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i MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
Yy MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol. 31, n°® 7, 1997, p 845 a 870)

SOLUTION OF A TWO-DIMENSIONAL STATIONARY INDUCTION HEATING
PROBLEM WITHOUT BOUNDEDNESS OF THE COEFFICIENTS (*) (**)

by Stéphane CLAIN (1), Rachid TOUZANI (?)

Abstract — We consider in this paper a system of equations modelling a quasi-stationary
induction heating process Existence of a solution is obtained in Sobolev spaces using estimations

i L™-norm Using a truncation techmaque, we buld a sequence of truncated problems the
solutions of which converge to a solution of the initial unbounded coefficient problem

Résumé — On considére, dans cet article, un systeme d’équations modélisant un procédé
quasi-stationnaire de chauffage par induction Les coefficients physiques intervenant dans la
modéhisation ne sont pas bornés On construit une suite de problémes en utilisant une méthode
de troncature Nous montrons U'existence d’une solution dans les espaces de Sobolev pour le
probléme tronqué et donnons des estimations en norme L™ des solutions On montre alors que
les solutions des probléemes tronqués convergent vers une solution du probléme a coefficients non
bornés

1. INTRODUCTION

We are concerned in the present paper with the existence of a solution of
the following nonlinear system of elliptic equations:

iuwH -V .(p(8)VH) =0 in Q,

1.1

—V.(/‘.(G)VH):%/)(())]VH]Z inQ .1

where |VH]| is the modulus of the vector valued function VH, i.e.,

|\VH|>=9, H3, H +d, HI_H ,
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846 S. CLAIN, R. TOUZANI

and v is the complex conjugate function of u#. The domain Q is an open and
bounded subset of R,

Here above, the first equation describes the evolution of a time harmonic
magnetic field H in a conductor and the second is the steady state heat
equation. In fact, the stationarity of the temperature field results here from an
averaging process of the power source term on a period of length 2 7n/w
whence the factor l. Typically, this system governs an induction heating
process (cf. [Cl], [CI'ZI‘O], [CRST]). It belongs to a large class of problems that
were recently studied in Lewandowski [Le], Murat [Mu] and Gallouét-Herbin
[GaHe].

The main goal of the present paper is to prove that Problem (1.1), provided
with Dirichlet boundary conditions on H and 6, has at least one solution
(H, 0). The main difficulty we treat here is that we do not assume that the
physical coefficients of the equations are bounded. This corresponds to real-
istic situations where, for instance, polynomial functions of the temperature
are used to take account for the physical properties of the material. To handle
this difficulty, we first transform in Section 2 the initial problem using the
Kirchhoff transformation thus writing the heat equation using the Laplace
operator. This enables us to prove regularity of the solutions of the heat
equation. Subsequently, in Section 3, we define a truncated problem whose
conductivity coefficient p is truncated. We then prove, using the Schauder’s
fixed point theorem, the existence of at least one solution of the resulting
truncated problem.

Section 4 is devoted to the proof of some lemmas concerning the estimate
in L™-norm of the solution of an elliptic problem in function of the regularity
of the right-hand side.

Section 5 gives the proof of the main result of the paper. We prove that the
temperature is bounded in L”(£) independently of the truncation. For this,
the results obtained in Section 4 are used.

2. THE MODEL

In References [Cl], [ClTo], [CRST], we have studied the well-posedness of
the following system of equations:

wl_v . (p(0)VH)=0 in (0,T)x 0,

cpw)%g;— V.(i(0)V8)=p(0) |VH|> in(0,T)xQ,

where y is a positive constant and 4, p, Cp arc bounded and smooth real valued
functions that stand respectively for magnetic permeability of the free space,
thermal conductivity, density and specific heat. The expressions p(8), 1(8)
and CP(B) denote the composition of the functions p, A and C, with the
function 6.
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SOLUTION OF A TWO-DIMENSIONAL STATIONARY 847

Here we are concerned with the so-called quasi-stationary process. In other
words, since the magnetic field evolves at a high rate, we can assume that the
temperature field, as a first order approximation, depends only on the time
averaged power density. It is therefore possible to seek a time-independent
temperature field and a magnetic field of the form

H(t,x)=Re (exp(iowt) H(x)),

where w is the angular frequency of the current and i is the unit imaginary
number.

These considerations lead to the following model:

FindH: Q2 — C,6: Q2 — Rsuchthat:

woH -V .(p(0)VH)=0 inQ,
H-H, on o2, @

(2.2)

~V.(20)V0)=3p(0) |VH| inQ,
0=20, on Q.

Here above, the temperature on the boundary of the domain £ is assumed

to be equal to a constant ¢,. The term % p(0) |VH|* in the right-hand side of
Equation (2.2) corresponds to the mean power density supplied to the induced
conductor. In addition, the development of the induction heating model (cf.
[C1], [CRST]) shows that the magnetic field in the free space and on the
boundary of the conductors is independent of the space variables. That is,
H, is a constant.

