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Modélisation Mathématique et Analyse Numérique

DISCRETE ANISOTROPIC CURVATURE FLOW OF GRAPHS

KLAUS DECKELNICK! AND GERHARD DZIUk!

Abstract. The evolution of n—dimensional graphs under a weighted curvature flow is approximated
by linear finite elements. We obtain optimal error bounds for the normals and the normal velocities
of the surfaces in natural norms. Furthermore we prove a global existence result for the continuous
problem and present some examples of computed surfaces.

Résumé. L’évolution de graphes n-dimensionnels selon le probleme de flot & courbure pondérée est
approchée par des éléments finis linéaires. On obtient des bornes d’erreurs optimales pour les normales
et pour les vitesses normales des surfaces, dans des normes naturelles. De plus, nous établissons un
théoreme d’existence globale pour le probléme continu et nous présentons quelques exemples numériques
d’évolution de surfaces.
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1. INTRODUCTION

In phase transition problems one is frequently interested in evolution laws of the form

1
V= —M(; =) +¢)  onlL. (1.1)

Here, T'; is a hypersurface in R™*!, v denotes the unit normal to I'; and V is the normal velocity of I';. The
function v : R"*1\ {0} — R, v = v(p), is positively homogeneous of degree one, i.e.

Y(Ap) = My(p), peR™ A>0.

Furthermore, v, is the derivative of v with respect to p;. Finally, 3 : S™ — R is positive and continuous and
c is a constant.

The law (1.1) arises in the mathematical modeling of the evolution of an interface I'; separating a liquid and
a solid phase under the assumption that the free energy in either phase is constant. The constant ¢ in (1.1)
then represents the energy difference in the bulk phases while the restriction of v to S™ is the surface tension.
The function § is usually referred to as the kinetic coefficient. For a detailed derivation of (1.1) from the force
balances and the second law of thermodynamics see [1].
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An important special case occurs for the choices v(p) = |p|, 8 = 1, ¢ = 0, which reduces (1.1) to the well-
known mean curvature flow V' = —H. However, in many applications the function  is anisotropic and then
the interfaces evolve according to the weighted curvature flow (1.1).

We shall restrict our attention to surfaces I'y which can be represented as the graph of a scalar function
u(z,t) over a fixed domain 2 C R, i.e.

Iy = {(xvu(xvt)) | S Q}

In order to keep the presentation simpler we shall henceforth assume that 3 = 1 and ¢ = 0. The unit normal
vector v to I'y is given by

_ (Vu, _]-)
V1+|Vul?

while the normal velocity is computed as

Ut

V1+ |Vu|2'

Inserting these identities into (1.1) and observing that ~,, ((Vu, -1)/+/1+ |Vu|2) = 7p, (Vu, —1)) (see (1.4)
below) we obtain the following initial boundary value problem

V:(O’ut).y:_

n

V1 + |[Vaul? Z -1) = 0 inQx(0,7)
B u = wuy onddx(0,T) (1.2)
u(-,0) = wug inf.

Condition (1.2), says that the boundary of I'; remains fixed during the evolution, since ug is independent of ¢.
Furthermore, in what follows we assume that v € C3+te(R"*+1\ {0}) for some a € (0,1), v(p) > 0 for
p € R\ {0} and that there is 79 > 0 such that

Y(Ap) = [Alv(p),  p#0, A#£0

(D*v(p)a,q) = vlal®,  Ipl =1, {g,p) = 0. (1.3)
Here, | - | and (-,-) denote the Euclidean norm and scalar product respectively. It is easy to see that (1.3),
implies the relations
(V(p), p) = 7(p), (D*y(p)p,q) =0
A 1
Vpi (Ap) = W'Ypi (p), Vpip, (AP) = |)\|'Yp7p7( p) (1.4)

for all p € R\ {0}, g e R"™ and A # 0 and 4,5 € {1,...,n+ 1}.

