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MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol 32, n° 1, 1998, p. 117 a 130)

OPTIMAL CONTROL AND REGULARIZATION TO MODEL THE ATMOSPHERIC ELECTRON CONTENT FROM
SATELLITE MEASUREMENTS (*)

by J.-E CIAVALDINI (*) and F. FOUCHER (?)

Abstract — We are concerned with the computing of the electron content of the ionosphere There already exists a statistical model, the
model of Bent [1], which has been derived from physical data. The accuracy of this model appears to be insufficient when we deal with the
real data that we get from satellite measurements QOur aim s to derive a mathematical model from the equations of the physical model. The
problem 1s ill-posed since 1t has an infimty of solutions. It 1s penalized and regularized by taking into account the values predicted by the
model of Bent Hence, the problem is turned into an optimal control problem, the state of which 1s the electron content This problem s

discretized in spaces of splines and error estimates are derived We gwve the numerical results we have computed from the data of the satellite
SPOT-2 © Elsevier, Paris

Résumé.

Nous nous intéressons au calcul du contenu électromque de '1onosphére Il existe déja un modéle statistique, le modéle de
Bent [1], déduit de mesures physiques La précision de ce modéle s’avére insuffisante quand on travaille avec des mesures réelles obtenues
par satellite Notre objectif est de construire un modéle mathématique & partir des équations du modéle physique C’est un probléme mal
posé car 1l admet une infinité de solutions Il est pénalisé et régularisé en prenant en compte les valeurs du modéle de Bent Le probleme
est alors écrit sous la forme d’un probléme de contrdle optimal ayant pour état le contenu électronique Ce probléme est discrétisé dans

des espaces de splines et des estimations d’erreurs sont établies Nous donnons des résultats numériques obtenus avec des mesures du satellite
SPOT-2 © Elsevier, Panis

1. INTRODUCTION

1.1. Physical problem

This problem is concerned with ionospheric modelling. The ionosphere is the upper part of the atmosphere
(fig. 1), at a height of about 50 to 1 200 km, that contains free electrons and ionized particles [15]. The electron
density varies with the local time, the location, the season and the solar activity. Moreover, it is affected by local
and unpredictable variations due in particular to solar eruptions and associated with magnetic storms. The
propagation of radio waves to or from a satellite is perturbed by the ionosphere and must be corrected for accurate
measurements. Doppler frequency shifts brought about by the ionosphere are measured by the two-frequency
positioning system DORIS between ground stations and both the satellite SPOT-2 (launched in 1990, at the
altitude of 830 km) and the satellite Topex-Poseidon (launched in 1992, at the altitude of 1 300 km). Our purpose
is to use these data to derive the total electron content which is the number of free electrons found in a vertical
column of unit cross section. It 1s a key parameter both for ionospheric modelling and for correcting ionospheric
effects on space systems. The problem of deriving the electron content from Doppler data was addressed in
preliminary studies with simulated data (see [7], [8], [10]) and real data (see [10], [9]). New difficulties appear
when we deal with real data of SPOT-2, which lead us to propose a more appropriate model.

Let us look to the problem along the satellite track (fig. 2), with the latitude 8 as variable. Ionospheric Doppler
shifts f, are measured by DORIS stations S, 1 <: < p. Let:

Q=1A,B[,1<i<p 1.1)

(*) Manuscript received July 30, 1995, Revised October 25, 1996
(") Département de Mathématiques, Faculté des Sciences, Université de Nantes, BP 92208, 44322 Nantes cedex 3
(® Département d’Informatique et de Mathématiques, Ecole Centrale de Nantes, BP 92101, 44321 Nantes cedex 3
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Figure 1. — Ionosphere and satellites.

be the interiors of the measurement intervals (fig. 3). We put:

(1.2)

Q, = ]Ay Bo[ where A, = | min A,B,= ,max B
Then, let u denote the electron content on £2. Each function f, 1 < i < p, is proportional on £, to the derivative
of the slant electron content, which is the electron content along the line of sight from the satellite to the station
S,. Making use of assumptions on the ionosphere space variations (see [10]), the slant content is converted into
the product of the vertical content beneath the satellite by a geometric factor «,. Hence, u satisfies the equations:

