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OPTIMAL ERROR ESTIMATES FOR THE STOKES AND NAVIER-STOKES
EQUATIONS WITH SLIP-BOUNDARY CONDITION

EBERHARD BANSCH! AND KLAUS DECKELNICK 2

Abstract. We consider a finite element discretization by the Taylor—-Hood element for the stationary
Stokes and Navier—Stokes equations with slip boundary condition. The slip boundary condition is
enforced pointwise for nodal values of the velocity in boundary nodes. We prove optimal error estimates
in the H' and L? norms for the velocity and pressure respectively.
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1. INTRODUCTION

We consider the stationary Navier-Stokes equations: given a bounded domain Q C R%, d = 2 or d = 3, find
a velocity field u, a pressure p such that

1
A .V Vp = in Q
e Du + (u-V)u + Vp f in (1.1)
divey = 0 in Q
as well as its linear counterpart, the Stokes equations:
! Au + V f in Q
——Au = in
Re P (1.2)
divu = 0 in Q
together with the slip boundary condition
u-n=0 on 0S). (1.3)

To this boundary condition we have to add a condition on the tangential stresses, for instance
n-o(u,p)r; =0 ondQ, 1=2,...,d (1.4)
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Here, Re denotes the Reynolds number, n, 7; the normal and tangential vectors on 02 and

1
0ij = 0(u,plij = g PWij — pdiy
is the stress tensor with 5 5
u; u;
Du)i; = ((9110z + &vj)
J )

the deformation tensor.
Boundary conditions (1.3, 1.4) play an important role in many physical situations, in particular for free
boundary problems. We mention:

e coating flows, see for instance [11,16],
o flow in semiconductor melts, see e.g. [10,17].

In contrast to the Stokes and Navier—Stokes equations with Dirichlet boundary condition there seems to be
rather few work concerned with numerical analysis of this problem with slip boundary condition. In [20] Verfurth
proved error estimates for the discretization of (1.1-1.4) by the popular Taylor-Hood element and a polyhedral
approximation Qj, of the domain Q. Verfiirth gave a non optimal error bound of O(h'/?) in the H* and L? norm
for the velocity and pressure respectively. In [21,22] the same author proposed and analyzed a discretization
where the slip boundary condition is enforced in a weak sense by Lagrange multipliers. Numerically, however,
in most cases it is more convenient to use a discretization, where the slip boundary condition is incorporated in
the ansatz space, see also [2].

The present article therefore analyzes a discretization of this type for the Taylor—-Hood element. We improve
the result from [20] to the optimal error bound O(h/?) for the velocity and the pressure in H' and L? norms
respectively for a polyhedral approximation of Q.

The paper is organized as follows: In Section 2 the finite element formulation and some notations are given.
In particular, we introduce a homeomorphism GJ, which maps the discrete domain €, onto 2. We prove optimal
error estimates for the Stokes problem in Section 3. The key idea is to transform the discrete solution via Gp,
onto the original domain € and to carry out the error analysis on ). We thereby avoid error terms which
involve integration over the discrete boundary 8. In Section 4 optimal error bounds are also obtained for
the nonlinear Navier—Stokes equations in case of small Reynolds numbers. Section 5 concludes the article by
presenting numerical results.

Remark 1.1. After having finished this paper we got to know about a related recent paper by Knobloch [12].
He considers the Stokes equations allowing both slip and no—slip boundary conditions. For a tetrahedral ap-
proximation of 2 and finite element spaces (including the Taylor—-Hood element) satisfying suitable assumptions
he obtains optimal orders of convergence. Our technique however is different from his in that we use the trans-
formation G}, in order to carry out the analysis on £ which simplifies the calculations considerably. A further
difference is that we also treat the nonlinear problem and support our analysis by a numerical example.

2. FINITE ELEMENT FORMULATION

In the following we assume for simplicity that  has no axis of symmetry. This will be needed to insure
ellipticity of our problem, see (2.3) below.

