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FINITE VOLUME SCHEMES FOR A NONLINEAR HYPERBOLIC EQUATION.
CONVERGENCE TOWARDS THE ENTROPY SOLUTION AND ERROR
ESTIMATE

CLAIRE CHAINAIS-HILLAIRET!

Abstract. In this paper, we study some finite volume schemes for the nonlinear hyperbolic equation
ug(x,t) + divF (z,t,u(x,t)) = 0 with the initial condition ug € L>(RY). Passing to the limit in these
schemes, we prove the existence of an entropy solution u € L* (RN x R4). Proving also uniqueness, we
obtain the convergence of the finite volume approximation to the entropy solution in L? (RY x R;),
1 < p < +o0o. Furthermore, if up € L>= N BV;OC(RN), we show that u € BV;OC(RN x R4), which leads
to an “h1” error estimate between the approximate and the entropy solutions (where h defines the size

of the mesh).

Résumé. Dans cet article, on étudie des schémas volumes finis pour 1’équation hyperbolique non
lindaire u¢(z,t) 4+ divF (z,t,u(z,t)) = 0, avec comme condition initiale uo € L>°(RY). En passant & la
limite dans ces schémas numériques, on obtient ’existence d’une solution entropique u € L°°(RY xR.),
puis son unicité. On montre aussi la convergence dans LY (R x Ry), (1 < p < +0o0) de la solution
approchée donnée par le schéma vers la solution entropique. De plus, si ug € L°° N BV,e(RY), on
prouve que u € BV, (]RN xRy ), ce qui implique une estimation d’erreur de l'ordre de h4 entre solution

approchée et solution entropique (h étant le pas du maillage).
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1. INTRODUCTION

1.1. Presentation of the problem

The aim of this paper is to define and study some finite volume schemes which approach the following
nonlinear hyperbolic equation with some initial condition:

u(z, t) + div(F(z, t,u(z, ) = 0, vz e RN vt e Ry, (1)
u(z,0) = wug(z), VreRY

where
F : RVxR, xR — RN N>1
(z,t,s) —  F(x,t,s).
The problems of physical interest often have fluxes of the form F(z,t,s) = v(x,t)f(s) with v : RV x R, — RY
and f : R — R. In [2,3], Eymard, Gallouét and Herbin consider finite volume schemes in this case. Other
authors like Cockburn, Coquel and Lefloch in [1] and Vila in [8] study finite volume schemes in the case where
F(z,t,s) = F(s) with F : R — RY, which might be the first step in the study of hyperbolic systems. The
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equation (1) is a generalization of these two cases and the study of this general case allows us to emphasize the
methods developped in [2, 3].

Our interest lies in the study of convergence — it means: convergence and rate of convergence — of finite
volume schemes towards the entropy solution to (1) (see below for the definition of entropy solution). However,
the study of these schemes permits us to prove also existence and uniqueness of the entropy solution.

The following hypotheses are made on the data:

ug € L™ (RN): JA, B € R such that A < ug < B almost everywhere,

F e CY(RYN x Ry x R) and — is locally Lipschitz continuous,

0s
Y OF,
div, F(x,t,8) = 8—;(1‘,25, 5) =0V (z,t,s) € RN x Ry xR, (2)
i=1

oF
for all compact set K C R, there exists Vic < +oo such that |8—(m, t,s)| < Vi for almost every (x,t,s) €
s
RY xR, x K.
Definition 1. We say that u € L= (R x]0, +o0[) is an entropy solution to (1) if:

/ [|u(m,t) — Kloe(x,t) + (F(z, t,u(z,t) Tr) — F(z,t,u(z, t)Lk)).Vo(z, t) | dedt
RNXR+
+/ lug(x) — klp(z,0)dx >0, Vi € R, Vo € CHRN xR, Ry), (3)
RN

where aTb denotes max{a,b} and aLb, min{a,b}.

In [5], Kruskov proved existence and uniqueness of entropy solution to (1), if F € C3(RY x R, x R,RY), by
using a parabolic regularization of (1). In [3,4], Eymard, Gallouét and Herbin showed existence and uniqueness
of the entropy solution in the case F(z,t,s) = v(z,t)f(s) with v € L N CYHRY x R, ,RY) and f € C(R,R)
by passing to the limit in some finite volume schemes. That is the way we use to obtain this result in our case.
This proof needs the notions of entropy process solution and of nonlinear weak * convergence that we introduce
hereafter.

Definition 2. A function v € L= (RN x R, x]0,1[,R) is an entropy process solution to (1) if it satisfies:

1
/ / llo(@, £, ) — Kln(@, ) + (F(z,t,0(z,t,0) Tr) — F(z,t,0(z,, @) LK)).
RN xRy J0

Vo(z,t)|dzdtdo + /

R |U0(.’17) - I€|<p($,0)d:17 > 07 Vk € Rv VQO € Ci(RN X R+7R+)‘ (4>

This concept has been introduced by Eymard, Gallouét and Herbin in [3,4]. It is closely related to the concept
of measure valued solution due to Di Perna [6].

Definition 3. If Q is an open set of RN and (un)nen is a sequence of L>°(2). We say that (un)nen converges
in a nonlinear weak * sense if there exists u € L (Qx]0,1[) s.t.:

/h(un(a;))ga(a:)dx niio// h(u(z,))p(z)deda Vo € L(Q) Vh e C(R,R).
Q aJo

This kind of convergence permits us to pass to the limit in the numerical scheme and thus to show the existence
of an entropy process solution.
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We can remark that the nonlinear weak % convergence corresponds to the convergence towards a Young
measure (cf. [6]) for any sequence of L>°(€2). With the notations of Definition 3, the sequence (uy, )nen converges
towards the Young measure v = (v,)zecq defined by:

1
(va, B = / h(u(z,a))da Vh € C(R,R), for ae. z € Q.
0

We can prove the uniqueness of the entropy process solution, which is moreover the unique entropy solution,
by a technique of regularization due to Kruskov. At the same time, we show the convergence of the schemes
towards the entropy solution.

Furthermore, we obtain an error estimate between the approximate solution given by the scheme and the
entropy solution, provided that ug is in a “good” functional space. Such a result was proved in [2] in the case
F = vf with ug € L*® NBV(RY).

Definition 4. For Q C RP, the functional space BV(QY) is defined as follows:

BV(Q) = {g ssup{ | g(@)divg(z)dz, ¢ € CZ(QRY), (l@lloo = sup (@) < 1} < +OO}.

On BV(Q), we define a seminorm:

glavie) =su{ | a(@divgla)da s o € CQR), el <1}

We also consider BVio.():
BViee(2) = {g;9 € BV(K) for all compact set K C Q}.

1.2. Main results

In Section 2, we present the schemes that we consider: these schemes are Euler explicit in time and finite
volume in space. They are first order in space and time. Then, we prove some stability properties which are
verified by the approximate solution given by these schemes.

The aim of Section 3 is to prove in which way the approximate solution is close to the entropy solution. We
show in Theorem 1, page 137, that the approximate solution satisfies the inequality (27), page 137, similar to
(3), page 130. The difference between (3) and (27) provides from the error terms, which are well-controlled. It
is the key of all the following results.

In Section 4, we pass to the limit in the numerical scheme and therefore we prove the existence of an entropy
process solution (Lemma 4, page 143). Then, by a technique of regularization due to Kruskov, we show that this
solution is an entropy solution and is the unique one (Lemma 5, page 144). Moreover, we obtain the convergence
of the approximate solution towards the entropy solution. All these results are expressed in Theorem 2, page 141.

Until this point, we just have to assume the initial condition ug to belong to L>(RY). However, in order
to obtain an error estimate in h%, where h is the size of the mesh, between the approximate and the entropy
solution, we need ug € L™ N BVj,.(RY) and v € L™ N BVj,.(RY x R, ). But, in Section 4.4, we prove, using
a particular scheme on a structured mesh, that ug € L% N BVj,.(RY) implies u € BVj,.(RY x [0, T) for all
T>0.

