Mathematical Modelling and Numerical Analysis M2AN, Vol. 33, N° 6, 1999, p. 1261-1292

Modélisation Mathématique et Analyse Numérique

A CLASS OF TIME DISCRETE SCHEMES FOR A PHASE-FIELD SYSTEM
OF PENROSE-FIFE TYPE

OrLAF KLEIN!

Abstract. In this paper, a phase field system of Penrose-Fife type with non—conserved order pa-
rameter is considered. A class of time-discrete schemes for an initial-boundary value problem for this
phase—field system is presented. In three space dimensions, convergence is proved and an error estimate
linear with respect to the time—step size is derived.
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1. INTRODUCTION

In [29], Penrose and Fife derived a phase—field system modeling the dynamics of diffusive phase transitions.
In the case of a non—conserved order parameter, their approach leads to the following system:

1
cobe + N (x)xt + KA (5) =g, (1.1)

M —eBx+ 00— /() 3 22 (1.2)

This system of an energy balance (1.1) coupled with an evolution equation (1.2) for the order parameter
determines the evolution of the absolute temperature 6 and the order parameter x. Here, ¢y and k denote the
specific heat and thermal conductivity respectively, which are supposed to be positive constants. The datum g
represents heat sources or sinks, and 7 stands for a positive space-dependent relaxation coefficient. Choosing
this coefficient in a particular way, an anisotropic growth can be simulated.

The positive constant € is a relaxation coefficient and 3 denotes the subdifferential of the convex but non—
smooth part of a potential on R, while —o corresponds to the non—convex but differentiable part of the potential.
The latent heat of the phase transition is represented by X (x).

In the context of solid—liquid phase transitions, one typically has a quadratic or linear function A\ and

o(s) = Als) +ps?, VseER, (1.3)
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where ¢ denotes some critical temperature and p some positive constant. For 3(s) = 2ps3, we see that
B(s) — o’ (s) + 05" N (s) is the derivative of the double well potential £(s —1)*(s+1)2. If 3 is the subdifferential
of the indicator function Ij_; qj of the interval [~1,1], we see that 3(s) — o’(s) + 0. N (s) corresponds to the
“derivative” of the double obstacle potential Ii_y 17(s) + p(1 — s?), which has been introduced for the standard
phase—field system by Blowey and Elliott (see [3]).

In the mean—field theory of the Ising ferromagnet as in Section 4 of [29], one has quadratic functions o and
A, D(B) = (0,1), and

S

B(s) :p*% <slns—|—(1 —$)In(1—s)—In (%)) = p*In (1 _S) ., VseD(B),

where p* is some positive constant.

In [13], Horn considers a time-discrete scheme in one space dimension for the Penrose-Fife system with a
double well potential and quadratic A and o. He derives an error estimate of order vh, where h denotes the
time-step size.

In previous works [16,17] of the author, a time discrete scheme for a Penrose-Fife system with o linear or
quadratic and special choices for 3 has been considered and an error estimate of order v/A has been shown.
These results hold in three space dimensions, but are restricted to the situation, when A’ (x) is some constant,
such that some cancellations of the coupling terms can be used in the derivation of a priori estimates and of
error estimates.

If N (x) is a function of x, as in the original Penrose—Fife system, these cancellations do not appear. Hence, in
this case a more sophisticated argument for dealing with the coupling terms is needed to prove the convergence
of the numerical scheme in three space dimensions.

Therefore, the first main novelty of this work is the derivation of a class of such schemes for Penrose—Fife
systems with quite general A, which covers all the situations discussed above.

The other main novelty is the error estimate for the schemes which is linear with respect to h, while in
[13,16,17] only one of order V'l is derived. The linear order of the error estimate is proved by using arguments
similar to Nochetto, Savaré, and Verdi in [28]. Moreover, in view of the results for Euler schemes for linear
parabolic problems (¢f. Sect. 3.1 of Chap. II in [11]), this result is optimal.

Using the time—discrete scheme, the existence of a unique solution to the Penrose—Fife system is proved.
This result is a minor novelty of this paper, because of the weakened regularity assumption used for A and o.
These functions are supposed to be C'—functions on R with X’ and ¢’ locally Lipschitz continuous such that
the Lipschitz constants fulfill some growth conditions.

Until now, in papers concerning existence, uniqueness, and regularity of similar Penrose—Fife systems, these
functions are supposed to be at least C?—functions with A" bounded (see, e.g. [12,15,20,22,30] or C'—functions
with A convex (see [10]) or A globally Lipschitz continuous (see [18,19]).

The same holds for papers like [5,6,9,23], where more general heat flux laws are considered.

The layout of this paper is as follows: In Section 2, a precise formulation of the considered phase-field
system is given, the class of time—discrete schemes is introduced, and the existence and approximation results
are presented. The remaining sections are devoted to the proof of these results, and they are briefly discussed
at the end of Section 2.

2. THE PENROSE—FIFE SYSTEM AND THE TIME—DISCRETE SCHEMES

In this section, a precise formulation of the considered phase—field system of Penrose-Fife type is given.
Moreover, existence results and approximation results for a class of time—discrete schemes are presented.
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1. The phase—field system

In the sequel, Q2 C RY with N € {2, 3} denotes a bounded, open domain with smooth boundary I and T' > 0
stands for a final time. Let Qp := Q x (0,T) and 'y := T x (0,7). We consider the following Penrose-Fife
system:

(PF) Find a quadruple (0, u, x, &) fulfilling

0 c H'(0,T;L*()), we L*0,T;H*(Q)) N L>=(0,T; H(Q)), (2.1a)
x € HY(0,T; L*(Q)) N L>(0,T; H*(Q)), (2.1b)
€ € 1(0,T; 17(9)), (2.1¢)
0>0, u= %, x € D(B), £€p(x) ae inQrp, (2.1d)
coby + N (X)xt + kAu =g a.e. in Qr, (2.1e)
nxt —eAx + & —o'(x) = =N(x)u a.e. in Qr, (2.1f)
ou B ox )
Ko +yu=C(, n =0 ae. inlp, (2.1g)
0(,0) =6, x(-,0)=x" ae. inQ. (2.1h)

For dealing with this system, the following assumptions will be used:
(A1) Let 8 be a maximal monotone graph on R and ¢ : R — [0, 00] a convex, lower semicontinuous function
¢ : R — [0, 0o] satisfying
B=06 0eD(B), 0eB0), it D) +D.

(A2) There are positive constants C7,p, g such that

AEWZXR), ceW2XR), p<l, q<4,

—A(s) S C(o(s) + 1), (0'(s))” < Cf(d(s) +1), Vs € D(B),
N () <Cr(sl”+1), 1o"(s)| <C7(Is]"+1) forae. s D(B)

(A3) We have positive constants ¢,, ¢y, and ¢¢ such that

g€ HY (0, T;L=(Q), nelL>Q), n>c, ae inQ,
v € L>(0,T;CMI)), v € L*r), v>c, ae inlp,
¢ € HY(0,T; L*T)) N L®(Tz) N L=(0,T; H*(T)), ¢ >cc ae. inlyp.

(A4) We consider initial data 6°, x°, u%, £ such that

0°,u’ e H'(Q) N L2(Q), x°e H*(Q), eL*Q), oKx°) eL'(),
N’
on

1
°>0, u'=—, x"eD@), €ecpK’ ae inQ, =0 a.. inl.

60’
2.2. The class of time discrete schemes

To allow for variable time—steps, we consider decompositions of (0,7) that do not need to be uniform, but
satisfy the following assumption, where cqown and c,p, are fixed positive constants such that cgown <1 < cyp.
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(A5) The decomposition Z = {tg,t1,...,tx} with 0 =ty < t; < --- < tx =T and hy, := tpy, — tm_1, for
1<m < K, fulfills

Cdownhmfl < hm < Cuphmfh vi<m < K.

We define the width |Z] of the decomposition by |Z]| := | fnax hm, and, for 1 <m < K,
_m_

t7n,
gm () ::L g(x,t)dt, Vo € Q, (2.2a)
hﬂ’l
tm—1
1 tm 1 tm
Ym (o) == — v(o,t)dt, (o) i=— C(o,t)dt, Vo €T (2.2b)
hom hmt
m—1 m—1

Now, the following time—discrete scheme (Dz) for the Penrose—Fife system is considered
(Dz) For 1 <m < K, find

O, € L*(2), Uy Xm € H*(Q),  &n € L2(Q) (2.3a)
such that
1 .
0< Um s em = Xm € D(ﬁ); §m € ﬁ(Xm) a.e. 1 Q, (23b)
Oy — O — Xrm—
Comhim1 + )\Zl(an Xm—l)w + KAum =dgm a.C. in Q, (23C)
Xm — Xm—1 A / o ’ in Q
hi — EAXm + §m - Ud(Xm7 Xm—l) = _/\d (va Xm—l) Um &€ 111134, (23d)
ou 0 .
—/fa—;bn = YUm — Cms % =0 ae. inT, (2.3e)
with
Op :=0° wp:=u’, xo0:=x° & :=¢&°. (2.3f)

Here, approximations X, and ¢/, for X and ¢’ are used such that the following assumption is satisfied:

(A6) Let A}, 0/ : RxR — R be continuous functions, and let C3, p, ¢ be positive constants with p < 1, ¢ < 4
such that, for all r, 5,7, 8" € D(B),

No(s,s) = N(s),  oy(s,s) =0'(s), (ou(r,5)" < C3((r) + é(s) + 1),
INa(rr') = N(s, M) < C5 (|r = s+ [/ = ') (I + 7' + |s[” + |51 + 1),
loa(r,r’) = ou(s,s) < C5 (Ir — sl + " = ') (Ir* + [T+ [s]" + 15" + 1) ,
=Xa(r,8)(r — 5) < =A(r) + A(s) + G5 (r — )*. (2.4)

Remark 2.1. The time-discrete scheme (Dz) is an Euler scheme in time for the Penrose-Fife system (PF),
which is fully implicit, except for the treatment of the nonlinearities A’ and ¢’. The time-discrete scheme (Dz),
especially the approximation used for the coupling terms, is chosen in such a way that one can use discrete
versions of the a priori estimates derived by Sprekels and Zheng (cf. [30]).
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By introducing the general approximations A (Xm, Xm—1) and 6/;(xm, Xm—1) in (Dz), the same formulation
can be used to investigate a bunch of different time—discrete schemes. A fully implicit scheme corresponds to the
choices A (r,s) = XN (r) and o)(r,s) = o'(r). A fully explicit treatment of nonlinearities \’ and ¢’ corresponds
to AL(r,s) = N (s) and ojj(r,s) = o’(s).

