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MULTI-PARAMETER ASYMPTOTIC ERROR RESOLUTION OF THE MIXED
FINITE ELEMENT METHOD FOR THE STOKES PROBLEM

A1HUT ZHOU!

Abstract. In this paper, a multi-parameter error resolution technique is applied into a mixed finite
element method for the Stokes problem. By using this technique and establishing a multi-parameter
asymptotic error expansion for the mixed finite element method, an approximation of higher accuracy
is obtained by multi-processor computers in parallel.

Résumé. Dans cet article une méthode de résolution d’erreurs multi-paramétrique est appliquée a
la méthode des éléments finis mixte pour le probleme de Stokes. A Tlaide de cette technique, et en
utilisant un développement asymptotique multi-paramétrique de 'erreur, on obtient une plus grande
précision par calcul paralléle sur des machines multi-processeurs.
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1. INTRODUCTION

The Stokes equations have become an important model problem in computational fluid dynamics for de-
signing and analyzing finite element algorithms. In the context of the Galerkin variational formulation, the
computational accuracy for the velocity components can be compared to that known for the Poisson equation.
For the pressure, however, one frequently observes a drastic reduction of the accuracy along the boundary.
Therefore, one has anyway to employ some techniques or arguments to recover and increase the accuracy.

The extrapolation approach established by Richardson in 1926, is an important technique to obtain approxi-
mations of higher accuracy. The application of this approach in the finite difference method can be found in [13].
In 1983, Lin, Lii and Shen [10] have applied the technique to the finite element method. Development in this
direction can be found in [3,12,14]. However, this approach has a limitation since it requires a global refinement
and hence wastes computing time and memory. Recently, a so-called multi-parameter error resolution technique
has been introduced to obtain approximations of higher accuracy (see [19,20]). This new approach is based on a
multi-parameter asymptotic error expansion and only uses partial refinements. It is shown that a combination
of discrete solutions related to such partial refinements can produce an approximation of higher accuracy and
the procedure can be done by multi-processor computers in parallel. In this paper, we apply this technique to
a mixed finite element method for the Stokes problem.

Consider the homogenous Stokes problem

—Au+Vp = £, in{,
divu = 0, inQ, (1.1)
u = 0, ondQ,
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where Q = [0,1]%, u = (uy,us) is the velocity, p is the pressure and f indicates the external force. We know
that (1.1) is equivalent to the variational formulation( [8]): Find (u,p) € (H(Q))? x L3(Q) such that

B(u,p;v,q) = (f,v), VY(v,q) € (Hs(2)* x L§(%), (1.2)

where

L3(Q) = {g € L*() /Q ¢=0},

B(u,p;v,q) = (Vu,Vv) — (p,divv) + (g, divu)

and other notations are identical to these of references [5, 8].

Divide € into subrectangles Q;(j = 1,--- ,m) whose edges are parallel to the z-axis and the y-axis respec-
tively. On each Q;(j = 1,---,m) a uniform mesh is imposed, and globally a quasi-uniform partition on Q is
formed. Denote the mesh sizes on Q; by hj in z-direction and hjs in y-direction (j = 1,--- ,m). Among
these mesh parameters, some are independent, say hi,--- ,hs. It can be proved that 2 < s < m + 1 and one
can choose s > 2. Let h = max{h;,--- ,hs}, T} be the partition on  and (V}, L) be a pair of finite element
spaces on T}, e.g. the Bernardi-Raugel finite element space or the filtered bilinear-constant finite element space,
satisfying the Babuska-Brezzi conditon (see [2,8]). The interpolated finite element approximations correspond-
ing to hy,--- , hs is denoted by (u(hy,- - ,hs),p(h1, -+, hs)). Then there exist multi-parameter error resolution
expressions on € (see Sect. 4)

u(hy,--,hs) = u—i—Z;:l ajh?—l—O(hg), in H' — norm,
u(hi, - hs) = u+ 0 a;h? + O(h*), in L? — norm, (1.3)
p(hi,-- hs) = p+ 35 bjhi+O(h?), in L* — norm

where a;j,b;j(j = 1,---,s) are independent of (hq,---,hs). Based on (1.3), a multi-parameter extrapolation

yields approximations of higher accuracy

(42 _,uj — (45 — 3)ug)/3 =u+ O(h?), in H* — norm,
(4375 uj — (45 = 3)ug)/3 = u+ O(h*), in L? — norm, (1.4)
(4 Zj:l p; — (45 —3)po)/3 = p+ O(h?), in L? — norm,

where (u07p0) - (u(h17 e 7hs)7p(h17 e 7hs)) and (ujvp_]) = (u(h17 T 7hj—17 h‘j/27 hj+17 e 7h‘s)7
p(hh o 7hj717 hj/27 hj+17 e 7hs))'
Therefore, a parallel algorithm for approximations of higher accuracy can be designed as follows.

