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Modélisation Mathématique et Analyse Numérique

L°°(L?) AND L*®°(L*) ERROR ESTIMATES FOR MIXED METHODS
FOR INTEGRO-DIFFERENTIAL EQUATIONS OF PARABOLIC TYPE

ZIWEN JIANG!

Abstract. Error estimates in L°(0,T;L*(Q)), L*®(0,T;L*(Q)?), L°°(0,T;L>*(R)), L>(0,T;
L>(Q)?), Q in R?, are derived for a mixed finite element method for the initial-boundary value problem
for integro-differential equation

t t
ut:div{aVu—F/b1VudT—|—/cudT}+f
0 0

based on the Raviart-Thomas space Vj, x Wj, C H(div;Q) x L*(Q). Optimal order estimates are
obtained for the approximation of w,u; in L°°(0,T; L*(Q)) and the associated velocity p in L*(0, T;
L2(Q)?), divp in L®(0,T; L*(R2)). Quasi-optimal order estimates are obtained for the approximation
of win L*°(0,T; L°°(Q)) and p in L°°(0,T; L>=(Q)?).

Résumé. Les estimations d’erreur dans L°°(0,T;L*(Q)), L*(0,T;L*(Q)?), L=(0,T;L>(Q)) et
L>(0,T; L*(9)?) avec Q sous espace de R?, sont obtenues par une méthode mixte d’éléments finis &
partir de la valeur initiale du probléme sur la frontiere de I’équation intégro-differentielle:

t t
ut:div{avu—l—/blvudT—i—/cudT}—i—f
0 0

basée sur I'espace de Raviart-Thomas V,, x Wj, C H(div; Q) x L*(Q). Les estimations d’ordre optimal
sont obtenues & partir de Papproximation de u, u¢ dans L°°(0,T; L*(Q)), la vitesse associée p dans
L°(0,T; L*()?), divp dans L°°(0,T; L?(2)). Les estimations d’ordre quasi-optimal sont obtenues &
partir de approximation de u dans L*(0,T; L*(Q)) et de p dans L>(0,T; L>=(Q)?).
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1. INTRODUCTION

Let Q be a bounded domain in R? with Lipschitz continuous boundary 9€2. For fixed 0 < T' < oo, we shall
consider the following integro-differential equation of parabolic type:

ur(x,t) = div{a(x,t) 7 u(x, 1) + Jo b1(x,t,7) 7 ulx, T)dr (x,) €2 x(0,T],

+f() C(X,t,T)U(X,T)dT} -l—f(X,t), (11)
u(x,t) =0, (x,t) € 002 x [0,T],
U(X,O) = U‘O(X)a X € Q,

where u; denotes the time derivative of the function w, Syu denotes the gradient of the function u, and divv
denotes the divergence of the vector function v; a, by, c, f, and ug are known functions.

Integro-differential equations can arise from many physical processes in which it is deficiency (the local
characteristic) of the usual diffusion equations (see, for example [1]). For linear or nonlinear integro-differential
equations, the standard finite element methods have received considerable attention and are well studied (see,
for example [1,2,6-8,15]). It is known that the mixed finite element method computes both the scalar (pressure)
and vector (flux) functions simultaneously with comparable accuracy, be it directly or through postprocessing.
Recently, mixed methods have been formulated by several authors and are well studied for second-order elliptic
problems, parabolic problems, and second-order hyperbolic problems (see, for example [3-5,9-14,16]). In this
paper, we shall study mixed methods to approximate the solution of the problems (1.1). In order to achieve this
aim, we assume that the problem (1.1) is uniquely solvable for any f € C1(0,T; L*(Q)) and ug € H*(Q). For
the function a, we assume that there exist constants ¢y, c; > 0 such that 0 < ¢g < a < ¢;. We also assume that
the functions a, b1, and c are smooth and bounded together with their derivatives. Here and in what follows, we
will not write the independent variables x, ¢, 7 for any function unless it is necessary. Vectors will be expressed
in boldface.

For 1 < s < 0o and k any nonnegative integer, let

WE Q) ={feL*(Q) | DfelL(Q) lgd<k}
denote the Sobolev spaces endowed with the norm

1/s
/]

kso= [ > [Df]

lg|<k

Lo(2)

(the subscript  will always be omitted unless necessary to avoid ambiguity). Let H*(Q2) = W*2(Q) with the
norm | - |[x = || - |lx,2 (the notation || - || will mean || - |[L2(q) or || - [[z2()2). We shall denote by (-,-) the inner
product in either L?(Q) or L?(Q)?, that is (n,6) = [, nfdx or (v,w) = [, v - wdx.
Let V=H(div; Q) = {v e L*(Q)? | divv € L*(Q)} normed by ||v|lv = ||v||+|divv|, and let W = L?(Q).
Let x be a normed space with the norm || - ||,. L9(0,T’; x) denote the space of the maps of [0,T] into x and
define the following norms for 1 < ¢ < co and suitable functions v : [0,7] — x :

T
vl Laco,7:x) = </o |U(t)||§<dt>

Take C*(0,T; x) to be the space of k-times continuously differentiable maps of [0, 7] into x, and endowed with
the norms || - || La(o, 15y for 1 < g < oco.
For ¢ = oo, the usual modification is made.

