem For Example 1.4 we take
V.= 5/(1)( J,) and Wk=M(1)( ). Since both V, and W, are conforming,
we take B, to be the restriction of B’ to V, X W,, and the discrete problem
is the restriction of the continuous problem to V. x W, In this case,

I1,: [HX(2) N H'(2)]1 x B'(Q) - MYT,) x My(T,)
is just the standard Lagrange interpolation operator. The stability and error

estimates in this case are found in [27].

Remarks : In the case of conforming finite elements (Examples 1.3 and 1.4)
the error estimates (A.7) follow from the stability estimate (A.5), the elliptic
regularity estimate (A.3) and duality arguments. In the case of nonconforming
finite elements (Examples 1.1 and 1.2) one must estimate additional consis-
tency terms which measure the effect of the nonconformity.

Mesh-Dependent Norms

Each V, x W, is equipped with an inner-product ( -, ), such that

(A8)  ((2,9),(2,)) ~ 2Ny + (1 + B> %) Nl aqy

(The constants defining the equivalence are independent of & and ¢.)
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Let B, : V. xW,— V, xW, be defined by

(2.4)
(B(w, 1), (0,9)), =B ((w,7), (v, 9)) Y(w,r)(v.g)e V,xW,.

Clearly B:_ is symmetric and nonsingular. By a standard inverse estimate (cf.
[21], [14]) and (A.4) we have

(2.5) spectral radius of B}, < Ch; *.

The mesh-dependent norm Wl. i, on V, x W, is defined by

26) W0, N, =V (BB (2.9).(v.9)), V(v.q)e V,xW,.

It follows from (A.8), (2.4) and (2.6) that for all (v,q) e V., xW,

@) HCB, @l g ~ 12200y + AL+ 155 ®) 1l gy

and

Bi((v,q), (V,q))
(2.8) (v g, = sup B ((v fI),(~ )|
- o W, q) eVix W, (“(E, q )I(lo‘k

Examples : Pure displacement and pure traction problems In both Examples
1.1 and 1.2 we take

(11,910, (V. 9,) ) = (0, 22)1:2(:2) + hz(ql, 9212y -

Timoshenko beam problem The mesh-dependent inner product for Ex-
ample 1.3 is defined by

((Bp q, ). (22: (Iz) )k = hk 2 El(P) . Ez(p) + hi(qp q?,)Lz(Q) »
P

where p ranges over all internal vertices of J,.

vol. 30, n® 3, 1996



276 Susanne C. BRENNER

Reissner-Mindlin plate problem Let v,=¢,+ v, where
$,€ My(T,) and w,e B(J,) for i=1,2. Then

(v, (U5, 9,)) =he >, ¢(p) - 9y(p) +

i

+ (v E/z)ﬁ(g) + hf(hf + 12) 2 c(p)q,(p)ay(p)
L =

where p ranges over all vertices of I, and ¢, (p) is chosen so that

hy > cdp)a(p) = qux Vg e My(F,) .
14

(Since our family of triangulations is obtained by a regular subdivision,
c(+), k=1,2,3,..., only assume finitely many different values. The
constants in (A.8) are therefore independent of k.)

Remarks : All of the mesh-dependent inner products in the examples are
actually also defined on the corresponding finite element spaces without the
constraints (imposed by « /A » or « L »). They have the properties that

(a) the nodal basis of the finite element space without the constraints are
orthogonal with respect to the inner product, and

(b) the constraints themselves can be enforced by the inner product. This
means that there exists a finite-dimensional subspace S, of the unconstrained
finite element space such that a member of the unconstrained finite element
space belongs to V, x W, if and only if it is orthogonal to S, with respect
to the inner product. This is important for the programming aspect of the
multigrid method.

Intergrid Transfer Operators

There is a coarse-to-fine intergrid transfer operator Iﬁ_l :
Ve XW,_ >V, xW, defined by

1:—1(2’ q) = (‘]]I::—l v.9), WhereJi_l Vi Ve
We assume that
(A.9a) 1e_y 0l2ay < Clivllpy forall ve V.
(A.9b) lo—Ji_, vlaa, S Chllvll,_ forall ve V, .

(A.9¢)
k 2 «
W I, _\(w, r) = IT,(w, r)lllo'k < Chk{l.‘f"}tlﬁ(sz) + |r|Hl(Q) +1 |r|HH..(Q)}

forall (w,r)e (H(RQ)xH'"*(2))n(VxW).
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MULTIGRID METHODS FOR PARAMETER DEPENDENT PROBLEMS 277

The fine-to-coarse intergrid transfer operator I
VxXW, o>V _ xXW,_, is then defined by

29 (I (w1, (2,9) )y = ((w, 7D T4 (2,9)),

for all (w,r)e V,xW, (v,q)e V,_ xW,_,.

