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m MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
e MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol 31, n° 4, 1997, p 435 a 458)

INTERPOLATION IN HARMONIC HILBERT SPACES (*) (**)

by Franz-J. DELVOS (1)

Abstract — Babuska introduced the concept of periodic Hilbert space for studying universally
optimal quadrature formulas Prager continued these investigations and discovered the rela-
tionship between optunal approximation of linear functionals on periodic Hilbert spaces and
mimimum norm wmterpolation (optimal periodic winterpolation) In the case of a uniform mesh
methods of periodic winterpolation by translation are applicable and relations to periodic spline
interpolation and approximation have been studied

It 1s the objective of this paper to introduce the concept of harmonic Hilbert space as an
extension of periodic Hilbert space to study interpolation problems on an infinite uniform mesh
and for 12 data This gwes a untfied vanational approach to wfimite interpolation with sinc-
functions, splines, and holomorphic functions

Résumé — Babuska a introduit le concept de l'espace hilbertien périodique pour étudier des
formules de quadrature universellement optimales Prager a continué ces recherches et il a
découvert la relation entre I’approximation optimale des fonctionnelles linéaires sur des espaces
hilbertiens périodiques et l'interpolation basée sur des espaces hilbertiens périodiques et
I'mnterpolation basée sur la mimimalisation de la norme (interpolation périodique optimale) Dans
le cas d’un réseau uniforme, on peut appliquer des méthodes d’interpolation périodique par
translation , des relations avec l'mmterpolation spline périodique et I’approximation ont été
étudiées

Le but de cet arucle est I'introduction du concept de 1’espace hilbertien harmonique en tant
qu’extension de l'espace hilbertien pour étudier des problémes d’interpolation dans un réseau
uniforme wfini et pour des dates 1> Cect établit un accés varationnel unifié a l'interpolation
infinte par des fonctions sinc, spline et holomorphiques

Babuska introduced the concept of periodic Hilbert space for studying
universally optimal quadrature formulas. Prager continued these investigations
and discovered the relationship between optimal approximation of linear
functionals on periodic Hilbert spaces and minimum norm interpolation
(optimal periodic interpolation). In the case of a uniform mesh methods of
periodic interpolation by translation are applicable and relations to periodic
spline interpolation and approximation have been studied.

It 1s the objective of this paper to introduce the concept of harmonic Hilbert
space as an extension of periodic Hilbert space to study interpolation problems

(*) Dedicated to Prof Dr Karl Zeller on the occasion of his 70th bwrthday

(**) Manuscript receveid June 25, 1995 , revised June 25, 1996

(*) Franz-Jurgen Delvos, Umversitat GH Siegen, Holderhinstrasse 3, D-57068 Siegen,
Germany
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436 Franz-J. DELVOS

on an infinite uniform mesh and for /,-data. This gives a unified variational
approach to infinite interpolation with sinc-functions, splines, and holomor-
phic functions.

1. PERIODIC HILBERT SPACES

To motivate the construction of harmonic Hilbert spaces we briefly recall
the construction of periodic Hilbert spaces and thereby extend the approach of
Babuska and Prager.

A periodic Hilbert space H,, is defined by a nonnegative even and summable
sequence (d, ), . 5, the defining sequence :

d ,=d,keN, d=20keZ, 0< > dy<o.

- k= o

Let L;n be the linear space of square summable periodic functions with inner
product

2 7

(f,g)=ﬁf [ OYIOL2

0

Then

k=

H,= {fe L2 : 2_ |(f, ek)'2/dk<oo}

is the periodic Hilbert space with respect to d = (d,), . ;- The inner product
is given by

(f,g )d = k—z— f ek)(eka g )/dk

where e,(t) =exp(ikt), ke Z.

Note that d, =0 implies (f,¢,) =0 for any fe H, and by definition
|(f, e)|*/d, = 0.

C,, denotes the Banach algebra of continuous complex-valued
periodic functions equipped with the maximum norm |f]j_=
max {|f(#)]:0 < t<2n}.

