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WEAK AND CLASSICAL SOLUTIONS OF EQUATIONS
OF MOTION FOR THIRD GRADE FLUIDS

JEAN MARIE BERNARD!

Abstract. This paper shows that the decomposition method with special basis, introduced by
Cioranescu and Ouazar, allows one to prove global existence in time of the weak solution for the
third grade fluids, in three dimensions, with small data. Contrary to the special case where |a1 + az| <
(24v8)/2, studied by Amrouche and Cioranescu, the H* norm of the velocity is not bounded for all
data. This fact, which led others to think, in contradiction to this paper, that the method of de-
composition could not apply to the general case of third grade, complicates substantially the proof
of the existence of the solution. We also prove further regularity results by a method similar to that
of Cioranescu and Girault for second grade fluids. This extension to the third grade fluids is not
straightforward, because of a transport equation which is much more complex.

Résumé. Dans cet article, on montre que la méthode de décomposition avec base spéciale introduite
par Cioranescu et Ouazar, permet de démontrer 'existence globale en temps de la solution faible pour
les fluides de grade trois, en dimension trois, avec des données petites. Contrairement au cas particulier
ou |a; + as| < (24v8)*/2, étudié par Amrouche et Cioranescu, la norme H' de la vitesse n’est pas
majorée pour toute donnée. Ce fait, qui conduisait & penser, en contradiction avec cet article, que
la méthode de décomposition ne pouvait pas s’appliquer au cas général du grade trois, complique
substantiellement la démonstration d’existence de la solution. On établit des résultats de régularité
par une méthode similaire a celle de Cioranescu et Girault pour des fluides
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1. INTRODUCTION

The most general constitutive law for the fluids of grade 3 is:
T = —]5] —|— Z/Al —|— alAQ —|— OCQA% —|— 61143 —|— /62(141142 —|— AQAl) —|— ﬁ(t?"(A%))Al, (11)

(cf. [13]) where T is the stress tensor, p denotes the pressure (a scalar function), I the unit matrix and A,, the
nth Rivlin-Ericksen tensor given recursively by:

8Ui

Ay =L+ LT with L;; = —
1 + w1 ij axj7

Keywords and phrases. Galerkin method, special basis, energy estimates.

I Université d’Evry Val d’Essonne, Boulevard des Coquibus, 91025 Evry Cedex, France.
© EDP Sciences, SMAI 1999



1092 J.M. BERNARD

where u is the velocity field and, for n > 2,

_ dAn—l

An - dz + An—lL + LTAn—l-

The constant v is the kinematic viscosity and «;, §; and 3 are the normal stress moduli. These constants are
not arbitrary. More precisely (cf. [9]) the following result holds: if the Clausius-Duhem inequality is satisfied
and the free energy is minimum at equilibrium then

1/207 51:62207 620; 04120-
With these restrictions, we can express T in the form:
- d
T = —pI +vA; + Oél(aAl + A1W — WAl) + (Oél + 042)14% + ﬁ|A1|2A1,
where
1 T
W=—-(L-L").
2
The incompressibility requires that:
divu = 0. (1.2)

The dynamical equation for a fluid of third grade is of the form:

d
d—? = divT + f. (1.3)
We can verify that:

div A? = A(u.Vu) — 2u.V(Au) + curl(Au) x u +V (u.Au + i|A1|2) ,

where
|A,[? = tr(A AT).
Therefore
divl = —Vp+vAu+a agt“ ¥ (a1 + a2)(A(wV u) — 2u.V(Au))
+(2a1 + an) <curl (Au) x u+ V(w.Au+ i|A1|2)> + Bdiv(|A2Ay). (1.4)

On using (1.4) and the relation:

du Ou Lo e
T E+ curlu x u+V(§|U| )s

from equation (1.3), we derive

% —vAu—o %Au+curl(u — (201 + ) Au) x u— (o +a2)A(w.Vu) +2(a; +az)u.V(Au) — B div(|A4;[*A;)

1 1
+ VP — (201 + a2)V(w.Au + Z|Al|2) +5V(lu >y=f. (1.5)
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This equation of motion is completed by the state equation (1.2), some initial data for the velocity and a
homogeneous condition for the velocity on the boundary of the domain.

Problem (1.5) is difficult because its nonlinear terms involve third order derivatives. In analogy with the
Euler equation, it is convenient to introduce the vorticity w = curlu. Taking the curl of equation (1.3), we
obtain roughly the following transport equation:

%(w — a1 Aw) + ai(w —0Aw) +u.V(w — g Aw) + M (u) = curlf + aicurl u, (1.6)
1 1

where M (u) collects lower order nonlinear terms that we shall specify in Section 2.

Fluids of third grade have been studied by Amrouche in [1] and Amrouche and Cioranescu in [3]. They used
a special method, which had been used, for the first time, by Cioranescu and Ouazar in [6,7] to solve a problem
of second grade fluids. This is a Galerkin’s method with the special basis of eigenfunctions corresponding to
the scalar product associated with the operator curl(u — ayAu). This basis allowed them to obtain, from the
discrete Galerkin problem, a discrete version of the transport equation (1.6), from which they recovered sharp
energy estimates. In three dimensions, they obtained existence and uniqueness of the variational solution during
some time interval, without restriction on the data, but under the supplementary condition

lag + ao| < (2403)Y/2. (1.7)

On the other hand, they proved global existence in time, under some restrictions on the data, but only in two
dimensions.

Recently, several authors such as Galdi et al. in [10], Bresch and Lemoine in [4], Sequeira and Videman
in [14] and Videman in [16] used another approach: each one decomposed the original system of equations in
their own way but all applied a Schauder fixed point argument. We think that these methods are less efficient
than the method of energy estimates of Cioranescu and Ouazar. On the one hand, this method is the only
one that gives the existence of solutions in dimension two for the second grade fluids, without restriction on
the size of the data. On the other hand, in three dimensions, if the two approaches prove the existence only
for sufficiently small data, the method of energy estimates leads to conditions of existence more precise, more
explicit and, with no doubt, less restrictive. The reason why this method may be better could be due to the
fact that, in those methods using a Schauder fixed point argument, the non-linear terms are placed unsubtly
on the right hand side, thus leading to lower-quality results.

The purpose of the present paper is to show that this method of decomposition allows one to prove global
existence in time of the weak solution of third grade fluids in three dimensions with small data, but without
assuming the condition (1.7) which gives a H' bound of the velocity u for any data. Here, the H' bound does
not follow directly from equation (1.3). Instead, the exponential decay with respect to time of the H! norm of
the velocity is obtained by combining (1.3) with the transport equation (1.6), but only with small data. Next,
by a method similar to that of Cioranescu and Girault in [5] for the case a; + az = 0 of second grade fluids,
we obtain regularity results but with severe complications, because of a transport equation which is much more
involved than in the simpler case a3 + as = 0 of second grade fluids.

This paper is organized as follows. The problem and the spaces involved are described in Section 2. Section 3
is devoted to prove formal a priori estimates satisfied by smooth solutions of the problem and uniqueness of
the solution if it exists. Existence is established in Section 4 by applying Galerkin’s method with a special
basis. The existence and uniqueness results are used in Section 5 to show additional regularity of the solution
when the data are also accordingly regular, whence the classical solution. Finally, in Section 6, we sketch the
non-simply-connected case.
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2. STATEMENT OF THE PROBLEM AND NOTATION

Let © be a bounded domain of R3, simply-connected, with a boundary I' that is at least of class C*!. We
denote by n the unit normal vector to I', directed outside 2. By setting

p=p— (201 + az) (u.Au+ Z|A1|2> + §|u|2,

equation (1.5) simplifies and the system of equations we propose to solve is:
Find a vector-valued function u=(u1, ug, u3) and a scalar function p defined on Qx]0, T,
for some T > 0, satisfying:

%(u — a1Au) — vAu + curl(u — (201 + @2)Au) X u — (a1 + a2)A(u.Vu)
+2(a1 + az)u.V(Au) — Bdiv(|4124) + Vp=f in Qx]0,T[, (2.1)

divu=0 in Qx]0,T], (2.2)
with homogeneous Dirichlet boundary conditions:
u=20 on I'x]0,T7, (2.3)
and initial data:
u(0) = ug in Q. (2.4)
The parameters a;, v and (3 are given positive constants and the initial data ug satisfies the compatibility
condition:
divup=0 in Qand ugp=0 on I. (2.5)