1/q
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To formulate the weak form of (1.1) appropriate for the mixed method, let

t t
p:—avu—/blvudT—/cudT,
0 0

and set
a(x,t) =a ' (x,1), b(x,t,7) = a(x,t)by(x,t,7),
6(X7t7 T) ==V b(X,t, T) + Oé(X, t)C(X,t, T)'

Then, the problem (1.1) can be written in the mixed form of the first order system:

uy + divp = f, in Qx(0,7],
ap + vu + fg v (bu)dT + fg Budr =0, in € x (0,7], (1.2)
u=0, on 90 x [0,T], '
u(0) = uy, in Q.
The weak form of (1.2) [or (1.1)] is obtained by seeking a solution {p,u} : [0,7] — V x W such that

(ue, w) + (divp, w) = (f,w), VweW, 0<t<T,

(ap,v) — (u+ fg budr, divv) + (f(;f fudr,v) =0, YWweV, 0<t<T, (1.3)

u(0) = wo.

In order to define an adequate finite element approximation procedure for {p,u}, we consider the finite-
dimensional subspace V x Wy of V x W associated with a quasiuniform partition 7; of  into triangles
of diameter not greater than h (0 < h < 1). The boundary elements of 7} are allowed to have one curved
edge. We choose V), x W), as the Raviart-Thomas space [5,11,12] of index k > 0 and introduce the L2-
projection py : W — W}, and the Raviart-Thomas projection 7, : H'(Q)? — Vj, which have the following
useful commuting property:

div o m, = pp, o div :Hl(Q)2 — Wy, (1.4)

These projections have the following approximation properties [5,11,12]:

|lw — prw|—s < chl+s||w|\l, 0<I, s<k+1, (1.5)
lw — prwllo.q < chtllw|iq, 0<I<k+4+1, 1<¢q<+4oo, (1.6)
v =mvlog S lvlg, v <lSk+l 1<q<+on, (1.7)
|div(v — mpv)| < chl||divv];, 0<I<k+1. (1.8)

Our continuous-in-time mized finite element approximation to (1.3) is defined by the determining of a pair
{pn,un} : [0,T] = Vp x W}, such that

(uh7t7w) + (divph7w) = (f7 UJ), Yw e Wy, 0<t<T,
(app,v) — (up + fg bupdr, divv) + (f(f Bupdr,v) =0, YveVy, 0<t<T, (1.9)
pr(0) = Pr(0),  un(0) = un(0),

where pp,(0) and @ (0) are defined in (3.1) for ¢t = 0.

We shall establish the existence and uniqueness of the solution of (1.9) in Section 2; moreover, we shall show
that the differences u — u;, and p — py, are of optimal order in L>°(0,T; L?(2)) and L°°(0,T; L*(2)?), and are
of quasi-optimal order in L®(0,T; L>(£2)) and L>°(0,T;L°(2)?) in Section 4. In order to obtain the above
error estimates, we shall define a generalized mixed elliptic projection associated with our equations and study
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the error estimates of the generalized mixed elliptic projection in Section 3. In Section 4, we shall also show
the optimal order estimates in L°°(0,T; L%(Q)) of div(p — px) and (u — up);.

In this paper, ¢ will be used to denote various positive constants and combinations of positive constants that
are independent of h and ¢ unless otherwise stated. In the remaining sections, r will be a fixed integer.

2. EXISTENCE AND UNIQUENESS

In this section, we shall demonstrate the existence and uniqueness of the solution of (1.9).
In fact, if Vi, = span{¥;, Uy, --- , U, } and W}, = span{p1, 2, -+ ,¢on}, let

0= a6 unlx.t) = 3 Gilt)eix)

where «;(0),5 = 1,2,---,m, and §;(0),i = 1,2,--- ,n, are known by the solvability and uniqueness of (3.1)
which has been demonstrated in Section 3, and let

/\

[

£(1)

) bk’ - (@k,diV\I/l), Cl](t) - (\I/l,Oé\I/j), dli(th) = (bso’mdlvl:[ll) - (6901'7 qjl)?