An existence and uniqueness result for (1.2) will be given in section 4 and essentially follows from the work
of Lieberman [11]. For a semidiscrete approximation of (1.2) by linear finite elements we shall prove the error
estimate

/||V — VillFar, dt s 10 = ) (D Zer, 0 < CR?
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where vy, and V}, are appropriate approximations of the normal v and the normal velocity V', ¢f. Theorem 2.1
below. This result holds provided the solution u satisfies

T
sup ([[u(, )| m2.0 ) + lue(, )| 1o (@) +/ el ey < 00 (1.5)
te(0,T) 0

which will be guaranteed by the existence theorem. Here, H™P?(2) denotes the usual Sobolev space. The
corresponding norm is given by

1
m P

[ull @) = (Z ID’“uII’EP(m)
k=0

with the usual modification for p = co. Furthermore we set H™(Q) = H™2(2) and HJ*(2) denotes the closure
of C§°(§2) with respect to || - || gm ().

Existence of a global smooth solution for the (isotropic) mean curvature flow on convex domains also follows
from [11] while it was proved for Neumann boundary conditions by Huisken in [8]. Giga [6] examines the
evolution of a one-dimensional graph in case (1.3), is not satisfied. [2] studies anisotropic motion by mean
curvature in the context of Finsler geometry and [14] gives a survey of various mathematical approaches to (1.1).

2. FINITE ELEMENT METHOD

Our finite element method is based on the following weak formulation of (1.2): find u(-,t) € H"*°(Q) such
that u(-,t) —up = 0 on 02 and

n
w. = 0 VoecHNQ),te(0,T
/ e Z/m e, o€ HYQ), t€ (0,7T) o
u(-,0) = wup in Q.
Let us denote by 7, a triangulation of 2 with maximum mesh size h := Sr%:;LT)( diam(S) and by €y, the corre-
h

sponding discrete domain, i.e.

Q) = U S.

SE€T,

We shall assume that all vertices on 92, also lie on 02 and that the triangulation is nondegenerate in the sense
that

max M < Ko (2.2)
S€T) pPs

where the constant kg is independent of h and pg denotes the radius of the largest ball which is contained in S.
We define the finite dimensional space X}, by

Xn:i={pn € Co(ﬁh) | ©r is affine linear on each S € 7}

and X}L = XN H&(Qh)
We now consider a semidiscrete approximation of (1.2): find uy(+,t) € X with up(-,t) — ul) € Xj, such that

u o
h tSDh > Z/’Ypl vu}“ soh z; = 0 vsﬁh S Xh7 te [OyT]

\/1-1- |Vuh|

(2.3)

uh('70) = Up,
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where ul) = Iyug € X}, is an interpolant of ug (cf. (3.2)).
Our main result gives an error bound for the important quantities V' and v.

Theorem 2.1. Let u be the solution of (1.2) given by Theorem 4.1. Then (2.3) has a unique solution up and

T
/HV —Vallzzr, pdt+ sup (v = i) 0 72(r, ) < O (2.4)
) te(0,T)

Here, Fh,t = {(xauh(xvt)) |£C € Qh N Q}’ Vp = (VUh, _1)/ V 1+ |vuh|2;

Viet) = -y () = -

V1 + [Vu(z, )2

up (2, t)

V14 |Vup(x, t)?

and for f: Qp — R

19 = [ £VTF a0,

QNN

We emphasize that the error estimate (2.4) is valid for arbitrary space dimension n. Note also that the error
measured in L?(T', ;) dominates the error measured in L?(Q;, N Q). It is possible to include a right hand side in
the error analysis provided the corresponding continuous problem has a smooth solution.

The main problem in the convergence analysis arises from the presence of y/1 + |Vu|? in the denominator of
Jo(utp/+/1+ |Vul?). This introduces an additional nonlinearity to the one already present in the elliptic part
and makes the application of the usual energy arguments difficult. We shall solve this problem by working with
the geometric quantities v and V as often as possible rather than with u and Vu.

The proof of Theorem 2.1 will be given in Section 3. As already mentioned above Section 4 contains an
existence and uniqueness result for (1.2) and in Section 5 we present numerical examples.

