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A GENERAL QUADRATURE FORMULA USING ZEROS OF SPHERICAL
BESSEL FUNCTIONS AS NODES*

RiADH BEN GHANEM! AND CLEMENT FRAPPIER'

Abstract. We obtain, for entire functions of exponential type satisfying certain integrability condi-
tions, a quadrature formula using the zeros of spherical Bessel functions as nodes. We deduce from
this quadrature formula a result of Olivier and Rahman, which refines itself a formula of Boas.

Résumé. Nous obtenons, pour les fonctions entieres de type exponentiel satisfaisant certaines con-
ditions d’intégrabilité, une formule de quadrature utilisant les zéros des fonctions de Bessel sphériques
comme neceuds. Nous déduisons de cette formule un résultat de Olivier et Rahman, lequel est lui-méme
un raffinement d’une formule préalablement obtenue par Boas.
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1. INTRODUCTION

If f is an entire function of exponential type 27 belonging to L'(—oo, 0o) then it was proved by Boas [3]
that

fﬂmM=§jm» 1)

k=—o0

This formula was improved by Olivier and Rahman [8] as follows (see also [5] and [7])

Theorem A. Let m be a non-negative integer. For every entire function f of exponential type o < 2(m+ 1)
such that f(x) is integrable in the sense of Cauchy on (—oo, 00), we have

JRRIETED S S @)
pn=0

—— 00 k=—00
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where cop =1 and the constants cm 2, are given, form > 1 and 0 < p < m, by
m z 2 m
el _ 20
H (1 + (27rj> ) = Zcmguac .
7j=1 =0

It may be recalled that
—00
[ f@a
0

is said to exist in the sense of Cauchy on (0, oo) if f is integrable on (0, X) for every X and limx_, o0 fOX f(z)dz
exists. Similarly, we define the integrability in the sense of Cauchy on (—oo, 0) . We say that f is integrable in
the sense of Cauchy on (—oo, o) whenever it is integrable in the sense of Cauchy on both intervals (0, co) ,
(—o0, 0) and we denote the integral by

/ f(x) dz.

——00

If f is Lebesgue integrable on (—oo, oo) then it is integrable in the sense of Cauchy on (—oo, oo) and

/:: f@) dz = /_O; () da.

Let Jo(2) be the Bessel function of the first kind of order a. The function

2k

Jao(z > z
Gal2) = zi) - ;(_l)kww% K T(k+a+1)

is entire and of exponential type 1. We denote by jr = ji(a) the zeros of G4 (z), which are simple whenever «
is not a negative integer, ordered such that 0 < |j1]| < |j2| < ... and j_p = —jj for k =1,2, ...
Since the nodes used in the quadrature formula of Theorem A are the point zero and the roots of the function

2 sinz
1(2) = \/; —

it is natural to wonder if there exists a generalization of Theorem A using the zeros of Bessel functions of order
n+1/2 for every integer n . The Bessel functions of order n+1/2, n = 0,+1,£2, ..., are known as the spherical
Bessel functions.

From now on we will often write o instead of n +1/2 , n = 0,£1,42,... , and jx = jx(n + 1/2) denote the
zeros of Gy (2).

2. STATEMENT OF THE RESULTS

Our main result is a generalisation of (2).

Theorem 1. Let m be a non-negative integer and let n and p be two integers such that

< 2n+1)2m+1) ifn>0
T 2n+1 if n <0.
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For every entire function zP f(z) of exponential type o < 2(m + 1)7 such that xP f(x) is integrable in the sense
of Cauchy on (—oo, o) , we have

9] m 2u m) 21

—eo 1)r(2m + 1)! (V)
/ xf(”)dx:(gm)nml 27p+1 ZZZ (2u+1

——> k=— aoM 0v=0

k#0

) 1 (]—’“) (1)

where

(Z— ) 2ut1\ Zr—v)
i) = Jim ( (a2 E-2) ) . 5)

Here « is of the form n + 1/2 and the numbers ji, are zeros of the Bessel function of order o arranged as
described above.

Remark. In order to formulate more explicitly the quantities a, . (jx) , we apply two times the Leibniz’s
theorem to obtain

i = 3 FE () e () ((52)) T e

r=0 s=0

Next we define, for every integer n and for each non-negative integer m , the functions

bule) = i1y, )
vame) = e 3 () gy (Galn ®)

If the integer p does not satisfy the condition (3) then we need to take into account a residue at zero.

