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AN OPTIMAL ERROR BOUND FOR A FINITE ELEMENT APPROXIMATION
OF A MODEL FOR PHASE SEPARATION OF A MULTI-COMPONENT ALLOY
WITH NON-SMOOTH FREE ENERGY

JouN W. BARRETT! AND JAMES F. BLOWEY?

Abstract. Using the approach in [5] for analysing time discretization error and assuming more reg-
ularity on the initial data, we improve on the error bound derived in [2] for a fully practical piecewise
linear finite element approximation with a backward Euler time discretization of a model for phase
separation of a multi-component alloy with non-smooth free energy.
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1. INTRODUCTION

In [2], we proved an error bound for a fully practical finite element approximation of the following “deep
quench” Cahn-Hilliard model:
(P) Find {u(-,t),w(-,t),£(-, 1)} € K x Y x L?(2) such that u(-,0) = u°(-) and for a.e. t € (0,T)

ou

(Gpm + (LVw, V) = 0 VneH(Q), (1.1a)
Y(Vu,Vin—u)) = (I -13)Aun—u) > (w+{l,n—-u) VneK (1.1b)

where
Y:={necH Q) :Xnx)=0 forae xcQ}, (1.2a)
K:={neH'(Q):n(x) >0 for a.e. ¢ € Q}- (1.2b)

Here ( is a bounded domain in R¢ (d < 3) with a Lipschitz boundary 99).
In the above {u}, is the fractional concentration of the n'" component of the alloy, and so the following
assumptions are made on the initial data

(a) u’(z)>0 and (b) NY¥u'(z)=1 Ve (1.3)
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In (1.1a,b) 7y is a positive constant and A and L are symmetric constant N x N matrices. It is further assumed
that

L has a one dimensional kernel such that L1 = 0 and 1.4a)

L is positive semi-definite. (1.4b)

From physical considerations A must have at least one positive eigenvalue, and the analysis simplifies if this
were not the case. Let A amax be the largest positive eigenvalue of A.

We define 1 € RY by {1},, := 1 for n = 1 — N. Here and throughout we write ¢, for the n** component of
¢ € RY and set

1 N
EC = N;Cn

For later purposes, we introduce for any p € R
M(p) = {EeRY : N & = p}- (1.5)

Finally, we introduce
1 2
fn::@ Qn(w)dw vV ne L*(Q).

The system (P) models the isothermal phase separation of a multi-component ideal mixture with N > 2
components in the deep quench limit, see [2] and the references cited therein. The well-posedness of (P), see
Theorem 2.2 in [2], is proved under the following assumptions on the initial data u°:

(D1) u € H'(Q) such that (1.3) holds and f u® > §1 for some § € (0,1/N).

We note that the integral constraint above only excludes the degenerate case when one or more components
of u are not present, in which case the system can be modelled with a smaller value of N.
The finite element approximation of (P) was studied in [2] under the following assumptions:

(A1) Let Q be convex polyhedral and 7" be a regular partitioning of  into disjoint open simplices x with
hy = diam(k) and h := max,c7n hy, so that Q = U, c7rR.

In this paper we strengthen these assumptions to
(A2) In addition to (A1) let 7" be a quasi-uniform partitioning of .

Associated with 7" is the continuous piecewise linear finite element space
S§":={xe€C@Q): x|, islinear Ve T"} c H(Q).

We extend these definitions to vector functions, i.e. x € Sh= x,eS"n=1—N.
Let 7" : C(Q) — S” be the interpolation operator such that 7n(x,,) = n(z,) (m = 1 — M), where
{x,, }M_, is the set of nodes of 7". Throughout (-,-) denotes the standard L? inner product over , naturally

extended to vector and matrix functions, e.g. for I x J matrices C(x) and D(z), with entries in L?(Q)

(C,D) := Z ,

J
=1 j=

(Cij, Di]) = Z Z‘/QC” (SC)D” (SC) dex. (16)

1
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Also (-,-) denotes the duality pairing between (H'(2))" and H'(Q), which is extended to vector functions in
the standard way. We now introduce the corresponding approximations of (1.2a,b):

Y" = {xeS": Sx(x,) =0, m=1— M}, (1.7a)
K" .= {x € 8" : x(x,,) >0, m=1— M} (1.7b)

A discrete semi-inner product on C(Q) is then defined by

M
(o) = / 7 () (@) A = 3 B 11 (1) 1) (18)

where 3, > 0. Once again, this is naturally extended to vector and matrix functions as in (1.6).