We have

CyocLi, Il < Ifll.
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INTERPOLATION IN HARMONIC HILBERT SPACES 437

The Wiener algebra A, consists of those functions from C,_  having an
absolutely convergent Fourier series

fix)= kz (f &) P

A, is also a Banach algebra with respect to the norm |fll,=

2 el

" The following relations hold :

A, € Cp Il < 1Al

It is an important fact that any periodic Hilbert space is contained in the
Wiener algebra :

12
1) Hych,,cC, L2, Ifl,< Ifl.< Ifl, < Ifl, -(2 dk) .

k=— o

The periodic Hilbert space H, is related to the generating function

(1.2) w(x) =k2 d, ™.

Any periodic Hilbert space is translation invariant

(f - —a)g(- -a)),=(£9), (acR).

Using the generating function we have

(1.3) Ax)y=Lw( —-x)),

This shows that any periodic Hilbert space possesses a reproducing kernel
(Young, p. 15).

We discuss now the problem of minimum norm interpolation in the repro-
ducing kernel Hilbert space H, Let 0 s x;<..<x,_;<2n be such
that (y( - -x):0sj< n) is an n-dimensional subspace of H,. It is well
known from theory of reproducing kemel Hilbert spaces that for a given
function f € H, there is a unique function

n—1

Qn(f)=2)CjV/( : "xj)
j=

vol. 31, n° 4, 1997



438 Franz-J DELVOS

which interpolates f at xg, ..., x,_; and which is also the unique function of
minimum norm in the linear manifold of g € H, satisfying g(xj) =f(x),
0<sj<n-1 Since

f-2,(MNw(- -x)),=0, 0<j<n-1

the minimum norm interpolant @,(f) is also the best approximation of fin the
subspace (y( - —x,):0 <j<n). Thus the minimum norm interpolation
projection is also uniquely characterized as the orthogonal projector Q,
satisfying

im(Q,)=(y(- —x):0<sj<n)
(1.4) ker (Q,)={fe H;f(x)=0,0 <j<n}.

This relation between minimum interpolation and best approximation and the
associated orthogonal projector will be of importance in infinite interpolation
problems as discussed in Section 4.

Note that in the finite interpolation problem the assumption
dim(im(Q,)) = n implies that for any data y, 0 < j <n there is a unique
minimum norm interpolant g, € H, satisfymg ¢,(x)=y, 0<j<n

In the following we assume that x, = 2771 Jj» 0 < j <n, which implies that

the space of interpolating functions im(Q,) = ker( Qn)l is translation

invariant with respect to ZTn

If the fundamental Lagrange interpolant y, of periodic minimum norm
interpolation exists it is given by

V(%) =:§:ak y/(x—z—nlk).

Then

Am= E_;)akem(_%k)’ Am+m=AM’ (r’me Z) ’
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INTERPOLATION IN HARMONIC HILBERT SPACES 439

Thus the interpolation conditions

(1.5) y(22i)=6,, (0<j<n)

are valid if and only if

n—1 oo
2z
}% ( > dﬁm)Aj e(2Zk)=0,, (0<k<n).
J=0 \s=-o
The properties of the discrete Fourier transform imply

—L —(0<j<n)

> b
P g

Thus a necessary and sufficient condition for the existence of the funda-
mental Lagrange interpolant y, of periodic minimum norm interpolation is

A=

J

S =

o n—1
e > tl’,”n:%;%w(z—;’ik)e_j(gnﬂk)¢0, (0<j<n)
s=— oo =
in which case we have

thx

7 =t > ——

The minimum norm interpolant is then given by the

(1.8)
n-1

Q.(Hx)= Ef( Q.n_n]) yn(x - znﬂ]) ( Lagrange representation formula) .
J=0

We conclude this brief revision of periodic Hilbert spaces by noting that the
sequence
d, = max {1, k*}"".
defines the periodic Sobolev space W7, . The generating function is
w(1)=1+(-1) B, (1), BS1)= >, (k) ?exp(ikt)
k=0

B q( t) is the Bernoulli function of degree g € N. Minimum norm interpolation
yields in this case periodic monosplines as interpolating functions (see Locher
and Delvos).

vol. 31, n° 4, 1997



440 Franz-J. DELVOS

As a second instance we consider the sequence

2, (1= (= 1))
dkzmax{l,k } 5.
Then the generating function is

1Y
( 2) (B, (x)-B, (x+m))=(—1)E,, ,(x)

which is the Euler function (antiperiodic extension of the Euler polynomial)
of degree 2r—1.
Minimum norm interpolation in the corresponding periodic Hilbert space

leads to interpolation of antiperiodic functions with antiperiodic splines (see
Delvos 1991).

