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MATHEMATICA!. MODEUJNG AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol 31, n° 4, 1997, p 435 à 458)

INTERPOLATION IN HARMONIC HILBERT SPACES (*) (*•)

by Franz-J. DEL VOS (x)

Abstract — Babuska introduced the concept of periodic Hubert spacefor studymg universally
optimal quadrature formulas Prager continued these investigations and discovered the rela-
tionship between optimal approximation of hnear functionals on periodic Hubert spaces and
minimum norm interpolation (optimal periodic interpolation) In the case of a uniform mesh
methods of periodic interpolation by translation are applicable and relations to periodic spltne
interpolation and approximation have been studied

It is the objective of this paper to introducé the concept of harmonie Hubert space as an
extension of periodic Hubert space to study interpolation problems on an infinité uniform mesh
and for l data This gives a unified variatwnal approach to infinité interpolation with sme-
functions, sphnes, and holomorphic functwns

Résumé — Babuska a introduit Ie concept de l'espace hilbertien périodique pour étudier des
formules de quadrature universellement optimales Prager a continué ces recherches et il a
découvert la relation entre l'approximation optimale des fonctionnelles linéaires sur des espaces
hilbertiens périodiques et l'interpolation basée sur des espaces hilbertiens périodiques et
l'interpolation basée sur la minimalisation de la norme (interpolationpériodique optimale) Dans
le cas d'un réseau uniforme, on peut appliquer des méthodes d'interpolation périodique par
translation, des relations avec l'interpolation spline périodique et l'approximation ont été
étudiées

Le but de cet article est Vintroduction du concept de l'espace hilbertien harmonique en tant
qu'extension de l'espace hilbertien pour étudier des problèmes d'interpolation dans un réseau
uniforme infini et pour des dates l Ceci établit un accès variatwnnel unifié à l'interpolation
infinie par des fonctions sine, spline et holomorphiques

Babuska introduced the concept of periodic Hubert space for study ing
universally optimal quadrature formulas. Prager continued these investigations
and discovered the relationship between optimal approximation of linear
functionals on periodic Hubert spaces and minimum norm interpolation
(optimal penodic interpolation). In the case of a uniform mesh methods of
periodic interpolation by translation are applicable and relations to periodic
spline interpolation and approximation have been studied.

It is the objective of this paper to introducé the concept of harmonie Hilbert
space as an extension of penodic Hilbert space to study interpolation problems

(*) Dedicated to Prof Dr Karl Zeiler on the occasion of his 70th birthday
(**) Manuscript receveid June 25, 1995 , revised June 25, 1996
(l) Franz-Jurgert Delvos, Universitat GH Siegen, Holderhnstrasse 3, D-57068 Siegen,

Germany
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436 Franz-J. DELVOS

on an infinité uniform mesh and for Z2-data. This gives a unified variational
approach to infinité interpolation with sinc-functions, splines, and holomor-
phic functions.

1. PERIODIC HILBERT SPACES

To motivate the construction of harmonie Hilbert spaces we briefly recall
the construction of periodic Hilbert spaces and thereby extend the approach of
Babuska and Prager.

A periodic Hilbert space Hd is defined by a nonnegative even and summable
séquence (dk)ke z , the defining séquence :

j dk

be the linear space of square summable periodic
product
Let L\ n be the linear space of square summable periodic functions with inner

(f,9) = 2^

Then

is the periodic Hilbert space with respect to d = (dk)kG z . The inner product
is given by

(f9 )d= X (fek)(ek,g)/dk
k = - °°

where ek( t) = exp( ikt), k e Z.
Note that dk = Q implies (ƒ, ek ) = 0 for any f^Hd and by définition

\(f,ek)\
2>dk = 0.

C2jl dénotes the Banach algebra of continuous complex-valued
periodic functions equipped with the maximum norm || ƒ || ̂  =
max{ | / ( 0 | :0 ^ t<2n}.