Given K, a positive integer, let At := T'/K denote the time step and t; := kAt, k = 1 — K; Barrett and
Blowey [2] considered the following fully practical piecewise linear finite element approximation, based on a
backward Euler time discretization, of (P):

(P21 For k=1 — K find {U", W* 2F} € K" x Y" x S" such that

h
Uk _ Uk—l
(Tw) +(Lvwh vx) =0 vxes", (1.92)
h
y (VU’“, V(x — U’“)) - ((I —1)AU* + W + 261, x — U’“) >0 VxeKk" (1.9b)

where U” = Q!'u® for i =1 or 2. Here
(i) Q" : L*(Q) — 8" is such that {Q"n}, = Q'n, and Q% : L*(Q) — S" is defined by
(@n.x)" = (n,x) ¥ xes (1.10)
(ii) Q% : H'(Q) — 8" is such that {Qhn}, = Qhn, and QF : H'(Q) — S" is defined by
Y (VU = @), V) + (I - Q)nx) =0 ¥xesh (1.11)
Let the assumptions (D1) and (A1) hold. Let U® = Q"u®. Then for all h > 0 and all At < 4y/(A3,,..IILID),

Barrett and Blowey [2] proved the well-posedness of (P"4%) on assuming that |[U°|; < C. Moreover, they
proved that

~ h4
= 01y + 1= Ul rarmyy < € |17 A+ 5 . (112)
Here we have adopted the notation: for k> 1
A L T e —t k1
U(.1) = 22 UR ) + UM ) b [t (1.13a)
and
U, t):=U")  te(tp,ti (1.13b)
In the above and throughout the paper, || - || operating on matrices is that induced by the Euclidean vector

norm, i.e. the spectral radius for symmetric matrices. We note that the assumption |U°|; < C holds under
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the stronger mesh assumptions (A2). It follows immediately from (1.12) with the choice of At = C1h% <
47/ (MimaxlI L) that

1w = T2 20 1m0y + 14 = UllZ e 0,008 )y < CHP. (1.14)

It is the purpose of this paper to improve on the error bound (1.12) using the approach developed by Rulla [5]
for proving an optimal time discretization error for the backward Euler method applied to “subgradient flows”
without requiring bounds on the second order time derivatives, which do not exist for the variational inequality
system (P). This approach does require the following stronger assumptions on the initial data:

(D2) u° € H*(Q) such that (1.3b) holds, du’/dv = 0 on 9, where v is normal to 99, and u%(x) > §1,V x €
Q for some 6 € (0,1/N].

With (D1, Al) replaced by (D2, A2), U° = guo and the restriction h < hg; we prove in this paper that
the term “At + h*/At” on the right-hand side of (1.12) can be replaced by “(At)2”, yielding an optimal error
bound. Hence the bound (1.14) can be achieved by choosing larger time steps; At = Caoh < 47/(A L) -

2
Amax

Remark 1.1. In the case N = 2, assuming that Aj; = Aga, L11 = Loz = 1/2, defining u = ug — uq,
w:=wg —wy and 0, = A1; — Aj2 we obtain that {u,w} satisfies the system

0

a—zz —Aw =0, w € —yAu — Ocu + Oy 1)(u) (1.15)
where 0Ij_; 1)(+) is the subdifferential of the indicator function of the set [~1,1]. This is the Cahn-Hilliard
equation with an obstacle free energy. The corresponding finite element approximation of this problem has
been studied by Blowey and Elliott [4]. Obviously the results in this paper are easily adapted to improve on
the error bound derived there in an analogous way.

Notation and auxiliary results

We adopt the standard notation for Sobolev spaces, denoting the norm of W™?(Q) (m € N, p € [1,00])
by || - |lm,p and the semi-norm by | - |, p. We extend these norms and semi-norms in the natural way to the
corresponding spaces of vector functions W™?(Q) := {W™P(Q)}. For p = 2, W™2(Q) will be denoted by
H™(Q), with the associated norm and semi-norm written as, respectively, |||/ and |-|,,. Furthermore, we define
L*(Q7) := L?(0,T; L*(R2)). For n € H'(Q), Vn denotes the N x d matrix with entries {Vn};; := 9n;/0x; and
then On/ov := (Vn)v.