2. HARMONIC HILBERT SPACES

The objective of construction of harmonic Hilbert spaces is to extend
minimum norm interpolation of periodic functions to non periodic functions
being defined on the real line R on an infinite uniform mesh Zk, ke Z,
b > 0. In contrast to periodic minimum norm interpolation the problems of
existence and uniqueness are enlarged by the question of convergence of
interpolation series due to the infiniteness of the interpolation data. On the
other hand the common idea behind both interpolation methods is the pro-
jection theorem in Hilbert spaces. The basic tool for defining harmonic Hilbert
spaces H,(R) is the Fourier integral for which we mainly refer to Chan-
drasekharan, Garnir, and Katznelson.

Let De L,(R)nL_(R) be non negative and even, i.e. D is a density
function of a distribution function. Let F be a measurable function such that
FNVD e L(R).

Since VD e L,(R) an application of the Schwarz inequality yields

(2.1) IFll, < lEVDILCID O

Thus the Fourier integral of F

f(x)=r F(t) exp(itx) dt

M? AN Modélisation mathématique et Analyse numeérique
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INTERPOLATION IN HARMONIC HILBERT SPACES 441
is a function in C,(R) where Cy(R) is the Banach algebra of continuous

complex valued functions on R which vanish at infinity. The norm of
Cy(R) is

Il = max {|fA(x)| :xe R}.
C,(R) corresponds to C,  in the periodic case. The analogon of the Wiener

algebra A, is the linear space A(R) of functions which possess an absolutly
integrable Fourier integral representation. The norm of A(R) is given by

1A, =f |F(1)|dt.
We have the relations

A(R) c G(R), fll. = IFH.

The harmonic Hilbert space Hp(R) is the subspace of functions fe A(R)
such that F/VD e L,(R):

oo

f(x)=r F(t) exp(itx) dt, f |F(2)|>ID(t) dt < o .

H,(R) is a Hilbert space with inner product

(f’g)fr F(t) G(2)ID(t) dt .

D is the defining function of the harmonic Hilbert space H,(R) in analogy to
the periodic Hilbert space H, D corresponds to the defining sequence d.
Clearly, H,(R) is translation invariant :

(f(- -a)g(- -a)),=(f9)p, acR.

We have the relations
(2.2)
12
Hy(R)cA(R) c C(R), |fll. =< Ifl, =< lIfll, (fj D(t)dt) .

The Fourier integral of D defines the generating function of H,(R)

oo

d(x) =f D(t) exp(ixt) dt

vol. 31, n° 4, 1997



442 Franz J DELVOS

which corresponds to the generating function i of the periodic Hilbert space
H, We have

lld( —a>u,2,=f D(t)di, (aeR)
As 1n the periodic case we have the important relation

(23) fx)=(fd( -x))p xeR

This shows that any harmonic Hilbert space 1s a reproducing kernel Hilbert
space

PROPOSITION 21 Let fe H,(R) Then F € L,(R) and

(24) Ifl,=V2m IFll, < V2=|Dl. Ifl,

Proof By defimition we have F/VD =G € L,(R) Since VDe L_(R) 1t
follows

GVD=F e L,(R)

Moreover we can conclude

f“ P ai= [ Do) [P DG e < D111

By Plancherel’s theorem we have

F(t)Nﬁr f(x) exp(—ux)dx, Zth |F(t)|2dt=f: Lf(x)|2dx

which completes the proof of Proposition 2 1

As a first example we treat Paley-Wiener spaces as harmonic Hilbert spaces
Let

D=x_ps b>0

In this case we introduce the special notation PW, = H,(R) For any
f€ PW, we have

b
f(x)zf F(t)exp(uxt)dt, Fe L(R), F(t)=0(|t|>b)
~b

M? AN Modelisation mathematique et Analyse numerique
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INTERPOLATION IN HARMONIC HILBERT SPACES 443

