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OPTIMAL ERROR ESTIMATES FOR SEMIDISCRETE
PHASE RELAXATION MODELS (*) (**)

by XUN JIANG (') and Ricardo H. NOCHETTO (2)

Abstract — This paper xanmunes and compares semi-implicit and extrapolotion time
discretizations of a simple model of phase relaxation with small parameter €. The model consists
of a diffusion-advection-reaction PDE for temperature coupled with an ODE with double
obstacle + 1 for phase variable Sharp interfaces are thereby replaced by thin transition layers
of thickness 0(Ve) As nime-step © 4 0, the sem implicit and extrapolation schemes are shown
to converge with optimal orders O(t) for temperature and enthalpy, and o(Vz) for heat flux,
irrespective of €, provided T < &/2 for the extrapolation scheme The extrapolation scheme may
be viewed as a linearnization of the semi-implicit scheme For the semi-explicit counterpart, which
1s also a linearizanon subject to the stability constraint T < ¢, these orders are further
multiplied by an extra factor 1/Ve, and are sharp The results for the semi-implicit scheme are
preserved n the singular limit € 4 O, namely the Stefan problem with temperature-dependent
convection and reaction

Key words phase relaxation, double obstacle, error estimate, semi-implicit, semi-explicit,
extrapolation

AMS subject classifications 35K65, 35K8S, 35R35, 65M15

Résumé — Cer article analyse et compare des schémas de discrétisation en temps semi-
implicite, semi-explicite et par extrapolation, d’un modéle simple de phase relaxé a petit
parameétre € Le modele se traduit par une équation différentielle partielle de type advection-
diffusion avec réaction pour la température couplée avec une équation différentielle ordinaire a
double obstacle + I pour la variable de phase Les fines couches wnterfaciques laissent donc place
a des couches de transition d’épaisseur 0(Ve) On montre que les schémas semi-implicite et
Vextrapolanon convergent avec le pas de temps T 1 0, & 'ordre optimal de convergence
O(t) pour la température et I'enthalpie et o(V7) pour le flux de chaleur La convergence est
uniforme en ¢ si, pour U'extrapolation, © < ¢/2 Le schéma par extrapolation peut étre considéré
comme une version linéarisée du schéma semi-implicite Le schéma semi-explicite, qui est ausst
une linéarisation soumise a la contrainte de stabilité T < g, ces ordres de convergence sont
affectés d’un facteur 1/Ve et sont précis Les résultats pour le schéma semi-implicite sont
conservés pour la limite singuliére € 10, a savorr le probléme de Stefan avec convection et
réaction dépendant de la température
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92 Xun JIANG, Ricardo H NOCHETTO

1. INTRODUCTION

In spite of numerical evidence, 1t was long believed that the rate of
convergence of the backward Euler method for degenerate parabolic problems
could be at most ®(Vz), >0 being the uniform time step This order was
proven by Crandall and Liggett for nonlinear semuigroups of contractions in
Banach spaces [5] A striking recent result of Rulla [12] asserts that such a rate
1s 1 fact @(7) in Hilbert spaces, provided the underlying nonlinear (possibly
multivalued) operator & 1s a subgradient and the mnitial datum u, belongs to
its domain 2 (&) A relevant example 1s the Stefan problem

an du—Ab=f,
12) 0=p(u),

with f(s) =min(s+1,0) + max(s—1,0), that models heat transfer
1n a body undergoing phase change at a prescribed melting temperature The
key property used 1n [12] in estimating the error incurred by the implicit time
discretization (backward Euler method)

(13) T (U -U"Th - apun) =0,

1s that &fu =— AB(u) 1s the subgradient m H '(2) of the convex

lower semicontinuous function o H'Y(2)->R defined by
u(x)

p(u) = J. P(s)dsdx if ue LZ(Q) and + e otherwise [4, p 123]
Cleverly cgoronbmed with the underlying Hilbert structure and the fact that
NVBCu(t))| iz(g) 1s a Liapunov functional for (1 1)-(1 2), this yields optumal
error estimates of order O(t) for (1 3) without resorting to second time
derivatives [12], which 1n fact do not exist for (1 1) The relation between
approximability and regularity 1s further explored in [13], where u 1s shown
to possess an almost 3/2 derivative in time with values in H~ '(2) Since u
1s discontinuous, such a regularty result turns out to be sharp

The Stefan problem 1s the simplest solid-liquid phase transition n that 1t
presumes constant melting temperature 8, say 6 =0, as expressed by the
constitutive relation (1 2) The sign of & thus determines the phase Upon
mtroducing the phase vamable y =u—6, we can rewnte (12) as
z € sign(0)=A4"'(0), or equvalently as

[_°°7O]' X=—1
(14) Oe A(x) =40 - l<x<l1
[0,+00], y=+1,
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where € is interpreted in the sense of graphs. The facts that y can be used as
a phase indicator (order parameter) is clearly stated in (1.4) and in fact is more
natural than 0. Equation (1.1) now becomes

(1.5) 39,0+08,x—A0=F,

and together with (1.4) constitutes a parabolic system with initial conditions
0=0, and x=yx, Experiments, however, often suggest violation of
6 € A(y) in melting processes of interest. To incorporate these superheating
and undercooling effects, without surface tension, Visintin proposed a simple
model of phase relaxation [17, 18]. The equilibrium condition (1.4) is replaced
by the following dynamic relation

(1.6) ed,x+A(x) >0,

where € > 0 is a small relaxation parameter. Since (1.4) is the formal limit
of (1.6), we expect the resulting problem to converge to (1.1) as ¢ | 0. This
was proven in [16] together with a suboptimal error estimate of order
o( 7 ). The sharp interface model (1.1)-(1.2) is thus replaced by a diffuse one
exhibiting a thin transition layer of size o(Ve) [10], where the phase change
takes place, and independent thermodynamic variables § and y. Even though
system (1.5)-(1.6) is smoother than (1.1)-(1.2), it is still strongly nonlinear
with regularity deteriorating as ¢ 4 0.