Below we recall some well-known results concerning S” under the assumptions (A2): The inverse inequality
for 1<p1<pa<oc and m=0or 1

d(p1—p2)

Xlmps < Ch™ 772 |X|mp vy e S (1.16)
Form=0or1and p>2
1
Ixlo < Ixln = [06 )" % < (d+2)2[xlo vV x € 5", (1.17)
10xts x2) — (xas x2)" < CR* ™ xallmlixaelli ¥ xas x2 € S™, (1.18)
(1 = 7"l < CR2 G2y, Ve HA(Q), (1.19)
(I — Q51| < CR2™|n], Ve H*(Q), (1.20)
(1 = Q8 lmp < CRE™=GE=2) gy Ve HA(Q) (1.21)

where the last result follows immediately from (1.16, 1.19, 1.20).
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Below we recall the following “inverse Laplacian” operators introduced in [1]:
(a) G:F — V is such that

(VGv, V) = (v,n) V¥V ne HY(Q), (1.22)

where F := {v € (H(Q))": (v,1) =0} and V := {v € H*(Q) : (v,1) = 0}.
(b) G:F — V is defined by {Gv},, := Gu,,, where

F={v:iv,€F,n=1— N, and > v =0} (1.23)
and
Vi={v:iv,€V,n=1— N, and > v =0} (1.24)

(c) Noting (1.4a, 1.5), it follows that L) = L |rq(0) is invertible. Hence we can define Gz : F — V by
g = L/_\j(o)g; that is

(LVGLv,Vn) = (v,n) Y ne H(Q). (1.25)
(d) Gh: F — Vh .= {vh € §": (v",1) = 0} is such that
(VG"v, Vx) = (v,x) ¥V x e Sh (1.26)
(e) G": F — V" is defined by {G"v},, := G"v,, where
Vi={vh: eVt n=1-N, and S0 =0} CV. (1.27)
(f) 67 : F — V" is such that G7 = Ly, G"; that is,
(LVG"v,Vx) = (v,x) Vxe8" (1.28)
(g) G": F¢ — V" is defined by
(VG"0,Vx) = (v,x)" V¥ xes", (1.29)

where F¢ := {v € C(Q) : (v,1)" = 0}.
(h) G : F¢ — V" is defined by {th}n := G"v,, where

Fo={v:v,eF,n=1—-N, and Svo=0}> V" (1.30)
(i) Q% : F¢ — V" is defined by Q% = L/_\j(o)gh; that is,
(LVGiv,Vx) = (v, x)" V¥ xe€S" (1.31)
On noting the Poincaré inequality

[nlo < Clnl +1(n, D)) ¥ ne HY(Q), (1.32)
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the well-posedness of G, G, G", G" follows. In addition, on noting (1.17) we deduce the well-posedness of Gh
and G". Finally, as L M) = L | a0y is invertible, or equivalently noting that

Amin|v]? < (LVV,Vv)  VoveV (1.33)

where Arpmin is the smallest positive eigenvalue of L; yields the well-posedness of Gy, g’L‘ and Q%
Noting (1.25) one can then define a norm on F by

w1 == |LY?G o)y = [(LVG v, VGLv) ]2 = [(v,GLv)]? VwveF. (1.34)
It follows from (1.33, 1.34) that
Mmin|Grv|t < o2, VoveF. (1.35)

In addition it follows from (1.25, 1.34, 1.35) that

Aminl|v]2y <IGoft < LIl v]2,  VveF. (1.36)
Hence || - |1 is equivalent to the standard (H'(f2))’ norm on F. Similarly, one can define norms on F and
F° by
1/2 1/2
[o]|_n = |L/2G" 0|, = [(ngﬁv,vggv)} = [@,gﬁm} VveF (1.37)
and
1/26h G h o h 1/2 A h o \h 1/2 c
o]l _pn = |LV2G 0], = [(ngLv,ngv)} = [(v,gLv) } Vove Fe, (1.38)

respectively. It follows from (1.28, 1.31, 1.37, 1.38) that for all v € V" and for all & > 0

W'E = (LV2VGLeh, LYAVet) < %Ilvhl\’iﬁ%IILH "1, (1.39a)

Wi = (LMEVGhR L2V < %IlvhH’ih,ﬁ%HLll v [3. (1.39b)
It is well-known that

(G — G"nlo < CHE™|G™ |, Y 1€ (H™Q) NF, m=0orl. (1.40)

Hence, it follows from (1.25, 1.28, 1.36, 1.40) that

(G —GL)nlo < Apminl(G — G")mlo < CH*=™ |G Nl < CH*~"{|1l| -,
Vne(H™Q)NF, m=0orl. (1.41)
It is easily deduced from (1.18), e.g. see [4], that
1(G" — GM)o" ||, < CRA]W™|, Vo e VI (1.42)
Hence it follows from (1.28, 1.31, 1.42) that