The inner product of PW, is given by

b —_—_—
0 g),,=f F(1) G(1) dr.
-b
The generating function of PW, is given by

b -
2sin (b
h(x)= f exp(ixt) dt = _%(_x_) =2bsinc(bx) .
-b
3. INTERPOLATION IN PALEY WIENER SPACES
We collect some well known facts on cardinal interpolation. By its defini-

tion PW, is isomorphic and isometric to L,[— b, b]. Given fe PW, there is
a unique F € L,[— b, b] such that

b
fix)= J. F(t)exp(ixt) dt.
-b
Then we have

Bl fAx)=(fik(- -x)), x€R, h(x )_ZSln(bx)

This implies (A - —2),(--2)) =206, % leZ ie, the

nk

functions hb - 7), k € Z, are orthogonal in PW,. In particular we have

b
(3.2) A%)= f F(0) explinktlp) dr,

(3.3) i (5 %Y exp(iZt)~ (1) .

Now Parseval’s relation for L,[— b, b] yields

b oo
(3.4) f_bF(z)G(z) dt=k§wﬁf(%k)g(%k) .

Choosing g = h,( - — x) and taking into account (2.3) we obtain the formula
of cardinal interpolation :

X

(3.5) ﬂx)=k§”j(lblf)sinc(b(x—%c)), sinc (x) = Si0.X

vol. 31, n° 4, 1997



444 Franz-J. DELVOS

This interpolation series converges in the norm of Cy(R) in view of the
estimate (2.2). Moreover relation (2.4) implies also convergence in L,(R).

4. MINIMUM NORM INTERPOLATION IN HARMONIC HILBERT SPACES

The following result is important for establishing the existence of minimum
norm interpolants for arbitrary /,-data.

PROPOSITION 4.1 : Assume that for b > 0.

“4.1)

¢, :=c,(D) :=inf{D(2):0 < |t| <b}>0. (Existence condition)
then
(4.2) PW,c Hi(R), |fllp =< IIfl,/Ve, -

In particular for any l,-sequence (a,) there is a function fe H,(R) with
f(%k) =a, (kelZ).
Proof : Let fe PW,. Then

b
f(x)zf F(t)exp(ixt)dt, Fe L(R), F(t)=0(|t]>b).
~b

In view of (4.1) we have F/VD € L,(R) which implies (4.2) :

b

3= rormwa= [ rorno s

b
< cglf |F(2)|*dt = |Ifll} fc,,
-b

We will study now minimum norm interpolation at the uniform mesh Zk,
k € Z in the harmonic Hilbert space H,(R) for /,-data (a, ). As in the case
of periodic Hilbert spaces it is natural to use the projection theorem for
constructing minimum norm interpolants in harmonic Hilbert spaces.

We introduce the closed linear subspace of the harmonic Hilbert space
H,(R) defined by

(4.4) sz{fe Hy(R):f( %) =0,k e Z}.

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



INTERPOLATION IN HARMONIC HILBERT SPACES 445

By the projection theorem there exists a unique orthogonal projection Q, of
H,(R) with

4.5) ker (Q,) =M,

Its orthogonal complement is given by
(4.6) im(Qb)=c1in{d( : —%"):ke z}

where clin{d( . —%):ke Z} denotes the closed linear span. of

{d( . ~Eb&) ke Z} and im(Q,) is the image (range) of Q,. It follows
from (4.6) that the space im( Q,) is translation invariant with respect to %

As in the periodic case this projector enables minimum norm interpolation
in the harmonic Hilbert space H,(R) (see Young, p. 147).

PROPOSITION 4.2 : Let fe Hy(R). Then Q,(f) is the unique function in
H (R) satisfying

@n  oN(%)=A%) (kez), 12,0, < Ifily

In particular the existence condition c,(D) >0 guarantees the existence of
unique minimum norm interpolants for arbitrary l,-data.

Proof : Given fe H,(R) the minimum norm interpolant O, (f) is obtained
as the best approximation of f in M bl. Then f— Q,(f) € M, which implies
the interpolation properties

0,N(%E) =A%), (kez).