Examples : Pure displacement and pure traction problems In both of these
examples, J:_l is just the L2-0rthogonal projection.

Timoshenko beam problem Here the finite element spaces are nested, so we
k N
can take J, _, to be the natural injection operator.

Reissner-Mindlin  plate problem let veV, be written as

R k-1
g)k+_ll/ where  ¢pe My(T,_,) and e BNT,_)). Then
Jioa0=9.

Remarks : The estimate (A.9a) is trivial for these examples. The estimate
(A.9b) is trivial for Example 1.3, which is conforming and nested. This
estimate for Examples 1.1, 1.2 and 1.4 can be easily established by a simple
computation. We refer to [11] for more details. The estimate (A.9¢) in these
examples follows easily from (A.8) and the interpolation error estimate (A.6).
Moreover, in Example 1.1, J:_l can be a more general type of averaging
operator that requires less effort in programming (cf. [12]).

In the original paper of Huang (c¢f. [27]), J:_l v is defined to be
P+ _!l/*, where }/f € §3( J,) is the Lz-orthogonal projection of
. The fact that one can drop the bubbles in the intergrid transfer operator
was first observed in [36].

Another feature of the intergrid transfer operator in these examples is that
they are actually defined on the corresponding finite element spaces without
constraints. The constraints themselves are preserved by 7 ';_1 and [ :* ! This
is tied to the fact that the constraints can be enforced by the mesh-dependent
inner product. (For more details, see [12] and [13].)

3. THE MULTIGRID ALGORITHM

We will describe an iteration scheme for each level k. The k™ level
iteration with initial guess (Y 25) € Vi x W, yields
MG(k, (5 2), (w,r)) as an approximate solution to the following
equation in V, X W,:

(3.1 Bi(y,z)=(w,r).

vol. 30, n° 3, 1996



278 Susanne C. BRENNER

For k=1, MG(}1, (¥4 2,), (w,r)) is the solution obtained from a direct
method. In other words,

MG(1, (¥ 2), (w, 1)) = (B)) '(w, 1) .

For k> 1, there are two steps.

Smoothing Step. Let (y,z,) € V,x W, be defined recursively by the
equations

(32)
(yp2) = (X,_l,z,_l)+AlkB;((y,r)—B;(Z,_l,zl_l)), 1<i<m,

where m is a positive integer independent of k and ¢ and 4, := Ch;, 4 (cf. (2.5))
dominates the spectral radius of (B;,)z.

Correction ~ Step. Let (w,r):= I:_ '(( w,r)— B ( Yo Zm) ). Let
(v,q9,)e V,_, xW,_, be defined recursively by

(33) (201 qo) = (99 0) and
(v,9)=MG(k—1,(v,_.q,_,), (W, 7)), i=12.
Then MG(k, (Yo 25), (w, r)) is defined to be

k

(Y 2n) + 121 ( 02, q5)-

Remarks :

1. The algorithm defined above is a one-sided # -cycle algorithm. The
amount of work of the method is @(nk), where n, is the dimension of
V. x W,

2. Since the constraints on the finite element spaces can be enforced using
the mesh-dependent inner product ( .,. ), and the constraints are pre-
served by the intergrid transfer operators Ii_l and Ii_ L except on the
first level one can actually use the finite element spaces without any
constraints in the construction of the multigrid algorithm. This is ben-
eficial for programming since there is a natural nodal basis for the finite
element spaces without constraints (¢f. [12] and [13]).

3. For Examples 1.1, 1.2 and 1.3, one can use a nested iteration of these
schemes to obtain a full multigrid algorithm. In Example 1.4 one can
couple these schemes with nonconforming multigrid methods for the
Laplace equation (cf. [7], [9], [10]) to solve the full Reissner-Mindlin
plate problem.
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4. THREE LEMMAS

Let P:_I:ka W,— V., | X W,_, be defined by

(4.1) B, (P (w,r), (v,9))=B((w, ), I5_,(v,9))

for all (v,9)e V.. xW,_,, (w,r)e V,x W,
From (A.9a), the definition of 12_ ;» (2.1) and (2.7) we know that

(42) Wh_ (v, gy, < CU(v, @My ,_, V(v,q)e V,_ xW,

k-1-

It follows from (4.2) and (2.8) that
“4.3) IIIP:_I(EJ, rlly oy S CICw, rll, . V(w,r)e VixW,.

LEMMA 4.1: Ler fe L Q). Assume that ({, &) € V,x W, satisfies
(4.4) %2((Q,£k),(z,q))=fgi-2dx V(v,9)e Vi x W,
and ({1 &) e Vo xW,_, satisfies
(4.5) 582_1((§k_1,ék_1),(2,q))=Lf_-2dx V(v,q) € Vi X Wiy,

Then there exists a positive constant C such that

(4.6) (G G ) = PN (L EM oy < ChinJ:uL_z(m :
Proof : Let
(4.7) (&G Semy) _P:_I(Q—’ ¢o=(nt)e YV, xW,_,.