(o, .u)+y=fonR;1<i<p 1.3)

where y, are unknown corrective terms we add to take into account all the approximations of the model. These
terms depend on longitudinal and latitudinal gradients of the electron content and come from local and
instantaneous variations we cannot explicite further more. For 1 < i < p, f,, respectively a, are assumed to
be continuously derivable, respectively twice continuously derivable, on £, ; moreover, «, are non negative and
there exists a real constant ¢ such that for every 1 <i<p, O0<c=<a on Q,

latitude (9
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Figure 2. — Satellite track and stations. Figure 3. — Ionospheric Doppler shifts

M2 AN Modélisahon mathématique et Analyse numénque
Mathematical Modelling and Numerical Analysis



OPTIMAL CONTROL AND REGULARIZATION TO MODEL 119

1.2. Mathematical model

Let L?, H', H’ be the usual Sobolev spaces (see for example [11]) provided with the following semi-norms and
norms and the scalar products ( ., . ), associated to the norms || . |, :

12 . v
[u|,= <f U™y d0> and [lull,, = <2 |u|12> forue H"(Q)
Q j=0

¢

< »m=0,1,2 (1.4)
172 172
Y|, = (Z L (yf'"))zdf?) and |y|,, = <Z ly|,2> fory e [I H™(R,)
3 A ;=0 1
\
p
Then, for u,v in H'(2) and y = (y,) in [I1 L*(Q)), we define the functions:
(
p , 5
J(y,u) = J.Q((al.u) +y,—f) do
1=1 A
p
ﬁa(u,v)=2J~ (o, u) (a,.v) do (1.5)
1=1VQ,
p
b(y,v):EJ..Q y(a,.v)do
1=1 A
\

We are looking for couples (y, u) minimizing J(y, u). Such couples exist, for example the trivial solution
(f, 0). The original problem:

p
fory givenin Y= [] H,(,), find u that minimizes J(y, u) (1.6)
=1

is penalized. In a preliminary study (see [7]), we assumed that y =0 and we were looking for # minimizing
J(O,u) + £|u|§ in H*(Q) where ¢ is strictly positive and intends to vanish. This model gave interesting results
as long as we were concerned with simulated data but when we have dealt with real data, new difficulties
appeared, actually due to variations of the satellite measurements. The main effect was that the computed u was
larger than the admissible u. We have therefore improved our model as follows. We take into account the solution
u of the model of Bent, which gives an average of the electron content for a given month. We assume that the

data are regular in such a way that u € H*(2) and we look for u(y) minimizing in U = HZ(Q) the regularized
function:

J(y,u) +ellu—al5.

As ¢ vanishes, u(y) converges to the closest function to u (for the H* -norm) among the solutions of (1.6) (see
Lions and Stampacchia, [14]). Then, since y is unknown, we assume that it minimizes in Y the penalized function:

Iy, u(y)) +zllyl?

vol. 32, n° 1, 1998



120 J.-F. CIAVALDINI and E. FOUCHER

where 7 is a suitable positive weight. To sum up, we model the electron content with the state u of the following
optimal control problem (according to the definition of Lions, [12]):

p
Findyin ¥ = [] H'(Q,) that minimizes : H(y) = J(y, u(y)) + z|y|?

=1 a.7
where the state #(y) is in U = H*( ) and minimizes : J(y, u(y)) +ellu(y) —ﬁllg

An outline of the paper is as follows. In section 2, we prove that the problem (1.7) admits a unique solution.
It is written as three variational equalities which define the state, the adjoint state and the control. In section 3,
we deduce an approximate problem with spaces of splines and numerical quadrature. We study the convergence
of approximate solutions and establish error estimates. In section 4, we discuss our model with numerical results
we got using ionospheric Doppler shifts measured by DORIS on the satellite SPOT-2. Throughout the paper, ¢
will denote any real constant which does not depend on the weights &, 7 and on the mesh size 4 but only on the
data o, and f,.

2. MATHEMATICAL MODEL

2.1. Existence and smoothness of the state u(y) associated to a control y

Fixing y, the function u € U — J(y,u) +¢|lu— ﬁll; is quadratic (up to some additive constant) and strictly
convex. Thus, u(y) exists and is unique, defined by the variational equality:

u(y) € Uand a(u(y), v) + &u(y) —u,v),=b(f-y,v),Vve U 2.1)

Let O be an open set of 2. We write the equality (2.1) for v in the space D(O) of functions indefinitely
derivable on O and the support of which is compact in O. We do that when O is successively the interior of the
following subsets:

1

=1
y4
e\J(@ne)1<is<p

P
( (legj)\kg)1 (N2 NnQ) 1<i<js<p
ks,
(leQJka)\

1

G

(N2 N2NQ) 1si<j<ksp

k

~ -

1,

# o~

\

For the sake of simplicity, let (K, ), . , < , denote all these subsets O. They are such that:
— 97, —
Q=\JK,andK, "nK,.=QBforl <k<k'<gq.
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We obtain that u(y) satisfies on K, 1 Sk < gq:

u()@ =i = (uly) =) + (u(y) — @)+ D (e u(y)) = ([~ 3,)).