Assume that g € H (R) satisfies g(%k) =j("—b—k), (k€ Z). This implies

g —fe M,=ker(Q,),ie. 0,(9) = Q) (f) .

Moreover

lglp=11g — Qa5+ 10,(a)15=1lg = QDI+ 1Q,N I

Thus Q,(f) is the unique function of minimum norm in the linear manifold

frM,={g e HyR): g( %) =A%), (ke 2)}.

vol. 31, n® 4, 1997



446 Franz-J. DELVOS

It is interesting to note that infinite minimum norm interpolation is obtained
as a « limit » of finite minimum norm interpolation problems in the following
way. Let

e/ AN
M, ={fe HyR):A{ZE) =0, || <m}meN.
As before let @, , be the unique orthogonal projector of H,(R) defined by

ker(Qb,m) =M, ,

Then

im(Qb,m)zlin{d( )k < m}.

Since

ker (Q, ,,) 2ker (@, ,,.,),me N, m ker (Q, ,,) =ker (Q,)

me N

it follows

lm 10,(f) = Q, (Nlp=0, fe Hy(R).
Since

m

QD=3 conpd - -Zk)

k=—m

it is natural to ask whether {d( . —%r) ‘re Z} is a Schauder basis of
n

M,
Note that in the case of cardinal interpolation in the Paley-Wiener space

PW, we have the particularly simple situation

Qb,m(f) (x)= }m:mj(%k) sinc (b(x—-%k)),

k==

0, () =fx)= 3 (%) sine (b(x-%)).

It follows from Proposition 1 that the sinc-function o,(x)=
sin (bx )/(bx) is an element of the harmonic Hilbert space H,(R) as well as

its translates : ab( . —%k)e Hy(R), (ke Z).
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INTERPOLATION IN HARMONIC HILBERT SPACES 447

Let g, € Hp(R) denote the unique fundamental Lagrange minimum norm
interpolant :

4.9) Qb( Ub) =49y -
Then there is a unique function G, € L,(R) N L,(R) satisfying

oo

(4.10) gb(x)=j G,(t) exp(itx) dt, J.m |G, ()| /D(t)dt < oo .

The determination of G, is connected with the 2b-periodization of D :

oo

(4.11) D, (t):= > D(t+2bk).

PROPOSITION 4.3 : The 2b-periodization of D is in L,[0, 2b] with
4.12) D, (t) = c,(D)>0,

(4.13) D,, e L_[0,2b] .

Proof: Llet *D,, (t)= 3 D(t+2bk). Then
’ k=—n

2b oo
¢)(D) < Dy, (1) < D,, . .(1), fo D,, (1)di < f_ D(t)dt<oo.

By Levi’s theorem (Garnir, p. 38) we have D,, ,(?) T D, ,(t) almost every-
where with D,, € L,[0,2b] and D,,(x) = c,(D).

PROPOSITION 4.4 : Assume in addition that D,, € L_(R) (Convergence
condition). Then the estimate

m 2

> b - -5k

=-m

(4.14) (D) 2 |b, |2 %‘

D

m

<Dyl D 1B)% (me Z),

k=-m

vol. 31, n° 4, 1997



448 Franz-J. DELVOS

holds. In particular im (Q,)=M, Los isomorphic to I, and

jd( - —k) ke Z; forms a Schauder basis of im (Q,) = M . For any
e H,( lg) there is a unique (b,) € 1, such that

4.15) 9,(N (x)= i b, d(x - % k) ( dual interpolation series )
k== o

converges in the norm of H,(R) and therefore also in the uniform norm and
in the least square norm by (2.2) and (2.4).

Proof: Consider s(x)= 3 b,d(x~Zk) e im(Q,). Then
k=—m

2

s(x) = J.Q:MD(f) L;"‘—:m b, exp(_ ik%t)] exp(ixt) dt,
S byexp(—ikF1)| dt

|iS||Z=r D(1)
—oo k=—m
2 b m
=f D, (1)
0 k=~

zmbkexp(— ik%t)

2
dt,

2

2
dt < |sllp

cb(D)J. S b cexp(— ik Z1)

k=-m
< [[Dy . f
m 2

kz bd( - —%k) <

=—m

2
dt,

E bexp( b )

k=—m

c,(D)2b D |b)* < ‘
k=—m

1D, .26 > |5,
k=—m

which completes the proof of Proposition 4.4.

