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OPTIMAL ERROR ESTIMATES FOR SEM1DISCRETE
PHASE RELAXATION MODELS (*) (**)

by XUN JlANG C1) and Ricardo H. NOCHETTO (2)

Abstract — Thts paper xanunes and compares semi-imphctt and extrapolation Urne
discrett zatwns o f a simple model of phase relaxation wtth small parameter £. The model consists
of a diffusion-advection-reaction PDE for température coupled wtth an ODE with double
obstacle ± 1 for phase variable Sharp interfaces are thereby replaced by thin transition loyers
of thickness O\ V£ ) As time-step x 4 0, the semi imphcit and extrapolation schemes are shown
to converge with optimal orders O(r)for température and enthalpy, and d?( Vr ) for heat flux,
irrespective of e, provided x ^ e/2 for the extrapolation scheme The extrapolation scheme may
be viewed as a linéarisation ofthe semi-imphcit scheme For the semi-explicit counterpart, whtch
is also a hneanzation subject to the stabihty constraint x *S 6, these orders are further
multiplied by an extra factor 1/Vi, and are sharp The results for the semi-imphcit scheme are
preserved m the singular limit e 4- 0, namely the Stefan problem with temperature-dependent
convection and réaction

Key words phase relaxation, double obstacle, error esümate, semi-implicit, semi-explicit,
extrapolation

AMS subject classifications 35K65, 35K85» 35R35, 65M15

Résumé — Cet article analyse et compare des schémas de discrétisation en temps semi-
implicite, semi-explicite et par extrapolation, d'un modèle simple de phase relaxé à petit
paramètre e Le modèle se traduit par une équation différentielle partielle de type advection-
diffusion avec réaction pour la température couplée avec une équation différentielle ordinaire à
double obstacle ± l pour la variable de phase Les fines couches interfaciques laissent donc place
à des couches de transition d'épaisseur (9\^e) On montre que les schémas semi-imphcite et
Vextrapolation convergent avec le pas de temps x <l 0, à Vordre optimal de convergence
(9{ T ) pour la température et l'enthalpie et 0\ Vr ) pour le flux de chaleur La convergence est
uniforme en e si, pour l'extrapolation, T ^ e/2 Le schéma par extrapolation peut être considéré
comme une version linéarisée du schéma semi-implicite Le schéma semi-exphcite, qui est aussi
une linéarisation soumise à la contrainte de stabilité x ^ s, ces ordres de convergence sont
affectés d'un facteur 1/Vg et sont précis Les résultats pour le schéma semi-imphcite sont
conservés pour la limite singulière s X 0, à savoir le problème de Stefan avec convection et
réaction dépendant de la température
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92 Xun JIANG, Ricardo H NOCHETTO

1. INTRODUCTION

In spite of numerical évidence, it was long believed that the rate of
convergence of the backward Euler method for degenerate parabolic problems
could be at most &\ V T ) , T > 0 bemg the uniform time step This order was
proven by Crandall and Liggett for nonlmear semigroups of contractions m
Banach spaces [5] A stnkmg recent result of Rulla F12] asserts that such a rate
is m f act &{ x ) in Hubert spaces, provided the underlymg nonlmear (possibly
multivalued) operator sé is a subgradient and the initial datum u0 belongs to
lts domam @){<$tf) A relevant example is the Stefan problem

(1 1) dtu-A6=f,

(12) e^fi(u),

with fi(s) = mm(5 4- 1,0) + max($ — 1,0), that models heat transfer
in a body undergomg phase change at a prescnbed melting température The
key property used in [12] in estimatmg the error mcurred by the implicit time
discretization (backward Euler method)

(13) i ( Un - Un~l ) - Ap{ Un) = 0 ,

is that s0u =-Afi(u) is the subgradient m H~l(Q) of the convex
lower serrucontinuous function q>H~1(Q)-*U defined by

f (•«<*> 7
<p(u) = fi(s)d$dx if M G Ll(Q) and + oo otherwise [4, p 123]

J QJO
Cleverly combmed with the underlymg Hilbert structure and the fact that
|| V/?(u(t) ) || 2L2(Q) is a Liapunov functional for (1 1)-(1 2), this yields optimal
error estimâtes of order &{x) for (1 3) without resortmg to second time
derivatives [12], which in fact do not exist for (11) The relation between
approximabihty and regulanty is further explored in [13], where u is shown
to possess an almost 3/2 denvative m time with values in H~ (Q) Smce u
is discontinuous, such a regulanty result turns out to be sharp

The Stefan problem is the simplest solid-liquid phase transition in that it
présumes constant melting température 9, say (9 = 0, as expressed by the
constitutive relation (12) The sign of 6 thus détermines the phase Upon
mtroducing the phase vanable % = u — 0, we can rewnte (12) as
X^ sign (0) = A~ l(0)i or equivalently as