(( (t),01), - (f(t), o)), aft) = (ar(t), - am(t)), B(t) = (Br(t), -, Bult)),
= (aki)nxn, B= (bkj)nxrm ct) = (Clj ®)mxm, D7) = (dii(t,7))mxn-

Then for 0 <t < T, (1.9) can be written as

{AB’<t>+Ba<> £(t) 21
C(t)a(t) = BTB() — Jy D(t,7)B(r)dr =0,

where A and C(¢),0 < ¢ < T are positive definite matrices. It is easy to see that (2.1) is actually a system of
integro-differential equation of Volterra type. From the positive definiteness of A and C(t),0 <t < T, we see
that the system (2.1) with the initial value «(0) and 3(0) possesses a unique solution {a(t), 3(t)}. Consequently,
the existence and uniqueness of the solution of (1.9) has been demonstrated.

3. A GENERALIZED MIXED ELLIPTIC PROJECTION

In the study of mixed methods for parabolic problems, we usually introduce a mixed elliptic projection
associated with our equations. Modifying this idea according to our integro-differential equations, we define a
map {Pn,un} : [0,T] — V}, x W}, such that

(div(p — pn),w) = 0, Ywe Wy, 0<t<T,
(a(p—f)h),v)—(u—ﬂh—l—fgb(u—ﬂh)dﬂdivv fo (u—ap)dr,v) =0, Vv EVy, Ogth(. |
3.1

Before collecting the results of the error analysis of @, and py, let us demonstrate the existence and uniqueness
of the solution of (3.1). Since (3.1) is linear, it suffices to show that the associated homogeneous system has
only the trivial solution, which is

= (3.2)

(divpp, w) = 0, Vwe W, 0<t<T,
(P, V) — (an + [y bapdr,divy) + (fy fapdr,v) =0, YveVy,, 0<t<T.

Choosing w = divpy, and v = py, in (3.2), then we have divp, = 0 and

t t
T IBnl® < (abn, Bn) = — ( / Bindr, m) <e / lanlldr|Ball
0 0
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which implies that
t
Ioull <c [ anfar. (33)
0

On the other hand, from [12] we know for V}, x W}, that there exists a positive constant ¢ independent h such
that

Qi
lwp|l < ¢ sup M, Ywy, € Wh,. (3.4)
wnevy  vallv
Hence from (3.4) and (3.2) we have
. Up, divy ~ v
il < e sup DT <+ [ fnfar) 35)
vievy  vallv 0
Combining (3.3) with (3.5),
t
Janll < [ fanar (36)
0

Using Gronwall’s lemma, we have from (3.6) and (3.3) that ||ap]| = 0, and ||pr|| = 0. Hence @p, = 0 and py, = 0.
So, the existence and uniqueness of the solution of (3.1) has been demonstrated and {py, @} in (3.1) is well
defined.

Now, let us study some properties of {pp, ip}. Let p1 = p — Pn,u1 = ppu — Up, and us = u — ppu.

First, we consider the properties of {py,, @y} when b = b(¢,7) in (3.1). Note that b = b(¢, 7) and pp,(bu) = bppu,
then we rewrite (3.1) as

{ (dinl,'UJ) = 0, Yw € Whv 0 S t < T7 (37)

(ap1,v) — (u1 + f(f buidr, divv) + (f(;f Buy + ug)dr,v) = 0, YveVy, 0<t<T.

Lemma 3.1. If p1,u1, and us satisfy the relation (3.7), and assume that Q is 2-reqular (see the definition of
2-reqularity in [5], p. 42), then for all 0 < t < T, there exists a constant ¢ > 0, independent of h and t, such
that

T c{h|p1|| #1200 divp |+ [ (sl + |u2||1>d7} ,
where for k=0, §go =1; k> 1, 6o = 0. ’
Proof. For ¢ € L2(Q), let ¢ € H2(2) N HL(Q) be the solution of
diviewy ¢) =% in Q, ¢=0 on I (3.8)

Then we have ||¢[|2 < c||¢]]. For 0 <t < T, using (1.4) and (3.7),

(0.9) = (n.div(ey ¢) = (u.div(mi(a v 6)
= (ap1+ fy Bl +u2)dr ma(a v ) = (Jj burdr div(m(a 7 9)))

Noting that o = a~! and (1.6-1.7) together with (3.7)

(ap1, (a7 @) = (ap1,Th(a V ¢) — a7 ¢) + (P1, V)
= (ap1,mh(a v ¢) —a v @) + (divp1, prd — @)
<clpilllmnla v ¢) — a7 ¢l + [[divp1lllpré — ¢l
< c(h|ps| + 1?0k divps |])]|]2
< e(hl|pal| + £~ || divpa )¢ (3.10)
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t t
( / Burdr, mh(a v 9) < | / Burdr|lmn(a v 9]
0 0
t
<o / lulldr(lmn(a v ) — a v 8] + lla v 8l)

t
<e / lualldr (Bl 7 ]l + 1| 57 ])