Ql =1
. DK,
Since i € H*(Q), we deduce that:

u(y)e Vwhere V={ve HZ(Q)/v|K)k € H4(Kk) ;1< ks<gqg}.

q
Let V be provided with the semi-norm of the product space [] H*( K.):
k=1

172
q
2
|vi4,v=<k21 |V|Kk|4) for ve V.
We get from (2.2) the inequality:

u(y) = lg y < e Nu(y) =@l + L a1, + 1F-311))

Therefore, since the function a(u, u) is positive and u(y) satisfies (2.1), we show that:

lu(y) = ll, < ECUF=yllo+ lally)

hence:
- < (1 1=
|u(y)_u|4,v\c 82 ||f—J’||1+£||MH2 .
2.2. Existence and uniqueness of a solution to the optimal control problem

The function H is derivable on Y:

H(y)z)=2a(u(y),u(z) —u(0)) +2b(y—fu(z) —u(0)) +2b(z, u(y))
+ 2y —fiz)g+27y, 2), Yy, z€ ¥

It is easy to see that:

T(H () -H(2) (y-2) = tly—zl2 Vy.ze ¥

121

(22)

(2.3)

(2.4)

(2.5)

(2.6)

2.7

(2.8)

(2.8) proves that H is strictly convex. Then, the optimal control problem (1.7) admits a unique solution y in Y,

defined by the variational equality H(y) (z) =0 for every z in Y.

Since H(y) < H(z) for every z in Y, we establish some estimates of the remainder J(y, u(y)) and of

[ yll,. First, let y be the following function of Y:
y=(y,) where y=f—-(a,.u)

vol. 32, n°® 1, 1998



122 J.-F. CIAVALDINI and F. FOUCHER

This function satisfies J(y,#) =0 so that u(y)=u and H(y) =r||}7||f. Thus, writing H(y) < H(y), we

obtain that:

Iyl < cClifily + full)

Second, we write H(y) < H(f) that is:

H(y) < J(f, u()) +zlfll}

Since u(f) minimizes J(J, v)+s[|v—ﬁ|l§ for all v in U, let us choose v=0:

I u(f)) < elal?

Hence H(y) < H(f) yields:

VI(y, u(y)) < Ve llull, + Ve |Ifl,

8 —
Iyl < V2 lal, + I,

2.3. Definition and smoothness of the adjoint state u*(y) associated to a control y

We introduce u*(y), which is the solution of the variational equality:

u*(y) € Uand a(v, u*(y)) + &(v,u*(y)), =a(u(y),v) + b(y—f,v),Vve U

We turn the equality (2.7) into:

2.9)

(2.10)

(2.11)

(2.12)

%H'(y)(Z) =a(u(z) —u(0), u*(y)) + &{u(z) —u(0), u*(y)), + b(z, u(y)) +{y = f, 2)g + «y, 2),

Then, let u(z) and u(0) be two solutions of (2.1). We get:

SH(Y)(2) =b(z u(y) — wH(y)) +(y = £ 2)y + ¥y 2y

(2.13)

Consequently, putting together (2.1), (2.12) and H(y)(z) =0 for every z in ¥, we write the optimal control

problem (1.7) as three variational equalities:
Findy e Y,u(y) € U, u*(y) € U such that:

Vve Ua(u(y),v)+&u(y),v),+b(y,v) =b(f,v) + &u,v),
(§){Vve U, (u(y), v), + a(u*(y), v) + &u*(y), v), = &u, v),
Vze Y, b(z,u(y) —u*(y)) + Wy, 2), + (¥, 2)g ={f, 2)o

(2.14)
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In the same way we have done with u(y), we show that u*(y) satisfies on K, 1 <k < g:

