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A “NATURAL” NORM FOR THE METHOD OF CHARACTERISTICS USING
DISCONTINUOUS FINITE ELEMENTS: 2D AND 3D CASE

JACQUES BARANGER' AND AHMED MACHMOUM?

Abstract. We consider the numerical approximation of a first order stationary hyperbolic equation
by the method of characteristics with pseudo time step k using discontinuous finite elements on a
mesh 7. For this method, we exhibit a “natural” norm || |/n,, for which we show that the discrete
variational problem PF is well posed and we obtain an error estimate. We show that when k goes
to zero problem (PF) (resp. the || ||n.x norm) has as a limit problem (P,) (resp. the || ||» norm)
associated to the Galerkin discontinuous method. This extends to two and three space dimension our
previous results obtained in one space dimension.

Résumé. On considere I'approximation numérique d’une équation hyperbolique stationnaire du pre-
mier ordre par la méthode des caractéristiques de pseudo pas de temps k et des éléments finis dis-
continus sur un maillage 75. On construit, pour cette méthode, une norme “naturelle”, notée || ||n,x,
pour laquelle on montre que le probleme variationnel approché (P,]lC ) est bien posé et on obtient une
majoration d’erreur. On montre que, quand k tend vers zéro, le probleme (PF) (resp. la norme || ||n.x)
a pour limite le probleme (P,) (resp. la norme || ||»), associé a la méthode de Galerkin discontinue.
Ceci étend a la dimension d’espace deux et trois nos résultats antérieurs obtenus en dimension un
d’espace.
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1. INTRODUCTION

We consider the numerical approximation by discontinuous finite elements method of a stationary hyperbolic
equation of first order. Then one can use the Galerkin discontinuous method of [9] or the method of character-
istics with pseudo time step k introduced in [4] for convection diffusion problems. The purpose of this paper is
to study the links between these two methods.

In [5] the authors remark that on a triangular mesh when & goes to zero the method of characteristics converges
formally to the Galerkin discontinuous method. We have constructed in [1] a norm || ||5,x, dependent of k and
the mesh size h, and obtained error estimates in this norm. Moreover when k goes to zero this norm tends to
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the norm associated to the Galerkin discontinuous method:

Folli= (10 o+ [ @8 = Toentave [ (snia) (1)

Ty

For these reasons the norm || ||x,x appears to be a “natural” norm for the study of the characteristics method.

But our result in [1] was limited to one dimensional problems. The purpose of this paper is to extend this
result to two and three dimensional problems.

This study of the method of characteristics is motivated by the numerical simulation of viscoelastic fluid
flows. In the differential models the viscoelastic part of the stress tensor satisfies a non linear transport equation.
Numerical experiments with these models using the method of characteristics in a finite element context are
reported in [3,6]. They show the same efficiency as other upwinding methods like discontinuous Galerkin or
SUPG. A (limited) numerical analysis of a differential viscoelastic model is made in [2]. In our opinion a good
knowledge of the method of characteristics is compulsory for the numerical analysis of integral viscoelastic
models. Such a study remains an open problem.

The paper is organised as follows: in Section 2 we recall a few facts about characteristics and Galerkin
discontinuous method; in Section 3 we introduce a k dependent variational formulation of the method of
characteristics based on discontinuous P, finite elements with bilinear form B, and linear form L. and the
natural norm || /5% and show their convergence to respectively B, L and || ||, associated to the Galerkin
discontinuous method; in Section 4 we study the coercivity of B, with respect to the norm || |55 and obtain

an error estimate || u — up, ||pp= O(R""'/Vk + h"t' + k). These result are proved thanks to a “thick” Green
formula.

2. DISCONTINUOUS (GALERKIN METHOD AND CHARACTERISTICS METHOD

2.1. Discontinuous Galerkin method

We consider the scalar problem

b-Vu+cu=f in§
(P) { w= g on -
with - = {z € T, b-n(z) < 0}, where n designate the unit outward normal to I'.  We suppose that
g1 € H%(F_); then there exists, g € H*(€) such that g = g; on I'".
In order to simplify the presentation Q C R? is supposed to be polygonal and is equipped with uniformly
regular triangulation 7; made of triangles K:

0= U K.
KeT,

(Extension to 3D is easy.)
We denote by T'j, the inner sides of the mesh. We suppose that the mesh is compatible with I'". For a
function w, continuous in each K, but discontinuous on I';, we define u™ and u~ by

T(x) = 1i b “(z)= 1 —eb
u™(x) Eg&u(x—i—s), u (x) Eir(r)l+u(x eb)

and the jump of u by
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Let up € V3, = {up, € L? (Q); wup |k€ P-}, where P, is the set of polynomials of degree less or equal to r on
K € Tj,. The discontinuous Galerkin method for (P) is defined in [9] by