In order to set this problem into adequate spaces, recall the definition of the following standard Sobolev spaces
(cf. [12]). For any multi-index k = (k1, ko, k3) with k; > 0, set |k| = k1 + k2 + k3 and denote

kv = L
A dak? Ouk
Then for any integer m > 0 and number p with 1 < p < oo, we define:
W™P(Q) = {v € LP(Q);d%v € LP(Q) for 1 < |k| < m},
which is a Banach space equipped with the norm
m
[vllwmo@) = (YD 110%0]7,0)"7

[k|=0 k

with the usual modification when p = co. We denote H™(Q2) = W™2(Q).
For vector-valued functions v = (v1,vg,... ,un), we use special norms: if 1 < p < 0o, we set

VI~ = I V] zr () (2.6)
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where | . | is the Euclidian norm in RY. To simplify, we shall denote ||v||1»(q) instead of || V|| »(q)~. We consider
the matrices 3 x 3 as elements of LP(2)? and we define their norms L by using (2.6) with N = 9. In the same

way, we define the norms of tensors.
We shall frequently use the scalar product of L?(£2)

(1.9) = [ g ax.
the semi-norm of H'(Q)
vl 0) = Vl[L2(0)
and the subspaces of H!(Q), L?(Q)% and H*(Q2)3 :

H;(Q)={ve H' (Q);v=0 onT},
H(curl; Q) = {v € L*(Q);curl v € L?(Q)*},
V={vecH}>divv=0 in Q}-

The space V is equipped with the scalar product:
(u,v)y = (u,v) + @1 (Vu, Vv) (2.7)

and associated norm: ||v|y = (v,v)%//Q.

Recall also the Poincaré Inequality, valid on any bounded domain: there exists a constant P such that

Vv € Hy (Q), lvllz2) < Plvla @) (2.8)

As far as dependence on time is concerned, for any number 7" > 0 , any Banach space X and any number r with
1 <r < oo, we define the space

T 1/r
L"(0,T; X)={v:0,T[— X;v is measurable and (/ lo(®)|Ix dt) < o0},
0

equipped with the norm:

T 1/r
[vllzro,75x) = (/0 lo()Ix dt)
Following the approach of [5], we introduce the space:
Vo ={veV;curl(v—aAv) € LQ(Q)3}~ (2.9)

We recall a lemma of [5].

Lemma 2.1. Let Q be a bounded, simply-connected open set of R with a boundary I' of class C*'. Then any
v in Va belongs to H3(Q2)3 and there exists a constant C(ay) such that

Vv eV, |[Vlms) < Clar)|lcurl(v — a1 Av)|[12(q)- (2.10)
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Furthermore, the constant C(ay) has the bound

H
-

Y .
Clm) < a—lx/i if a1 > 5 or Clan) < el

where v is independent of a;.

Remark 2.2. The C?! regularity of I' is necessary for v to belong to H?(Q2)3.

(2.11)

Remark 2.3. The argument of Lemma 2.1 can be easily extended to prove that, for any integer m > 0, if '
is of class C™*2%! and v belongs to V with curl (v — a3 Av) in H™(Q)3, then v belongs to H™3(Q)? and of

course the imbedding is continuous.

According to Lemma 2.1, V5 is equipped with the scalar product:

(u,v)y, = (curl(u — ayAu), curl(v — a1 Av))

and associated norm: ||v||y, = (V,V)%Q. Hence
Vv e Va, |[[vlms) < Clar)|vlv,.
We introduce the Sobolev constants C; and Cy defined by:

Vo € H*(Q), |[|v]|lp=(q)
VYo e H'(Q), |lv]lrs)

Cl””HHz(Q)

Collvll (o)
Then we have with the norms defined by (2.6)

vv e (H @)Y, [VVlr=@) < Cillvlims @
and using Holder’s inequality:

we N, [Vl < G IVllme)-

Variational formulation

On the one hand, we introduce the trilinear form used in Euler and Navier—Stokes equations:

3
b(u;v,w) = Z /Quj%widx.
J

ij=1
On the other hand, we need the following result.
Lemma 2.4. Let u be given in H3(Q)3 and v in HE(Q)3. We define the matriz A(v) by:

Gvi 81}j .
(A(V))ZJ - axj + 81‘1', fOI' Zv] - 172a3'

Then

(~div(|A(w)*A(w)), v) = %(IA(U)FA(U),A(V))-

(2.12)

(2.18)

(2.19)
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Proof. Applying Green’s formula, we obtain

8u Ouj ., 0v;
2 4 7 7
(~div( A PA),v) = [ A 3 (G + T S ax
4,j= 1
But
ou; 8u] ov; 1 3 ou; auj 81}1 0v;
m,:l(axj * oz, 8x] 2 Z: 8x] 8x] 8xi)'
Hence, (2.19) follows. O

We remark that A; = A(u). Then, owing to the trilinear form b and the previous lemma, we propose the
following variational formulation of (2.1-2.5):

For f given in L2(0,T; H(curl; Q)) (N L>=(0,T; (L?(2))3) and ug given in Va, find u in L>(0,T; V) with u’
in L2(0,T;V), such that

YWweV (W, v) + a1 (Vu', Vv) + v(Vu, Vv) + (curl(u — (2a1 + a2)Au) x u,v)
o+ 02)[(V(.Vw), Vv) + 2b(: A v)] + 2 (| A(w)2A(w), AW)) = (£.v) (2.20)

with the initial condition (2.4).
Clearly, by restricting the set of solutions of (2.1-2.5) to L>(0, T’; V) with the first derivative in L2(0,T;V),
this formulation is equivalent to (2.1-2.5).
As mentioned in the introduction, we shall obtain a transport equation by taking the curl of equation (2.1).
Before, we require the following technical results.

Lemma 2.5. Formally, we have

3
curl(u.Vv) = u.Vcurlv — curl v.Vu + divu curlv + Z Vug X Vug. (2.21)
k=1
Proof. We can verify this identity for each component. O
Lemma 2.6. We denote A ; the jth column vector of the matriz A. Suppose that divv = 0. Formally, we
have
curl(div(|A(v)[?A(v))) = |A(V)[*A(curl v) + 2V (|A(V)[?).Veurl v + B(v), (2.22)
where
& ) )
=3 [T (AW) % 4.4(3) ~ o (AT (curt vy (223
p T T

Proof. We can verify, using the identity: div(fv) = 8divv + VO.v,

3
div(JA(V)2A(V)) = |A(V)PA vV + Zi 2)A 4 (v). (2.24)
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Next, we have, owing mainly to the identity: curl(6v) = 6 curlv + V0 x v,

3
curl(|A(V)[?Av) = |A(V)|*A(curl v) + V(|A(V)[*).V curl v — Z 8;;(|A(v)|2)V((curl V)k) (2.25)
k=1
and
9 & )
curl( Z 8— A x(v)) = V(A(V)*).Veurl v + Z v (a—xkﬂA(v)F)) X A k(v). (2.26)
k=1 k=1
From (2.24, 2.25, 2.26), we derive (2.22). O

Set w = curlu. From Lemma 2.5 and divu = 0, it follows that:

curl(u.V(Au)) = u.V(Aw) — Aw.Vu + i Vug x V(Aug) (2.27)
k=1
and
curl(A(w.Vu)) = Au.Vw 4+ u.V(Aw) — Aw.Vu — w.V(Au) + 22 (a g—“’ - g—“’. g—“) . (2.28)
T Oxy, Tk Tk
Finally,
curl(curl(u — (201 + a2)Au) x u) = u.V(w — (201 + a2)Aw) — (w — (201 + a2)Aw).Vu. (2.29)
Thus, we derive formally from (2.27-2.29, 2.22) the following transport equation:
g—t(w — a1 Aw) + g (w — a1 Aw) + uV(w - 01Aw) — (w — a1 Aw).Vu — (a1 + a2)Au.Vw
(a1 + a2)[w.V(Au) + 22 o g;; g—; Vg—; + Vug x V Auy)] + B[-B(u)
+ail|A(u)|2(w —a1Aw) — 2V(JA(u)[}).Vw] = curl f + O%curlu + O%|A(u)|2curl u. (2.30)

This equation has to be interpreted in the sense of distributions, unless u(t) belongs to H*(£2)3.

3. A PRIORI ESTIMATES AND UNIQUENESS

The a priori estimates of this section are formal because they are derived for the exact solution of prob-
lem (2.20, 2.4), whose regularity is not known. However, in the next section, we shall apply these estimates
rigorously to the solution of the Galerkin approximation of problem (2.20), and we know from the onset that
this solution is sufficiently smooth.