We now suppose that the electric resistivity and the thermal conductivity
satisfy the following conditions:

Le C(R),2>0, (23)
pe C'(R), (2.4)
There exists @ > O such that p(t) =2 ¢« V>0, (2.5)
p is nondecreasing . 2.6)

We furthermore assume that the domain Q2 is bounded and that its boundary
is of class C2.
We now make the change of variable:

def

0
/3(0):] i(s)ds.

0

vol. 31, n® 7, 1997



848 S. CLAIN, R. TOUZANI
Since the function 4 is positive the function f is one-to-one. Let us define:

def

u= p(0),
r(u):roudzefp00=p(0),

Equation (2.2) becomes:

— Au:%r(u) IVH‘Z in 2,
u=0 on g2 .

Setting h=H - H,, Equation (2.1) yields:

icouh —V . (r(u) Vh)=—iwuH, inQ,
h=0 on 00 .

In what follows f stands for the complex number — icwuH,. Let us notice at
this point that the whole analysis developed in the present paper can be
extended to the case where fis a function of Lz(.Q).

The final problem consists then in seeking a pair (h,u) :  — C x R such
that:

iouh —V.(r(u)Vh)=f inQ,
{h =0 on df2, @1

(2.8)

- Auz%r(u)|Vh|2 in Q,
u=0 ondQ.

Hypotheses (2.3)-(2.6) imply that the function r satisfies the following prop-
erties:

r is nondecreasing, unbounded , 2.9)
¥ is continuous , (2.10)
r(t) =2 a>0forall¢. (2.11)

In the following section, Problem (2.7)-(2.8) is approximated using a
truncation technique where the truncated problem has bounded coefficients.
We first prove that the truncated problem has at least one solution. The
L”-estimate on the solution of the truncated problem enables us then to prove
the existence of at least one solution of (2.7)-(2.8).
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3. THE TRUNCATED PROBLEM

Let k denote a real positive number. We define the truncated function r, by:

wi [7(s) if—eo<s<k,
()= k) ifk<s<oo.

Notice that r, is a continuous and bounded function.
We now consider the truncated problem (£, ) consisting in seeking two
functions &, : Q — C and u, : Q — R such that:

iopuh, =V . (r(uw) Vh,)=f inQ,
h,=0 on 002, G.1
— Mu=3r(w) |Vh|* inQ

k=73 Nl k ’ (G.2)
u,=0 on 0%2 .

Using the Schauder’s fixed point theorem, we shall prove that Problem (3.1)-
(3.2) has at least one solution. For this end, let us define the following
operators:

To each measurable function v we associate the function ¢ € W"?*(Q)
solution of the problem:

ioup —V.(r(v)Ve)=f inQ,
{q& =0 on Q. (3.3

Let T, denote the operator defined by:

v g E T (v).

Assume now that v and ¢ are given; we associate to them the function
g(v, ¢ ) defined by

g:(v,0) > 37r,(v) |Vo|".

Finally, let p € (1, =) ; we denote by T, the inverse of the Laplace operator
defined from W »7(Q) to Wé”’ () (This is well defined thanks to the
smoothness of the boundary). We can formulate Problem (3.1)-(3.2) as the
following fixed point problem.

Find u, : 2 — R such that :

w, = T(u) € T,(g(u, Ty(1,))) -

vol. 31, n°® 7, 1997



850 S. CLAIN, R. TOUZANI

We notice here that the operators T and 7 are formally defined. A more precise
definition using appropriate function spaces will be done later;

We now prove some preliminary results. First, we shall present a version of
a regularity result of N. G. Meyers for an elliptic operator. Its proof can be
found in the appendix of the present paper. The main feature of this version
is that we give sharp estimates of the regularity constants appearing in the
Meyer’s result. These estimates are essential to prove the existence of a
solution (4, u) such that « is bounded.

LEMMA 3.1: Let a denote a function of L™(82) such that

O<asasff<e ageinQ.

Then, there exists p=p(a, f,2) > 2 such that if fe W LP(Q) then the
following problem:

{—V.(aVu):f in Q,

u=0 on 9Q , G4
has a unique solution u € W:,’p (). Moreover, we have the estimate:
el wyrcay S Co plfllw 1oy - (3.5)

In  addition, there exists two constants y=x(2)>1 and
C,=Cy(2)>0, such that for

a(2x-1)
> 3.6
F>26D G0

the values of p and C, p can be chosen in the following way:
41ny ) 37
p= 20—« =< :
21n,(—1n(—L2'3__2a)
G

Notice that the definition of p given by the expression (3.7) implies that
p < 4. (See the proof of Lemma 3.1 in the appendix.)