Theorem 1°. Let m be a non-negative integer and let n and p be two integers. For every entire function zP f(z)
of exponential type o < 2(m + 1)1 such that aP f(z) is integrable in the sense of Cauchy on (—oo, o0), we have

/*OO 2P f(x) dz = — miRes <zp1/)a’m(z)f(z); 5= 0)

——00

(1) 2m+1 x 2 7”)(2”) o (e

We will see in Section 3 how Theorem A may be deduced from Theorem 1’.

Theorem 2. Let m be a non-negative integer and let n and p be two integers satisfying (3). Then Formula (4)
holds for every entire function zP f(z) of exponential type 2(m + 1)7 such that aP f(x) is Lebesgue integrable
on (—oo, 00).

Theorem 2°. Let m be a non-negative integer and let n and p be two integers. Then Formula (9) holds for
every entire function zP f(z) of exponential type 2(m+1)7 such that xP f(x) is Lebesgue integrable on (—oo, 00).
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3. COROLLARIES

From Theorem 1’; we deduce the following

Corollary 1. The particular case n =0 , p =0 and 7 =7 of Theorem 1’ gives Theorem A.

Proof. For n =0 and p =0, we have o = 1/2,
2 ] ik(1/2
Jo(2) = Ji(z) = {/—sing, Tk _ ‘M =k, k==£1,%2,..,
2 Tz T
J_alz) = J

so that ¢, (z) = icot(mz) and

i2m+1)! N (m\ 1
w%77n(2) = W = ugo (/j/) 2/_1,+ l(COt(ﬂz))2M+1.

S0, 11 (%) corresponds exactly to the function —2Ky,(z) defined in Formula (3.1) of [9].
On the other hand, applying Theorem 1’ and the forthcoming Lemma 3, we have

/éoo a? f(x) do = —mi i Res (zpf(z) bym(e)i = ]_k)

—T> k=—oc0 T

where Res(f(z) 1 ,,(2); 2 =0) is included in the sum for k = 0.
Finally, according to Lemma 2 of [9] we have

m

—miRes (zpw%,m(z)f(z); z= k;) = Z Comop f ) (E)
n=0

and the result follows. O
Ja(72)
(T2)*

2m
Applying Theorem 2 to a function of the form ( ) f(2), we obtain the following

Corollary 2. Let f be a function of exponential type 27. For all non-negative integer m and p satisfying (3),
we have,

-p—2am—2m—1

[ (B (2) ar - 2 S (2) 0
k0

— 00

if the integral on the left-hand side of (10) converges.

4. LEMMAS
Let H((xl)(z) and H? (z) be the Bessel functions of the third kind and of order «, defined by
HP(z) = Julz) =i (-1)"J-al(2), (11)

HP () = Ju(2)+i (=1)"J_o(2). (12)
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We consider the following auxiliary functions

Hél)(TZ) @) _ HéQ)(TZ)

M (z) = z)i= ———=
)= S gl = B (13)
and
om + 1)| T . . 2m—+1 ,
P (z) = ((T)Q/o u" (1 —u)™ du = Vgn;l a,x”. (14)

We set also

Cr = {z: |2| =R}, C} = {z:]2|] =R, 3(z) => 0},

Cy

1 T T
: = R < = = — — —
{z:]z] =R, $(2) <0} and R = Ry(«) - (Nﬂ'—i—oz2 + 4)

where N is a positive integer. We are now ready to state the following results.

Lemma 1. Let n be an integer, m a positive integer and 3 a real number. If f is an entire function of
exponential type o < 2(m + 1) such that 2° f(x) is integrable in the sense of Cauchy on (—oo, o), then, with
ggl) and g((f) as in (13), we have
(1)
lim [ 2%f(2)Pn <9a (Z)> dz=0 (15)