(14) e e A(x) = | ° » ~ 1 < X <

M2 AN Modélisation mathématique et Analyse numérique
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OPTIMAL ERROR ESTIMATES FOR SEMIDISCRETE PHASE RELAXATION MODELS 9 3

where e is in terpre ted in the sensé of graphs. The facts that x c a n D e used as
a phase indicator (order parameter) is clearly stated in (1.4) and in f act is more
natural than 6. Equation (1.1) now becomes

(1.5) dt0+dtX-A0=f,

and together with (1.4) constitutes a parabolic System with initial conditions
0 = 0O and x= Zo* Experiments, however, often suggest violation of
0 e A(x) m melting processes of interest. To incorporate these superheating
and undercooling effects, without surface tension, Visintin proposed a simple
model of phase relaxation [17, 18]. The equilibrium condition (1.4) is replaced
by the following dynamic relation

(1.6) edtX + A(x) 3 0,

where e > 0 is a small relaxation parameter. Since (1.4) is the formai limit
of (1.6), we expect the resulting problem to converge to (1.1) as e i 0. This
was proven in [16] together with a suboptimal error estimate of order
&{ T1/4 ). The sharp interface model (1.1)-(1.2) is thus replaced by a diffuse one
exhibiting a thin transition layer of size &( Vë ) [10], where the phase change
takes place, and independent thermodynamic variables 0 and x- Even though
System (1.5)-(1.6) is smoother than (1.1)-(1.2), it is still strongly nonlinear
with regularity deteriorating as e i 0.

In this paper we examine the combined effect of phase relaxation and time
discretization for a heat transfer équation with temperature-dependent con-
vection and reaction

(1.7) dt6+ dtx - A6 = div b(0) + / ( 0 ) = : F (0 ) .

We impose a vanishing Dirichlet boundary condition for 0, along with initial
conditions 0O and Xo f o r 0 a n d X- O u r discussion applies also to other
de gene rate parabolic problems. Petroleum reservoir and ground water diffusion
modeling typically lead to équations like (1.7) for a modified phase saturation
[1], The modeling of reactive soluté transport with an equilibrium adsorption
process also gives rise to (1.7) [3]. In both cases the relation between u and
0 = /?(w) is monotone and degenerate (l?{u) vanishes for some u's). Since
the Stefan problem is certainly more extreme in that fîiu) vanishes in an
entire interval, our results will extend to these cases as well. The implicit
Euler's scheme reads

(1.8) - (Xn - X""1 ) + - ( &n - 0n~l ) - A<9" = F( On) ,

(1.9) ~(xn~xn~i) + A(xn) ^ en,

vol. 31, n° 1, 1997



94 Xun JIANG, Ricardo H NOCHETTO

and falls into the gênerai framework of [12] solely when F = 0, as explained
in § 3. In this restrictive case, [12] gives rise to a linear rate of convergence
Ö?(T), independent of e, provided <90 and x0 satisfy a compatibility condition ;
see (2.4). If F ^ 0 the question arises as to whether a similar result holds. lts
affirmative answer is discussed in § 6. Being coupled, the above system leads
to a strongly nonlinear algebraic system upon space discretization, which
requires an itérative solver and is thus computationally inconvénient.

We intend to study several means of linearization. We first introducé a
semi-implicit time stepping for treating the convection and reaction terms in
(1.7), namely

(ï.io) \ (xn - xn~l ) + ~ ( en - en'l ) - A&n = F( en~l ) .

We consider next the foliowing three time discretizations of (1.6) with

(
Both the semi-explicit and extrapolation methods découplé Xn and @n, thereby
yielding linear problems. In f act (1.11) is merely an algebraic correction that
produces Xn, and therefore (1.10) becomes a linear elliptic PDE for 0n.
However for these schemes to be stable a constraint must be imposed on the
ratio T/E. Stability is studied in § 4, and rates of convergence derived in the
subséquent sections. If

0"

0"-1

2 0"-' -0»-2

semi — implicit

semi - explicit

extrapolation.

E(e, r ) := ] max^( | |u(t n ) - U"\\H- , ( û ) + VS \\x(t
n) -X"\

dénotes the approximation error, then Table 1.1 summarizes our results. The
semidiscrete tra veling waves of [10] reveal the resulting order for the semi-
explicit method to be the best possible ; it improves upon those in [15, 16]
indeed. A new space discretization of this scheme using piecewise linear finite
éléments for both <9n and Xn is further analyzed in [6], When x = e and
F = 0 the semi-explicit problem coïncides with the so-called nonlinear

M2 AN Modélisation mathématique et Analyse numérique
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Chernoffformula studied in [7] ; see also the surveys [9, 14]. The somewhat
disturbing factor 1/Vë can be eliminated via extrapolation, but at the expense
of keeping two consécutive time itérâtes, namely 0n~l and OnZ, and a more
restrictive stability constraint.

Table 1.1. — Summary of Résulte.