It is clear that applying Lemma 3.1 to Problem (3.2) fixes the value of p.
This value depends on « and on (k). We choose then a real number g such
that:

ge (2, 42_p) . (3.9)

M? AN Modélisation mathématique et Analyse numérique
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For this choice the imbedding of W>?*(Q) into W"%(Q) is compact. We
shall now show that the operator T fulfills the conditions of the Schauder’s
fixed point theorem (c¢f. [GiTr]) in the Banach space W(l)’ 1Q2).

LEMMA 3.2: Let 2 denote an open subset of R? and r a continuous function
on C*(R). Let 7#: L™(2) — L™(RQ) the mapping defined by

Fio—#v)=rov.
Then, ¥ is continuous.

Proof: Let v denote an arbitrary element of L™( Q) and let us shown that
7 is continuous at v.

We denote by K= ||v]| L~(0)- The function r is uniformly continuous on
the compact [— 2 K, 2 K]. Therefore, for each & > 0 there is a real number
0>0 such that for all ¢, se [-2K,2K] with |t—s| <J we have
[r(t) —r(s)| < e

We choose an &¢>0 and impose 6 < K. Let we L™(2) such that
lw=vl =y <d We have [w(x)—=v(x)| €6 for almost all
xe Q. Using the  uniform continuity of r we have
[r(w(x)) —r(v(x))] <e for ae. x. Thus

"F(W) - F(U)HL'”(Q) se,

whence the continuity. O
To simplify the notations we set r instead of 7.

LEMMA 3.3: The mapping T,: Wy () — Wy?(8) is continuous.

Proof: Let v be a function of W(l)‘ Q). The function r(v)=r,0v
satisfies the condition a < r,(v) < r(k). Using the Lax-Milgram theorem
we deduce the existence and uniqueness of a solution ¢ to Equation (3.3) in
W(l)’z(.Q) with the following estimate:

Il wizay < Glf] - (3.10)

Equation (3.3) can be rewritten by placing the term iwu¢ in the right-hand
side. Applying Lemma 3.1 we obtain thanks to inequality (3.5) the estimate:

1@ lwyrcay < CUA + 191w 100y) -

Using estimate (3.10) and the continuous imbedding of W(l)‘z(.Q) into
W~ P(Q) we have:

"qbuwg)-ﬁ(g) = C3‘f| s (311)

vol. 31, n® 7, 1997
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the constants C,, C,, C; being independent of v.
On the other hand, let v and w denote two functions of W(l)’ () and set
p=T(v), y=T(w), p=¢—-y. We have:

- V. (r(v)Ve)+ioug=V.((r(v))Vy). (3.12)
Using the energy inequality and (3.11) we have:
19l wizay < Coll (r(®) = r(w)) Vvl 2
< Cllr(0) = 1 (W) e 1 V¥ | 1200y
< G Gf] Irnv) = r(w)ll p=0) -
We apply again Lemma 3.1 to Equation (3.12). We obtain using the previous
inequality:
ol wyrcay < CsCI(r®) = r(w)) Vil gy + @m0y sy
S C(Irv) = rfw) -0y VW [ 1oy + @1l wr20y)
< Glirv) = (W) ll -0y -

From Lemma 3.2, we deduce that the mapping v+ F(V)=r 00 is
continuous from L™(Q) to L™(2). The continuity of the imbedding of
w4 Q) into L”(L) implies the continuity of the operator 7,. [

LEMMA 3.4: The mapping T,g: Wy (Q)x Wy?(R2) > WyURQ) is
continuous and compact.

Proof: The operator T, is linear and continuous from Lr 'Z(Q) to
WP () N Wé’ P2(Q) for p > 2 [Gr]. It follows that T, is linear continuous
and compact from L”*(2) to Wy ?(£2). It remains then to prove that the
mapping g : Wé’q(Q) X W(ll’p(Q) — LP*(2) is continuous. Let (v, ¢) and
(w, w) denote two elements of W(l)’q(Q) X W(l)"’ (Q). We have:

19C0, 8) = 90w ¥l gy = % 1r2) V9] = 1,(0) VYl ey
<L) =) IVl
+ 1 w) (V> = [V ) || o
< LCr0) = O Loy I 1981 gy
+ 1) ey Il [V917 = [VW )l gy
s C( “rk(u) - rk(w)”L‘"(Q)

+ || Vg - V'I’/“Lv(g)( Vg ”LP(Q) + ?‘?VW”LP(Q)) .

M? AN Modélisation mathématique et Analyse numérique
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Using the continuity of the mapping w € L™(2) +> r(w) € L™(£) and the
continuity of the imbedding of W' 4(Q) into L™(Q) we deduce the continuity
of g. O

We are now able to state the main theorem of this section.