I(GE = G 1 < ALpinll(G" = GMW" L < CR2 "1, V" e V™. (1.43)
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Next we note that
C’lh2|'uh|1 < Cgh|'uh|0 < ||'uh||_h < ||'uh||_1 < CgH’UhH_h v ol e v (1.44)

The first inequality on the left is just an inverse inequality, recalling that the partitioning is quasi-uniform. The
second follows from the first and (1.39a). The third follows from noting that |L'/2G"v"|, < |LY/2Gv"|;. The
final inequality follows from noting (1.41) with m = 0 and the second inequality above. Finally, we have an
analogue of (1.44)

h?|v"[1 < Crhlo"|n < Col|v™(|pn < Csl|vo™|| - < Cal|v*||ppn V0" € V™ (1.45)

The first inequality on the left is just an inverse inequality on noting (1.17). The second follows from the first
and (1.39b). The third and fourth follow from (1.43) and noting the first two inequalities in (1.44) and (1.45),
respectively.

2. THE CONTINUOUS PROBLEM

It is easily established, see [2] for details, that (P) can be rewritten as:

Find {u(-,t),A(#),£(-, 1)} € Km x M(0) x L*(Q) such that u(-,0) = u°(-) and for a.e. t € (0,7T)

3 (Y, Vo —w) + (G208 (- 15)Au-A— €1 —w) >0 VneK (2.1)

where
K:= {ne K and N¥n(x)=1 for a.e. x € Q}, (2.2a)
Kp:= {neKand f n=m:=f «"}- (2.2b)

In the above we have eliminated w € Y by noting from (1.1a, 1.25, 1.33, 1.32) that
Jou
=-Gr—+ A 2.3
w gL at + ) ( )

where A(t) € M(0) can be viewed as an unknown Lagrange multiplier.

Theorem 2.1. Let the assumptions (D2) hold. Let Q be convex polyhedral or OQ € CYY. Then there exists a
unique solution {u(-,t),X(t),&(-,t)} (= {u(-,t),w(-,1t),£(,t)}) to (P) such that the following stability bounds
hold:

w0 0,75 m ())y + 1l 710, ms 80 () + 6l oo 0,782 (2)) + 1AL 0,1)
+ |wll oo 0, 1m0 () T Wl 20,7582 () + 1€l Lo (0,722(0)) < O (2.4)
In addition we have for a.e. t,, tp with 0 < t, <t, <T that

2

ta)|l O (ty —ta). (2.5)

2 H@u
<
-1

ou
HE(’tb) . S E(a

Proof. Existence, uniqueness and the bounds (2.4) are proved in Theorem 2.1 of [3] for a concentration dependent
mobility matrix L. We note that the bounds (2.4) hold for any T > 0 for the present case of a constant mobility
matrix L.
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For a.e. t € (6t,T) and for all ¢ > 0, on choosing n = u(-,t — 6t) € Km in (2.1) and n = u(-,t) € Km,
in (2.1) at “t =t — 0t”, adding, using (1.25), a Young’s inequality and (1.34) it follows that

’7|u('7t)_u('vt_6t)|%+%%”u('at)_u('vt_ét)”%l < (A(u(vt) _u('at_ét))au('vt) _u('at_ét))

< Glul,t) —ult -0
FOO ) [ 1) =t = 00)[21. (26)

Integrating (2.6) over (tq,ty) C (6t,7T), dividing through by (6t)2, taking the limit as 6¢ \, 0 and noting (2.4)
yields that

| oul|? ou 2 ou 2 bl oul|?
huthad S < 122 e
V5] aGrem| < |Frew| oo [5G a
ou 2
< |Frew| et (2.7
ot =
Hence the desired result (2.5). O
For later purposes, we note that .J : H'(Q) — R defined by
Yoo 1 1
Ty = LR~ L (Anm) Ve H'(@) (28)

is a Lyapunov functional for (P). To see this, we fix ¢t > 0 then it follows for a.e. ¢t € (6¢,T"), on choosing
n=u(,t—0t) € Ky in (2.1), that

u(-,t) —u(-,t — ot)
ot

v (Vu(-,t), V(u(-,t) —u(-, t —ot))) + ot (gL%—?(-,t),

Noting the identity

—2(@—-bb=b—-a*+(a—b? VabeR, (2.10)
it follows from (2.9) and (2.8) that for a.e. t € (6¢,T") and for all 6t > 0
u(-,t) —u(,t—ot)|°

ot o
(2.11)