Therefore, in Section 5, we can show an error estimate of order hi under assumption ug € L N BV, (RN ).
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2. PROPERTIES OF THE SCHEMES

1. Presentation of the schemes

Let 7 be a mesh of RY such that the common interface between two cells of 7 is included in a hyperplane
of RV, We assume that there exist 2 > 0 and « > 0 such that, for any p € T

ah™ < m(p),
m(dp) < éh’v—l, (5)
é(p) < h

where m(p) denotes the N-dimensional Lebesgue measure of the cell p, m(9p) denotes the (N — 1)-dimensional
Lebesgue measure of its boundary and §(p) denotes its diameter.

With these notations, the parameter h defines the size of the mesh and « its regularity. Under the hypotheses
(5), it is quite easy to verify that each cell has a finite number, bounded by a quantity depending only on N
and «, of neighbours.

For any control volume p we denote by N(p) the set of the neighbours of p. If ¢ € N(p), 0,4 is the common
interface between p and ¢ and n,, 4 is the unit normal vector to 0,4 oriented from p to g.

Let k& > 0 be the time step and t" = nk for all n € N.

For all (p,q) € T2, ¢ € N(p), for all n € N, we consider some numerical fluxes Fy, € C(R%,R) : (u,v) —
F}(u,v) that satisfy:

(i) F}',(u,v) is nondecreasing w.r.t. u and nonincreasing w.r.t. v, for (u,v) € [4, B]* (A
and B are defined in (2)),
(1) FJ,(u,v) = —F},(v,u) for all (u,v) € [4, BJ?,
(ii) F}',(u,v) is Lipschitz continuous over [A, B]*> with the same Lipschitz constant w.r.t. (6)

u and v: m(apq)M where M only depends on F' and uy,
tntt

(i) F},(s,8) / F(v,t,8).np qdvdt for all s € [A, B]2.
tn

The hypothesis (67) ensures the monotony of the scheme, (64) its conservativity, (6ii) its regularity and (64v)
its consistency. We can note that, under the assumption div,(F) = 0, (64v) implies:

> Eps;s)=0 YpeT, VneN, Vscl[A Bl (7)
aE€N(p)
But, the hypothesis (6iv) may also be replaced by:

tn+1

Fpq(s,5) / / F(v,t,8).npqdydt| < Cpo(k+ h)RN=1 Vs € [A, B]

Z  (8:8)=0 VpeT, VneN, VsclA B
gEN(p)

where Cp, only depends on F' and «. It means that we can, for instance, replace (6iv) by:

F;fq(s,s)z/ F(v,t", s).np qdv.

pq
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We give here a very classical example of functions F}}, that satisfy (6). This definition of the fluxes leads to
the 1-dimensional by interface Godunov scheme.

n+41

1t .
Join o /tn /Jpq F(vy,t,s8)npqdydt ifu<wv
F;‘I(uv U) = ) pnt1
Jnax - ” /am F(v,t,8).npqdydt if u>v.

In Section 4.4, we propose another example of fluxes in a particular case.
The discrete unknowns are the u;, p € T, n € N. Let us consider the following numerical scheme:

un+1 _n

m(p)pTup + Z Fp (up,up) =0, peT, neN,
qeli/(p) (9)
u) = ) puo(x)dac, peT.
The time step must verify:
k_(lng%ggemJL (10)
The approximate solution w7 j is defined by:
ur k(2,t) = uy for x € p and t € [t", t" 1], (11)

2.2. L°°-stability

Lemma 1. Assume (2), (5), (6) and (10) hold. Then, the approzimate solution ur i defined by (9) and (11)
verifies:

A<u, <B,VneN, VpeT, (12)
and
lur kllLoe @y xry) < lluoll oo @y (13)

Proof. We prove (12) by induction; (13) is a consequence of (12).
The inequality (12) holds for n = 0 because A < ug < B a.e. We assume that it holds for n. Introducing (7)
in (9), we get:

uttl = — k Z (ng(ug’u:;) B ng(ug’ug» (un _ un)
p p m( ur — un p q/*
4EN (p), p a
up g

Thanks to (64), (6iii), (5) and (10), we obtain that u?' is a convex combination of uy and u}, ¢ € N(p).
Therefore, A < u;‘“ < B Vp €T and it concludes the proof.
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2.3. BV weak stability

We give here some notations that will be used in all the sequel. Let "> 0 and R > 0.

T
Nr = max{neN, n< z +1},
T = {peT, pC B(0,R)},
& = {(p7q) €T27 QEN(p), U:Z >U,2},
&p = {(pa) €T? porq€Tr, g€ N(p), opg C B(0,R) and ul} > ul'}.

The assumptions made on the mesh (5) ensure that there exists Cr,nN,o which only depends on R, N and a such
that Card Tg < Cg,n,oh™, Card £} < CrN,oh™ " and Card {o,, € B(0,R)\ B(0,R — L), (p,q) € T?} <
Cr,Noh V.

The following lemma gives some estimates on the time and space derivatives of the approximate solution
uT,k. We call them BV-weak estimates.

Lemma 2. Assume (2), (5), (6), (10). Let ur ) be defined by (9), (11), let T > 0 and R > 0. Then, there
ezists Cyp, € R depending only on F', ug, M, a, £, R and T such that:

Nt
n n va
Dk > m( Fy(d,e) = Fy(d d>)+un<f£3;<<m( Fr,(d,e) = Fpyle, c>) < Evho< R
n=0 (pgpeep L= 1=
(14)

and

Nt C

SN mp)luptt —up| < \/”1 Vh < R. (15)

n=0peTr h

Proof. In this proof, we denote by (C;);en some quantities that only depend on F, ug, M, «, §, R and T. The
size of the mesh is chosen small enough (h < R) so that Tx is not empty.

We first prove (14). We multiply the scheme (9) by ku; and we sum the result over n € {0,.., N7} and
p € Tr. We obtain:

B1+ By =0 (16)
where
Nt
B, = Z Z m(p)u, (ugJrl Uy ),
TLZOPGTR

By, = ZZk Z up,ug) — Fp (ug ).

n=0pcTr gEN(p)

The term By can be turned into a sum on the edges of the mesh instead of a sum on the cells. That is the
reason why we introduce Bjs:

B3_Z Z o (U ) = Fp g (ugs ug)) — ug (F (up, ug) — Fly (ug, q))]

n=0(p,q)e€}
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The quantity |Bs — Bs| only contains a sum of terms concentrated on the boundary of B(0, R). Each term
is bounded by C;hN¥~! and the number of such terms is lower than the number of edges o, included in
B(0,R) \ B(0, R — h). Therefore,

|Bs — Ba| < Cl. (17)

For allp € T, ¢ € N(p), n € N we denote by ¥?  the following function:

W)= [o (T + TR0 ) ds = [T (s

u (Y

Integrating by parts, we get, for all (a,b) € R%:

\I/Z’q(b) — \I/Z’q(a) = b(ng(b,b) — F;fq(a, b)) — a(F;fq(a, a) — ng(a,b)) — /ab (ng(s, s) — F;fq(a, b)) ds.
This equality permits us to rewrite Bs as:

Bs = By + Bs (18)
with

B4 = Z Z \I];)L,q( 2))7

n=0(p,q)e€}

B; = Z Z 3 F”(” uy) — (s, s)) ds.

n=0(p,g)cep *"a

Because of (7), > cn(p Yp.g(2) =0Vpe T Vo € [A, B] and By is again reduced to a sum of terms included in
B(0,R) \ B(0,R — h) and bounded by C3h™~!. Therefore:

|B.| < Cu. (19)

We now have to estimate Bs. Using the monotony properties of the numerical fluxes (67) and a technical lemma
given in [2], we get:

“r n n 1 n 2
/u (Fp,q( Up, q) F ( )) ds > W <ug<rzl<a;(<u;(Fp,q(d C) Fp,q(d7 d))

n

+ max (F). (d,c)— F;fq(c,c))2>. (20)

uggcgdgug p:q

Then:

Bs > —Zk > ( ! max  (F7.(d,c) — F7 (d,d))?

mio un <c<d<um
n=0 (p,q)ES}; ( pq) q—="="="p

+

! max (F) (d,c) — F;',(c, c))2> . (21)

m(0pq) uy<e<d<up
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Let us now turn to an estimate of Bj.