/ (b- Vup + cup)vpde +/ [uplop | n-b|do = / fopdx Yoy, € Pr(K) (2.1)
K K~ K

with the convention wu, =g if 9K~ CI'", where

OK™ ={r€ 0K, b-n(x) <0} and OK" ={x € 0K, b-n(z) <0}-

|

yery, © 7

Setting

B(up,vp) = Z /(b'Vuh—l—cuh)vhdx—i—
K

[uh]v;f|n-b|do—|—/ upvp | n-bldo  (2.2)
KeT, r—

L(vy) = / fopdx —|—/ qivn | n-b|do (2.3)
Q r-
we can write (2.1) in variational form:
(Ph) B(uh,vh) = L(vh) Yo, € V. (2.4)

Introducing the associate norm

un =l wn B+ [l 1n-bldo+ [ ad[neb)ao (25)

the following error estimate is shown in [8]:

1
Theorem 2.1. Suppose that b € W12°(Q), there exists a positive constant co such that ¢ — §V -b>cop >0 and
u € H™1(Q); then we have

| w—up ||a= O(h"*2). (2.6)

An example presented in [11] shows that this estimation can’t be improved on a quasiuniform mesh.
We recall that the coercivity of B can be obtained by the following calculation that is used as a model in
Section 3 in order to study the coercivity of B..

Theorem 2.2. Under the hypothesis ¢ — %V -b>cop >0 we have
Blu,u) > C [l ull.
Proof. We have
/K((b -Vu)v + (b- Vo)u+ (V- buv)der = / uvb - ndo. (2.7)

oK

Then we obtain

B(u,v) = /Q(c—%v-b)UdeJrZ/aK %u2b'nda
K

+Z/(u+—u’)u+|n~b|da+z (w)?|n-b|do.

yCIy v ycr /NI
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But we have (see [9]):

Sl B RS ol [T ST SIRRIE IS oY IS e PRI L

KeTn yCln ycr /N

[ o), (2:8)

and it follows that

B(u,u) /Q( V byuldr + Z 2 (v)? = (W) + 2wt —u)ut) |n-b|do

YCI'n
1 2
+- [ v |n-b|do
2 Jr

Then we obtain
B(u,u) 2 C [l u |},
where C' = min(co, 1/2). O

2.2. Characteristics method

We introduce a parameter k (pseudo time step) and we denote by S(x, ¢, 7) the solution of differential system

of characteristics:
ds
{ ar ) (2.9)

S(x,t,t) =
We define

Xk(2) = S(x,t,t — k)
0 (z) = S(x,t,t + k). (2.10)

Remark 2.1. We have 0F(X*(z)) = X*(6%(z)) = 2.

Following [4], we approximate the problem (P) by

k

uk(z) — uF( Xk (z
ut (@) = g(6"(2)) if x € X*(Q)\Q.

Following [2] a variational formulation of problem (P*) is given by:

Find u* € L*(Q) such that
1, ., 1

Fu,7) = X)), o, + (e ) = (1,7) + (0, T)oo, ¥r € LA(Q) (211)

where Q) = {z € Q; X*(2) € Q}, Qo = {x € Q; XF(x) ¢ Q} and ( , ) denote the L?() scalar product.
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Theorem 2.3. If b€ Wh>(Q), u € W22 (X*(Q)UQ) is a solution of (P) satisfying
u(X*(x)) = g(z) if X"(z)¢Q
and u* is a solution of (P¥), then we have
lu —uF|o.0 < C(b,u)k.

For the proof of Theorem 2.3 see [10] (this proof uses the techniques developed in [4] for a convection-diffusion
problem).

3. LINK BETWEEN CHARACTERISTICS METHOD AND DISCONTINUOUS (GALERKIN METHOD

We introduce in this paragraph a natural norm well adapted to the study of characteristics method such that
when k goes to zero it reduces to the discontinuous Galerkin norm (1.1). In Section 5 an error estimate in this
norm is given.

Let Vi, = {v € L3(Q), v |k€ P.(K) VK € 7,}. The discrete variational problem associated to (2.11) is
then:

Find uf €V}, such that

L) — 2 EXFO), 7o, + (euk,7) = (F,7) + (9, 7o, Vr € Vi (31)

More precisely we have

l/uhvhdx—l/ uh(Xk(.))vh(x)dx—i—/cuhvhdx:/ fvhdx—l—l/ gupda.
k Q k N Q Q k Q2

The variational formulation (3.1) is then equivalent to

(P}]f) Bc(uh,vh) = Lc(vh) Vvh S Vh (3.2)
with
1 1 .
Be(up,vp) = —/uhvhdx——/ up(X (.))vh(x)dx—l—/cuhvhdx (3.3)
k Ja k Ja, Q
1
L.(vy) = /fvhdx—l——/ gupdzx. (3.4)
Q k Ja,

Let Ko = {x € K; X*(x) ¢ K} be the set of points of K that were not in Kat time t — k, and K; = K\ K.
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Figure 1. Figure 2.