/\Amax

J(u(-, 1)) — J(u(-,t — 6t)) + ot (GL%—?(.,@, u(yt) —u(,t— 6t)> < (6t)2

ot 2

Dividing (2.11) by dt, integrating from ¢ = dt to tj, taking the limit 6¢ \, 0 and noting (2.4), (1.34) and (D2)
yields for £k =1 — K that

ou 2

S+ [ G| ae<iw <c (2.12)

-1
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3. FINITE ELEMENT APPROXIMATION

Firstly, we note the following results concerning Q”. It follows immediately from (1.10, 1.11) and the
assumptions (D1, A2) that for ¢ = 1 and 2

£ QM = f O, NYQMd(x)=1, Vae, (3.1a)
and QM0 < Ol < C. (3.1b)
Under the same assumptions it follows that
[u® — QMul|_; < Chllulllo < Ch  and hul(x) >0 Ve, (3.2)
see [1] for details. Under the assumptions (D2, A2) it follows from (1.20, 1.32, 1.34, 1.35) that
Ju — QUu®)2, < Clu® — QUud2 < Chiu’l3 < Ch* (3.3)
and in addition from (1.21) with m = 0 and p = oo that for h < hg
Pul(z) >0 VaeQ. (3.3b)
We now consider the finite element approximation (P™4?) see (1.9a, b), to (P). Let
K':= {xeK"and NS x(@m) =1, m=1— M}, (3.4a)
Kh .= {Xef('h and f x =m:= f u’}- (3.4Db)
Similarly to (2.1), on noting (3.1a), it is easily established, see [2] for details, that (P"4?) can be rewritten as:

For k=1 — K, find {U*, A*,ZF} € K", x M(0) x S" such that

h
Uk—Uk71 h
T] —(I—lE)AU’“,x—U’“> >(A’“+E’“1,x—U’“) Vx € K",

(3.5)

7 (VUR V(x-U)) + (Q’z

where U? = quo, i =1 or 2. In the above, similarly to (2.3), we have eliminated wkeyh by noting from
(1.9a, 1.31-1.33) that

Uk _ Uk—l

kE_ _&h
wh=-6; At

+AF k=15 K. (3.6)

Theorem 3.1. Let the assumptions (D2) and (A2) hold. Let U° = QRu®. Then for all h < ho and for all
At < 4/ (NI, there exists a solution {U*, A% ZF}K (= {U* W ZF}E ) to (PA1). Moreover
{Uk}i{=1 is unique and the following stability bounds hold

_1
NUI| oo 0,781 () + 1U |2 0,058 (02)y) + (A2 U g1 0,131 (2))
+ (W20 ) + 1Al 20,7 + IEN 220,700 0) < C, (3.7)

where U and U are defined as in (1.13a, b) with W, A and 2 being similarly defined. Furthermore we have
that

U | 107250 (02)) + 10wt 0.7 (20 (02))7) + 1A o< 0,7 < C (3.8)
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Proof. Existence, uniqueness and the bounds (3.7) are proved in Theorem 3.1 of [2] with the assumption (D2)
replaced by (D1) and the projection Q;L replaced by Qi‘ under no constraint on h. It is a simple matter to
adapt these proofs to the projection Qg with the mesh constraint on noting (3.1a, b) and (3.3a, b).

Therefore we need only prove (3.8). For the purposes of the analysis, it is convenient to introduce U ! guch
that U° —U ! € V" and

L h
Y(VU°, Vx) — (AU®, x)" + (gﬁ [T} ,x) =0 VxeVh (3.9)

For m > 1, it follows from adding (3.5) with k = m and x = U™ ! to (3.5) with k =m —1 and x = U™ [(3.9)
if m =1 with x = U® — U] that

VIV U - (AU U U U
h

R Um o Umfl Um71 o Um72 B
+ (g’g[ AL - N U™ —-um 1) <0. (3.10)
Summing (3.10) for m = 1 — k, noting (1.38, 1.39b, 2.10) yields for £k = 1 — K that
2
oot ||ut - okt LUt -t
NUND ) LA A R Lt S A
At . 2 At 2 At hoh
m=1 —h,h ’
k 1 1\ h
Um _ Um Um _ Um
+AEY (A[ ~ ) = )
m=1
U’ ! 2 Eonum - gt 2
S||l— + C(y) At _— )
H At s ,nZ::l At —hh
(3.11)

Choosing x = U’ — U~ in (3.9) and noting (1.11, 1.25, 1.34, 1.38), assumption (D2), (1.31, 1.44, 1.45, 3.1b)
yields that

vl -ut o (U U v -ut\"
- - - _ - — AU, ——
H At —hh K (VU ,V( At )) " ( v At )
Ut —U! vt —u\"
~ (@i, U5 (e U5
< Ol <. (3.12)