Recall that (cf (2.7))

oz, T ooy ~ Wzl ooy + A (1 + t“h %) el 2oy -

We will estimate [ 7]z, and hy (1 +1t"Rm 2) lzll 2o, by duality
arguments. -
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Let (¢,w)e VxW satisfy
(4.8) %'((Q,W),(B,Q))=J.Qﬂ'2dx V(v,q)e VW
and (@,_,,w,_,)e V,_ xXW,_, satisfy
4.9) %2_1((1>k_1,wk_l),(g,q))=fﬂg-gdx V(v,9)e Vi XW,_;.

The elliptic regularity estimate (A.3a) and the discretization error estimate
(A.7a) imply that

(4.10) ”Q ”;ﬁ(g) + ” v ”H‘(Q) +1% ” 14 ” H'* () s C” QHLZ(_Q)
and
(4.11) I~ @i llizey < Chillnll g, -

Using (4.9), (4.1), (4.7), (4.4), (4.5), (A.6), (4.11), (4.10) and (A.9), we have
J;)lﬂ'z dx = sB;c—l( (D1 W), (1, 7))

= SB;—I((Qk—l’ Wio1 ) (Lo &)
- %;(12—1(1’1(-1’ Vi1 (8 8))

=ffv'_?k—ldx—f-,[."]ll:—l.?k—ldx
o Q

< Il ut = Tios S lizcay

< Ufllcay{ I @ecs = T Bllizcay + 1T @ = Ty Ty @llizcay
+ ||J:_1(IT,:_1 @ - 1’1:-1)”1:2(9)}

< Il Crill mlay + CIMTy @ = iy lizey)

< Chl fll 2oy 1 72y -
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Therefore

4.12) 120y < ChENE 2y -

Let (w,x) € VX W satisfy

(4.13) %'((Q,x),(g,q))=frqu V(v,g) X VX W
(2]

and (w,_, Xx_ ) € Vo X W, _, satisfy
(4.14)
%;—1((Qk—l’xk—1)’ (E’ q)) = fg‘chx V(E, q) € Yk—l x Wk—l M
From (A.5) we have
(4.15) ”E_Uk_x ”k—l = C”T”LZ(Q) -

From (4.14), (4.1), (4.7), (4.4), (4.5), (A.9b) and (4.15) we have
(4.16) LTZ dx=%B,_ ({0, 1 Xee1 ) (1,7))

3%;—1((2’“1’)&—1)’ (&1 &ioi))

- %th(li—l(,‘?k—l’){k—\)’ (& &)
=J. I .(.Dk—ldx—J. f.‘J};—l Wy dx
Q o

k
< W fllzzeoy | @y = it @iy
< Chlfllzoy Tl 2y -
Therefore
4.17) Rlltl oy S Chill)fl],‘z(g)‘

For the case « = 0 the proof of the lemma is completed by combining (4.12)
and (4.17).
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In the case a =1 it follows from the elliptic regularity estimate (A.35) and
the discretization error estimate (A.7b) that

(4.18) "E_O”}-f(g) + ”X" HY(2) + t")(”HQ(Q) s Ct 1||T||L2(_Q)
and
(4.19) low— w1 llpzeay < CF BN T 3, -

We obtain from (4.16) that
2 gy < _ gk
o S A2yl @y = Ty @i llizay

= ”f.”Lj(Q){ o, = HZ E’“If(rz) + || HZ w - J:-—l 17:—1 2’”1:2(9)
+ ||Jﬁ_1(172_1 L= wk—l)”Lz(.Q)}
s “Z”Lz(ﬂ){Ct_ ' hi”T“ eyt ClIT,_, @ -w,_, ”LZ(Q)}
-1,2
s Cr hk”Z“Lz(g)”T”Lz(Q)
by using (A.6), (4.18), (4.19) and (A.9). Therefore
(4.20) thell 2oy < Chill fllza -

For the case a = 1 the proof of the lemma is completed by combining (4.12),
(4.17) and (4.20). O

LEMMA 4.2 : There exists a positive constant C such that
: 2
(4.21) lo=Ji ) vl2oy S Chpi(v, gy,

for all (v,g)e V, | XW,_,.