Lemma 3.1. Suppose problem (2.20, 2.4) has a solution u in C°(0,T;Va) with ' in L°°(0,T;V). Set

v

Ki=—"
! 2(P2 + ay)’

6
Ky = —|041 + 042|010(041).
(€51
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Then this solution satisfies the following inequalities for all t in [0,T]

_ 7)2 t B .
[O < e ul £ [ e () g ds
—Ky(t—s) K 2
K3 [ e 7 — [a()llv; | lals)[i ds, (3.1)
0 Ko
1 P2 [t Ky [ (K
AN e ds < S0l + 2 [t a9-52 [ (R e el ds). 62
Proof. The choice v = u in (2.20), the anti-symmetry of b, the relation (w x v,v) = 0 and the definition (2.7)
imply
1d 9 2 p 4
S Ol +vla@)ln @) + 3(er + a2)b(u(?); Au(t), u(t) + Sl AWM s = E@),u).  (3.3)
Observing that
1
Vv € Hy(Q) oo Hvllv < Vo) < —Hvllv, (3-4)
we obtain
v p
5 dtll uOIY + 57— ol O + S IA@O) 22 < [(EE), 1)) + 3lan + az[lb(u(®); Au(t), u(®)]. (35)
Since v belongs to V5, we derive by applications of Green’s formula that
Ovy, Ov; 81}1
b(v; Av,v) / —F—vidx = /
”zk:1 &vka 2 17%:1 dxj Ox; &vk
hence
8u 8“1 8”1
b su )] <15 280z [ 5357 DO g
j.k=1 i=1 j,k=1 i
Then (2.16, 2.13, 3.4) imply
CC(a
(e Su(t) (0] < 1900 20 a0 o < X ) o) - 39)
(3.7)

Moreover, we have
P? 2 v 2
(@), u®))l = 5 IE@)[z20) + S1u) (0)-

By substituting into (3.5), simplifying by ||u(¢)|[v and using the constants K7 and Kj, we obtain for all ¢ in

K ) O, 38)

[0,T):
K ol

a2 + Kala®[? + 5] [AG) I740) < H (Ol Z20) — Ko (



1100 J.M. BERNARD

Then (3.1) is derived by multiplying both sides of (3.8) by e®1* and integrating over [0,¢]. At last, we obtain

(3.2) by integrating (3.8) over [0, ].

O

Remark 3.2. The term b(u(t); Au(t),u(t)) gives rise to the factor ||u(t)|ly, in the right-hand side of (3.1).
Therefore (3.1) alone does not give an estimate for ||u(t)|yy. We shall complete (3.1) with an estimate derived

from the transport equation that will upbound simultaneously ||u(t)||v and |[u(t)||v, for small data.

Theorem 3.3. In addition to the assumptions of Lemma 8.1, suppose that curl(Au) belongs to L*(0,T; H*()3).

Then y(t) = |[u(t)||3, satisfies the differential inequality in [0,T]:

v, _ P2 [t s
v () <o ol + 2 [ e ) oy )
1 0
201 9 v
2 carl £() |22 0 — v
+ v ||cur (t)HL Q) C(alv a2,ﬁ)(20[10((},1, as, 6) y(t))y(t)
BC(a 4v b s K
+ 20 A ey — T [ e IGE — VG)u(s)f ds
1 1 0 2

where

o 20/,1

2 3 3/2 a3
Clansaz.8) = Z22(Clan.0) + B(Clan))* (1661 (VE+ 210} + 20 + F )

with C (a1, az) = C1C(a1) + |a + a2|(C(a1)2[(VE + 2(vV3 + v2))C1 + (VB +2v2)05?)
and K1 and Ko are defined in Lemma 3.1.

Proof. To simplify, set z = w — a3 Aw. Then taking the scalar product of (2.30) with z gives:

%Hu(t)IIQVZ + O%IIU(t)H%/Q = b(z(t);u(t),2(t)) + (a1 + a2){-b(Au(t); w(?), z(1))

N =

20 2O )~ o

M«

+b(w(t); Ault),z(t)) + 2
k=1

+ (Vug(t) x VAug(t),2(t))]} — B{2(V(A(u(®)[*). Vo (1), 2(t) + (B(u(t)), z(1))}
+ A a0y = (curl(E(e) + ), 2(0) + 2
Considering that, for all u and w in L%(Q)? and all v in W1>°(Q)3,
[b(w; v, w)| < |lul|2) VY@ W20,
(2.16, 2.13) yield
[b(2(t); u(t), 2(1)] < [IVu(t)l| L= 12(6)]122(0) < CLClan)[[u(®)]7,-
Next, considering that for all u in L4()%, v in W4(Q)? and w in L2(Q)3,
b(; v, w)| < [[ullLae)[[VViLa@) Wl L2@),
(2.17, 2.13) gives

b(Au(t); w(t), z(t))|

IA

1AW 10y V@ )] Lo |20 L2 (@)
V6 C3%(Clan))? lu(®)]3,.

A

(|A(u(t)[*curlu(t), =(t)).

(3.10)

(3.11)

(3.12)

(3.13)
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By similar argument, we obtain

Ib(wo(t); Au(t), 2(6))] < [l(t) | (o | Au(t) 11 o 2Dl 2y < VECL(Clan)P[u@)E,,  (3.14)
3
S p( 20, 09) ) < VB ey (Clan) Pl (3.15)
=1 8xk a’Ek
3
S p( 2D 20 ) < VB (Clan) I, (3.16)
1 83% 83%
and
3
S (Vur(t) x Vaur(t), 2(6))] < VEC1(Clan)?u),- (3.17)
k=1

Considering that

3 3 2 3 2

Z Ou; Z A; 02w

4 v 1-7 < 4 E (3
- ij=1 ((%cj) ( Oz, ) -4 (8xj8xk> ’

i,7,k=1

by using Holder, Cauchy-Schwarz, (2.17, 2.16, 2.13), we obtain

3 3 1/2
(VAW ). Vo, 2)] < 22l 2oyl AW 10 { JN=31DS <8A“<“>>2>dxl

< 8v2C1 Gy (C(0n))*[u(t) 1. (3.18)
By expanding the two terms of B(u) and by using the same techniques, we have
3
(O Vi AE)) A (u(0).2(0)] < 16C1(C: + C3)(Clan)* ), (3.19)

k=1

and
Z oy %) Ve (t), 2(1))] < 820105 (Clan))? [u(®)[4,. (3.20)

Bounding the right side of (3.11) in the same way as (3.7) and collecting the inequalities (3.12-3.20), we derive

d v 2001 2v
EIIU@)H%@ + a—1|IU(t)H%/2 S—=|lcurlf(t )72 to- ||Cur1U( 720 +2C(a1, a2) a3,

+168C1((3V2 + 2)05’/ : +201)(C(en))? u®)[I4,
+ Tfln [ Au(t))|eurl u(t)||22q)- (3.21)

Now, using the bound

C(a1)

HAu(t)|curlu(t)][7: ) < HA@ED 1740y + @1(C(en) > C3llu(®)]l3,
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and setting y(t) = |lu(t)||3,, (3.21) implies

v 2001 4v
y'(t) + —y(t) < THCurlf(t)lliz(Q) + QIIU(@H% +2C(an, a2) y(t) v/ y(t)
1

aq
c3 50(041)

+B(C(an))’ (16C1 (32 +2)C5" +2C1) + =2) (w(1)* + =5 57 [ AW [ F4(0)-

Finally, considering that ,/y < 1/46 4 6, we obtain

2a 4v
y'(t) §—1|\cur1f(t)|\%2(9 pe] a1
50( 1) 4 v
ACa()] 240 — S
+ IC A0 ) — a0 Ny — 9D 0
and we derive (3.9) by substituting (3.1) in this inequality. O

In the absence of additional information on the solution u, it is clear from the differential inequality (3.9)
that we cannot prove global existence in time of u unless we show the uniform bound:

14 K2
o0 0t e (v KPY 322
>0, _y()_mm<2a10(041,04275)’K22> ( |

Owing to the exponential decay of terms of (3.9), we shall prove that every continuous solution of (3.9) satisfies
(3.22) for small enough data.