For the time—discrete scheme there holds:
Theorem 2.1. Assume that (A1—A6) hold. The scheme has a unique solution, if |Z| is sufficiently small.
Appropriate choices for the approximations \; and ¢/ are discussed in the following remark.

Remark 2.2. If ¢ is quadratic, the implicit approximation will be linear in x,, and should be used, cf. Re-
mark 2.4. Only if ¢’ is not linear, more general approximations can be really useful. In this case, one would like
to use approximations which are still linear in the implicit part, e.g. o};(r,s) = oo(r — s) + o’(s) with o9 € R
fixed or o/)(r,s) = o (s)(r — s) 4+ o/(s), if o € C*(D(B)).

If the explicit approximation for X is used, AL (Xm, Xm—1) does not depend on x,,, and the coupling between
the two equations (2.3c, 2.3d) becomes a linear one. For any other choice for X, the coupling term in the
discrete energy balance (2.3c) is nonlinear, and the X,(Xm, Xm—1)um-term in the discrete order parameter
equation depends on x,, and u,,, such that it becomes more complicated to solve this system numerically.

The following choices for ¢/, and X, fulfill (A6), if (A2) is satisfied for A and o, see Lemma 3.1:

(a) Any convex combination of o’(x.,) and o’ (xm—1) can be used for o/;(Xm, Xm—1)-
(b) One particular choice for X, is the following approximation for a derivative, which has been used by
Niezgddka and Sprekels in equation (2.3) of [27):

D M)
M. (r,s) == r—s ' Eor#s (2.5)
N(r), if r=s.

If one chooses this function as A, , the approximation for A’'(x)x: used in the discrete energy balance
(2.3c) will coincide with the discrete difference quotient arising in the approximation of (A(x)), -
(¢) If we have a uniform upper and a uniform lower bound for A’ a.e. on D((3), we can use every convex
combination of A (xm) and X (Xm—1) for X;(Xm, Xm—1)-
If we have a uniform upper bound for A\’ a.e. on D(3), we can use the explicit approximation
Ny (Xm> Xm—1) = N(Xm—1). If we have a uniform lower bound for X’ a.e. on D(3), we can use the
implicit approximation A, (Xm, Xm—1) = A (Xm)-

The following corollary and remark yield conditions to ensure the existence of a unique solution to the scheme
in concrete situations.

Corollary 2.1. Assume that (A1-A6) hold. There exists a solution to (Dz), if |Z]| < h*, where h* and C§
are positive constants with

B (2(04(r, ) = C3(9(s) +1)) < eydr),  Yr,5 € D(B). (2.6)
The solution to the scheme is unique, if, in addition,

)\21(7"78) :)‘,(8)7 2|Z||J£l(r78)_0/d(r,78)| < Cn |7"—7",|, VT,T,,S ED(ﬂ) (27)

Remark 2.3. Assume that (A1-A6) hold. If D(5) is bounded, Corollary 2.1 yields that the scheme has a
solution for any time step, since one may always choose C§ > 0 such that (2 (o/,(r, $))> = C;(p(s) +1)) <0, for
all , s € D(f).
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If D(B) is unbounded, we obtain from (A6) that (2.6) is satisfied for h* = ¢, /2C5 and C5 = 2C3, but this
value for the upper bound h* does not need to be the optimal one.

For o, explicit, i.e. o)j(r,s) = 0'(s), we do not get any restriction for the time-step size from (2.6) or (2.7).

If \ is approximated explicitly and o7 is globally Lipschitz continuous in the first variable on D(5) x D(8),
the conditions (2.6, 2.7) lead to a computable upper bound for the time—step size to ensure the existence of a
unique solution.

In order to illustrate the use of Corollary 2.1, we consider an example: Let ¢, = 1 < T, ¢(r) = r, o/(r) = r?,
and o/j(r, s) = 2rs — s, for r,s € D(3) = R. Using (A6), we see that (2.6) holds for h* = ¢,/2C; < %T, but
applying Young’s inequality yields that (2.6) is also satisfied for h, =T and C§ := 32 (T'/c,) +6 (T/c,,)l/?’ +2.
Since |o/y(r, s) — oy (r',s)| = |s| |r — s|, (2.7) does not hold for any decomposition Z. Hence, for this example,
Corollary 2.1 yields that the scheme has a solution for any time step, but the corollary cannot be used to ensure
the uniqueness of the solution.

2.3. Existence and approximation results

We use the solution to (Dz) to construct an approximate solution (52, u?, )?Z,EZ) in (LOO(O, T; L2(Q)))4 to
the Penrose-Fife system (PF). The function §Z is defined to be linear in time on [t,,_1,t,] form =1,..., K
such that 67 (tx) = 0% holds for k = 0,..., K. The functions 2% and Y% are defined analogously. We define ZZ

. . . . =Z
piecewise constant in time by & (¢t) =& for t € (tg—1,t] and k =1,..., K.

Theorem 2.2. Assume that (A1—A4) hold. Then there is a unique solution (0,u,x,§) to the Penrose—Fife
system (PF). For this solution it holds that

0 € L>=(0,T; H'(Q)) N L= (Qp) N WH=(0,T; H'(Q)"), (2.8)
ue HY(0,T;L*(Q)) n L™ (),
X € Wh(0,T5 L3(Q)) N H'(0,T; H'(2)) N L (). (2.10)

Assume that (AG6) is satisfied. As, for decompositions Z with (AB), |Z]| tends to 0, we have,

[ — weakly in  H'(0,T; L*(Q)), ( )
weakly—star in  L>=(0,T; H*(Q)) N L™ (Q7), (2.12)
weakly-star in- W50, T; H(Q)"), (2.13)

a? —u  weakly in  H(0,T;L*(Q)), (2.14)
weakly-star in  L>(0,T; H()) N L™ (Qr), (2.15)
weakly in  L*(t.,T; H*()), Y0 < t. < T, (2.16)

XZ — x  weakly in H'(0,T; H'(Q)), (2.17)
weakly-star in - Wh*°(0,T; L*(Q)) N L>=(0,T; H*()), (2.18)

(2.19)

EZ — & weakly-star in  L>(0,T; L*(Q)).

The following error—estimate is the main result of this work.
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Theorem 2.3. Assume that (A1-A6) hold and that |Z| is sufficiently small. Let (8,u, x, &) be the solution to
the Penrose—Fife system (PF). We have a positive constant C, independent of Z, such that

|7 -9

Z j—
L2(0,T;L2(Q)) N C([0,T);H (Q)*) + HU UHL2(O,T;L2(Q))

~Z
+[xX7 - XHC([O,T];LQ(Q))ﬁLQ(O,T;Hl(Q)) <ClZ]. (220)

Remark 2.4 (Numerical implementation). In a lot of physically relevant situations, see [29], the considered
functions A and ¢ are quadratic and ¢ is bounded from below by a quadratic function, i.e. we have positive
constants C}, C¢ with

#(s) +C; > C:s?, Vse D). (2.21)
Hence, (A2) holds, and (A6) is satisfied for
aly(r,s) =0a'(r), M(r,s):=XN(s), VrseR,

which are the most promising choices for the numerical computations, because of the following properties: A
careful inspection of the use of the assumption (A5) in the proof yields that the lower bound cdownhm—1 for
hm in (A5) can be omitted, if the implicit approximation for ¢’ is used. This approximation is linear in X,
since o is quadratic. Moreover, the use of the explicit approximation for A’ is the only choice for A}, such that
the two equations (2.3c,d) are linearly coupled, ¢f. Remark 2.1.

If 6/(0) = 0 or otherwise |Z| < min(c,CZ /4 lo”(0)?, ¢n/2|0”(0)]) holds, Corollary 2.1 yields that the scheme
has a unique solution. Theorem 2.3 yields a convergence linear with respect to the time-step size. Moreover, a
finite element discretization and a nonlinear Gauss—Seidel scheme similar to the one used in Section 10 of [16]
can be employed to find approximative solutions to (Dz).

Remark 2.5. If the regularity assumption for g in (A3) is weakened to g € L (Qr), all results of this work
still holds, except for the error estimates in Theorem 2.3.

The layout of the proof is as follows: In Section 3, estimates concerning the approximation of the data are
derived, and, by using a fixed point argument, the existence of a solution to the scheme is shown under the
additional assumption that the domain D(3) is bounded.

In Section 4, uniform a priori estimates are derived. The first a priori estimate in Lemma 4.2 is an energy
estimate, where the coupling terms cancel each other, thanks to the chosen approximations of A'(x). The
coupling terms do not cancel each other completely in the second a priori estimate in Lemma 4.3. Hence, the
discrete version of u (X' ()), has to be estimated by using the first a priori estimate.