Proof : Given any

(v.g)e Vi xW,_y,

let (£, &) e V., x W, satisfy

(4.22) B((&,ED, (v, 9)) = L(y ~Ji_,v)-vdx V(V,g)e V,xW,
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and ({, . &_ 1) € Vo X W,_, satisfy

(4.23) B, ((Lopr &em 1) (V59D
=f (v _J:—l v)-vdx Y(V.q)e Vi xW,_,.
Q
Therefore using (4.22), (4.23), (4.1), (2.8), and Lemma 4.1 we have

IIE—J’;-IElliz<g)=fg<2—ff_12)-2dx—f (0—Ji_ v)-Jy_, vdx
-~ 2

=B, (Lo &my) (2.9))
= BU(Lo &) (¥, 9))
=B, (L1 &) — Py (G €5 (2,9))
S Mo s Eer) = P (Lo EMlg o IIC D, @l
< Chlllv-J;_, Bl @y - O

LEMMA 4.3: Let ge LX), (v,q,)€ V,x W, satisfy

(4.24) %L((Ek,qk),(E,Q))=fgqux V(E’Q)E YkXWk

and

(425 B (Vo1 g_1) (0.q)) = J;)qux V(v,g)e Vio X W,_,.
Then there exists a positive constant C such that
(4.26) M0 @) = Do 1 (B 1o @i Mo o < C LG 1 2 -
Proof : Recall that (cf. (2.7))
(00 @) = oo r (0o G Mo i ~ 18 = Ty B sy

+h (1 +1%h %) qu_qk—lHLz(Q)'
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First we estimate [ng—J:_l}jk‘llle(m by a duality argument.
Let ({, &) e VX W satisfy -

(4.27)

%'((Q,f),(E,q))=L(}gk—lﬁ_lgk_l)-gdx V(E,q)e VxW,
(&) e VixWw, satisfy
(4.28)

%;((Q,ék)’(E’Q))=fg(2k—12_12k_l).2dx V(E,Q)E YkXWk

and (Q_la ék_1) € .Yk—l X Wk—l satisfy

(4.29) éB;,_l((Q,_l,ék_,))=fg(2k—ff_xEk_1)°2dx

V(v.9) e Voo X W,

k—-1"

By applying the discretization error estimate (A.7a) to (4.27)-(4.29) we have

(4.30) I S = Sk |IL2(Q) < Chy, ”P_ - J:—l Ve l[1,2(:2) :

Let (7,7) = (40 &) — Py (L &)- By (4.28), (4.1), (4.24) and (4.25),
we have

4.31)
o, — J£—1 Ve Hli’-(:z) =B (Lo &) (Y q,) — 12—1(21:—1’ q_1))

=BU(L. E) (v )
- SB;:—I(P:_I(Q’ &) (V15 qe2y))

= fggr dx < |g "LZ(Q)HTHLQ(Q) )
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Since

(1,7)= (Lo &) = (G &)+ (Gl &) = PTG &,
it follows from (2.7), (4.30) and Lemma 4.1 that

(4.32)
” T” L*(2) < “ék - ék_ 1 ” LY Q) +'],i_k|"(§k_1a Ck—l) - Pi— I(Q., ék)mo‘k_1

s Chk”Bk - ‘]:—l Vet ”Lz(g) :
Combining (4.31) and (4.32) we obtain
(4.33) o, - Jz—x Vo llizoy < Ciyllgll gy -

On the other hand, the stability estimate (A.S5) for the discrete problem
implies that

(4.34) lall 2oy + Mgyl 2oy < ClG Nl 2gg) -

Therefore we have

(4.35) gy =, 2oy < Crellg gy -

In the case o = 0, the proof of the lemma is completed by combining (4.33)

and (4.35).

In the case a=1 we compare g, and ¢, , to r where
(w,r) e VX W satisfies

(4.36) %’((y,r),(g,q))=fqux V(v,9)e VX W.
Q

It follows from (A.7b) that

(4.37) t(llr— qk” eyt [\ r - G -1 I LZ(_Q)) = Chk”g” LYQ) -

Therefore we have

(4.38) g =gy S Chligllzny -
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The lemma now follows from (4.33), (4.35) and (4.38). O

5. CONVERGENCE ANALYSIS

We follow the methodology of [5]. The first step is to establish the
convergence of the two-grid algorithm where the residual equation is solved
exactly on the coarser grid. The final output of the two-grid algorithm for (3.1)
is (2#,2# ) = (Yo 20) +1§_1(E#,q# ), where
.1 (2*.q%)=(Bi_)) (%, 7)

= (Bi_ ) 'L ((wo 1) = B Yo 2))
=(Bio) I By~ 2w 2= 2,) -

LEMMA 5.1: (v¥,¢%) =P " (y-y,.2-2,)

Proof : Given any (v,q)e V,_,xW,_,, it follows from (2.4), (5.1),
(2.9) and (4.1) that

