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: MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
% MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol. 32, n° 1, 1998, p. 25 a 50)

JUSTIFICATION OF A TWO DIMENSIONAL EVOLUTIONARY
GINZBURG-LANDAU SUPERCONDUCTIVITY MODEL (*)

Zhiming CHEN (**) C. M. ELLIOTT (1) and Tang QI (1)

Abstract — It 15 proved that a two dimensional evolutionary Ginzburg-Landau superconductivity model s an approximation of a
corresponding thin plate three dumensional superconductivity model when the thickness of the plate uniformly approaches zero Some related
topics such as existence of weak solutions to the three dimensional variable thickness model and the convergence when the variable thickness
tends to zero are discussed A numerical expervment using the now model is reported © Elsevier, Paris

MOS subject classification: 35K55, 82D55

Résumé — On ntroduit un modéle de superconductivité bi-dimensionnel instationnaire de type Ginzburg-Landau comme la himite du
modeéle de plaque mince tri-dimensionnel correspondant quand 1’épaisseur de la plaque tend vers zéro On discute l’existence de solutions

faibles du modéle et leur limite quand l'épaisseur tend vers zéro On présente une expérience numérique qui utilise le nouvean modéle
© Elsevier, Paris

1. INTRODUCTION

The Ginzburg-Landau Superconductivity model describes the phenomenon of vortex structure in the super-
normal phase transition. From the mathematical point of view, the stationary two dimensional model allows a
rigorous proof that for most of the physically relevant (gauge invariant) boundary conditions, the order parameter
takes the value zero on isolated points (c¢f: [EMT 93]). This supports the theory of vortex structured phase
transitions 1n the super-normal transition. In the three dimensional case, to the authors’ best knowledge, there are
no such results except for the study of Jaffe and Taubes in the self-dual case (cf. [JT 80]). We also observe that
a two dimensional model is easier to be studied from the numerical point of view. It is therefore interesting to
prove that the two dimensional model is a good approximation of the corresponding three dimensional model
when the size of the sample 1s small in one particular dimension.

The particular model of evolutionary (or rather quasi-static) superconductivity dealt with in this paper was first
studied in [GE 68]. The model involves three quantities, a magnetic potential, an electrical potential and an order
parameter. The existence and uniqueness of solutions to such system subject to the homogeneous Neumann type
boundary conditions are established in [CHL 93] and [Du 94] respectively. In this paper, we adopt the notation
of [CHL 93] and study the convergence of the thin plate model. For the evolutionary equation with some other
boundary conditions, existence and uniqueness of solutions have been established and properties of solutions have
been analysed (cf. [T 95]). Recently, a more generalized result on existence (without the assumption that the initial
data of the order parameter is bounded in L™) was proved in [TW 95]. It was also established in [TW 95] that
the evolutionary system admits a global attractor. In this paper, we only give a brief sketch of the existence and
uniqueness proof because the domain is not as smooth as in the previous papers and we want the paper to be self
contained.

In [DG 93], the similar problem of showing that a two dimensional model is an approximation of the three
dimensional model in the steady state case has been studied. Here, we allow the thin film to have different upper
surface and lower surface and give the proofs in greater detail concerning certain regularity estimates. It is also
worth noting that the geometry of the thin films with variable thickness is related to the pinning mechanism of
the vortices in the superconducting material samples.
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26 Zhiming CHEN, C. M. ELLIOTT and TANG QI

2. PRELIMINARIES

Let ©, be an open bounded subset of R? with aQ,e C %, We consider a thin film of variable upper and lower
surfaces defined by 2, ={x = (x,,x,, x;) : x’=(x,,x,) € Q,, x; € e(—b(x"),a(x’))} where ¢ >0 is a small
parameter, a, b are assumed to be functions in Cc( Q,), and a(x’) = ¢,>0, b(x") = ¢, >0 for all X' € Q.
Throughout the paper we will assume that €2, has a Lipschitz boundary 92,.

Let 2 be an open subset of R” with Lipschitz boundary 3%, where n=2 or 3. For s = 1, p = 1,
W*?( 2 ) will denote the standard Sobolev space of real valued functions having all the derivatives of order up
to s in the space LP(Z). Let H'(2) = W**(2). We will also use the subspace

H (2)={AcH (Z2):A.n=00n3F}.

For any Banach space X and any integer m = 0, denotc

T
wW™P(0,T;X) = {u(t) € Xforae.te (0, T),J;{ ol + - - - + ||u(m)]|§}dt<oo}.

Let LP(0,T;X) = W»?(0,T;X) and H'(0,T;X)=W"*0, T;X). If X denotes some Banach space of real
scalar functions, then the corresponding space of complex scalar functions will be denoted by its calligraphic form
X and the corresponding space of real vector valued functions, each of its components belonging to X, will be
denoted by its boldfaced form X. However, we will use | . ||, to denote the norm of the Banach space X, X or
X.

The standard gradient, divergence and curl operators in R? will be denoted by grad, div and curl, respectively.
Let A’denote the projection of a three dimensional vector A € R’ onto the (x5, x,)-plane. On the
(x;, x, )-plane, it is convenient to introduce two curl operators

B, 0B,
curlB=—=—
ax,  dx,

T
and curl'y = (g—%, %CKI) .

We also need the divergence and gradient operators

9B, 4B,

dx, * 0x,

div'B = and grad’y = (i"i M)T.

ax,’” 0x,
Here, we notice that the following inequality holds on Hrll (2,) (c¢f [GR 86])
1A oy < CCILAT 2o,y + NIV A 2oy + eurl Al 2 ,), VA € H, (2,) 2.1)

where the constant C depends on the domain €. The fact that C in general depends on ¢ has been ignored in
[DG 93] (¢f. Lemma 3.1). In section 4.2 we will show that C is indeed independent of e.

When the temperature is close to the critical temperature 7, where the transition from normal state to
superconducting states starts taking place, the Ginzburg-Landau evolutionary superconductivity model is as
follows

) ; 2 .
71%‘%+mxw¢+(igrad+A) l//+l//(|l//l2—l)20, in Q, 2.2)
‘%‘}+ grad ¢ + curl® A + Re [(igrad v+ !//A) l,?/] =curlH, in Q, (2.3)

where Q, = 2, X (0, T). Here y : 2, — € is a complex valued function and is usually referred to as the order
parameter, ]x//|2 represents the density of superconducting electron pairs; ¥ is the complex conjugate of y ;
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TWO DIMENSIONAL APPROXIMATION OF THE GINZBURG-LANDAU MODEL 27
A:Q — R’ is a real vector potential for the total magnetic field; ¢ : Q, — R is a real scalar function called the

electric potential which satisfies the constraint J. ¢ dx =0 for almost every t; #, x are physical constants;

Q
H:Q — R is the applied magnetic field. The boundary and initial conditions are as follows:

(igrad+A)|//.n:0, curlA An=HAmn, on I 2.4

&

w(x,0)=w,(x), A(x,0)=A,(x), in £, 2.5)

where I', = 0Q,_x (0, T). Here “.” is used to denote the vector inner (scalar) product, “/\” is used to denote
the vector exterior (vector) product and “n” is the unit outward normal vector of 9€2,.