Nr
Bi==5 3 3 m)u g 3 mo)e -5 3 m)*.

n=0p€ETr PETR PETR

>0 <Cjs

We apply Cauchy-Schwarz inequality to the scheme (9). Hence,

n n k2 1 nofn W n o m om
(up+1 _ up)2 < m(p)? Z m(opg) Z W(Fpﬂ(up,uq) - Fpﬂ(up’up))a (22)
qeN(p) qeN(p) Prq
and
B>—C_(1—5)§T: Sk 1 max  (F" (d,c)— F" (d,d))?
- ’ 4M m(apq) uf;gcgdgug p,g\? p,q\*"
n=0(p,q)€E}

+

L ax (F;jq(d,c)_F;fq(c,c)V). (23)

m(0pq) wy<esd<up

Then, we can deduce, from (16), (17), (18), (19), (21) and (23), that:

Nt

k Z ! ( max (F}.(d,c) — F}' (d,d))*> + max (F? (d,c)— F},(c, c))2> < Cs
0

m(o. un <c<d<um ’ un <c<d<um ’
(p,q)ec‘:ﬁ ( ZDCI) q—="="="p q—="="="p

n—=

We now just have to apply the Cauchy-Schwarz inequality to get the BV-weak estimate on the space derivatives
(14). The estimate on the time derivatives (15) is a straightforward consequence of (9) and (14).

3. ENTROPY INEQUALITIES FOR THE APPROXIMATE SOLUTION

In this section, we show how the approximate solution u7 4 is close to the entropy solution. First, we derive
a discrete entropy inequality which is a consequence of the monotony of the scheme. Then, we prove that wr
verifies an inequality, similar to (3), but with the add of some error terms.

3.1. Discrete entropy inequality

Lemma 3. Assume (2), (5), (6) and (10). Let ur i be given by (9), (11). Then, for all k € R, p € T and
n € N, the following inequality holds:

[untt — k| — [u? — K| 1

r - r + o) g (F;q(u;‘—l—/i,ug—l—f{) - F;‘q(ung,ung))g 0. (24)
m(p : :

9N (p)

Proof. The scheme (9) writes:

un—i—l = "

k n n n n n
p TP Z Fpo(up,ug) = G(uy, ug g € N(p))
m(p) gEN(p)
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where G is a nondecreasing function whith respect to the uj, ¢ € N(p), and to uj; when k satisfies (10).
Furthermore, G(k, k) = K, Vk € R. Therefore:

k
utTe < wpTr— ) Z (up Tr,ug Tr), (25)
TP q€N(p)
k
u Tl > u”J_Fo—— B (up Lk, ug LK) 26
e Z o .

The difference between (25) and (26) leads directly to (24).

3.2. Continuous entropy estimate for the approximate solution

In Theorem 1, we prove that the approximate solution verifies an entropy inequality with some error terms.
These error terms are expressed with the help of some measures. For Q = RV or Q = RY x R, we denote by
M(€2) the set of measures on €2, i.e. the set of positive continuous linear forms on C.(2). If u € M(Q), we set:

(uyg) = / gdp, for all g € C.(Q). The estimates (28), (29) and (30) give a control of the error terms.
Q

Theorem 1. Assume (2), (5),(6) and (10). Let ut i be defined by (9), (11). Then, there exist pr € M(RY)
and pr € M(RYN x Ry) such that, Vk € R, Vp € C°(RY x Ry, R, ):

/]RN & [|U7’7k($,t) - I43|<,0t(.'17,t> + (F(:E,t, UT,k(x7t>T"€) - F(m,t,uT,k(x,t)J_/i)).Vga(a:,t)]dxdt

[ o) ot 0)e = = [ (e + Vot Oy s ) [ ol 0ur (@) (27

Furthermore the measures pr 1, and pr verify the following properties:
1. For all R >0 and T > 0, there exists C,, depending only on F', ug, M, a, £, R and T such that

w7 k(B(0, R) x [0,T]) < Cr(h+ V), Vh < R. (28)

2. The measure pr is the measure of density |uo — ur 0|, where uro(x) = ug Vx € p, with respect to the
Lebesgue measure. For all R > 0, we have:

}IL%(MT(B(Ov R))) =0, (29)

and if ug € L> N BVioo(RY), there exists D,, only depending on ug, o and R such that:

17 (B(0,R)) < Dpuh, Vh < R. (30)

Proof. Let o € C°(RY x R.,R;) and k € R. Let T > 0 and R > 0 such that o(z,t) # 0 implies |z| < R — h

g+l

and t € [0,7]. Let us multiply (24) by / / o(x,t)dzdt and sum the result for all p and n. It yields:
tn p

Ty + Ty <0 (31)

with

tntt

Nt n+1l _ g n
= Z Z [up R'}g [up — | /(p(x,t)dmdt (32)

n=0peTh tn P
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and

tn+1
1

Nt
T = Z Z o) /ga(a:,t)da:dt Z (B (up Tr,ug Tr) — FJ(up Tr,upy Tr)
n=0pETr p) Jin p geN(p)

— B (upy Lk, ug Le) + F (uy Le,up LK), (33)
The term 7T; contains the discrete time derivatives of |urj — k| and T, the discrete space derivatives of

F(.,.,urrTk) — F(,,.,ur rLlr). The proof lies in the comparison between 77 and T} and between T, and
T3, where T} and T3 are respectively the temporal and the spatial term in (27):

1; = [ lraed) — sleotdodt [ Juo(o) ~ elgp(e, 0)ds
RN xR RN
T = —/ (F(z,t,ur p(z,t) TK) — Fz, t,ur (2, t) LK)).Vo(z, t)dzdt.
RN xRy
Comparison between T; and Tj
Using the definition of wr x, (11), and introducing wr o(z) = ug, Vx € p, we get:
n41

T* o ali |UZ+1 B H| B |UZ B H| ¢ n+1
=33 - pla, " dadt + [ (Jurofa) — 5]~ fuofa) — sz, 0.
tn P

n=0 pETR

Hence,

tn+1

| / (oo, £)| dzdt + /R Juo(a) — uro(2)le(z, 0)ds. (34)

Nt
(IR 3 SRy

n=0peTr "

We define two measures ur € M(RY) and Ay € M(RY x R;) by their action on C.(RY) and C.(RY x R,):

(ur.g) = / luo(®) — uro(z)|g(z)dz, Vg € Co(®),
RN
tntl
Orig) = St -l [ [ g tded, o e @Y xRy,
neNpeT n p

Inequality (34) gives:
T-Ti1< [ et + [ eln0dur(a). (35)
RN xR RN

The properties (29) and (30) can be proved, first for ug € C°(RY) and, then, by density for ug € L>(RY) or
ug € L= N BVjee(RY). Furthermore, Ay ; will contribute to the measure 7 j and, thanks to (15), we have:

A x(B(0,R) x [0,T]) < TCpVh YR >0, YT > 0.
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Comparison between Ty and T3

In T5 we gather the terms by edges. Thus, T5 = T51 — Ths, with:

Nr g+l
1
To, = Z Z W /tn /<p(a;,t)d:1:dt [ng(ugm, ug TK) — F;fq(uZT/i,uZT/i)
n=0 (p,q)€ER p
—F;fq(uZJ_K, UZJ_KJ) + F;;fq(UZJ_Ii, uZJ_/i)}

and

Nr g+l
1 n n n mn n n
Tooy = Z Z W /tn /qga(a:,t)da:dt [Fp,q(up'l'n, ug Tk) — ) (ug T/ﬁ,un/ﬁ)
n=0(p,q)€ERL
—F) (up Li,ul Le) + Fp (up Li,ul L)) .

Using the fact that div,F' = 0, we can also gather the terms of 75 by edges and afterwards decompose 7% as
15, — 155, with:

tn+1

1
tn (WPQ)FZZ‘J (ugT/{, UZJLTK/) o F(’Y7 t’ UZTKJ)le,q

Nt
-3 Y |
n=0 (p,q)e€y ” ra
1
P (Wl Lk ul L) + F(,t, u;u@.np,q) oy, ),
m(%q)

tn+1

Nt
T3, = Z Z

1
(mng(ugT/{, ug‘T/{) — F(y,t, ug—l—/{).nnq
n=0 (p,q)eER * TPa pa

tn

1

m(0pq)

p,q

B} (up Le,ug LK) + F(v,t, ugin).np,q) (v, t)dtdy.