Let us finally mention other work which is related to ours. In [4] the authors proved convergence for a finite
element method solving the isotropic mean curvature flow problem with linear finite elements. The proof used
differentiation with respect to time of the weak equations together with a deformation technique and so became
fairly involved. The result of Theorem 2.1 will contain the isotropic flow and will provide a much simpler proof
also for that case. In [7] the surface energy v is approximated by a crystalline one and a convergence analysis
for the resulting scheme is given in the case of a graph of one variable. Dobrowolski [5] considers a class of
nonlinear parabolic problems with elliptic part in divergence form and proves L°°—convergence for a linear finite
element method.

Remark 2.2. The y—mean curvature is given by
n 8
Hy=>" 5, (e (Vi =1))
i=1 "

so that H, = —V according to (1.2). Let us assume that €, is contained in 2. The discrete y-mean curvature
H,}, (for a piecewise linear surface) first can only be defined as a functional, namely

o) = = [ 30 (Tun 1), € Y,
&, =1
If we define P, H), to be the L?-projection of the discrete curvature H,, onto )O(h,

(PuHoyn, 01) 1200 = Hyn(on) Yon € Xi,
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then (2.4) also implies an error bound for the y—mean curvature
/ 1Hy — PthhH%%Qh)dt <Cn.
Note that projecting onto the space with zero boundary values is correct since the differential equation implies

that H, = 0 on 0f2. Using the differential equation we obtain

(PnHy — PoHyn,on)r29,) = (Hy,on)r2,) — Hyn(en)
(2.5)
= —(V = Vi, 0n)r2004)

for every ¢y, € X, and thus

| PnHy — PoHyn|lL2 00 < IV = Vallz2(a,)-

3. PROOF OF THEOREM 2.1

Since X » is finite dimensional, existence and uniqueness of uj, on some interval [0, T}) follow from the theory

of ODEs. To see that uj can be continued to [0,7] we prove a bound on uy. Since up; € )D(h we obtain
from (2.3)

(uh t)

\/1 + |Vuh|2

’y(Vuh, ~1)=0, te(0,T,), (3.1)

so that integration of (3.1) with respect to time implies

sup /'y(Vuh(-,t),—l) < C.

te(0,T
( )Qh

From (1.3) we deduce

(Cuhv—l) 2
\V4 1) = \/ V > V
(Ve =1) ’Y(\/1+|VWL|2) bVl 2 o e) [V

and therefore

sup

Up ¢
(IVun (-, t)] L1 <C
//\/14-|Vuh|2 te(0,T) Vel @)

where C is independent of 7. This allows us to extend uy, to [0, 7.

Our assumptions on the triangulation 7;, imply that Q5 C Bs(Q2) =: €’ for small h and some § > 0. Using the
results in [3] with minor modifications at the boundary 942 it is possible to construct for every v € H2(Q')NH{ ()
an element Ipv € )"(h such that

v = Invllge,) < Chlvllgreiq,), k=0,1. (32)
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In view of the regularity of u and 99Q (¢f. Theorem 4.1) there is a function @ : @' x (0,7) — R such that

Ujax(0,r) = w and

a(, ) 200 () < Cllul:,t)]
e (-, )| 2y < Cllue(s, )l 2 ()
6t (s ) 1o () < Cllue (- 1) | 1o (@)

H2:%0(Q)

for a.a. t € (0, 7).

Lemma 3.1. There exists a constant C > 0 such that

1 Up — Up.¢|? d
z M E( ) < (1 + HutHHz Qh h2 +C/ |7 — va[* V1 + [Vun|?
2Q 1+|VUhI2 !

N h

where v = (Vu, —1)/y/1 + |Va|? and

n

E(t) = / {’Y(VUh('vt)a _1) - Z’Ym(va('vt}a _l)uh,xi('vt) + ’7177z+1(v’a('7t)7 _1) .

O i=1

Proof. Using (2.3), integration by parts and (1.2) we obtain for arbitrary ¢y € X,

(3.3)

1

/(ut—Uht ©n Z/ . () 90h UtSDh t( 1 - )Sﬁh
2 V14 V|2 4 P o w/1—|—|Vu|2 VI+[Vur2 1+ Va2
h

- Z /W’prJ —1)Ugz,0n
,j= IQh

= /at (Dn—&-l - Vh,n+1)§0h + / d(’a)@h

Qpn Q}L\Q

where

d(u 777 U,z -
() W 7’]2:1 piP. )
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Since ut(-,t) = 0 on 08, up (-, t) = 0 on 00y, (3.2) implies that @ = Inae(-,t) — up (-, t) € X}, and therefore
by (3.4)