In this paper we examine the combined effect of phase relaxation and time
discretization for a heat transfer equation with temperature-dependent con-
vection and reaction

(1.7) 9,0+ 03,x—A40=divb(0) +f(0)=:F(0).

We impose a vanishing Dirichlet boundary condition for 8, along with initial
conditions 6, and x, for 6 and x. Our discussion applies also to other
degenerate parabolic problems. Petroleum reservoir and groundwater diffusion
modeling typically lead to equations like (1.7) for a modified phase saturation
[1]. The modeling of reactive solute transport with an equilibrium adsorption
process also gives rise to (1.7) [3]. In both cases the relation between u and
6 = f(u) is monotone and degenerate ( f(#) vanishes for some u’s). Since
the Stefan problem is certainly more extreme in that f(u) vanishes in an
entire interval, our results will extend to these cases as well. The implicit
Euler’s scheme reads

(1.8) Ll -x+lo-o")-na0"=F(om,

(1.9) —j-(x"~x"“)+/1(x") S 6",

vol. 31, n® 1, 1997



04 Xun JIANG, Ricardo H NOCHETTO

and falls into the general framework of [12] solely when F = 0, as explained
in § 3. In this restrictive case, [12] gives rise to a linear rate of convergence
O( 1), independent of ¢, provided ¢, and x, satisfy a compatibility condition ;
sec (2.4). If F = 0 the question arises as to whether a similar result holds. Its
affirmative answer is discussed in § 6. Being coupled, the above system leads
to a strongly nonlinear algebraic system upon space discretization, which
requires an iterative solver and is thus computationally inconvenient.

We intend to study several means of linearization. We first introduce a
semi-implicit time stepping for treating the convection and reaction terms in
(1.7), namely

oy Laxr-xhalie-eh-ner=rer .

We consider next the following three time discretizations of (1.6) with
o '=6":

e" semi — implicit
L1y EXT-XTH+AX) 2T = e ! semi — explicit
20" ' - @ ? extrapolation.

Both the semi-explicit and extrapolation methods decouple X" and @", thereby
yielding linear problems. In fact (1.11) is merely an algebraic correction that
produces X", and therefore (1.10) becomes a linear elliptic PDE for 6"
However for these schemes to be stable a constraint must be imposed on the
ratio 7/e. Stability is studied in § 4, and rates of convergence derived in the
subsequent sections. If

E(e 1) = max

sN

cmax (1) = Uy + Ve 122 = X" xgq) )

1
N 3

ny 2
(1.12) +<,,=21f1"w"atx_ax ”Ll(sz)d’)

N
+<2 f“( 16— @120y + 110 - @"Hi,é(g))dt)

n=1

denotes the approximation error, then Table 1.1 summarizes our results. The
semidiscrete traveling waves of [10] reveal the resulting order for the semi-
explicit method to be the best possible ; it improves upon those in [15, 16]
indeed. A new space discretization of this scheme using piecewise linear finite
elements for both @" and X" is further analyzed in [6]. When 7 =¢ and
F =0 the semi-explicit problem coincides with the so-called nonlinear

M? AN Modélisation mathématique et Analyse numérique
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Chernoff formula studied in [7] ; see also the surveys [9, 14]. The somewhat
disturbing factor 1/Ve can be eliminated via extrapolation, but at the expense
of keeping two consecutive time iterates, namely @' and @2, and a more
restrictive stability constraint.

Table 1.1. — Summary of Results.

Method PDE Stability E(1,¢)
semi-implicit nonlinear (1)
semi-explicit linear t<¢ (9( T/VE)
extrapolation linear T=< ¢ (1)

This paper is organized as follows. In § 2 we discuss weak formulations of
the various semidiscretizations. We then show how Rulla’s general framework
applies to the implicit scheme (1.8)-(1.9) for the simplest case F = 0. New
strong stability estimates for all three semidiscrete schemes are derived in § 4.
They are crucial for the error analyses of the remaining sections. In § S we
examine the semi-explicit scheme. We discuss the semi-implicit scheme in § 6,
along with intermediate regularity for 9, y and V8. The latter is crucial to study
the extrapolation scheme in § 7. We conclude in § 8 with the semi-implicit
discretization of the Stefan problem with temperature-dependent convection
and reaction.

2. BASIC SETTING

Let 2 be a bounded domain of R* (d = 1) with a C*' boundary, occupied
by liquid and solid of a certain material, and set Q = Q2 x (0, T) where
0<T <+ is fixed. The variational formulations are weak forms of the
classical equations (1.5)-(1.6) that also include boundary conditions. Hereafter,
the symbol { .,. ) will indicate the L” pairing and ocassionally the duality
pairing between Hé(.Q) and H '(Q). The variational formulation
of (1.5)«(1.6) reads: Find 0e L*(0,T;Hy(RQ))H'(0,T;L*(R)),
ye H(O,T;L*(R)) and z € LZ(O, T;L*(RQ)) such that z € A(y) a.e. in
Q and for all p € HY(2) and ¢ € L*(Q) the following hold

@.1) (98,0+0,x,¢)+(V0,Vp)=—(b(0),Ve)+(f(0),9) ae. in(0,T),
(2.2) e(d, 2, 0)+(z,0)=(0,9p) ae.in(0,T),

(2.3) 0(.,0)=06, x(.,0)=yx, aeinf,

vol. 31, n° 1, 1997
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where O, € Hé(.Q) and -1y s The functions

b:Q xR — R and f: O xR — R are assumed to be Lipschitz continuous
for all (x,2) e Q:

lb(gx)"b(ez)l < Lb|01 “92| ’ V(gi)_f(az)l < Lf|01 _azl .

Dependence on (x, ) € Q will not be made explicit. Sometimes we will abuse
notation and write A(x ) instead of z as the symbol A( y) is more suggestive.