In order to compare T5; with 73, we add and substract the following quantity in 7%;:

n+41

t

1 n n n mn n n

/ / (o) (B (upTr,up Tr) — FJ (up Lk, up Lk))p(y, t)dydt.
Opq J ™ Pq

Then, we can see that some terms of T4, and T5; are similar (you just have to replace the mean value of ¢ over
a cell by the mean value over the edge of the cell). The other terms are due to the dependence of F upon = and
t. In the following comparison between T5; and T3; the term containing ¢(&,7) has no real influence because
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of the consistency of the scheme. Therefore,

Nt
Tn=Th= > 2.

[ Er (up TR, ul Tk) — FP (ul Tr,up Tk) ]
n=0(p,q)€EER

—F) (up Lk, uy Le) + Fp (up Lk, up LK)

tn+1 tn+1
X / / / v, s)) dedtdryds
qu tn tn

(36)
1
o 28Uy TR)Mp.q — mng(u;‘Tﬂ,usz)
n=0(p,q)€E} Y S, Uy fi).np,q + m p7q(up Ky Uy, ,4;)
gt rq
(km (0pq) Jin P&, ))dfdr) dyds.

As F is C*, there exists Cpo,7,r depending only on F, ug, T and R such that, V(p,q) € &R, Vv € 0pg,
Vs € [t t" 1], Vv € [A, B]:

1
|F(77 S, v)‘np,q —F, (U, v)| < CF,UO,T,R(h + k) (37>

m(opg) P

Moreover, for all (v,&,s,7) € qu x [t", " 1[2] we have:

1
o(v,8) — @(&,7)] S/O (h+ k) (IVel + lpel) (€ + 0(y =€), 7 +0(s — 7))db (38)

and’ V(ﬂf,%t,S) cpX Opq X [tn,tn+1[2:

1
oz, 1) — (7, )] S/O (h+ k) (IVel + lpel) (v + 0(z = 7), s + 0(t — 5))db. (39)

Forallp € T, g € N(p), n € N, we define some measures p) . € M(RY xR,) and v}, € M(RY xR ) by their
action on C.(RY x R,):

tn+1 tn+1

o0 9) = 3 ® )1 o) /t //t /U/ (h + K)g(y + 0z — v),s + 0(t — s))dOdzdtdyds,

and
tn+1

n
<Vp7q7 g - 0_ /
pq tm o t

rq

tn+1

1
/ / (h+k)2g(+0(y — &), 7+ 0(s — 7))dbdEdrdryds.
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Then, the expressions (36), (37), (38) and (39) lead to:

N
|To1 — T3y | < Z Z k[F),(ur Tr,up Tr) — B (up Tr,up Tr) + F' (un Lk, ull Lk)
n=0(p,q)€ER

Nt
—Fp o (up L, ul LR)) o [Vl + [9e) + Cruomr Y, > (Vg ol + leel). (40)
n=0(p,q)€€%

We obtain as well:

N
|Too — Thy| < Z Z k[F),(ur Trup Tr) — ' (up Tr,up Tr) 4+ F)' (un Lk, ull Lk)
n=0(p,q)€ER

Nt
—Fp (L, u LR)) (g, Vol + |0t) + Cruorr Y, > (Wig el + leel).  (41)
n=0(p,q)€ER

The monotony of F}', implies that ¥(p, q) € £, Vk € R,

0 < Fp (upTr,ul Tk) — FJ (up Tr,upTr) < ung%lgfgun(ng(d’ c) — F) . (d,d)),

0< F) (upTr,ugTr) — Fp (ug Th,ug Tw) < un<121<a;<<un(F£q(d, c) — F,,(cc))

(42)

and these properties are always true if we replace T by L. Finally, we can define u7, € M(RY x R, ) by its
action on C.(RY x R):

(irk9) = Orag) +2) Y K[ max  (Ey(d,e) = Epy(d,d)) (g, 9)
neN (pgeen =SS

+max (B (de) = Fpo(c,0) (g 9]+ 2Cru0 i Y Y (Vpgr9)-

up <c<d<up ?
neN (p,g)een

Lemma 2 gives the bound (28). Thanks to (31), (35), (40), (41) and (42), we get:

=Ty > —/RNX]R (lpe(, D) + [Vl D)) dpr k(2 8) —/R ¢(z,0)dpr(2).

N

This puts an end to the proof of Theorem 1.

4. EXISTENCE AND UNIQUENESS OF THE ENTROPY SOLUTION

The aim of this section is to prove Theorem 2; it gives simultaneously the existence and the uniqueness of
the entropy solution to (1) and the convergence of the scheme towards this solution. Furthermore, in Section
4.4, we study the case where the initial condition ug belongs to L N BV}OC(]RN).

Theorem 2. Under assumptions (2), the nonlinear hyperbolic problem (1) has a unique entropy solution u
and the approzimate solution defined by (9)-(11) with the hypotheses (5), (6), (10) converges towards w in
L? (RN xR,) for 1 <p < +oo.

loc
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The proof splits up into 3 steps. First, we give a property of the bounded sequences in L>(R" x R ). Then,
it permits us to pass to the limit in (27) and therefore to prove the existence of an entropy process solution.
Finally, we use a technique of regularization to prove that the entropy process solution is unique and is the
unique entropy solution.

4.1. A property of bounded sequences in L (RN x R )

Proposition 1. Let (u,)nen be a bounded sequence in L°(RN x R, ). Then, there exists a subsequence of
(un)nen (still denoted by (un)nen) and u € L (RN x Ry x]0,1[) such that (u,)nen converges towards u in a
nonlinear weak * sense. Furthermore, if u does not depend on a (i.e u(z,t, ) = v(z,t) for a.e. (z,t), for a.e.
a), then (un)nen converges towards v in LY. (RN x Ry) for all 1 < p < 0o,

loc
The first part of the proof (convergence in a nonlinear weak * sense) is given in [4]. We get the convergence
in L . by choosing some particular functions h (power functions) in the definition of the nonlinear weak
convergence (cf. [3]).
In order to pass to the limit in (27), we also need the following corollary:

Corollary 1. Let (un)nen be a bounded sequence of L®(RN x Ry) and u € L®(RY x R, x]0,1[) such that
(un)nen converges towards u in a nonlinear weak * sense.
Then, Vg € C’(RN x Ry xR/R), VK C RY xRy, Vp € LY(K),

1
/g(m,t,un(ac,t))@(ac,t)dmdt ni))o/ / g(x, t,u(x, t, o)) p(z, t)dedtdo.
K K Jo

Proof. Let (un)nen be a bounded sequence of L>°(RY x R, ). Proposition 1 gives the existence of a subsequence
(tn)nen and of u € L= (RN x R x]0,1[) such that (u,)nen converges towards u in a nonlinear weak * sense.
Therefore, there exists U > 0 such that ||u]|co < U and |Jup|jec < U Yn € N.

Let g € C(RY x Ry x R,R) and K a compact set of RY x R, equipped with the usual distance d. As the
set K x [~U, U] is a compact set of RV x R, x R, g is uniformly continuous on K x [~U,U].