(Ut—uht / _ /(ﬂt—uh,t)(ﬂt—fhﬂt)
i — Vp: (Vn Ut,x; — Uht,z;) =
1+ [Vup|? Z Vo ( pi (Vh)) (Ut t2:) ; 1+ [Vun|?

h

+Z / e (7) = e () (.0, — (Tnfig),) + / (Pnss — V) Tniie — ) + / d(@) (It — uny)

Qpn Qh\Q
4
S
k=1
The integrals on the right-hand side are estimated with (3.2) and Young’s inequality.

U —une)® \2, - _ —u
|Il| S ( M)zHut _IhUtHL2(Qh S ( ht) +C h ||ut||H1(Qh

J VT Vu]? VI Vunl?

Next, we have for s € [0,1]

Viu-Vup +1
\/1 + Va2 /14 [Vuy|?

\Val 1 M 2
>1- . +7 >l—-———+1) =
1-2s5(1—5) (1 7 | ﬂ|2> 2( T > ) a” >0

where M is an upper bound on || V|| (o« [o,7])- The mean value inequality then gives

|s7 4+ (1 — s)vp)? = 82 + (1 — 5)* +25(1 —

|I2] < 1 D*Y]| e (B, (0)\ Ba (0)) / 7 = wnl [V (U — Intie)| < /|17 — vl + Ch? ||| 3z q

while
|13| < H'atHL‘”(Qh) / |D - Vh|(|at - Ih’l]t' =+ |ﬂt - Uh,t|)
Qp,
U — Up, - u
/ |as A C€/|V—Vh|2 1+|VUh|2+Ch2HutH§{1(Qn)'
1+ [Vup[?
Qpn

Finally,

1, _ _
|| < C(l|te]l (e, + |W||H2>oo(ﬂh))( / |y — une| + [Qn\ Q2] — Ih“t”/:?(ﬂh))-
Q\Q
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The first integral can be estimated as follows:

Ut — U 3

[ < [ il TR
2
ane ane V14 |Vug|?

U — U L L
+ / “—’”'1|¢1+|wh|22—\/1+|vm22|

ohe VIF [Vun|2?

U — U U — U V(iu—u
<c / ue—ung| . / [t — wp 4| 1 IV( h)|l
2\ 1+|Vuh|2 ona V1IFIVun?* /14 [Vu[??

Combining Young’s inequality with the estimate |Q, \ Q| < Ch? we get

_— 2
[I4] <€ 8 — unel

o V14 |[Vup|?
Qp

IV(ﬂ—Uh)I2>

V14 |Vupg|? .
Qp

+Ce<h2 +

Since
(V(ﬂ — uh), 0)

1+ |Vuh|2

=V—Vp+ (f/n+1 - Vh,n—&-l)(v'rh _1)

we may estimate

V(@ —up)| < C(M) | —vp]/1+ |Vup|?. (3.7)

Inserting the above estimates into (3.5) and choosing & small we get

1 (ut —uht / _
i i Vh Ut,z; — Uht,x;
T+ [Vun]? Z Vi (V) = Yp, (va)) (U t2:)

C(l-l—||ﬂt|\?{2(gh))h2+0/|17—1/h|2\/1—|—|Vuh|2. (3.8)

Qp,

It remains to examine the second integral on the left-hand side above. Since 7, is homogeneous of degree zero
and vp,p, is homogeneous of degree —1 we have

’Ypf,(p) = Tp: (Vﬂ, _1)7 'Ypi(”h) = Tpi (vuh7 _l)a

W’prJ (7) = V14 |Va|?y, pJ Va, —1),

and therefore

n

3 o () = 0 (0)) () = 5 [ (Tt =1) = D"V, =D

(3.9)