The assumptions on the data are:

(A1) yoe H'(R2,), |w,| <1 ae. in Q

(A2) A, € H, (2,);

(A3) He H' (0, T; L% (2,)).

It should be pointed out that this is a rescaled version of the original model. For the details of rescaling, we
refer to [EMT 93], [Du 94] and [CHO 92].

It is straightforward to verify that for this model, if (y, ¢, A) is a triple of solutions, then for any smooth

function 6, (we"’, ¢ — 0,A +grad 0) is also a triple of solutions. This invariance property is called gauge
invariance and a transformation of the type

(v, 9, A) = (we"’, ¢ — 0, A + grad 0) (2.6)

is called a gauge transformation. It is therefore enough to discuss the properties of solutions for one particular
gauge equivalent class of our choice.

PROPOSITION 2.1: For any vector valued function A € H' (2,x(0,T)) and complex valued function

¢ e L*0,T; L% Q.)) with f ¢dc=0 for almost every t,  there exists a  function
e Iiz(O,T;HZ(Qe))mHl(O,T;%Z(.QS)) such that 0(x,0)=0 and A=A +grad6,
¢ = ¢ — 0, satisfies
divA +¢ =0, inQ,,
{A .n=0, onT, 2.7
The proof of this proposition will be given at the end of Section 4.2. In the following, we will only discuss

solutions in the gauge equivalent class satisfying (2.7): under this gauge choice, we conclude that the system
(2.2)-(2.5) can be rewritten as follows:

%‘%—inkdivAy/+(%grad+A)zw+y/(|y/|2—1):0, in Q,
%%—AA+Re[(£grady/+y/A)t/‘/]=curlH, in Q,
grady.n=0, A.n=0, curlA An=HAn, onrl,

w(x,0)=y,(x), A(x,0)=A,(x), inQ,

7

(2.8)

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

Since the domain is not as smooth as required in [CHL 93], we sketch the existence proof independently. As
¢ is considered to be a constant in this section, to simplify the notations, we use £ for £2, and drop the notation
of dependence of solutions on &. To begin with, we define

W = L0, T; #(RQ)) N H#0,T;(H(Q))
W, =L*(0,7T;H, (2)) nH (0, T; (H.(2))). (3.1)

vol 32, n° 1, 1998



28 Zhiming CHEN, C M ELLIOTT and TANG QI
The weak formulation for the system (2 8) 1s then to find (y,A) € # x W, such that
w(x,0) = y,(x), A(x,0)=A,(x) (32)
and

T T
7 W 05 dx dt — dv Ayeo dx dt
ot oo

+ ~l~(égradt//+Al//)(—égrada)+Aco)dxd1t
(le —1)ywdxdi=0, foranywe FLX0,T,#'(2)) (33)

T
J.J.%dedt+f J. [curl A curl B + div A dwv B] dx dr
0ve

+J:nge [(égrady/+Ay/) y_/] B dxdt

T
=f f Hcurl Bdxds, foranyB e L’>(0,7,H. (2)) 34
0o

The purpose of this section 1s to prove existence and uniqueness of solutions to (3 2) (3 4)

THEOREM 3 1 Let the assumptions (Al)-(A3) be satisfied Then (3 2)-(34) has a umique pair of solutions
(w, A) sansfying

we L0, T, ()N H(0,T, LX(R)), (3 5)
AeL”(0,T,H: (2))nH'(0,T,L*(R2)), (3 6)

and
|w| < 1 almost everywhere on Q x (0, T) (37

The theorem 1s the consequence of the lemmas that follow
LEMMA 3 1 (Uniqueness) The solution (w, A) of (3 2)-(3 4) satisfying (3 5) (3 7) 1s unique

Proof Let (y,,A;) and (y, A,) be two solutions of (32)-(34) sausfymg (35)-(37) and set
V=w, —¥, A=A, —A, Then, subtracung the corresponding equations, we have

T - T
”f f gtﬂwdxdw%f f grad y grad o dx dt
0vQ Qv

T
:lmcf J.(leAl/ll-l-dJVAz W) wdxdt
Q

T
—éf f (A grad v, +A, grad 7) odxdt
Q
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TWO DIMENSIONAL APPROXIMATION OF THE GINZBURG-LANDAU MODEL 29

. T
+Lf f(Ay/1+A2 w) grad w dx dt
Klolo

T
—f f [ACA, +A,) v, +|A, | 7] wdxdt
0ove

T
+J:) J.Q[(IW1|2+ lw,|> = 1) ¥+ y, v, ¥l wdxdt
= (1), + (1), + (1), + (I), + (1), (3.8)

T - T
9A B dxdr + f{curlAcurlB+divAdivB]dxdt
0oV ot 0V

=_,LTJ.QR6 [(%grady?+Aw1+A2 1/7) t7/1] B dx dt

] el (mava, vi) o) mara

= (II), + (II),. (3.9)

We note that since (y, A, ), (y,, A, ) satisfy (3.5)-(3.7), we have
I V/]||L"(Q) <1, | !//J"HI(_Q) sec HA] HL“(Q) S HA] Hyl(g) sc

for j=1,2 and for almost every t € (0,7T). Let w = 17/)((0,,) in (3.8) and take the real part of the equation,
then

t t

f |divA|2dxdt+cf
Q

f |w|* dx dt ;
0vVQ

|Re(1),| < }J

0

t
|Re(1)2! = Jl)[ ”AHL“(_Q)ngad ‘//1 ”LZ(Q)“ (/7H1,4(Q) + H A2 ||L4(Q)”grad l/7\‘ L2(_Q)H (/7”L4(_Q)] dt

t t
< IZJ.f ggradzp|2dxdt+cf[||A||§4(Q)+ 17 1 7o) dt 5
4" Jodo 0

t
0[ ”AH LZ(Q)H ¥,y U,;-(Q)H grad '/7”[,2(9) + “ A2 ||L4(Q) ” 7 ” L“(Q)ngad I/~IH LZ(Q)] dt

E—y

|Re(T1);] <

t

't
<1 J'J |grady7|2dxdt+cj
Q

t
< —5 J. |A|2dxdt+cf||w||§4(g)d:;
4x”Jo 0o 0

t

[ ”AHL“(_Q)“Al + A2 H L‘(g)“ l1111 ”L“'(g) ” V7 “LZ(Q) + H Az ”i“(g) “ l/7” i‘(g)] dt

S—

|Re(1),| <
0

¢
sc J.O[ “A Hi"(g) + ” V7" i“(g) + ” ‘/7” iZ(g)] dt;

|Re(1)4] < cff || dx dt .
Q

0

vol. 32, n° 1, 1998



30 Zhiming CHEN, C. M. ELLIOTT and TANG QI
By Nirenberg’s inequality, we have

~ -~ 1 3/4 ~ 1| 174 ~ ~
I ‘//”L“(g) < ¢ ‘/’”;ﬂ(g) I ‘/’” L2(Q) S grad '/’”[}(_Q) + Cg” '//” L% Q)

and, by (2.1),

A A |1 3/4 /4
“A“L“(g) = C“A“H‘(Q)HA"L"(Q)
< [ ||div A || eyt | curl A ||Lz(9)] + CJHA”LZ(Q) .