Afterwards, an a priori estimate for the H?(Q)-norm of y,, is derived in Lemma 4.4. The main results of
Lemmas 4.5-4.8 are the uniform bounds for 6,, and 1/6,, = u,, in (4.39).

Based on the results of Section 3 and Section 4, the existence of a unique solution to the scheme is proved in
Section 5, to finish the proofs of Theorem 2.1 and Corollary 2.1. This is done by considering the time—discrete
scheme with 3 replaced by 8+ 9I|_¢,c), where I|_¢ ] denotes the indicator function of the interval [-C, C] for
some sufficiently large C' > 0.

In Section 6, the proofs of Theorem 2.2 and Theorem 2.3 are completed, i.e. the existence of a unique solution
to the Penrose—Fife system is proved and the error estimate is shown. The first error estimate is derived in
Lemma 6.3. Here, and even more extensively in Lemma 6.2, we apply estimates similar to those used by
Nochetto, Savaré, and Verdi in (28], to improve the order of the error estimate from /|Z] as in [16,17] to | Z|.

The first error estimate is used to prove the uniqueness of the solution to the Penrose-Fife system and is
afterwards improved in Section 6.3 to derive the error estimate (2.20).
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In the special situation N (x) = L = X (Xm, Xm—1) for some constant L which has been considered in the
previous works [16,17], the coupling terms in the proof of the second a priori estimate cancelled each other.
Hence, this estimate could be derived directly and led to uniform a priori estimates also if € and/or n tend
to zero, which is not the case for the a priori estimates derived in the present work. Moreover, in the error
estimate in this work the coupling terms do not cancel each other as in [16,17], such that additional terms have
to be estimated.

3. SOME PROPERTIES OF THE APPROXIMATION OF THE DATA
AND A SPECIAL EXISTENCE RESULT

To prepare the proof of the theorems and the corollary in the last section, some notations will be fixed and
some properties for the approximation of the data will be proved. Moreover, the existence of a unique solution
will be shown, under the additional condition that D(3) is bounded.

In the sequel, we use the notation |-, for the LP(€2)-norm, for all p € [1,00]. Moreover, |[|-[|, will also be

used for the (L?(9))? resp. (L*(2))3 norm.
3.1. Properties of the data and their approximations

In the following lemma it is shown that those approximations discussed in Remark 2.2 fulfill the
condition (AG).

Lemma 3.1. Assume that (A2) holds. Let w € [0,1] be given and define o/;: R x R — R by
aly(r,s) =wo'(r) + (1 —w)o'(s), Vr,seR. (3.1)
(a) If Xy = XA, (¢f. (2.5)), we have (A6) and
No(r,s)(r—s)=Ar) —A(s), Vr,seR. (3.2)
(b) Let
Ny(r,s) =w*N(r)+ (1 —w")N(s), Vr,seR, (3.3)

with some w* € [0,1].

If we have positive constants Cy,Cy such that —Cy; < N'(s) < Cy for a.e. s € D(f3), the assumption
(A6) holds.

If w* = 0 and we have a positive constant Cs with X' (s) < Cs for a.e. s € D(3), the assumption (A6)
18 satisfied.

If w* = 1 and we have a positive constant Cy with —Cy < N'(s) for a.e. s € D(3), the assumption
(A6) holds.

1
Proof. First, we consider part (a) of the lemma. Thanks to (2.5), we have X,(r,s) = [N (s+ 7(r — s))dr and
0
(3.2). Hence, for X, = X,, we can use (3.1), Schwarz’s inequality, and (A2), to show that (A6) is satisfied.

This yields part (a) of the Lemma.
To prove part (b) of the lemma, we need only to show that the last estimate in (A6), i.e. (2.4), is satisfied,
since the remaining assumptions in (A6) follow by an argumentation similar to the one above. For r, s € D(f3),

applying Taylor’s formula and (3.3) gives u € D(() between r and s such that

B B

SN, 8)(r — 8) + A(F) — A(s) = W (r — 5) / N(r)dr + (1 - w*)(r — s) / N(r)dr |

T S
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Now, we see immediately that (2.4) holds under the considered assumptions. [l

Lemma 3.2. Assume that (A3) holds. Then there exist positive constants C1,Csa,...,Cq, such that, for all
decompositions Z with (AB), the functions gm, Ym, and (, defined in (2.2) fulfill, for 1 <m < K,

Cr 103 ey < 5 IV0]2 + / 2o < Cs |03y, Vo € HI(),

r
1
B € HED), [l gy < s ol ey - Yo € H(Q),
¢ <(m ae inl, /Cmvdo + /gmvdx < Cullllgiqy, Vve H'(Q),
T Q

lgmlloo + ||’Ym||cl(r) + HCmHLOO(F) + HC"L”H%(F) <Cs,

and
41— = Cmt1 — G 2
m m m m
dm+1 — Tm E o, || 22— < C
1§7n21}§—1 hm Loo(T) m—1 " H h’m L2(T) ©

where the positive constants cc, ¢, are specified in (A3).

Proof. This lemma follows from (A1, A5), the trace-mapping from H'(Q) to H 3 (I"), and the interpolation of
Hz(T) by HY(T') and L2(T). 0

3.2. The existence proof for D(3) bounded
Lemma 3.3. Assume that (A1—AG) hold and that D(() is bounded. Then there exists a solution to (Dgz).

Proof. From (2.3f), we get g, uo, X0,&- Now, we assume that 0,1 € L?(),xm—1 € H*(Q) for some m €
{1,..., K} are given. To show that there exists a solution to the system in (Dz), i.e. to (2.3a—2.3¢), we will first
consider the discrete energy balance equation (2.3c) and the discrete equation (2.3d) for the order parameter
separately. Afterwards, we will rewrite the system as a fixed point problem and apply Schauder’s fixed point
theorem.

Lemma 3.4. For every x € L>=(Q), there is a unique @ € H*(Q) such that

1 o1
0<a ae in€, — € L*(Q), —hel = Yl — Cm a.e. in T, (3.4)
U on
—%0 — hn kAU = —co0m—1 — hmGm + N0, Xm—1) (X — Xm—1) a.e. in . (3.5)

Proof. Let x € L°(Q) be given. Thanks to (A6) and x,,—1 € C(Q), we have

Ay (X Xm—1) (X = Xm—1) € L*(Q).

By translating the proof of Corollary 13 of [4], we see that the operator corresponding to (3.4) and the left—hand
side of (3.5) is maximal monotone. By showing that this operator is also coercive, we obtain that the operator
is also surjective. The injectivity follows by estimating the difference between two given solutions. Details can
be found in Lemma 5.1 of [16]. O
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Lemma 3.5. For every x € L=(Q), @ € L?(Q) there exists a unique X such that
ox

X € H*(Q), X € D(B) a.e inQ, = 0 ae inT, (3.6)
n% —eAX + B(X) 2 0406 Xm—-1) = Ay (X, Xm-1) @ a.e. inQ, (3.7)
X — Xm—1 AY / / ~ 2(0)
XX A+ 0 Xm1) = Ny (X 1) B € (@) (38)
Proof. By (A1, A3), we can rewrite (3.6-3.8) as
D +BY3d by i+ 3.9
HX + BX 2 0q(X; Xm—-1) = Aq (X; Xm—1) @ + meq, (3.9)

where B : L2(Q) — {W C L?(Q)} is a nonlinear operator. Using Corollary 13 of [4], we see that this operator
is maximal monotone. Details can be found in (5.7, 5.8) and Lemma 5.5 of [16].

Because of (A6, A3), x € L>®(), xm-1 € H*(Q) C C(Q), we see that the right-hand side of (3.9) is in
L?(Q). Hence, Theorem 2 of [4] yields that there is a unique solution y to (3.6-3.8). O

In this proof, C;, for i € N, will always denote generic positive constants, independent of y € M with
M = {X €L%(Q):xy € D(B) ae. in Q} : (3.10)

This is a closed and convex subset of L?((2).
We have:

Lemma 3.6. The functions r — o4(r, xm-1(z)) and v — X,(r, xm—-1(z)) are Lipschitz continuous on D(()
for every x € Q, with a Lipschitz constant independent of x. There is a positive constant Cy such that, for all

X €M,

NG00 Xm—1)loo + 750 Xm—1) [l + XNl + IXm—1lloe < Ci. (3.11)

Proof. Since D(f3) is bounded and y,,—1 € H?(Q2) C C(Q), (A6) yields that the assertions of this lemma
hold. (|

Combining Lemma 3.4 and Lemma 3.5, we see that for every x € M there is a unique @ € H?(f) and a
unique ¥(y) := x € H?() such that (3.4-3.5) and (3.6-3.8) hold.

This defines a mapping ¥ : M — M and any fixed point of ¥ leads to a solution to the system in (Dz), i.e.
to (2.3a—2.3e). Therefore, it is sufficient to prove that ¥ has a fixed point.