IN

t
¢ / s ldr ] (3.11)

t t t
(/O ﬁquT,ﬂh(avqﬁ)):(/o ﬁuzdr,ﬂh(av¢)—av¢)+(/o Busdr,a v 6)

t
<o / (hllua]) + uz]—1)dr|| 7 &l
t
e [ sl + sl -l (3.12)
/buldT div(mp(a 7 9))) /buldT pr(div(a 7 ¢)))

<e / s lldrl| 7 &l

t
<e / lunlldrfie]). (3.13)

Combining (3.9-3.13), we have for 0 < ¢ < T that

(Uhi/))
per2@)pzo ¥

t t
c{h|p1| 12 aivp | + [ (bl + ||uQ||1>dT} tef Juldr.
0 0

fluill =

IN

Using Gronwall’s lemma, we have

t
lJur] < c {h||p1|| + 270 | divpy | +/ (hlluzl + |U2|—1)d7} 0<t<T.
0
The proof is complete. o

Using Lemma 3.1, we have the following theorem:

Theorem 3.2. Let {p,u} be the solution of (1.8) and {Pn,un} be that of (3.1). Assume that {p,u} is suf-
ficiently smooth and that Q is 2-reqular. Then for 0 < t < T, there exist constants ¢ > 0, independent of h
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and t, such that

t
lpru — an| < ch" 100 {||p|7« —I—/ ||U||Td7'} , 1<r<k+1,
0
[div(p — pn)[| < ch"|[pl[r+1, 0<r<k+1,
t
Hp_f)hH < Chinnl""fongHl"’Hqu)dT}7 k=0, 2<r<k+1,
ch"{[[pll- + [o(lPllr—1 + [Jull-)dr}, & >1,

t p—
fu— < { CoHPI ERl b Jolhary,R=0y gy,
A {lpl—1 + ulle + fy el adr}, B2 1,

t
|u—awawSdf@pm+MMMm+/ﬁuum}, F21 2<r<kil
0

Proof. For 0 <t < T, the proof proceeds in three steps:
(i) We consider the estimate ||div(p — pp)||. Noting that (3.7),

(divpy,divpr) = (divpy,div(p — mxp))
< |[[divps[l[|div(p — map) |,

A

then we have from (1.8) that
[div(p — pn)l| = [divps[| < ch"[[p[lr41, O0<r <k+1. (3.14)

(ii) We consider the estimates ||ppu — @] and ||p — pp|. Choosing v = 7,p — Pp, and w = divv in (3.7), and
noting that (1.4), we have div(m,p — pr) = 0 at first. Hence

e lmp —pul? < (a(mwp — Pr), TP — Pn)

t
= —(/ B(uy +u2)dr+a(p—ﬂhp)mhp—f>h>
0

IN

t

e ([ Gl + ual)ar + o= mpl ) v ~ B
0

Noting that (1.6-1.7), we have

t t
wm—ﬁmgcﬁmmm+/|mmﬂ+/nmwﬁ71§r§k+L
0 0

and so . .
m—@As%m(mm+/|mA§+/dmmﬁ,1sTgwu. (3.15)
0 0

Combining Lemma 3.1 and (1.5) together with (3.14-3.15), and using Gronwall’s lemma, we have

t
Mw—MJ=MNSm”1M(WW+/HWNO’1§T§””’ (3.16)
0

N h ¢ d k=0
Ip— bnl = |Ip1l| < C ;{LHPHI"‘fog”PHl"‘Hqu) T}, )
ch{|[pllr + [y (IPllr—1 + lull-)dr}, &>1, 2<r <k+1.
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(iii) Now we consider the estimates |u — @p|| and ||u — @p|
When k = 0, we have from (1.6) and (3.16) that

0,00

t
= @]l < [l = pual] + flur ]| < ch (|p||1 i+ | |u|1dT) .
0

When &k > 1, we have from (1.6) and (3.16) that,

t
o=l < e (el + ol + [ fuladr ) 2<r <k,
0

We now use the following ”inverse estimates”: For 2 < v < 6,

- 2_2 -
lpru — o, < ch® ™ ¥ [|ppu — anlfo,u- (3.17)

Then we have from (1.6) and (3.16-3.17) that,

t
||u—ah|o,ooSch*(|u|r,oo+||p|r+/|u|rdT), d<r<h4l, k1
0

The proof is complete. o

Theorem 3.3. Under the conditions of Theorem 3.2. Then for 0 < t < T, there exist constants ¢ > 0,
independent of h and t, such that