PROPOSITION 4.5 : The fundamental minimum norm Lagrange interpolant is
given by

(4.16) g, (x)= 3 a(b)d(x bk)where

k=— o

1/(2b)D, (1) ~ i ak(b)exp(ik%t).
k=— oo

M2 AN Modélisation mathématique et Analyse numérique
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INTERPOLATION IN HARMONIC HILBERT SPACES 449

Moreover we have

“4.17) 9,(x) =57+ J.°° DD(()) exp(itx) dt .

Proof : By Proposition 4 we know

oo oo

g,(x)= 3 ab)d(x-Fk), 3 |ab) <.

k=— oo = e

Since convergence is in the norm of H,(R) we obtain

g,(x) =.r: i a,(b) exp( - ik%t)D(t) exp(ixt) d ,

=— oo

g,(x)= r A(t) D(t) exp(ixt) dt,

oo

A()~ S ayb)exp( - ikZr).

k=— o

In view of the orthogonality properties of the finite Fourier transform

¥4 2k T
a,(%r) =fo A Dy () exp(iZrt) di=0,, (rez),
we get

A1) =2—lﬁib(—t)-~ Emak(b)exp(—ik%t).

Since D(—t)=D(t) it follows D,(—-t)=D,(t) which completes the
proof of Proposition S.

Note that the Fourier integral representation (4.17) of the fundamental
minimum norm interpolant g, corresponds to the Fourier series representation
(1.7) of y, in the periodic case.

vol. 31, n° 4, 1997
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PROPOSITION 4.6 : Assume that ¢,(D)>0 and D,, € L_(R). Then the
estimate

m

1 2 - i1
4.18 —_— b <2b b ==k
@18 qp, 2, B ’Em o - —5k)

=—m

m

Scb(D)kz Ibklz’ (me Z),

holds. Thus {g,( - —Zk):ke Z} is a Schauder basis ofim(Q)=Ml
b b b b

which is biorthogonal to the Schauder basis {d( - - % r) ire Z} of
. L
im(Q,) =M, :

(4.19) (a( - —Zk).d( - -%r)),=8,, kreZ.

For any f € H,(R) the interpolation series

S k . . :
(4.20) Q,(f) (x)= k=2_“ f( Eb._) g b( x— %k) (Lagrange interpolation series )

converges in the norm of H,(R) and therefore also in the uniform norm and
in the last square norm by (2.2) and (2.4).

Proof : As in the proof of Proposition 4.4 consider

s(x) = 2 bkgb(x—%k) € im (Q,) .

k=—m

Then we have in view of (4.17)

s(x)='r Gb(t)[ i bkexp(—ik%t)]exp(ixt)dt
—oo k=—-m

= ﬁf_ml)(t) ﬁ |:k=2_m bk exp(— l'kzb'z't):' exp(ixt) dt.

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



INTERPOLATION IN HARMONIC HILBERT SPACES 451
This implies

2
dt

2 _ 1 T
||SI|D—(2b)2.r: D(t Dz k_z_mb exp( zkbt)
1 [* .
:(2b)2.[ 2b(t) 2_ b exp( zk%t)

(—ik%t) 2dt

< cb(D)_IJ.

2

dt,

) 2 b
1D, 1. f
0

< (2b) %3

2
dt,

k_Zmb exp( ik%t)
m m 2 m
||D2,,Il;1k:2 |b,|* < 2b1k=_ ( : _%k) < cb(D)“k; |b, |

Passing to the limit in (4.18) we obtain from (4.20)

PROPOSITION 4.7 : Assume c,(D) >0 and D,, € L_[0, 2b]. Then for any
fe Hy(R)

@21) 3 HER) <2010, 01005

(4.22) kie., |d(y+%k)|2<2b||D2,,H.,||DH1 (ye R).

