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GLOBAL SUPERCONVERGENCE APPROXIMATIONS OF THE MIXED
FINITE ELEMENT METHOD FOR THE STOKES PROBLEM AND THE
LINEAR ELASTICITY EQUATION (*)

Aihui ZBOU (1)

Abstract. — A three fields formulation for solving the Stokes problem and the equation of
linear elasticity proposed by Baranger and Sandri is developed in this paper, using finite element
subspaces based upon a modified pair of « Q, — Q,» element. It is proved that global
superconvergence approximations can be obtained for all three fields, not only extra stress tensor,
velocity but also pressure.
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Résumé. — On développe une formulation a trois champs pour résoudre le probléme de Stokes
et ’équation d’élasticité linéaire proposée par Baranger et Sandri. On utilise les sous-espaces
éléments finis basés sur I'élément modifié Q, — Q. On prouve que les approximations de
superconvergence peuvent étre obtenues pour tous les champs, non seulement pour le tenseur des
extracontraintes et la vitesse, mais aussi la pression.

1. INTRODUCTION

Let £ be a domain consisting of connected rectangles and

— . p— 2 ; ; —
= {T—(rij).‘rij—rij,‘cijeL(Q),L,]-—l,2},

V={v=(v,0,):0,€ H(Q),i=1,2},
L=LYQ)={qe LZ(Q):fqzo
Q

It is known that both the Stokes problem and the linear elasticity equation can
be written in Oldroyd’s formulation (see Baranger and Sandri [1992]) :

(*) Manuscript received December 10, 1992, revised October 12, 1995.
(") Institute of Systems Science, Academia Sinica, Beijing 100080, P.R. China Subject
Classification. AMS(MOS) : 65N30.
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Find (o,u,p)e XV XL such that

(0,7) =2 a(d(u), ) = 0, VrieX,
() { (g,d(u)) +2(1 - a) (d(u),d(v))-(p,V-v) = (fv), Vve V,
(V-u,q)+p(p.q) = 0, Vge L,

where a e [0,1] and £ = 0 are constants.

In the context of the Stokes problem, o denotes extra stress tensor, u
velocity and p pressure ; d(u) = (Vu+ Vu' )/2 rate of strain tensor and
Vu gradient velocity tensor. While for the linear elasticity problem, u denotes
displacement, 0 =2 a¢(u) a scaled « non Newtonian » extra stress tensor
and ¢(u) the strain tensor and f=(1-2v)/2v with the Poisson
ratio v.

Mixed finite element schemes for this version have been recently proposed
by Fortin and Pierre [1989] and Franca and Stenberg [1991] on the Maxwell
model corresponding to a« =1 and by Baranger and Sandri [1992] for
a € [0,1). For the approximation accuracy, only have the usual estimates
been obtained in literature. Regarding the version of Oldroyd’s model, whether
superconvergence approximations can be obtained is an interesting problem
and to solve it is certainly valuful for both the theory and practice.

In this paper, we shall pay attention to superconvergence aspect in this
version. It is proved that global superconvergence approximations can be
obtained for all three variables, not only extra stress tensor, velocity but
also pressure if finite element spaces based upon a modified pair of
«Q,— Q,» elements are chosen. Our theoretical bases are the identity
techniques and interpolation arguments developed by Lin, Yan and Zhou [19],
see a survey by Zhou, Li and Yan [26]. It has been shown that these techniques
and arguments are powerful for convergence analysis especially for improving
accuracy analysis in mixed finite element methods for solving the Stokes
equations provided certain preprocesses on the finite element mesh and
imposed a kind of postprocess on the finite element approximation. We
mention here related work [18, 25, 26] in this direction.

2. PRELIMINARIES

The space X of symmetric tensors with LX) components is equiped with
the scalar product (o, 7) = f o, T, with associated norm |t|,; V is equiped
Q
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with the scale product (u,v), = (d(u),d(v)) with associated norm

|v|l = (d(u), d(v))”z. Other notations see Baranger and Sandri [1992] and
Girault and Raviart [1986].

The variational formulation of problem (1) can be written in the following
form (see Baranger and Sandri [1992]) :
Find (o,u,p)e XXV xL such that

2) B(o,u,p;1,v,q)=—20a(f,v), V(r,v,q)e XXV XL,

where

B(o,u,p;1,v,q)=(0,t)—2a(d(u),t) -2 a(d(v), o)
—4a(l —a)(d(a),d(v))
+2a(Vev,p)+2a(V-u,g)+2cf(p,qg)

with B e [0,5;).