We have

C a , c i L HZ" ̂  II/IL-
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INTERPOLATION IN HARMONIC HILBERT SPACES 437

The Wiener algebra AZn consists of those fonctions from C2ll having an
absolutely convergent Fourier séries

A2n is also a Banach algebra with respect to the norm ||/||a =

The following relations hold :

A 2 r t C C 2 , | | / IL< II/lia-

it is an important fact that any periodic Hilbert space is contained in the

Wiener algebra :

(1.1) ff,£^£q,c4 ||/||2^ ||/IL^ ll/ll,* Il/L •( É r f t ) •

The periodic Hilbert space Hd is related to the generating function

(1.2) W(x)= 2 dke
ikx.

Any periodic Hilbert space is translation invariant

(ƒ( • - a ) , 0 ( - -a))d=(f,g)d,

Using the generating function we have

(1.3)

This shows that any periodic Hilbert space possesses a reproducing kernel
(Young, p. 15).

We discus s now the problem of minimum norm interpolation in the repro-
ducing kernel Hilbert space Hd. Let Ö ̂  xQ < ... <xn_x < 2n be such
that {y/{ - — x.) : 0 ^ j < n) is an n-dimensional subspace of Hd. It is well
known from theory of reproducing kernel Hilbert spaces that for a given
function f^Hd there is a unique function

n-l

vol. 31, n° 4, 1997



438 Franz-J DELVOS

which interpolâtes ƒ at xQ, ...,xn_l and which is also the unique function of
minimum norm in the linear manifold of g e Hd satisfying 9{x}) =ƒ(*,),
0 ^ j < n - 1. Since

(f-Qn(f),V( • ~xJ))d = 0, 0 ^ ; < n - l

the minimum norm interpolant Qn(f) is also the best approximation of ƒ in the
subspace (y/( • —xJ):0^j<n). Thus the minimum norm interpolation
projection is also uniquely characterized as the orthogonal projector Qn

satisfying

(1.4) ker (Ôn)= {ƒ e Hd: ƒ(*,) = O, O « 7 < n} .

This relation between minimum interpolation and best approximation and the
associated orthogonal projector will be of importance in infinité interpolation
problems as discussed in Section 4.

Note that in the finite interpolation problem the assumption
dim(im( Qn) ) = n implies that for any data yjt 0 ^ j < n there is a unique
minimum norm interpolant gn e Hd satisfying gn(x}) =y}, 0 ^ j < n.

In the following we assume that x} = —j, 0 ^ j <n, which implies that
the space of interpolating functions im( Qn ) = ker( Qn )

x is translation
invariant with respect to ——.

If the fundamental Lagrange interpolant yn of periodic minimum norm
interpolation exists it is given by

n - l

Then

n - 1
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INTERPOLATION IN HARMONIC HILBERT SPACES 439

Thus the interpolation conditions

(1.5)

are valid if and only if

2(j>CT)vilf*Ho,*' (0
The properties of the discrete Fourier transform imply

2ij J + sn

Thus a necessary and sufficient condition for the existence of the fonda-
mental Lagrange interpolant yn of periodic minimum norm interpolation is

in which case we have

The minimum norm interpolant is then given by the

(1.8)

Qn(f)(x) = X AlfJf') y«(* " i f J ) (^grange représentation formula) .

We conclude this brief revision of periodic Hilbert spaces by noting that the
séquence

defines the periodic Sobolev space Wr
2n, The generating function is

l + (-l)rB(t) « ( 0 = 2 ) (ikT q

Bq(t) is the Bernoulli function of degree q s N. Minimum norm interpolation
yields in this case periodic monosplines as interpolating functions (see Locher
and Del vos).

vol. 31, n° 4, 1997



440 Franz-J. DELVOS

As a second instance we consider the séquence

l f c 2 } - r ( 1 ~ " 1

Then the generating function is

which is the Euler function (antiperiodic extension of the Euler polynomial)
of degree 2r- 1.

Minimum norm interpolation in the corresponding periodic Hilbert space
leads to interpolation of antiperiodic functions with antiperiodic splines (see
Delvos 1991).