Remark : It follows from Proposition 4.7 that for any fe Hp(R) its
cardinal interpolant

1,00 ()= 3 A% sine (b(x- %))

exists and that the cardinal interpolation projector T, is a continuous operator
from H,(R) into L,(R).
5. APPLICATIONS

In view of the poor decay properties of the function sinc (x) Schoenberg
has proposed cardinal spline interpolation. We will show how Schoenberg’s
interpolation scheme may be considered as minimum norm interpolation in an
appropriate Hilbert space H,(R). This is obtained by choosing

.1) D(1)=sinc (1), geN.
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Then

5.2) d(x) =27zM2q(x)=Jm sinc(%)“cxp(z’xt)dt

is the central cardinal B-spline of degree 2 g — 1 and support [— g, g] up
to a constant. Clearly we have ¢, (D)>0, (0<b<2m).
Moreover the Weierstrass M-test implies that the periodization

Dyy(1)= 3 sinc (3C+20k))"

satisfies the hypothesis of Proposition 4.4. Thus we obtain

PROPOSITION 5.1 : For any (a,) € 1, there is a unique cardinal splinee s
in L,(R) of degree 2q—1 satisfying the interpolation conditions

s( % k) = a,, k € Z. Moreover there is a unique sequence (b, ) € l, such that
S _z
s(x) = k:Z_mbkqu(x k).
The symmetric case b = & was established in Schoenberg in a more general
setting. Our approach gives an interpretation of cardinal spline interpolation

for [,-data as a minimum norm interpolation problem in an appropriate
harmonic Hilbert space.

Our next example is concerned with a classical interpolation problem for
holomorphic functions. The defining function is

4
5.3) D(I);sinht'
The Fourier integral of this kernel is given by (see Oberhettinger, p. 37)
_Z .y
(5.4) d(x) =Zcosh (Zx )"

In this case the harmonic Hilbert space is

HD(R)={f:f(x)=r F(t)exp(ixt)dt,r |F(t)|zsiTnhtdt<°°}.

Then f is the restriction of the holomorphic function in the strip
{z: | $z| <%} defined by

f(z)=r F(1) exp(izt) dt
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(see Epstein, Greenstein, and Miranker, p. 4). The harmonic Hilbert space is
isomorphic and isometric to the Bergmann space of holomorphic functions

being square integrable over the strip {z:|%z| < % . We have
¢,(D)=blsinhb >0, (0<b).
The Weierstral M-test implies that the periodization

oo

D, (t)= > (t+2bk)/sinh (x+2bk)>0
k

=— oo

satisfies the hypotheses of Proposition 4.4. Thus we obtain.

PROPOSITION 5.2: For any (a,) € l, there is a unique function

s € H,(R) of minimum norm satisfying s(%k) =a,, k € Z. Moreover there
is a unique sequence (b,) € 1, such that

=S (. _m )Y
s(x)—kzz_mbk/cosh(z(x bk)).
Note that our approach to the existence result of Epstein, Greenstein, and

Miranker gives in addition an expansion theorem with respect to a Schauder
basis.

6. BACK TO PERIODIC INTERPOLATION

The harmonic Hilbert space H,(R)) is determined by the functions

oo

d(x)=fm D(1) exp(ixt) dt , D(z):ﬁf d(x) exp(— ixt) dx .

Existence and expansions of minimum norm interpolants depend on the
periodization

D, (t)= D, D(t+2bk).
k=— oo
Therefore it is natural to consider the periodization

d, (x)= i d(x+2ak), a>0.

k=- oo
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Then
2a a o
1 ; 1 .
é_afo d2a(x)exp(—l§rx)dx=ﬁ . k;ﬁd(x+2ak)exp(—z§rx)dx
I n
=ﬂf0 k=_”d(x+2ak)exp(-—zzr(x+2ak))dx

Il

2| _dcoess(-i%m)=Zp(-2r),

i.e., we formally have obtained (Poisson summation formula)

d, (x) =%k§:mD(—§k) exp(igkx).

We consider now the periodic interpolation problem at gnﬂ J» 0 = j < n, with
translates of

w(x) =£d2a(—z—x) =k§uD(—§k)exp(ikx).