Lemma 3.4. Let f belong to L*(R*; H(curl;Q)). If the data satisfy:

8v + C(al)Kl 2041 o
a2, + ————4wm+—/n )2 df) + A|@mw@@w

v K?
i _— 3.23
< mn (20410(04170427@’K22>’ (3.23)

where C(a1,ag, ) is defined by (3.10) and K1 and Ko are defined as in Lemma 3.1, then any continuous
solution of (8.9) with starting value y(0) = |[uol|}, satisfies:

| y
‘> < y(t) < o e e A 2 ] “
vVt >0, 0 <y(t) <min (2041(](041,0@,5)7 K22) o

Proof. Let us integrate (3.9) from 0 to ¢. Applying the following result due to Fubini:

t s 1 t
Vt >0, Vh e LY(RY), VA >0, / (/ e~ A= n(r) dT) ds = Z/ h(s)(1 —e A0=5))ds
0 0 0
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and substituting the inequality (3.2), we derive

8v+ Clan)K
ot0) <u(0)+ 2L gz 00

14

1+ 2m / Jeurl£(s)[2 gy ds — Cas, a2, ) / (m—y<s>) y(s) ds

- £22/ (% - y(s)) lu(s)[F[C(an) +16(P? + ar)(1 — e~ 1= ds.

209

We set M = mi Y LS
e Se = Imin v aln
201C(aq, a2, 3) K3

a(s,t) = Cla, az, Bly(s) + lu(s)[3[C(ar) + 16(P? + ar)(1 — e K1(t=9))],

201 (K1 + Kav/y(s))

Hence, using (3.23), we obtain

)< M — / (5,4) ds. (3.25)

As y is a continuous solution of (3.9) and as 0 < y(0) = |lug||}, < M owing to (3.23), there is an interval of
time on which y(t) < M. Let us prove, by contradiction, that this interval is R*. Indeed, if this were not true,
there would exist ¢t* > 0 such that:

Vit <t*,0 <y(t) < M and y(t*) = M; (3.26)

therefore y < M on [0, t*] whereas the relation (3.25) gives: y(t*) < M, thus contradicting the equality in (3.26).
o

We conclude this section in proving uniqueness of a global solution of problem (2.20, 2.4), if it exists. Let us
set

K(v) = —div(|A(v)PA(v)) (3.27)

and let us show that the operator K is monotonous.

Lemma 3.5. Let K be defined by (3.27). For any vi and any vy in Va,

(K(v1) — K(v2),vi —va) > 0. (3.28)
Proof. Let us recall that, owing to Lemma 2.4,

(K(v),w) = %(IA(V)IQA(V),A(W))-

1
2(K(v1) = K(v2),vi = v2) = [[AV)] 140 + A2 230 = S ITANVDP + [AV2) P[0
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If we set
wi = |A(v1)[* and wy = |A(v2)[?,
the previous inequality can be written
2(K(v1) = K(v2),v1 = v2) > [Jwi]|72(0) + [w2l720) — %Ilwl +wal| 720,
which implies (3.28). O

The following lemma refers to any pair of solutions of (2.20).

Lemma 3.6. Let u; and uy be two solutions of (2.20). Their difference u = u; — uy satisfies the equality:

%Hu(t)ﬂ%/ +vu(t)| 3 ) + b(u(t); ug(t) — 2(c1 + az)Auy(t), u(t))
+b(u(t); Au(t), (2a1 + az)ua(t) + (a1 + az2)ui(t))
+b(2(a1 + a2)us (£) — arus(t); Aut), ult)) + BK (s () — k(us(t)),u(t) = 0. (3.29)

N =

Proof. The proof derives from (2.20) and the following relation:
((curlu) x v,w) = b(v;u;w) — b(w;u,v). (3.30)
O
Theorem 3.7. Problem (2.20, 2.4) has at most one solution in L*(0,T;Va) for any T > 0.

Proof. Suppose that problem (2.20, 2.4) has two solutions u; and uz in L*>°(0,7;V2) for any T' > 0 and set
u = u; — uy. Considering that us belongs to L>°(0,T; V2), the estimates derived in the proof of Theorem 3.3
yield

[b(u(t);uz(t) — 2(a1 + az)Aus(t), u(t))] < er(T)ut)| (g, (3.31)

where ¢; (T') and the subsequent constants co(7) and c3(T) depend on a1, az, P, C1, Ca, C(an), |[uillzs=(0,15v5)>
and ||uz|| . (0,7;v;) and are bounded since all these quantities are bounded. Next, as in the proof of Lemma 3.1,
Green’s formula gives

b(u; Au, v) Zb(a“, ) Zb av,g;) (3.32)
Hence
[b(u(t); Au(t), (21 + az)ua(t) + (e + az)wi (t))| < co(T)|u(t)[F: o- (3.33)
Similarly, we have
[b(arua(t) — 2(ar + az)ui (t); Au(t), u(t))| < es(T)|u(t) i q)- (3.34)

Substituting these inequalities into (3.29) and using (3.4, 3.28), we obtain

(T) + ca(T) + e3(T)

d 2

lu®ly <2 [a(®)]7-

Then Gronwall’s inequality and the fact that u(0) = 0 imply that u(¢) = 0 for all ¢ in [0, 7. O
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4. EXISTENCE OF SOLUTION

In this section, we assume that the boundary I" of © is of class C*! and f belongs to L?(R*; H(curl; 2))
Lo (RF; L2(Q)3).

The solution of problem (2.20, 2.4) is constructed by means of Galerkin’s discretization. As the imbedding
Vo C V is compact, there exists a sequence of eigenfunctions {w;} in V5 corresponding to a sequence of
eigenvalues {\;} such that:

(W]‘,V)V2 = )\j(Wj,V)V, Vv € Vé (41)
with
D<M <. <X <...— +o0.

The functions w; form an orthonormal basis in V' and an orthogonal basis in V5. Following the approach of
Cioranescu and Ouazar in [7], this set of functions will be used as a special basis for the Galerkin-Faedo method.
The two following lemmas establish properties of the eigenfunctions w;.

Lemma 4.1. Under the assumptions of Lemma 2.1, the eigenfunctions w; of (4.1) are such that curl(Aw;)
belongs to H'(2)3.

Proof. This result is established in the proof of a lemma of [5]. O

Lemma 4.2. The eigenfunctions w; of (4.1) satisfy, for j > 1,

Vg € H(curl; ), (curlg,curl(w; — a1Aw;)) = \;(g, w;).

Proof. Let g belong to H(curl;)) and v be the solution in V of the Stokes problem:
v—-—aAv+Vp=g. (4.2)
On the one hand, Lemma 2.1 implies that v belongs to V2. On the other hand, the equality (4.1) yields
Vv € Vo, (curl(v — aqAv), curl(w; — a1Aw;)) = A\ (v — an Av, w;). (4.3)

Then the result derives from (4.2, 4.3). O

For any positive integer m, we denote by V;,, the vector space spanned by the first m eigenfunctions {w; i
and by P, the orthogonal projection operator on V,,, for the scalar product in V5. We define an approximate

solution of problem (2.20, 2.4) by: Find

m
up,(t) = Z Cjom (L)W,
j=1
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solution for 1 < j < m, of

(), (), w;)v + v(Vuy,(t), Vw;) + (curl(u,, (t) — (201 + ag)Aum( ) X W (t), w;)

+ (a1 + a2){b(um (t); Aw;, um () + 2b(um(t); Aun(t), w))} + 5 (|A(um( ))|2A(um(t))7‘4(wj)) = (£(t), w;),
(4.4)

U, (0) = Py, (up). (4.5)

Classical results on ODE (¢f. [8]) insure that such a system has a solution u,,, unique and continuous on [0, 7]
with u), in L*>°(0,T}},), for some number 7}, > 0. We propose to prove that u,,(¢) satisfies the a priori estimates
of Sectlon 3.

On multiplying both sides of (4.4) by ¢; m(t) and summing with respect to j, we obtain on [0, T}, the equality
(compare with (3.3)):

1d p
5 g lum(t N+ vlam ) @) + 5 1A O)[Za0) + 31 + 2)b (W (£); At (8), i (1)) = (E(t), wm (£)-
(4.6)
Then, the proof of Lemma 3.1 carries over to u,, without modification and yields the following result.
Lemma 4.3. The solution u,, of problem (4.4, 4.5) satisfies the inequalities for all t in [0,T%]:
_ P2 K (t—s
[um ()7 < e lun (0 + — ; K218 (s) (1720 ds
! —Kl(t—s) Kl 2
— K> ; 7, 1wl ) Tum(s)ly ds, (4.7)

[ 114 >>|||L4Q>ds<—(|um W+ 2 [ 1660 05)

-Z (Kl ||um<s>|v2) lam(s)[% ds), (4.8)

where K1 and Ko are defined as in Lemma 3.1.