[div(p — Pr)ell < ch"[[pellr1, 0<7r <k+1,

t
(D — Pr)ell < ch{llpefl + fulls + [Pl + fo(lIpll + [[ul)dr}, k=0,
= | ™ {lipellr + Nl + 1Pl + Jo(IPlle-1 + [full-)dr}, k=1, 2<r<k+1,
t
(= an)el| < ch{l[pellr + el + Julls + 1Pl + fo(lIpll + llul)dr}, k=0,
— | {llpelle + el + lulle + Pl + fo(IPllr—1 + llull)dr},  E>1, 2<r<k+1.

Proof. We differentiate (3.1) to obtain

(div(p — pr)s, w) =0, Vwe Wy, 0<t<T,
(a(p —Pn)t,v) — ((u — p)s, divv) = (b(u — ap) + fg be(u — ap)dT, divv)
—(B(u — ) + [ Be(u — @p)dr + as(p — Pn),v), YW e Vs, 0<t<T.

(3.18)
Choosing w = div(m,p — Pn )¢ in (3.18) and using (1.4), we have
[div(mp — Pr)ell* = (div(p — Br)s, div(map — Pa)e) =0,
hence
div(mpp — Pr)t =0 (3.19)
and
Jdiv(p — Ba)ell = [div(p — mup)ell < b [pillrss, 07 < bt 1. (3.20)

Noting that (3.18-3.19) and using the ¢ inequality, similar to the estimate of ||mpp — Pg| in the proof of
Theorem 3.2, we have

t
1P — Ba)ell < ¢ (|<p—7rhp>t| =l + [ u o+ ||p—ph||) . (3.21)
0
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Let v € L?(Q2) and ¢ € H?(Q) N H(Q) satisfy the relation (3.8), then ||¢[|2 < c[[1)|| and

((u = an)e, ¥) = ((pru = @n)e, div(a 7 ¢)) + ((u = prw)s, ). (3.22)
Noting that (1.4), (3.18), and (3.21-3.22), similar to the proof of Lemma 3.1, we can also have

[(w—=an)ell < e{l[(u—=pau)ell + (P = 7aP)ell + [P — Pl

- - 3.23
i+ J3 o= 7} 529
Combining (1.6-1.7) with Theorem 3.2, we have from (3.21) and (3.23) that
t
(D — P)ell < chi[lpelly + [[ully + [l + fOEHPlll + [lufl)dr}, k=0,
b {lpellr + lulle + ol + fo (lPllr—1 + fJull-)d7}, k=1, 2<r<k+1,
t
1w — )| < chllpelly + [Juelly + [Jully + [Pl + fogHPHl + [lufl)dr}, k=0,
= {lIpelle + luells + lulle + 2l + Jo(IPllr—1 + llull)dr}, k=1, 2<r<k+1.
The proof is complete. o

Differentiating (3.18), similar to the proof of Theorem 3.3, we can also show by the results of Theorem
(3.2-3.3) that the following theorem holds and we omit its proof.

Theorem 3.4. Under the conditions of Theorem 3.2. Then for 0 < t < T, there exist constants ¢ > 0,
independent of h and t, such that

Jdiv(p — e < e llprellrrss 0 <7< k1,

t
i ch{l[pells + IPelly + el + IPllx + Null + fy(Iplly + lull)dr}, k=0,
1o = Pr)eell < b {lIPeellr + [1Pellr + el + Jpll + 1l
+ JoUpllr—1 + llull-)dr},  k>1,2<r<k+1,

t
i Ch;{Hpttlh + Jueell +pells + llwells + 1ol + lJully + [ (Pl + lull)dr}, & =0,
H(u - Uh)tt” < ch {”PttHr + |lwee || + HptHr + HutHrt"‘ HPHT + HUHT
+ JoUpllr—1 + flull-)dr},  k>1, 2<r<k+1.

Secondly, we consider the properties of {Pn,un} when b =b(x,t,7) in (3.1) and have the following Theorem.