W) =) Y+ 3 F ()"
a5k,
+ (- u(y)) = (i - u(y)) + (i — u(y))® (2.15)
from which we deduce:

u*(y)e Vv (2.16)

and we establish the inequalities:
I () I, < Nl —u()]l, (2.17)
), < e Ll u(r)l, + @ - ux)],) (2.18)

2.4. Smoothness of the control y

Writing the third equation of (S) in (2.14), for any z=(0,...,z,...,0) where z, € D(£,) as defined in
section 2.1, we get that for 1 < i < p, y, satisfies on £, :

=1 ((a(u(y) = wi(y)))'+ (z+ 1)y, =) 2.19)
hence:
)4
ye Zwhere Z = [11 HY () (2.20)
and

Iylls < S UL+ Iyl + Te(y) = w () )

By combining (2.5), (2.9) and (2.17) with this inequality, we deduce:

Iyl < = CIAI + flaali,) (2.21)

From (2.5), (2.6), (2.17), (2.18), (2.9) and (2.21), we derive the estimates:
Iyl < cClfll, + Nall,) and ||yll3sﬁ(||flll+ lully)
liu(y)||2$§(||f||1+ lull,) and |u(y)|4,V$§(|if||1+ Nl + |u],) (2.22)

lu* ()1, < £ CIFll, + llal,)  and |u*(y)\4,v$§(llf|l1+HIZI|2)

vol 32, n° 1, 1998



124 J.-F. CIAVALDINI and F. FOUCHER

3. APPROXIMATE MODEL

3.1. Discrete spaces and numerical integration

We built a mesh {91;0 <js<n} on Q=1]A,B)[ such that for any i 1<i<p, the set

{6,:6 € Q} is a mesh of Q = ]A, B[ such that each interval [0, 6, , 1] contains at least three measurement

points, in order to deal with the numerical integration. We put:

J

J=[0]71,91] and h:lgl}lgn(ﬁj—q_l) 3.1

Then, we consider the discrete subspace U, of U, made up with the cubic splines associated with the mesh of
€2 and the discrete space Y, of Y, made up with the quadratic splines associated with the meshes of the €2,
isl<sp:

U, = {u, € C*(Q) such that ul, € Py(J)1sjs n}

v, =11 C'(2,) such th P(T) o (3.2)
h_l=1{yh,,€ (£2,) such that y, ,|, € P,(J)) foreachJ, c Q}

where Pk(J]) denotes the space of the polynomials of degre less than or equal to k on J. Let 7z, v denote the
interpolated function in U, of v from V and o, z the interpolated function in Y, of z from Z respectively defined

by:

mv(0)=v(0),0sjsn
(nhv)'(Ao) = v,(Ao)
(nhv),(Bo) = v,(Bo)

f (ahz),dezf z,d0, for each J, © Q,
I, I,
and 4 (g, 2) (A) =2(4,) J1<is<p

(0,2),(B,)=2(B,)

We point out the classical interpolation errors (see [5] and [2]):

=

I

2

Iz, v—vl, <ch " "|v|, y:
{ g sV (3.3)

0<sm
lo,z—zl, < cha""]z|3;0 sm<1

On the reference interval J = [0, 1], we write the following quadrature formula where the error E(?) vanishes
for any quadratic polynomial ¥ on J:

j_v(é)dﬁ):i(v) + E(9) where [(9) = 2, 9(#,) + L, 9(£,) + L,0(%,)

J

2-3(f+F)+68k G4
£

with 7, £,, &, € Jand 4, =

M? AN Modélisation mathématique et Analyse numérique
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For f; = ;= 0 and 7, = 1/2, (3.4) is the Simpson quadrature formula. Here, each interval J, is in correspondence
with the reference 1nterva1 J through the mapping D :

J—>J]
0> 0=0(0)=06_,+(6,-6,_)0

N ~ -1
v—>v=v0¢1

3.5

and in (3.4) f,, f,, £, will be the inverse image by @, of three measurement points in J. We deduce quadrature
formulas on the intervals J, :

I(v)=(0,-6,_ )i

J.v(0)d0=1}(v)+Ej(v)where{E() (9 6’_1)E(v) 3.6)

and we define approximate forms, for u, v in C*(2) and y, z in f[ C l(Ql) :
1=1

(

(u,v), = El(uv+uv + uv”) where j describes {1, ..., n}
\

a(u,v) =2 D I((u) (q,v))
b(y,u) = > I(y(a,u)) (3.7)
3 2on=> 2I(3,2) where i describes {1, ..., p}

and for each i,
O 2h,= Z ; L,z +yz) J describes {j such that J, c Q}

e ~—

\

Since the error E vanishes for the quadratic polynomials on J, we establish from the lemma of Bramble-Hilbert
(see [3] and [5]), the following estimates, for u,, v, € U, and y,,z, € Y} :