Owing to the special basis, we can also derive from equation (4.4) an estimate for curl(u,,(t) — a1 Au, (2)).
We define, first, the vector valued function F(v) for all v in V5:

F(v) = —vAv +curl(v — (201 + a2)Av) X v
+ (a1 + a2)(—A(V.VV) + 2v.V(AvV)) — Bdiv(|A(V)[*A(V)). (4.9)
Using the definition of F, we obtain
(), (t), wj)v + (F(wn(t) — £(t), w;) = 0.

Owing to Lemma 4.1, F(u,,(t)) belongs to H(curl;2). Then, multiplying the previous equality by c; m(t)A;
and setting z,, = curl(u,, — a1 Au,,) , Lemma 4.2 yields

5 ()R, + (el B (1), 20, (1) = (curl £(1), 0, (1) (410)

The next theorem establishes the analogue of Theorem 3.3.
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Theorem 4.4. Suppose that f belongs to L*(R*; H(curl; Q)) (N L= (R*; L2(Q)3) and T is of class C*'. Then
y(t) = lum(t)|I3, satisfies the differential inequality in [0,T}]:

/ v g s | P? ! — K (t—s) 2
V) < e @) + 2 [ O (9) 2 49
1 0

2011 9 v

+ 2 ourt €03 ) — a2 0) (5 = 900 1)
BC (« 4y b ks (K

+ 20 A ) ey — 5K [0 (B ) ) )l ds (@)

1 1 0 2

where C(ay, gz, B) is defined by (5.10) and K; and Ko are defined as in Lemma 3.1.

Proof. Thanks to (2.27-2.29, 2.22), from (4.10) we derive after suppressing the variable ¢, in order to simplify
the notation, and after setting w,, = curlu,,,

N =

d v
&HumH%@ + 04—1||um||%/2 = b(Zm; W, Zm) + (a1 + @2){—b(AUn; Wi, Zm)

dwm Oup )_b(au_m.a“’_m Zm)
83%’8,1%’ m 83%’ 83%’ mn

+ (Vtgm X VAU, 2m)]} — B{2(V (| A(Wn)[?). V@i, Zm) + (B(Wn), 2m)}

3
+ b(wpm; Ay, Zp,) + 22[1)(
k=1

+ EH |A(um)|zm|\%z(m = (curl(f + Lum),zm) + £(|A(um)|2curl Uy, Z).  (4.12)
a1 aq g
This is exactly the same situation as in Theorem 3.3 and the same proof gives (4.11). |

Consider a solution of (4.11) with initial value

y(0) = [um(0)]7;, = [P ()3,

The convergence properties of P, imply that, if uy and f satisfy (3.23), then for all sufficiently large m, u,,(0)
and f will satisfy the analogue of (3.23):

8v + C(al)Kl 7)2 ° 2041 &
mQ—mQ—ftht—/ ()220, dt
[um (0)[7, + TS (Il Oy + — [£(®)Iz2(0) dt) + — | [curl£(t)|[72(q)
. v K7
< _ = . 4.13
mln(QOqC(Oél,OéQ,ﬁ)’KQz) ( )

Hence the conclusion of Lemma 3.4 implies that T} = oo and that u,,(t) is uniformly bounded in V, with
respect to time:

. 7 Ky
Vt >0, |l um()|v, <min ([—ort L) 4.14
> 0, [un(®) ( Y K2> (4.14)

Thus, the equivalence of norms of Lemma 2.1, (4.7, 4.14) imply that the sequence {u,,}m>1 is bounded with
respect to m in L®°(R*; H3(Q)3) N L2(R*; HY(Q)3).
The next lemma gives a bound for ul, (t).
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Lemma 4.5. Let f belong to L?(R*; L2(Q)3) and ug belong to Va. Suppose that the sequence {Wm }m>1 is
bounded with respect to m in L>°(RT; H3(Q)3) N L2(R*; H1(Q)3). Then {u/,}m>1 is bounded with respect to m
in L2(R+; V).

Proof. Let us multiply both sides of (4.4) by ¢

":m(t), sum over j and use (3.30), this gives:

[ur, (O = v(Aun (), u), (1) = bW (t); wm (), w), (1) — azb(un (t); Aw (1), g, (¢))
— (2041 + Oég)b(ll ( ) Aum( ) um(t)) (061 + a2)b(um(t); Au:n(t%um(t))
)

—g(lA(um(t))IQA(um(t)) A(w,, (1)) + (£(), w,, (1) (4.15)

The arguments of Section 3 show that: b(w, (t); Aul, (t), um (), b(wm (t); um(t),ul,(t)), b(ul,(t); Auy, (t), un(t))
and b(uy,(t); Auy,(t),ul,(t)) are all bounded by an expression of the form

Clug, ()] 11 (@) 1 (8) | 23 () [0, (8) [ 121 (),

where the constant C' is independent of m and ¢t. Moreover,

Q—-|Q_‘

- (A @)l 74()-

»-lklP—‘

(1A (1) P A (1)), A, (1)) =
Hence, we obtain

8 d
[, ()17 + ga(lllA(um(t))ll\izx(g)) <vfum (t)] (@) [, (O] (@) + 1) | 220 05, ()] 220

A k[ ()| s () [wm () |11 (0 [0, (1) |11 ()
where the constant k is independent of m and t. Using (3.4) and the identity ab < a® + (1/4)b?, integrating
over R yields
o, <0+ Kun |
m LQ(R+ V) m LOO(R+ H3( )3) m LQ(R+,H1(Q)3)
4
22 2 + 2 1AM O o

Since we have ||| A(upm (0 ))|||L4(Q) < 16C% /aq||uml? ‘X’(R""H?’(Q)?’)HUOH%/’ the sequence {u/, },,>1 is bounded

in L2(R+; V). O

The next theorem summarizes the above bounds.

Theorem 4.6. Let Q be a bounded, simply-connected open set of R® with a boundary T' of class C*1. Let the
right-hand side f be given in L*(R"; H(curl; Q)) () L>(R™; L2(Q2)3)) and the initial velocity ug be given in Va,
small enough so that they satisfy

8V—|—C((Jé1)K1 2001
ol + 2O g+ [ o010y ) + 22 [ feurt €0

Kl
< min (m, K—22> 5 (416)

with C(aq, e, B) defined by (3.10) and K1 and Ko defined as in Lemma 8.1. Then for all sufficiently large m,
the unique solution u,, of the Galerkin system of equations (4.4, 4.5) exists for all time t > 0 and satisfies the
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upper bounds:

K
[ [ gmm( ;,_1»
(R™; V2) 20:C (o, a2, 8) " Ko

<k and < ko, (4.17)

Hum||L2(R+; Hl(Q)B) ||u;n||L2(R+; V)

where k1 and ko are constants independent of m.

It remains to pass to the limit with respect to m. It follows from (4.17) that there exists a function u and a
subsequence of {u,,}, still denoted {u,,}, such that

lim wu,, =u weak™ in L=(R";V3),

m—0o0

lim u/, = u’ weak in L*(R"; V).

m—0o0
On one hand, this implies that

. v Ky
oo < — ! = uy.
[l (R*: V) S mln( o Clar.oa ) Kg) and u(0) = ug

On the other hand, for any T > 0, {u, }m>0 is bounded in the space
W = {v e L*0,T; H*(Q)*),v' € L*(0,T; H'(2)*)} -
According to [11], the imbedding of W into L?(0,T; H?(Q)?) is compact; thus

lim u,, = u strongly in L*(0,T; H*(Q)3).

m—0o0

The only problem is to pass to the limit in the term K(u,,). We have

lim K(u,,) = ¥ weak in L*(0,T; L*(Q)?).

m—00

It remains to prove ¥ = K(u). First, we have

V(u, w) € (HP (@), vv € HY(Q)?, lim(K(u +ew),v) = (K(w), v).

Next, for any w in L>°(0,T; H3(Q)? N H}(Q)?) and any € > 0, (3.28) implies

T
/0 (K(wm (1) — K(u(t) — ew(t)), um () — u(t) + ew(t)) dt > 0.