The study of traveling waves of [10] reveals that the transition region
{I1xC-,2)] <1} is a layer of thickness ©®(Ve) in which |0} < Ce'?, and
that it is precisely there where the condition 8 € A(yx) is violated, thereby
leading to superheating effects. It is therefore quite reasonable to assume the
compatibility condition between 6, and g,

(2.4) j |min(00,0)|2+J. |max(90,0);2+f |6, < A%e,
{xo=1} {xo=-1} {lxl <1}

for A >0 given. To express (2.4) in a more convenient form, we define
zp € A(x,) by

0, —max (6,,0), if y,=-1
2.5) 2 = 0, if—1<y,<1
0, —min (6,,0), ify,=1.

Then (2.4) reads equivalently
(2.6) 118y — zoll L2y S A Ve

Existence and uniqueness of solutions of (1.5) and (1.6) are a consequence of
monotonicity arguments [17], along with the typical a priori estimates for
degenerate parabolic problems :

@D MOl o, 7 mrcyy + 10,2l =0, 7, 5 1)

+ Ve 19, xll 0.7, 2c2yy + 100 im0, 72 122yy < C-

Here C depends on || V@| Ly and A in (2.4). The symbol C will always
indicate a positive constant which may vary at the various occurrences but is
independent of the relevant parameters involved, namely &, 7 and 6 (defined
below). Bounds (2.7) can be derived via the following regularization argu-
ment, which will be useful throughout the paper.
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We introduce the following Lipschitz monotone approximation of A

+1

9%

, s < —1
Aé(s) = 0, _1<S<1
s —

51,s>1,

5%

and denote by 6; x; and u;:=6;+ x; the classical solutions of the
corresponding regularized problem with 6;( .,0) =6, and x4 .,0) to be
chosen as follows. Set x,(.,0):=x,+dz, and note that
As(xs( -,0)) =z, and, by virtue of (2.6),

12 -2
(2.8) € lia,;{&(O)lle(Q):s HQO—ZOHLz(Q) <A.
Existence and uniqueness of §; and yx, result from monotonicity arguments

[17]. With (2.8) at hand, it is easy to see that (2.7) holds for 6, x; and u;
uniformly in d, and thus

2.9) Nus(£) = u(0) 3 gy + 2l 25(8) = 25(0) 33y < CFF V2= 0O(7).
Whenever the regularization procedure is used, a limit 4 0 will follow. Since
passing to the limit & 1 0 is standard in the theory of nonlinear PDEs, it will

be always omitted. Since As is  Lipschitz, and both 0(5,
X5 € H'(0,T;L*(RQ)), we conclude that

80, x;= 05— As(x5) € H'(0,T;L*(Q)) c Cc’[o, T]1:L%(R2));
o, xs(e)l 1oy is thus well defined for all re [0,7], and so is
VO, ()|l 12@)- 1t makes sense then to differentiate the above equality with
respect to ¢, multiply it by 8, x;, and add the resulting expression with (2.1) for

05, x; and ¢ = 9, 0. After integration in time we end up with the following
“monotonicity” property, which will play a key role in the sequel :

)

(210) a( tz) - a( t] ) s f ( " div b( 95) " iz(g) + ”f( 65) ”iz(g) ) dr ’
tl

for all O<t <t, <7, where

2.11) a(t) = [ VO(t) | 720y + 119, x5() | 22

is a (regularized) Liapunov functional. Note that

(2.12) a(0) < [[VOlljz oy +A* < C,

vol. 31, n° 1, 1997



98 Xun JIANG, Ricardo H. NOCHETTO

and that a(t) is indeed nonincreasing if there is no convection nor reaction
effects.

We next introduce the weak forms of the three time discretizations to be
studied. Let >0 be the time step, N:=T7/r be a positive integer,
"=nt, and I":=(""",¢"] for 1 <n <N. For any given sequence
(y'IV_o we set ay":=(y"—)y""')r. The time discretizations read as
follows: For any 1<n<N, find @e Hy(Q), |X"|<1 and
Z" e LX) such that Z" € A(X") a.e. in Q@ and

(2.13) @():90’ XO_-—.XO,

(2.14)
(30", )+ (3X", 9) + (VO', Vo) =—(b(O"" 1), Vo) + (0" "), ¢},

(2.15) &3X", ) +(Z", ) =(T", 9},

for all ¢ € HY(R) and ¢ € L*(Q), where T" is defined in (1.11). In what
follows, we sometimes write A(X") in place of Z". Existence and uniqueness
for the semi-explicit and extrapolation schemes are rather obvious in that
(2.15) provides an explicit expression for X"

x"=(1-p) (S +xm),

and (2.14) thus becomes a coercive elliptic PDE for @". For the semi-implicit
scheme these issues can be tackled as in [17] by resorting to monotone
operator theory.

When 4 is replaced by 4, we obtain the regularized semidiscrete problem
and corresponding solutions @, X}, and Uj:= 65+ X satisfying
@g =0, and Xg =xs( ., 0) (= x,+6zy). It will be convenient for our
stability analysis to choose & '= o5 2= @g and select X;l so that

(2.16) TG -X D+ AXD =T

Then the constitutive relation &3X} + A;(X}) = T; holds for n = 0. Since
A(,(Xg) =z, we have the semidiscrete analogue of (2.8):

Ve ~
(2.17) Ve X°[10X5 1 2o =L 1% - X; N ppay S A

M2 AN Modélisation mathématique et Analyse numérique
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We finish this section by stating three elementary identities to be used
below, which are valid for all a,, b, € R{(k=1):

y
e :?’_Q;\
“0,

m m .
218) 2> al(a,—a,,\)=|a, ||+ > la,—a,_,|* \
n=1 n=1 >’
(2.19) 2> a, > a=>al*+> |al.
n=1 i=1 n=1 n=1

m

(2200 > a(b,—b,_\)=a,b,—a,b,— >, (a,—a,_)b,_,.
n=1

n=1

Identity (2.19) is a consequence of (2.18) applied to A, = > a,. Identity
(2.20) is a summation by parts formula. =l

3. IMPLICIT SCHEME WITHOUT CONVECTION AND REACTION

In this section, we consider the implicit scheme for F = 0. To see that [12]
applies to this semidiscrete model, we introduce the Hilbert space
V.=H l(Q) X L2(.Q) endowed with the inner product

(Cu, ), (v, 1))y = (u, v)[{' eyt & X ”)LZ(Q) .