Iah(uh’ vh) - a(uh, vh)l < ch| uhllz ” V;,”z
(W, v )y n = Wy W) | < chlwll, v, Il forw =u,orw=u 3.8)
|b,(x,u,) — b(x,u,)| < ch|x|, lu,ll,forx=y,orx=f )
[$%, 2, ) 1= (% 2)] < chllx]l) 2,1, 0 < m < 1,forx=y,orx=f
3.2. Approximate problem
With the discrete spaces and the approximate forms, we derive from (2.14) the problem:
Findy, € Y,, u,(y,) € U,, u,(y,) € U, such that :
Vv, € Uy a,(u,(3,),v,) + &, (3,), Vi) + 0,(3p i) = B (£ v,) + &t v,), ,
(Sh) Vvh e U, 8<uh(yh), V;,)g s ah( u:,()’h) Vh) + 5(“;()’;,) V;.)z = 8<'Z vh)2,h 3.9
Vz, € Y, b, (2 ,(y) = u,(3,)) + 2y Z)un O 2do.n = (F 2ndon

Existence and uniqueness of the solution (y,, u,, uh ):
Using (3.8), we write for v, € U, :

a,(vy, v),) + &y, vh>2,;. = (e—ch) ”V;.Hi (3.10)

vol. 32, n° 1, 1998



126 J.-F. CIAVALDINI and F. FOUCHER

Thus there exists 4 such that for h < A the function u,, v, € U, - a,(u,, v,) + &u,, V), , is uniformly
U, -elliptic. Therefore, for a given y, € Y,, there exists a unique approximate state u,(y,) and a unique adjoint

state u;( Yy )-
Then, we write (2.8) for y,, z, € Y, where H’ is written as in (2.13):

(3, = 74 (u(3,) —u(z,)) = (W3, = w*(2,))) + 13, = zllo + Tl = 07 = 7y, — 2,03
Further, using the third equations of (§) and (S,) and (3.8), we derive:
by (¥, = 2o Wi — W) ¥ — 5y Y — Zdon + WV = 2 Yy — Zh>1,h =
iy, = 2,05 = clyy = 2, Cllw = wy |y + 1w = w, |, + hlw, L, + Blw,ll, + Rlly, = 2,0,)  G.1D)

where:

{W:u()’h)‘u(zh) {Wh:uh(yh)_uh(zh)
an W,

Wk = ur(y,) - u(z,) n= () = 4(2,)

On one hand, the functions w and w* are in V and we get:

c
||w||2\ .th 0o |W|4,VS? Iy, =24l
and (3.12)
* c
lw ”2 = ll)’h Z},"o |W*|4,V -3 ||yh Zh”l

On the other hand, using (3.10) and (3.8), we write:

| 1 | h h
Iw =wylly < Iw=wyl,+ Iw, =0, < (3w =y, + 1w =l + 2 1y, =20, + 2 1v,0,)

which gives for v, =7, w, applying (3.3):

3
IIw—wh||2Sc((h?+h2)]w|4v+ [wll, + Ilyh z, 1l )
Whence, with (3.12):
—w. <ﬁ][ _ 3.13
“W Wh112\63 123 Z,,Hl (3.13)

An analogous calculation leads to:

Iw* = will, < 5 Iy, = 5.l (3.14)
Finally, combining (3.12), (3.13) and (3.14) with (3.11) yields:

b,(¥, — 2,(u(3) — 4,(2)) — (u,(,) — ,(2,)))

h
+ (yh Yy — Z;,)o,h + T()’h —Zp Yy — Zh>1,h = (T - C?) “)’h - Zh“? (3.15)

M? AN Modélisation mathématique et Analysc numérique
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Hence there exists 4 such that for & < A the approximate control problem admits a unique solution y,.