In order to derive a variational formulation of (1.2-1.4) the momentum equation in (1.2) is multiplied by a
function v € H(Q; R?) and integrated by parts:

/Q(—éAu—l—Vp)'v = 2—1}{6/QD(U):D(U) — /deivv—/aszn'a(u,p)v

1

(2.1)
= 57 [ P@:D@) ~ [ paive — [ (-cwpmo-n -
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where the last equality follows from (1.4). Now it is natural to introduce the following bilinear forms:

1
a(u,v) = ®Re D(u) : D(v) for u,v € H(Q;R3)
b(v,q) = —/ gdivw forve HY(OQ;R?), qe L*(Q)
Q
as well as the function spaces
X = {veH' QR |v-n=0 ondQ}

M

(e @) [ a=o0)
Q
The weak formulation of (1.2-1.4) then reads: find (u,p) € X x M such that

a(u,v) + bv,p) = (f,v) forallve X

(2.2)
b(u,q) = 0 forall g e M

where (f,v) = fQ fvda denotes the L? inner product. Note that a weak solution which is smooth is also a
solution of (1.2-1.4). Both existence and uniqueness of a weak solution follow from Korn’s inequality, see (3.4)
below

loll2 gy < C/Q D) : D)  forallv € X, (2.3)

the Babuska—Brezzi condition

b(v,q)

inf sup —————— > >0 2.4
geM\{0} yex\(oy llvllarllqllze @4

and the general theory of saddle point problems, cf. [5,9].
Regularity properties of (u,p) were studied for instance in [18], in particular we have

lullZs )y + IPlE2@) < ClfllEn o if Q is of class C*. (2.5)

Next, let us denote by T, a finite set of straight, closed d—simplices which triangulates a domain

G- T

TeT,

in such a way that all vertices on 9, also lie on 0€2. Denote by h(T) = diam(T) the diameter of T and by p(T)
the radius of the largest ball inscribed 7. We make the usual assumption of shape regularity, i.e. for a family of
triangulations (75 ), we assume that
h(T)
sup max ——=- < k < 00.
n Ted, p(T)
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For every T € Ty, there exists an invertible affine mapping
Fr:RT* - RY  Fi(d) = Apd + by,

which maps the standard d—simplex T onto T. Besides the triangulation 7;, which will be used to define the
discrete problem and to carry out the practical computations we also introduce an exact triangulation T of Q.
The existence of such a trlangulatlon together with the associated interpolation estimates is proved in [4,13]. In
essence, for every T € T;, there is a mapping &7 € C’3(T R?) such that Fr = F + @7 maps T onto a curved
d-simplex T C Q and

a=(J T

TeT,

Furthermore, the mapping G, which is locally defined by
Gh\f = FTOFTZ1

(see Fig. 1) is a homeomorphism between Qp, and Q. The construction in [4,13] also implies that ®# = 0 if T

has at most one vertex on d€,, so that G5 = I on all simplices which are disjoint from 9. Finally, we have
the estimates

sup [|(DGy, ¢ — D(@)l| < OM(T), |Gl ooy < C
zeT

sup [ DEz(2)[| < Cll Az, SIGII;IIDF;(IE)H < ClIAZM| (2.6)
zeT ke

ci|det Az < |det DE#(2)| < co|det Aj|, £€T
for all T € 7. In particular, v € H'(Q) if and only if v o G, € H'(Qy) and

eslvllm o) < lve Gallga,) < callvllm @)

Let us turn to the definition of the finite element spaces which we shall use. We denote by N}, the union of the
set of all vertices of 7, with the set of all midpoints of edges of d—simplices in 7. Then we define

Xy o= {on € CO(Q; RY) | v 17 € Po(T)%, vn(p) - n(Gh(p)) = 0 Yp € Niy N O}

and

M= {an € C°@) [z € D). [ an=0)

h

that is we use the so called Taylor-Hood element and enforce the slip boundary condition pointwise in all
boundary vertices and midpoints. Note that the normal n appearing in the definition of X} is the normal to
the domain Q. Defining a, : Xp X X — R, by : Xp x M, — R by

ah(uh,vh) = 2Re/ Duh )

bu(vn,qn) = —ﬁ qn div oy
Qp
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—4>