Let € > 0. There exists n > 0 such that for all (z,t), (z/,t') € K, for all s € [-U,U]:

d((z,1), (', 1)) <n = lg(@,t,5) — g(a', ¥, 5)| <. (43)

Moreover, K C U, yex B((z,1),n) and K is a compact set. Then, we can extract a finite covering from this
open covering of K:

L
K c | B((zi. t1),m).
=1

On K, we can define m(z,t) = (n — d((,t), (z1,%))) TO. Each function m is continuous and nonnegative on K

and m(z,t) > 0 if and only if (z,t) € B((x,t),n). Therefore, ZZL=1 m(z,t) # 0 for all (z,t) € K and we can
L L

set: y(z,t) = m(x,t)/z m(,t), which verifies » i(z,t) =1, V(z,t) € K.
=1 =1
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Let ¢ € L}(K), we have:

'/K g(z, t,un(z,t))e(z, t)dedt — /K/ol gz, t,u(z,t,a))p(x, t)dedtda

L
< Z |g(:17,t, un(x7t>> - g(ml, ty, un(x7t>>| wl(x7t>§0(x7t>dxdt
K =1

L

>

=1

/K <9($z,tz,un(m,t)) - /01 g(acz,tl,u(ac,t,a))da) Wi, t)p(z, t)dadt

L

1
+ /K /O Z |g(xl7tl7 U(.’Z?,t, Oé)) - g(fE, t, U(.’Z?,t, Oé>>| d}l(x?t)sa(x?t)dxdtda

1=1
We use the uniform continuity of g and the result of Proposition 1. There exists P € N such that for all n > P,
foralll € {1,..,L},

<

=l ™

1
0

‘/K (g(mz,tz,Un(x,t)) —/ g(acz,tz,u(x,t,a))da) iz, t)(x, t)dedtda

Thus, for all £ > 0, there exists P € N such that for all n > P

1
| / 9@t un(z, ), t)dadt — / / gz, t,u(z, t, 0))p(, t)dedtda] < e(@llpi ) + 1)-
K K JO

This concludes the proof of Corollary 1.

4.2. Existence of an entropy process solution
Lemma 4. Assume (2), then there exists an entropy process solution to the problem (1).

Proof. We consider a sequence of meshes (7, ),ecn and a sequence of time steps (ky, )nen that satisfy the hypotheses
(5) and the C.F.L. condition with h = h,,, k = k,, and a and ¢ not depending on n. We assume that (h,)nen
goes to 0 when n goes to infinity. Then, we consider the sequence of approximate solutions (ur, k, )nen given
by (9)-(11) and the hypotheses (6) and (10).

Lemma 1 proves that (ur, k, )nen is a bounded sequence of L= (RY xR, ). Therefore, Proposition 1 gives the

existence of v € L*(RY x R, x]0,1[) and of a subsequence, still denoted by (u7, k, Jnen, such that (ur, k, Jnen
converges towards v in a nonlinear weak * sense. Let us prove that v is an entropy process solution to (1).

Let o € C*(RY xRy,Ry) and k € R. Let R > 0 and T' > 0 be such that Suppp C B(0, R) x [0,T]. We pass
to the limit in the expression (27). Applying the definition of the nonlinear weak * convergence and Corollary

1, we get:

1
lim lur, &, (2,t) — K| (2, t)dedt = / / [v(z,t, @) — klps(x, t)dedtda,
o0 JRN xRy RN xRy JO
and
lim (F(z,t,ur, g, (2, 8) TR) — F(z,t, ur, K, (2,t) LK)).Vo(z, t)dedt

n—oo RN XR+

1
= / / (F(x,t,v(x,t,0) Tk) — F(z,t,v(x,t,a) Lk)).Vo(x, t)dedtdo.
RNX]R+ 0
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The error terms are bounded as follows:

A

/R (lpe(, D) + [Veo(z, ) )duT, g, (2,8) < (leelloo + [Velloo)iT, b, (B0, R) x [0,T1),

N xRy
[, #6007, (@) < e O)llwpr () (BO. B).

and the properties (28) and (29) ensure that these two expressions go to 0 when n goes to infinity. Therefore,
v is an entropy process solution.

4.3. Uniqueness
Lemma 5. The entropy process solution to (1) is unique and it is the unique entropy solution to (1).

Proof. Assume that there exist two entropy process solutions v € L®(RY x R, x]0,1[) and w € L®(RY x
R, x]0,1[). It means that, Vk € R, Vi € CLRN x R, R,),

/]RNX]R /0 (lv(z,t,0) = Klpr(z, t) + (F(z, t,v(z,t, ) Tr) — F(z,t,0(z,t,a) Lk)).Vo(z, t)]dedida
+ /RN uo(x) — kle(x,0)dz > 0,  (44)

and

1
Lo wt05.8) = sln(09) + (05,0058 T0) — (5,005, 5) L0)- Vi, 9 dudd

+ / luo(y) — lio(y, 0)dy > 0. (45)
RN

The proof of Lemma 5 splits up into 2 steps. In Step 1, we prove that:
For all ¢y € C°(RY x R, Ry),

/ lo(a,t, @) — w(z, b, B)|ge(z,t) + (Fla t, v(, t, 0) Tw(z, £, 5))
RN xR, x]0,1[2

— F(z,t,v(z,t,a) Lw(z, t, ). Vi(z,t))dedtdads > 0. (46)

Then, choosing a good function 1, we obtain in Step 2 that, for all compact set K C RN x R,
/ [v(x,t, o) — w(z,t, B)|dzedtdadf = 0. (47)
K x]0,1[2

It implies that v(z,t, o) = w(z,t, 3) for almost all (z,t, a, ) € RY x Ry x]0,1[2. Then, v(z,t,a) and w(z,t, 3)
do not respectively depend on a and 3. But, if we know an entropy solution u of the problem (1), we can build
an entropy process solution v defined by v(x,t,a) = u(x,t) for a.e. (z,t,a) € RN x Ry x]0,1[ ; reciprocally,
if v is an entropy process solution of (1) and if there exists u such that v(z,t,a) = u(z,t) for almost every
(z,t,a) € RN x Ry x]0,1[, then u is an entropy solution of (1). Thus, the entropy process solution is unique
and it is the unique entropy solution w.

Furthermore, Proposition 1 implies that the approximate solution given by the scheme converges towards u
in LY (RN x Ry) for 1 < p < +o0 and it concludes the proof of Theorem 2.

loc

It remains to prove (46) and (47).
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4.3.1. Step 1

The idea is to take k = w(y, s, 3) in (44) and to choose a function ¢ that makes y close to z and s close to t.
We introduce two functions py € C°(RY R) and p; € C°(R,R) that satisfy:

Supp (pn) C {z € RY; || <1}, Supp (p1) C [~1,0],
[ ov@do =1 [ p@ys =1
RN R
For all r > 1 we define pn, : @ — N pn (rz) and p1,r:x — rpi(re). We have:
/ on(x —y)pre(t —s)dyds =1 Vo € RN, Vt € Ry. (49)
RN xRt

Let ¢ € C(RY x Ry, Ry), we set o(z,t,y,8) = (2, t)pn . (x — y)p1(t — s). We rewrite (44) with ¢(.,.,y, s)
and K = w(y, s, #) and we integrate with respect to y, s and 5. It yields:

A1+ As+As+As+ A5 >0 (50)
with
A = / [v(z,t, ) —w(y, s, B)|Ye(x, t)pn r(x — y)p1,r(t — s)dxdtdadydsdp,
(RN xR x]0,1[)2
A = [ o(z,,0) — wly, 5. ) V(@)oo (& — )7, (¢ — s)dedtdadydsds,
(RN xR x]0,1[)2
Az = / (F(z,t,v(x,t, ) Tw(y,s,B)) — Flz,t,v(z, t,a) Lw(y, s, 5)).
(RN xR+ x]0,1[)2
V'Q[J(IE, t)pN,r (:E - y)ﬁl,r (t - s)dmdtdadydsdﬁ,
Ay = (F(z,t,v(x,t, ) Tw(y,s,B)) — Flz,t,v(z, t,a) Lw(y, s, 3)).
(RN xR4+ x]0 1[)2
Von (@ —y)Y(z,t)prr(t — s)dedtdadydsdf,
As = / luo(z) — w(y, s, B)|¢(z,0)pN,r(x — y)p1,(—s)dzdydsdf3.
(RN)2xR4 x]0,1]

We will obtain (46) by passing to the limit on r in (50). Indeed, if we set:
Ay = / lo(z, t, @) — w(z, t, B) v (2, t) dzdtdadp,
RN xRy x]0,1[2
and
Asg = / (F(z,t,v(x, t,0) Tw(x, t, B8)) — F(z, t,v(z, t, o) Lw(x, t, B)).Vi(z, t)dedtdadp,
RN xRy x]0,1[2

we prove that

A =X Ao, (51)
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and
A3 = Asp. (52)

Furthermore, we show that liminf(—A; — A4 — As) > 0. In the sequel, we will use the following result:

Lemma 6. Let g € L*>°(RY). For all compact set K C R9:

h—0

y lg(x + h) — g(z)|1x (z)dz — 0.