2. HARMONIC HILBERT SPACES

The objective of construction of harmonie Hilbert spaces is to extend
minimum norm interpolation of periodic functions to non periodic functions
being defined on the real line R on an infinité uniform mesh ? k, k e Z,
b > 0. In contrast to periodic minimum norm interpolation the problems of
existence and uniqueness are enlarged by the question of convergence of
interpolation series due to the infiniteness of the interpolation data. On the
other hand the common idea behüid both interpolation methods is the pro-
jection theorem in Hilbert spaces. The basic tooi for defining harmonie Hilbert
spaces HD(K) is the Fourier intégral for which we mainly refer to Chan-
drasekharan, Garnir, and Katznelson.

Let D e LX(R) n L J R ) be non négative and even, i.e. D is a density
function of a distribution function. Let F be a measurable function such that

L 2(R).

Since VZ> e L2( R ) an application of the Schwarz inequality yields

(2.1) I IF I i ^ I IF /VÖII 2 ( | |D | | 1 ) 1 ' 2 .

Thus the Fourier intégral of F

-i: F(t) exp(itx) dt

M2 AN Modélisation mathématique et Analyse numérique
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INTERPOLATION IN HARMONIC HILBERT SPACES 441

is a function in C0(R) where C0(R) is the Banach algebra of eontinuous
complex valued fonctions on R which vanish at infinity. The norm of
C0(R) is

Co( R ) corresponds to C2 n in the periodic case. The analogon of the Wiener
algebra Aln is the linear space A(R) of functions which possess an absolutly
integrable Fourier intégral représentation. The norm of A(R) is given by

= ƒ
We have the relations

A(R)eC0(R), ll/ILs II/IL.

The harmonie Hilbert space HD(R) is the subspace of functions f e. A(R)
such that F/VB e L2(R) :

/(jc)=f F(t)cxp(itx)dt, f \F(t)\2/D(t)dt<oo,

HD(R) is a Hilbert space with inner product

F(t)G(t)/D(t)dt.

D is the defining function of the harmonie Hilbert space HD(R) in analogy to
the periodic Hilbert space Hd. D corresponds to the defining séquence d.
Clearly, HD(R) is translation invariant :

We have the relations

(2.2)

11/11. « ll/llo ( j \

The Fourier intégral of D defines the generating function of HD(R)

d(x)=\ D(t) expOO dt
i - o o

vol. 31, n° 4, 1997



442 Franz J DELVOS

which corresponds to the generating function y/ of the penodic Hubert space
Hd We have

\\d{ - * ) ! ! * = ƒ D{t)dt, (aeR)

As in the penodic case we have the important relation

(2 3) ƒ(*) = (ƒ,<*( -x))D, xeR

This shows that any harmonie Hubert space is a reproducing kernel Hubert
space

PROPOSITION 2 1 LetftE HD{R) Then F e L2(R) and

(2 4) 11/112 = V2^ | |F| |2 ^ V 2 7T||D||TO ||ƒ||D

Proof By définition we have F/V3 = G e L2(R) Since V 5 G L M ( R ) it
follows

F<E L2(R)

Moreover we can conclude

" \F(t)\2dt=j~ D(t)\F(t)\2/D(t)dt^ \\D\\J\f\\l

By Plancherel's theorem we have

which complètes the proof of Proposition 2 1
As a first example we treat Paley-Wiener spaces as harmonie Hubert spaces

Let

In this case we introducé the special notation PWb = HD( R ) For any
ƒ G PWb we have

J — b
F(t) cxp(ixt) dt,
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INTERPOLATION IN HARMONIC HILBERT SPACES 443

The inner product of PWb is given by

The generating function of PWb is given by

hb(x) = f exp(ixt) dt = 2 s m ( ^ ) = 2b sinc(fcc) .
J -b x

3. INTERPOLATION IN PALEY WIENER SPACES

We collect some well known facts on cardinal interpolation. By its défini-
tion PWb is isomorphic and isometric to L2[- b, b~\. Given ƒ e PWb there is
a unique F e L2[- b, b] such that

Then we have

(3.1) ƒ(*)

= j nt)exp(ixt)dt.