THEOREM 3.1: There exists p > 2 such that Problem (3.1)-(3.2) has at least

one solution (h,u,) € W(l)’p(Q) X W(l)’ Q) for all q satisfying (3.9).
Furthermore, we have the estimate:

1l wgrcay + Nl wyacay < CIAA, (3.13)

where C is independent of u, and h,.

Proof: From Lemmas 3.3 and 3.4, we deduce that the operator
T: W(l,’q(Q) - W‘l)’ ?( Q) is continuous and compact. It remains to prove that
T(v) is uniformly bounded in W(l)"’(Q). Inequality (3.11) shows that
T,(v) is bounded independently of v. We can write:

Ii T(U)H wEUR) s “ Tz g(v; Tl(v))” WEP2(Q)
< Cylrv) VT (0) 2] oy
S C2|| TI(U)”éV(l)p(Q)

< Glf*

where C, is independent of v.

Choosing for D the ball with radius C,| f]2 and center 0 we clearly satisfy
the conditions of the Schauder’s fixed point theorem. We then obtain a solution
u, € Wy ?(£2) of the equation T(u,)=u, and the pair (7,(u,),u,) is a
solution of Problem (3.1)-(3.2). O

Remark 3.1: Since the right-hand side of Equation (3.2) is nonnegative, the
weak maximum principle implies that the function «, given by Theorem 3.1 is
nonnegative for all k.

Remark 3.2: From Theorem 3.1, the function u, is an element of
W>P?(Q). We deduce that u, € W"°(2) with s =;‘%~%' Since s > 2, the

Morrey’s Theorem (cf. [Bre], p. 166) implies that the function u, is continuous
on Q2.

vol. 31, n® 7, 1997
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4. SOME TECHNICAL LEMMAS

We have proved in the previous section that Problem (3.1)-(3.2) has at least
one solution (4, u,). We shall now study the sequence of functions
(hy, u), and show the existence of a limit pair (4, u) satisfying (2.7)-(2.8).

If the function r is bounded, the pair (h,, #,) is solution of Problem
(2.7)-(2.8) with k= | r| r=(w)- If r is not bounded, we can no more conclude
that the sequence (7,(u,)), is bounded in L™(£). In this case, we shall seek
a solution of Problem (2.7)-(2.8) as a limit of the sequence of solutions of the
truncated problems Z,.

Our main goal is to prove the existence of a solution pair (4, u) such that
u € L™( Q). Notice that if this is the case, Problem (2.7)-(2.8) is well defined
since the function r(u) is bounded. An alternative approach was considered
by Murat [Mu] in which the notion of a renormalized solution is introduced.

We shall, in the present section, prove a series of lemmas that will enable
us to control the L™-norm of u, in terms of k. We shall prove that, under some
conditions, there exists a real number K such that | |l oy S K

Remark 4.1: Let K> 0 and let (A, uy) denote a solution of Problem
(3.1)-(3.2) such that

I uK"L”(Q) <K. “4.1)

Then r, O uy = rg O uy ae. for all k = K. Therefore, (hy, u,) is a solution
of Problem (2.7)-(2.8).

It is now sufficient to prove the existence of K > 0 such that (4.1) holds.

From Remark 3.1, the function u, is nonnegative.
The next lemma gives a first a priori estimate on u,.

LEMMA 4.1: Let (h,, u,) denote a solution of Problem (3.1)-(3.2) in the
space Wé’p(.Q) X W(I)‘q(.Q). We have

1
L r(w) |Vh|* dx < e IA? dx . (4.2)

Proof: Multiplying the first equation of (3.1) by the complex conjugate
function of &, and integrating on the domain £, we obtain:

ia;,uf |hk|2dx+f rd(u,) |th|2dx=f fhy dx .
Q Q Q

Thus

wpf |hk]2dxsf Im(fhj;)dxsf Il |k dx.
Q Q Q

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



SOLUTION OF A TWO-DIMENSIONAL STATIONARY 855

Using the Cauchy-Schwarz inequality, we get:

(L ]hkizdx>1/2 < #—io (L Tik dx)m .

Using again the Cauchy-Schwarz inequality we have:

[ i 1nfrac=| rempyax< L[ inae,
Q Q 2

which achieves the proof. [
Remark 4.2: From (4.2) and Hypothesis (2.5) we get:

L V| dx < L oo fﬂ 72 dx . 4.3)

Therefore, the sequence (4, ), is bounded in W(l)’z(.Q).

In order to prove that the existence of a solution (A4, u) such that u is
bounded, we shall use a method based of results of Stampacchia [St]. The
main idea consists in measuring the subsets of 2 on which the function u is
“very large”. We then show, under suitable conditions, that these subsets are
of measure zero.

In the remaining part of this section we suppose that k is a fixed positive
real number such that:

a(2x—-1)
2(x—-1)

where y is given by Lemma 3.1. Notice that this is possible since the function
r is positive and unbounded.