We test (3.5) by hn,@, apply Green’s formula, Lemma 3.2, Holder’s inequality, (3.4, 3.11), and Young’s
inequality to conclude that

Co ||’G/H§{1(Q) <c |Q| + hm/Cm@dU + / (_Coem—l — hmGm + A&(XaXm—l) (X - Xm—l)) udz
T Q

Co 2

Owing to (A1), we have ws > 0 for all s € D(f), w € ((s). Therefore, by testing (3.7) by x and applying
(A3), Green’s formula, (3.6, 3.11), Holder’s inequality, (3.12), and Young’s inequality, we get

. Ca 2
Ixll, < Cs + 5 x5 -

~ Xm— -
CalI%lI7 @y < th—l + 03(Xs Xm—1) = N (X, Xm—1)1
m 2



A CLASS OF TIME DISCRETE SCHEMES FOR A PHASE-FIELD SYSTEM OF PENROSE-FIFE TYPE 1271
Hence, we see that ¥ € M7 with

C
My = {x € M |[Xln ) < 2??1} '

Therefore, we observe that M is a nonempty, convex, compact set in L?(€2) and, by construction, that ¥ maps
M into itself. Thanks to Lemma 3.7 below, ¥ is on M; continuous. Now, Schauder’s fixed point theorem
yields the existence of a fixed point of ¥ in M. O

Lemma 3.7. ¥ : M — M is L*(Q)-continuous.
Proof. Let x7, x5 in M be arbitrary, and

Xr=U(x1), X2:=Y(a), X"=XToxz X=X X
Combining (3.4, 3.5), (3.6-3.8), and the definition of ¥, we find @y, 4o € H2(Q), &,& € L2() such that

iy >0, >0, &E€B(F), &€EPB(R2) ae inQ

(3.13)
1 1 ~ ~ / * * / * * :
—Cp 'a_l - 1]_2 — hmkA (ul - u2) = )‘d(Xth—l)(Xl - Xm—l) - Ad(XQ)Xm—l)(XQ - Xm—l) a.e. in 2,
(3.14)

77% —eAxX + él - 52 = _)‘:i(Xik)Xm—l)al + /\Zz(X§,X7n—1)ﬂ2 + U&(XIva—l) - U(li(X;Xm—l) a.e. in {2,
m

(3.15)
0(ty —tz) _ ox _ .
K o = Y (U1 — Q2), o 0 a.e. inT.
(3.16)

Testing (3.14) by @ := @1 — ug, integrating by parts, and using (3.16, 3.13), Lemma 3.2, Holder’s inequal-
ity, Lemma 3.6, and Young’s inequality, we deduce

~ 2
u ~ * * * * * ~
€o \/m + CG ||UH§{1(Q) § /()\Id(Xth*l)X + ()‘,d(Xth*l) - Ald(XQ?XM*l)) (XQ - mel))U’dx
2
Q
ST w2, Co 2
< Gz ally < Cslixlly + = Il (3.17)

We test (3.15) by x and use (3.13), the monotonicity of 5, (A3), (3.16), and the generalized Holder’s inequal-
ity (see Lemma AP.2) to derive

~112 * ~ ~ * * ~ ~
Co [IXN 71 () < 1M (T xm—1) g Nallg 1Xllg + INGOXTs Xm—1) = Aq O Xam—1)Ilg 1t2l6 Xl
+ lloa(xis Xm—1) = 04(x3: Xm—1) Iz X2 -

Because of Lemma 3.6, (AP.1), (3.17), and (3.12), we see

~112 * ~
Co Xl () < Cro lIXT Ml 1X M 1 ) -

Hence, thanks to Young’s inequality, we have shown that ¥ is L?(2)—continuous. O
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4. UNIFORM ESTIMATES

In this section, uniform estimates for the solutions to the time—-discrete scheme are derived.

Assume that (A1-A6) hold and that |Z| < h*, where h* and C§ are positive constants such that (2.6) is
satisfied.

Let §* := 0¢* and ¢* : R — [0, 00] be either ¢ or the function defined by

#(s) = {¢<s>, if|s| < B, 1)

0, otherwise,

for some B > || XOHoo' In the light of (A1), we see that ¢* is a convex, lower semicontinuous function with
0<p<¢*onR, 0€D(B"), mmtD(B)#0, 0e3*0), ¢*|D(ﬁ*) = ¢|D(,3*)- (4.2)

Now, a modified version of the time—discrete scheme is considered, where 8 in (Dz), i.e. in (2.3b), is replaced
by §*. Let any solution to this scheme be given.

In the sequel, Cj, for i € N, will always denote positive generic constants, independent of the decomposition Z,
the considered choice of ¢*, and the solution itself.

Remark 4.1. Recalling (2.3a,b,e,f), (A4), and the definition of ¢*, we see that

Xm € D(ﬁ*) C D(ﬁ), §m € ﬁ* (Xm) = a(b*(Xm) a.e. in Q,

1
O’
Xm € H3(Q), 85(—m20 a.e.inl, VO<m<K.
n

0<upy=
(4.3)

Applying (2.3c), Green’s formula, and (2.3e), we deduce that

[ e ot s
2 m m Q

r

/gmvdx —/Cmvdo, Yoe HY(Q), 1<m<K, (44)
Q r

with
Ao = AX0)s Am = Am—1 + Ag(Xm> Xm—1)(Xm — Xm—1) a.e. inQ, V1 <m < K. (4.5)
The following Lemmas use ideas from [8,13-16,20,21, 30].

Lemma 4.1. (a) There is a positive constant Cy such that

16" (x0) [l + [I€oll5 + IMolls + NG (X0 x0)ll5 + [l7g (X0, X0)ll2 + [IX0ll 72 (0
F160ll 111 (@) 1 Lo @) + 1ol g @) A L= @) + [M(B0)[l; < C1. (4.6)

(b) Let x—1 € L*(Q2) be defined by

X0 — X-1
AL

e —eAxo + & — (X0, X0) = —N;(x0, X0)uo  a.e. inQ, (4.7)
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with ho := |Z|. We have a positive constant Cy such that

b (5]

2

<Oy (4.8)

Proof. If ¢* = ¢, we use the initial condition (2.3f), (A2, A4), Sobolev’s embedding Theorem, (A6), and (4.5)
to show that (4.6) is satisfied. If ¢* # ¢, in addition, (4.1) and B > HXOHOO are applied. Combining (4.7, 4.6),
and (A3) leads to (4.8). O

Lemma 4.2. There are two positive constants Cs, Cy such that

ax (|\em|\1 0 6m)y + 7y + |\¢(xm)|\1>

o<m
K
— Xm—1 2
3 o lmloncay + Z - H S o = Xty < O, (49)
m=1 m 2 m=1
max oG (xms Xm-1)lly < Ca. (4.10)

1<m<K

Proof. Testing (2.3d) by (Xm — Xm-1), taking the sum from m = 1 to m = k, and using (A3), Green’s formula,
(4.3, AP.5, 4.6, 4.2, 4.5), Schwarz’s inequality, and Young’s inequality, we deduce

2 k
C X 1 3 3
= Z hm 77% + 5 ||VX/€||§ + 5 Z ||va - VXm—1||§ + H¢(Xk)H1
m=1
k 1 k
Z/ m = Am—1) i A3 + o— > B 04 (tms Xm-1)3 - (4.11)
=1 Cn m=1

Let o := min (1/2CY, ¢, /6C3T), with Cf,C5 as in (A2, A6). For 1 < m < K, we insert v = hpa — AU,
n (4.4), use (4.3) and that —1/s is the derivative of the convex function —In(s), take the sum from m =1 to
m = k, and apply Lemma 3.2, (4.6), and Young’s inequality, to show that

co/(—ln(f)k)) dz + aco ||0k]l; + Ce Z hon |31 0y < C7 + Z / — A1) (U — ) dz. (4.12)
Q m=1
Because of (4.5), (A6, A2), (4.6), Young’s inequality, and the definition of a, we have

2
—aZ/ m = Am_1) do < Cg + = /¢Xkdx+ Zh HX’"T:'“

m=1 2

Hence, by using Lemma AP.8 and adding (4.12) to (4.11), we deduce

k

k 2
2 & Xm — Xm—1
Co [10xlly + co (B, + Co Y P [l () + 5’7 > hm Hi’” - = +
m=1 m 2

€ 2
=9l
m=1
e < 1 1 & )
2
+3 D IV Ot = Xm0l + 3 o)l < Cro + 20, > b 105 (m Xm—1)ll - (4.13)

m=1 T m=1
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Since (A6), (2.6), and |Z] < h* yield

o Ccms xm-1)ll5 < 5 [ 16 0am)lly + [ @0m—1)1l; + / Ldz |, V1<m<K, (4.14)
Q

I
= Ok x5 < ||¢(Xk)||1 + Cun (e [lo(Oxe-1) 1l +1)

2¢y 2=y

we obtain from (4.13), (A5), the discrete version of Gronwall’s lemma, and (4.6) that (4.9) is satisfied. Therefore,
(4.10) holds because of (4.14). O

Lemma 4.3. There exists a constant C1o such that

2

Xm — Xm—1

max —_—
0<m<K hm 2

+Z Xm — Xm—1 _ Xm—1 " Xm—2
m=1 m hm—l

2 K
+||um||zl<m)+zh HX |

fom HI(Q) m=1
£ h l

m=1

(Em o gmil)Xm ;Xm—l

1

K
+ 3 llum = umill ) < Crz, (4.15)

2 m=1

hm\/ Um Um—1

with x—1, ho as in Lemma 4.1.