Thus y may be considered as the generating function of the periodic Hilbert
space H, with defining sequence

- )= /4
4,=D(-Zk)=D(2k), keZ.
In view of (1.7) the fundamental periodic Lagrange interpolant y, exists if and
only if
sgmtijﬂ,,:s; D(g—(j+sn)) =0, (0<j<n).
The first example is concerned with infinite rational and periodic rational

interpolation :

D(t)=exp(— [t|), d(x)= 1 fxz’

oo

dy(x)= 3 exp(= |k|) exp(ike) =

sinh (1)
cosh (1) —cos (x)

This generating function has been considered in Locher [1981] and Delvos
[1990].
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Our next example is concerned with classical cardinal interpolation and
trigonometric interpolation :

(1))

DY =2[- (meh) (meh) ] ) A0) =

X
2

: 1
d, (x)= D exp(ikr) =Sm((m+2)x).

k=—m sin

The final example is related to spline interpolation :

D(1) = sinc (%)2”, d(x)=27M, (%),

d B S sine (—E k) expf i —Er kx )
DO G2 () (w0

q+% (q+%> S V12 2q .
‘//(X):—n—dz(q%) = *)= 2 smc(;—(q—jk) exp(ikx) .

k=— o

7. GENERALIZED HARMONIC HILBERT SPACES

We conclude with some remarks concerning the relation between probabil-
ity theory and reproducing kernel Hilbert spaces and give a unified approach
to periodic and harmonic Hilbert spaces which was initiated by the referee.

The generating function d of the harmonic Hilbert space H,(R) is also the
characteristic function of the probability density D. Due to Bochner’s theorem
(Chandrasekharan, p. 151) d is a positive definite function and therefore
defines a reproducing kernel Hilbert space which in our case coincides with
H,(R). Since Bochner’s theorem holds also for probability measures (dis-
tributions) dV(t) there is a unique reproducing kernel Hilbert space
H_,(R) associated with the probability measure dV(t). Its reproducing kemel
is then obtained as the Fourier-Stieltjes transform of dV(¢). Note that no
longer H,(R) < C,(R) but

Hg(R) € Cy(R)

where C,(R) is the algebra of bounded and uniformly continuous functions
on R.
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We indicate how to extend our construction to the more general situation.
Let dV(t) be a probability measure. Assume

fAx)= f exp(ixt) dV{t) (Fourier — Stieltjes transform )
R

where V. is a function of bounded variation (finite signed measure).
We define the generalized harmonic Hilbert space H,(R) as the linear
subspace of fe C,(R) with Radon-Nikodym derivative

dv,
W:FVE LZ(R’ dV) .

The inner product is now defined by
", g),,V:f F\(t) Gy(1) dV(1) .
R

‘We have

172
H,(R) c C(R), |fll.= llflldv<LdV(t)> .

Then H,,(R) is a reproducing kernel Hilbert space with reproducing kernel

d(x) =j exp(ixt) dV(t).
R

As a first instance of a generalized harmonic Hilbert space we consider the
harmonic Hilbert space H_,/(R) which is obtained by choosing
dv(t)=D(t)dt. Then

dVI.(t) =F,(t)dV(t) =F,(t) D(t)dt

which implies F(¢) = F,(t) D(t) (usual Fourier transform of f) and

f 9y = LFV(t) G\(1) dV(t)

= LF(t)/D(t) G(1)ID(t) D(t) d(t) = (f,9)p
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Next we show that the periodic Hilbert space H, is obtained as a special
generalized harmonic Hilbert space by choosing the lattice distribution

V(t)=V(2rk+mn), 2mk<t<2n(k+1), ke Z,
d=V(2nk+n)-V(2nk-n), ke Z.

Then we have

, g)d‘,:j Fy(1) G(1) dV(t) = D, F(27k) G(2 mk) d,.
R ke Z
As in the continuous case we have

(fe)=F/(2nk)d,,
f g)dV:kEEZ (f; ek)/dk (9, ek)/dkdk= A g)d-

Thus the Fourier-Stieltjes transform as well as the Radon-Nikodym theorem
provide appropriate tools to construct both periodic Hilbert spaces and har-
monic Hilbert spaces. In particular replacing the lattice distribution by a
general discrete distribution leads to Hilbert spaces of almost-periodic func-
tions whose elements are given by nonharmonic Fourier series of the type

fAx)= kzz a, exp(id, x)

where {/lk tke Z} are the jumps (spectrum) of the discrete distribution.
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