The (multivalued) operator & : Z(./ ) — V is next defined by

A (u,x) = (= A=), L (4G0) - (-20)),

where Z(.2/) is the domain of &/, namely the subspace of V such that

1V (= ) xgy + 314G = (= 2) 2y < o=

Then &/ is the subgradient of the following convex lower semicontinous
function ¢ : V> R

) s oo, if x| = 1
el )= | lu=xl"+LGO. LGO =0, otherwise.

Consequently

3, (u, x)+ & (u,x) 3 (0,0),

vol. 31, n° 1, 1997
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and we immediately conclude that the implicit scheme (1.8)-(1.9) with initial
data @° := O, x° = Xo gives rise to a rate of O(t) in V independent of
&, provided u, := 0, + x, and x, belong to the domain of &/, namely [12]

19 Cutgp 26D 13 = U V8,1 22y + 2 116, = 2230y < €.

This is just a restatement of the regularity assumption on @, and the compat-
ibility condition (2.8). Therefore [12] yields the following important result.

THEOREM 3.1 : There exists C > 0, depending on || VO, || o) and A in (2.4)
but independent of m < N, such that E(e,7) < Cz.

This first order error estimate is clearly optimal for the implicit Euler
method and the regularity stated in (2.7). This improves upon the estimate by
Crandall and Liggett of O(V7) for nonlinear semigroups of contractions in
Banach spaces [5]. Letting ¢ { 0, the above estimates coincide with those of
[12, 13] for the Stefan problem without convection and reaction.

4. STABILITY

In this section we improve upon the a priori estimates of [15, 16, 17, 18],
that are optimal under minimal regularity of the initial data. We deal with the
regularized solutions @) and X} of the semi-explicit scheme and derive a
priori estimates uniformly in 6. We in fact need these estimates for 6 > 0 in
the subsequent sections. We suppress the subscript J for all functions involved
except, however, for 4;. No confusion will arise.

LEMMA 4.1: There exists a constant C >0 depending on A in (2.4),
1V, ll 120y Ly and L; such that the following strong stability estimate holds
for the semi-explicit scheme provided T < ¢

“.1)
ad " 2 X 72— 1 2
> 00" |z + max (VO 2y + 2, 1V(0" = 0" Dz,
n=1 sns n=1

N
ny2 n n—-1y2
+é max |l oX ]le(Q)+an§=l 10X" = 0X"" "l 120y

N
+ > (X", 04,(X")) < C.

n=1

M? AN Modélisation mathématique et Analyse numérique
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Proof : We take p=0"-0""'e H(l)(.Q) in (2.14) to obtain, after

summation from n=1 to n=m<N

(4.2) T > 100" 1720y + 7 >, (9X",80") + > (VO", V(&' — 1))
n=1 n=1 n=1

=—zi(b(@""),wa@"))”2(;’(@"“),a@").

For the third term, we apply the elementary identity (2.18) to get

i(V@", V(e -0"""))=

n=1
1 & n n — 2 1 m 1
22 IV(€" =0 Doy + 3 1VE li2ay = 3 1V I ) -

With the aid of the regularized analogue of (2.15) with 7" = @" ™', the
function @ — @ ! also reads

0 - 0" '=130" - 130" +£(0X" - 3X" ") + 1a[A,(X™)] .

Therefore we can decompose the second term in (4.2) as follows :

(4.3) T > (8X", 80"y =1 > (3X", 00" - 30" ")
n=1

n=1

+e > (8X", X" - aX" ")

M=

Il
—

n

+TZI<6X"’6[A6(Xn)]>‘

The rightmost term is nonnegative due to the monotonicity of A, The first
term in the right hand side of (4.3) can be handled as follows via (2.20),
Young’s inequality and the fact that @ '= @°:

T 21 (8X", 90" — 30" ")

=7

(aX™, 30™)y - (8X°,86°%) — > (aX" - ox" "', 00" ")
n=1

N

& my 2 3 < 2 < n—
< 55 10X 2y + 57 2, 190" 1320y + 515 >, 19X = aX" M2, -
n=1 n=1

vol. 31, n° 1, 1997
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On using (2.18) once again, we arrive at

e > (0X", 0X" — ax" ') =

n=1

m
& n n—1,2
S 10X 2oy =5 19X° N 2y + 5 >, 110X = 0X" M 2y -
n=1

For the convection term, we use Young’s inequality to get

m

> «(b(6" 1), V(80™"))

n=1

m

> «(divb(@"" 1), 80")

n=1

< C > tldivb(O" ™ I ay +
n=1

m
+7 > 106" 72 g,
n=1

S CL, >, 7lIVO" oy +

n=1
m )
+7 E Tna@n“y(g) s
n=1

where # > 0 is to be chosen. Similarly, applying Young’s inequality together
with Poincaré’s inequality, we obtain

> [(071),00") < CL, > oI VO i yny+ 1 >, T80 720, -
n=1 n=1 n=1

Combining the above estimates for # =%, invoking (2.17), and then the
discrete Gronwall’s inequality, the assertion follows immediately provided
Tse O

LEMMA 4.2 : (4.1) is valid for the semi-implicit scheme without restrictions
on T.