Proof. Inserting v = — (U, — Um—1) in (4.4), taking the sum from m = 1 to m = k, and applying (4.3, AP.5,
AP.4), Lemma 3.2, (4.9, 4.6), the generalized Holder’s inequality, A, < cyphm—1, and Young’s inequality, we
deduce that

Um — Um—1

k
Co
2 th hm,/umum,

+013HukHH1(Q +Clzz [t — tm 11|31 3

m=1

<Cl4+Z/ m Ay )de. (4.16)

m= 1

For 2 < m < K, we test the difference of (2.3d) for m and m — 1 by (X;m — Xm—-1)/hm. By applying (A3),
Green’s formula, (4.3), the monotonicity of 3, (4.5), and (AP.5), we obtain that

2 2
1 Xm — Xm—1 H Xm—1 — Xm—2 Cn |[Xm — Xm=1 Xm—1 — Xm—2
—_ P _|_ —r —
2 H\/ﬁ hm \/_ m 1 2 2 hm hm—l 2

2

reh,, Hv (Xm Xml) H(E e I)Xm Xm—1
hm hm 1
<_ ( — Lt — N, m_lwum 1) du
7TL ’ h/ﬂ’L

) Am —Xm=1 g,

+ ;
h/ﬂ’L

Ud Xms Xm— 1) U/d,m—l (417)

/
It

with

Nom—1 = Xg(Xm—1:Xm—2), Tgm_1:=04(Xm—1,Xm—2) a.e. in€ (4.18)
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Testing the difference of (2.3d) for m = 1 and (4.7) by (x1 — Xx0)/h1 and using the same argumentation as
above, we deduce that (4.17) holds also for m = 1 with

20 = Aa(x0,x0),  Tu0 = og(x0, x0) a.e. in Q. (4.19)

Summing up (4.17) from m = 1 to m = k, adding the resulting estimate to (4.16), and using (A3), (4.9, 4.8),
we conclude that

2 k 9
Cyp || Xk — XEk—1 Cn Xm — Xm—1 Xm—1 — Xm—2 Xm — Xm—1
o R i g H
2 hie |y 2 mZ::l lom R ' Z HU(Q)
k
Xm — Xm—1 —1 2
Y SR R PR
> X Z e [N P
k
+ Ci3 Z Hum - Um—l”?p(g) < Cig + Il,k + Ig,k, (4.20)
m=1
with
k
— Xm-1 )\m - )\mfl
= Z / </\d m—1 hm - o )um—l dz, (421)
m:lﬂ
k J—
Z/ Jd Xms Xm— 1) J&,mfl)wdx' (422)
_ m

Using (4.5), the generalized Holder’s inequality, and Schwarz’s inequality, we deduce that

k
Xm — Xm—1 2
< A
I < <1g1n&3><(k e 2) Vs mz_:lhmq lm—1llg
b 1 2
with I3 1= Z By 1 ||)‘dm 1 )‘,d(vamel)Hg' (4.23)
m—

m=1

Now, owing to (AP.1, 4.9, 4.6), and Young’s inequality, we observe that

2
Il,k _ C Xm ;LXm—l
m

il
4 lglmgk + C17I37k. (4.24)

2

Since 1/3 = 1/p1 + p/6 holds for p; := 6/(2 — p), we obtain, by (4.18, 4.19), (A6), the generalized Holder’s
inequality, hm < cyphm—1 (AP.1, 4.9), that

2

Pl)

k 12
I3 < Cig Z W o
X1~ Xo

m—2 m—1
ha

2
Xm — Xm—1
hm

Xm—1 — Xm—2
hmfl

+ hm—l

p1

2
(WPl + o1 +1)

p1

2
x <H|Xm|p||g+H|Xm—1|p|\g+H|Xm—2|p|\g+1> + Co |Zl|

<02()Zh H — Xm—1

m




1276 0. KLEIN

Because of p < 1, we can use the Gagliardo—Nirenberg inequality (see Lemma AP.5) and Young’s inequality to
deduce

2
Xml

H(Q)

E 7TL

Defining ¢; := 12/(6 — q), we have 1 = 1/g1 + ¢/6 + 1/q1. It follows from (4.22, 4.18, 4.19), (A6), and the
generalized Holder’s inequality that
¢I1>

k
IQ,k SCQQ Z (hm
Xm — Xm—1

m=2
m

2
+ Co Z hom H — Xm—1 (425)

2

Xm — Xm—1
R,

Xm—1 — Xm—2

+ hm—l hmfl

q1

< (Il + Won-al"L + lon- s + 1) |
q1

+ Cashy

X1 — Xo
1

X1 — Xo
(Il + lixol”lls +1) HT
q q 1

q1 q1

Using (AP.1), (4.9), Young’s inequality, (A5), the Gagliardo-Nirenberg inequality, and ¢ < 4, we obtain that

C 9 m m m—
Iy < =2 Zh Hw +024Zh H —Xmot) (4.26)
m=1 hm H(Q) m=1 m 2
Combining (4.20, 4.24-4.26, 4.9), we conclude that
Xe = k1 |* L en = [ Xm = Xme1 X1 — Xmez|[* | Cis < Xom = Xm—1||?
-n - + _7'] m m— _ m— m— + el h,m H m m—
2 I 5 2 mz::l hom Rm—1 ) 2 mz::1 B H(Q)
k X X o & u u
m — Xm—1 ) Um — Um—1
+ Em —&m—1)—F— t5 hm, +C3 Uk +C13 Um, — U —
> DT X e ||, s Tl mZ H 1l e
2
C Xm — Xm—1
<Oyt & Xm — Xm-1 4.2
SOt w7 40
By taking the maximum from m =1 to m = K, we see that (4.15) holds, because of (4.6). O
Lemma 4.4. There exists a positive constant Cag such that
&naé{K 1€mlly + 0<ma§K ||Xm||H2(Q) < Cgg. (4.28)

Proof. Testing formally (2.3d) by &,,, and using Green’s formula, (2.3e, 4.3), and Young’s inequality, we obtain

Xm — Xm—

h ot +0&(Xm7mel) (429)
m

el < H—A; (Xoms Xom1) tm — 1
2

For a precise derivation of this inequality, one has to replace 8* by the Yosida approximation 5] /n of 3*, see
p. 104 of [4], and test the modified version of (2.3d) by the approximations of X, and &,,. Here, one has to use
that the approximation of ,, is an element of H5(£2) such that the generalized chain rules hold, see Theorem 1

of [26] and Lemma 2.1 and Remark 2.1 of [25]. Now, a passage to the limit and using Prob. 1.1(iv) of Chap. II
n [2] lead to (4.29).
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Applying (A6), the generalized Holder’s inequality, p < 1, (AP.1), (4.9, 4.15), we obtain
IXa Ot XYty < X500, 0) il + Cor (i Ol + It = Olg) (WPl + [t g + 1) Tl
<Chs. (4.30)
Combining this with (4.29, 4.10), (A3), (4.15) leads to
[€mlly < Cog. (4.31)

Comparing the terms in (2.3d), and using (A3), (4.15, 4.10, 4.31, 4.30), we see that

< Csp.
2

+&m — U:i(Xma Xm—l) + )‘Zl (Xm7 Xm—l) Um,

lleAxmll, = HnM

b

Now, using Lemma AP.4, (4.9, 4.3), we conclude HXmHHz(Q) < (C51. Combining this with (4.31, 4.6), we see
that (4.28) is satisfied. O

Hlm)*)

2

Lemma 4.5. There exists a positive constant Csy such that

1<m<K hm

)\m - )\mfl
hm

H 9m - gmfl
2

max <|)‘:i(Xm7Xm1)”oo +

+  Inax ||)‘7TLHH1(Q)<C32 (4.32)

hm 0<m

+Zh H m — Am—1

H(Q)

Proof. By looking at the terms in (4.4) and using (4.15) and Lemma 3.2, we see that

max co em - em—l + /\m - )\m—l < 033. (433)
1<m<K B b HY(Q)*
Thanks to (4.28), Sobolev’s embedding Theorem, and (A6), we have
oLoax [xmllzrre(0) +1gna§K||Ad(xm,xm Do < Csa. (4.34)

Combining this with (A6) and Theorem 1 of [26], we see that X;(Xum, xm—1) € HY(2) and

 nax VN (X Xm—1) [l < Css.

Therefore, owing to (4.5), Young’s inequality, the generalized Hélder’s inequality, (4.34, 4.15), and Sobolev’s
embedding Theorem, we have
2
)

2

m_/\m—l
;2o (),

m

)\m_ m—1
max —_—
1<m<K

< max (H/\:i(vaXm—lﬂoon

m

K 2
2 Xm — Xm—1
+2> han NGOy Xom—1) 1o HV (mhim)
m=1 m 2
K X Y 2
2 m — Xm—1
+2 3" B [9X (o 1) [ || X2
m=1 m 3

< Csg.
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Combining this with (4.33, 4.6), we see that (4.32) is satisfied. O

Lemma 4.6. We have 0, € H'(Q) for 0 <m < K.
Proof. We have 6y € H'(Q) by (2.3f) and (A4). For 1 < m < K with 6,1 € H'(), we define the
approximation 6., , € H1() N L>(Q) for 6,, by

1\ !
O n = <um—|——> a.e. inQ, VneN.
n

The Lebesgue dominated convergence theorem and 6,, € L?(Q) yield that

O, — O, strongly in L*(Q). (4.35)

n—oo

By applying (4.4) with v = 9%1 » and using (4.3), Holder’s inequality, Lemma 3.2, (4.32), (AP.1), and Young’s
inequality, we see that this sequence is bounded in H!(€). Combining this with (4.35), we conclude that
Om € HY(Q). O

Lemma 4.7. There exists a constant Cz7 such that

O<max 10m]l5 < Csz. (4.36)

Proof. We multiply (2.3c) by hy,, and use (4.5). Summing up the resulting equation for m = 1 to m = i, we
find

coli + N + K Z hm Ay, = cobfy + Ao + Z hmgm a.e. in Q. (4.37)

m=1 m=1

We test (4.37) by h; - Au;, take the sum from i = 1 to i = k, and apply Green’s formula, (2.3e, 4.3), 6,, € H'(Q),
(AP.3, AP.2), Lemma 3.2, and Schwarz’s inequality, to derive

Vuz

2
k
Iﬁ‘, 2 CoC
COZh g 2w+ = § il

k k—
< Csg —|—/ <<0090 + Xo + thgz> Zh Auz> dx — Z /gz“ Z hpm Ay, dx
=1 =1 =1

Q m=1

k k
1
T Zhi/v& o Vu,;dzx + th; /)\i (viui — ¢) do
=1 Q =1 T
Now, by utilizing Young’s inequality, (4.6), Lemma 3.2, (4.15, 4.32), and hy, < cyphm—1, we derive

2 k k-1
li
5 E : m HAumHg < C39 + Cyo g hm (438)
m=1

m=1

k v k m 2
Co Z h H Um Z hmAum Z thuz
m=1 m=1 =1 2

By applying the discrete version of Gronwall’s lemma, we get a uniform upper bound for the left—hand side of
(4.38). Looking at the terms in (4.37) and applying (4.32, 4.6), and Lemma 3.2, we see that (4.36) holds. O
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Lemma 4.8. We have 0,,, € C(Q) for 0 < m < K, and there are two positive constants Cy1, Cyz such that

2

K 2
U, — Um—1 0, —0 —1
Ogmn?%(K (HumHC(Q) + HemHC(Q)mHl(Q)) + mzzjlhm ( = hmm , = hmm 2) < Cy1, (4.39)
K
Z hm ||um||?{2(g) < Clya. (440)
m=1

Proof. We deduce, by Lemma 3.2, (4.32, AP.1), that

2
< Cys.