Let now [ denote a positive real number. We define the following subsets of
Q:

r(k)> (4.4)

A={xe Q;ulx)>1},
Q={xe Q;l<u(x)sl+1}.
Let, in addition, v, and w, denote the functions:
v,=max (1, —,0), w,=min(v,1).

Here above, we omitted to index the sets A, and €, and the functions v, and
w, with k for the sake of conciseness.

vol. 31, n® 7, 1997
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Notice that the functions v, , and W4, 2TC elements of W(l)’z(A,) and that,
thanks to the continuity of uk'(cf. Remark 3.2), A, is an open subset of R’

Remark 4.3: If for 1>0 we have |A|=0, then [ul ~q) <L

The previous remark justifies the choice of the used method. Studying the
sets A, will enable us to evaluate the norm of u, in L™(£2). In what follows,
we first estimate the measure of the domains A, in function of [ independently

of k. The next lemma allows to control the size of the domains A, in function
of L

LEMMA 4.2: Let [, denote a vreal positive number and

@ : [ly, ) = [0, o) a nonincreasing function. We assume the existence of
y € (0, 1) such that:

Vie [lpe), ¢(I+1)<yp(l).

Then

o(1) < C, 7, wmug=¢u@(%f*\

Proof: Let 121, and nelN such that =Il,+n+9,
0=d<1. We have:

P =¢(ly+n+6) <Y ¢(l,+9) <" ¢(1,).

On the other hand we can write:

yn _ yl-zo-é — yl(%)l"w < yl(l)lo+1 ‘

We then deduce (4.5). O
Lemma 4.2 will lead us to a first estimate of the measure of A, The

following result gives an estimate of the behaviour of the function
I—|4,].

LEMMA 4.3: Let (hy, u, ) denote a solution of Problem (3.1)-(3.2) given by
Theorem 3.1. Then there exist n € (0,1) and C, >0 such that:

A <C, v VI>0.

The constants n and C, are independent of k and 1. They depend on |Q| and

-
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Proof: Multiplying Equation (3.2) by w, and integrating on the domain
Q, we obtain:

f Vu, . Vukd.xz%f ru,) | VA, |? w, dx
‘Ql Al

1
< EL r () |Vh)* dx .
Then

f |V, |? dx < %f rw,) |Vhy|? dx . (4.6)
Ql Al

Let g € (1,2), we can write thanks to Hélder’s inequality:

1 1

7 11 2

(f |Vuk|qu>qs |9,|;"5<f |Vuk|2dx> _
Q, Q

Let q* denote the real number satisfying 1/q* = 1/q — 1/2. The previous
inequality and the Sobolev’s imbedding of Wl’q(A,) into L7 (A)) give:

1 1
(f |w,|q'dx>" qu.(f |vuk|qu>"
A Q,
1
11 , )2
< C/|Q)a 2<fg |V | dx) :

Noticing that w,=1 on A,,; and using (4.6) and Lemma 4.1 we get

1

1 1.1 2
A, 1ld < Cpr|2)]4 Z(J.Q |V”k|2dx)
]
1

<L %rk(uk) |th|2dx)§

1.1 1 2 %
< Cp|Qa2 3 QL}‘] dx ) .

N =

1
< Cp|Q))a

vol. 31, n°® 7, 1997
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Therefore

4
. 1 2
IA1+1I < [‘Qz| CZ'(ZW, J;) lﬂzdx> :

The value of g can be arbitrarily fixed (e.g. g = —3-). We then deduce the

existence of a constant C > 0 independent of k& and of / such that
|Al+l‘ s C|Q1‘ < |Al| - |Az+1')'
Hence
C
[A4] < 1+ C |4, -

Applying Lemma 4.2 to the function ¢(1) = |A,| we obtain the desired result
with

the constants #7 and C, being independent of k and I. O

The previous estimates are not sufficient to determine a solution (A, u) of
Problem (2.7)-(2.8) with 4 bounded. We shall now prove a further result using
the sharp estimates obtained for the Meyers’ theorem. For this we need the
next lemma the proof of which is given in ([St], p. 93).

LEMMA 4.4: Let [, denote a vreal positive number and
2 {l,o0) — [0, ) a nonincreasin nction. We assume the existence o,
Lo 8
positive real numbers y, Cs and of B> 1 such that:

CS
(e=1)

o(1) < o1 Vi, I <i<t. %))

Then there exists d >0 such that ¢(ly+d) =0 with

d'=C, 27 (1) (4.8)

We shall apply Lemma 4.4 to the function ¢(1) = |A,|. We show that there

exists [, >0 such that ¢(l;)=0. From Remark4.3 we have
”u“y"’(g) < .
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LEMMA 4.5: Let U a bounded open set of R® and let s > 2. The imbedding
of W *(0) into L’(Q) is continuous with

Ml oy < 5 101" ullyrzey, Yue WH(0). (4.9)

Proof: Let s  such that 1/s" = 1/s + 1/2. We have s < 2. From (Brezis
[Bre], p. 162) we have the following Sobolev inequality:

1l ooy < Colltll gy (4.10)

where C- < s (2~ s ). In [Ta], the optimal value of the constant involved
in (4.10) is given. The value of s is given by s= 25 /2—s. Hence

1 .
lull ooy S isllull wh'(0)

S1O1F 2 ull ooy

Mli—

1 1
< ‘isl(pls“uuwl.z(@) »

whence (4.9). O

We now state the principal result of this section. We obtain an estimate of
the measure of A, for given [>0. This estimate takes into account the
regularity result obtained from the Meyer’s lemma.