Hence combining (3.11, 3.12) and noting (1.32, 1.44, 1.45, 3.7) yields the first two bounds in (3.8).
The final bound in (3.8) follows from the second and recalling from (3.28-3.29) of [2] that

Uk _ Uk—l

1 =1— K. 1
AL + , k (3.13)

Iaf < c H

—h,h

O
In Theorem 3.3 below we adapt the technique in Rulla [5] to improve on the temporal discretization error bound
in [2] for the scheme (P"4?). In the next lemma we bound a key term required in the proof of this theorem.
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Lemma 3.2. Let the assumptions of Theorem 3.1 hold. Then for k =1 — K, we have that

2

tr
—/ aa—g dt < JMU) — J(Qhu®) + C [ At + h2] (3.14)
0 -1
where J" : 8" — R is defined by
Ry e Y2 _ L A h h
JH(x) = 5 IxlT = 5 (Ax x) Vxes" (3.15)

Proof. Choosing x = U™ in (3.5) with k =m — 1 if m>2 and x = U — U in (3.9), noting (2.10, 3.15) yields
for m =1 — K that

2l

Jh(Um—l) _ Jh(Um) + 5

o -
h

Um—l . Um—2 Um o Um—l 1
At ] At ) + A amax| U™ = U™} (3.16)

<At (Q’g {

It follows from (1.39b, 1.44, 1.45, 3.8, 3.16) that for m =1 — K

R Um—l _ Um—2 Um _ Um—l h
Jh o™ - JhUum™) < At (gg [ } , ) + C(At)2. (3.17)
At At
Noting (1.38, 2.10, 3.17) we have for m =1 — K that
Um _ Um71 2
A — + MUY - g U™
At —hoh
1 Um—l _ Um—2 2 Um _ Um—l 2
<=A - - | At)2. .1

2 ' H At —h,h ‘ At —h,h tOaS (@18)

Summing (3.18) and noting (3.12), then yields for ¥ = 1 — K that

2

t || 9L |12 1 Uv’-U!
—/ — dt — JYU") + J"(Qhu’) < = At||—F— +CAt < CAt.  (3.19)
o 1ot pn 2 At hh
The desired result (3.14) then follows from (3.19) on noting (1.18, 1.32, 1.34, 1.38, 1.41, 1.43, 3.8). O

Theorem 3.3. Let the assumptions (D2, A2) hold. Let U = quo, Then for all h < hg and for all At <
4y (N4l L) we have that

Amax
= U307, ) + 1 = Ul o1 ar ) + Al = Ul o ey < C[B2+ (A0%] - (3.20)

Proof. Using the notation (1.13a,b), (3.5) can be restated as:
Find U € H'(0,T; K",) such that U(-,0) = Q4u°(-) and for a.e. t € (0,T)

h
'y(VU,V(x—U))—i—(QZ%—IZ—AU—A,X—l}') >0 Vxek" (3.21)
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U, et = u— mlu, e’ := 7hu — U and &" .= whu — U. Note that f e =
+fée"=0and Yet = e =% &" =0. For a.e. t € (0,T) we have that

&2 < (Ve,vel) + [e]; |ed)r. (3.22)
Introducing
Aty . et —
pot(t) = AL t € (th—1,tk], k=1—K (3.23)
we have that
) sty OU
e(,t)—e(,t)=Atpu (t)ﬁ(-,t), t € (th—1,tk), k=1-—K. (3.24)
It follows from (2.10, 3.24) that
de .\ _ 1d, ., At de OU
(9:502) = gglelt - aner (a5, F]
Co1dy, o, A [loelP ou]? || oul)?
T A e e S 1 1 v (7 N (3.25)
Next we note that
h
1 (ve,ver) + (6:.22.8) = [ (vu,ver + (6. 2% &) | - |1 (vo,ver) + (a1 2 &
ot ot ot
3 U U 2, U G \" (4, 0U
ho_ oYU n)\ _ oU 4 oY o _(&nlY an
+((gL gL) at;e> (gL atve >+ <gL atve) gL tje)‘|. (326)
From (2.1), with p = U, and (2.4) it follows that
¥ (Vu, vé") + (gL%—?,é) < (Aut A2 — [y(Vu, Ved) - (Au+ A et))]
= (Au+Xe")—[(—yAu—Au— X eY)]. (3.27)