Method

semi-implicit
semi-explicit
extrapolation

PDE

nonlinear
linear
linear

Stability

T ^ 8

X ̂  fi/2

0 ( T )

0 ( T / V Ç )

This paper is organized as follows. In § 2 we discuss weak formulations of
the various semidiscretizations. We then show how Rulla's gênerai framework
applies to the implicit scheme (1.8)-(1.9) for the simplest case F = 0. New
strong stability estimâtes for ail three semidiscrete schemes are derived in § 4.
They are crucial for the error analyses of the remaining sections. In § 5 we
examine the semi-explicit scheme. We discuss the semi-implicit scheme in § 6,
along with intermediate regularity for èt x and VÔ. The latter is crucial to study
the extrapolation scheme in § 7. We conclude in § 8 with the semi-implicit
discretization of the Stefan problem with temperature-dependent convection
and reaction.

2. BASIC SETTING

-,0,1Let Q be a bounded domain of Ud ( d ^ 1 ) with a Cu ' l boundary, occupied
by liquid and solid of a certain material, and set Q := Q x (0, T) where
0 < r < + °o is fixed. The variational formulations are weak forms of the
classical équations (1.5)-(1.6) that also include boundary conditions. Hereafter,
the symbol { . , . ) will indicate the L2 pairing and ocassionally the duality
pairing between Hl

Q(ü) and H~ 1{Q). The variational formulation
of (1.5M1.6) reads: Find 9 e L2(0, T\ Hl

Q(Q)) n Hl(0, T\ L 2 ( D ) ) ,
Xe Hl(Q,T;L2(Q)) and z e L2( 0, T ; L2( Q ) ) such that z e yl(^) a.e. m
ö and for all <j> e Hl

Q(Q) and <p e L2(Q) the following hold

(2.1) <d, Ô + df^f 0> + (Vö, V0> = - <b(ö), V0> + (ƒ(0), 0> a.c. in (0, T) ,

(2.2)

(2-3)

vol. 31, n° 1, 1997
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96 Xun JIANG, Ricardo H. NOCHETTO

where 0O e HI(Q) and - 1 ^ Xo ̂  ** ^ n e functions
b : Q x IR —> Rd and ƒ : Q x IR —> U are assumed to be Lipschitz continuous
for all (*, f) e Q :

Dependence on ( x, f ) G Q will not be made explieit. Sometimes we will abuse
notation and write A{%) instead of z as the symbol A(x) is more suggestive.

The study of traveling waves of [10] reveals that the transition région
{\x( • » O | < 1} is a layer of thickness <P(Vi) in which |0 | ^ Cem, and
that it is precisely there where the condition Öe A(x) is violated» thereby
leading to sup.erheating effects. It is therefore quite reasonable to assume the
compatibüity condition between 9Q and XQ

(2.4) f |min(öo,O)|2+ f |max(%0)|2+| |ÖO|2^A2
£>

^{20=1} J U » - 1 } J{|*>l<i}

for A > ö given. To express (2.4) in a more convenient form, we define

0,(2.5) z0 :=

Then (2.4) reads equivalently

(2.6) WOO-ZOWLW**^-

Existence and uniqueness of solutions of (1.5) and (1.6) are a conséquence of
monotonicity arguments [17], along with the typical a priori estimâtes for
degenerate parabolic problems :

(2.7) \\0\\L-(QiT.

Here C dépends on || V0||L2 (Ö) and A in (2.4). The symbol C will always
mdicate a positive constant which may vary at the various occurrences but is
independent of the relevant parameters involved» namely e, % and S (defined
below). Bounds (2.7) can be derived via the following régularisation argu-
ment, which will be useful throughout the paper.

M2 AN Modélisation mathématique et Analyse numérique
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We introducé the following Lipschitz monotone approximation of A

(s+1 ^ i

Aô(s) := <0, - 1 < s < 1

s — 1 -^ i
S

and dénote by 0â, x& anc* us '•— @$+ Xs t n e classical solutions of the
corresponding regularized problem with 9Ô( . , 0 ) = $0 and x$( • » 0 ) to be
chosen as follows. Set Xs( * » 0) : = ^o + ^zo an(^ n o t e *hat
^ ( ^ ( • .O)) a = ^o a n d ' b^ v i r t u e o f (2-6)'

(2.8) f ^ L ( û ) 0 ^ L ( û )

Existence and uniqueness of 9S and Xs re§ult from monotonicity arguments
[17]. With (2.8) at hand, it is easy to see that (2.7) holds for &s, Xs a n d us
uniformly in S, and thus

(2.9) \ \ u â ( t ) 2 2 z

Whenever the regularization procedure is used» a limit S <t 0 will follow. Since
passing to the limit S l 0 is standard in the theory of nonlinear PDEs, it will
be always omitted. Since Aâ is Lipschitz, and both 0S,
Xs e Hl(07T;L2(Q)), we conclude that

(Q) 1S t n u s w e ^ defined for ail te [0, T], and so is
çQy It makes sensé then to differentiate the above equality with

respect to t, multiply it by dtxâ, and add the resulting expression with (2.1) for
@$> Xs an<3 0 = dt 6Ô. After intégration in time we end up with the following
"monotonicity" property, which will play a key rôle in the sequel :

(2.10) a(t2)-a(tl

for ail 0 < tx < t2 ^ r , where

(2.11) a ( 0 : = l | V ^ ( 0

is a (regularized) Liapunov functional. Note that

(2.12) ^ 2

vol. 31, n" 1, 1997



98 Xun JIANG, Ricardo H. NOCHETTO

and that a(t) is indeed nonincreasing if there is no convection nor reaction
effects.