This implies (/ïè( - - y ), ( - - y ) )fc = 2 M^ /s A:, / e Z, i.e., the

functions /ifef - - ^ j - J, fc e Z, are orthogonal in PWb. In particular we have

(3.2) X ¥ ) = f ƒ ( ' > e xP ( inktlb > rff '

Now Parseval's relation for L2[— b, b] yields

(3.4)

Choosing g = hb( - - x) and taking into account (2.3) we obtain the formula
of cardinal interpolation :

(3.5) Âx)=

vol. 31, n° 4, 1997



444 Franz-J. DELVOS

This interpolation series converges in the norm of C0(R) in view of the
estimate (2.2). Moreover relation (2.4) implies also convergence in L2(R).

4. MINIMUM NORM INTERPOLATION IN HARMONIC HILBERT SPACES

The following result is important for establishing the existence of minimum
norm interpolants for arbitrary Z2-data.

PROPOSITION 4.1 : Assume that for b>0.

(4.1)
cb := cb(D) := inf [D(t) : 0 =£ \t\ < b} > 0. (Existence condition)

then

(4.2) b D D b

In particular for any l2-sequence (ak) there is a function / e HD(R) with

J -~

Proof: Let ƒ G PWb. Then

F(t)cxp(ixt)dt, F e L 2 ( R ) , F(t) - 0 ( \t\ > b) .
b

In view of (4.1) we have F/VÖ G L2(R) which implies (4.2) :

\F(t)\2/D(t)dt=Jb jF(t)\2/D(t)dt

1 f \F(t)\2dt= \\f\\llcb.
J -b

nWe will study now minimum norm interpolation at the uniform mesh j-k,
k e Z in the harmonie Hilbert space HD(R) for Z2-data (a^). As in the case
of periodic Hilbert spaces it is natural to use the projection theorem for
constructing minimum norm interpolants in harmonie Hilbert spaces.

We introducé the closed linear subspace of the harmonie Hilbert space
HD(K) defined by

(4.4) Afi

M2 AN Modélisation mathématique et Analyse numérique
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INTERPOLATION IN HARMONIC HILBERT SPACES 445

By the projection theorem there exists a unique orthogonal projection Qh of
HD(R) with

(4.5) ker (Qb)=Mb.

Its orthogonal complement is given by

(4.6) im(Qb) = clin{d( - - Ç ) : k e

where clinjdl • - - r ) : J t e Z | dénotes the closed linear span. of

I dl • - j - J : k G Z and im(Qè) is the image (range) of Qb. It follows

from (4.6) that the space im(Qb) is translation invariant with respect to ?.
As in the periodic case this projector enables minimum norm interpolation

in the harmonie Hubert space HD(R) (see Young, p. 147).

PROPOSITION 4.2 : Let / G HD(R). Then Qb(f) is the unique function in
HD(R) satisfying

(4.7) Qb(f){f )=if ) , ( * e Z ) , \\Qb(f)\\D* H/11 o.

/n particular the existence condition cb( D ) > 0 guarantees the existence of
unique minimum norm interpolants for arbitrary l2-data.

Proof: Given ƒ e HD(R) the minimum norm interpolant Qb(f) is obtained
as the best approximation of ƒ in Mb . T h e n / - ô^(/) ̂  ^ which implies
the interpolation properties

Assvime that g e / /D (R) satisfies g{7jf) =A^JT)> (k e z ) - This implies

g - ƒ e ilf6 = ker (Qb), i.e. öfc(3 ) = Qb(f) •

Moreover

llffllo= Ilff-Ö6(ff)llfl+ H Ö * ( 0 ) I I D = \\g-Qb(f)\\
2

D+ \\Qb(f)\\
2

D-

Thus Qb(f) is the unique function of minimum norm in the linear manifold

ƒ+ Mb = {9 e flD(J?) : flf(^) = / ( f ), (t e Z)} .

vol. 31, n° 4, 1997
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It is interesting to note that infinité minimum norm interpolation is obtained
as a « limit » of finite minimum norm interpolation problems in the following
way. Let

As before let Qb m be the unique orthogonal projector of HD( R ) defined by

Then

Since

k e r ( e i , , m ) = k e r ( Ô t , m + 1 ) , m e N , ^ ker (Qbm) = ker (Qb)
me N

it follows

Jirn^ || Qb(J) - Qbm(J) \\D = 0 , ƒ e HD(R) .