6

k
)\m - )\mfl
hm m— 7
Z Hg hm

m=1

Thanks to (4.3-4.6, 4.15, 4.32, 4.36), and Lemma 3.2, we can apply Moser’s technique as in Lemma 6.11 and
6.12 of [16], for € > 0 fixed, and derive, by using (4.6), that

< .
smax, ([l ooy + 1m0 ) < Cas

Combining this with u,, € H2(Q) C C(Q), and (4.3), we see that u,, is a continuous function on Q which is
bounded from above and below by positive constants. Combining this with (4.3, 4.15), and Holder’s inequality,
we see that 6, € C(Q2) and (4.39) hold. Now, by looking at the terms in (2.3c), and using (4.5, 4.32), and

Lemma 3.2, we see that
K

Z hm HAumng < Cs.
m=1
Now, Lemma AP.4 yields that (4.40) is satisfied, because of (2.3e), Lemma 3.2, and (4.15). O
Lemma 4.9. We have
NG = Ml < Cig 2], W1< k<K (1.41)

Proof. Applying (4.5), (A2), the mean value theorem, (A6), (4.28), and Sobolev’s embedding Theorem, we
deduce

k 2

ACuk) = Ml < Car Y7 12, |FE—2L) e in €2 (4.42)
m=1 m
Hence, recalling (AP.1, 4.15), we conclude
: Xm — X 2 & Xm — X ?
H)‘(Xk)_)‘kHBSC@ thn <mh7m1) §C492h72n ‘mhiml < CsolZ|.
m=1 m 3 m=1 m H(Q)
|

5. PROOF OF THEOREM 2.1 AND COROLLARY 2.1

We assume that (A1-A6) hold.
In the framework of Theorem 2.1, we obtain from (A6) that (2.6) is satisfied for h* = ¢, /2C5 and C5 = 2C5.
We assume that |Z] < h*.
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In the framework of Corollary 2.1, it is part of the assumptions that |Z| < h* where h* and C5 are positive
constants fulfilling (2.6).

Because of (A4) and Sobolev’s embedding Theorem, we see that H X

OH , we can consider ¢* as in (4.1), §*, and the corresponding modified version of the

K
time—discrete scheme as in the last section. Lemma 3.3 yields that there exists a solution (Qm, uB B ¢B )m 0

to this modified version of the scheme. Since the assumptions used in the last section are satisfied, the estimates
derived therein hold for this solution. Now, because of (4.28) and Sobolev’s embedding Theorem, there is some
positive constant C’, independent of B, such that

O||Oo is finite.

For any B > ||X

0<m <KHXmHC(Q <C. (5.1)

Now, we consider B := C’ + ||X0H00 + 2. Thanks to (4.1), 5* = 9¢*, and 8 = J¢, we have

6*|[—C/—1,C’+1] = 6|[—C/—1,C’+1] :

This yields, by (4.3, 5.1), that the solution to the modified version of scheme is also a solution to the unmodified
version of the scheme (Dg).

K
It remains to show the uniqueness of the solution. Assume that we have two solutions (09), u%), Xm , §m )
m=0

K
and (aﬁ)wﬁ),xﬁ),gﬁ)) to the scheme (Dz). Hence, the estimates in the last section are valid for both

solutions.

In the sequel, Cj, for i € N, will always denote positive generic constants, independent of the decomposition Z
and the considered solutions.

Thanks to (2.3f), we have 6, (1 — 0(2 1) = u(()2), X(()l) = X(()Q), f(()l) = 562) a.e. on ).

To prove by induction that the two bOluthIlb coincide, we now assume that 1 < m < K is given such that

1 2 1 2 1 2 .
97(n) 1= 97(n) 1 fn) 1 fn) 1 Xgn) 1 an) 1 X a.e. in . (52)
Now, let t,, := uS) — ug,%) and x, = XS}J — XE;?.

Using (2.3b, ¢, e), Green’s formula, and (5.2), we deduce

o _ g2 —

—Um .
0y = O @ & in Q, (5.3)
Urn Uy

%/( (1) (2) + X5 x )(Xﬁ) —X*) N, (@, x )(Xg) X )) da
Q

umm

—m/VumOVvdx —/vmumvdx =0, VYveHY(Q).
r
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This yields for v = —h;, Uy, by Lemma 3.2,

2

Um, 2
o || —I| + hmC1 ||um
0 RO L[t

Um” Um 9

< //\&(xﬁ),x*)xmumdx +/ (/\&(x%),x*) —/\&(xﬁ?,x*ﬁ (P = xupmdz. (5.4)
Q Q

Recalling (2.3d, 5.2), we have
X * *
3 — el + 60 — € — i) ) + a0 ) ) =
-\ (X%),x*) U — (A& (X%),x*) — N (X&i),x*)) u? ae inQ. (5.5)

Testing this equation by X, and using (A3), Green’s formula, (2.3e, 2.3b), and the monotonicity of 3, and
adding the resulting estimate to (5.4), we obtain, by (4.39),

C
Colltm 5+ hanC [z g + 37 Il + € Vx5 < 11 + Fo, (5.6)

with

=~
Il

(VO x) = X082 x) ) (2 =X = uP x ) (5.7)

(A x) = 702 X)) xom (5.8)

o
sl al_

Now, we consider the framework of Corollary 2.1 and Theorem 2.1 separately.

If we are in the framework of Corollary 2.1, the uniqueness needs only to be shown under the additional
assumption that (2.7) holds. Therefore, we have I; = 0 and

C 2 C 2
I, < 5 |77Z| (Xm)™ dz < ﬁ ||Xm||2'
Q
Hence, (5.6, 5.3, 5.5) yield that
Um = Xm = 0, 0%) = 0%%), f%) = fffb) a.e. in Q. (5.9)

This finishes the proof of Corollary 2.1.

Now, we consider the framework of Theorem 2.1. (A6), (4.28), and Sobolev’s embedding Theorem yield that

LX) = MR )+ o)) — oh(dP, x| < Cs [xm| - ae. in Q.

+
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Hence, by applying the generalized Holder’s inequality, (4.28, 4.39), and Young’s inequality, we deduce

ugy

2
It I <Cs lemlly (X2 = x|l + [[ 2| Iimlla) + C I3

Cs 2 2
37 HUMHQ +Cy ||Xm||2 .

Therefore, if we assume that |Z| < ¢, /2C4, we obtain I1 + Iy < (C2/2) ||um|ly + (¢n/2hm) |[Xml|5. Combining
this with (5.6, 5.3, 5.5), we see that (5.9) is satisfied.

Since we have shown that the scheme has a unique solution, if |Z| is sufficiently small, Theorem 2.1 is
proved. O

6. PROOF OF THEOREM 2.2 AND THEOREM 2.3

We assume that (A1-A4, A6) hold. Thanks to (A6), we have positive constants h* and CZ such that (2.6)
is satisfied.

6.1. Properties of the approximations

In this section, we only consider decompositions Z with (A5) and |Z] sufficiently small. Hence, Theorem 2.1
g o~z ~z =2
yields that there exists a unique solution to the time—discrete scheme (Dz). Let (92 %, X% € ) be the

corresponding approximations derived from the solution to (Dz) as in Section 2.3.

For (Am)E_, as in (4.5), we define the piecewise linear function AZ analogously to YZ. The piecewise constant

functions 52, a?, X%, 7%, ZZ, 77, 37 are defined analogously to ZZ, and XZ € L>(0,T; H?(Q)) is defined by
XZ(t) = Xm-1, Yt€ (tm_1,tm), 1 <m < K. (6.1)

Then, by the definition of the approximations, (2.3a—f, 4.5), we have

0%, 0% N € H'(0,T; HY (), % € L*(0,T; H(Q), 0% € L*(|Z], T; H*()), (6.2a)
X7 € H'(0,T; H*()), X7,x7 € L>(0,T; H*(Q)), (6.2b)
& € L™(0,T; L3(%)), (6.2c)
0<%, 0<% 0 = —, ¥ 327 eDP), € ch¥ in 6.2d
<u?, 0<u?, =7 XXX eDB), & €p(xX?) ae inQr, (6.2d)
cogtz + th + kAT? =g7  ae. in Qr, (6.2e)

~ — =Z — — _ .
i —eAXY? + & —o(¥?. xP) = N (xZ . x%)u?  ae. in Qr, (6.2f)

—Z ~Z ~Z

_Haain =~%u? — ZZ, % =0, % =0 ae. inl7p, (6.2g)
92('70) = 007 aZ(70) = uov X\Z('v 0) = XO7 )‘Z('v 0) = )‘(XO) a.e. in €. (6.2h)