FIGURE 1. T, T and T at the boundary.

the discrete analogy of (2.2) reads: find (up,pr) € Xp x My, such that

an(up,vp) + bp(vn,pn) = / fop for all v, € X3,
Q, (2.7)

bn(un,qn) = 0 for all g5, € My,

where f := f oGy, It follows from [20] that (2.7) has a unique solution for all 0 < h < ho with kg small enough.

Remark 2.1. Since the Babuska-Brezzi condition can be proved for the Taylor-Hood element without using
an inverse estimate, see [15], we do not assume quasi uniformity for the triangulation 7. Thus our analysis is
valid also in the case of adaptively refined meshes.

Remark 2.2. We have introduced f above because we do not want to overburden the error analysis with the
approximation of fQ f - vp. This can be done with the help of a suitable quadrature rule under appropriate
regularity assumptions on f (¢f. [7]: Chap. 4, Sect. 4.1).

3. PROOF OF THE ERROR ESTIMATE

One problem of the error analysis lies in the fact that (u,p) and (up,pr) are defined on different spaces. To
overcome this difficulty we assign to each (vp,gn) € Xp X M}, the pair
1
(On, qn) = (vh o G;l,qh o G;l — @/ qn © G;l) € Hl(Q;]Rd) X M.
Q

Note that in general v, € X since vy, - (n o Gp,) only vanishes in the points of A,. Inserting 7y, into (2.1) we get

a(u, ) + b(0n,p) = /Qf < Up + /BQ(na(u,p)n) Up + M, vy € Xp.
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Combining this identity with (2.7) we obtain the following error relation for (v — @p,p — pp):

an(un,vy) — a(n,op) + bn(vn, pr) — b(0n, Pn)

+/Qf.ah—/th.vﬁ/m(no(u,p)n) oy (3.1)

b(u—1tn,qn) = bu(un,qn) — b(un,qn)

a(u — Up, @h) + b(@h,p - ﬁh)

for all vy, € Xy, qn € My,

Before we can apply well-known results on the approximation of saddle point problems we need suitable
discrete analogies of the ellipticity condition and the Babuska—Brezzi condition.

The following lemma will be very helpful in the subsequent analysis.

Lemma 3.1. There exists hy > 0 such that for all 0 < h < hy and all vy, € X},
I8 - nll 200 < e [Onl a1 (0

Proof. Let us denote by Tha the set of all simplices in 7;, which have a (d — 1)—face on 92. The transformation
rule and (2.6) imply

/ o, - n|? = Z / l(vh 0 G} Y) - n|* <e¢ Z lop, - (no G)|*.
Te,z—}? oQNT TETa 8Q;LﬂT
Let us fix T € Tha and put I := 9y, N T. In view of the definition of X, we have I? (Uh\f “(no Gh)‘f) =0

where I? denotes the Lagrange interpolation operator for polynomials of degree two. If we apply a well-known
interpolation result (cf. [7]) we get

/ vn - (n0 Gp)|?
T

/f |vp - (no Gp) — I}%(vh “(no Gh))|2
ch(T)G/f|D3((vh.(noGh))‘f)F.

IN

Observing that v, € P (T) as well as 9Q € C* and using (2.6) we may estimate

J 1D oGP < el = cllon Bage, + 1Dunl. )
< () onlZagzy + eh(T) 2 onlp )
< (D) onl2 gz, + AT onlZ
<

() onlZ1 o,

in view of the inverse estimates

th”L2(F)<Ch’( ) 2||vhHL2(T)7 HDvhHm(r) < ch(T ) ||UhHL2(1“)
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In conclusion

[ tonenl <e 3 M@ oy <ch® X lonlBincry < oh¥onl
o0 TeT? TeT?

and the lemma is proved. [l

Note that we made use of the inverse estimate only locally, hence we do not need a quasiuniformity assumption
on the triangulation.
The above result should be compared to Lemma 3.1 in [20] where the author obtained the boundary estimate

1
lvn -1l p2(06,) < ch2lonll i@,y vn € Xn

which then led to the suboptimal error bound O(h%). By employing the transformation G we are able to
improve this estimate and this will turn out to be crucial in the proof of the optimal convergence rate.
The next lemma estimates the effect of the transformation on the bilinear forms.