Proof : We proceed as in Lemma 4.1 and note that (4.3) becomes

m

> (X", 00"y =¢ 2 (3x", 9X" — aX" ") + i 7(8X", [ A,(X")]) .

n=1 n=1 n=1

Since the missing term 3(3X", 90" — 3@" ') is the only one responsible for
the constraint 7 < ¢, the proof continues as that of Lemma4.1. 0O
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LEMMA 4.3: (4.1) is valid for the extrapolation scheme provided
T < &2,

Proof : Again the only difference is in dealing with (4.3). With the notation

3?0 =(30"=00"" "/, (1.11) with T'=260""'-6""% can be
written equivalently as

edX" + A(X")=0" -7 8> 0"

With the aid of (2.20), the first term on the right hand side of (4.3) thus
becomes

2 E <aXn’ a2 @n_ a2 @n—l>

n=1

2
=7

(8x™, 8> @™y — (3X°, 9" 6%y - > (ax" —ax" ", 8" @)
n=1

4t¢ my 2 3~ n n—12
< 3.2 ltoX ||L2(Q)+§T"=El 00" — 0O ”LZ(Q)
+dze 2 lax" — ax" |2
3 2 L¥(R2) >

n=1

because @ >=6 ' = @°. Since

2 “6(@ e 1)”[}(9) 22 ”a@ ||L2(Q)’

the constraint 7 < &/2 thus suffices to completes the proof. O

The final time T can be taken to be T = oo in the above a priori bounds
provided convection and reaction are not present. In fact in this particular case
there is no need for Gronwall’s inequality, which restricts 7' to be finite.

5. SEMI-EXPLICIT SCHEME

We first consider the simplest case F =0 and derive error estimates that
are uniform in the regularization parameter J, thereby being valid in the limit
o4 0. By regularization we avoid dealing with notions such as minimal
section &#°, right derivatives, and subgradients as in [12]. We next extend the
analysis to the general case F # 0. Once again, we suppress the subscript &

from all functions except A; in this section. The approximation error
E(e, t) is defined in (1.12).
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THEOREM 5.1 : Suppose b =0, f=0. Then there exists C > 0, depending
on |V, oy A in (2.4) and T < oo but independent of ¢, and <, such that
E(e,t) < Ct/Ne provided 7T <e.

Proof: Let G- H 1(!2) - H(l)(Q) stand for the Green’s operator associ-

ated with — 4 and a vanishing Dirichlet boundary condition. Hence
Gop e Hy(2):(VGp,Vy)={(p,¥), Vye Hy(R2),pec H (2),

and

(5.1 lel7- 1@y = IVGol 720y = (0. Gp) .

We proceed now as in [12], by introducing first a periodic function g° on
R defined by

(5.2) g (1) =, for <i<r,
and then the following piecewise linear interpolants of {U":V , and
X",
(5.3)
,_tn—t n—1 t—tn—] n _ ymn T n __ ymn T n
U(t) ‘__‘c_U +__1:_U =U"-1g"(t)aU" =U"-19°(t) AO",
__!n—t n—1 t—tn_l n _ yn T n
64 X(1) .——T—X +—-?—X =X"-1g9°(t)oX".

We obviously have 8, U(t) = dU" and 9, X(t) = aX" for ¢ € I". Subtracting
(2.14) from (2.1) for F =0, we deduce the first error equation

(3 (u=U), ) +(V(0-0"),Vp)=0, Voe Hy(R2),tel".

Taking ¢ =G(u—-U)e H(l)(Q), and integrating from ¢=0 to
t=t"<T, we get

C

Q..l&

(u=U,G(u~-U))+(0- 6" u-U))dt=
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In view of (5.1) and (5.3), it is easy to see that

S ICu=U) (™13 l<g)+n§=)lfﬂno— 0" | 72t
+ Ef (0-0", x—-X")dt
n=14d1"

+ T,,"le J.l"g’(t) (V(@"-6),Ve*)dt

=% I Cu - U)(O)“?r‘(ﬂ)’

or equivalently, upon writing 20"=(60"-08)+ (0" +0),

(5-5) % “(u - U) (tm)“z- Q) + 2 f[ ”0_ @n"i2(9) dt
n=1 "

+ 2 J.I"<9 - @",X '“X") dt+% 2 J.I"g1(t) ”V( e — 9)”22(9) dt

n=1 n=1

=2 1= U) (0) 1% g

t3 2 f g (D IVOl 0y dt -5 3 f g°(1) VO | g dt .
=i n n=1vVI1"

In dealing with the third term on the left hand side of (5.5), we resort to the
following error equation for the constitutive relation, obtained by subtracting
the regularized analogue of (2.15) and (2.2), and next using 9, X = ax" -

3<a;()( - X)’ (0) + <A§(X) - AJ(X")v ¢>

=(0-0",0)+(0"- 0", 9) Vpe L¥(Q),tel".
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On choosing ¢ = y — X", and making use of (5.4) and the monotonicity of
As, we get

(5.6) zf(e e, x— X")dt+2f -0 y—X"ydt
n=1 n l"

= 2 J‘”8<3¢(X "X),X _X"> dt + Zl fl,,<A5(X) _A(S(Xn)9x _Xn>dt

n=1

= % J; g_f ”X"X"iz(g) dr— et E J;g’(t)(&t()(—X), 9, X) dr
sl 1417

=21 =X (™) 1 22ay =5 1~ X) (0) 1 73¢qy

m

"'%Z J. gr(t) ( "ag(X—X)”il(Q)_ I a,X“?}(g)*‘ ”a,X”i?(Q))dt-
”

n=1

Replacing this back into (5.5), and noticing that ¢°(t) = 1/2 on
["~", " " +1/2], we deduce the estimate

’

(5.7
(e =U) (™) 5 1oy + 2 21 fﬂne— 6" |20y dt + el (x = X) (") 3200y

ulT

%Zf T2V(O - @) gy + 3,01 = X) 1 23qy) dt

< [ (u=U) (0) 13- 0y + €l Gx = X) (0) 1 720

2m

+ rf;".g‘(t) a(t) dt - E o + 2 J‘I"(@" -0 y—X"dt,
where
a(t) = | VO(t) | 720y + £ 8, xC) | T2y »
= VO | 22y + el 0X" [ 720y -
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We now point out that the fourth term on the left hand side of (5.7) does not
quite yield an error estimate because the integration is restricted to half of