For approximating (2), we need introduce three finite element spaces. We
start with a subdivision T, of 2 R into rectangles whose edges respectively
parallel to x — and y — axis with size h. Subsequently we divide each
rectangle into four smaller rectangles by joining the midpoints, thus creating
another subdivision T,,, of £ into rectangles. For a path e € T, consisting of
elements k, ;€ T,,(1=1,2,3,4) numbered in the counterclockwise sense.
Define a pressure space L, through the following choice of basis. For each
rectangle e € T, we define three basis functions

1, onk, , Uk, ,,
He 1 = 0, others,

I, onk, Uk, ,,
He,2 =70, others,

I, onk, ; Uk, ,.
He 3 = 0, others.

Of course, outside the particular rectangle e € T,, the basis functions vanish
as well. This pressure space L, consists of three of the four possible piecewise
constants associated with the four rectangles in 7, , contained within a single
rectangle in T, and that have zero mean over £, ie.,

3) L,={qe Ly(2):q|, e span {u,;i=1,2,3},ee T,}.

vol. 30, n° 4, 1996
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The velocity space V, and the extra stress tensor space X, are defined as
@) ={ve V:iv|, e Q(k) Vke T,,},
) X, ={ceX: ayl € Q)e), 1 =< < 2,Vee T}

It is known that the pair of spaces (V,, L, ) satisfies the inf-sup condition (see
Brezzi and Fortin [1991], Girault and Raviart [1986], or Gunzburger [1986]) :

(V-v,q)
6) sup —mli =clg|,, Vge L,
ve 'V,

for some constant ¢ > 0.
Denote

jhpzjhp+(—1)iae(p), onk ., i=1,2,3,4,

e, i

where

1 1 1 1
(p) = (:k |L,_,” Ike,zlf ”*Mf |ke4|f P)'

One sees that o, (p) = 0 if p is linear on e, which yields, by Bramble-Hilbert
lemma :

@) la(p)| < chlpll,..
®) ljsp=Juplly < ch®lpll,.
LEMMA :

If(o,u,p)e (HA(Q)) x (H(Q) NH(2)) x (L)(Q2) N H*(2)),
then
€))] B(G—jhaa“—ih“,P—th;T,V’CI)

< ch’(|t)g+ V], + lglly), Y(z,v.g)e T, xV, xL,,
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GLOBAL SUPERCONVERGENCE APPROXIMATIONS 405

where i, is the usual bilinear interpolation operator with respect to T,,, and

Proof : For any k € T,,, let (x,,y,) be the center of k, A ,, k. , be its
w1dths in the x- and y- direction respectively, and denote

F, ——((y %)’ = (h,/2)*) and E, = 2((x—xk) = (hy 12)).

By the identities

(10) f&x(w—ihw)=J‘Fkafaxw, ke T,,,
k k .

(an) fka),(w—ihw)=fELaxa)w ke Ty, .,
we obtain firstly

(12) (V- (u—i,u),q)| <ch’lul,lql,, VgelL,,
(13) |(d(u —i,u), 7)| < ch’|ull,|z],, Vre I,
Next we turn to prove

(14) |(d(u —i, u),d(v))| < ch®|ul,|v|,, VveV,

In fact, combining the identities (10), (11) and

fax(w—ihw)()’—yk)z%J.Fk()’—yk) aiaxW,
k k

jax(w—ihw)(x—xk)z—J.Ekafw,
k k
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we obtain (¢f. Lin, Yan and Zhou [19], Lin and Zhu {20] or Zhou and Li [25]),
for bilinear function ¢ on &,

fkax(w —,w)op= Lax(w —i,w) (3,90(x, y,) +(y—y) 9.0 0(x,5))

2
(15) F 0w o -5 ka( Y=y 0w .0.0(x,y),

fkax(w i,w)dp= fax(w iyw) (3p(x, y) + (x—x.) 9,9,9(x,¥))
f Fop—(x—x)08,00(x,y)) 00w

2
—E 00,p0w

=— - E 0pdw+ |E dpdaow
) ) k x(p x . k Vx Xy

(16) +ka(av¢— (x—x)00,0(x,y)) 320w,
R ;

where s, (i=3,4) are the down and up edges of k. If T,, is almost
uniformly, i.e., for any pair of neighboured elements & and k’, there holds

|hk,x - hk’,x' + Ih’k,_v - hk',yl s Ch2 ’
then by Abel’s summation, (14) is obtained from (15), (16) and similar
identities to
(17 J.ay(w—ihw) d.p and J.av(w—ihw) a.0.
k g k-