N—oo C;; 2
and
(2)
lim | 2%f(z)Pn <ga (Z)> dz = 0. (16)
N—o0 C}; 2

Proof. Note that, by a simple adaptation of the proof, Lemma 5 of [2] is obviously valid without the restriction
on the parity of f(z) whenever z° f(x) is integrable in the sense of Cauchy on (—oo, 00). So, using this Lemma 5,
we obtain

lim zﬁf(z/r)(gg)(z/r))” dz=0

for v > m+ 1. Thus
(1) 2m+1 (1) v
. 8 ga(2) g 5 ga () _
]\;EI}X) o 2P f(2) P ( 5 ) dz = ]\}gr(lx) o 2" f(z) V:Emﬂ ay ( 5 dz =0, (17)

which prove (15). Similarly, using again the same lemma, we get

lim [ 2 f(2) (02 (2)” dz =0
N —o0 Cl;

and Formula (16) follows. O
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Lemma 2. Let n be an integer and m a non-negative integer. We have

(1)
wa,m(z) = 1-2P, (ga 2( )>
(2)
- _1+42P, (g“ (= )>.
2
Proof. Note that, using (11, 12),
da(z) = 1-g{(2)

= —1+47(2).

By applying the binomial theorem and integrating term by term, we get

$a(z)
wa,m(Z) = 7(2m * 1)' / (]. — tQ)mdt
0

22m(m!)2

Replacing ¢, (z) by the right-hand side of Formula (20), we obtain

$a(2) 1 1-g0 ()
/ (1—tH)mdt = / (1 —t2)™dt + / (1—t3)™dt
0 0 1

W,
22 ()2 gt

2
_ =2 N\ 92m+1 m _
= Gmtay /0 (1

22 (ml)® oy (m))?

So, in view of Formula (22), we get (18). Similarly, using (21), we obtain (19).

(2m+1)! (2m + 1)!Pm

O

Lemma 3. Let m be a non-negative integer and let n be an integer. If f is an entire function then we have

m 2 ) 2#)

([ gy _iCrem iy
Res (2o (22 = 2 ) = o EREES Y e

pn=0rv=0

Proof. We have

Res (zpf(z)wa,m(z); z= %) = Res (Zp 222771? _TtL'l Z ( )

n=0

=i G 2 () ey e (zpf(Z) (

which is equivalent to (23).

In the next lemma we consider, as above, the a, , (ji) defined by (5).

(i) F) <3k>

2pu+1 .
2p+1 .
J-a(T2) L
= 7 ; Zz=

(z‘(—1)”72

(23)
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Lemma 4. Let p, m be non-negative integers. If pu and v are non-negative integers such that 0 < v < 2y,
0 < p < m then there exists a constant M, independent of k, such that

lap,,(Ge)l < M |jg|? for k=+£1,+£2,..

Proof. We note that

TP ()

O (1/13'2), 1=1,2,... (24)
This is indeed true for [ = 1 using the asymptotic relations (see p. 506 in [10])
. a 1 1

and the formula

/ 2 1
Ja(z):—wgsin(z—a—;—g)—l—O(W) , 2] = 00, Jarg(z)| < .

For [ > 2, we use use the principle of mathematical induction and the differential equation

ZQJ(gl)(z) + (20— S)ZJél_l)(z) + (22 —a? 4+ (i- 2)2)J(§f—2) (2)

+2(1—2)2 JE3 () + (1 —2)(1—3) I8 (2) = 0, (26)

which is obtained by repeated differentiation of

2 J02) 4+ 2 J,(2) + (22—a?)da(z) = 0. (27)
The same idea leads us to
@y - 1/2 _
Jfa(]k) =0 (1/|]k| ) ) = ]-a 27 (28)

Now, using Cauchy’s integral formula, we may write

. ( ) B (2M_ I/)' /27r (]k +e ei@)p Jfa(jk T eiG) ¢ elf 2p+1 w (29)
v \Jk) = 27 o (eeif)2n—v Ja(ji + € €l9) ’
where ¢ is a small positive number. We have, using (28),
a)l

[J-alix +e )| =

ZJ([ €e

IN

Z 179 (5 6' 0 (ﬁ) . (30)
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Also, using (24) and the inequality |.J,,(jx)] > c1/]jx]"/?,

Jo(ji + € @) 2 I G (e @)

AN 2 TGy U
> (l+1) l
> 1 -3
Pt k) @+ 1)
> ef—e—1
> = P —
- ¢ Z l+ 1! T ’
=1
where ¢ is independent of € . We infer that
Ja(j i0 d
a(]l; -;95 e) TAE where d is independent of ¢. (31)
The conclusion of Lemma 4 follows from (29, 30, 31). O