Algorithm.
Step 1. Compute (u;,p;)(0 < j < s) in parallel.
Step 2. Set

{ ue = (4335, u) — (45 — 3)ug),/3,
= (@Y s — (s — 3)po) /3.
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2. PRELIMINARIES

For any element e = [z, — he, ye — ke|?, we define the interpolation operators i, = (in1,7n2) : (C(e))* —
QLQ X Q271 and jh : L2(6) — QQ by (Cf [2,8])

(v —ipv)(Te £ he,ye T ke) =0, Vv € (C(e))?,
(xethe,yetke)
/ (¢~ inag)dy =0, Vi € Ofe), 2.1)
(weEhe,ye—ke) '
(l’e+he7ye )
/ (‘P - ih,ZW)dx = 07 VQO € 0(6)7
(ajefhevyeike)

, 1
=TT /sm Vo € L*(e), (2.2)

where Q,,, = span{ziy’ : 0 < i < r, 0 < j < n} and Q, = Q,,. Introduce two other postprocessing
interpolation operators. Let T} be a rectangular partition on 2 with size h. We assume that 7}, has been
obtained from T3, by dividing each element into nine congruent rectangles. Let 7 = U)_je; € Ty, with e; € T,
and Isp, = (I3p,1, I3n,2) and Jsp, are defined as

I3h,jw|7' S Q3(T)7 .] = 1727

Tnjw(p) = w(p), i=1,,16, j=1.2, (23)
Janplr € Qa2(7),
‘ (2.4)
fei(JBhp_p>:07 2217”'797
where p; (i = 1,--- ,16) are all vertices of e1,-- -, e9. It can be proved that (¢f. [11,17,18])
Ispin = Isp,
HIgthl < C||VH1, Vv € Vh, (25)
R Izpw — wllo + [[Ispw — w1 < ch"||w|14r, VW e HITT(Q),1 <r <3,
J3njn = Jan,
| Jsnallo < cllgllo, Vg € Ln, (2.6)

| Jshw — wllo < ch”||wl||,, Ywe H"(Q),1<r<3.

In order to solve the problem (1.1), many pairs of finite element spaces were introduced (see [2,8]). One of
them is the so-called Bernardi-Raugel element, which is defined by

{ Vi ={ve(CQ)? vleQizle)xQai(e), v]sa=0,ecTp},
Lh = {q € L%(Q)7 Q|e S QO(6>7 qu = 0, e c Th}

We mention here that the Bernardi-Raugel element was presented but not enalysed in [7].
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3. ERROR RESOLUTION FOR INTERPOLANTS

We have the following multi-parameter error resolution for interpolants.

Theorem 3.1. For (u,p) € (H*(Q))? x H3(Q), there exist f; € (L*(Q))%,g; € (HY*(T))%(j = 1,---,s) such
that

B( — iR, p — Jrp; Vv, q)

YR / £v + / gv) + OB ([ulla + plls) V], Y(v.q) € Vi  La,

j=1
where I' = Ulgi,jgsaﬂi N 89;

Proof. Since
(Q7 div (11 - ihu>> = 07 vq € th

it is only necessary to prove two expansions

(Vi inw), Vv) = 5 3 / Duyyis, K20rayyuz)v + O(h®) [ullal[v]]s (3.1)

EGTh

for v = (v1,v2) € V},, and

p—idiv) = 33 [0 0y 3 K2 / / Oryin

eeTh Se,aUse, 2CF
1 2 3
—3 he( )0uypv2 + O(h)||pl[3]v]]1, (32)
Se,3Use, 1CF

where I'y,I'y is the part of I' parallel to the z-direction and the y-direction respectively, and
se1 ={(2,y) 17 =Te — he,Ye — ke <y < ye + ke,
$e2 ={(T,y) 1 Te —he < < e+ he,y = ye — ke,
:x:xe+he7ye_ke §y§y6+ke}7

e_heéxéive'f'he’y:ye"‘ke}'

8

We employ the technique in [11,17,18] and introduce the two error functions
1 1
F=Fo=5((y-u) ~K) B=E =@z h),

then, it is obvious that F(y) = 0 on s. 2 and Se 4, E(x) = 0 on s. 1 and se 3.