I". To overcome such a difficulty we shift time by %, namely, we set

(5.8) 0:=0(~+~;-), 21=X(-+%),

i:=0+% and observe that these functions satisfy, because of the
semigroup property,

3(0+7)-A0=0, edg+A2) >0,

03 =0(3). 202 =4(3)

We now compare #, ¥ with U and X. In fact, applying (5.7), we have

12

n=1

f“ 2NV = O 2y + e 18,02 = XD 172y ) dt
< (E=U) (O3 1@y + el (2= X) (0) 1 220

+1f;gr(2)a(t+%) %2 EJ]<@"—@"“,2—X")dz,
n= n=1vI1"

whence, owing to (5.8) and the change of variable s = t+1,

"

(Iv@e-e" )HL(Q)+8H3(X X)“LZ(_Q))dt

s3]

I\)l"l

< 1@ =U) (012 v+l (2= 1) (0) 122

m

m, T 2 m
+ rﬁ +2g’(t-%) a(t)dt—% 21 o + 21 Jl"(@”— e L g-X"Vdt.
3 = =
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Since U(0) =u(0) =u, and X(0) = x(0), adding the above expression
with (5.7) and using the fact that g'(f) + g’( t ~%) Ly g7t), we

get

(5.9)  Nu(t™) = U5 1oy + el x(1") = X" 120,

+Z> f 10, (x = X) I 72y dt
Ill

n=1

m

2> fl( 10~ @ 20y + S 1V(O ~ @) |22y ) i

< Juo) = u(3) a2l - 2(3)1,

LY Q)

HJ (g’”(t) )a(t)dt

pm m /2
rf a(t)dt—1° > a"-+—rJ. gt(t—%)(a(t+t'")—a(t))dt
0 n=1 0

m

+2§f1"(@"—@"—l,x—X")dt—EJ."(@"—@"_I,X—)?)dt.

n=1

We proceed now to examine the last six terms separately. We first notice that

the integral term over [O,%] 1s nonpositive, because of (2.10) with
F = 0. This monotonicity property can be used again to argue as follows :

rJ.x (g”z(t) )a(t)dt

2m T z
=7 (f’i gdz(t)(x(t)dt f %a(t)dt)

= U-13 U-13

2m T T
< i—1 z fji /2 d _ . T fji l.d
=7 1(“((1 )2)( g (1) at ( 2) 2 ’)

]= J=1) -1y

22m

=55 ((0-13)-oi5)) = a0 < 2

J=
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the bound a(0)= [[VOyl7xqy+ Velld, x(0)) 720y < C results from
(2.12). To handle the two summands involving a(¢) and ", we introduce the
convex functions

t)

D(s) :=%2, Y(s) :=J.A5(r) dr.
0

Since 4 is Lipschitz, ¥ is a classical primitive. Otherwise 4 would have to
be interpreted as a subdifferential. We have

) i -
(5.10) rf' a(t)dt=tJ. (VG,VG)dt+raJ (3,7, 9, %) dt
0 0 0

=-71 flm(a,(9+x), 0)dt + e J.tm(a,)(, a,x)dt
0 0
- zf"}a, 0, 0)dt—‘rfrm(3,)(a A1) de
0 0
t"‘d fmd
= - - 0 - =¥ d
=TL(‘P(9(O)) + ¥(2(0)))

—TL(¢(9(!"’))+ P(x(1"))) .
We now employ (2.14) and (2.15) with F =0, to obtain

(11 -2 Y o' =-7 D(VE, VO -* e > (X", 9X")
n=1 n=1 n=1

=1 Zl(@"— 0 Lo Y+t 18" - 6" | xg,

n=1
+7 X" = X" A(X"))
n=1

+T OX"=-x""L e -0
n=1

+7 i(x" ~ X" ALXT) - A(X Y)Y
n=1
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Using the convexity of @ and ¥ and Lemma 4.1, we get

m

-7 2 < Cr+t 2(@" -0, o @"_l)>
n=1

n=1

+1 i(xri_xn—l, T,(Xn—l)>

n=1
+7 2<X"—Xn_l, @n_ @n—l)
n=1

< c!gfﬂf (B(0™) + av(x"'))—rf (8(6°) + P(X°)).
e (2]

Consequently, exploiting again the monotonicity of both @ and ¥ and (2.15),
we end up with

m

tjtma(t) dt—* E o

0 n=1

2
C%+TJ.Q(D(@M) — B(O(t™)) + P(X™) = P(x(1"))

A

N

CI;+ (0", 0" - 0(1")) + (A (X"), X" = x ("))

2
< CL+ (0", U" — u(1™)) - we(aX", X" — 2(1™))
(5.12) +7(@" 1= @ X" — x(1"))
< CT o LU () gy + X = (P
<sct+5 3 iy ty 4 LA(2)
+7(@" 7 - 0", X" — 4(t"))
< CTa LU w0 g+ X" = (42
SCET2 H@ 'ty X exa)
+7(@" 71— 0", X" — (1))
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Here we have also used the property o < o < C. The last term above can
be associated with the last two terms in (5.9). They all together can be handled
by using Lemma 4.1 and the regularity (2.7) as follows :

(5.13) Zl (6" = 0" x (") - X"y dr + 2} L;(@" -0y = 2(M))

m
+ 2
i<

2 m
f (O -0 y-p)at < C;[é-+£z1 tllx (") -—X"[Iiz(g).
1 n=

In fact we note for instance that

'n

(5.14) ||X(t)—x(t")(|Lz(Q)$f i]a,x(s)an(g)dsscl— v l<r<r”.
t

S

We finally take the limit 6 4 0 and replace the resulting estimates back into

(5.9). This yields the asserted error bounds upon application of the discrete
Gronwall’s inequality. O

Theorem 5.1 shows that the explicit nature of the scheme degrades the
asymptotic accuracy from @(t) for the implicit scheme (Theorem 3.1) to
7/e"?. This in turn is compensated by linearity of the resulting problem.
Optimality of this order is a consequence of the error estimates for 1D

semidiscrete traveling waves of [10].