Passing to the limit, we derive

T
/0 (®(t) — K(u(t)), w(t))dt =0

and, finally

lim K(u,,) = K(u) weak in L*(0,T; L*(2)*).

m—0o0

From there we readily pass to the limit in (4.4) and derive that u is the solution of problem (2.20, 2.4). Since
this solution is unique, the whole sequence {u,,} tends to u. This establishes the main theorem of this section.
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Theorem 4.7. Under the assumptions of Theorem 4.6, the problem (2.20, 2.4) has one and only one solution
u that ewists for all time t > 0. Furthermore, u belongs to L>(RT;V3), u’ belongs to L*(R*;V) and u is
uniformly bounded in Vo with respect to time:

) % K,
i 3 v K 4.1
||uHL (RF;V3) =M ( 2001C(aq, az, B) K2) e

where C(ay, az, B) is defined by (5.10) and K1 and Ko are defined as in Lemma 3.1.

5. ADDITIONAL REGULARITY: THE CLASSICAL SOLUTION

In this section, we assume that problem (2.20, 2.4) has a solution u in L°°(0,T; Vz) with u’ in L2(0,T;V),
which is not necessarily global. Let us take both f and curl f in L*(0,T; H}(Q)3), up in H*(Q)3 NV and T of
class C31. We propose to show that curl(u— aj Au) belongs to L°°(0,T; H*(Q)?). In view of Remark 2.3, this
implies that u is in L°°(0,T; H*(Q2)3).

First, we are going to define two linear mappings 1 and g defined in L?()?3 such that 1(curl(u — a;Au)) = u
and g(curl(u — a;Au)) = curlu. Afterwards, from equation (2.30) and using 1 and g, we shall derive a
transport equation with particular solution z = curl(u — ayAu) in L2(0,T; L*(Q)?). Then we shall show
that this equation has a solution in L>(0,7; H'(€2)3) and finally that it has no more than one solution in
L2(0,T; L*(Q)3). Therefore the unique solution z in L°°(0,T; H*(Q)?) is curl(u — a; Au), hence u belongs to
L*(0,T; H*(Q)3).

5.1. A transport equation
We define
G={vel*)3%divv=0,<van1>p=0for0<i<p}-

Let Pg be the orthogonal projection operator on G for the scalar product in L?(2)3. Let z belong to L?(£2)?
and set

Yz = Pa(z).
As Q is simply-connected, there exists a unique vector-potential ¢, such that
yz=curl ¢, anddive, =0inQ, ¢, n=0onT.
Furthermore, the regularity of I' implies that ¢, belongs to H'(2)? and there exists a constant C} such that
1,11 (0) < Cllyallrze) < CllizllLz)-

Then we define v, in V as the solution of the Stokes problem

Vz — 01 AV, + V7, = ¢,
The regularity of I' implies that v, € H3(2)? and there exists a constant C4 such that

IVall s 0) < Coll@llm @)-
We set

1(z) = v, and g(z) = curlv,. (5.1)
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Then the above inequalities enable us to obtain
(2|3 () < C'll2ll L2 () and [|g(2)]| 20y < V20" |12]| L2(0)- (52)
Lemma 5.1. Let 1 and g be defined by (5.1). If u € Vo, then
l(curl(u — a3 Au)) = u and g(curl(u — oy Au)) = curl u.

Proof. If z = curl(u — @;Au), then curl(u — o; Au) = curl(v, — a1 Av,). Hence v, = u. O

Lemma 5.2. In addition to the assumptions of Lemma 2.1, suppose that T is of class C31. Then the mapping 1
is a linear continuous operator from H(Q)? into H*(Q)? and the mapping g is a linear continuous operator
from HY(Q)? into H3(Q)? and there exists a constant C"' such that

11(2)l| 120y < C" |2l 1.0y and [|g(2)[| s (o) < V2C"|12] 11 (0. (5:3)

Proof. Let z belong to H*(Q)3
Z =Yz + Wg,
where y, € G and w, € G*. Tt can be proved that
p
w, = Vp, + Z < (z—Vpy)m,1>p, VgV,

i=1

where p, is the solution of the Dirichlet problem:
Ap, =div z with p, € H3(Q)

and each ¢/ is the unique solution in H(2) of the problem (cf. [2])

—~AgN =01n Q,
q¥|r, =0 and ¢V|r, = constant, 1 <k < p,

(quv.n, 1)r, = —1 and <quv.n, Dr, =6k, 1<k <p.

Owing to the regularity of the Dirichlet problem and the fact that V¢~ € H™(Q)?, provided I is of class C"!
for an integer m > 1, we obtain that the mapping z — w is a linear continuous operator from H'(Q)?3 into
itself. Hence there exists a constant C{j such that

vz € H'(Q)?, [yallz @) < Collzlla -
Then the regularity of I' implies that there exists a constant C} such that
vz € HY(Q)® | [IVallmao) < O llyallan o)

[l
To transform equation (2.30) into a more adequate equation, we shall replace w — a3 Aw by z and w by g(z)
where w = curl u. But expressing Zi:l Vup x VAug or B(u) as a bilinear function of z and u is not
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straightforward and to this end we need the following results that we can verify on remembering that divu = 0.

ZVukaAuk— Z—xcurla )+ Aw.Vu — w.VAu + Aw X w,

1
Au.Vw + w.VAu = —V(curl w.curl u) — a—(w — a;Aw) x curl u,
1

Aw.Vu = —i(w —a1Aw).Vu + icurl u.Vu

Next, we set
> 0 0
(wv,z)=2 Y [V axk (Ai;(1(2)))) x A k(v) — a—mk(Aij(u))Aij(V)V((g(Z))k)]'

i,7,k=1

From Lemma 5.1, we derive
L(u,u,w — a1 Aw)) = B(u).

On using (5.4-5.6, 5.8) in the transport equation (2.30), we obtain

2((.u —a1Aw) + L(w — a1 Aw) +uV(w — o Aw) — M(w — a1Aw).Vu
ot a1 (e3]
+ (a1 + a2)V(curl w.curl u) — %(w — a1Aw) x curl u
1
3
ow 8u Ju _ 0w Ou Ow
2 e v (&2
+ (041 t oo Z 8xk 8xk 8xk axk a’Ek xeur (a’Ek))

6(a—1|A(u)|2(w — o Aw) — 2V(|[A()*).Vw — L(u,u,w — a1 Aw))

aq aq

(5.4)

= curl f + —curlu — 2T il u.Vu+ §|A(u)|2curl u.
1

Since we know that the solution u of problem (2.20, 2.4) exists, the previous equation leads us to solve the

following transport equation, obtained by replacing w — a3 Aw by z and w by g(z):

For u given in L*°(0,T; V3), ug given in H4(2)>NV and f given such that curl f belongs to L1 (0,T; H(Q)3),

find z in L>(0,T; H'(2)3) solution of:

% + —z +uVz— @z.Vu + (o1 + a2)[V(curl g(z).curlu)
1
1 0 Ju Ju 9] Ju 0
— a—lz X Curlu+ 22 Z)Va—xk — a—xk 8—xkg(z) — 8—xk X 8—xkcur1g(z))]

+ a—1|A(u)|2z ~26V(|A(w)]*).Vg(z) — FL(u,u,2)

= curlf + Lcurlu — 2M

curlu.Vu + L |A(u)|?curlu,
aq aq aq

(5.9)
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z(0) = curl(uy — a1 Auy). (5.10)

Let us recall that, by construction, if u is a solution of (2.20, 2.4), with u’ in L?(0,T; V), then z = curl(u—a; Au)
is a solution in L?(0,T; L?(2)3) of (5.9, 5.10).

5.2. Existence of solution in L>®°(0,T; H'(2)3) for the transport equation
In order to construct a solution of (5.9, 5.10), let us discretize it by Galerkin’s method with a basis similar
to the one introduced by Temam in [15]. The spectral problem
vv e HY(Q)? | (w,v) + (Vw,Vv) = A(w, V) (5.11)
has a countable sequence of distinct positive eigenvalues:

D<A <XA<...< A — 0

and a corresponding set of eigenfunctions {w;},;>1 that form an orthonormal basis of L?(2)? and an orthogonal
basis of H'(2)3. Moreover w; € H?(Q)3, provided T is of class C1'! (homogeneous Neumann problem).