E = —in?+ LH(E?)q,
T — Te = %(E2)a:a:a:7

(JJ - me)Q = 4_15(E3):E:Bxx + 5h‘g7
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Fo= —%k? + %(FQ)yya
Y= Ye = %(F2)yyyv
(y — ye)2 = 4_15(F3)yyyy + ékg
Let u = (u1,us2), we only need to go to prove
(V(ur — i), Vo) = Z h? /amyyulvl +O(h®)||ulla]| V|- (3.3)
eeTn
A Taylor expansion yields
1, 5 1, 4 1

9zv1 = 0zv1(2, Ye) + E(F JyyyOzyv1 (2, ye) + (90 (F°)yyyy + 10ke)8wyy”1’

The definition (2.1), integration by parts and inverse estimates lead to
/8ac(u1 — ih1u1)0z01 (2, ye) = 0,
e
1 9 ) 1 9
6 (F )yyyaa:(ul - Zh,lul)aa:yvl(x7 ye) = _E F 8a:yy;zjulaa:yvl (IE, ye)
= O(h®)|ulla]vl,
. L 3 Loy 1 3
0z (u1 _Zh,lul)(%(F Jyyyy + Eke)awyyvl = 79 (F )yOzyyy 1 Ozyyv1
= 0(h3)|\u||4|\V||1-
Thus, we obtain
(02 (ur — inaur), 0pv1) = O(h®)|[u]la]|v]|2 (34)

For (0y(u1 — in,1u1), Oyv1), using the definition (2.1),
Oyv1 = Eyz0yv1(ze,y) + %(E2)xwwaxyvla
and integration by parts,
8w inar) (E)asdyn (e,
= (/ —/ VEzOy(u1 — ip,1u1)0yv1 (ze, y)dy — /Exﬁxy(ul — ip,1U1)0yv1 (Te, Y)
= / / 2 (U1 — ip,1U1)Oyyv1 (Te, y)dy + /E&wyul@ v1(Ze, y)
= ——h /8myu1 (Oyv1 — EzOgyvn) + é/e(E2)m8myu18yv(me,y)

1 1
_ __h2 / Dy tt1 D01 + / Dyt (— h 2B0y01 — ¢(B)0y01 + ¢(B?) Balyn)

_ ——h2/ / Dpaytirv1das + h2/3myyuwl+0(h3)|\u|| v,
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1 2
(E )a:a:a:a (ul - Zhu1>8a;yv1
1 .
/ / U1 - Zhul)aa:yvl - 6 /(E2)a:a:8zy(u1 - Ziz,lrLLl)aacnyl

1
_ L / / Jos (1 = )0 0r + [ (E2)uBsadiyin

1
= 6 /(E2)a:8a:a:yulaa:yv1

= O(h?)|[ul|[|v]]-

Therefore, we have

(8y(u1 — ihul),f)yvl) = = Z h2 / / myulvlda;—i— /8mmyyul”l)1)

ee T

+O(R)[ull][v]:- (3.5)

By the quasi-uniformity of T}, one sees that line integrals in (3.5) disappear during the summation, thus (3.3)
follows from (3.4, 3.5).

We turn to prove (3.2). Similar to the proof of (3.1), we only need to prove

k2 / / acypvl

+O0(R?)|Ipllls[Iv]l1- (3.6)

(p_jhp7 Ov1) = 3 Z k2/8xyypvl

eeTh Se,aUse, QCF

By the Taylor expansion, we have

. . 1
/(P — jnp)0zv1 = /(P — Jnp)(Opv1(m, ye) + Fy0zyv1 (T,9e) + 6((F2>yy + kz)amyy""l)
I+1ITI+ 111 (3.7)

The definition (2.2) shows that I = 0 and

I = —/Faypaxyvl(mvye)

e

1 1
= gkz/aypawyvl(x:ye) 5 /(FQ)yyaypaxyvl(mvye)

1 1
= 58— [ Dty = 5 [ @~ o) + O0plslV:

_ —k2 / / 0Oy 01 (2, ye ) dy — —k: /axypa o1+ O Iplls v

= —k2 / / OypOyv1 (2, ye)dy — —k2 / / Ozypvrde

k2 / Ouyuvs + O [pls V1,
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1

nr = / F20,ypOyyyv1

1 1
= 6(/ —/ )F28yyp8yyv1dy — E/FQ@nyp@yyvl
Se,3 Se,1 e

1
= 5[ = [ Foup,mdy+ 0@ plalvia

Similarly, line integrals along y-direction in the above terms will disappear during the summation of e € T},.
Thus we complete the proof.
From the proof of Theorem 3.1, we can also obtain the following

Theorem 3.2. For (u,p) € (H*(Q))? x H3(Q2), there exist f; € (L*(Q))%,g; € (HY/?(T))%(j = 1,---,s) such
that

Bla—ivup—iwivea) = SB[ v [gv)
j=1 r

+O(*)([lulla + [lplls) (R~ v = wlls + [[Wll2), Y(v,q) € Vi x Ly, (3.8)
where w € (H}(Q) N HA(2))%.
4. ERROR RESOLUTION FOR FINITE ELEMENT SOLUTIONS
A mixed finite element method based on (1.1) reads as follows: Find (up,pp) € V), x Lp, such that
B(up,pn;v,q) = (£,v), V(v,q) € V, X L. (4.1)
or
B(up —u,pn —p;v,q) =0, V(v,q) € V}, X Ly, (4.2)
One has the following error estimate (see [2,8])
h™Ha = upllo + [[u = unlls + [lp = prllo < ch(llull2 + [lp]1). (4.3)

Now, we shall present the multi-parameter error resolution for the numerical solution.