B,_,((0%,4%),(v,9)) =B, (v*,4% ), (1,9)),_,
= (I B Y= Y 2= 20) (20D Dy
= (Bi(Y = Yo 2= 2 i (2. @)y
= B((y = Yo 2= 20 i1 (0,9))
=B, (P, (y=yw2—2,)(v,q)). O
Let R, be defined by
(5.2) R, :=1—Aik(B;,)2.
It follows from the definition of the mesh dependent norms that
(5.3) IR (v, < (v, g, V(v,q)e V,xW,andse R.
From the smoothing step (3.2), we obtain

(54) (Y=Y 2= 2,) =Ry = Yp 2= %) -
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Combining Lemma 5.1 and (5.4) we have the following relation between the
initial error and the final error of the two-grid algorithm :

(5.5) (y=-y%2-2")=U-1_ Py DRy - yp2-2,) -

The effect of R} is measured by the following lemma on the smoothing
property. Its proof is standard (c¢f. [S]) and will be omitted.

LEMMA 5.2 (Smoothing Property) : There exists a positive constant C such
that

(5.6) IRF(v, gl , < Chy >m” "2(v, gy, V(v,g) € V,xW,.

The following lemma on the approximation property measures the effect of
the operators I— 1} 1 P: .

LEMMA 5.3 (Approximation Property) : There exists a positive constant C
such that for k> 1

7 M-I Py (o, @y, < CRAICD, @l ,  Y(v,g) € VX W,.

Proof : Given (v,q)e V., xW,, let (g,t)=P:_‘(g,q). Hence

U-L_ Py (v,g)=(v-J "n.g-1).
Recall that (¢f. (2.7))
(o =T 7,g = Pl ~ 112 = I 772
+h(1+t%h, %) g =l 2cq -

We shall estimate ||E—J:_1_7Z||Lz(g) and

h(1+1%h, %) g — Tl 20

by duality arguments.
Let ({,¢) e VxW satisfy

(59) SBI((Q’ 5)7(22 q’))=fQ(E_J2_lﬂ)‘E’dx V(E’, q') (S YX W,
(& &) € Vi x W satisfy

(5.10) B( (& &), (¥97)) =L(E —Je ) Vdx V(Y. q) e V,xW,,
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and (Q_p ék_l) € ..Yk—l X Wk—] satisfy
(5.11) B, _(((Gop &ioy)» (V2 g)) =

- fg(g ~Jiam)- vide V(Vv.q)e YV, xW_,.
The elliptic regularity estimate (A.3a) implies that

(5-12) ” QHHZ(Q) + H é"y'(g) + ta né"H“"(g) = C“B - J:_l ﬂ”[j—’(g)
and the discretization error estimate (A.7a) implies that
(5-13) l|§—§k||1‘=(g)+ ||§—§k-|||1,z(g)

+hk(1 +tah;a) ( “é_ék“Lz(g)"' “é_ék._llllﬁ(g))

2 k
S Chllv=Ji i 1l ey -
From the interpolation error estimate (A.6) we also have

(5.14) W& & — ML ey + 1(L € — T (L Ol o)

< crlig

. 1
HY(R2) + min (hkléllll(ﬂ)’ hk+a|élH”"(.Q))) .

In view of (2.7) and (5.12)-(5.14) we obtain
(5.15)  W(&w &) = ITLE EMg  + (L 10 & y) — 1T (L S, 4y
< Chlllv—J

k
k-1 ﬂ”lf(g)-

Moreover, it follows from (A.9¢) and (5.12) that

(5.16) WIg_ IT,_ (L, &)= (& EMy, < Chillv—T5_, iy -
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Hence by (5.10), (4.1) and (5.11) we have
(5.17)

12 = Ti 1l 22y = B (Lo &0 (2,9)) = BU(Lo &), Iy (1, 7))
=B(({ &)~ IT(L,8). (v, 9))
+ BT E) — I T (L&), (v,9))
+ B IT,_ (L&), (v, 9))

_J.Q(E_J:—lﬂ)']:—l.’zdx

= SB;C((Q’ ék) _Hk(£’ 5)7(27 (I))
+ B(IT(LE) ~ T IT,_((L,€),(v,9))
+ B, (T, (£ 8) - (& fk—l)’P:_l(E"I))

+L(E—Ji_.17)(17—fi_1ﬂ)dx-

Combining (2.8), (5.15), (4.3), (5.16), Lemma 4.2 and the definition of
(n,7) we find from (5.17) that

(5.18)
lv—J5_, guéz(g) S WL, &) — ITL ENMy M v, g, ,

+IT(L E) = I I, (& EM M, gl
T, (6 &) = (L Eem Mg P (0, gl
+lv- ‘]:—1 2oyl - Ji—] 1l 0y
< Chllo = Ti_y il gy, @l
+ 12 =Ty 1oyl =Ty nlliaay
2 k
s Chillv-J,_, ﬂ”Lz(Q){m(E’ g,
+IP ™ (v, gy}

< Chlly = iy Al e, )l
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It follows that

(5.19) lo =T\ 7l < CRANCY, @, .