Theorem 3.5. Assume that b = b(x,t,7) and that the conditions of Theorem 3.2 hold. Then for 0 <t < T,
there exist constants ¢ > 0, independent of h and t, such that

|divD} (p — pn)|| < ch" || D{pllr41, §=0,1,2,

where 0 <r<k+4+1, and fork>1,2<r<k+1,

t
o’ {|P||r1 Tl + / |u|r1d7},

J

{Z<||sz|r+|D2u|r>+ /
{ |

IN

[lu —

t
1D (u = an)l| - < (Ipllr—1 + IIUIlr)dT} ,j=12,
=0
j i1

t
>_IDiplle + > IDjul» + / <||p|r1+|u|r>d7}, j=0,1,2,

0 =0

ch”
ch”

N

ID{(p—pr) <

i
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for k=0,

A

t
lu—inl < ch{|p||1+||u||1+ / |u|1dr},

. J ] t
[Di(u—an)ll < ch {Z p|1+|D%UII1)+/O(||p|1+|u|1)df},3=1,2,

=0

J j—1 t
{ZID p|\1+z|mzu”1+/ <|p||1+||u||1>dr}, j=0,1,2
=0 1=0

IN

1D (P — Bl

Proof. We know the results of Theorem 3.3-3.4 hold in the case of b = b(¢,7) by the results of Theorem 3.2
and (3.1), then for Theorem 3.5 it suffices to prove the results Theorem 3.2 hold in the case b = b(x,¢,7). In
fact, (3.1) can be rewritten as

(divpy,w) =0, Ywe Wy, 0<t<T, (3.24)
ap1,Vv) — (u1 + u dT + uodT, 1vv ul—l—uQ T, V)= vV E Vy, <t<T.
o burdr + [ busdr, di ; )dr,v) =0, YweVy, 0 T '

If we take v = m,p — P, and w = divv in (3.24) and (3.7), noting that div(m,p — pr) = 0, then (3.24) is the
same with (3.7). From the proof of Theorem 3.2 we need only prove the result of Lemma 3.1 holds in the case
b=0b(x,t,71).

Comparing (3.24) with (3.7) we can find the difference of (3.24) and (3.7) only in the term (f(;t buadr, divv),
so the right hand side of (3.9) has another term (fot bugdr, div(mp(a 7 ¢))). Since

/ (b — pYb)ugdr, div(ms(a 7 ¢)) + Z (/0 (phb)usdr, div(my(a 7 ¢)))

0 e€Ty

t
/ busdr, div(rmh(a 7 ¢))
0

e

_ / (b — pOb)usdr, div(mh(a 7 ¢)),

0

where pYb is the interpolation of b and a piecewise constant function on the elements of 7. Then we have by
the properties of the operators ph, pp, and 7y, that

t t
/bugdr,div(wh(av¢))§ch/ usl|dr ]| ]| (3.25)
0 0

(3.25) together with the proof of Lemma 3.1 imply the result of Lemma 3.1 holds in the case b = b(x,t,7). The
proof is complete. O

4. CONTINUOUS-IN-TIME MIXED FINITE ELEMENT APPROXIMATION

In this section, we will first use the generalized mixed elliptic projection {pp, @} to derive the optimal
L°°(L?) error estimates and then use the projection {pPn, @} together with the regularized Green’s functions
defined by Wang in [16] to derive the quasi-optimal L>°(L*°) error estimates for the continuous-in-time mixed
finite element approximation.

Theorem 4.1. Let {p,u} be the solution of (1.8) and {pn,un} be that of (1.9). Assume that for 1 < r <
k+1,p € L>®(0,T; H"(Q)?),p: € L*(0,T; H"(Q)?), u,us € L?(0,T; H"(Q)) and that Q is 2-reqular. Then for
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0 <t<T, there exists a constant ¢ > 0 independent of h and t such that

t 1/2
[P —pal < ch” {Ipllr + (/0 (lJelZ + 1PellZ + [Jul? + IPIIf)dS> } :

Moreover, if in addition uw € L*°(0,T; H"(2)). Then

t 1/2
[u—upl| < ch” {IUIr + lIpll + (/0 (uellZ + [lpell2 + [lull? + ||p|3)d8) } :

Proof. Let u—up = (u— tp) + (an — un) = uz +ug and p— pp = (p — Pr) + (Pr — Pr) = P3 + p4. Then for
0 <t<T,form (1.3) and (1.9) together with (3.1), we see that

(u4,t7 'U.)) + (din47 w) = —(Ug’t, ’lU), vw S Wh7 (4 1)
(aps,v) — (ug + fg bugdr, divv) + (f(;f Bugdr,v) =0, Vv E V. '

With the choices v = ps and w = uy + fg pr(bug)dr in (4.1), we see that

t t t
<u4,t,u4 —|—/ ph(bU4)dT) + (ap4 —l—/ Buydr, p4) = — <u37t,u4 —|—/ ph(bu4)dr> . (4.2)
0 0 0

% (u4, /0 t ph(bU4)dT) = (u“, /O t ph(bu4)d7> + (u4, pi(bus) + /O tph(btu4)d7') : (4.3)

we have from (4.2-4.3) that

Since

1d _ d
sl +etlpal® < 5 lluall® + (apas pa)