We next consider the general case with convection b = 0 and reaction
f=0.

THEOREM 5.2 : There exists C > 0, depending on |V, | oy A in (2.4),
L, Lf, and T but not on ¢ or t, such that E(e,7) < Ct/Ve holds under the
stability constraint T < &.

Proof : We just sketch how to deal with the extra terms due to the presence
of b and f For the sake of simplicity we assume f=0 since the terms
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involving f( @) are in fact easier to handle than those for b(&). In deriving an
analogue of (5.9), div b(8) and div b( @" 1) contribute with the following
extra terms :

(5.15) T+TU+M+1IV=—47> [ g’ (1) (divb(@" "), 0 - @") dt

-4 i f,..“’“’) —-b(@" ), VG(u—-U))dt

n=1

+271 if g (1) (divb(@" "), 0-0)dr
n=1d1"

+2if (b(8) —b(O" "), VG(u—a))dt.
n=1¢1"

In light of Lemma 4.1, we readily have

m m

ngf VO™ 72 qydt+7 Ef 10— 6170y dt
"

< c12+;72f 10— 612 gy
n=14I1"

with # > 0 to be chosen. Term II in (5.15) can be further written as

=-4 i fﬂ(b(ﬁ) —b(0"), VG(u(t") - U")) dt

n=

—

M=

-4 f(b(e) b(0"), VG(u—u(t") = U+ U")) dt

I

=
1

-4 f(b(@) b(@" 1), VG(u(t") - U"))dr

"

Ms

=
It
—

8

-4 Ef (b(O") = b(O" "), VG(u—u(t") - U+ U")) dr.

n=1
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On using (2.7), Lemma 4.1 and (5.3), these four terms can be handled as
follows :

II < ;721 Lne- 0" || 2y dt + czl thu(") = U3 v
+ CZ] Lﬂ( N —u( oy + MU= UM 5 1y + T 106" 32 y) dt

< C+7 zfl 10— & 0y dt + C >, tlu(t") = U5 (g -
n=1d1" n=1

The other two terms in (5.15) can be handled in a similar way, namely,

HI+1V < C° 3 (VO iy + 136" 720y)
n=1
+c2f (16=81Z2 0y + lu— a2l o) dt
,n

n=1
m m

+n2f H9-—@"Hiz(g)dts c12+;72f ne—@"nzz(mdz.
n=1vI" n=1¢1"

A key property in the previous error analysis of Theorem 5.1 is the monoto-
nicity of the Liapunov functional a(¢). This is no longer valid in the present
situation, but instead we have (2.10):

1.

a(ty) — a(t)) sleldivb(ﬁ)liiz(g)dt (t,>1).

t

Thus for t, <t<t¢, it holds

1, )
a(tz)—f Idiv b(0) 1720y dt < () < a(tl)+j I div b(0) |72, dt .

For the third term on the right hand side of (5.9), we thus have

[ (a0 -3) e a
[
2m

T T
—1YL) P2 g _afiEYP2 1
<7 ﬂ(a((; 1)2).[( » Eg (t)dt a(]z)J i 12dt>
- 1-13 ni

7 G

N

m

t
div () || 72 oy dt

2m T 2 2
T 73 : 2 T T
+Z fz t[ldlvb(())[ll_z(mdtsZa(0)+—2—jo

J=19G-13

2 2
T T ¢2 2 2
sZa(o)+5Lb”V6"L2(O.t"',L2(Q)) < Ct°,
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m

because of (2.7) and (2.12). To estimate the term 7 | «(t) dt — 7 2 o" in

(5.9), we proceed as in (5.10) and (5.11). The followmg additional terms have
to be bounded :

V;=_,f’m<b(9),va>dt+rzi(b(@"“)ﬂ@")
0 n=1
=_Tif(b(0)—b(9"),ve)dt
n=1VI[,

—zEJ(b(@")—b(@""l),VH)dt

n=1

+zzf(divb(@"“),9—@")dt.
n=1vI,

Here we have integrated by parts once. If we further use Lemma 4.1 and (2.7),
then

m

vy, f 10— 0" |72 gy dt + C° >, f V0|72 oy dt
n=1dI1" I

n=1

+Cr E (00" (|22, + Ct* E t|VO I a0

n=1

Ef 10— 6" |72 oy dt + CT°.

The remaining terms in (5.9) can be treated similarly or left unchanged. The
proof can then be finished upon taking # sufficiently small and using the
discrete Gronwall’s inequality. O

We realize that the explicit treatment of convection and reaction does not
further degrade the order ©(/Ve ). Moreover the extra contributions are all
of order @(t). This will be exploited in the next section.

6. SEMI-IMPLICIT SCHEME

We turn our attention to the semi-implicit scheme which leads to a sequence
of nonlinear elliptic problems. We would like to prove error estimates
similar to those in § 3, but for F=0. The key observation is that the
correction " - @', in T"=6"-(0"-0""") of (1.11) for the
semi-explicit method, is the only term responsible for the factor 1/Ve in
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the above error analysis. In fact, for T7"=@" we realize that

T %(X"—X"“l, @ — @'Y in (5.11) as well as (5.13) are now missing.

n=

1
This yields the following optimal error estimates that extend those in § 3 to
F = 0.

THEOREM 6.1 : There exists C > 0, depending on || VHOIILz(Q), Ain (2.4),
L,, L/, and T but independent of ¢ and t, such that E(¢,7) < Ct.

We now investigate the relation between approximability and regularity in
the spirit of [2, 13]. Estimates for the third and fifth terms in (1.12) are not
justified in light of (2.7). However, the third and fifth terms in (4.1) hint on
additional regularity of @ and y. Next regularity result elucidates this issue, and
will be instrumental in § 7.