Lemma 3.2. There exists ho > 0 such that for all 0 < h < hy and for all vy, wn, € Xn, qn € My,

1 1
_ _ _ 2 _ 2
(@) la(on @) —an(enwn)l < ch( Y Jonliry) (D Nwwli)
TNOONAD TNONAD
1 1
JE 3= _ _ 2 _ 2
() [6(n,a) = br(vnsan)| < chE Tl l@nllz@ + (Y Iol) (D Nl
TNOONAD TNONAD

Proof. Note first that G5 = I on all simplices which are disjoint from dQp. Then the first assertion can be
proved in the same way as Lemma 8(ii) in [13].
In order to show (b) we first estimate fQ qn © G}_Ll. Observing that fflh qn = 0 we get

oGl = / oGyt + / oGyt
AQh h Z th h Z th h

TNOOQH#D TNoN=0

> /TQhoG;1+ > |

TNOQAD Tnoa=0""T

Z (/TQh |detGh|_/T(Ih)

TNOOQHAD

in view of the transformation rule. From (2.6) and Holder’s inequality we obtain

— =, ~\ 4
[aeGl < ¢ S wD) [lml<e S MO ol ey
Q2 TNOQAD T TNOQAD
1
< o D A2 anll e, < b llan o Gy iz
TNOOQH#D
<

Ch%|‘§h|‘L2(Q)+Ch%|/qhoG}:1|
Q
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. -1 _ - 1 -1
since qn, 0 G}," = qn + @ qn oG~ and
Q

> D) < eHTH09) < cHEH09) (3.2)
TNOOQH#D

with H9~! the (d — 1)-dimensional Hausdorff measure. Summarizing the above considerations we get for suffi-
ciently small ho

[ @Gt <t lglzaco (3.3)
Q
and therefore
|b(’l7h,§h) - bh(Uh,Qh)' S |b(’l7h,Qh o G}Zl) - bh('Uh,Qh)| + CHT]}LHHI(Q) |/ qn © G;1|
Q

Estimating the first term again similarly as in Lemma 8(i) in [13] the result follows from (3.3). O

Next we obtain discrete versions of the conditions (2.3, 2.4).

Lemma 3.3. There exists hg > 0 such that for all 0 < h < hs

(a) a(0n, on) = collvnllfp ), vn € X

- b(vn, qn)
inf sup — —
g €M\ {0} o, ex,\ {0} [Tl (@)l Gnll L2 (@)

>3 >0.

(b)
Proof. (a) Korn’s second inequality (cf. [14]) together with the Poincaré—Morrey inequality (c¢f. [21]) implies

||v|\§{1(9) < c(/ D(v) : D(v) + Hv||2L2(Q)> < c(/ D(v) : D(v) +/ |v.n|2> (3.4)
Q Q oQ
for all v € H'(2;RY). Applying this estimate to ¥, and using Lemma 3.1 we arrive at
[10n[I7r2 0y < € alBn, Tr) + ch®(|on 5 q)
which gives (a).
(b) According to [20] the following condition is valid:

. bh(vhth)
inf sup
an€Mp\{0} v, e X, \ {0} thHHl((zh)H%”p(ﬁh)

>pB>0.

The assertion now follows from Lemma 3.2b if we observe that ||va |1 (o), |vnll 1 (a,,) @nd 1@nllr20) ]l 2,
are equivalent norms for vy, g5, respectively.

Now we are in position to prove the main result of this paper.