We now estimate | g — 7| Q)
Let (¢,y)e VxW satisfy

(5.20) %'((Q’ V/)’ (E,r q,)) = fg(q - T) q’dx V(E', q') e Yx W,
(P W) € Vix W, satisfy
521 B(( P wi): (V' 9)) = L(q -1)g'dx V(V,q)e V,xW,

and (,@k—l’ l//k—l) € _Yk—l X Wk—l SatiSfy

(5.22) %2_1((9/(_17 V/k_l)’ (E" 4')) =
=L2(q— 1)qdx Y(V,q)e Vi XxW,_,.

Combining (5.21), (5.22), the definition of (7, 7), (4.1), (2.8) and Lemma 4.3
we have

(5.23)

HQ"T”iﬁ(_Q)=fg(q_f)qu"fg(q_f)7dx

=B ((Pp i )» (0.9)) =By (((Dh_ s Wi ) (1, 7))

= B((Be W) (0:9)) = By, ((Be_ s W1 ) Py (2, 9))
=B (( P Vi) — L1 (Do Wi_ )2 (2,9))

S WP wi) = Ti 1 (P ys Wi Mg JICD, @M, ,

< Chyllg = Tl 201V, g M, .

Therefore we have

(5.24) hllg =Tl 20y < CRRICD, @l .
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The proof of the lemma for the case o =0 is now completed by combining
(5.19) and (5.24).

For the case =1, we proceed as follows.

From the elliptic regularity estimate (A.3b) we know that
(¢, w)e H(Q)xHY(RQ) and

(525) g luay+ 1W ey + W ley < CF g =l g -
From the discretization error estimate (A.7b) and (2.7) we have
(526) (@, w) = (Pr_pp Weo g x F (D W) = (D1 Wim ) My oy
< ' hillg -l e -
The interpolation error estimate (A.6), (2.7) and (5.25) imply that
(5:27) WP, w) = IL( @, wlly ., + (D, w) — IT,_ (@, wlly .,
<cr! h:th—) 2 -
It follows from (5.26) and (5.27) that
(5:28) (P wy) = IL( D, Wy, + WPy Wi _ ) = T ( Py W g iy
< ' hillg =Tl ey -
Finally (A.9¢) and (5.25) imply that
(529) Wy , I,_ (¢, y) =TT P, )y, < C ' hillg—zll 20 -
Using (5.23), (5.28) and (5.29) we find
lg — Tl 72y S WP i) = I Brr s Woem Wi JIC D, @My,
< (@ w,) = (&, W)l ,
+IT (@, w) — iy T (@, w)lly
F W (I, (P w) = (Pry Wi )M ) WC D, @),

< Cr U hillg = Tl ey E @)y, -
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Hence

(5.30) tlhg = ll 2oy < CRAICY, @), , .

The lemma now follows from (5.19), (5.24) and (5.30). O
The convergence of the two-grid algorithm is obtained by combining the
smoothing and approximation properties.

THEOREM 5.4 (Convergence of the Two-Grid Algorithm) : There exists a
positive constant C such that

Iy —y*.z2=2%)ly < Cm™ "Iy = yo, 2= 20 5 »

where (y,z) solves (3.1), (Y, 2,) is the initial guess, and (z#,z#) is
the output of the two-grid algorithm. Therefore for m sufficiently large, the
two-grid algorithm is a contraction with contraction number bounded away
from one, independent of k and t.

Proof : The case k =1 is trivial. Using (5.5), Lemmas 5.3 and 5.2 we have
for k>1

Wy =y z=2% )y, =T =I5 _ P YRP(y — Y0 2 = 29l

< ChAIRY(y ~ Yoo 2 — 2ol

< Cm Iy - yp 22y - O

A standard perturbation argument (c¢f. [5], [13]) and (5.3) then yield the
following theorem on the convergence of the k™ level iteration.

THEOREM 5.5 (Convergence of the k™ Level Iteration) : There exists a

positive constant C such that when the k™ level iteration is applied to (3.1),
we have

ICy, 2) = MGk, (g, 20)s (w, Py, < Cm™ (Y = yo, 2= 29y, »

provided that m is chosen to be large enough. Therefore for m sufficiently
large, the k™ level iteration is a contraction with contraction number bounded
away from one, independent of k and t.

6. CONCLUDING REMARKS

We have developed a framework for establishing the convergence of
multigrid solvers for mixed finite element methods with penalty term. The

penalty term may correspond to a singular perturbation of the boundary value
problem.
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Besides the well-posedness of the continuous and discrete problems (A.1,
A.2, A4, AS), we require the elliptic regularity estimate (A.3), the interpo-
lation error estimate (A.6) and the discretization error estimate (A.7). In
addition we need to choose appropriate mesh-dependent norms and intergrid
transfer operators which satisfy (A.8) and (A.9).