In the sequel, C;, for i € N, will always denote positive generic constants, independent of the decomposition Z.
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We find, from (4.15, 4.28, 4.32, 4.39, 4.40):

o a
H H W0 (0,T;H(Q)*) N H(0,T;L2(Q)) N C(Qr) N Lo (0,T;H (Q)) H Loo(Qr) N Lo°(0,T;H(Q))

+ HaZHC([O,T];Hl(Q)) A HY(0,1522(Q) nC@r) T HaZHLQUZ\,T;H?(Q))

—Z
+ Hu ||L°°(0,T;H1(Q))OL°°(QT)nL2(0,T;H2(Q)) <G, (63)
~7 _z
HX ||WL°°(0,T;L2(Q))nHl(o,T;Hl(Q))nC([o,T];Hz(Q)) + ||X HLw(o,T;Hz(Q))
’ e ¥ <G (64
* Il HL""(OvT;Hz(Q)) N H£ L°°(0,T;L2(Q))+ Wieo (0,T5L2(9)) 0 HA(O,TH () — - (64)

The difference between the piecewise linear and the piecewise constant approximations can be estimated, by
using (4.15), (A2), (4.28), Sobolev’s embedding Theorem, (4.32, 4.39, 4.41):

~  —Z
02 -9 ‘ a? —g? <0312 6.5
H L2(0,T;L2(2)) N L> (0,T;H (Q)*) +[[a* -~ HLQ(OvT?B(Q)) < Gs 2], (6:5)
~7 —Z Sz Z
||X - X ||Loo(o,T;L2(Q))nL2(o,T;H1(Q)) + ||X —X HLoo(o,T;Lz(Q))an(o,T;Hl(Q))
+ H)\(X\Z) - A(YZ)HLOO(O’T;LQ(Q)) § 04 |Z| ’ (66)
p7 =X + |r&h =X <Cilzl.  (67)
L°°(0,T;L?(2)) N L2(0,T;H*(2)) L= (0,T;L3(2))

~7 _ —Z 1771
[a% —7 HLz(o,T;Hl(Q)) < Gov|Z|. (6.8)
For the approximation of the data, we have, by (A3):

Lemma 6.1. The functions §Z,7Z,ZZ fulfill

-7 7 =Z
[P | HC HLw(FTmLOO(QT;H%(F)) < Cr, (6.9)
.y —Z =Z
P e i PR o RN e (6:10)
Now, estimates similar to [28] are used to prove the following lemma.
Lemma 6.2. We have a positive constant Cy such that
—// (g—ZZ) (x—x%) dz dt <Cy|Z*, Vsel[0,T), (6.11)
0Q
for all x, & € L*(0,T; L3(Q)) with
x € D(B), &e€plx) ae inQr. (6.12)

Proof. From (6.12, 6.2d), and 8 = J¢, we get

S

Ay = —O/Q/ (5 —EZ) (x—X7) da dt < O/Q/ (—¢>(yz) +& x? —x%) +¢(>?Z)) dz dt.
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For 1% : (0,T] — [0, 1] defined by

()= 2—  Vte (tm1,tm), 1 <m<K, (6.13)

holds
2=+ 157 =2 +17 (x? —-X%) ae inQr.

We apply the convexity of ¢, to show that
S
— =Z
A < /zZ/ (—o%) + o) +E (X7 ~x7)) do at.
0o Q

Since (6.2d) and 8 = 0¢ yield that the integrand is a.e. non—negative, we see, by (6.13, 2.3b,f), (A4), and
8 = 0¢, that

K tm
A < Z / t";l ! de /(_¢(Xm) + ¢(Xm—1) +&m (Xm - Xm—l)) dx
rn:ltm71 m Q
L2 = Xm — Xm—1
<SIZP Y |6 — o) T
m=1 m 1
Hence, (6.11) holds because of (4.15). O

6.2. Error estimates

Now, we estimate the difference between the approximation and one exact solution. Here, ideas from [7,8,
16, 28] are used.

Lemma 6.3. For every solution (0,u, x,§) to the Penrose—Fife system (PF) there are positive constants Cho,
C11 such that

2 2

s s —7Z 112
_z J / __z d uU—u
Tk R IOk [N v I
0 H1(Q) 0 r
= o rt o + 07 Ve
L2(0,T;L2 () L2(0,T;L1(Q)) X=X L2(0,T5L%(Q))

~Z12 _
+x - XZHL2(O,T;H1(Q))r‘nLOO(O,T;L2(Q)) < G <|Z|2 + 12| ||u— UZHL2(0,T;L2(Q))> (6.14)
< CulZ|. (6.15)

Proof. The generic constants may depend on the solution to the Penrose-Fife system.
Thanks to (2.1a,b), Sobolev’s embedding Theorem, and (AZ2), we have

1011 Loe (0,7 22(02)) + Ntll oo 0,721 (02)) F Ntll L2g0,7smr202)) T XN 2w () I (DI Lo () < Cr2- (6.16)
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First, we work on the equation for 8 and u. Integrating the difference of (2.1e) and (6.2e) in time, and testing
the corresponding equation by v, and using (2.1g, h, 6.2g,h), we obtain for all v € H'(Q),

/(co(e(t) — 07 () + Ax(t)) — A2 (t) vd:r — H//V Z(r)) @ Vudz dr

Q
://(g(T)—g ) drvdz +O//7(T) (u(r) — T (r)) vdo dr

Q0
+//((W(T)—WZ(T))EZ(T)—(g(T)—ZZ(T)))vda dr, Vte(0,T). (6.17)
o r

For a.e. t € (0,T), this yields, with v = — (u(t) —u?(t)), by (2.1d, 6.2d),

/co (w;TﬁZZ)Q— (52—5Z) (u—ﬂz)> dz —/()\(X)—XZ) (u—7u?) dz

Q Q
t

Il
|
{O\
S
—
Q
—
\]
N—
|
S~—"
SN—
[oN
\]
—
<
|
IS
S~—
o,
S
|
—
~/
S — .
2
—
\]
N—
\]
S~—"
|
S|
N
—
\]
S—
S~—
(oW
\]
N———
—~
IS
|
S|
N
SN—
[oN
q

—f-c//V )) dr OV(u—u )dx =: Ao+ As+ Ay + A5. (6.18)

Owing to (6.2d, 2.1d), the generalized Holder’s inequality, (AP.1, 6.3, 6.16), we see that

S 2

/(Hu—qu +||o-27 ) dt <013/H \/TZ (6.19)
0
We have, by Hélder’s inequality, (6.10), and Young’s inequality,
_ 2
Az <Cu g - gZHL2(0,T;L°°(Q)) [u— H 40 - ZH% , (6.20)
2
As HZ(T)) dr
L2(T)
. 2
e (t) _
- / 2(’;(0)2 (/'y(T) (u(r) —a?(7)) dr) do, (6.21)
r 0
. 2
As = — gat / YV (u(r) —u%(7)) dr (6.22)
0 2
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By integrating (6.18) from 0 to s and using (6.19-6.21), we obtain

22?13 / (%Hu—ﬂzHQg +He_§ZHj> at + dt +3 /(u(T)—HZ(T)) dr
+% \/%/SW(T) (u(r) —w%(r)) dr // 29) + (A7) = 37)) (u—77) d at
+ co //(0 —é\Z) (u—7u?) dxdt—f—/s//t —('y(T)—VZ(T))UZ(T)) dr (uv—u?) do dt
0 Q r 0

s t 2
+T015|Z|2_// 'Yt(t)2 (/’Y(T) (U(T)—EZ(T)) dT) do dt =: A6+A7+A8+T015|Z|2+A9.
0o r 0

2(~(1))
(6.23)
Applying Poincaré’s inequality and Holder’s inequality, we get a positive constant C1g such that
S 2 S
C1e /(U(T) —u?(7)) dr < g V/(u(r) —u?(7)) dr SC /Hu H dr. (6.24)
13
0 HY(Q) 0
Using (A2), (6.16, 6.4), Sobolev’s embedding Theorem, Hélder’s inequality, (6.5-6.7), we derive
~7 -7 —=Z
Ag+ A7 < 017/ H(X - X ) (“ —u )H1 dt + Cis 12| Hu —u HL2(0,T;L2(Q)) : (6.25)
0
Partial integration with respect to time and applying Holder’s inequality result in
S S S
—=Z —Z —Z —Z
As < /(C —¢ ) d +/H’Y -7 HLw(F) dt ||m HL°°(0,T;L2(F)) /(U(T) —a(r)) dr
0 L2(T) 0 0 L2(T)
s t
=Z —Z —Z —Z
+/ (HC_C )L2(F) +ly -7 HLoo(F) [ HL?(F)) /(u( —a”(r)) dr dt.
0 0 L2(I)
Because of the trace theorem, (6.3, 6.10), and Young’s inequality, we observe
s 2 s t 2
Cie _z 1 _z 2
Ag < < (u(r) —w?(7)) dr +3 (u(r) —w?(7)) dr dt + Cig |Z]”. (6.26)
0 H(Q) 0 0 HY(Q)
In the light of Holder’s inequality and (A3), we see
s t 2
1 _—Z
Y
0 0

L2(1)
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Hence, we get, by using Holder’s inequality, (6.23-6.27), and Young’s inequality,

o s s 1 s
L [ ) - a#(m) ar +2g’13/(Z |\u_aZ|@+\9_eZHl) at
0 H(Q) 0
s 2
O i dt +1 N /’Y(T) (u(r) —u?(7)) dr
2 ) [V L, T2 | VAw .