Theorem 3.4. Let (u,p) be the solution of (1.2-1.4) and (up, pp) the solution of (2.2). Then there exists hy > 0
such that for all 0 < h < hy

_ _ 3
lw —an || gy + P — Pullr2) < ch? || flla@)-
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Proof. As we do not have {5, | v5 € X5} C X we consider both spaces as subspaces of H'(Q, R?). From
Lemma 3.3 we infer

a(Tp, Tp) > CO”'Dh”%n(Q), for all v, € X},

b(vp, q (3.5)
sup M > B'NlanllL2),  for all g € Mp.

vr €XK\{0} thHHl(Q)

Using the techniques in Section I1.2 in [5] we conclude from the error relation (3.1, 3.5)

5

lw = @nllar s+ llp = Pz < e if Nlu =Bl + if lp = @l oago +;Mi,h) (3.6)

where

lan(un, vn) — a(tin, Up)|

My = sup —
v €Xn\{0} HUhHHl(Q)
b — b(on,p
Map =  sup 165V, 1) = b(On, 1]
vh €Xp\{0} HUhHHl(Q)
S U — |6 ~~Uh
M?,,h _ sup |fQ f _ fQ;L f |
un€Xp\{0} |Onl 1 ()
My, = sup |faQ(m’:(Uap)n) oy -
vh€Xp\{0} [Onll ()
b — bluy, q
M =  sup lon(un @) = b(@n, )|,
an € Mp\{0} ||QhHL2(Q)

In the following we estimate the various terms occurring on the right hand side of (3.6).
To begin, let us denote by I, ,3 the usual Lagrange interpolation operator on £2; for polynomials of degree two
and define wy, := I?(u o Gp,). Clearly, w, € X}, and

w0 G = wnllgs zy < hTPID*wo Gl arys T €T

Transforming to Q and using (2.5, 2.6) we get

1

[N

_ _ 2
lu=anlme = (D lu=dnldne)” <e( Y lueGn—will )
TeT;, T€~h
1
2
< Ch2<Z||D3(quh)Hiz(T)> Sch2||u||H3(Q)

Te'f'h
< || fllm -

Arguing similarly for the pressure we arrive at

inf |lu—2o inf —q < ch? .
,f [ wll (o) + mf I — anll2) < chl|flla (o)
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Next, Lemma 3.2 gives

1
M < en(C Y anl)
TNOQAD
1
_ 2
< ch||u—uh||H1(Q)+ch( 3 |\u|\§,1(T))
TNOQAD
1
_ 2
< chllu—anlm +elulorah( D (T
TNOQAD

< chllu =l + ch® |l
where we used the continuous embedding H?(Q) — C1(€2), (3.2) and (2.5). Similarly
Ma, < chllp =Pl 2@y + k3| o).

From the definition of f and the fact that Gj, = I on all simplices which are disjoint from 8, we infer

|/f.1—,h_ (ol =1 Y /(foGh)-vh(|detDGh|—1)|
@ On TNO0, £0
< ch Z 1] © Ghll 2y llvnll L2z
TN, #0
< ch| fllzzB, 000 100l L2(B., , (90)n0)-

In view of the embedding H'(Q2) — L*(Q) we obtain

1
£l L2 (B 02)n0) < (LXByR(O9) N Q) * (1 fll2) < ch || flla o)

where £? denotes the d-dimensional Lebesgue measure.
Using the same argument for o;, we arrive at

[ oo [ Fool < adiflm@lonlmo
Q Qp
for all vy, € X}, which implies

M, < ch? | flla(oy-

Employing Lemma 3.1 we get

| 89(”"(%?)”) on-n| < c(llulleray + Ipllco@y) llon - nll2caa)
3 _
< ch2 || flla @) |0nll @)

and therefore

My, < ch? | flla(o-
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Finally, it follows in the same way as above
M1, < chllu—anll s (@) + ch 2|11l (o).
Combining the above estimates and choosing h4 small enough the result follows. O

4. ERROR ESTIMATES FOR THE NONLINEAR PROBLEM

In this section we extend our error analysis to the Navier—Stokes problem (1.1, 1.3, 1.4). The discrete problem
now reads: find (up,pp) € X X M}, such that

f~vh for all v, € X},
Qn, (4.1)

0 for all g, € My,

an(un,vn) + bn(vn, pr) + Na(un, un, vn)

by (un, qn)

Here, Xp, My, ap and by, are the same as in Section 2 while Ny, is defined by

Qp,

Np(u,v,w) == %/ (((u V)v)w — ((u'V)w)v>, w,v,w € H'(Qp; RY).