Since

e6,m(/)= i: cKjf)( f)
k = ~ m

it is natura! to ask whether \dl • - r r j : r e Z | is a Schauder basis of
Mb\

Note that in the case of cardinal interpolation in the Paley-Wiener space
PWb we have the particularly simple situation

•A*>-i_/(*)-(*(*-*))-
It follows from Proposition 1 that the sinc-junction ab(x) =

sin ( bx )/( bx ) is an element of the harmonie Hubert space HD( R ) as well as
its translates: crfr( - -~ fc) e HD(R), (k E Z).

M2 AN Modélisation mathématique et Analyse numérique
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INTERPOLATION IN HARMONIC HILBERT SPACES 447

Let gb e HD( R ) dénote the unique fundamental Lagrange minimum norm
interpolant :

Then there is a unique function Gb e L2(R) n LX(R) satisfying

(4.10) gb(x) = j G,(Oexp(to)^, J \Gb(t)\
2/D(t)dt<oo.

The détermination of Gb is connected with the 2b-periodization of £> :

(4.11) 2bk).

PROPOSITION 4.3 : The 2b-periodization of D is in L^O, 2b] with

(4.12)

(4.13)

Proof ; Let t + 2 fcjt ). Then
k=- n

By Levi's theorem (Garnir, p. 38) we have D2b n(t) f D2b(t) almost every-
where with D2b^ LX[Q, 2b] and D2b(x) ^ cb(D).

PROPOSITION 4.4: Assume in addition that D2be L ^ R ) (Convergence
condition). Then the estimate

(4.14) cAD) bkd( • -f

2. (meZ)
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448 Franz-J. DELVOS

holds. In particular im ( Qb ) = Mb is isomorphic to l2 and
\dl • — j-k) : k e z\ forms a Schauder basis of im ( Qb ) = M b . For any
ƒ e HD(K) the re is a unique (bk) e l2 such that

CO

(4.15) Qb(f)(x)= 2 bkd{x~%k) {dual interpolation series)
k = -

converges in the norm of HD(H) and therefore also in the uniform norm and
in the least square norm by (2,2) and (2.4).

Proof: Consider s( x ) = 2 bk rf( x ~ ̂  k ) e im ( Qb ). Then

j(x)
V -

k=- m

|2

r
\l

cb(D)2b

O k=- m

2

D Jk = - m

which complètes the proof of Proposition 4.4.

PROPOSITION 4.5 : The fundamental minimum norm Lagrange interpolant is
given by

(4.16) gb(x)=
k = - °°

l/(2b)D2b(t)
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Moreover we have

(4.17) 9b(x)=Tï\ ÏÏJjjSxpiitx) dt

Proof : By Proposition 4 we know

Since convergence is in the norm of HD(K) we obtain

gb(x)=\ A(t) D(t) exp(ixt) dt,

In view of the orthogonality properties of the finite Fourier transform

( f ) ^ ( i f r t ) d t = ô 0 r , ( r e Z ) ,

we get

Since D(-1) = D(t) it follows Dh(-t)=Db{t) which complètes the
proof of Proposition 5.

Note that the Fourier intégral représentation (4.17) of the fundamental
minimum norm interpolant gb corresponds to the Fourier series représentation
(1.7) of yn in the periodic case.

vol. 31, n° 4, 1997
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PROPOSITION 4.6 : Assume that cb(D)>0 and D2be L_(R). Then the
estimate

(4-18> T T H V 2
'2b\\°>> k = - m

. 77iw,s lflffr( • - ^ J k ) : i k e z | is a Schauder basis of ïm(Qb)=Mb
x

f/ \ 1
which is biorthogonal to the Schauder basis \dl • -j-r) : r e Z? of
i ( Q ) Mx

(4.19) (gb(. -fk),

For any f G HD{ R ) the interpolation series

(4.20) Qb(f) (x)= 2J f\~f)gb{x---f) (Lagrange interpolation series)
k = - «»

converges in the norm ofHD(R) and therefore also in the uniform norm and
in the last square norm by (2.2) and (2,4).