LEMMA 4.6: Let 1>0 and assume that function r satisfies hypotheses
(2.9)-(2.11). Then, for t>1 and for all q>?2, we have:

A < ,_lr(k) )l ,l” (4.11)

where p is chosen according to (3.7). In particular, p depends on k. The
constants Cg is independent of k, | and t.

Proof: Let g, denote the function 5 rk( u,) |th| and let [ = 0. Multi-
plying Equation (3.2) by v, and mtegratmg over 2 we get

J' |Vuk|2dxsj g,v,dx .
A A

i
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Lemma 3.1 implies that g, is an element of L” ?(Q). Setting s = 2—2+L we
check that 1<s<p/2 since p>2. If s’ is the conjugate numbdr of
s(1l/s +1/s"=1), we can write using Lemma4.5 and the Poincaré’s
inequality:

1/s
[was (L[ )
A A A

1 1_2 /s’ 72 w
7 === £
<351 H oy I [ 10

1

1o, 12,1 2\ P
$§s'|A1s 7 58 ) |Vu,|” dx i |g, |7 dx R
'] l

where S is the constant of the Poincaré’s inequality. We obtain:

12 ) 2 2/p
L |V |*dx ) <5554 > f lg. /"% dx ) . (4.12)
1 Al

Let now g > 2. Using again Lemma 4.5 we obtain:

l/q 1 1
| 1odrac) " < Saafitoty
1

172
1 1 2
< EqS|Al|q<Ll |Vu,| dx) . 4.13)
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Let £ > 1. We have A, c A,. In the domain A, we have v, = ¢ — [. We then

write:
1 1/q lg
(r=1)|A,l7 < f|”z|qu < f|v,["dx .
AI AI

From the previous estimate and from relationships (4.12), (4.13), we get:

A

1 1 ,ery, 1 241 o Y7
[Afa(t=1) < 7a5S7|A) 23| | g™ ax ) (4.14)

Since the function () is nondecreasing, we have r,(u,) < r(k).
Consequently, we obtain from Estimate (3.8) the inequality:

2/p 1 2p
J o) "3 [ ncwrionp e
Al Al
2
S%r(k)(j |th]”dx>”
Q

Since s"=2p/(p—-2), we obtain using inequality (4.14):

w-24( S*Colf1* \* 2 pg \a
Al < 4] (—ﬁSaz(z—l) r"(k)(p_z)‘

We then deduce (4.11) with

_sr e

C,
6 8 o

3

the constant C, being independent of &, [ and z. (O
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5. EXISTENCE OF A BOUNDED SOLUTION

This section is devoted to the proof of the existence of a solution (%, u) of
Problem (2.7)-(2.8) with u bounded. As we have mentioned in the previous
section (Remark 4.1), it is sufficient to show that there exists K > O such that
I MKHL“(Q) < K.

THEOREM 5.1: Let k be a given real number satisfying (4.4). There exist
constants C,>0 and n € (0,1) independent of k such that the following
inequality holds:

=~

; 2 kp-2
[l =0y $§+C7(;—€—§) r(kym v, CRY

where p is given by (3.7).

Proof: Set l,=k/2. Relationship (4.11) satisfies Hypothesis (4.7) with
¢(1) = |A,|. We deduce that |A,| =0 for [=1,+d where d is given by
(4.8). Wet get:

k
kel oy < 5+

ap-2)

Using Lemma 4.4, Estimate (4.8) gives with y=g, f=1+ 7

Cs=Cirli(k)(2pgq/p—2)9:

B 2 q ap-2)
d"=2ﬁ—1cg(p—;’l‘§) (k) g7

We have:
-2
d=27" Co 2% (k) |4 T
- 2

If we take, in Lemma 4.6, q:—L

, we find f=2. We then deduce the
. p—2
following:

_ 2 2=2
d=3 c6(p—1’—_ 5 ) (k) a7
Therefore

k 2 p=2
nuknmmsimcs(;g-i) (k) |Ag 7 -
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From Theorem 4.1, there exist # € (0,1) and C, >0 such that:
k
|Ax| = C, 52,
2
where the constants # and C, are independent of k. We get:

2 kp=2
“uk[lL(Q) &+C(P_L) r(k)n2 »

We thus have the desired estimate. []
The next theorem gives the main result. Its corollary will be more inter-
esting from a practical point of view.