COROLLARY 6.1 : There exists C > 0 depending solely on [[V0), HLz(g), A
in (24), L,, Lf, and T but independent of ¢ and t, such that

(6.1)
T—1
fo (ellg, x(t+7) - a,x(t)[liz(gﬁ \VO(t+1) - V@(t)lliz(g)) dt < Crt.

Proof : By virtue of Lemma 4.2 and Theorem 6.1 we readily find out that

N-1

T-1
eJ-o o, x(t+1) - 6,)((1)“,2‘7(9)& < Ce 2 f1"||a'X(l+T)

n=1

n+14,2
—0X M[](Q)dt

N-1 N-1
+Ce >, f,,.” 3, 2(2) = 0X" | J2 gy dt + Ce >, T d(X" = X" ") | 720, < Cr.

n=1 n=1

Similar reasoning for V@ completes the proof. O

Therefore both &3,y and V@ belong to the Besov space
B, (0, T;L*(2)), which is defined in terms of (6.1) being valid. This in
turn yields the intermediate Sobolev regularity

Ved,y, VOe H™°(0,T;LX(RQ)) V6>0.

7. EXTRAPOLATION SCHEME

The semi-implicit scheme yields an optimal order 7 of convergence, but
requires the solution of a nonlinear elliptic problem. On the other hand, the
semi-explicit scheme decouples X" and @" and leads to a simple algebraic

vol. 31, n° 1, 1997



116 Xun JIANG, Ricardo H. NOCHETTO

correction for X" plus a linear elliptic PDE for @", but at the expense of
degrading the order of convergence from 7 to 7/Ve. The purpose of this section
is to show that the extrapolation scheme exhibits the advantages of both
schemes.

THEOREM 7.1 : There exists C > 0, depending on |VO,ll 2 o), A in (2.4),
Ly, L, and T but independent of ¢ and t, such that E(¢, ) < Ct provided
T < ¢&/2.

Proof : Once again we take F = 0 for the sake of simplicity, and examine

the effect of extrapolation in (5.9), (5.11), and (5.12). We first notice that
T" in (1.11) can be written as

T"=0"—(0"-260"'-0""?)=0"-13(0"-60""").

If 3" = %J‘ x dt indicates the average of y on I”, then on appealing to (2.20)
the penultimate term in (5.9) becomes

(7.1) (86" =00 ¥ - X"y = 130", " - X")
n=1
—z321<a@"",a(z"—x")).

Since 1]0@™ “L2(9) T E lo@" Ile(Q) C and 7 < &/2, the first term
can be bounded as follows w1th the aid of (5.14):

(00", 1" = XY < 100" | 2o 1™ = 2™ 20
() (2)
+72100™ | oyl €] Nl 12y
< Cz2+cﬁ 1807122 0y + £ 17,2
= £ ) T g e e
< CP+E 161 -
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The last term above can be absorbed into the second term on the left hand side
of (5.9). The same argument applies to the last term in (5.12), with the only
difference that instead of 3@™ we have 3@™ — @™ '

. For the remaining
summand in (7.1), we point out that

”3(2" _X")“Lz([)) s T%J.I"J‘ “ a,(l_ X)“LZ(Q) ds dt
t-1

1
S;Lmﬂiu—Xﬂum”m

'l'f(“a(x X)||L(Q)+”3(X -X" 1)||L2(9))dt

Consequently, in view of (4.1) and 7 < ¢/2, we see that
-7 é}l(a@""‘, WY -X")=sct 2 190" 1720y
+crze§l 1a(X" = X" ") 1720
zz [ N0z =301y
ce+ 2 5 [ 10- 0.

and that the last term can be hidden into the left hand side of (5.9). At the same

time, on using (2.20) in conjunction with (2.7), (4.1), and (6.1), the last term
in (5.9) becomes

if(a@" 90", (t+ ) x(t)>dt
f{a@,x(m ) -xn))ar
+T:§<6@”,j:+%(alx(s+r)—6,x(s))ds)dt %}j: |a@"||iz(g)

2 T-
+77¢l18, xll 120y +Taj 20, x(t+7) = 8, x(t) 220y dt < CT°.
0
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We finally resort to (2.20) and (4.1) to bound the penultimate term in (5.11)
as follows :

_[2 E(Xn_xn—l’ a@n _a@n—1>
n=1
=7(3X",00") ~ 7 D (a(X"-X""1), 80" ")
n=1
S T el aX" | 2oy + T8 D, 13X = X" 112 g)
n=1

4 m
4 2 2
+ C—s—";lla@ 220y S C7°.
This completes the proof. O

8. DEGENERATE DIFFUSION WITH CONVECTION AND REACTION

We finish our analysis of time discretizations with a further discussion of the
model we started with, namely the Stefan problem with temperature-
dependent convection and reaction

8.1 0, u— Af(u) =divb(f(u)) +ff(u)).

This PDE appears in other models of interest but with different monotone
Lipschitz function §. Relevant examples are petroleum reservoir and greund-
water diffusion simulation [1], and modeling of reactive solute transport with
an equilibrium adsorption process [3].

The semi-implicit discretization reads :

(82) L1(U"-U"') = AB(U") =divb(B(U")) +fBU)).

Our preceding stability and error estimates are solely based on monotonicity
of A, and so apply to (8.2) upon letting & | 0. We omit their proofs but point
out that the compatibility condition becomes 6 € A(x) as ¢ | 0, which is the
natural one for the Stefan problem. The case of enthalpy-dependent convection
and reaction is also of interest but does not fit into this context.

THEOREM 8.1 : There exists C > 0, depending on || V0,|| ey Ly Ly and
T but independent of m < N, such that

fu(t™) = U™l g1y + (2} J.I( 16— 6" 720y +

1

a2 z
+7 10 €Iy Jat | < Cr.
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This optimal result improves upon those in [1, 3, 8, 11], which are of order

o( V7).
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