It is well-known that (1.1, 1.3, 1.4) has a unique solution (u,p) € H?(;R?) x H2(Q) provided
(Re)QHfHLQ(Q) < () (4.2)

with some constant ¢(€2) > 0 depending on the domain €.
Furthermore,

[ull 1) < cRellfllL2)- (4.3)

In what follows we assume that (4.2) holds. We shall use a quantified version of Newton’s method in order to
derive an error bound for the velocity.

Theorem 4.1. Let X,Y be Banach spaces, ug € X, R > 0 and F € C'(Br(ug),Y). Assume that DF(ug) is
an isomorphism of X onto Y with |[DF(uo) ™| Lcyv,x) <7, that | DF(ug) ' F(uo)||x < € and that

[DF(u) = DF(0)||lr(x,v) < Kllu—vlx  for all u,v € Br(uo).
If
2¢ <R, 2Key<1 (4.4)

then the problem F(u) =0 has a unique solution u* € Ba.(uo).

Proof. See Theorem 15.6 of [8].

Let us now apply the above result to our situation. We set X =Y = H'(Q;R?). Let T), € L(X},Xn) be the
discrete Stokes operator which assigns to every g, € X the velocity u, € H Ly, RY) of the unique solution
(uh,ph) € Xy x My, of

ap(un,vn) + bn(vn,pn) = (gn,vn) forall v, € X
bn(un,qn) = 0 for all gy, € My,
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Here, (.,.) denotes the duality between X} and Xj. We define the mapping F, : H(Q,RY) — H'(Q,R?) as
follows: for a given v € H'(Q, R?) let

wy, = Th(f oG — Np(voGh,voGp, ))
and set
F(v) :==v—wp oGy = v — W

Clearly, up, is a solution of (4.1) if and only if F}, (@) = 0.
Now we are in position to formulate the main result of this section.

Theorem 4.2. Let (u,p) be the solution of (1.1, 1.8, 1.4). If Rel|f| r2(q) is sufficiently small, there exists
hs > 0 such that for all 0 < h < hs (4.1) has a unique solution (up,pp) which satisfies

_ _ 3
lu =t g1 + lp = PrllLeo) < ch?.

Proof. Clearly Fj, € C*(By(u); HY(Q;R?)) and DFy,(u) = I — Sy with S, € L(H*(Q;R?)). From the uniform
ellipticity of aj, (which follows from Lemma 3.2 and Lemma 3.3), the uniform continuity of N, on H'(£;R%)3
and (4.3) we conclude that ||Sy|| Lz () < 1/2 provided Re| f||12(q) is small enough. Therefore, DF},(u) is an
isomorphism of H'(Q;R?) and

||DF}L('U/)71HL(H1(Q)) <+ uniformly in A. (4.5)

Next, we want to estimate €p := || Fp(u)|| g1. According to the definition of Fj, we may write Fp(u) = u — wp,
where wy, € X}, is the solution of the following problem:

an(wh,vn) +bu(va,pn) = | foGh-vp — Np(uoGpr,uoGh,vy) forall v € Xp
Qp
bh(wh,qh) = 0 for all g5, € Mjy,.
Since (u,p) is a solution of (1.1, 1.3, 1.4) we also have
a(u,v) +b(v,p) = /f-v—/(u-V)u-v forallv e X
Q Q
blw,q) = 0 for all ¢ € M.