Theorem 4.1. If (u,p) € (HE(Q) N HA(Q))? x (L3(Q) N H3(Q)) is the ezact solution of (1.1), then there exist
(aj,b5) € (Ho(Q) NH*(Q\T))? x (L§(Q) NHYQ\T))(j = 1,--+ , ) such that

Lpuy, —u=3Y"_ a;jh? +O(h®), in H'(Q\T)
Janpn —p = 35 bih? + O(h?), in L*(Q\T).

Proof. Let (aj,b;) € (H3(Q))? x Lo() (j =1,---,s) satisfy
B(aj7bj;v7 Q> = (fj?v) + / gV, V(v,q) € (Hé(Q>>2 X L?)(Q) (44>
T
and (aj,h,bj,h) EVExLy(j=1,---,5)

B(ajJH bj,h; v, q) = (fjv V) + / giV, \V/(V, Q) S Vh X Lh; (45)
T
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then we have

B(u —ipu— Zajﬁh?,p — Jrp — ijﬁh?; v,q) = O(h3)||v|1.

j=1 j=1
Taking v = uy — ipu — Z;Zl aj,hh? and ¢ = p, — jup — Z;Zl bj,hh? in the above equation, we obtain by (4.2)
and the Babuska-Brezzi condition (see e.g. [1,2,4])

{ u, —ipu= ijl aj,hh? + O(h3), in Hl(Q)7 (4 6)

Ph — jhp = Z;:l bjﬁh? + O(hg), in LQ(Q)

Regularity results imply that (a;,b;) € (Hg(Q)NH2(Q\T))? x (LE(Q) x HY(Q\T))(j =1,---,5) (see [9]) and
a similar estimate to (4.3) yields

lla; —ajnlli + [[b; = bjnllo < chlllajlly + [[b5]]7), 7 =1,--- s, (4.7)

where || - ||/ means piecewise H'—norm(i=1,2). Thus, (4.7) together with (2.5, 2.6, and 4.6) complete the proof.

Theorem 4.2. If (u,p) € (Hg(2) N HA(2))? x (L3(Q) N H3(Y)) is the exact solution of (1.1), then there exist
a; € (H}(Q)NH*(Q\I)*(j=1,---,5) such that

Ipup, —u=Y_a;h? + O(h*), in L*(Q\T). (4.8)
j=1

Proof. Let aj,b;,a; and b;j satisfy (4.4, 4.5) and set n = uj, —ipu — Z;Zl a;nh3 as well as £ = pn — jnp —
>3—1bjnh, then there exists (w,¢) € (Hg(Q) N H?*(Q))* x (L§(Q) N H(Q)) satisfying

{ B(w,¢;v,q) = (n,v), Y(v,q) € (H5(Q))* x L§(Q), (49)
[wll2 + llellr < cllnllo-
Thus
Inllg = B(w,e;n,€)
= B(w—iyw, = jnp;n, &) + B(n, & inW, —jng). (4.10)
From Theorem 3.1, Theorem 3.2, (4.6, 4.9), we have
| B(w —ipw, o —jnpin, &) | < ch(wll2 + lell)(Inll + [1€llo)
< ch*|nllo (4.11)
and
| B(n, & inw, —jnp) | < ch* (WM lw —ipw([1 + [w[2)
< ctwls
< el (112)

Combining (2.5, 4.10, 4.11) and (4.12), we achieve the proof.
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5. REMARKS

Only the multi-paramemter error resolution for the Bernardi-Raugel finite element spaces has been discussed
above. In fact, the error resolution arguments presented in this paper can be applied to other pairs of finite
element spaces with similar results, for instance, the filtered bilinear-constant finite element spaces. Moreover,
if the Green-function technique as in [6] is adapted, then maximum norm estimates can also be obtained.

The author would like to express his appreciation to the referees for careful corrections and suggesting several im-
provements. This work was supported in part by the Chinese National Science Foundation and the Educational Center
for Mathematical Research sponsored by the Ministry of Education of China.
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