We next introducé the weak forms of the three time discretizations to be
studied. Let x > 0 be the time step, N := Tir be a positive integer,
f ;= nr, and ln := (f"~\ tn] for 1 ^ n ^ N. For any given séquence
{/l}n = o> w e s e t d / : = ( / - / " ^ / T . The time discretizations read as
follows : For any 1 =S n *£ N, find Bn e Hl

0(Q), \Xn\ *S 1 and
Zn e 12(D) such that Zn e A(Xn) a.e. in Q and

(2.13)

(2.14)

t\ 0)

(2.15) e{aXn, ^> + <Zn, ç?> =

for all <p e Hl
Q(Q) and q> e L2(Q)f where Tn is defined in (1.11). In what

follows, we sometimes write A(Xn) in place of Z"; Existence and uniqueness
for the semi-explicit and extrapolation schemes are rather obvious in that
(2.15) pro vides an explicit expression for Xn

and (2.14) thus becomes a coercive elliptic PDE for Bn. For the semi-implicit
scheme these issues can be tackled as in [17] by resorting to monotone
operator theory.

When À is replaced by Aô we obtain the regularized semidiscrete problem
and corresponding solutions 0J, X ,̂ and U# := &n

ö + X^ satisfying
©5 := 0O and x j : = ^ ( . , 0) ( = ^0+ <5z0). It will be convenient for our
stability analysis to choose 0~ö

 l = B~ô
 2 := 6°ö and select X$ 1 so that

(2.16)

Then the constitutive relation sôX^ + As(X
n

ô) = T̂  holds for n ^ 0. Since
yl^(X^)=z0, we have the semidiscrete analogue of (2.8):

(2.17) ^X°\\dX°â\\Ll(Q) = ^ \\X°-X-s
l\\L>w ^ A.

M2 AN Modélisation mathématique et Analyse numérique
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We finish this section by stating three elementary identities to be used
below, which are valid for ail an, bn e Uk(k 5= 1 ) :

r

(2.18) 2±an(an-an_1)=\am\2-\ao\
2+jt\an-a„_1\

2, Î
„=i »=i

m n
( 2 , 1 9 ) 9 V / i V / 7 . = V / ï Z + V ' ~ ' 2

n = 1 i = 1

(2.20)

Identity (2.19) is a conséquence of (2.18) applied to An = 2 a? Identity
(2.20) is a summation by parts formula.

3. IMPLICIT SCHEME WITHOUT CONVECTÏON AND REACTION

In this section, we consider the implicit scheme for F = 0. To see that [12]
applies to this semidiscrete model, we introducé the Hilbert space
V := H~ l(ü) x L2(Q) endowed with the inner product

The (multivalued) operator t s / : ^ ( j / ) - ~ > V i s next deflned by

u,X) ;=(- A(u- x),\{A{X) - (u- x)

where 2iï{s#) is the domain of sé, namely the subspace of V such that

\l'(Q) + \ UU)- («-x)l&(O) < - •

Then sé is the subgradient of the following convex lower semicontinous
function <p : V —» R

x>, if |x | ^ 1
), otherwise.

Consequently

3,(w,x) + J / ( M , X )
 3 ( 0 , 0 ) ,

vol. 31, n° 1, 1997
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and we immediately conclude that the implicit scheme (1.8)-(1.9) with initial
data 0° ;= 0O, X° := j 0 gives rise to a rate of &( t ) in V independent of
£, provided u0 := 80 + XQ and XQ belong to the domain of sé', namely [12]

i || 60 - z01| £.(O) ^ C.

This is just a restatement of the regularity assumption on 9Q and the compat-
ibility condition (2.8). Therefore [12] yields the following important result.

THEOREM 3.1 ; There exists C > 0, depending on II V0o||L2(fl) and A in (2.4)
but independent of m ^ N, such that E(S>T) ^ Gr.

This first order error estimate is clearly optimal for the implicit Euler
method and the regularity stated in (2.7). This improves upon the estimate by
Crandall and Liggett of &{ V r ) for nonlinear semigroups of contractions in
Banach spaces [5]. Letting e 4 0, the above estimâtes coincide with those of
[12, 13] for the Stefan problem without convection and reaction.