Choosing x = w"u in (3.21) yields that

h
7(V0,Véh)+(gha—U,éh) > (AU + A, e, (3.28)
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Combining (3.22, 3.25-3.28) and noting (1.32, 1.34, 1.35, 1.41, 1.43), a Young’s inequality, (1.18, 3.24) and that
(A=A, &) =0 yields

1d, ., AtAtaeQ oU A | . o
f— - < - Ae,
|e|1+2dt|\ ellZy + 5wt |15 _ <¢ lellz + || =5 71+H/\II lelo+|(Gr —G1)—- | o+ (A&, ")
+ (40, &") - (AT, &) - (A - A,et) + O 12 ggE 1&"
1
At (0w i
+ SH [H ol H a ||, + el le’]x
1 2 3 A A
<gvlel+Cllulz+ |5 +||)\H+|U|0+HAH le?o
oU At du|? 2
h2 vy P ~h At huthad =
rer]3 ﬁ'U“l] e o |5 -5
au |I”
—1

Integrating (3.29), and noting that e(-,0) = (I—Q5)u°(-), DU /dt is constant over (t_1,tx), (1.19, 2.4, 3.3a, 3.7)
yields that for k=1 — K
el
— dt
-1

ty
et el + [ lﬂéﬁ b ot |2
0

8_u2
ot

N[ =

Il v

ti
<17 - @3)u’|2, +/0 { Cllel?, + At

au |”
Ot || 20, 15(e (2))1)

b

+ HU”LQ(O,T;Hl(Q))} 1€ 220,71 (52))

||6A||%2(0,T;H1(Q)) + (At)?

+ ChQ[ -

‘8U

L2(0,T;H' (Q))
ou

o + M z2 0.0y + 1T L2000y

L2(0,T;(H'(2)))

+ C {HuHLz(OTHz(Q)) +
+ Al |letlz2@n)

123
< / { Cllell?, + At
0

Setting @(-,t) := u(-,t + At/2) and defining € := @ — U, it follows in an analogous manner to (3.30) that for
k=1—-K

8_u2
ot

1|92
2 ot

-1

i ] } dt + C [R* + (At)%] . (3.30)

oe ||?

tr
e, tr)||%, + At At 1==
leC t)llZ: + /0 Ciem

dt < [[e(-,0)||>1 + C [h* + (At)?]

tr
+/ { Clle)|*, + At
0

-1

) (3.31)
] } it

a|* 10U
2]t
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Next we note for k =1 — K that

2

dt
-1

teyd At || 0w
dt+/ Attt — = H—
) - |5

f =S5t
N Ay e

where #),, 1 := Ltk +ter1), k=0— K, and p2'(t) := p(t + At) for t € (—At,0]. Noting for ¢ € [0,T] that

(3.32)

At 1 At
A ) + B (= ) = 5 ), (3.33)
(2.4, 2.5) we have that
T 2
/ [u“(t) + } H dt
0 -1
oul)? gt At 17 || 0u
—/0 o | d”Z/m o [ “*5] |5
bl g || At (m — mAt
< — A e N[ P
\/O 7, T 192 e, H mAt)|* | rear
Tk a 2
< / T at+ oAt (3.34)
o 110t|_,
Furthermore as p®t(t) > 1/2 for t € (tm—1,tp, 1], m=1— K, it follows that
At fm=} " ac || e ’
dt < At — dt. .
Z - /0 liFA( (3.35)
Similarly to (3.35), on noting that OU /Jt is constant on (t,,—1,tm), m = 1 — K, we have that
k t 2 k t _n2 " _n2
1 /*" de 1 /m—% oe /’“ oe
- — < = dt < pAt = dt. (3.36)
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Combining (2.4, 3.3a, 3.30-3.32, 3.34-3.36) yields for k =1 — K that

2

_ be| At || Oe
et -+ 126 2+ [ 7|e|%+7‘§ dat
0 —1
At 2 h 2 e 2 —112
<2 a3~ w0l +200 - Q02 +0 [ Tlel?, + el?, ] a
+At/tk W) + e - B Ha—’% ol —Ha—U< ol |
0 2 ot ot 7,

Pt} At 0w, |
2 At _ = Z .
*At/tk Wit 2)Hat(’“_1

tr tk ou
<C/ [lell?, + llel?, ] dt+At/ [HE
0 0

dt + C [h? + (At)?]