Our framework admits the use of nonconforming or nonnested finite
element spaces. In the case of nested/conforming finite elements, some of the
assumptions become trivial or redundant. By setting # =0 = «, the results
of Verfiirth (c¢f. [34], [35]) are recovered. For the Reissner-Mindlin plate

problem, our theory can also be applied to the MITC elements (cf. [16], [19],
[22], [32]).

Numerical experiments for Examples 1.1, 1.2 and 1.3 can be found in [12],
[13], and [6] respectively. Convergence has been observed for small m.
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APPENDIX

In this paper, undertildes (respectively double-undertildes) are used for
vector-valued (respectively matrix-valued) functions, operators, and their as-
sociated spaces.

Matrices

Space of Infinitesimal Rigid Motions

a+ bx,
RM=4qv:v= ,a,b,ce Rp .
~ ~ = ¢ — bx,

Sobolev Spaces
Hk(.Q) is the standard L%-based Sobolev space and

172

2oy ={ [ S 1% wi7as

|a| € m

2
o= ([ S 107w

lal <m

H ={fe H(Q):fl,,=0}

H(Q)={fe H'(Q2): ffdx=0
Q2

H (@)={fe yk(.Q):J.[.gdx=0 Vv e RM}.
2}

Finite Element Spaces

Let 7, be a triangulation of Q. Denote by 2,(T) the space of polynomials
on a triangle T of degree < k.
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M (T)={ne LX(Q):y|,e P(T) VTe T,}
My(T,) =M (F,)"H(Q)
MU(T,)={ne LY Q): nlype P(T)forallT e I, and
n is continuous at the midpoints of interelement boundaries }
BX(TF,)={ne M}T,):
7 vanishes on the boundary of every element}
Ni(T,) =My (T, B(T,).
In addition, a finite element space with a superscript « O » represents the
subspace of functions vanishing at the boundary nodes, a superscript « A »
represents the subspace of functions with zero mean on €2, and a subscript

« 1 » on a vector finite element space represents the subspace of functions
L? orthogonal to RM.

Differential Operators

oplox,
curlp =1\ _ aplax,

div v = av, /9x; + 9v, /dx,

rot U =— v, /9x, + dv, /dx,
av, /ox, dv, /3x,
8adl =\ 5y s0x, av,lox,

g(z)=%[gr§d2+(gr§d2)']-

On the space M" (T, all of the above differential operators can be defined
piecewise, and the resulting operator will have a subscript 4. For example,

(div, v) |p=div(v]|;) Vve M* (F,) andaliTe J,.

When there is a family of triangulations J,, instead of using the subscript
h,, we simply use the subscript .

vol. 30, n°® 3, 1996



296

(1]

[2]

(3]

(4]

[5]

[6]

7}

(8]

9]

[10]

[11]

[12]

[13]

(14]

[15]

[16]

{17]

(18]

Susanne C. BRENNER

REFERENCES

D. N. ARNOLD, 1981, Discretization by finite elements of a parameter dependent
problem, Numer. Math., 37, pp. 405-421.

D. N. ARNOLD, F. BREZZI and M. FORTIN, 1984, A stable finite element for the
Stokes equations, Calcolo, 21, pp. 337-344.

D. N. ARNOLD and R. S. FALK, 1989, A uniformly accurate finite element method
for the Reissner-Mindlin plate, SIAM J. Numer. Anal., 26, pp. 1276-1290.

D. N. ArRNOLD and R. S. FALK, 1990, The boundary layer for the Reissner-
Mindlin plate model, STAM J. Math. Anal., 21, pp. 281-312.

R. E. BANK and T. DUPONT, 1981, An optimal order process for solving finite
element equations, Math. Comp., 36, pp. 35-51.

D. BRAESS and C. BLOMER, 1990, A multigrid method for a parameter dependent
problem in solid mechanics, Numer. Math., 57, pp. 747-761.

D. BRAESS and R. VERFURTH, 1990, Multigrid methods for nonconforming finite
element methods, SIAM J. Numer. Anal., 27, pp. 979-986.

J. H. BRAMBLE, 1993, Multigrid Methods, L.ongman Scientific & Technical,
Essex. :

S. C. BRENNER, 1989, An optimal order multigrid method for P1 nonconforming
finite elements, Math. Comp., 52, pp. 1-15.

S. C. BRENNER, 1989, Multigrid methods for nonconforming finite elements, in
Proceedings of the Fourth Copper Mountain Conference on Multigrid Methods,
J. Mandel et al., ed., Society for Industrial and Applied Mathematics, Philadel-
phia, pp. 54-65.