Just as in the proof for the linear case we may now deduce an error relation for u — wy:

an(Wh,vn) — a(Wh, On) + bp(Vh, Pr) — b(Vn, Dr)

—l—/f-@h— i foGh~vh+/ (no(u,p)n) op -n
Q Qn o0

a(u — Wp, Up) + b(Op, p — Pn)

—/(u-V)u-@h—i-Nh(quh,quh,vh) (4.6)
Q

b(u—Wn,qn) = bu(wn,qn) — b(Wn,qn)

for all v, € Xhn, qn € My,
From Lemma 4.3 below for the case w = u o G, we infer
| fQ(U . V)U . Tjh — Nh(u @] Gh,u o Ghyvh”
sup

— < chs.
un € X \{0} 0l 21 (02)
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Combining this estimate with the argument in Theorem 3.4 we arrive at
en = |[|[Fn(u)|| (o) = lu — @nll g1 ) < ch?
which together with (4.5) implies
|DEw ()™ Fi(w) 3y < A En()ll ey < ch (4.7)
Furthermore, it is not hard to prove that
|DFn(v) = DE(w)| o)y < Kllv —wllgrq)  for all v,w € Bi(u). (4.8)

From (4.5, 4.7, 4.8) we see that (4.4) is satisfied provided 0 < h < hs and Theorem 4.1 implies that the equation
Fp,(v) = 0 has a unique solution aj € B, s (u) or in other words

[u = @n| g1y < ch?. (4.9)

Furthermore, up = up, o Gj, solves (4.1).
Before we give a corresponding bound for the pressure we prove a lemma which deals with the nonlinearity
and which has already been used above.

Lemma 4.3. Let (u,p) € H3(Q,R?%) x H2(Q) be the solution of (1.1, 1.3, 1.4) and w € H*(Q,,R?). Then

v ~Up — N y Wy
- | Jo(u - V)u -0, — Ni(w,w,vp)|

_ _ 3
= <cllu—wo Gy g (ulla + lwo Gy ) + ch2.
un€X,\{0} l|on | 1

Proof. Using integration by parts together with (1.3) we get

/Q(U'V)U'T)hZE/Q(U-V)U-T);L—%/Q(U'V)T);L'U

so that

/Q(U'V)U'@h—Nh(w,w,vh):%(/Q(U'V)u'@h—/Qh(w-V)w-vh>

_%</Q(U'V)@h'u_/ﬁh(w'V)vh'w)

The transformation rule and (3.2) imply
|/(u~V)u'1‘)h—ﬁ (w-V)w-vp| = |/ (wo Gp - V)u o Gy, - vy |detGp)| —ﬁ (w-V)w - vp|
Q Qh, Qh Qh,

<[ ((uOGh'V)UOGh'Uh—(w-V)w'Uh)|
Qn

to Y Julzn@) [ ol
TNOQAD T
< cluo Gn = wllm (luwo Gullm + lwlla ) [onll
=N
+e Y DE ol e
TNOONAD

_ _ _ 3 -
<cllu—wo GthHl (||u||H1 + HU}OGthHl)”'UhHHl +chZ||op|| g
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Here we also employed the continuity of the trilinear form (u,v,w) — [5 (u-V)v-w on (H (S, Rd))3. The
second term can be treated in the same way and the lemma follows. O
In order to obtain the pressure bound we now write down an error relation analogous to (4.6) with u — wy,

replaced by u — @y, and Np(uo Gp,u o Gp,vy) replaced by Np,(un,up,vy). Observing that ||up||g: < cRe||f||L2
Lemma 4.3 implies

-V ~Up — N ’ y
sup | Jo(u - V)u -5 — Ny(up, un, vn)|

- chu_ﬂh”Hl(Q)‘FCh%
v €Xp\{0} ”vhHHl(Q)

so that the argument in Theorem 3.4 gives
_ 3
lp — Pnllr2o) < ch?.
This concludes the proof of Theorem 4.2. O