2dt

d t t

= g (s [ mntounar) + (st + [ oo )
0 0

t t
- (/ BuydrT, P4> - (UB,tauzl +/ Ph(bu4)d7)
0 0

d t t
% (U4,/ Ph(bu4)d7> +c <|u4|2 +/ ug]*d7 + [Jus,|
t 0 0

Integrating with respect to ¢ from 0 to ¢ and noting that u4(0) = 0, then we have

A
N =

) oIl

2

t t s
_ <u4/ ph(bU4)dT) +c/ <||u4|+/ ||u4||dr+|u3,t||) ds
0 0 0

1 t
<l e [ (ul? + s s
0

IN

1
Sl

Using Gronwall’s lemma, we have from Theorem 3.5 that

t /2 t 1 1/2
ludl| < e (/O [|ws,¢l 2d8> <ch" (/O > (I1Djull? + IDZpllf)d8> : (4.4)
i=0

1
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In order to estimate ||p4l|, we differentiate the second equation of (4.1) to obtain
¢ ¢
(apat + upa,Vv) — (u4,t + buy —l—/ brugdr, divv) + (6714 —|—/ Brugdr, v) =0, VveV, (4.5)
0 0

Taking v = p4 in (4.5) and w = w4t + pp(buq) + fg ph(brusa)dT in the first equation of (4.1), then similar to the
estimate of ||u4||, we have

. 1/2 1/2
||p4||§c( / |u3,t||2ds) <ar ( / ZHD%HMHD pl2)d ) . (4.6)
0

Theorem 3.5, (4.4) and (4.6) complete the proof of Theorem 4.1.
Theorem 4.2. Let {p,u} be the solution of (1.8) and {pn,un} be that of (1.9). Assume that for 1 < r <
k+1,{p,u},{p,us} € L>=(0,T; H"(Q)?) x L>(0,T; H"(Q)), {pPws,urs} € L*(0,T; H"(Q)?) x L?(0,T; H"(Q))
and that Q is 2-reqular. Then for 0 <t < T, there exists a constant ¢ > 0 independent of h and t such that

d

1
[(w = un)ell < ch” {Z(IIDZUIrJrIID pllr + [ Dfu(0) - + [ Dip(0)]l,)

1/2
( / Z |Diull? + | DiP|2)d )

Moreover, if in addition divp € L>(0,T; H"(Q)),p € L>(0,T; H"(2)?). Then

1
[div(p —pn)ll < Ch’{Z(IDUIrJrIID Pllr+1-i + [ Diu(0) + [1D;p(0)])

=0
t

9 1/2
+ ( / S (1 Diul? + |D:‘P||%>ds>
1=0

Proof. We differentiate (4.1) to obtain

(ua,et, w) + (divpa, w) = —(uz,e, w), Yw € Wp,
{ (apat + upa,Vv) — (U4,t + buy + fg byugdr, divv) (BU4 + fg BeugdT, v) =0, YveV,. (4.7)
where p4(0) = 0 and u4 .(0) satisfies the following relations
(ug,4(0),w) = —(u3(0),w), Yw € Wy, (4.8)
Taking w = u44(0) in (4.8), then we have
[wa, e O)]| < [uz,(0)]]- (4.9)

Now, let us choosing w = w4, + pp(bua) + fg pr(biua)dr and v = divps, in (4.7). Noting that us(0) = 0 and
(4.9), similar to the estimate of ||u4||, we have from Theorem 3.5, (4.4), and (4.6) that

1

1/2
> (IDfu ()] + [ Dip (/ Z (IDull? + |1 Dipl17)d ) : (4.10)

=0
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From (4.1), (4.10), and Theorem 3.5, we have

[divpall < [Juaell + [lus,e|
1

< o’ {;}(HD%UIT +IDiplle) + 2 (1Diu(O0)]l + [[1Dip(O)l-) i1l
1= ! 1= 1/2 ( . )
t i i
+(J§ S0l + IDiplRas ) }
1=
Theorem 3.5, (4.11) and (4.10) complete the proof of Theorem 4.2. O

We now consider the L>°(L*°) error estimates. For this purpose we first introduce two pairs of regularized
Green’s functions at z € Q by (see [16])

G + V)\l =0 in Q,
divG; = & in Q, (4.12)
A1 =0 on 01,
and
aGo + YA = 53 in Q,
divGe = 0 in Q, (4.13)
A2 = 0 on 01,

where 67 and 8% are the regularized Dirac functions at z € € satisfying
(w,01) = w(z), Ywe Wy, (v,08) =v(z), Vv eV,
Choosing right point z respectively can yield (see Eq. (3.4) in [16])

[wllo,c0 < 2I(w,d7)], (4.14)