Lemma 5. Let m be a non-negative integer and let {\y}, k = £1,%2,... be an increasing sequence of real
numbers such that A1 — A > 6 > 0. If f is entire and of exponential type such that

| i@ <o,

m  2u oo

S )] <

p=0rv=0k=—cc
k#0

then

Proof. Applying Theorem 11.3.3 of [4] to the functions f(z) and f(—=z), we get
[ee] oo
/ |f¥)(z)| dz < 0o and / |f) (=z)| dz < oo.
0 0

Let 0 < < m and 0 < v < 2u. Using Lemma 1 of [6] with the function f(*)(z) and the sequence {\;}3,, we
obtain

S ()] < 0. (32)

k=1
Similarly, using Lemma 1 of [6] with the function f(*)(—z) and the sequence {—\_;}?2,, we obtain

ZLNum—§]W> k)| < oo (33)

k=—o0

Since (32, 33) are valid for all 0 < u < m and 0 < v < 2u , we conclude that the lemma holds. O



A GENERAL QUADRATURE FORMULA 887

We will use, in the proofs of Theorems 2 and 2’ the following

Lemma 6. If p=0,0<pu<m,0<v<2uand f is an entire function of exponential type such that

| 1@as < o0

then
S Japn Gy 709 (&)\ < (34)
=y
Proof. Applying Lemma 4, we get
A (i) FOG/T)] £ MG/ (35)

Recall that there is only a finite number of non-real zeros of J,(z) (see Eq. (15.27) of [10]). So, in view of (25),
there exists K7 > 0 such that, for k > Kj,

Je+1 —Jr > 1/2 forall k> Kj. (36)
Hence, (34) follows using (35) and Lemma 5. O

5. PROOFS OF THE THEOREMS

Proof of Theorems 1 and 1’. Observe that

(¢a(2))2u+1 _ Z’(_l)u+nz—(2n+1)(2u+1) (%)2/}4&

for 4 =0,1,...,m . So we can write, in view of Formula (8),

L ! m G_. 2p+1
P Pam(2)f(2) = pr(z)% Z (7}) —2/~L1+ lz*(2n+1)(2u+1) ( Ga((:;))) .
=0

We infer that 2P 1q,m (%) f(2) is meromorphic on C with a possible pole at the point zero and poles at the points
k)T, k= +1,£2, ..

On the other hand, Formula (25) implies that |jn| = [N7T+a Z — 2|+ O(%) . So, after a few calculations,
we obtain

2= (v 5 - (3) ow

g (2)2 (N+@) LT (%T)W)QJFOQ).

R?—

JN+1
T

Hence, there exists Ny > 0 such that

‘j—N <R< 'jN—H for N > Np. (37)
p

T
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Applying the residue theorem we find, for N > Ny,

/C 2PYo.m(2) f(z) dz = 2mi Z Res (zpw%m(z)f(z); z= ]—k) + 2mi Res(2Pa,m(2) f(2); 2 = 0). (38)

' T
lik|<R

(See the beginning of Section 4 for the definition of Ckg.)
We divide the integral on the left-hand side of Formula (38) into two integrals, where the domain of integration
of the first is on C}; and the second is on C; . Then, using (18) in the first integral and (19) in the second, we

find
(1), (=
2P f(2) P, (9& 2( )> dz — /C 2P f(2) P, (gaT()> dz =

/C;zpf(z)dz - 2/0+
N .
2t 3 Res (2 un(@) £ 2= L)+ 2mi Resle? i) 25 2 =01 (39)

2Pf(z) dz + 2/
R Cr

R
k=—N
k0

Since the function z? f(z) is entire we have, by Cauchy’s theorem,

/c; Pf(z) de = —/_};xpf(x)dx (40)
and
/CR Pf(z) de = /_zmpf(x)dx. (41)

Thus Formula (39) is equivalent to

R W, @z
[Rmpf(m) dx"‘/cg 2P f(2) P <9a2( )> dz_/izpf(z)Pm (g 2( )> dz =

R

N .
— i Z Res (zp Ya,m(2) f(2); 2= ‘%) — mi Res(2? Ya,m(2) f(2); z=0). (42)
=y

Taking the limit as N — oo in (42) and using (15, 16), we deduce that

/*00 2P f(x) de = —mi Z Res (z” Yam(2) f(2); 2= ]?k) — i Res(2? Ya,m(z) f(2); z=0). (43)