S. C. BRENNER, 1990, A nonconforming multigrid method for the stationary
Stokes equations, Math. Comp., 55, 1993, pp. 411-437.

S. C. BRENNER, 1993, A nonconforming mixed multigrid method for the pure
displacement problem in planar linear elasticity, SIAM J. Numer. Anal., 30,
pp. 116-135.

S. C. BRENNER, 1994, A nonconforming mixed multigrid method for the pure
traction problem in planar linear elasticity, Math. Comp., 63, pp. 435-460, S1-S5.
S. C. BRENNER and L. R. SCOTT, 1994, The Mathematical Theory of Finite
Element Methods, Springer-Verlag.

S. C. BRENNER and L.-Y. SUNG, 1992, Linear finite element methods for planar
linear elasticity, Math. Comp., 59, pp. 321-338.

F. BREZZI, K. J. BATHE and M. FORTIN, 1989, Mixed-interpolated elements for
Reissner-Mindlin plates, Int. J. Numer. Math. Eng., 28, pp. 1787-1801.

F. BREZZI and M. FORTIN, 1986, Numerical approximation of Mindlin-Reissner
plates, Math. Comp., 47, pp. 151-158.

F. BREzZI and M. FORTIN, 1991, Mixed and Hybrid Finite Element Methods,
Springer-Verlag.

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



{19]

[20]

[21]

[22)

(23]

(24

[25]

(26]

[27]

(28]

[29]

[30]

31

(32]

[33]

[34]

(35]

[36]

MULTIGRID METHODS FOR PARAMETER DEPENDENT PROBLEMS 297

F. BrREzzi, M. FORTIN and R. STENBERG, 1991, Error analysis of mixed-
interpolated elements for Reissner-Mindlin plates, Math. Models and Methods in
Appl. Sci., 1, pp. 125-151.

M. CROUZEIX and P.-A. RAVIART, 1973, Conforming and nonconforming finite
element methods for solving the stationary Stokes equations I, RA.LR.O., R-3,
pp. 33-75.

P. G. CIARLET, 1978, The Finite Element Method for Elliptic Problems, North-
Holland, Amsterdam-New York-Oxford.

R. DURAN and E. LIEBERMAN, 1992, On mixed finite element methods for the
Reissner-Mindlin plate model, Math. Comp., 58, pp. 561-573.

R. S. FALK, 1991, Nonconforming finite element methods for the equations of
linear elasticity, Math. Comp., 57, pp- 529-550.

W. HACKBUSCH, 1985, Multi-Grid Methods and Applications, Springer-Verlag,
Heidelberg.

W. HACKBUSCH, 1980, Analysis and multigrid solutions of mixed finite element
and mixed difference equations, Report, Ruhr-Universitdt Bochum.

H. HAN, 1986, An analysis of penalty-nonconforming finite element method for
Stokes equations, J. Comput. Math., 4, pp. 164-172.

Z. HUANG, 1990, A multi-grid algorithm for mixed problems with penalty, Numer.
Math., 57, pp. 227-247.

M. JUNG, 1987, Konvergenzfaktoren fiir Mehrgitterverfahren zur Losung von
Problemen der Ebenen, Linearen Elastizitatstheorie, ZAMM, 67, pp. 165-173.

S. McCoORMICK ed., 1987, Multigrid Methods, SIAM Frontiers in Applied Ma-
thematics 3, Society for Industrial and Applied Mathematics, Philadelphia.

1. D. PARSONS and J. F. HALL, 1990, The multigrid method in solid mechanics ;
part I - algorithm description and behaviour, Int. J. Numer. Meth. Engrg., 29,
pp- 719-738.

P. PEISKER, 1991, A multigrid method for Reissner-Mindlin plates, Numer. Math.,
59, pp. 511-528.

P. PEISKER and D. BRAESS, 1992, Uniform convergence of mixed interpolated
elements for Reissner-Mindlin plates, M’AN, 26, pp. 557-574.

P. PEISKER, W. RUST and E. STEIN, 1990, Iterative solution methods for plate
bending problems : multigrid and preconditioned cg algorithm, SIAM J. Numer.
Anal., 27, pp. 1450-1465.

R. VERFURTH, 1984, A multilevel algorithm for mixed problems, SIAM J. Numer.
Anal., 21, pp. 264-271.

R. VERFURTH, 1988, Multi-level algorithms for mixed problems II, treatment of
the mini-element, SIAM J. Numer. Anal., 25, pp. 285-293.

S. ZHANG and Z. ZHANG, 1991, Treatment of discontinuity and bubble functions

in multigrid methods I1, Technical Report 153, Center for Applied Mathematics,
Purdue University.

vol. 30, n° 3, 1996