Proof: As in the proof of Proposition 4.4 consider

*(*)= S bkgb(x-lk)eim(Qb).
k = - m

Then we have in view of (4.17)

*(*) = ƒ Gb0
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Mathematica! Modelling and Numerical Analysis



INTERPOLATION IN HARMONIC HILBERT SPACES 451

This implies

uw2 1 f"
2 1

{Z D ) J -do

nb

n b

\\D2b\\-J
Jö

I
(2bfio D

m

m

k~- m

1
Dzbvy

1
2b(t)

m

- • ïO
2

< cb(D)

m

E'
k = - m

m

k = — m

.,exp( ikn
bt)

«(2»r-i . i ï

-r
i/o

-f*

m

)ï2

ft"»)
2

2

^X.p l IK, "7~ * 1

< D ) -

2

dt,

m

E IM2-
Jk = - m

Passing to the limit in (4.18) we obtain from (4.20)

PROPOSITION 4.7 : Assume cb(D)>0 and D2b<E L [0, 2b]. Thenfor any

(4.21)

(4.22)

2
k = —

1 ( y e R ) .

Remark: It follows from Proposition 4.7 that for any ƒ e HD(R) its
cardinal interpolant

exists and that the cardinal interpolation projector Tb is a continuous operator
from HD(R) into L2(R).

5. APPLICATIONS

In view of the poor decay properties of the function sinc (x) Schoenberg
has proposed cardinal spline interpolation. We will show how Schoenberg's
interpolation scheme may be considered as minimum norm interpolation in an
appropriate Hilbert space HD(R). This is obtained by choosing

(5.1)

vol. 31, n° 4, 1997



452 Franz-J. DELVOS

Then

(5.2) d(x) = 2 7iM2q(x) = ƒ sinc ( | ) 2 ' exp(te) A

is the central cardinal B-spline of degree 2q - 1 and support [ - q, q\ up
to a constant. Clearly we have cb(D) > 0, ( 0 < 6 < 2 T Z ; ) -

Moreover the Weierstrass M-test implies that the periodization

\2q

satisfies the hypothesis of Proposition 4.4. Thus we obtain

PROPOSITION 5.1 : For any (afc) e l2 there is a unique cardinal spline e s
in L2(R) of degree 2q~ 1 satisfying the interpolation conditions

-rk\ — ak,ke^ Z. Moreover there is a unique séquence (bk) e l2 such that

± ( )
The symmetrie case b = n was established in Schoenberg in a more gênerai

setting. Our approach gives an interprétation of cardinal spline interpolation
for Z2-data as a minimum norm interpolation problem in an appropriate
harmonie Hubert space.

Our next example is concerned with a classical interpolation problem for
holomorphic functions. The defining function is

The Fourier intégral of this kernel is given by (see Oberhettinger, p. 37)

(5.4) rf(x)

In this case the harmonie Hubert space is

HD(R) = {ƒ:ƒ(*) = ƒ" /?(ï)exp(«O*.Jl"

Then ƒ is the restriction of the holomorphic function in the strip
{ : |Jz| < | } defined by

=\ F(t)exp(izt)dt
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(see Epstein, Greenstein, and Miranker, p. 4). The harmonie Hubert space is
isomorphic and isometric to the Bergmann space of holomorphic functions

being square integrable over the strip j z : | # z | < ^ k We have
cb(D)=b/sinhb>0, (0 < b).

The WeierstraB M-test implies that the periodization

D2b(t)= 2 (t + 2 bk)/&inh (x + 2 bk) > 0

satisfies the hypotheses of Proposition 4.4. Thus we obtain.

PROPOSITION 5.2: For any (ak) e l2 there is a unique function
s e HD(R) of minimum norm satisfying sij-kj — a^ fce Z. Moreover there
is a unique séquence (bk) e l2 such that

s(x) =

Note that our approach to the existence resuit of Epstein, Greenstein, and
Miranker gives in addition an expansion theorem with respect to a Schauder
basis.

6. BACK TO PERIODIC INTERPOLATION

The harmonie Hilbert space HD( R ) is determined by the functions

= j D(t) exp(ûf) dt, D(0 = 2^jd(x)

Existence and expansions of minimum norm interpolants depend on the
periodization

D2b(t)= 2 D(t+2bk).