Consequently, by choosing J appropriately, we have

t
{}f |7|2(x, t) dx + II |grad w|* dx dt
Q ove

2
K

t
< f f [43 |grad !/7!2+% [cur1A|2+% |div A|% + c(|A|? + le)] drds. (3.10)

2
ove K
Similarly, taking B = A in (3.9), we obtain

't

%fg |A2(x, 1) dx+f L[|curlA|2+ |div A|*] dx dt

0

t
< [|[ [ temma o1« §rcunt A2 v AP AT+ o] avar (.11

Now uniqueness follows from (3.10)-(3.11) by using Gronwall’s inequality. O

In order to show the existence of the solutions of (3.2)-(3.4), we introduce the following semi-discretized
approximation problem: let N =1 be an integer, Ar=T7/N be the step size, H =H(x,jAzr) for
j=0,1,2,..,N. The approximation problem is then to find (1//], Aj )e ,}fl(.Q) X H,ll (Q2),
j=1,2,..,N such that

’if —WJ_%_Icodx j J‘ div A w d.
— K 1v X
o A "], y ¥

+J‘Q(£grad y/J+Aj 1//1) (—%gradco+Aj w)dx

+f(|w]|2—1)ijdx=0, foranyw e #'(Q). (3.12)
Q

J

A —A
f —A—de+f [curl A; curl B +div A; divB] dx
fo) J fe) ! !

+fQRe[(%gradwj~l+Aj~1WJ_1)V—/}_I]de

:f H, curl Bdx, foranyBe H,(Q), (3.13)
el
where (y, A, ) is given by (3.2).
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TWO DIMENSIONAL APPROXIMATION OF THE GINZBURG-LANDAU MODEL 31

LEMMA 3.2 (Existence of solutions of (3.12)(3.13)): Let At >0 be sufficiently small. Then the problem
(3.12)-(3.13) has a unique solution (1//], Aj Ye #U(Q) ><H,1l (2) for each j=1, ..., N.

Proof: We first notice that (3.12)-(3.13) are independent of each other. (3.13) is a standard linear elliptic
problem for A; with A given by the previous step. Thus the existence and uniqueness
of Aj € H,ll (92) follows from a standard argument. When A, is determined, (3.12) is a semilinear alliptic
problem with respect to y,. The existence and uniqueness of y, again follows by a standard argument. O

LEMMA 3.3: For any j = 1, |y,| <1 for almost every x € Q.

Proof: This lemma can be proved by taking w = (| l//jl2 - 1)y, in (3.12) and using the method in
[CHL93]. O

In the following, ¢ is used to denote various constants independent of N, At and . We show a number of lemmas
which will enable us to take the limit in (3.12)-(3.13) when V — << and consequently, prove that (3.2)-(3.4) admits
solutions.

LEMMA 3.4: We have

N
2 i 2 2
1rsnja%(NJ'Q || dx+,§1 Atfg ‘Kgrad y,+ A w]' dx < CJ;; |wol” dx .
Proof: Take w = 1/_/] At in (3.12). O

LEMMA 3.5: We have

N
max f |A]|2dx+EAtf [|divAJ|2+ |curlAj|2]dx
Q J=1 Q

1<)<sN

2 2 2 2
< cfg“Ao |”+ {wol T dx + c[I1H | yro, 7, 122y + 1Hg I 22¢0)] -

Proof: Taking B = A; At in (3.13) and applying Lemma 3.4, we obtain

N

> At J.Q |H, |?dx < c[ [ Hy 17200y + nHui,‘(o,T,Lz(Q))] )

=1
This completes the proof. [J

LEMMA 3.6: We have

N
> Atf |grad z//j|2dx < cj [|Ag |2+ |w,l*] dx + c[ |iH||§,l(0,T,L2(Q)) + || H, niz(g)] .
=1 Q Q

Proof: Use the results of Lemmas 3.4 and 3.5. O
LEMMA 3.7: Let 9A, = (Aj -A _ | )/At We have

N
2 : 2 2
: + divA, |"+ 1A
]=§1 AtJ.Q |A,; |” dx 1rsn]a§1vfg[l ivA; |"+ |curl A, |7] dx

2 2 2 2
< c[ 1Ay gy + 1Wollz2oy + 1HI k0,7, 12¢2yy + 1Ho llz2¢0)] -

vol. 32, n°® 1, 1998



32 Zhiming CHEN, C. M. ELLIOTT and TANG QI

Proof: Let B = At 0A; in (3.13), then for any m < N,

m

Atf A, > +%jdivA, |2+1 jcur A, |?] dx
A [1oa, g ldivA, P +5 eurl A, 7]

1 . 2 2
< Ejg[ld1VA0 |”+ |curl A, |7] dx

_Edzf Re [(’L.Cgradz,//];_1+Aj~l !//J_l)l/_lj_l] oA, dx

1=1

+2f H, curl (A - A, | )dx

Jj=1

= (IIT), + (III), + (II1), .

Use the results of Lemma 3.4, we have

m 2 ) -
(1), < %Elm[\l—gradw A | 4 lea, uiz(g)]
<

<1 ,
<35 2 At[[0A, 17200y + clWoll 720y

J=

m

(111)3=f H, curlAmdx—fQHO curledx—EfQ(HJ—H]_I)curlAj_ldx

Q n=1

1
< ZJ.Q |curl A, |?dx + [ H,, [72qy + I Hy | 720y + | curl Ay 1720,

+ > At 108, |22, + 5 leurl A; (17200, ]

n=1

f |curl A, |*dx + 7 zAtchrl _1”22(9)

n—]
2 2 2
+c[ | H, ”LZ(Q) + 1A, ”Hl(_Q) + ”Hnyl(o,T,LZ(_Q))] .
The Lemma then follows from the Gronwall’s inequality. (]
LEMMA 3.8: Let doy,=(y,—y, _,)Ar We have

N
2 2
le Az‘J.g2 |oy,|” dx + 1rsnja%(NJ.Q |grad v | dx

s C[”Ao ;[21(9) + ” V/o”?ﬂ(g) + ;lHilzl(o,T;Lz(g)) + “Ho “iz(g)] .