5. NUMERICAL RESULTS

From a numerical point of view it is quite simple to treat the boundary condition incorporated in Xj, see
also [2]. If one uses iterative methods to solve problem (2.7) or (4.1) (for example iterative solvers based on the
Schur complement, see e.g. [2,6,19]), then the core method consists of solving the elliptic problem

an(up, vn) = (X, vn) for all vy, € X}, (5.1)
with some right hand side x. Now consider

Xh = {’Uh c Co(ﬁh;Rd) | vth € PQ(T)d}

the space of all piecewise quadratics (without enforced boundary condition). With vy, € X, we associate its
representation by a vector of nodal values v = {v,}, = {v},v% 03}, C X, such that

p’prTp
_ }: _ }: 1,2 3\T
Uh = UpPp = (vp7vp7vp) Pp
PEN}, PEN},

with {¢,}, the nodal basis of Xj, i.c.
©p(q) = dpq for all ¢ € Mp,.
Accordingly define
X, ={veX,|v, n,=0VYpeN, N}

where n, = n(Gp(p)). Define the projection P : X, — X, by

Up else

(Po) _{ vp — vy Mpny, i p € Ny NOQ
V)p —

and the operator Ay, : Xh — Xh by

ap(vp, wp) = (Apv, W)Rs~ for all vy, wp, € X
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TABLE 1. Numerical results for 5 x 3 bisection steps.

level | § tetrahedra | § nodes | |lup — ul|gr | EOC | |lpn —pllr2 | EOC
0 6 27 | 0.6985E+01 — | 0.1976E4-02 —

3 48 125 | 0.4607E401 | 0.60 | 0.8430E+01 | 1.23

6 384 729 | 0.1566E+01 | 1.56 | 0.2543E+01 | 1.73

9 3072 4913 | 0.4530E400 | 1.79 | 0.6862E+00 | 1.89

12 24576 | 35937 | 0.1224E+400 | 1.89 | 0.1791E400 | 1.94
15 196608 | 274625 | 0.3301E—01 | 1.89 | 0.4599E—01 | 1.96

Here, (-, -)]Rw~ denotes the Eucledian inner product in R*N, N = dimX,. Then (5.1) is equivalent to: Find
u = Pu, u € X such that

(AhP@, PQ)RaN = (PTAhP@, Q)Rmf = (PAhP@, Q)Rmf = (PX, Q)Rmf (5.2)

for all v € X p and with x, = (X, ¢p). Using an iterative procedure to solve (5.1) requires the evaluation
of ap(vp,wp) which by (5.2) is equivalent to working on X, and projecting after each matrix times vector
operation. Note that the projection P is a simple and numerically cheap operation. A similar consideration also
holds in the case when the matrix corresponding to Ay is preconditioned by e.g. a multilevel procedure.

Since it is difficult to find a nontrivial explicit solution to (1.1, 1.3-1.4) we consider an example which is not
entirely covered by our error analysis but in which the setting is even more complicated. Let  := B;(0) C R3
and choose the exterior force f in such a way that the pair (u,p) with

2zz(2? + y?)
u($7yaz) = 2y2($2 +y2) )
4(2% +y?)(1 — %(252 +9?) —2?)

p(z,y,2) = 16(2—3)

solves (1.1) and (1.3). Instead of (1.4) we have nontrivial tangential stresses. The above solution is similar to
Hill’s spherical vortez, see for instance [3].

Note also that in view of the symmetry of  u is only unique up to a rigid body rotation. We discretize €2
by choosing a macro—triangulation and then refine this coarse grid by the bisection method introduced in [1].
The normal n(Gp(p)) is given by n(Gr(p)) = p/|p|. Table 1 shows the resulting errors and experimental orders
of convergence (EOC) for successive refinements of the macro triangulation. “Level” denotes the number of
refinement steps. Note that 3 refinement steps of the bisection method yield a triangulation with halved grid
size.

Figure 2 shows the solution for refinement level 4 x 3.
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FIGURE 2. Solution on a clipping plane, refinement level 4 x 3.

The authors want to thank B. Hohn for performing the numerical example.
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