— — 00 k=—o0

k0

Hence, Theorem 1’ holds.
On the other hand, since

Res(2” ta,m(2) f(2); 2=0)=0
whenever

p—(2n+1)2pu+1)>0 forall 0<pu<m,
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we conclude that Theorem 1 holds also. O

Proof of Theorem 2 and 2°. Suppose first that T=1and p=0. For 0<pu<mand 0 <v <2u, let

(=1)*m(2m + 1)! (Z‘) (2”“)
22m(mN)2rptl(2u 4+ 1)) TV et

Cuv =

Jk)
and

Ty (ji) = cuw O (‘7—’“) for k=+1+2,...
T

According to the hypothesis, the function f(z) satisfies the conditions of Theorem 1’ with 7 = 1+ ¢ , where &
is a given positive number. We therefore have

00 m  2u

/_Z flz)de = — ﬂ'iRes(wa,m(z) f(z); 2= 0) + Z ZZT1+5(jk) ) (44)

k=—oo u=0v=0
k#0

Further, we show that for § > 0 we can choose K such that

m  2u —Ko 0o
Se = ZZ( Z T+ (Jr)| + Z |T1+e(jk)|> <g (45)

p=0v=0 \k=-—o00 k=Ko
ifeelo, 1/2).
By virtue of (25), we have for k > Ks and € € (0, 1/2],
1 1
o 1 4
T ZUk+1 = k) > 5 (46)

Let

1 1
Ip = [k—g,k+§],

and let & (k= +1,42,...) be a number in I; such that

If(&)| = Ixnef}flf(:c)l-

The points &, € [k —1/2 , k) form a subsequence {¢,} and those in [k , k+1/2] form another subsequence
{f,:} Note that §,;+1 — f,; > 1/2 and that the same inequality is also valid if we replace §,; by §,:. So, by
Lemma 5, we have

m 24 o m 24 o
DX G <o and 3OS0 D&)< oo,
pn=0rv=0 k];zgo pn=0r=0 k;;so

whence

m  2u oo

D> P < oo

pn=0r=0k=—oco
k#0
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On the other hand, using Lemma 6, we have

m

333 (10 < e

pn=0r=0k=-—cc

k#0
Therefore, there exists Ko > Ko such that
mo2u [ —152] 50 5
D0 2 P + X0 Y| < oyp (47)
p=0v=0 \ k=—o0 k:[%] 2

and

ZZ(ZO TGal + Y |T1<jk>|> <3 (48)

p=0v=0 \k=-—o0 k=Ko

Using Lemma 4 with p = 0 , we see that there exists a constant M; such that |a, . (jx)] < M; for all k =
+1,£2,...,0 < p<mand 0 < v < 2u . So, there exists a positive constant My such that |c,, (ji)| < Ma .

Therefore, we have
) ) 49
()| 3 e () @

Since, by (46), the intervals of the form I contain at most two points of the sequence {ji/(1 +¢)} , k =

+ K5, £(K2+1),... , we have, in view of (49),
) )
()] Sl ()
m  2u

KO] o0
2 3| 3 [e] + 3 [ <

p=0v=0 | k= k=[52]

s<mys( 3

pn=0v=0 k=—o00

A

p=0rv=0 \k=—cc

IN

which proves (45).
It is clear that, as e — 0 , the function f*)(z/(1 4+ ¢)) converges uniformly on all compact subset of C to
f(”)(z) (0<pu<mand 0 <v<2u). Therefore, there exists an €9 > 0 such that for € € [0, &),

Kop—1 Kop—1

Z Tiye(k) — Z T (k)| <

k=—Kg+1 k=—Kg+1
k#0 k#0

m 2

2.0

20
pn=0rv=0 3
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Thus, for € € [0, &g] , we have by virtue of (45) and the inequality (48),

m  2u m  2u — Ko o)
> Z T1e(jr) Z Ti(jr)| < 3 +ZZ< > TGl + ) |T1+6(jk)|>
pn=0v=0 k——oo k=—o0 p=0v=0 \k=-—o0 k=Ko
k E#£0
m 2 —Ko S
S (Y meos o) <s 6o
p=0v=0 \k=-—o0 k=Ko
Hence,
%) m  2u m  2u
1ir% Z ZZTl-‘rE Jr) = Z ZZTl Jk)-
T kf—oo/,l‘ 0v=0 k=—oco u=0rv=0

k0

By letting ¢ tend to zero in (44), we obtain

/_O; f(z)de = — WiReS(wa,m(Z)f(z); z=0)