Proof: Take w =9y, At in (3.12) and apply Lemmas 3.3-3.7. (]

Proof of Theorem 3.1: The uniqueness has been proved in Lemma 3.1. The existence of the solutions
(w, A) satisfying (3.5)-(3.7) can be proved from the estimates given in Lemmas 3.3-3.8 by employing standard
convergence argument (cf. e.g. [T 95]). O
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TWO DIMENSIONAL APPROXIMATION OF THE GINZBURG-LANDAU MODEL 33
As a direct consequence of Theorem 3.1 and Lemmas 3.3-3.8 we obtain the following result.

COROLLARY 3.1: The solution (w, A) of (3.2)-(3.4) satisfies the following estimate

esssup, ¢ , < 7 f [lw|*+ |A|> + |grad w|* + |div A|* + |curl A|*] dx
Q
R
T Q[ arl *lar ]dx !

< 2 2 2 B EL (e
< c[|l Wo“y‘(g) + “Ao ”H‘(Q) + Ho ”LZ(Q)] +c Q EY; x at ,
0

where the constant c is independent of €.

4. THE LIMIT WHEN ¢ —> 0

From now on, 2=, and we denote by (y,A,) the solutions to the system (3.2)-(3.4).
Let p(x") = a(x") + b(x’). For any (real, complex and/or vector valued) function f(x, t) = f(x’, x;, t) defined
on 2, X (0,T), we define the average

ea(x")
, 1 ’
i (x,t)= - f X, xq, 1) dx, .
v ep(x") J —en(x) ’ ’

The purpose of this section is to prove that as ¢ — 0, the average ([y,], [A,]) of the solutions (y,, A, ) of the
three dimensional problem (3.2)-(3.4) converge to solutions of a two dimensional problem.

We first describe precisely the assumptions on the boundary 92,. Let
I ={(x,x) € 9Q,: x; =ea(x), x' € Q,},
L={(x\x) € 9Q,:x; =—eb(x), X' € Q},
Iy={(x,x;) € 92, :x, € (—eb(x), ea(x)), x" € 32},
then it is clear that
Q. =rvr,uvu(I')nl)u(I,nI;).

From the assumptions made at the beginning of Section 2, we know that I'}, I, I'; are of class C 2 We impose
the following corner conditions for the boundary parts I, N I';, I, © I';. We point out that each I', depends on
&, just for notational convenience, we drop the subscript .

vol. 32, n® 1, 1998



34 Zhming CHEN, C M. ELLIOTT and TANG QI

HypOTHESIS (H): For every x,€ I'y NIy (similar for x,€ I'y N I';) there exist a neighborhood V of
Xy € R® and a C* mapping W = (1, 115, 13) from V into R® such that n is injective, n and M ~ ! (defined on
(n(V)) are continuously differentiable, and

Q. NV={xe ,:n,(x)>0,n,(x) <0}
I'nv={xe a2, :n,(x)>0,7n,(x) =0}
IinV={xe d2,:n,(x)=0,ny(x) <0}
I'nInV={xe 3Q,:n,(x)=0,7,(x) =0}.

Furthermore, we assume that the matrices W = (Vxﬂ)_l and W 'e CY(V), det W> 0 such that

W|r. ~(—ea, — ea, 1)7/\/82|grad a|2 +1=(0,0, 1)T,
T
W|I‘3m Vn= (— 13 Os 0)

The geometric meaning of this hypothesis is fairly obvious. We just point out here that if
a(x") = constant, b(x’) = constant (the case of a plate), it is straightforward to verify that Hypothesis (H) is
satisfied provided that 9€, is sufficiently smooth. Another important remark is that the assumption
det W > 0 in (H) prevents that the edge of the plate forms a reentrant angle, this coincides with the assumption
that ¢ and b are C' functions up to the boundary and the requirement that n is a C 2 mapping which preserves
the orientation of the domain. However, we choose not to verify rigorously these assumptions here and give the
facts in the form of an hypothesis instead. For more detailed discussions about orientation preservation, image
of a domain under a C" transformation, see [MTY 93] and references cited there.

We note that in general (V, 1) and the matrix W in Hypothesis (H) depend on &, we drop the dependence on
¢ of the quantities and the quantities involved in the change of variables later in the proof of Lemma 4.2 for
notational convenience. We made sure that the proofs will not be affected by this technical point.

In order to derive the two dimensional model, we make the following assumptions in this section in addition
to (A1)-(A3):

where n denotes the unit outward normal vector of 092, along I; "V. O

(A1 ),W(): V/o(x’);
(A2) A, = (A, (X), A7 (X),0)";
(A3YH=(0,0,H(x,1))".

4.1. The main result

The following theorem is the main result of this paper.

THEOREM 4.1: Let the assumptions (Al)-(A3) and (Al)'-(A3)' be satisfied. For any € >0, let (y,, A, ) denote
the solution of (3.2)-(3.4). Then, there exist two functions

we H(0,T; LX(2,)) N L7(0,T; #'(2,))and A’ € H (0,T;L*(2,)) nL”(0,T; H. (2,))
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such that as ¢ = 0
W, = w weakly in #'(0,T; 32(90)) and weakly' in £7(0, T ; %1(90)) , 4.1
[A,] — A weakly in H' (0, T;L”(Q,)) and weakly in L™ (0, T; H,, (£2,)) , 4.2)
where A =(A’,0), and (w,A’) satisfies

W(x,0) = yy(¥), A’(¥,0)=A}(x) @3)
and

T

ff p(x)—%wdx dt - zmcff div' (p(x") A”) wo dx’ dt
0 e, 0 Ja,

J. p(x) grad’1//+A’y/)(—£grad’co+A'co)dx’dt

QO
ff p(x’)(|w| - 1) wywdxXdt=0, foranyw e ZZ(O,T;WI(.QO)) 4.4)
0 VaQ,
T
J'J‘ (x) Y dt+ff p(x") curl A’ curl B dx’dt
0 V&, Q0

+f f div' (p(x’) A”) div'B dx’ dt

0da,

+J.J. p(xX) Re (igrad’y/+A't//)l/_/]de'dt
0 K

:jf p(x') Hcurl Bdx'dt, foranyBe L*(0,T;H, (£2,)). 4.5)
0Jq,

Moreover, the electric potential ¢, given in (2.7) satisfies, as € — 0,

@] — — div' (p(x')A’) weaklyinL (0 T:;L (.Q )). (4.6)

( )
Remark 4.1: (4.3)-(4.5) is the weak formulation of the following problem:

np(x") %yti— e div' (p(xY A" ) w + (égrad’ + A’ ) [p(x’) (igrad’ + A’ )] v
+p(xX) (Jy|>-1)w=0, inQ,

4

oA
p(x") 5t curl’ [p(x") curl A’ ] — grad’ [div’' (p(x) A”)]

+ p(x") Re[(-f;grad' v+ A !//) t]/] =curl’ (p(x") H), inQ,
grad y.n" =0, A’.n" =0, curlA"=H, on[l,

w(x,0) =y (x), A'(X,0)=A5(x"), inL,
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where Q,=Q,x (0,T), I,=092,%x(0,T), and n’ is the unit outer normal of 0€,.