[Vlo,00 < 2[(v,83)]- (4.15)

Let {G}, A} € V), x W}, be the mixed finite element approximation of {Gy, A1} and {G%,\b} € V), x W), be
that of {Ga, A2}. Wang proved that (see Egs. (3.14, 3.20, 3.12b, 5.44) in [16])

|G| < ¢|Inhlz, (
|Gg|0,1 < c[Inhl, (

A2 — M| <e, (4.18
Mol < (14 |Inh[?). (

From (4.18-4.19), we have

[A5]| < e(1 + [ Inh|?). (4.20)

Theorem 4.3. Let {p,u} be the solution of (1.8) and {pn,un} be that of (1.9). Assume that for 1 < r <
k+17 {pvu} € LOO(O7Ta HT(Q)Z) X LOO(O7Ta WT’OO(Q))’ {pt7ut}v {pttvutt} € L2(07T; HT(Q)Z) X L2(07T; HT(Q))
and that Q is 2-reqular. Then for 0 <t < T and 0 < h < 1/3, there exists a constant ¢ > 0 independent of h
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and t such that
t 1/2
1
[u—unllo,c < ch"[Inh|2 {IIUIIT,oo + pll- + (/0 (luellZ + [1pe 17 + [lell? o + Ipllf)d8> } :

Moreover, if in addition {py,u;} € L°°(0,T; H"(Q)?) x L*°(0,T; H"(Q)), p € L>(0,T; W">(Q)?). Then

roo + [t (0) [l + [P (O) I + [[u(0)l|r + IP(0)]|-

1/2
2 4 ||p|$,oo>ds) }

3
[P —Prlloe < Chr|1nh|2{|ut|r+|10tr

t
n ( / (usel2 + [peell? + el + l1pell

Proof. For 0 <t < T, we have from (4.12) and (4.1) that

t t
<U4+/ pn(bug)dr, 5?) = (u4+/ ph(bu4)d7,divG1)
0

Uy —I— ph (buy)dr, leGh)

= <u4+/ bugydr, leGh>

= (ap4,G’f) + (/ Bugdr, Gi‘)
0
t
¢ (|p4| +f ||u4|dT) Teas

IN

which, combining with (4.14), yields

t t
wit [ mlougar Sc(|p4|+ / ||u4|dT) IGl,
0 0,00 0
hence
t t
< flua+ / ph(bug)dr + pp(bug)dr
0 0,00 0 0,00
<

t t
e (tpall+ [ sl ) 1621+ ¢ [l
0 0

Using Gronwall’s lemma, we have

t
lesallo.o gc(||p4||+ / |u4|d7) el (1.21)
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Noting that divG% = 0, we have from (4.13) and (4.1) that

(P1,65) = (p1,aGa+V)2)
= (p1,(G2 — Gh)) + (aps, GE) + (P4, V)2)

= d1Vp4,)\2 (/ BugdT, G2>
= ((u—wup) t,)\Q (/ BugdrT, G2>

< CII(U—Uh)tHH/\SIHC/O luallo.cdT | GE 0.1,

which, combining with (4.15) and (4.21), yields

t
< c{e— w1+ [ Ohpall+ Dol GG s |
On the other hand, (3.1) can be rewritten as

(diV(?Thp - f)h)vw) =0, Yw € Wy,
(a(p —Pn), V) — (phu — iy, + [ buzdr, diVV> + (fg Busdr, v) =0, VeV,

Similar to the proof of (4.21) and (4.22), we can also have from (4.23) that

t t
Pt = nloe < c{(|p—f>h| +f ||u3||dr) IGHI+
0 0

dT},

dr) 1G o

t
72D — Balloe < ¢ (|p T / |
0

Noting that (4.21, 4.4, 4.6, 4.16), we have

t 1/2
< | In A} ( Gl 4 a2+ 2 + |p||%>dr) .

Combining (4.22) with (4.4, 4.6, 4.16-4.17, 4.20), and Theorem 4.2, we have

|| < ch’“<1+|1nh|%+|1nh|%>{z<|Du||r+|D pll

i=0

DO+ 1061 + (J§ D05l + 1Dipl?) a0 }-

Combining (4.24) with Theorem 3.5, (4.16), and (1.6), we have
luslloce < e (Jlullroe + fo lullnoodr) + e[ hf2 (Pl + fy Ul + [pll-)dr) -
Combining (4.25) with (4.28), (4.17), and (1.7), we have

IPalloce < e ([Plroo + WAl

ar) + |2 fy(lulle + pll,)dn).

545

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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(4.26-4.29) complete the proof of Theorem 4.3. O

The author thanks the referees for some useful and helpful suggestions.
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