2

2
- H ou dt + C [p? + (At)?].

ot

-1 -1

(3.37)

We now bound the second integral on the right-hand side of (3.37). Combining (2.12, 3.14) we have for
k=1— K that

2

2
_ Hi)_l; dt < JMUF) — J(u(-,t)) — J"(QhuP) + J(u®) + C [At +h?]. (3.38)

I

From (1.18, 1.20, 2.8, 3.15) and (D2) it follows that

—1

|J(u®) — J"(Qhu") < Ch. (3.39)
From (1.18, 1.19, 2.4, 2.8, 3.15) it follows for k =1 — K that
|J(u(-,t)) — J"(m"u(-, 1) < Ch. (3.40)

It follows from (1.17, 1.19, 1.25, 1.31, 1.44, 1.45, 2.4, 2.10, 3.5, 3.8, 3.15) and a Young’s inequality that for
k=1— K and for all « > 0

TNOY) = (e 0) < = [3 (VO 0)) — (AT, (1) | + 5 Aamasle? G 0)7

h
R Uk o Uk—l
< - <_gZ(T)+Akveh('7tk)> +C|eh('7tk)|(2)
Uk o kal
= HT (00— £ A6 )l + el
—1

+ O [IA ] e (o tulo + e, ti)3 + e t)lE
<a(At) el )2 + C [At+R7]. (3.41)
Combining (3.37-3.41) for « sufficiently small yields for k = 1 — K that

2
-1

Jlefp+ 20| 2
Lhog ot

tr tr
e, te)ll* 1 + et te)ll*, +/O ] dt<C /O [llel%, + lle]2,] dt + C [* + (At)?].

(3.42)
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1 : 1

3 3 |

4 4

1 1L
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1 1L

4 4

0 0 '
0 3

FIGURE 1. u(:,t) for t =0 and 0.15.

Next we note for kK =1 — K that

t k t 2

k m

/0 le]?, dt < Z/ [n Crtms)]— 1+||/ o asl- ] at
=17 tm—1

tm—1

ZH Il +2Z/tm (/ \—H 1ds>2dt

2AtZH ||21+2(At)/0 1922, . (3.43)

m=0

The desired result (3.20) then follows from combining (3.42, 3.43) and a similar bound with e replaced by e,
applying a discrete Gronwall inequality and noting (1.32, 2.4, 3.8). O

4. NUMERICAL EXPERIMENT
We chose N = 3,

2/3 —1/3 —1/3 01 1
~1/3  2/3 —1/3| and A=-|1 0 1]. (4.1)
~1/3 -1/3  2/3 110

We note that the eigenvalues of L and A are respectively 0, 1, 1 and —2, 1, 1.

As no exact time dependent solution to (P) is known with a free boundary, a comparison between the solutions
of (Ph’At) on a coarse mesh, U, with that on a fine mesh, u, was made. The data used in the experiment on
the coarse meshes were @ = (0,1), v = 0.005, T' = 0.15, At = 0.16h and h = 1/(M — 1) where M = 2P + 1
(p=5,6,7,8). The data were the same for the fine mesh except that M = 2! 4+ 1.

AS Amax = 1 and ||L|| = 1 the condition in Theorem 3.3 on At is that At < 4y = 0.02. The initial data u® was
taken to be the clamped (complete) cubic spline with u taking the values {s, s, s, s/2,s/128,s/4,5/2,s/2,s/2}
at the equally spaced points i/8, i = 0 — 8; uJ(x) = u{(1 — x) and u(z) = 1 — ul(x) — ud(z). In the above we
chose s = 1024/1779, so that § u® ~ 1/3, n =1 — 3; see Figure 1, where we plot u(-,0) and u(-,0.15). Note
that u® € H3(Q)\ H*(Q), 0u’/0v = 0 and u® > 61 for § = 1.04 x 10~2. Hence u® satisfies the assumptions
(D2). This choice of initial data also ensured that there was a free boundary for U on all of the coarse meshes.
In addition for all choices of h, the discrete initial data Qhu® satisfied (3.3b).

We used the iterative method discussed in [2] to solve for U"* at each time level in (PPA%) with the same
stopping criterion: maximum difference of the successive iterates was less than 1077,
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We computed the quantity
1/2

K
1
Goi= | 3= D Im un( kA8 — UR ()} n=123
k=1

and obtained the following table of values to three significant figures:

M 33 65 129 257
2 224x1073 345 x107% 7.22x107% 1.70x 1075
2 224 x 1073 3.45x107* 7.22x 107> 1.70 x 107°

2 775 x107% 227x107% 4.68x107° 1.11x107°
IC)? 5.26 x 1072 9.18 x 107* 1.91 x 10~* 4.51 x 1075,

We see that the ratio of consecutive ||¢||? is approximately 5.7, 4.8 and 4.2 which are around 4.0, the rate of
convergence proved in Theorem 3.3.
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