Remark 4.2: 1t is clear from (4.3)-(4.5) that when p(x”) is a constant, we are able to derive the standard
2-dimensional Ginzburg-Landau equations.

Remark 4.3: We only have weak convergence in Theorem 4.1. Better convergence results require high regularity
estimates independent of ¢ which we do not have.

The proof of Theorem 4.1 will be given in Section 4.3. We close this subsection by stating the following
theorem concerning the solutions of (4.3)-(4.5) which can be proved by using the same methods used in the
previous section and in [CHL 93].

THEOREM 4.2: Let y,€ %1(90 ), Aj e H,I, (2y) satisfying |y,| <1 ae in £, Assume that
He HY0,T;L% Q2,)). Then (4.3)-(4.5) has a unique pair of solutions (y, A") satisfying

we L7(0,T; #'(2,)) N H'(0,T; £*(2,));
A’ € L™ (0, T;H. (2,)) nH' (0, T;L*(2,)):
and |y| <1 a.e in Q,%x(0,T). Moreover, if H H'(0, T;Hl(.QO)), then we also have the regularity
we LXO,T; #(2,)), A eL’(0,T;H(£2,)).

4.2. Some estimates

In the following, ¢ is used to denote the various constants independent of . We begin this subsection with some
elementary results on the average operator | . |.

LEMMA 4.1: Let fe L Q) be a given function, we have
” m ” L%(20) = VCE ”f" L¥(Q,) * (47)
Let fe H 1(Qe) be a given function. For almost every x’ € €, we have

A, %) =l ()] S Ve ]lg‘z-é] (x) (4.8)

L2(~ eb(x), ea(x’))

for all x; € [—eb(x"), ea(x")] where c is a constant independent of both ¢ and x". Consequently,

1= Al 2ay < co Hf){; (4.9

e

Proof: First, we note that by a regularity theorem due to Morrey and Necas (c¢f. [Mo 66], Chapter 3.1 or [Ne 67],
Theorem 2.2.2, see also [MTY 93]): any WI’I(QE) function f(x’, x;) is absolutely continuous in x, for almost
every x' € €, and the derivative in x; (which exists in an almost everywhere sense with respect to the Lebesgue
measure of R') coincides with the generalized derivative almost everywhere. Hence we have

AX, x3) = [f1 (X)) :fgaﬁdxs
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for some & € (— eb(x’), ea(x’)). Consequently, using the Cauchy-Schwartz inequality, we obtain

(x").

L%~ eb(x'), 2a(x))

A5 %) =N ()] < e Ve 5L

It is straightforward now to obtain (4.9). O

It is easy to see from (4.8) that for any fe H 1(95) and almost every x'e Q; and
x, e [—eb(x'), ea(x")], we have

X, x| < [ () + e Ve || 2L

(). (4.10)

L%(~ eb(x"), ea(x'))
The next step is to show that the constant Cin (2.1) is independent of &. First, we prove a preliminary result.
LEMMA 4.2: Under Hypothesis (H), H), (2,) " H? (Q,) is dense in H.(Q,).

Proof: For any Q € H,ll( ), with the help of a family of local charts and of the partition of unity, we need
to consider only ¢Q with ¢ being a nonnegative Cg( R?) function such that supp ¢ N I''I'; = @ (same for
suppp NI, T, @ and simpler for suppp NI, = P, j=1, 2 3). In th1s case, let (V,n) be the
correspondmg local chart in Hypothesis (H) and P(. ) =(w T ¢Q) (n~ '(.)), the condition that
Q.n= Q n=0 on 9492, is transformed to (note that n is transformed to Wn) P;=0 on y, =0,

P;=0 on y,=0. Our problem is then to approximate such H ' functions while keeping these boundary
conditions.

We just sketch how to approximate P, and the rest of the proof can be carried out in a similar way. We define
a new function P] as follows:

P(y1: Y2 ¥3) wheny, >0,y,<0,
P.(y5,55 —¥3) wheny, >0,y,>0,
1 - P (-y,,9,,—Y¥;) wheny, <0,y,>0,

—P(-Yy,5»Y;) wheny <0,y,<0.

P can be regarded as a function defined in R® with compact support. Use a radially symmetric mollifier

a#( ) where p is the standard mollifier parameter which goes to zero, we have obviously P *a#| n=0=0
(* denotes the standard convolution) and the sequence {P'*a } is the desired approximation of P, when restrlcted

to the region {y e R 1y, >0, y,< 0} This completes the proof. 0O
LEMMA 4.3: For any Q € H,l, (R2,), we have

”Q“H‘(Qz) = C(l +8) ( “Q“l}(gz) + "diVQ“Lz(Qz) + “curlQ||L2(Q))’ VQ € H,l, (Qe)

where the constant C is independent of e.

Proof: By Lemma 4.2, it is obvious that we only need to prove the lemma for Q € H’ (2.)n H:, (L,). For
any Q € H> (2,)n H,ll (2,), we have (cf. [G 85], Theorem 3.1.1.2),

3
f |din|2dx+f |curl Q| dx — zf
Q,

Ly=1

:f A(Q;Q)da, (4.11)
nulr,ur;

where % is the second fundamental quadratic form of I, j=1,2,3, and do is the surface element of
0Q,. An elementary definition of & is recalled in (G 85], p. 133. If x, is a point of I, we consider a
relatednew orthogonal coordinates system {y,,y,,y,} with origin at x, defined as follows: there
exist a cube V={(y,¥,y): —@<y<a, j=1,2,3} and a function ¢ of class C® in
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V'={(y1,y2):—a]<y]<a, j=1,2} such that |lp(y")| < ay/2 for every Y =(y,y,)eV,
QNV={y=0\y)e V: y,<o(3)} L'nv={y=(y,y;) € V: {y;=0(y)}. We can even choose the
new coordinates so that the plane y, = O is tangent to I, at x,;,, which implies Vp(0) = 0. Then, if &, # are tangent
vectors to I, at x, with components (¢;, &,) and (7,,7,) in the direction of {¥,.¥,}, we have

2 2
_ @
BLEm = 3 8 (00868,

It is obvious that
| 2., (& n)| < clE] |n

for any tangent vectors &, # to I" at x,, and the constant ¢ is independent of &. Thus

, forallx,e I,

ca( x)
f@(Q;Q)da scf j Q2 dx, do”,
Iy 982,

—eb(x")

where do’ is the integral element on 3€,. By applying the trace theorem

j |u| do’ < C(QO)[f |grad’u|dx’+f |u|dx']
29, 2 2

for all u € Wl’l(.Qo), we get

f #(Q:Q)do
I3

ea( x")
SCJ. grad’ f |Q|? dx,
[oR - eb(x)

ea( x")
dx’+cf f |Q|? dx, dx".
Qo v —eb(x)

It is easy to see that

| ea(x’) 5 ea( x") , 2
grad j Q| dx, =f grad’ |Q|” dx,
9

—eb(x") —eb(x

+¢|Q(x, sa(x’))[2 grad’ a(x") — ¢|Q(x’, — eb(x")) |2 grad’ b(x’) .