For m > 1, we denote by X,, the space spanned by {w; };”:1 and by P, the orthogonal projection operator
on X,, for the scalar product of H*(£2)3. Then problem (5.9, 5.10) is discretized by: Find

m
Z(t) = Z ¢jm )Wy,
j=1

solution, for 1 < j < m, of

(Z0, (1), w;) + O%(Zm(t)a w;) +b(u(t); zm(t), w;)

_ 3aq + 200
aq
1 .0 ou(t)
om0 x curl u(twi) +2 3005 stan @) o w)
b du(t) 0 du(t) 0

— (Tm;a—%g(zm(t))ij) —( D X Tmcurlg(zm(t))’wj)]}
1

+ B(Q—I|A(U(t))l2zm(t) —2V(|[Au(t)*).V g(zm(t) — L(u(t), u(t), 2, (1), w;)

— (curl(£(t) + ailu(t)) - 2%10‘2

b(zm (t);u(t), w;) + (a1 + a2){(V(curl g(z,,(t)).curlu(t)), w;)

curlu(?).Vu(t) + 0%|A(u(t))|2curl u(t),w;), (5.12)

211(0) = P (2(0)). (5.13)

This system (cf. [8]) has a solution z,,(t), unique and continuous on the whole interval [0, T].
The following lemma gives bounds that we shall use frequently.

Lemma 5.3. Let the matriz A(v) be defined by (2.18). For any v in H3(Q)3,
1Al @) = Az < 2C1 V50,
IVAV) 5y < 2[1vIims@)s
IV AM) | Lsey < 205" v 2.
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Proof. These bounds derive mainly from (a + b)? < 2(a?+ b?) and from the symmetry of the matrix A(v). O
Lemma 5.4. Let u belong to L*°(0,T';Va) and let f be such that curl £ belongs to
LY(0,T; HY(Q)?). Then the solution z,(t) of (5.12, 5.13) is bounded as follows:

vt € [0.T], |lzm ()l () < e (|12 (0)l| (@) + Cr), (5.14)

where K1 and Cr are two constants that depend on T, but not on m.

Proof. Multiplying both sides of (5.12) by A;¢;.m(t), applying (5.11) and summing over j yields, after suppressing
the variable ¢ in order to simplify the notation:

3aq1 + 200

o [(V(zm.Vu),Vz,)

d v
&HZmH%{l(Q) + 04_1||ZM'H%{1(Q) +(V(u.Vzy), Va,,) —

N =

+ (2m-Vu,zp)] + (a1 + ag){(V(V(curl g(zm).curlu)), Vz,,) + (V(curl g(z,,).curl u), z,,)

3
1 0 ou
— —(V(zm x curlu), Vz,,) + 2];:1 {(V (a_mg(zm)'va_m> ,Vz,,)

0 ou ou 0 ou 0
+(8—xkg(zm)-va—xkvzm) - (V (—-va—xkg(zm)) 7vzm> - (—V— (Zm)7zm>

Oz, Oz Oz

ou 0 ou 0
_ (V (8—xk X a—xkcurlg(zm)> ,Vzm) — (8—fck X a—xkcurlg(zm) zm)]}

L (9(Am)

(€51

+6

“2m), Vam) + ail(|x4(u)|2zm, zm) = 2(V(V(A)]*).V8(2m)), Vzm)

- 2(V(|A(u)|2).Vg(zm), z) — (V(L(u,0,2m)), Vzn) — (L(u,u,2m), Zm)]

= (curlf + Y curlu — 2M

p 2
luVu+ —|A lu,z,, . (515
o o curluVu + a1| (u)[“curlu, z,,) g1 (). (5.15)

The only troublesome term in (5.15) is (V(u(t).Vz,(t)), zm (t)) because it involves the second derivation of z,,.
On expanding this term, owing to Green’s formula, we obtain

(V(u.Vz,),Vz,,) =

%élzm,i 8zm7i
aZL‘k 8xl ’ 8xk '

Let us examine the other terms of grade 2 (terms not derived from Bdiv(]A1|?A1)) of the left-hand side. On
the one hand, we have the terms

3
(@ V0,20, |(V (] g(zm)curlu), 2], | S () Yok 20)],

3
|Z 8u g(zm),zZm)| and |Z @ X —curl 2(zm), Zm)

X X X X
kzlak ak kzlak Oxy,
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which are bounded by terms of the form: C||u(t)|\H3(Q)||zm(t)|\%2(9) where C' depends on C7,Cy and C'.
On the other hand, we have the remaining terms of grade 2 which are bounded by terms of the form:
Cllu(®)| &3 ) |Zm ()| 71 () | Zm ()| 71 (@) where C depends on Cy, Cy and C”.

Next, there remain the specific terms of grade 3. Let us note that

(A P20, 2m) = [[[A(W) ]2 2(2) = 0,
3
OAi(u 0z,
(VAW 2), V 2m) = [|AW)|V 2| 720) +2 D (Aux(u) lk< L. =)
Ox; Ox;

Lk,j=1

Since [||A(u)|V zmH%Z(Q) > 0, we have only to bound

3
Y <Alk(u) afg:’iu) Zom, %Z’;”) . (5.16)

Lk,j=1

Let us consider the other terms of grade 3 of the left-hand side of (5.15). First, we have the terms
|(v(|A(u)|2)Vg(Zm)v Zm)|7 |(L(u7 u, Z7TL)7 Zm)'-

They are bounded by terms of the form: C Hu||§{3(9)||zm|\%2(ﬂ), where C' depends on C7, Co and C’'. There
remain the terms

3
2 3 () P2, 020 G0, 2,0)), V) [(V(V(AW]). V). ¥ )]
I,k

my
ol Oz O0x;

They are bounded by terms of the form: C' ||u|\§{3(9) 1Zm || 111 (@) |Zm]| 711 (02), Wwhere C' depends on C1, Cy and C”.
We obtain these results by expanding the terms and by using Holder’s inequalities, Cauchy-Schwarz and the
same types of arguments as in the proof of Theorem 3.3. Let us show, with an example, the arguments used on
proving these types of bounds. Let us expand |(V(V(|A(1)[?).Vg(Zm)), V Zm)|-

3

(V(V(A)[?).VE(2Zm)), V Zm) =2 Z [ (aA”“ V A (u); (zm),%zm>

( o (20 g, 2
b (Alk( )V Au(a); aga(;jl)’aazﬂsﬂ

Owing to estimates with b (¢f. the proof of Th. 3.3), Cauchy-Schwarz and (2.17), we derive

(V(VIAQ).V&(@n), V 2m)| <212l @) [C3 21V AW 0 1V 8(m) 1)
1A 2o o (102 A) 2 1V ()0
+ O3V AW )| 0P () 1))

Then Lemma 5.3 and (5.3) give

(V(V([A®)]?).Vg(zm (1)), V2m (1)) < 8V2C1C"(2C5% + C) ()35 00 120 (8) | 112 ) 1Z0n ()] 1 (-
(5.17)
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Finally, simplifying by ||z (t)|| g1 (o) and using these bounds yields

d
&Hzm(t)”Hl(Q) <(K1 + Kollu(®) || gs @) [a®) | zs @) |12m ) | 21 (@) + |leurl £(2) || g (o)

+ Ksl[u(®) s () + Kallu(®) s ) + Ksllu®)ll3s ) -

Hence, (5.14) follows. O

It stems from (5.14) that the sequence {z,,} is uniformly bounded with respect to m in L®(0,T; H(Q)?).
Hence, there exists a function z in L>°(0,T; H*(Q)3) and a subsequence of {z,,}, still denoted by {z,}, such
that

lim z, =z weakly” in L°°(0,T; H'(Q)?).
Because the problem is linear, we can pass easily to the limit in (5.12, 5.13) and show that z satisfies (5.9, 5.10).
Hence, we have proved the following theorem.

Theorem 5.5. Assume that ) is a bounded, simply-connected open set of R? with a boundary T of class C31.
If u is given in L>(0,T;Va), ug in HY(Q)> NV and £ is such that curlf belongs to L'(0,T; H(Q)?), then
problem (5.9, 5.10) has at least one solution z in L°>°(0,T; H*(Q)?).

Remark 5.6. The argument used in proving Theorem 5.5 can readily be generalized to derive a solution z in
L0, T; H™(Q2)3) for any m > 1.

5.3. Uniqueness of the solution in L?(0,T; L?(2)3) for the transport equation
Let z; and z2 be two solutions of (5.9, 5.10) and set ¢ = z; — z2. Then ¢ satisfies

%Yo tuve - 220 G () + ap){V(curl g(¢).curl w)
ot oy Qg

0g(¢) _ Ou ou _0g(¢) Ou  Ocurlg(¢)

(Cxemln)+2) 15 Vow " om™ 0n " om* om )

1
aq

+ B AMWPC ~ 29 (AWP). T g(¢) ~ Lwu,0) =0, (515)

¢(0)=o. (5.19)

Because the scalar product of (5.18) with ¢ is not defined, let us proceed by transposition (cf. [5]). Recall that
if ¢ belongs to H(2)3, owing that u belongs to V, we have

Vv e H(Q)? /

Q

(w.V¢).vdx = — / (u.Vv).¢ dx.