The term A;
Thanks to (49) and the triangular inequality we get:

|A1 — Ao < / lw(z,t, B) —w(y, s, B)|Ye(x, t)pn r(x — y)p1,r(t — s)dzdtdadydsdps.
(RN xR x]0,1[)2

We set:

S| =

1
1
(r, K, w) = sup{ / / (@, t, ) — ww +n,t+7, B)|dudtdS, |n < —, 0< 7=~}
K JO

T—00

Therefore, |41 — A1o| < ||¢t]|ooe(r, K, w) and, as e(r, K,w) — 0 (Lemma 6), we get (51).
The term Aj
Similarly, there exists C'ry 0,0 that only depends on F', v, ||v|/« and ||w| o such that:

s — Aso| < Crpon / w(z,t, 8) — w(y, s, B[V (x, )]

(RN xR x]0,1[)2
p]V,T'(m - y)ﬁl,r(t - s)dxdtdozdydsdﬂ < CF,w,v,w|‘v¢HOOE(T7 Ka U}),

and it implies (52).
The term A, + Ay

We rewrite (45) with the test function ¢(z,t,.,.) and k = v(x,t,«), and we integrate with respect to x and t¢.
It yields:

—Ay — Ay >0
where

Aw= [ (F(y, 5,0, t,0) Tw(y, s,8) — F(y,s,v(z,t,a)Lu(y,s, 5)).
(RN xR, x]0,1])2
va,’l‘(x - y)w(x7t>ﬁ1,r(t - S>dxdtdadyd8d5
Therefore,
—Ay — Ay > Ay — Ay = Ay (53)

with

A= [ (F(y 5,002, t,0) Twly,5,8)) — Fly,s, vz, t,0) Lu(y, 5, )
(RN xR4 x]0,1[)2

- F(I]],t, ’U("L’,t, Oé)T’LU(y, S, /8)) + F(xv t, ’U(:E, t, OL)J_’U.)(y, 8,16))) 'va,’l‘(x - y)w(x7t>ﬁ1,r(t - S>dxdtdadyd8d5
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If we replace w(y, s, 3) by w(z,t,3) in Ayg, we get:

A4b = / (F(y,S,U(.’Z?,t,Oé)TU)(.’E,t,,B)) - F(y757v(xvt7 OL)J_'UJ(:E,t, /6’))
(RN xR x]0,1[)2
— F(x,t,v(z, t, ) Tw(z,t, 8)) + F(z,t,v(z, t,a) Lw(x, t, ﬁ))) NVon (@ —y)(x,t)prr(t — s)dedtdadydsdf.
But, for all (z,t, «, ), the function:

Yy F(yv S,U(.’E,t, Oé)TU)(.’I?,t,,B)) - F(y7 S,U(IE,t, OL)J_'UJ(:E,t, /6’))
— F(x,t,v(z,t, ) Tw(z, t,0)) + F(z,t,v(z, t,a) Lw(x, t, 3))

is a divergence-free function. Hence, Ay, = 0. Moreover,

A — Au| < / w(z, , 8) — w(y, 5, B)|
(RN xR x]0,1[)2
1
( / (%—F (2, t,w(x, t, B) To(x, t,0) + 0(w(z,t, /) To(z,t,0) — w(y, s, /) Tv(z,t, )
0
oF

~ 3. (y, s,w(x, t, 8)To(x, t,a) + 0(w(z, t, B) To(z, t, o) — w(y, s,ﬂ)Tv(m,t,a)))) dﬁ’

+ /0 (8—F (z,t,w(z, t, B) Lo(z, t, @) + O(w(x, t, B) Lu(x, t, @) — w(y, s, ) Lv(z, t,a)))

0s
—8—F (y, s,w(z, t, B) Lo(x, t, ) + O(w(z,t, B) Lv(z, t,a) — w(y, s, B)Lv(z, ¢, oz)))) dHD

0s
IVonr(x —y)(z,t)p1,(t — s)dedtdadydsds.

oF
As — is locally Lipschitz continuous, there exists C'ry 0, depending only on F, 9, ||v||oc and ||w||e such that

0s
1 1
for all (z,t) € K, for all (y,s) s.t. |z —y| < . and |t — s| < i

oF OF Ch
(S tp) = S50 <~ p € [ (folloo Tlhloo), (Jolloe Tlhello)]
Finally,
|A4] = [As — Agp| < Oy p,0ll¥llooe(r, K, w).
and
A, =30 (54)
The termAs

We rewrite (45) with ¢(y, s) = ¢¥(z,0)pn »(x — ) / p1,r(—7)dr and k = up(z), and we integrate with respect
to x. We get: ’

—As > —Ag — Az, (55)
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where:

A6 B _/R (l (y;S,U)(§/737/6)Tu0(x)) i (y,S,U](y,S,ﬁ)LUJ()( ))) N,T( )
(RN)2 xR+ x]0,1] T C,0 r—9y
Y(z, 0)/ p1,r(—7)drdrdydsdp,

and
A= [ Juolw) ~ @G 00pxr (@ ~v) [ prp(~r)drdady.
(RN)2 0
We set:

“(rv Ko, w0) = sup{ [ fuo(e) (e +m)ldzs [n] < 7). (56)

Then, [A7| < [[(., 0)l[cce(r, Ko, uo) and

Replacing ug(x) by uo(y) in Ag, we get:

Ago = —/ (F(y, s,w(y,s,B)Tuo(y)) — F(y, s, w(y, s, 8)Luo(y))).Von.(z —y)
(RNV)2 xR+ x]0,1[
%[J(Q?,O)/ p1r(—7)drdzdydsdf.

Let us integrate by parts with respect to x:

AGO :/ (F(y,s,w(y,s,ﬁ)Tuo(y)) - F(y,S,’lU(y,S,,@)LU()(y)))VI/)(J},O)
(RN)2 xR+ x]0,1]
(o =) [ prol-rdrdedydsds,

Then, there exists C'r .y w,u, depending only on F, ¢, ||w||c and ||ugl|co such that:

C
|A60| < Fp,wyuo

Furthermore, there exists C, depending only on F, 9, |[w||eo and ||ug|lec such that:

Y, w,uo
|46 — Aol < Chy v, 1¥(-, 0)[[e(r, Ko, uo).

Therefore,

Ag =20, (58)

Finally, (50), (51), (52), (53), (54), (55), (57) and (58) lead to (46).
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4.3.2. Step 2

R
We now prove (47). Let K be a compact set of RY x R,. Let w € R, R > 0 and T €]0, —[ such that
w

Kc |J (BO,R—wt)x{t}).

0<t<T
Let p € C°(R™,[0,1]) verify:
p(r)=1sir €0, R],
p(r)=0sir € [R+1,+00],
/

p'(r) <0 for all r € RT.

Let 1 be defined by:

T—1
p(|z| + wt) forx € R and ¢ € [0, 77,
P(z,t) = (59)
OforxeRandt>T.

Applying (46) with ¢, we get:

T —t 1
/ (102, t,0) — (e, 1, A (T o (] + ) — p(le] + )
RN xRy x]0,1[2

+(F Gt @, 0) T, 1, 6)) = Fla vl b o) L . 0)- L2 (o + ) dedtdads > o,

We take w = Vic where K = [—(]|]|oo T |w]|oo); (|t|loo Tlw]|oo)]- As p" < 0, we have:
/ [v(z,t, ) — w(z,t, B)|dzdtdadf < 0,
K x]0,1[?

and it yields (47). It concludes the proof of Theorem 2.