THEOREM 5.2: Let r denote a function satisfying hypotheses (2.9)-(2.11). We
assume furthermore that r satisfies the condition:

. kin1++-%—~
In ; 2 2r(k
klﬂ(ﬁj) '(k)exp(ln(n) (41nxr( ))>=0- (5.2)

LAY E3)

Then, there exists p >?2 for which Problem (2.7)-(2.8) has a solution
(hou) in WyP(Q2)x (WyPX(Q) " W*P?(Q)), thus ue L°(2). The
constants y and n are given by Lemmas 3.1 and 4.1. In particular, we have
ne (0,1) and y>1.

Proof: Relationship (3.7) gives:

B 41ny
p_21n)(—ln Z—ZrE(Tk)):—za&)'
whence
2Iny ~ 2Iny - 21lny

T (zzz(kk))_zaayl“(l+2r<k31~2a) m(tenty)

Using (5.1), we obtain:

kln (1 +—%—
. 2Iny 2 ( 2r(k))
| L0y S 2 + C7<-——a—)-> r(k) exp<ln (%) iy .

ln(1+2r(k)

>
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If r satisfies the condition:

kin(1+5—%
lim (—2102 2r(k)exp<1n(77) (412’(1‘))):0,
(1 55%5) nx
r(k)

then there exists a constant K that fulfills relationship (4.4) such that
lugll =0y S K. Applying Remark 4.1, we conclude that (A, u,) is solution
of Problem (2.7)-(2.8) with u, bounded. Applying Lemma 3.1, we obtain a
solution (h, u) = (A, uy) in WP(2) x (WyP*(Q2) n W»P?(Q)) for a
p > 2. The value of p depends on « and on r(K). O

The following consequence of the above result gives an information on the
behaviour at the infinity of functions satisfying condition (5.2).

COROLLARY 5.1: Let r denote a function satisfying Hypotheses (2.9)-(2.11).
If there exists { € (0, 1) such that:

Jim k) k ‘<o, (5.3)

then r satisfies condition (5.2).
Proof- Using a development of In (1 + « /2 r(k) ) at first order we obtain

the following equivalence for k — oo :

kin{1+—-2%<
(i;_(..l.:_l—g__:_j)z exp(ln (n) (4 In ;(k) )> N4( r(o]f))z

2r(k)

k
(0D 3735 )

From (5.3) we deduce the existence of a constant C; such that for k large
enough, we have:

In y 2 kln(1+?0;<—))
( o ) r(k) exp In(n)——W—
ln(1+——2r(k)) »

< C8k3cexp(ln(77) Cgkl"':).

The value of In (#) is negative since # € (0, 1). Consequently condition (5.2)
is satisfied. O
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Clearly this result does not give the existence for { = 1. This is due to the
roughness of the estimate of p given by (3.7). It remains an open problem to
show the existence for { = 1.

Interpreting Relationship (5.3) with respect to the temperature, the condition
(5.2) becomes: for all { e [0, 1) there exists 6, and C, >0 such that

9 ¢
p(8) < Cg(J. A(s) ds>

for = §,. In this case, Hypothesis (5.2) is satisfied.

The monotonicity condition imposed to the function r is not necessary. It
simplifies the proof. The following lemma will enable us to avoid this
constraint.

LEMMA 5.1: Let r denote a continuous function that satisfies the following
conditions:

,ll,nl, r(t) =eo, 5.4
Then, there exists a sequence of real nonnegative numbers (k;), such that:

lim k, =+ oo, (5.5)

i— oo
sup r(t)=r(k), VieN. 5.6)
Proof: We define the function:
At)= 5551[1&] r(s),

and the set S={r = 0;7(t) =r(t)}. Notice that S is closed since the
functions #(¢) and r(t) are continuous. Furthermore, the function 7 is non-
decreasing. We shall first prove that S is not bounded.

Assume that S is bounded and let M denote its upper bound. We have
A(M)=r(M) since S is closed and

At)y>r(t), Vt>M.

We shall prove that 7(t) = A(M) for t = M. We have, by definition of M,
for 1=2M:
P(t)= sup r(s)= sup r(s).

se [0,1] se (M, 1]

The continuity of r implies that, for given ¢ > M, there exists ¢, € [M, r] such
that 7(¢t) =r(z). If 1, > M then 7(t) =r(z,) < 7(t,) since M is the upper
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bound of S. This is contradictory with the monotonicity of 7. Consequently, we
have ¢, =M and 7(t) = #(M) for all 1 = M. This implies that the function
r is bounded by (M) which is contradictory with Hypothesis (5.4).