Estimate of the error [y —y,|,:
With (3.15) and (3.8), we obtain for v,, vZ e U,:
Iy, —zlly < %( u(y) = vl + 1w () = vl + y =z o+ zlly — 2,0,

ChlfL, + izl + Dz, = v,

F +llu(zY—w
AL PSS nit i 7

o+ bllv
2 AR s

Ri2
Then, from (3.10) and (3.8), we get:
lu(2) = vull, < 5 Cllu(y) = v, Il +ellu(y) = v,
+ ly =z llo + ACIAL, + Nully) + Rzl + 2llv, L)
and:
() = vill, < 5 Clur(p) = vyl + el (0) = vill, + 1u(3) = v, 15+ elu(y) = v,
+ |y =zl + BCIAL, + 12l ,) + Rzl + Al ), + Blv,lL)
Combining these inequalities with (3.16), we derive:
Iy =yulli < Iy =zl + 1y, — 24
< Z (lu(y) = vl +ellu(y) = v, I, + lws(y) = vyl +ellw(y) = v,
+ 1y =zllo +exlly = z,ll, + RCIAL, + 121 ,) + Rllz,lly + 2lv,ll, + Rlv,l,)

By choosing z,=0,y, v,=m, u(y), v,=m, u*(y), we get with (3.3):

1y =yl < 2 (1 +6h®) (u() gy + [0y, ) + (B +eth®) |yl

+hCIAI + lally) +Alyll + RIu(y) |, + Ale*()1l,)

Finally with (2.22), we deduce the convergence estimate:

2 2
1=yl < e (1B B) i, + )
€ T

Estimate of the error |u(y)—u,(y,)l,:
The inequality (3.17) for z, =y, gives:

||u()’)—uh(yh)||z < flu(y) - vh"2+ ||uh(}'h)— Vh”z
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(3.17)

(3.18)

(3.19)

1 1 h h —
< o 2 uCy) = vyl + 1) = vyl + 2 vl + 2y =yl + 2y, + 2, + 1l
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and for v,=m, u(y):

3
ley) =t < e (ot 2) 4Oy + B 1y + 2 Dy =yl + 2 1, + 2 U1, + D) )

so that with (2.22) and (3.19), we get the estimate:

Ju(y) =, < e (10 Y Qa4 ) (3:20)

&7

Estimate of the remainder \/J(y,. u,(y,)) and the norm |y, |,:
Combining (2.10), (2.11), (3.19) and (3.20), we derive:

2 2
VIGy w G < o VIl + Ve il + A (10 B+ ) s+ i)

2 2
Il < e+ VE Nl + = (14 24 ) Curiy e ) )

4. NUMERICAL RESULTS AND CONCLUSION

(3.21)

Using B-spline bases of U, and Y,, we write the problem (3.9) as a linear system. Changing the unknown
(u,, u:, y,) mto (- u;, u, — u;, ¥,), we transform this system into a new one with a symmetric matrix (see [10])
ahd solve it by a LDL' factorisation (see [11]). To test our model, many solutions have been computed from
ionospheric Doppler shifts measured by the DORIS system.

We first evaluate suitable values of the parameters 4, ¢ and 7. On the one hand, we choose & as little as the
density of measurement points allows it. On the other hand, the regulanzation weight ¢ is assumed to vamsh and
the weight 7 should be fixed so that y, represents a corrective term of about 10 to 20 % beside the measurement
function £ We conclude from numerical experiments that 7 =1 and ¢ =10 ° are appropriate weights for the
model.

Then, let us comment some graphs (figs. 4 to 7). The left-hand graph gives the real ionospheric Doppler shifts
f measured with SPOT-2 and this one denoted f which would be measured if the electron content was % On the
right-hand graph, we compare the computed content , and #. We observe that higher or lower Doppler shifts at
different latitudes give expected results of u, (figs. 4 and 5) and that similar measurements give close contents

. Boppler (Hz) -G electron content

u, (10* e/m®

30 B (o

Figure 4. — Example 1.
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(fig. 6). Then, on large latitude intervals without Doppler data (it occurs a few time along the satellite track), the
solution u, is not calculated (fig. 5) or is very close to u (fig. 7). For all these examples, y, is as expected beside
f. Using Doppler from Topex-Poseidon, we obtain similar results with higher electron content as this satellite
orbites upper than SPOT-2 in the ionosphere.

To conclude, with regard to previous studies, our work is successful by using the approximate model of Bent
to regularize the problem and taking into account errors that have been neglected before. Further to these results,
the problem is actually performed with two space dimensions considering the globe surface rather than the satellite
track.
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