But as in the proof of Lemma 4.1, we have

j |e]Q(x, 1;‘:1(3\:’))|2 grad’ a(x")| dx’
Q
< csf |Q(x, 8a(x'))|2dx’
Q,
< ce jg u|Q|2 dx’ + ce fg || Q(X, sa(x'))|2 - [|Q|2[ (x| ax’

ea(x") ] Q 2
$cf |Q|2dx'+csf ['[ |—a—|—dx3] dx’
Q, Qlde *3
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for some & € (—eb(x"), ea(x’)). Thus we get

j ] Q(x, ea(x'))|” grad’ a(x’)| dx’ < ¢ f |Q|? dx’ +caf ‘an
. 3

0
3
2
<% zf
L,j=1vQ,

for any é > 0, where the constant ¢ is independent of ¢ and J.
Similarly, we get

80,|?

axj

ditc(1+5) 1012,

aQ,|?

ax ;

3
L 6] Q(x, — eb(x))|* grad’ b(x)| d¥' < &6 > J dr+c(1+1) 1Q1%, .
0 L,j=1vQ,

for any J > 0, where the constant ¢ is independent of ¢ and 4. By applying Cauchy’s inequality and Young’s

inequality, we have
1
00,|? ]5
- dx
ox,

d'x_FCHQHiZ(Qe) >

ca( x") 3
L J grad’ |Q|*dx, dx’ < c||Q||L2(QF)[ > L

—eb(x) Ly=1

30,|?
-

_1 3
<22 f
so that

2

dx+c(1 +%) 1QI 22, - (4.12)

U #A(Q:Q)do| < (5+2£%5) if
I

,y=1
for any J > 0, where the constant ¢ is independent of ¢ and 6. On I', it is easy to obtain that

|B,.(&m)| < celé] |n|, forallx,e I

3

for any tangent vectors &, # to I” at x,, and the constant ¢ is independent of &. Therefore

f B(QO;0Q)do Scej |Q(x',£a(x’))|2dx'
rl QO

2

dx+c(1+%) l|Q||§2(QE), (4.13)

eéZf

,j=1

ox,
for any & > 0 with the constant ¢ independent of ¢ and J. In deriving (4.13), we have used the argument leadint

to (4.12). Similarly, we have

2
dr+c(1+5) 1Qlg, (4.14)

3
J‘ #(Q;Q)do Sszézf i
I e,

L=

for any 6 > 0 with the constant ¢ independent of ¢ and 6. Now the lemma follows from (4.11)-(4.14) by choosing
§=1/16 for ¢<1 and 6=1/(16¢>) for ¢=1. O

In the following we will always assume that ¢ < 1. From Lemma 4.3 and Corollary 3.1 we obtain the
following lemma.
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LEMMA 4.4: We have

2

+
| |

9A,
ot

oy,
o

T 2
esssupy <, < 7 1,150, + 1A, l5a,] +f f [ ]dxdz < ce.
ove,

To proceed further, note that

ea(x")
’ ’ l 4
grad’[f] = grad |: - ]f AX, x,) dx
v ep(x) | —enixy O

+ 1 "
ep(x")

[ef(x, ea(x")) grad” a(x") + ef(x’, — eb(x") ) grad’ b(x")]

ea(x")
1 j grad’ f(x', x;) dx,

ep(X') J —en(x)
= p(lx,) grad’ a(x) [Ax, a(x)) - ) ()]
D grad’ b(x') [Ax, — eb(x)) — [f] ()]
+ Jgrad’ f] . 4.15)

Therefore, by (4.7) and (4.8), we get

‘g < ‘gl /e I of
|grad” Al 2o,y < i lgrad’ fllxq, + ¢ Ve | Era I (4.16)
LEMMA 4.5: We have
T
2 3 . 2
esssupy <, < 7 |l m‘/’eA”HI(QO) + J;) Ha_tll'/’el L%(2y) =c,
T
esssu 1A 1113 + "-‘i”A ] |2 dt <c
Po<:r<7ll] 8[ H'(£2y) 0 ar e il =

Proof: It is obvious from Lemma 4.4 and (4.16). 0O
LEMMA 4.6: Let A, = (AL, A2, A}). We have

esssupy <, < 7 LIANC . €a( . ) )]l 2y + 1ASC -, = eb( 2 ), 1) | 2y + 1A Cou )l 2] < cé.
Proof: From the boundary condition A, .n =0, we obtan
Ai(x', ea(x"), 1) = e grad’ a(x’) . A (X, ea(x'), 1), @.17)
ANX, —eb(x), 1) =~ egrad’ b(X'). AL (X, — eb(x), 1) . (4.18)
By (4.10) and Lemma 4.4, we get

1A ., ea( 2 ). 1) |l 2gayy < cell AL Coneal . ), 1)l 2g,y S €&- (4.19)
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Similarly, we have
1A, —eb( - ) )l 2y < cellAL (. —eb( 2 ), D)l 2 g,y < cE. (4.20)
Finally, by (4.8), Lemma 4.4 and (4.19), we have
TAZ Cos )l 2gayy < NAZCoat) = Ao eal . ) ) [l ay + 1A2C, 2aC 2 ) ) [l 20

9A>

£

+ce < ce,
LA R;)

0x,4

which completes the proof. 0O
Now we can give a sketch of proof for Proposition 2.1.

Sketch of proof of Proposition 2.1: In the following, to simplify notation, we denote 2, by £2. The function
0 satisfies

6 —-A0=divA+¢, inQx(0,T),
90lon=— A .n, on dQ ,
6(x,0) =0, inQ.

Using a standard energy estimate, it is easy to show that 6, € L2( (0,T) x2) by, for example, the
Faedo-Galerkin method. The remaining problem is then to show that, for a solution of

—-Ap=g, in Q,
dp/on=—-B.n on 92

with Be H' (Q) and g € L*(Q) such that f

g=j B.n, we have
Q o

Q€ Hz(.Q).