The set S is therefore not bounded. We can take a nondecreasing sequence
of points (k,), of S satisfying the property (5.5). The monotonicity of 7 implies
that the sequence r( k,), is nondecreasing. From (5.4) we deduce that its limit

is + co. By construction, this sequence is therefore convenient. [J
It is then sufficient to take in the proofs of the preceding sections the values

of the sequence (k,), The properties (5.5) and (5.6) replace the hypothesis of
monotonicity of

APPENDIX

We give here a proof of Lemma 3.1.
Let X, stand for the Banach space W(l)”’ () equipped with the norm:

lully, = <f |Vul? dx>;,
Q

the set Q begin here a domain of R". Let Y, denote the Banach space
W~ “?(Q) equipped with the norm:

laelly, =min{ gl 1r o)y suchthatg € (L7(L2))" withV.g =u}.
Let a e L™(Q) with

O<a<a(x)<f<o aexe Q.

We consider the following elliptic operator:
1, _ _yv.(a
Au—ﬁLu—- v (ﬁVu)

Equation (3.4) can be written in the form:

gef 1

Au=(A+A)u—Au= _[)’f’ 6.1)

Clearly, the operator — 4 is an isomorphism from X onto Y for all
p e (1,0) (¢f [Si]). Let G, denote its inverse defined from Y, onto X, We
have:

(G(A+4)+u=G,g,
where [/ is the identity operator on X .
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It is clear that if for a given p:

1G(A+ D lig xy<1, (6.2)

then the operator A + 4 is a one-to-one mapping from X onto Y, Since
A is an isomorphism from X, onto Y, we can deduce that A is also an
isomorphism from X onto Y,. Our proof will then consist in determining the
values of p for which inequality (6.2) holds.

Given u € X, we have:

ICa+ aul, = V- (1-5) va],
< 1(1-%) Vul oy
< su E:_;LQ‘ IVull 1pe o)
< B2y,
Therefore:
1A+ 4| gx, v,y < ‘3—;,—"‘ (6.3)

Let now % denote an element of (LP(2))". We can associate to 4 the
function v € X satisfying -Av = V . h. This defines a linear and continuous
mapping:

n:he (LP(2))'— n(h)=Vve (L7(2))".

Consequently, there exists a constant Cp >0 such that

1Yol rayy < Coll bl ooy

From the definition of the norms of the spaces X, and Y,, the previous
inequality implies that

1G, Il 2(v,.x,) < G,

with C, =1. Choosing the value p =4 we obtain:

IVOll ooy < xRl ooy

where y > 1. Notice that the choice p =4 is arbitrary but avoids technical
difficulties. More generally on can choose any p, > 2.
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The mapping 7 : LY(2) - L*(Q) is linear and continuous. It is also
continuous from L*(Q2) to itself. From an interpolation theorem (cf. [Bre],
p- 128) we deduce that L is a linear and continuous mapping from L?(Q2) to
itself with
1-6

=g+—7—, 0e [0,1].

=

Moreover, the norm C, of the operator 7 in L?(2) satisfies the following
inequality:
0
C,sx.
We find 8 = 2(p — 2 )/p. Therefore, using (6.3) we obtain an estimate of the
norm of the operator GP(A + A), that is:

) 2(p-2) B —
Epr(A+A)“If(X,,,XP)$X P ‘B(X‘

We then choose the value of p such that the norm of the operator
G,(A + 4) is bounded by ;;L;;g, ie.,
X b B - 28 -

2(p-2
p

For p € [2,4], we have ) € [0, 1]. Whence:

2(p-2)
l<sy » <yg.

Consequently a choice of p is possible if § satisfies the condition

20—«
XZ 38 2q

i.e.

a(2y-1)
P25G-1y

We can then evaluate p in function of « and f. We find:

p= 41ny
= SFT .
21n;{—ln(—§—-2ﬂ_zaa)
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Hence:

1G4+ Dl g,.x, < 2552 <1

The mapping G, (A+4)+1 is then invertible and the norm of
(I+G(A+4)) " is given by

I+ G A+ D) g n, < —o5—s < 2E.
iz

We deduce then that G,(A + 4) is invertible and consequently A is an
isomorphism from X, onto Y, and

2p

-1 -1
”(GPA) ” L(X,. X,) = HA A" L(X,, X,) = o

Using the relation:

-1 _ -1 -1
1A™ W g, xy = 1A™ " AG, I gy xy < 147  All g ) 1Goll o, )

we obtain the bound:

C—Z—‘ESX;E

-1
“A ug(vaXp) = P o o

Then, for each g € Yp, Problem (6.1) has a unique solution # in Xp and we
have the estimate:

2
1Vl iy < 222 1G04 ey

2z
< o ﬁfH W br() .
Using the Poincaré’s inequality we have:
28y

R[MHW(I)-”(Q) < S”VMH(LP(Q))" = _a—' “f”w‘ Lr(Q) s

which yields the desired result. [
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