S017/ H(X - >?Z) (u _EZ)H1 dt +Cis|Z| Hu - HZHL2(0,T;L2(Q))
0

—a?(7)) dr dt. (6.28)

L2(D)

+ (Cio +TChs5) |2 + 020/

,_.
~
N~—
o\ﬁ
=2
\]
S—
—~

Now, estimates for x will be derived. Subtracting (6.2f) from (2.1f), we obtain that
M~ )~ 2B ( ~T7) +€ & — /() + oUX7 x7) = N+ T AT e Q. (6.29)
Testing this with y — XZ and recalling (A3), (2.1g, 6.2g), we end up with
VA OO [ 5 0x) 7 (7 e [ (6-8) (7 o
S/(G’(X)—GQ(YZ,KZ))( dx—/ X)u— Ay(x?, x7)a?) (x — X7?) d=
Q Q

=: Ao+ Aq1. (6.30)

‘We have

— ~ S _ 2 9 ~ 2 9 _ ~ 2
6/V(X—XZ) oVx—x) de =5 |[Vx =X)L+ 5V =X -5 IVE =X (631)

Using (6.30), (A6, A2), (6.16, 6.4), Sobolev’s embedding Theorem, Hélder’s inequality, (6.6), and Young’s
inequality, we conclude

A= [ (000 = ' G9) (x = %) do + [ (U 79) = 04(x* 1) (x ~ B2) da
Q2 Q
<Co||x — )?ZHE +Co|Z° ae. in (0,T). (6.32)
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In the light of (6.30), (A6), the generalized Holder’s inequality, (A2), (6.16, 6.3, 6.4), Sobolev’s embedding
Theorem, (6.6), and Young’s inequality, we see that

A =— [ (M) (u—77) + N (x) - NED) 77 ) (x —X7) dz
[ )
_/@(’7 X7) = XX, Z>)“Z (x —X7) dz
Q
<Cas || (u—17) (x = )|, + Cau [x = KZ||, + Cos 121 (6.33)

Combining (6.30-6.33), integrating in time, using (A3), (2.1h, 6.2h, 6.11, 6.6), and adding the resulting estimate
o0 (6.28), we get

S

Cy _
76 /(u(T) — 'u,Z(T)) dr —I—C’%/ (Hu - uZH 4 H9 - ) Ll(Q)> dt
0 H(Q) 0
s 2
C u—u?
+EO/ F 2dt+% \/%/"/(T)(U(T)—EZ(T)) dr
0 L2(I)
+ 2 (e =¥+ / |9 (e =591y at + 5 / e = %
§A12 + C'18 |Z| Hu - HZHLz 0,T;L2(2)) + C(2’7 |Z|
s t 2 s
1 _ € 712
+§/ /(u(T)—uZ(T)) dr dt + (§+C'21+Cg4)/Hx—XZH2 dt
0 10 HY(Q) 0
+ CQ()/ 1 - /'y(T) (u(T) — HZ(T)) dr dt (6.34)
V)

L2(T)
with

Arg = (Ch7 + 023)/”()(— )?Z) (U_EZ)Hl dt.

0

Using Hoélder’s inequality, Young’s inequality, and the Gagliardo—Nirenberg inequality, we obtain

A12<% lu =[5 at + 2 HX s dt+028 HX R a.
H

Hence, (6.34), Gronwall’s lemma, and (A3) yield that (6.14) is satisfied. Combining this with (6.16, 6.3), we
deduce that (6.15) is satisfied. O
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6.3. Proof of Theorem 2.2

Proof. Thanks to the estimates (6.3, 6.4), Sobolev’s embedding Theorem, and compactness (see, e.g. Props. 23.7,
23.19, Prob. 23.12 in [31]), we get (0, u, x, &, A*) fulfilling (2.1b, c), (2.8-2.10), and

0c H'(0,T; L)), we L>*0,T; H (Q)), N\ € W'>(0,T;L*Q)),
such that we have, for some subsequence with |Z| — 0, the convergences (2.11-2.19), and
M X' weakly-star in - Wh(0,T; L*(Q)). (6.35)

We obtain the convergences (2.11-2.19) for the whole sequence, if we can show that (6,u,x,&) is the unique
solution to the Penrose—Fife system (PF'). Hence, we need only to prove this, to finish the proof of Theorem 2.2.

Thanks to the convergences for Y2 in (2.17, 6.4), the Aubin compactness lemma (see, e.g. p. 58 in [24]), and
(6.6), we also get

2 —x, X2 —x, XZ — x strongly in L?(0,T; L*(Q)). (6.36)
Hence, after possibly extracting a further subsequence, we have
X2 — X, XZ — X a.e. in Q.
This yields, thanks to (A2, A6), (6.4), and the Lebesgue dominated convergence theorem, that
ATD) — A, M(TZx7) — N0, oblx%,x) — o(x) strongly in L¥(Qr). (6.37)

Thus, (6.35, 6.6, 6.7) yield that A* = A(x) a.e. on Q7. Hence, using (2.11-2.19, 6.35-6.37, 6.3—6.10), we can pass
to the limit in (6.2a-6.2h) and obtain that (0, u, x, &) is a solution to the Penrose-Fife system (PF). Details
can be found in Section 8 of [16]. It remains to show that this solution is unique.

Let (6*,u*, x*,&*) be any solution to the Penrose-Fife system (PF). Since we can apply Lemma 6.3 for this
solution, using (6.15) and the convergences (2.11-2.18) yields that

0* =0, u* ' =u, X" =yx a.e. inQr.
Comparing the terms in (2.1f), we see that the two solutions coincide. O
6.4. Proof of Theorem 2.3
Proof. Thanks to (2.1d, 6.2d), Holder’s inequality, (2.8, 2.9, 6.3), we have
7112

uU—u

ua?

Z 2
) <
L2(0T5L2(9)

7112 -
HU_UZHB(O,T;B(Q)) + H6—0 Cag

L2(0,T;L2()) .

Moreover, we have x — X% € C([0,T); L3(R)), because of (6.2b, 2.1b). Hence, we obtain from (6.14) and Young’s
inequality that

s 2 s 2
1 2
—z —z —7z
O?%XT /(u(T) —u (T)) dr +Or§nsa§XT /'y(T) (u(T) ) (7')) dr|| + 5Cs Hu ) HL2(0,T;L2(Q))
0 H(Q) 0 T
1 =Z||? ~Z|2 2
+c_29H9_9 )LQ(O,T;B(Q))JFHX_X V2o mm o) noqomzamy S Cool2l. (6.38)
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Therefore, by comparing the terms in (6.17), and using (6.10, 6.3), we get

2

Hco (0-07) +A(X)—XZH <O 2.

Le=(0,TsHY(Q2)") —

Now, (A2), (6.16, 6.4, 6.6, 6.7), L2(Q) C H(Q)", (6.38, 6.2a, 2.1a) yield that

—~ |12
L
([0, T} H (2)")

Combining this with (6.38, 6.5), we see that (2.20) is satisfied.

(6.39)

(6.40)

O
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A. APPENDIX

For convenience, we list some inequalities and equalities used throughout this paper.

Lemma AP.1 (Young’s inequality). Fora>0,b6>0,0>0,p>1, q:=p/(p—1), it holds

1 1 1 1
ab < =aP + =b?, ab< o~ P VP 4 Zob,
p q p q

s—1
apsbp(l_s)§s< ) ) ab? +ob?, V0O<s<1.

1—s

Lemma AP.2 (Generalized Holder’s inequality). For a bounded, open domain Q@ C RN with N € N, p,p1, pa,

p3 € [1,00], f1 € LP1(Q), f2 € LP2(Q), and f3 € LP3(2) such that

1 1 1 1

P1 P2 p3 p

we have f1 - fo- f3 € LP(Q) and
1f1 - fa- fall o) < il Lo @) 12l oo o) 1131l Los () -

Thanks to Sobolev’s embedding Theorem, we have:

Lemma AP.3. For a bounded, open domain @ C RN with N € {2,3} and Lipschitz boundary, there is a

positive constant C such that

[E,

= ”vHIzﬁ(Q) S Cp ”'UHII)JI(Q) ) Vv e HI(Q)a p € (076]

(AP.1)
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The following classical elliptic estimate can be found in Remark 9.3d of [1].

Lemma AP.4. For a bounded, open domain Q C RN with N € N and 0Q smooth there is a positive constant
C such that

v
Hv||H2(Q) <C (HAv'Lz(Q) * Han

. T ||U|iz(9)> , Ve H* Q).
H3 (D)
In particular, for all v € H?(Q) with Ov/dn =0 a.e. on T,

2 2 2
el < € (18013 2) + Iolfag ) -

The following version of the Gagliardo—Nirenberg inequality is a special case of those considered in
Theorem 1.1.4ii of [32].

Lemma AP.5. Let Q C RY with N € {2,3} be a bounded, open domain with OQ smooth. Let 2 < p < 6 be
given and a := 3/2 — 3/p, Then there is a positive constant C such that

lall oy < € Nl oy lallizioy  Nallgnay < € lull ey lullhadh, -

If Q C R2, then the first estimate is also satisfied for a =1 —2/p.
Elementary calculations lead to:

Lemma AP.6. Forn €N, ag,a1,...,a,, by,b1,...,bp € R, we have

;al b; (Z ) ( ) - ijﬂ ;ai, (AP.2)
1
2

(g ) +z Zal, (AP.3)

1 =

i=1 j=1

n
E az a;

i=1

~.

s
<.
Il

n—1

Zaz i —bic1) = apby —aiby — Z (@iy1 — a;) b;. (AP.4)

i=1
Lemma AP.7. Let H be a Hilbert space with scalar-product (-,-)g and norm ||-|| ;. Then we have
1 2 1 2 1 2
(.0~ B = 5 lally — 5 DI + 5 lla by, Vabe (APS)

The next lemma follows from elementary analysis.

Lemma AP.8. Let a,b > 0 be given. Then there exists a constant C > 0, such that

gs—l—b|1ns| <as—blns+C, Vs>0.
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