n

+ Z(vpi (17) — Vp: (Vh))ﬂt@i + Z Ypip; (vaa _l)uh@j Ut -

i=1 ij=1
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Clearly,
n n n+l 1
Z('Ypi( ) = Yo, (V) Ut ZZ/’YILI?; sV + (1 — s)vp)ds(vj — vpj)ue,a,
i=1 =1 j=17
n n uh
x
Z Vpiny (Vs =1t o, Ut 0, = Z Vpip; () — == Tt s
= ' = TV val
= Z Vpip; (V) VUt o, Z Vi (P = Vnj) Ut
1,j=1 i,j=1
1 1
+ Vpi Un ( = ) Ut @, -
; pons () VITIVaE T+ V)
With p = (Vig, 0) € R"™! we conclude from (1.4)
n+1
0= Z Vi, (V)i = Z Vi (V) VUt +Z’Yp7pn+1( V) Vnt1Ut ;- (3.10)
1,7,=1 1,7=1 =1

Observing that 7,41

n
Z Tpip; (Vau, _l)uh,ﬁl)jat,ﬁl)L

ij=1

= —1/y/14|Vul? we get

E 'Yp1p7L+1 (Vau, —1)u, T E 'Yplpj —Vn J)Ut z;
=1 3,j=1
(VnJrl_Vh n+1) E 'Yplpj )ﬂmjutml
1,j=1
n
+(17n+1 - Vh,n+1) E Vpip; (D)(aﬂﬂj - uhﬂﬂj)ﬂt@i
i,7=1
n n+l
d
"/pn+1 E § 'Yplpj Vh,])ut T
dt
i=1 j=1

+ (Un4+1 — Vhont1) Z "/plpj )(UIJ uh,wj)ﬁt,mi
1,j=1

again by (3.10). Taking into account the above calculations we obtain from (3.9)

n

=1

+ (Pnt1 = Vhont1) Z Vrip; () (e,

A similar calculation as in (3.6) shows

> ) = (0@, = ) = B+ DS [ (i 57+ (1= 590) = 2, (90) 3 = 915},

n n+l 1
=1 j=1
- uh,;cj)ﬂt,x,:-

ij=1

(3.11)

|[rsv+7(1—s)vp+ (1 —71)0| > o, 8,7 €0,1],
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so that the lemma follows after inserting (3.7, 3.11) into (3.8). O
The next step consists in estimating F(t) from below.

Lemma 3.2. There exists a constant ¢, depending on ~yo and an upper bound M for ||Vl poo(qrx(0,1)): Such
that

E(t) > c / 5.8) — (- DI T Van(L D

Qp,

Proof. From (1.3); and (1.4) we infer

E= / (V(n) — (V@) o)) /T F TV unP?

Qn
= [ (40m) = 1@) = (V3(0). 00 = ) VTF VP
o 1
= //(V'y(suh + (1= s)7) = Vy(D),vp — 7)dsy/1 + |Vup|?
" O1 1
= // S/<D2"/(STVh + (1= s7)0)(vp — D), v, — D)ydrds\/1 + |Vup|?.
3,0 0

Let us fix s,7 € [0,1] and define s, := s7vp + (1 — s7)0. We decompose

Mst
|fasr

vp— 0=\ +n with A € R and (n, psr) = 0.

Using the homogeneity of D?y together with (1.3) and (1.4), we get

_ _ Hsr 1
(D sr) = 7). = ) = (D (L ) = (3.12)
On the other hand
1 o _ 1 _ _12
=——(vp =0, 0+ st(vp — 7)) = ——((vp, D) — 1 + s7|vp — D|%).
s | s |
Since |vy, — 7|2 = 2 — 2(vp, ¥) we deduce
1 1
A= ——(s7 — =)|vn — 72
[ R

|M5‘r|2 =1+ ST(ST - 1)|Vh - l_/|2'
Thus,

PO Gt 21 ek A
L+ st(st— D — o2 " '
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Taking into account that

_ 9 Viu-Vup +1 <919 |Vﬂ|
V14 Va2 /1 + | Vug?2 ~ V1+|Val?

M
<24 2—= <4

vn — 7? =

V14 M?
we see that
12 212 12 212
sT—3) v — v sT—2)? v, — 0
e N L Ve
L4 st(st = 1)|vn =22 (s7— 32 vn — 02+ 1 — v, — 7

uniformly in s, 7 € [0,1]. Thus
v — 72 = X2+ [ < plvn — 7> + |nf?
or equivalently
(1= p) lvn = 71> < [nl*.
Returning to (3.12) we infer
(D*~(psr)(vn — D)o — ) > (1 — p)yolvn — p|* Vs, 7 € [0,1]

so that

—_

E>-(1-p 70/|1/h—1/| V14 |Vug|?.