9] m 2u m 2p
+ & izm om0y ZZ (”) () £ Gie) (51)
k];;oo/,b Ov= O !
Remark that Formula (51) is equivalent to
| s - - m'Res(wa,m@)f(z); z:o)
( 1) 2m+1 00 m m) J,a(z) 2u+1. .
+ 227n kgwg 2/j/+ 1 ( (Z) ( JO((Z) ) y 2= Jk (52)

which follows using the formula

m 24 u (2;1) . o m (Zl) J—a p 2p+1 .
ZZ P (e) £ Gr) =D Zn 1 RS (pr(Z) ( Ja((z))) ; 2 :Jk> (53)

pn=0rv= O n=0

with p = 0. Note that Formula (53) is obtained using Lemma 3 and is valid for arbitrary p and for 7 = 1.
Replacing f(z) by the function 2? f(z) in Formula (52), we obtain

/ T @) dr = — MRes(z%a,m(z) f2); 2= 0)

—Drrm+ 1) s () » J-a(z)\ " ;
+ Zﬁgmf‘< 10(555) 52:‘”“)' o

k0



892 R. BEN GHANEM AND C. FRAPPIER

Now, applying (53), we infer that (54) is equivalent to (9). So, Theorem 2’ holds.
Since

Res(z” Ya,m(2) f(2); 2=10)=0

whenever n and p satisfy (3), we conclude that Theorem 2 holds also. O

6. CONCLUDING REMARKS

Using Formula (6), we get

. . 2 2pu+1 jp—Q;L—l
o) = 1 (2)

w) (e
Gpop1Gr) = (=1) (ﬂ) A ((p-l—u-l—l/?)—l— (2u+1)< T a0 ))
L e ()M e Lali) )
apou—20jk) = (=1) <7T) (- ()2 (2“(2“+1)< J—a(jk) )

+ (2 +1)(2p + 2p) (%) + p(2u+p) +(2u+1) (g + %(HQ +n)— ; J%))

In order to obtain the above formulae, we use
(2= Jk) 1
1 = —
z%<h@ ToGir)
: (z — jk)) 1
lim = -——
Pany ( Ja(2) 2 gk Jo (k)

. ((z—jk))” B 1 (2_2a2+1)
a—in \ Ja(2) 6 Jo(jr) i ’

which we obtain after a few calculations. We use also the relation
2(=1)™
kT o (Jk)

Jfoz(jk) =

which follows from the equation (3.12) of [10]

/ , 2 sin(am)
Jo(2)J-a(2) = Ja(2)] o (2) = ————
TZ
In general, in order to compute more explicitly a, . (jx), we have to evaluate J',a(jk), Jia(jk), ... It is possible

to evaluate .J_ (ji) in terms of .J,,(jx). We use the formula

’

T oGe) = —JeariGr) — %La(jk)
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and we apply Lemma 1 of [1] with p = 2n—1 and p = 2n to obtain the expression respectively of J_,1(jx) and
of J_o(jx) in terms of J,(ji) for n > 0. If n is negative then we use Lemma 2 of [1] by taking p = —2n — 1
and p = —2n — 2 to get the expression respectively of J_q1(jx) and of J_o(jx) in terms of .J, (ji). The neat
result is:

@22+ 1)) () '
(= Z ( 22n—2r+1)j25l7;)27“(+1n ) o (k) iftn=>0
J/ . _ r=0 k 55
I B S e/ A )
(-~ Z > 5 J, (k) ifn<0.

—2n—2r—1 ;—2n—2r—1
r=0 2 Jk

The expressions for J” ,(ji), J o (jk), - in terms of J, (ji) follow from the differential equation (27) where we

take —« instead of . Formulae (14, 19) of [1] give (J,(J
compute the a, . (ji).

))? as a rational function of jj, which is useful to
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