4. STABILITY

In this section we improve upon the a priori estimâtes of [15, 16» 17, 18],
that are optimal under minimal regularity of the initial data. We deal with the
regularized solutions &n

ô and Xn
ê of the semi-explicit scheme and dérive a

priori estimâtes uniformly in S. We in fact need these estimâtes for S > 0 in
the subséquent sections. We suppress the subscript ö for all functions involved
except, however, for Aô. No confusion will arise.

LEMMA 4.1 : There exists a constant C > 0 depending on A in (2.4),
II^7^OIIL2(0)* A> ai%d Lf such that the following strong stability estimate holds

for the semi-explicit scheme provided x ^ e

n= 1

e max || dXn || £I(O) + e £ || dXn - dX11

"" "" «= 1

n=l

M2 AN Modélisation mathématique et Analyse numérique
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Proof: We take <p = 0n - 0n~l e Hl
0(Q) in (2.14) to obtain, after

summation from n= 1 to n = m ^ N

(4.2)
n = l n = l

2
For the third term, we apply the elementary identity (2.18) to get

n = 1

With the aid of the regularized analogue of (2.15) with Tn = 0n~\ the
function On - ©n~x also reads

- xdOn~x + e(dXn - dXn~l) + Td[Aâ(X
n)] .

Therefore we can décompose the second term in (4.2) as follows :

(4.3) T 2 (dX"> "> d@" ~

V

n = l

The rightmost term is nonnegative due to the monotonicity of Aô. The first
term in the right hand side of (4.3) can be handled as follows via (2.20),
Young's inequality and the fact that ©~ l = 0° :

= T (dXm, d©m) - (dX°, d&°) - d&"2
n= 1

vol. 31, n° 1, 1997
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On using (2.18) once again, we arrive at

11 -\ "\rtft 11 2 O 11 *\ ~V 11 _J_ Nt "̂  11 -\ "y tl -\ "\^Tl — 1 11 2

For the convection term, we use Young's inequality to get

« = 1

2

n- 1

CLb 2
= 1

2
«= 1

where ?/ > 0 is to be chosen. Similarly, applying Young's inequality together
with Poincaré's inequality, we obtain

n = 1 n = l n = l

Combining the above estimâtes for *7 = TT» invoking (2.17), and then the
discrete GronwalFs inequality, the assertion follows immediately provided
T ^ e. D

LEMMA 4.2 : (4.1) is valid for the semi-implicit scheme without restrictions
on x.

Proof : We proceed as in Lemma 4.1 and note that (4.3) becomes

m m m

2 T(dXn, d@n) = S 2 (d̂ "> ^ " — dXn~ ) + 2 T{d̂ "> 6[yl^(Xw)]) .
n = 1 n = î n = 1

1 - 1 >Since the missing term ^{dXn, d0n — d&n ) is the only one responsible for
the constraint t ^ e, the proof continues as that of Lemma 4.1. D

M2 AN Modélisation mathématique et Analyse numérique
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LEMMA 4.3 : (4.1) is valid for the extrapolation scheme provided
T =£ fi/2.

Proof : Again the only différence is in dealing with (4.3). With the notation
d2On :=(d0n-d0n-l)/z, (1.11) with r = 2 0n'1- 0n~2 can be
written equivalently as

edxn + As(x
n) = en - r2 d2 en.

With the aid of (2.20), the first term on the right hand side of (4.3) thus
becomes

T 2

{dXm, d2 &") - (dX°, d2 0°) - 2 (dX" - dXn~\ d2 0n~l)
n=l

A O
4- T 8_ il - jym M 2 .3 "V ^ n -̂  /f^n ^ /r\n — 1 n 2

% F 7 " " £ 2 W R ^
j c ^ v ' o ^^^

because © = 0 1 = 0°. Since

the constraint T ̂  e/2 thus suffices to complètes the proof. D
The final time T can be taken to be T = °o in the above a priori bounds

provided convection and reaction are not present. In f act in this particular case
there is no need for Gronwall's inequality, which restricts T to be finite.

5. SEMI-EXPLICIT SCHEME

We first consider the simplest case F = 0 and dérive error estimâtes that
are uniform in the regularization parameter S, thereby being valid in the limit
ö i 0. By regularization we avoid dealing with notions such as minimal
section J^° , right derivatives, and subgradients as in [12]. We next extend the
analysis to the gênerai case F ^ 0. Once again, we suppress the sub script S
from ail functions except Aô in this section. The approximation error
E(e, t ) is defined in (1.12).

vol. 31, n° 1, 1997
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THEOREM 5.1 : Suppose b = 0, ƒ = 0. Then there exists C > 0, depending
on || ̂ ÖQ§L\ay A in (2.4) and T < oo tut independent of e, and r, such that
E(e, T ) ̂  Cr/Vë provided x ^ e.