Qp,

M

O

Now we are in position to prove Theorem 2.1. From Lemma 3.1 we obtain after integration with respect to
€ (0,1)

_ 2
[/&%%%% E(<E(+CW+C//W—%MM+NWP (3.13)

0y,

It is easy to see that E(0) < Ch? so that Lemma 3.2 and (3.11) yield

/| 7—u)( )21+ |V (-, |2<Ch2—|—0//|1/—1/h| V14 |Vug |2

Qp 0 Qp

Gronwall’s lemma implies

sup [ |7 = m) (0P VT V(AP < O (3.14)
tG(O,T)Q
h
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and then by (3.13)

2
// i —unal® e
\/1+|Vuh|2
0 Qp

Combining this estimate with (3.14) and

Ut — Up,t

V4V, = m + (Tng1 — Vhont1) e
finally gives
T
// V — V2 /T [Vun]? < CB2.
0 Qp
Asa=won (Q,NN) x (0,T) the proof is complete. O

Remark 3.3. (i) Note that our convergence proof only requires vy to be positively homogeneous of degree one,
i.e. v(Ap) = Ay(p) for all A > 0. The stronger condition (1.3), is only needed in the proof of the global existence
theorem (cf. (4.7)).

(ii) In the important case n = 2 Theorem 2.1 directly implies the following error estimates for the function u
itself:

[ e~ el s 90— ) () < O

To see this, we use (3.11) and Theorem 2.1 to estimate

/W— /'V—Vhl VIT VP < Ch2.

Just as in the proof of Lemma 2 in [9] this implies

sup sup |[Vup(-,t)| < C
te(0,T) Qn

and the above bound follows.

4. EXISTENCE OF A SOLUTION

In the following section we give an existence and uniqueness result for (1.2) in function spaces which are
adequate for our error analysis.

Theorem 4.1. Let 90 € C3+® and d(z) := dist(z, 0). We assume that v satisfies (1.3) as well as

i Ypip; (Vd(2),0) dz, o, () <0, z € O (4.1)

ij=1
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Let ug € C3T%(Q) satisfy the compatibility condition

Z’YP7PJ VU‘O )UOx;c()ZO,meaﬁ

1,7=1

Then (1.2) has a unique solution u € H3+5* (0 x [0,T]) with uy € L2(0,T; H>2()) for all T < co.

kta =

The definition of the parabolic Holder spaces H*T% "2~ (Q x [0,T]), (k € N, 0 < a < 1) can be found in [10].
If (4.1) is not satisfied a solution with the above regularity exists in general only locally and singularities may
develop in finite time (cf. [12]).

Proof of Theorem 4.1 We are looking for a solution of the initial boundary value problem

n

wp — Z aij(Vu)ug,z; = 0 in Qx(0,7)
ij=1
u = uy ondx(0,7T) (4.2)
u(,0) = wg inQ

where

aij(P) = /1 + |P|* Vpp, (P , pER™

We first show that (a;;(p));;—; is elliptic. To this purpose, let £ € R", £= (¢,0)" € R*H! and write

~ 1 _
§=A——— (B, —-1)"+n, (n,(B,-1)")=0.
V1Bl
The homogeneity of D?~ together with (1.4), and (1.3), gives
n n+1 ~ ~
®,-1)" ;¢ 2 ®,—1)* 2
ai; (P)&i&; = vy | — =5 ) &&= (D ——===5 )1 = vlnl"- (4.3)
i,jZZI ;1 <\/1+|p|2> <\/1+|p|2>
Since |A| < LEL we get
L+ |pf?

p
P = &P = N+ [o? < |HHWHW

which, substituted into (4.3) implies

n

Z Cl,zj( )g’bgj - 1+| |2|£|2

ij=1

Furthermore, we conclude that the largest eigenvalue A(p) and the smallest eigenvalue A(p) of (a;;(p)), ; satisty