Had the boundary of the domain been C?, the regularity would be obvious. But our domain is only Lipschitz. Now
let’s look at the problem from a different perspective. Let ¢ = grad ¢, we need to show that

ce H' (Q)
knowing that
dive=Ap e L*(R2), curlo=curl (grad¢)=0.
Introducing w=0+B € L2 (2), we wish to show that
we H (Q)

while knowing

divw=divo +divB e L} (Q),
curlw=curl Be L>(Q),
w.n=0.n+B.n=0.
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Or equivalently, we want to show that 1f w € X, where
X={ve L*(Q),dvve L}(2),curlv € L’ (2),v.n|,, =0},
then w € H' (£22) But we know from Lemma 4 3 that under Hypothesis (H) for the domain Q, we have
Iwlg gy S CCIdvwl 2+ [lcurl w2 + [[wll2), Vwe H,lt (2)

If we can show that H,ll () 1s dense 1in X, then Proposition 2 1 1s proved

LEMMA 47 Let Q be a bounded domain in R® with plecewise c? boundary satisfying (H) and having the
following property

for any powint x, € 982, there exists a neighborhood of x,, say B(x,) C R® such that there 1s a one to one
mapping

V B(x,) >R’
with grad V and grad V~ ' bounded in L™ and det grad V > 0 such that W(B(x,) N 082) 1s a bounded smooth
domain wn the plane x, =10
Then H,ll (Q) 1s dense n X

The proof of Lemma 2 1 then follows almost 1dentically from that of [DL 76], pp 362-364

Our domamm obviously satisfies the conditions 1n the above lemma, Proposition21 now
follows O

4.3. The convergence

In the weak formulation (3 3-(3 4), choosing the test functions w, B as
w=w(x,t), B=(B'(x,1),B>(x,1),0)
and noting that

divB=div'B’, curlB=(0,0,curl B"),

we have

| —l-a—wf+A3 Al @ dx’ dt
Kax3 al//e s‘

T
+f f p(X)[(|w,]? - 1)y ]wdx’dt=0, foranywe L*(0,T,#'(2,)) 4 21)
0,
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0 0

'S s

T ﬂaA; 1 T
J. f p(x) | 37 | B”dx’ dt +J f p(x") jeurl A7} curl B dx’dr
2 foR

T
+ J‘ f p(x) [div A, 1div' B’ dx’dt
QU

0

+foQop(x') URe[(igrad’y/£+A; V’e) @a]ﬂB'dX'dt

0

T
= J. f p(x") Hcurl B’ dx’dt, forany B’ e L2(0,T; H,ll (£2,)). 4.22)
0 e,

In order to let ¢ = 0 in (4.21)-(4.22), we prove several lemmas.

LEMMA 4.8: We have

1

p(x

idivA, | = ) div(p(x") [A])

Proof: By (4.15) and (4.17)-(4.18), we have

Jdiv A:B

ca(x) BA>
= [div' A + — J.

ep(x') J —ep(x) 0%

1
ep(x’)

= [div'AJ] + [AX(¥, ea(X), t) — A2(X, — eb(x'), 1)]

=[div' A} +

(1 ; [Brad” a(x) . AL, ca(x), 1) + grad’ b(x) . AL(X, = eb(x), )]
px

1

p(x")

=[div'A]] + [grad” a(x") + grad” b(x")] [A]]

1
p(x’)

divi(p(x’) |A]]) .

This completes the proof. O

LEMMA 4.9: We have
esssup, < , < 7 lljcurl A7} — curl]A7}|| La S €& (4.23)

esssup, < , < 7 ll[grad’ y | — grad’ [y ||l 2oy < ce . 4.24)
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Proof: We only prove (4.23). The estimate (4.24) can be proved similarly. By (4.15), we have
[curl A7] — curl [A]]

=—L_curl’ a(x) [AUX, ea(x), 1) — [AL] (X, 1)]
p(x) :

+

1 ) curl’ b(x') [AL(x, — eb(x'), 1) — [A7 (¥, 1)] .

p(x
Now (4.23) follows from (4.8) and Lemma 4.4. [
LEMMA 4.10: We have
esssup, < , < 7 I1P[div A, w,] — div(p[A]]) [¥,] Loy S €€ (4.25)
esssup, < , < 7 lI/grad” v, . A7} — grad’[y ] . [A[]ll 1o,y S CcE. (4.26)
Proof: We only prove (4.25). The estimate (4.26) can be proved similarly. By Lemma 4.8 we have
pldiv A, ] — div(pIA]]) [w,) = pldiv A, (v, — [w.]] -
Note that by (4.9) and Lemma 4.4, we have

|?PﬂdiV Ae ( V., — [V )H l L'(20) = % f| div Ag ”LZ(QE) I v, —[v.] Il L2(£2,)
c Y,
< =-cVe-ce < ce.
£ 0x4 L@,
This completes the proof. [
LEMMA 4.11: Let Q,=2,%x(0,T). We have
AL W] — (A Wl 12 gy S €85 (4.27)
- 2 - A2 o .
WAL wol = A Wl gy < ces (4.28)
IHC vl = 1w = (w1l - 1) Welll gy < c&- (4.29)

Proof: We only prove (4.27) and (4.28). The estimate (4.29) can be proved similarly. Since |y,| < 1 a.e. in
Q,, we have

T
f f |IA; v, — [Al [w)|” ax’ dt
0 Jao,

T
[ wea-mo vt ava

T 1 ea( x') 2
<[ A7 ia-mal v an | ava
0da, & p(x') —eb(x)
T 1 ca(x) A 2 [ pea(x) 2
SJ‘ f Y J. dx, f |w,| dx; | dx’adt
0V, e p(x) —eb(x) ~eb(x)

0x,
ea(x’) GA; 2
f dx, | dx’dt
—eb(x")

=,
A’

0x

2
dx dt < ce”,
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where in the last inequality we have used Lemma 4.4. This proves (4.27). In order to show (4.28) we observe first
that

HAL v, - A1 vl
= 1A (v, — [w D]+ [ACAL - TA]D] [w.] (4.30)

But

[ azecw, - e

0

ea( x")
1 72 ’
<[ [ A v

0 €P(X7) J—en(x)
oy,
dx, | dx’

1 za(x") L2 ea( x')
s ’ |Ael dx3 :
2, ep(X") J-eb(x) — eb(x)

EX
|AZ% U rm = 2 ]m
< 1A%, — |dx,| dx’
(1AL L*(20) 2y W _ebiry 0x, 3
< cell{| AL L2y - 4.31)

where we have used Lemma 4.4. By the embedding theorem wh 1(.Qo) [ L4( Q,), we get
212, ’ ’ ’12
"HA5|2u‘ I 220y S C(£2,) [l grad ﬁlAelzﬂ“L‘(Qo) + 1AL T 2] -
It is easy to see that
t 2 C rn2
”HAE I ]”LI(QO) s e “ Ag ”Lz(Qe) <c, 4.32)

where we have used Lemma 4.4. By (4.15), we have
[ grad’[|A;|2] (PR

< lligrad’ |A% Loy, + ¢ HALPCeeaC . ), ) = 1AL Cou Dl an

+cl |ALPC., —eb( ), 1) = [|ALPTCas Dl ey

< % NAL 20, 1A 410,y + AL 20, %i—
3z
S%‘c\/{t:‘c\/E-#c\/ac\/;:Sc, (4.33)
where we have used Lemma 4.4. Thus, by (4.31)-(4.33), we have
A1 *Cw, = Dl gy < - (4.34)
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On the other hand, since |y, | <1 ae. in Q,x(0,7), we have |y ]l =, S 1. Thus

I\

T
IIALCA ~ DI Wl < || IIAKAL = DIy d

T
¢ ’ 7 ’
= P J.O I Ag I LA 2,) I As - [[AE]] I LA2,) dt
c 7 dA;
= Ef c Ve.ce I dt
0 3l e,
<cs, (4.35)

where we have used Lemma 4.4 and (4.9). Now (4.28) follows from (4.30) and (4.34)-(4.35). This completes the
proof. O

LEMMA 4.12: We have

<cVe.