Proof: Let G : HT l(ü) -» Hl(Q) stand for the Green's operator associ-
ated with - zl and a vanishing Dirichlet boimdary condition. Hence

G<p e HQ(Q) : (VG(p, Vy) = {(p, y/) ,

and

(5.1) \\(p\\2
H- \Q)= IIVG^HJ

We proceed now as in [12], by introducing first a periodic function gT on
R defined by

(5.2) g^t)—1—^1, for / B - 1 ^ f < f l \

and then the foliowing piecewise linear interpolants of {Un}^x and

(5.3)

^ - ^ C/""1 + r ~ ^ n Un = Un- tgT(t) dUn = Un - xgx(t) A0n ,

(5.4) X(t) :=t-^^Xn-1 + f " " ^ Xn = Xn- zgT(t) dXn .

We obviously have dtU(t) = dUn and df X(f) = aX" for r e f. Subtracting
(2.14) from (2.1) for F = 0, we deduce the first error équation

t(u- U), (j>) + <V(fl - <9W), V0> = 0 , V<̂  e ffJ(O), r e / " .

Taking ^ := G(M - f/) e Hl
Q(ü), and integrating from r = 0 to

t-tm^T, we get
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In view of (5.1) and (5.3), it is easy to see that

2 f we-orwl^dt

m /*

2 (6-0",x-Xn)dt

* E f 0r(O<V(0"-0)

or equivalently, upon writing

(5.5) \ || (u - (fm)||2
w- I ( o ) + X f J l ö -

m fi m

2 (e-0n,x-x
n)dt+^

ml* m fl

i2 eT(oiiv0i&(fl)*-f2) 0T(

In dealing with the third term on the left hand side of (5.5), we resort to the
following error équation for the constitutive relation, obtained by subtracting
the regularized analogue of (2.15) and (2.2), and next using dtX = dXn :

e(dt(x ~ X), <p) 4- ( ^ ( Z ) - yt,(X"), 9)

= (9- €^,(p) + {en- Gn~\(p) V^e L2(Q),te In ,
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On choosing (p=x - Xf\ and making use of (5.4) and the monotonicity of
Aó, we get

(5.6) 2 (9-&\x-Xn)dt+^ (0n-0"-\x-X
n)dt

m /* m A

n= 1 J/w n= 1 i/J"

^f Ê f jiWx-nl^a)dt-ex^ \ gx(t){dt{X-X),dtX)dt
* n=\ JlnUl „=1 Jf"

+ f S f 0T(O(ll3,(z-x)ll2
L2(i2)- K*ll'» (û)+ \\dtx\\2Liin))dt.

* n= 1 ̂ /"

Replacing this back into (5.5), and noticing that gr(t) ̂  1/2 on
[r""1, f " " 1 + T / 2 ] , we deduce the estimate

(5.7)

n = 1 «/"

| 2 5(llv(0-e-)||lï(o) +
/1 = 1 J/" l

.m v M 2
r / l i L 2 ( a )

r gT(t)a(t)dt-\y\ an+S <©n

where

an :=
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We now point out that the fourth term on the left hand side of (5.7) does not
quite yield an error estimate beeause the intégration is restricted to half of

ƒ". To overcome such a difficulty we shift time by -L namely, we set

(5.8)

û := 9 + x, and observe that these functions satisfy, because of the
semigroup property,

0(0) = <?(§) , *(0) = * ( * ) .

We now compare w, % with U and X. In fact, applying (5.7), we have

o v z./ z. n=l n=l j r

whence» owing to (5.8) and the change of variable s = t + ^,

m fa»
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Since U(0) = w(0) = u0 and X(0)=^(0) , adding the above expression
with (5.7) and using the fact that g\t) + gT(t - | ) = ~ + gxl2(t), we
get

(5.9)

m f

2
n = l

+ T
ff"'

Jo

We proceed now to examine the last six terms separately. We flrst notice that

the intégral term over lo , 51 is nonpositive, because of (2.10) with
F = 0. This monotonicity property can be used again to argue as follows :

1 = 1

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numencal Analysis



OPTIMAL ERROR ESTIMATES FOR SEMIDÏSCRETE PHASE RELAXATION MODELS 109

the bound a ( 0 ) = | |V0O | |^ (Ö) + VêII$,#(())||£3(fl) ^ C results from
(2.12). To handle the two summands involving a(t) and a1, we introducé the
convex functions

Since As is Lipschitz, W is a classical primitive. Otherwise A would have to
be interpreted as a subdifferential. We have

(5.10) T f a{i)dt = x \' {Ve,V9)dt + xe \' (dlX,dtx)dt

= -xf (dt(9 + X),9)dt + re f (dtX,dtX)dt

= - T f (d,6,0)dt-T [' (dlX,As(X))dt

JnJoUL

-rf
We now employ (2.14) and (2.15) with F = 0, to obtain

m m tn

(5.11) - T2 2 «" = - S 2<V<9"' V6>") - fe^(dXn, dXn)2 ^

n = 1 R = 1

n = l

n = l
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Using the convexity of 0 and W and Lemma 4.1, we get

- &l~\0'(@n~l*

=£ C— + T [ (0(&m)+ Y(Xm))-T f (0(

Consequently, exploiting again the monotonicity of both 0 and W and (2.15),
we end up with