A@gmw@zfﬁﬁ- (4.4)
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We employ the results of [11] in order to prove existence of a solution of (4.2). In view of Lemma 5.1 and
Corollary 5.2 in [11] (4.2) has a solution v € H*t*1%% (Q x [0,T]) provided there is a constant K such that for
every 7 € [0,1] and every solution u” of

uf =7 Y ay(Vuup, —(1-7)Au” = 0 inQx(0,7)
v (4.5)
u = Tuy ondNx(0,T)
u'(,0) = Tup on®
the estimate
sup |u"|+ sup |VuT|<K (4.6)
Qx(0,T) Qx(0,T)

is valid. To begin, the parabolic maximum principle implies

sup |u”| < sup |ug].
Qx(0,T) Q

In order to obtain a boundary gradient estimate we apply Theorem 2.6 in [11]. Let us decompose the coefficients
a;;(7,P) = Ta;;(p) + (1 — 7)d;; for p # 0 as follows:

aij(r,p) = aff(%)A(ﬁ) +al(rp) ij =1,

where
a¥(¢) = AN i (0), ¢ egnt
RO = sup 3 Gy (G O)mimy, ¢ €57
In|=11,j=1 )
ay;(m.p) = az‘j(ﬂﬁ)—a?(ﬁ)/\(ﬁ)-

Similarly as above, we deduce that al‘?f(g) is positive semidefinite and it is not hard to show that aiy is a
Lipschitz function on S"~!. Furthermore, (4.4) implies

TAP) + (1 —7) < pur (TAD) + (1 — 7)) |p|* for |p| > 1, uy = max (1 ﬂ)
Yo

Since ug is independent of time we see that (2.6, 2.13) in [11] are satisfied. Next, (1.4), and (4.1) yield

1 n
o ;Eualzl Z j:Vd (y) = ybeua% m Z Tpip; (j:Vd(y)v O)d:ci:cj (y) >0 (4'7)

1,j=1 i,j=1

which is the first condition in (2.20b) in [11]. In order to check the second one we have to control o(7,p) :=

|| sup Z (r,p)&:€;. Note that

lg1=1 i,j=1
(7.-1) \  Ap) ) ¢
’YpiPJ'(\/]i_'_W) - ]\(g)'ﬁzm ) ’ ‘\/W |z|’0)’ < H
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since
P -0 2 o2 s el
NErE 17| V2
Thus,
o(m,p) < C7 + [p|(1 - 7)
while

n

_ e (1 P
E(T,p) == Z ai; (7, P)DiDj = T+ 5P + (1 —7)lp|

ij=1

1 ~ ~
2 570+ (1 =7)[p| for [p = L.
Therefore, o(7,p) = O(E(7,p)) as |p| — co. We have thus verified all the conditions for Theorem 2.6 in [11] and
conclude

sup |VuT| < K. (4.8)
0% (0,T)

Finally, the bound on sup |Vu"| can be obtained by deriving for v™ := /1 + |Vu7T|? an evolution inequality
Qx(0,T)
of the form

v —T Z aij(VuTug . — (1 —71)Av" + wa;i <0

i,j=1 i=1

and applying the maximum principle with (4.8) (see [8] for a similar argument). Thus, (4.6) is proved and as
already mentioned above the existence of a solution u € H?*T*1+% (Q x [0,7T]) of (4.2) follows.

Note in particular that a;;(z,t) = a;;(Vu(z,t)) € Hite e (Qx[0,77),4,7 = 1,...,n. From our assumptions
on ug, 0N and Theorem 5.2, Chapter IV in [10] we infer that u € 3+ 35"
that u; € L2(0,T; H*2(Q)). A straightforward calculation shows

(Q x [0,77]). Tt remains to prove

T—6

ut('7t+h) _ut('7t) ~
/ H - 32t < C (sl 1o sl v 250, T) (4.9)
0

for all h < §, 6 > 0. Since

L e ) ST AT, B B o AR SN E

h B h h

Uz, (-t + )
ij=1

for 0 <t < T — 4, elliptic regularity theory together with (4.9) gives

T—6

D?u(-,t + h) — D?u(-,t) -
A ) 2oy < O 1@l page Jul s sga . T).
0

The result follows by sending h — 0, § — 0. a
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Figure 1. F and W for A = 0.24.