4.4. Study of the case ug € BVio(RY)

In order to prove the existence and the uniqueness of the entropy solution and the convergence of the numerical
scheme, we just needed uy € L>*(RY). But if we want to prove an error estimate between the approximate
solution given by the scheme and the entropy solution in L}OC(RN x Ry ), which is the aim of Section 5, we
have to assume some regularity on ug and u. Indeed, if ug € BV;OC(RN ), we get an error estimate of order hi

because of the following result:

Theorem 3. Assume (2) and ug € BVo.(RY). Then the entropy solution to (1) u belongs to BV.(RY x [0, T)
for all T > 0 and, for all compact set K C RN x R, there exists Ck v, ¢ depending only on K, ug and F such
that

Vn € B~ (0,1), V7 € [0,1], / [u(z +n,t +7) — u(z, t)|dedt < Cruy,r(Inl+ 7). (60)
K
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We note that (60) is a consequence of the fact that u € BVi,.(RY x [0, 7). Indeed:
Lemma 7. Let Q CRP and { € Ry. For all g € BV(QU (2 +€)), we have:

/Q l9(e +€) — g(@)lde < lglzvau@ren €l

In order to prove Theorem 3, we consider the entropy solution as the limit of the approximate solution given
by a particular scheme. We know that, in the monodimensional case, the scheme (9) has a nonincreasing total
variation (see [7]) ; it means that we have a strong BV estimate on the approximate solution. But, in the
multidimensional case, we actually just have a weak BV estimate (Lemma 2). However, for some particular
schemes, we can obtain some strong BV estimate, even in the multidimensional case.

We consider a scheme on a structured mesh. We give the proof for N = 2 for the sake of simplicity. Then,
we denote by z = (z,y) a point of R? and by (F®, F¥) the function F and the problem (1) rewrites:

u(2,t) + (F (2, t,u(2,1)e + (F¥ (2, t,u(2,1))y, = 0, Vz € R%Vt € Ry,

u(2,0) = uo(z), VzeR. (61)

The mesh is made up squares of side h numbered in a Cartesian way. Let us denote by p; ; the cell of centre
(x; = ih,y; = jh). The vertices of this cell are the points of coordinates (z,_ 1, yj_%), (:ci_% Yirl ), (:171-4_% Yl ),
(@i 1:Y5-1)-

The discrete unknowns are the u;'; where (i,§) € Z*, n € N. The approximate solution ur x is defined by:

ur k(@ t) =u; Voep;, Vtelt" " (62)

The BV-norm of u7 ), can be written as follows:

NT NT
lurklBvEexory = Y D hPluitt —u |+ Y kY (hlufyy —ull+ bl —ull) . (63)
n=04jer n=0 ijer

We split each component of F' into two parts: the first part must be nondecreasing w.r.t. s and the second part
nonincreasing w.r.t. s. We set:

Fm(z7t78) - a(z,t,s)—l—b(z,t,s),
FU(z,t,s) = c(z,t,8)+d(zt3)
For instance, we can take:
1 1
a(z,t,s) = E(F‘”(z,t,s)—i—Ms), b(z,t,s) = E(Fx(z,t,s)—Ms),
1 1
C(Z7tvs) = E(Fy(z7tvs)+Ms)v d(z7tvs) = E(Fy(z,t,s) — Ms),

where the parameter M is well-chosen. If M = V|4 pj, we note that a, b, ¢ and d are Lipschitz continuous w.r.t.
s with M as Lipschitz constant. We consider the following scheme:

utft=un. —

ij i (a?Jr%,j(qu) —apy () F 0T (Uit ) - bll%,j(“?,j)) (64)

(€ () = ey (o) iy (W) =y ()

SRS ES

with the initial condition:
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and the following definition of the fluxes:

n 1 [Y%i+} n
ai+%’j(s) = 3 L a(@iy1,y,1", s)dy,
=3
1 [Y%i+} n
b?+27']( ) - E/y l2 b(xz_l’_%,y,t 7S>dy’
L ) (60
chJr%(s) = E/a: 1 c(a;,yﬁ_%,t ,8)dx,
i3
1 [T+l n
dn7]+2() = E/ Qd(x,yj+%,t ,s)dx.
a:i_%
All these fluxes are Lipschitz continuous w.r.t. s with M as Lipschitz constant. The fluxes a” T Z.j 41 (resp.
. Jt3
b;ﬂri 5 ! il ) are nondecreasing (resp. nonincreasing) w.r.t. s. The hypothesis div,F = 0 1mphes
WJT o
( —l—b:‘+2 y —a; 157 bf__ J —l—c”+1 —I—dJ+1 — c’fj__ — d’f]__)(s) = 0Vs € [A, B], V(i,7) € Z*, Vn € N.
Thus, the scheme (64) rewrites:
n+1l __ k n n n n n n n n
Uig =W g (ai—%,j(ui,j) —apy (uiy ) 07 (udh ) — bi—i—%,j(ui,j)) (67)
k mn n
-7 (Cijé(u?,j) = (uiig) +dl s (uf) = di,j+%(ui7j>> :
We study it under the following C.F.L. condition:
h
k< —- 68
—4M (68)

This condition ensures the L>°-stability of the scheme. The BV-stability is given by the following lemma:

Lemma 8. Assume (2), uo € BV(R?), and 2 globally Lipschitz continuous. Then there exists Cru, > 0
depending only on F' and wy such that ur g deﬁned by (62),(66), (67), (65) and (68) verifies:

> (bl =l hluly g —ull) < (14 Cruk)"luolpyre), ¥n €N, (69)
,JEZL
SRt —ull < k(L + Cruk)"uolpy e Yn €N, (70)
i,jEL
and
lur k| BV 20,1 < 2T T |ug| gy (r2). (71)

Proof. First, we note that (71) is a straightforward consequence of (69), (70) and (63). Then, we prove (69) by
induction. Lemma 7 implies: BV (u,0) < |uo|py(r2). We assume that the property (69) holds for n. We set
BV (u,n) = BV (u,n); + BV (u,n), with:

BV (u,n), = Z hlui 1 ; —w;';| and BV (u,n), = Z hlui ;i —uijl
ijez i,j€L

We show here how to bound BV (u,n + 1),.
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1
The definition of a and b and the condition (68) ensure that, for all (4, ) € Z?, there exist o , ; € [0, Z]
PR
1
and B, € [0, Z] such that the scheme (67) may rewrite:
3

n+1_n_n(n_n)_n(n_n)
Upg o = Uiy — Qg (Ui = Uiy it 1, \Wig — Uit1j

k
— ey ) = ey )+ () = d7 Ly ()

Therefore, we have:

u?jll,j - uzjl = (u?+1,j - UZj)(l - O‘?_;_%,j - Z;—%,j) + O‘?—%,j(u?,j - u?—l,j)
+ ﬂ?+%7j(u?+27j —uiyy )+ Ne+Ngy  (72)
with:
Neo = (e ) = ey () = (o () = gy ()
Na = % ((d2j+%(u2j+1) =1 (wiy) = (A (Ui ) — d?+1,j+%(“?+1,j))> :

We introduce some “decaled” fluxes defined by:

C?+%7j_%(8) = C(‘IH»%’yjf%atn:S) VSE[A,B],
d?+%7j+%(8) = d(xi+%7yj+%7tn73) VSE[A,B],

and we set:

k
N = (g ey () = ey sy () = (g g () = g g (g 0))
k
Ni =+ ((d?Jr%,jJr%(quJrl) =y (Ui ) = (A o (uily) — dh%’j*%(“?“’j))) '
o 1 . 1
There also exist M1 o1 € [0, Z] and 61.4_%7]._% e o, Z] such that:
Neo= v oa ey = ) = s s (U0 — i o), (73)
* — n n n n n n
Ni = 0y (Ui =) = 07y o1 (il — ugy).

Now, we have to bound [N, — N¢| and |Ng— Nj|. Denoting by LZ* and L}® (resp. L¥* and L¥®) the Lipschitz
constants of dc/ds and dd/ds w.r.t. x (resp. y), we get:

INe = NZ| < RLEA(|ufy —ud |+ iy — uiiq joql) HRLES (il —udy 541,

(74)
INa — Nj| < RLP(Juf g —ulyl + [ufyy jon — ufyrj1) + ELY [ufy — ulg -
But, thanks to (72) and (73), we have:
1 1
g —uiy = (g —ul) (= ad s = Bl ey~ o)
tai sy =it ) + B s (uite g — it ) F s (Uit o1 — uig)
+ 001 e (Ui g — i) + (Ne = N&) + (Na — Np).
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Therefore, taking the absolute value of this last expression, summing over ¢ and j and setting

L= we?;a})xc d}(Li;S, LY%?), we get:

BV (u,n+1), < BV (u,n); + kL(2BV (u,n), + 4BV (u,n),).
We obtain a similar bound for BV (u,n + 1), and finally,
BV(U, n -+ 1) < (1 + 6k£)n|UQ|Bv(R2).