Finally, by the similar arguments, for bilinear function ¢ on k, we have

fk(p —J,p)oy= L(p —J7np) (,0(x,y,) +(y = y,) 0,9,0(x,¥))
= fk(p —JwP) (Y= ¥) 0.0 .0(x,y)
—kok 9,p0o0p(x,y)

=_<I —f >Fkaypa),(p+.[Fkaxa_‘,pa)g),
Sk2 Skt k
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where s, (i=1,2) are the left and right edges of k. If T,, is almost
uniformly, we obtain, by Abel’s summation

(18) [(V-v,p=J,p)| < ch’lplly|v],, VveV,,
(19 |(d(v), 0 -, 0)| < ch’|al,|v],, VveV,.
And (8) and (18) implies

(20) [(Vev.p—j,p)| <ch’lpl,|v

s VveV,,
which together with (12)-(14), (19), (20) and
21 (U—fhaaf)+20‘/>’(P—f,,17’4)=0, V(t,q) € X, XL,
leads to
B(a—jha,u—ihu,p—jhp;r,v,q)

(22) < ch®(|tlo+ |v], + llglly), V(. v,q) e E,xV, xL,,
where j, o= (jh(a),.j)l <ij<o for o= ((d)ij)1 <ij<2 From (8), we
complete the proof.

To obtain superconvergence approximations, we need to introduce two
operators. One is the usual biquadratic nodal interpolation operator I, on
T,, another is an interpolation operator J, with respect to the partition T,

which is defined by the follows: J, p|, € Q,(e), for any p € L*(2) and
e € T, and satisfying (cf. Lin, Yan and Zhou [19] and Zhou and Li [25]):

(23) f hq=f
k, ; k,

e i e,

q, Vge LZ(Q), onke‘l.ce.

It is easy to see that the operators /, and J, possess the following properties :
(24) Liy,=1,, Jj,=J,,
(25) I, w—wil, < ch’liwlly, 14,9 =4llo < ch®lqll,.
where I, w= (I, w,I, w,) for w=(w;,w,).
Following Baranger and Sandri {1992], we present here the mixed finite

element approximation to the problem (2) :
Find (o, uw,p,) € X, xV, xL, such that

(26) B(oy,u,p,)=—2a(f,v),V(r,v,q) e L, xV, XL,.

vol. 30, n® 4, 1996
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For a € [0,1) and Be [0,f,) with some constant f, >0, the finite
element solution (o, u,, p, ) exists, and the following optimal error estimate
is valid (see Baranger and Sandri [1992]) :

(27) ”O'h—0'”0+ “llh—ll”l + nPh“P”o < Ch( ”a”1+ !ll,2+ Iplx)

3. SUPERCONVERGENCE

We shall prove that all the three approximations are superconvergent
globally. First of all, we have an error equation

28) B(o-o,u—-u,p-p,;7,v,q)=0, VY(1,v,q)e X, xV, XL,.

By Preliminaries in the previous Section, we obtain the following theorem :

THEOREM : Let

(g,u,p)e (HN(Q)) x (HY2) "H(2))"x (LY(Q) nH*(R2))

be the exact solution of (2) and (o, w, p,) € E, XV, XL, be the finite
element solution of (26). Then

(29) ||Jh0'h‘—0'“0+ |]Ihuh—u||1+ ||JhPh—P||o = Chza

where J, 0, = (Jh(ah)i,j)l <ij<2 Jor o= ((Jh)i,j)lsi,jsz-

Proof : One sees that (28) implies
B(o,—j, 0w, —i,u,p —jpit,v,q)
(30) =B(o—-j,o,u—i,u,p—j,p;1,v,q),V(1,v,9)e L, xV, xXL,.

Note that j, maps L(Z)(.Q) into L,, we have, by the BB stability (6), the
lemma in the previous section and the theorems 4.1 and 4.2 in [2],

. . . 2
|I0’h—JhO'||0+ ”Uh"ihU”l‘*||P;,*Jhp||o$0h )
or

(3D loy =Fuollo+ lu, =i, ull, + Ip, = j,plly < ch®.
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On the other hand, one sees that

(32) 13, <llo < clizly, Vre =,
(33) I, vl, sclvll,, VveV,,
(34) I, qllo < cllglly, VgqeL,.

Thus, combining (8), (24), (25), (31)-(34) and the identities

(35) hown—o=0(o,-Jho, )+ j,o-0,
(36) Lu -u=L(y -iju)+Liu-—u,
(37) Jypy—pP=d(p,—iyP)+ I j,p-p,

we finish the proof.

In this paper, only are superconvergence approximations for @« € [0, 1) and
«Q, — Q,» element presented. The forthcoming papers will deal with the
case « =1 and other mixed elements.
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