Çt
m m

TJ^a(t)dt-z 2 , a

T2 f

2
^ C— + r{6»m, 6>m - 0(tm)) + z(/l*(Xm), Xm - x(fW))

o

^ C - + r(Öw, C/m - u(tm)) - re{aXm,Xm - / ( f m ) )

(5.12) +r(6»m"1 - &"tX
m-x(tm))

7 + 2 " a + 2 " "w(^
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Hère we have also used the property am =£ a ^ C. The last terni above can
be associated with the last two terms in (5.9). They ail together can be handled
by using Lemma 4.1 and the regularity (2.7) as follows ;

(5.13)
m /*

n = l H'

2 f

In fact we note for instance that

(5.14)

We finally take the limit S t 0 and replace the resulting estimâtes back into
(5.9). This yields the asserted error bounds upon application of the discrete
GronwalPs inequality. D

Theorem 5,1 shows that the explicit nature of the scheme dégrades the
asymptotic accuracy from &(t) for the implicit scheme (Theorem 3.1) to
T/S . This in turn is compensated by linearity of the resulting problem.
Optimality of this order is a conséquence of the error estimâtes for 1D
semidiscrete traveling waves of [10].

We next consider the gênerai case with convection b ^ 0 and reaction

THEOREM 5.2 : There exists C > 0, depending on II V0O||L2(C), A in (2.4),
Lb, Lp and T but not on e or T, such that £(e, f ) ^ Ct/Vê holds under the
stability constraint t ^ B.

Proof: We just sketch how to deal with the extra terms due to the présence
of b and ƒ. For the sake of simplicity we assume ƒ = 0 since the terms
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involving ƒ( 8) are in f act easier to handle than those for b( 6), In deriving an
analogue of (5.9), divb(ö) and divb^ ' 1^ 1 ) contribute with the followmg
extra terms :

m |*

(5.15) I + II + III + IV : = - 4 T Y gT{t){èïvb(0n~^)i9-0n)dt
t^\ ir

m /*

-42 (Hd)-b

n = 1 JI*

m f

+ 2 T ] £ gT(t)(d

+ 2 2 f (U0)-H&n-lXVG(u~-U))dt.

In light of Lemma 4.1, we readily have

m fi m fl

n - 1 J /" « = 1 J /M

~l J/"

with t} > O to be chosen. Term II in (5.15) can be further written as

m fl

H = - 4 2 (b(d)-b(0n),VG(u(tn)-Un))dt

-4^\(b(6)~b(0n)tVG(u--u(tn)~U+Un))dt

m (

- 4 2 (h(0n) -b(€^'lX7G(u( f)-Un)) dt

n = l Jln

m fl

-42J
n=l J/
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On using (2,7), Lemma 4.1 and (5.3), these four terms can be handled as
follows :

n = 1

™ f

V f " 2

m /*

The other two terms in (5.15) can be handled in a similar way, namely,

m

III + IV ^ CT2^PdT(\\V0n~l\\2
L2(Q)+ \\d@n\\2

L2(Q))

m f

+ C 2 ( \\0-Hl\Q)+ I | M - I 2 | | ^ - I ( Û ) ) ^

m j1 mi1

A key property in the previous error analysis of Theorem 5.1 is the monoto-
nicity of the Liapunov functional a(t). This is no longer valid in the present
situation, but instead we have (2.10) :

a ( ï 2 ) - a ( ï , ) « \ \\divb(e)\\lHQ)dt ( < 2 > f 1 ) .

Thus for t, ^ t < t2, it holds

a(t2)- r||divb(0)||£J(a)df « o(0 ^ o(r,) r

For the third term on the right hand side of (5.9), we thus have

J2

r2
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ftm m
because of (2.7) and (2.12). To estimate the term r a(t) dt - x 2 <** m

J o n ~ i
(5.9), we proceed as in (5.10) and (5.11). The following additional terms have
to be bounded :

/y

n « l itn

m /*

n=l Jln

n=l J/„
Here we have integrated by parts once. If we further use Lemma 4.1 and (2.7),
then

njk f \\e-®n\\hiü)dt + CT2^k f
n = 1 JI " n = I à In

CT2 2
n « 1

m I»

The remaining terms in (5,9) can be treated similarly or left unchanged. The
proof can then be finished upon taking tf sufficiently small and using the
discrete GronwalFs inequality. D

We realize that the explicit treatment of convection and reaction does not
further dégrade the order © ( t / V g ) . Moreover the extra contributions are all
of order 0 ( T ) . This will be exploited in the next section.

6. SEMI-IMPLICIT SCHEME

We turn our attention to the semi-implicit scheme which leads to a séquence
of nonlinear elliptic problems. We would like to prove error estimâtes
similar to those in § 3, but for F = 0. The key observation is that the
correction 0n - 0n~\ in Tn = 0n - ( 0n - 0n " l ) of (1.11) for the
semi-explicit method, is the only term responsible for the factor !/V£ in
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the above error analysis. In fact, for Tn = &l we realize that
m -

T ^(Xn-Xn~\ &l~ en~x) in (5.11) as well as (5.13) are now missing.
This yields the following optimal error estimâtes that extend those in § 3 to
F ^ 0.