Therefore it is natural to consider the periodization

, a>0.2
k=-

vol. 31, n° 4, 1997
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Then

= Yâ\

i.e., we formally have obtained (Poisson summation formula)

We consider now the periodic interpolation problem at —y, 0 ^ j < n, with
translates of

Thus ^ may be considered as the generating function of the periodic Hilbert
space Hd with defining séquence

In view of (1.7) the fündamental periodic Lagrange interpolant yn exists if and
only if

The first example is concerned with infinité rational and periodic rationa!
interpolation :

exp(—Itl ) exp(ifcc) =

1 + x

cosh (1) - cos (JC)

This generating function has been considered in Locher [1981] and Delvos
[1990].
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Our next example is concerned with classical cardinal interpolation and
trigonométrie interpolation :

sinM/w + ^

2

m sinMm + ^
S exp(,fcc)= VV v

k=-m s i n |

The final example is related to spline interpolation :

sine

7. GENERALIZED HARMONIC HILBERT SPACES

We conclude with some remarks concerning the relation between probabil-
ity theory and reproducing kernel Hilbert spaces and give a unified approach
to periodic and harmonie Hilbert spaces which was initiated by the référée.

The generating function d of the harmonie Hilbert space HD{ R ) is also the
characteristic function of the probability density D. Due to Bochner' s theorem
(Chandrasekharan, p. 151) d is a positive defmite function and therefore
defines a reproducing kernel Hilbert space which in our case coincides with
HD(R). Since Bochner's theorem holds also for probability measures (dis-
tributions) dV(t) there is a unique reproducing kernel Hilbert space
HdV{ R ) associated with the probability measure dV( t). Its reproducing kernel
is then obtained as the Fourier-Stieltjes transform of dV(t). Note that no
longer Hdv(R) ç C 0 ( R ) but

where Cb(K) is the algebra of bounded and uniformly continuous functions
on R.
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We indicate how to extend our construction to the more gênerai situation.
Let dV(t) be a probability measure. Assume

ƒ( x ) = I exp( ixt ) dVJi t ) ( Fourier — Stieltjes transform )
JR

where Vf is a function of bounded variation (finite signed measure).
We define the generalized harmonie Hilbert space 7/^(R) a s the linear

subspace of ƒ e Cè(R) with Radon-Nikodym derivative

The inner product is now defined by

(f,9)dv=\ Fv0)Gv(t)dV(t).
JR

We have

Then //^y( R ) is a reproducing kernel Hilbert space with reproducing kernel

d(x)=[ cxpiixt)dV(t).
JR

As a first instance of a generalized harmonie Hilbert space we consider the
harmonie Hilbert space / / ^ ( R ) which is obtained by choosing
dV(t) = D(t) dt. Then

dVj(t) = Fv(t) dV(t) = Fv(t) D(t) dt

which implies F(t) = Fv(t) D(t) (usual Fourier transform of f) and

= f F(t)/D(t)G(t)lD{t) D(t)d(t) = (f,g)D.
J R
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Next we show that the periodic Hubert space Hd is obtained as a special
generalized harmonie Hubert space by choosing the lattice distribution

n) , 2nk<t<2n(k+ 1) , k e Z ,

:A: + 7 r ) - y ( 2 7rA:-7r), * e Z .

Then we have

(f>9)dv= f ̂ v(OG77)rfV(O= S Fv(2nk)G^2nT)dk.
JR ik e Z

As in the continuous case we have

(fiek)=Fv(2nk)dk,

Jke Z

Thus the Fourier-Stieltjes transform as well as the Radon-Nikodym theorem
pro vide appropriate tooi s to construct both periodic Hilbert spaces and har-
monie Hilbert spaces. In particular replacing the lattice distribution by a
gênerai discrete distribution leads to Hilbert spaces of almost-periodic func-
tions whose éléments are given by nonharmonic Fourier series of the type

Jke Z

where {Xk : k e Z} are the jumps (spectrum) of the discrete distribution.
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