It proves (69). In order to obtain (70), we use the scheme (67) as we did for (15).

Lemma 9. Assume (2) and ug € BViee(R?). Then, for all compact set Q € R?, for all T > 0, there exist

Chuo,ar k. nd C%7HO7Q7T7% depending only uo, F, Q, T and k/h such that:

C T
lur klsviaxpry < Te 7ot TR Cp o k- (75)

Lemma 9 is a consequence of Lemma 8. If we want to compute |ur x|y x[o,7[) We just need the values of
u;’; on a compact set K and therefore, we just need the knowledge of ug on a compact set Ko, which depends
on K and k/h. Then, we consider the truncature of ug to K¢ and the associated approximate solution and we
apply Lemma 8.

Proof of Theorem 3. Lemma 9 generalized to R shows that ur ; belongs to BV (2 x [0, T]) for all compact set
Q C RV, for all T > 0. Therefore, V1) € C°(Q x [0, T[,R) such that ||¢]| < 1,

oY c LT
) —(z,t < Te FuoT. g™ ot Vie{l,. N, 6
/RNx[O,T[ ur (e )8:1; (@) < ¢ " YhuorE VY { } (76)

J

oY c LT
t)—=-(z,t) < Te Hro2Tn () : 7
/RNX[O,T[UT’]C(% )825 (@,8) < Te " Y Fuo T g (77)

But ur, ) converges towards u in weak *-L>(RY x [0, T[). Therefore, if k/h stays constant, we can pass to the
limit in (76) and (77) and then we get the same inequalities with u instead of w7 ;. It proves that u belongs to
BViee(RY x [0, T]), for all T > 0.

5. ERROR ESTIMATE

In this last section, we prove an error estimate between the approximate solution given by the scheme and
the entropy solution to (1):

Theorem 4. Assume (2), (5), (6) and (10). Let u be the entropy solution of (1) defined by (3) and wr
the approzimate solution given by (9),(11). If ug € BViee(RY), we have the following error estimate: for any
compact set E C RN x R, there exists K depending only on E, F, ug, M, o and & such that

/E (i (@, ) — u(w, £)|dedt < Khi. (78)
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Theorem 4 is a straightforward consequence of the following lemma:

Lemma 10. Assume (2) and ug € L= N BV, (RY). Let i € L (RY x R,) such that A < i < B a.e. Assume
that there exist p € M(RN x Ry) and po € M(RYN) such that:

/]RNX]R [la(z,t) — K|z, t) + (F(z, t,a(z, ) Tk) — F(z,t,a(x,t) Lk)).Vo(x, t)]dedt

(lou(a. O]+ Vipla O)dant) = [ ol 0)do(a),

Vi €R, Vo € CP(RYN xRy, Ry). (79)

+ /]RN luo(z) — klp(z,0)dz > _/

RN xRy

Let u be the unique entropy solution to the problem (1):

/]RNx]R [|U(y, S) - H|¢S(yv S) + (F(yv S, u(y7 S)TH> - F(yv S, u(y7 S)J-H»vsa(yv S)]dde

+/ luo(y) — Kle(y,0)dy >0, Vi €R, Vo € CZ(RY xRy, Ry). (80)
RN

Then, for all compact set E C RN x Ry, there exists Cg pu,, B and T which only depend on E, F, ug such
that:

/E [i(, t) = u(w,)|dedt < Cp,pu(1o(B(0, R)) + i(B(0, R) + (1(B(0, R) x [0,T1))?). (81)

Indeed, Theorem 1 proves the existence of y = pr i and po = p7 such that uy j verifies (79). Moreover, as
wr .k and pr satisfy respectively (28) and (30), we get (78).

It remains to prove Lemma 10. The proof is close to the proof of Theorem 5. In a first step, we show that,
for all ¢y € C°(RY x Ry, R,), there exists Cy,Fu, depending only on 9, F' and wug such that:

/]RNX]R [la(z,t) — u(z, t) | (x,t) + (F(x, t, a(x, t) Tu(z, t)) — F(x, t, a(x, t) Lu(z, t))).Vi(z, t)|dedt >

— Cyorao {m0({(,0) £ 01 + (ul({w # ON)F +u({y £ 01} (82)

Then, let E be a compact set of RY x R,. Let w € R, R > 0 and T €]0, E[ such that

w
Ec |J (B(O,R—wt)x{t}).
0<t<T
Applying (82) with the function ¢ defined by (59), we get:
. T-t 1
Lo 0 — e (o el +0) = (el + )
RN x[0,T]
T _

+ (F(z,t,a(z, t) Tu(z,t)) — F(m,t,&(m,t))Lu(x,t))).%Ttp’ﬂﬂ + wt)| dedt >

~Corano (10 (B(O, R+ 1)) + p(B(0, R+ 1) x [0,T]) + (u(B(0, R +1) x [0,T]))% ).
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We take w = Vi, with K = [—(||@]loo T |t]lco)s (|00 T |u]|eo)] and, finally,

/E [@(z,1) = u(w, ) dzdt < Cy,pu T (o(B(O, R+ 1)) + u(BO, R+ 1) x [0,T]) + (u(B(0, R +1) x [0,T])*}).

It remains to prove (82).
Let d} € CCOO(RN X R+7 R+>7 we set: QD(.'Z?,t, Y, 8) = ¢($, t)pN,T(x_y)pl,T(t_ S)' Applylng (79) with 50(7 Y S)
and x = u(y, s), and integrating with respect to y and s, we get:

Dy + Dy + D3+ Dy+ Ds > —E. (83)

Each term D; can be obtained by replacing in A;, encountered in the proof of Lemma 5, v(x,t, ) by @(x,t)
and w(y, s, 8) par u(y,s). The term FE is due to the measure terms in (79):

E= / (o (& — 1) (We ()P (E — 8) + (s D)7, (t — 5)]
(RN xR4)2
1Pt — )(V( Do (& — ) + (2, )V pw (@ — v))dia(, t)dyds

+ [ 9(2,0)0n. (2~ )1 (~9) dio)dyds. —(34)
RN xRy xRN

Let us introduce K = {(z,t) € RN x Ry; 9(x,t) # 0} and Ko = {x € RY; (x,0) # 0}. The properties (48)
imply:

E < Cry((r + Du(K) + po(Ko)). (85)

For the D;, we do the same as in the proof of Lemma 5. It yields:

|D1 - /]RN & |u(a;,t) - ﬁ(x,t)|"¢1t(x,t)dxdt| < HthOO(‘:(T? Ku u)? (86>

|D3 - /]RN " (F(x,t,ﬂ(a:,t)"l’u(x,t)) - F(:E,t,ﬂ(.’l?,t)J_u(it,t))).v¢(:17,t>]d:17dt| < CFW,A,B”vw”OO&(T?Kvu)?

(87)

_D2 - D4 2 _CF71[J,A,B|‘1/)||O<JE(T7 Ka ’LL), (88)
1

—Ds > —CF,w,A,B(; +e(r, Ko, ug)). (89)

Then, the inequalities (83), (85), (86), (87), (88) and (89) lead to:

/]RN . [la(z,t) — u(z, t) | (x, t) + (F(x, t, a(x, t) Tu(z, t)) — F(z, t, a(x, t) Lu(z, t))).Vi(z, t)|dedt >

1
— Cry,a((r+1)u(K) + po(Ko) + . +e(r, K,u) + &(r, Ko, up)).
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If ug € BVip.(RY), Lemma 7 and Theorem 3 ensure that there exist Ckyouo and Ck o, such that:

CKO,UO

C
6(7‘, K07u0> < r ’ 6(7‘, Kv u) < —Kuo.F,

r

We conclude the proof of (82) by taking r = (or 7 — oo if u(K) = 0). This puts an end to the proof

1
Vi(K)
of Theorem 4.

Remark 1. The estimate (78) is probably not optimal. Indeed, when the mesh is rectangular (in the case

»

N =2), Lemma 8 gives some strong BV estimates on the approzimate solution. They lead to an “h3 7 error
estimate between the approximate and the entropy solutions.

I would like to thank T. Gallouét and M.H. Vignal for fruitful suggestions and comments on this work.
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