THEOREM 6.1 : There exists C > 0, depending on II V0O||L2(Û), A in (2.4),
Lb, Lp and T but independent of e and T, such that E{ e, T ) =5 CT.

We now investigate the relation between approximability and regularity in
the spirit of [2, 13]. Estimâtes for the third and fifth terms in (1.12) are not
justified in light of {21). Ho wever, the third and fifth terms in (4,1) hint on
additional regularity of 0 and %. Next regularity resuit élucidâtes this issue, and
will be instrumental in § 7.

COROLLARY 6.1 : There exists C> 0 depending solely on || V0O||L3(Ö), A
in (2.4), Lb, Ly, and T but independent of e and r, such that

(6.1)

Jo

Proof : By virtue of Lemma 4.2 and Theorem 6.1 we readily find out that

n = \

n=l

Similar reasoning for Vô complètes the proof. D
Therefore both edtx and VÔ belong to the Besov space

5 ^ ( 0 , T\L2(Q)), which is defined in terms of (6.1) being valid. This in
turn yields the intermediate Sobolev regularity

, T\L2(Q)) VS > 0 .

7. EXTRAPOLATION SCHEME

The semi-implicit scheme yields an optimal order r of convergence, but
requires the solution of a nonlinear elliptic problem. On the other hand, the
semi-explicit scheme découplés Xn and 0n and leads to a simple aigebraic
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correction for Xn plus a linear elliptic PDE for 0n
y but at the expense of

degrading the order of convergence from r to r/Ve, The purpose of this section
is to show that the extrapolation scheme exhibits the advantages of both
schemes.

THEOREM 7.1 : There exists C > 0, depending on II V0o||L2(fi), A in (2.4),
Lb, L^ and T but independent of e and T, such that E(e,x) «S Cx provided
x sS fi/2.

Proof : Once again we take F = 0 for the sake of simplicity, and examine
the effect of extrapolation in (5.9), (5.11), and (5.12). We first notice that
Tn in (1.11) can be written as

Tn= 0n-(On -{2 0n~l - 6>"-2)) = 0n-xd(On- &n~l) .

If T :== ~ X dt indicates the average of x o n ^". t n e n o n appealing to (2.20)
the penultimate term in (5,9) becomes

(7.1)

n = l

Since r\\d0m\\2
L2(Q) ^ x S | |a©n | |^ ( ö ) ^ C and T < e/2, the first term

can be bounded as follows with the aid of (5.14) :

C r 2 + f \\em
x\\û{Q).
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The last term above can be absorbed into the second term on the left hand side
of (5.9). The same argument applies to the last term in (5.12), with the only
différence that instead of d&m we have d&m — d0m~ . For the remaining
summand in (7.1), we point out that

\ [ f \\dt(X-

Consequently, in view of (4.1) and T ̂  e/2, we see that

m 4 m

n=\ 8 n=\

n = 1

f S I \\d,(x-x)\\lHa)dt
n = 1 v /

cr2
+f 2 f \\dt(x-xni>wdt,

and that the last term can be hidden into the left hand side of (5.9). At the same
time, on using (2.20) in conjunction with (2.7), (4.1), and (6.1), the last term
in (5.9) becomes

f xm-l f x 4m

2 \ )-dlX<is))ds)dt^C^^
C n = 0

Cx2
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We finally resort to (2.20) and (4.1) to bound the penultimate term in (5.11)
as follows :

= 1

m

• T3(dxn\ d&m) -13 ^{d(xn-xn~l\

4 m

e ^

This complètes the proof. D

8. DEGENERATE DIFFUSION WITH CONVECTION AND REACTION

We finish our analysis of time discretizations with a further discussion of the
model we started with, namely the Stefan problem with temperature-
dependent convection and reaction

This PDE appears in other models of interest but with different monotone
Lipschitz fonction ƒ?. Relevant examples are petroleum reservoir and ground-
water diffusion simulation [1], and modeling of reactive soluté transport with
an equilibrium adsorption process [3].

The serni-implicit discretization reads :

(8.2) i ( Un - Un~l ) - Afi(Un) = div

Our preceding stability and error estimâtes are solely based on monotonicity
of A, and so apply to (8.2) upon letting e i 0. We omit their proof s but point
out that the compatibility condition becomes $ e / I ( ^ ) a s e 4 o , which is the
natural one for the Stefan problem. The case of enthalpy-dependent convection
and reaction is also of interest but does not fit into this context.

THEOREM 8.1 : There exists C > 0, depending on II VÖ0||L2(jQ), Lb, Lf and
T hut independent of m ^ N, such that
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This optimal resuit improves upon those in [1, 3, 8, 11], which are of order
()
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