L'(20)

€SSSUPy <, < 7

.y

i e 3 3
(G
Proof: At first, by using (4.9), Lemma 4.4 and Lemma 4.6, we have

W a3 3 3 3
1A 220,y S NA; = 1A 220,y + 1HA N 120,y

A’

0x5

< ce + c¢g

LY 2,)

<ce.cVe+ce < ce.

Thus
T . at//
1"t 3 3
(122 nn)a],
SIL ()
.y
c|li "e 3 3
e |licax, FA V|| 1A,
L2 2))
< ¢ Ve,
where we have used Lemma 44. O
LEMMA 4.13: We have
ligrad” v, .y, —grad’ [y, . (¥ ]l 2, < cE; (4.36)
. 20 At e a2 .
1Az, — 1A v HLZ(O,T,L§(QO)) < ce. 4.37)

M? AN Modélisation mathématique et Analyse numénque
Mathematical Modelling and Numerical Analysis



TWO DIMENSIONAL APPROXIMATION OF THE GINZBURG-LANDAU MODEL 47

Proof: The estimate (4.36) can be proved by using (4.15), (4.8), Lemma 4.4 and the fact that |y,| < 1 ae.
in Q,. To prove (4.37) we observe first that

I2

(Al — 1A 1w

= (AL —1A]D v, "1+ AU (v, — [w.) W] - (4.38)

On the one hand, similar to the proof of (4.27) in Lemma 4.11, we can obtain

(AL = [AD] 1w, Lo S CE- (4.39)

On the other hand, by Hélder’s inequality, the embedding theorem L*( Q) -H l(Qo) and Lemma 4.5, we have
AT 1w, — 1)) Wl oy S MATN 22 oy TTCW: = W) el 12cay

< cl T( WV, — [[l//e“) g_”eﬂ ||L2(~Qo) :

Again similar to the proof of (4.27) in Lemma 4.11, we can prove

1w, — WD 2oy < €& (4.40)
Now the estimate (4.37) follows from (4.38)-(4.40). O

Proof of Theorem 4.1: From Lemma 4.5 we know that there exist two functions , A such that after possibly
extracting a subsequence, (4.1)-(4.2) are satisfied. From Lemma4.6 we have that A’=0, that is,
A = (A’,0). By letting ¢ — 0 in (4.21) and using Lemma 4.7-4.10 we know that (y, A”) satisfies (4.4) for any
we £X0, T, Qfl(.Qo)) N £7(Q,) thus also for any w € FX0, T; =%’1(90)) by the standard density
argument. That (y, A’ ) satisfies (4.5) can be obtained by letting ¢ — 0 in (4.22) by using Lemma 4.7-4.12, the
embedding theorem H,I‘ (2,) - L* (£Q,) and employing standard convergence argument. [J

5. A NUMERICAL EXAMPLE

We now present some numerical computations obtained by using the model derived in Section 4. The numerical
method used to solve the system (4.4)-(4.5) is based on a semi-implicit finite element scheme using piecewise
continuous biquadratic polynomials based on a subdivision of €, into a quadrilateral grid. This scheme was
proposed and analyzed in [CH 95] for the case p = constant. One of the purposes of the computations is to show
that the model derived in this paper is effective in simulating the pinning mechanism of the vortices in
superconducting thin films with variable thickness. A more detailed study of the numerical aspects of the model
and more numerical simulations will be reported elsewhere.

In the numerical example here, we take the domain Q,= (0, 1) x (0, 1), the length of the time interval
T =50, k=10, the time step size Az=0.1. The grid over £, is obtained by subdividing €, into a uniform
grid having 40 intervals in each direction. The vertical shape of the thin film is created by setting
p(x;,x,) =0.9 for (x;,x,) in the circle centered at (0.25, 0.25) with radius 0.1, p(x,,x,) =1 for (x,,x,)
outside the circle centered at (0.25, 0.25) with radius 0.2, and in between, p is smooth. The applied magnetic field
H depends on t with H(t)=0,1,2,3,4 for t € [0,10), [10,20), [20,30), [30,40), [40, 50), respectively.
The contour plots of the magnitude of the density |y | > are given in Figure 1. We observe that in the magnetization
process, one vortex first forms in the region near the lower left corner of €, (where the film is thinner) when the
applied magnetic field H is increased to 2, and later this region is kept in the normal phase as the applied magnetic
field is increased. Moreover, this region absorbs the new vortex coming from the left side of the domain as the
pictures in Figure 1 indicated. This simple numerical example shows that the model derived in Section 4 can
indeed be used to simulate the “pinning” mechanism of the vortices in variable thickness thin films.
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6. CONCLUDING REMARKS

In this paper, a new two-dimensional evolutionary Ginzburg-Landau model for thin super-conducting films has
been derived by letting the thickness of the film umiformly approach zero in the corresponding three-dimensional
Ginzburg-Landau model. When the thickness function 1s constant, the standard two-dimensional Ginzburg-Landau

-\

H=4.0 time=42.0, H=4.0

N N\
////0.6 5\‘\@%’”

Figure 1. — Contour plots of the magnitude of the density.
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model is recovered. The derivation was carried out under the Lorentz gauge (2.7). However, the method in this

paper can also be used to prove the convergence in the other gauges, for example, Coulomb’s gauge. Here we
describe briefly this case.

By Coulomb’s gauge, we refer to the gauge equivalent class where
divA, =0 in @ ,x(0,T),

A,.n=0 on 002 x(0,T),

f ¢,dx=0 ae.in (0,T).
Q.

&

This is different from our previous case because the electrical potential will then be involved in the formulation
of the problem explicitly and the condition div A, =0 becomes an explicit constraint. However, since all the
estimates in this paper holds, we have no difficulty in proving that the variational formulation converges as

& — 0. For the explicit constraint div A, =0, let A be the weak limit of JA, ], it is then straightforward to show
that div A, tends to

s]’

1
p(x")

weakly in L*(2,% (0,T)) (¢f. Lemma 4.7).

divi(p(x) A”)
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