Q

Hence problem (5.18, 5.19) has the equivalent variational formulation: Find ¢ in L?(0,T; L?(2)?) solution of

Vo € L*(0,T; HY(Q)*) with ¢’ € L*(0,T;L*(Q)*) and ¢(T) =0

T v
/O [(C(), ¢'(t) — a—1¢(t) +u(t).Ve(t) + (h(u, §)(t), ¢(t))] dt = 0, (5.20)
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where

h(u,¢) :MC.VU — (01 + a2){V(curlg(¢{).curlu) — i(C x curlu)

aq

83% ' 83% 83%' 83% _8—:L‘k 83%

3
+2Z[8g(§“) v du  Jdu vag((‘) ou " Ocurl g(C)]}

k=1
1
- ﬁ(a—llA(u)l2C —2V(|A(w)*).Vg(¢) — L(u, u,)), (5.21)
with no term at t = 0 and t = T because ¢(0) = 0 and ¢(T) = 0. An easy variant of Theorem 5.5 can be

applied to prove that for any p in L2(0,T; H*(Q2)?), there exists a unique ¢ in L2(0,T; H'(2)?) with ¢’ in
L2(0,T; L*(Q)?) and ¢(T) = 0 such that

¢/(t) — (1) +u(t).Vo(r) = u(t) (5:22)
We set
¢ =F(n). (5.23)
Taking the scalar product of (5.22) by ¢(t) gives
Vp € L2(0,T; H'(Q)*), IF(p)llr20,:02)%) < 2T |1l 20,0209 - (5.24)

Lemma 5.7. Let ¢ belong to L*(0,T; L?(2)3), u be given in L°°(0,T;Vs) and h be defined by (5.21). Then
h(u, ¢) belongs to L*(0,T; L?(Q)3) and

h(u, Ollzz(0,7;22(0)2) < Clan)l[ullpeeo,75v5) (D" + D"Clon)[ull Lo 0,75v2)) I€] L2 (0,73 L2(0)%) (5.25)
where the constants D' and D" depend on oy, as, C1, Cy and C' but not on T.

Proof. We use the same argument as in the preceding subsection. [l
The next lemma proves uniqueness in L2(0,T; L%(Q)?) of the solution of problem (5.9, 5.10).

Lemma 5.8. Let T be of class C*' and let u be given in L>°(0,T;V3). Then the only solution ¢ of (5.18, 5.19)
in L2(0,T; L*(Q)3) is ¢ = 0.

Proof. By density, there exists a sequence {u,, } with u,, € D(]0, T[xQ)? such that
Jim [, = Cllz2 0,322 (293) = 0. (5.26)
We set
¢, =F(p,), (5.27)
where F is defined by (5.23). On taking ¢ = ¢,, in (5.20), we obtain

v

T
/O [(€(1), 7, (1) — —,,(t) +u(t).V, (1)) + (h(u, {)(t), $,,(t))] dt = 0.

aq
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With (5.22, 5.27), this becomes

T
/0 [(C(2), (1)) + (B(w, €)(2), F(p,,)(2))] dt = 0. (5.28)
In view of (5.26, 5.24), there exists a function 1 € L?(0,T; L*(Q)?3) such that
nlirréo F(p,) =v¢ weakly in L2(0,T; L*(Q)3).
Moreover
1]l L2(0,7;02 (%) < liminf [|F ()| £2(0,7;22(0)%)-
Hence

Il 20,1502 (0)%) < 2T |I€l L2(0,7322(02)3) - (5.29)

Passing to the limit in (5.28) gives

T
| 1610y + (e, )0 oo e o
Then from (5.29) and Lemma 5.7, we derive that

1€ 120,720 (1 — 2T Cla)||ull Lo o,75v5)) (D + D" Clen)lull o 0,75v))) < 0. (5.30)

We set

1
T = :
4 C(ar)llallLeo,1;v5) (D" + D" C(an)|[al| Lo 0,1;v3))

If T > T, (5.30) gives
¢(t)=0 foralltin [0,T]-
If T* < T, there exists p € N* such that (p —1)T* < T < pT™*. Replacing successively [0,T] by [(k — 1)T™*, kT*)

for k =1,..., p—1in (5.20, 5.22, 5.24) and Lemma 5.7 yields successively for k = 1,..., p — 1 analogous
relations to (5.30). As [[u| peo((k—1)7* k7+;v5) < [0l Loo(0,7;15), We have

(1 =27 C(an)llull oo ((k—1)1+ k7= 3v5) (D" 4 D" Cle)lul| poe ((k—1)7+ k7515))] =

N | =

Hence ¢(t) =0 for all tin [(k—1)T* kT*] for k=1,..., p—1, that is
¢(t)=0 foralltin[0,(p—1)T"].
Finally, the same argument on the remaining interval [(p — 1)T*, T gives

¢(t) =0 forall ¢t in [0,T].
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5.4. Conclusion

Problem (5.9, 5.10) has a solution z in L>(0,T; H*(Q)3) (see Sect. 5.2) and a solution curl(u — a;Au) in
L2(0,T; L*(Q)3) (see Sect. 5.1). In Section 5.3, we prove that this problem has no more than one solution in
L?(0,T; L*(Q)3). Therefore, z = curl(u— a3 Au) belongs to L>(0,T; H'(£2)3) and, in view of Remark 2.3, this
implies that u is in L>°(0,T; H*(2)?). We have proved the following theorem.

Theorem 5.9. Assume that Q) is a bounded, simply-connected open set of R? with a boundary T'. Suppose
that the solution u of problem (2.1-2.5) belongs to L>(0,T;Va). If T is of class C>' and if the data have the
regqularity:

u € HH(Q)?* NV, f e LY 0, T; HY(Q)?) , curl f € L' (0,T; H'(Q)?) , (5.31)

then u belongs to L*°(0,T; H*(Q)3).

According to Remark 5.6, the statement of Theorem 5.9 can be generalized by induction to any m > 1
so that it gives the following result. Let I be of class C™*2! and suppose that the solution u of problem
(2.1-2.5) belongs to L>(0,T;Va). If ug is given in H™™3(Q)3 NV and f in L'(0,T; H™(Q)?) with curl f in
LY(0,T; H™(Q)3), then u belongs to L>(0,T; H™*3(2)3). The proof is exactly the same provided we take for
basis the eigenfunctions of the problem

Vv e H™(Q)? (W), v)m = (W, V),
where ((.,.))m denotes the scalar product of H™(£2)3.

f
If we apply this result for m = 4, with £ and curl f in L>°(0,T; H*(Q)?) and % in L>(0,T; H3(Q)?), we

can obtain a classical solution for problem (1.5):
u e C'([0,T; C*(Q)°), p € C([0,T];C*()).
6. CASE WHERE {2 IS NON-SIMPLY-CONNECTED

We shall only sketch the method very briefly. Let Q be a bounded domain of R? with I at least of class C'*!.
Let P be the Helmholtz’s projection operator of L?(2)3. Then there exist a constant C () such that

W eVNH(Q)?, |Vl < Ci(an)|P(v — a1 Av)||L2q).-
We introduce the space
Vo ={v e VN H* Q) curl(v— a;Av) € L*(Q)*},
equipped with the scalar product
(u,v)y, = (P(u— a1Au), P(v — a1Av)) + (curl(u — a; Au), curl(v — a1 Av))

and associated norm ||vl|jy, = (v,v)%/f. Using the fact that the space X7 () is continuously imbedded in
H' ()3 (c¢f. [2]), we can prove the following result, that is the analogue of Lemma 2.1: Vo C H3(Q2)? and there

exist a constant Cy () such that
Vv € Va, [[Vllma(q) < Ca(an)][vllve-

Then, by a method analogous to that of the simply-connected case, using, in addition, some results of [2], we
prove the the same types of results as in the simply-connected case about existence and uniqueness.
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Finally if we assume that the bounded domain €2, as in the geometrical examples we have in mind, satisfies

the hypothesis: there exists an “admissible set of cuts” that reduces it to a simply-connected domain (see [2]),

we

can extend the preceding results of regularity to non-simply-connected domains.
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