Figure 2. F and W for A = 0.5 (scaled).

5. NUMERICAL RESULTS

The nonlinear problem (2.3) is rewritten by using the relation

v(p) = 0(p)Ip|
and thus, using the 0-homogeneity of o,

2

Ip|

P\ Dj
)_J

a p )
| [p]

+ “Yop; (H

Yp; () = Y0(P) =7 + Yop, (P) Pl = (

The equivalent nonlinear equation

/ Uh,tPh ’Y( (Vup, —1) ) VunVn z—/zn:’mpa(w)@mj Von e Xy,
Qp o 7

7_‘_
VIF Vil ) NIVl T+ VP VIt Vunl?
h

is then used to formulate a time discretization which leads to a linear problem. It is convenient to use time
discretization for linearization too. Let 7 > 0 be the time step size and let us use the notation

o(2) = v@mr)  (m=0,.., N = H)
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Figure 3. Evolution (¢t = 0.0, t = 0.05, ¢t = 0.1, ¢ = 0.6) for A = 0.24.

for a given function v = v(z,t). The semidiscrete scheme is then discretised in the following way: find uj* €
Xp (m=1,...,,N) such that u}* — Inug € X}, and

1 uf’ Va1 Vu*Vv
F/ / e +/7(( - m_1)> L (5.1)
g, J1+[Vu 2 g \/1+|Vuh |2 \/1+|Vuh |2

1 u" Lo ~ Vut 1) !
— ;/ h 77"_1 — /Z’yopj( ( h m__l )Qohzj V(ph S Xh
g V1HIVu 2 g =1 1+ Ve

u% = Ihuo.
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Figure 4. Evolution for A = 0.5.

For better presentation let us assume that uglang = 0 for the next lines. If we use the nodal basis )o(h =
span{e1, ..., ¢n}, the resulting system of linear equations for the computation of U™ = (U7",...,UN),

N
up(@) =Y Uiler(z), z €y,
k=1

within each time step is given by

(lM(mq) n S(mq))Um _ L ymengmer _ pim=1) (5.2)
T T



DISCRETE ANISOTROPIC CURVATURE FLOW OF GRAPHS 1221

where M(™=1) = (M(m=1), .| v,

(m—-1) _ PiPy
Ny
Qp,

1+ [Vt

S(m—l) _ /’Y( (VUzﬂfl, —1) ) VQPiVij
ij
3 \/1+ (Va2 \/1+|Vu;7*1|2

is a weighted mass matrix, S~V = (S(m=1), ., y,

is a weighted stiffness matrix and b= = (b(m=1),_; v,

_ - Vut —1
o 1>:/Z%pj(%)%j.
3, =1 1+ [V =2

This shows that in each time step a linear system has to be solved numerically which is similar to that of a
linear parabolic equation with variable coefficients. For bounded gradients Vuzn_l the condition of (5.2) and as
a consequence the computation time is also similar to that case. This fully discrete scheme has experimentally
proved to be particularly stable.

We use the anisotropy function

1) = (14— D)l (o ER (o) (5.3)

where

n+1 1

Ipla = (;ﬁ) !

and 0 < A < 1 is a parameter. The amount of anisotropy imposed by (5.3) onto the problem can easily be
visualised by plotting Frank diagram

F={peR"™ |(p) <1}
and Wulff shape
W={qeR" [7*(qg) <1}

using the dual v* of v:

. (p,q)
v \q) = sup :
@) peRn+1\{0} v(p)

For A = 0 which is the isotropic case

F =W =B (0).

It is easy to check that for A < 0.25 the convexity condition (1.3), is satisfied, while for A = 0.5 we do not have
convexity.
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In the following we give two time series of anisotropic curvature flow on the domain Q = (0,2) x (0,2) C R?
with initial condition

uo(x1, x2) = sin (41) sin (4xz).

The case A = 0.5 is purely experimental although it is worth mentioning that the algorithm also seems to work
for the nonconvex case. The grid contains 16641 nodes.

The pictures shown above were created using the Grape visualization package (see e.g. [13]).
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