Then we have the situation shown in Figure 1.

We make the following hypothesis:

(H1) b is defined in a domain Dy, greater than {2 and k is sufficiently small in order to have:
{XYx), €0K; 0<t<k}C Dy, VKET,.

(H2) CFL condition: k is sufficiently small to insure that all z € Ko C K comes from a neighbouring triangle
Krof K (K1 NK #0).

(H3) b and the mesh are such that: if vy, = {z €~v7; X '(z) ¢ K 0 <t <k}then mes;_py, <Ck VyC 0K.

Remark 3.1. Hj is technical hypothesis. Suppose that in[f) | b(x) |=b; > 0, then the hypothesis is verified in
xe€Dy
the two following situations:

1. Crossing characteristic: see Figure 2.

We denote by MN the arc of M to N and MN the segment of M to N. We have
. k
NN = / | s(t) | dt = MN infocp, | b(a) |
0

where s(t) = b(z(t)). We obtain:

MH MN bs
M = < < -
© sin(f) ~ sin(f) ~ b; sin(é))k

where bs = sup,cp, | b(x) | . Then we get

mesi;_p7y, = OM < Ck.
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2. Characteristic tangent to one side:

Figure 3.

We have
mes;_py, = OM < MN < MN < bsk < Ck.

This proves the Remark 3.1.
We define the natural norm || ||5 % by

u? (X5 (x
Il wn Hfbk:/ﬂu%dx—k%/ﬂ ui(x)dx—k%/ﬂ (uh(x)—uh(Xk(x)))zdx—k/Q de (3.5)

where Qp = 6%(Q)\Q.
In the following result we will show that the discontinuous Galerkin method (2.4) is a limiting case of a

characteristic method (3.2) introduced by [4] when applied to stationary convection problems and we show that
the norm || |55 defined by (3.5) tends to the norm || || defined by (2.5) when k goes to zero.

Theorem 3.1. Suppose that hypothesis Hy, Ha, H3 are satisfied and that b € W1°°(Dy) then the bilinear form
B, and the linear form L. defined by the characteristics method converge respectively to the bilinear form B and
the linear form L of the discontinuous Galerkin method when k goes to zero; furthermore we have

i = . .
Lim [} un [lnk=l un [n (3.6)

Proof. Using the discontinuous Galerkin method, the bilinear form B is defined by

B(u,v) = Z/K(b-Vu—l—cu)vdm—i—Z

KeTy, yely

/(u+—u_)v+|n-b|do+/ w|n-bldo.  (3.7)
v r-
Using the characteristics method, the bilinear form B, is defined by

Bu(u,v) = % /Q uvdx—% /Q (X))ol + /Q cuvdz, (3.8)

In the sequel, we show that: for u,v € V},

We have
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On the one hand, the integral on K7 becomes

. u(w) — u(X*(x)) .
o I oleyde =i f p

. af
= i [ G0+ ol)ud  (fr) = u(S(a,t,7)

= lim b-Vu+o(k))v(z)dz

k—0 K
= / (b- Vu)v(z)dz. (3.10)
K
On the other hand for the second term in the second member of (3.9) we now show that
—u(XF
lim u(w) = ul (x))vdx = Z / (ut —u ot |b-n|do, (3.11)
k—0 Jpe k -
h yery 7

with T = (| ) K2)\Q.
KeT,
Indeed, let Ky € I'{, and  the common side of K and K’ (K, K' € T;,), we have

Ky Cc B ={y=95(z,0,t),z €y ;0<t <k} -
The points of K5 are in a band B~ but this band contain other points which are not in K. We extend u and

v which are a polynomials by the same expression in the whole band and we parameterise v~ (7 a side of K)
by x = 2% 4+ o7, 7 being the unit vector of ~.

o
Figure 4.
If we set y(o,t) = X t(x) = S(2° + o7,0,t) then we have

J(y(av t)) =b- n(S(x, 0, t))

where J(y(o,t)) is the Jacobian determinant with respect to o and ¢. Indeed,

oy 9y
o oo +
7T o dn
Oo ot
(3.12)
_ | b1(S(=,0,1))
- T2 bQ(S(JJ,O,t))
(3.13)

= (ba1y — b172)(S(x,0,1))
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‘We have

—u(X*(x ) —u k
[ M), [ e X”)U@m

h KeTy,

) —u(XFk(x
= Z Z/ (X ( ))v(:lc)dx

KT, ycoK Y K2NB~

XFE(x
= Z Z/ k;( ())v(x)dx

KeT, yCOK

u(z) — w(X*(z
-/ ()= XD,
B~\(K2nB-)

= > > (o1—a) (3.14)

KeT, yCOK

with B~ the band associated to v~.
Let © = 2% 4+ o7 and § the subset of [0, k] corresponding to the ¢ such that X ~(x) € K. We have

ag = / “<$)‘“<Xk(x>>v<x>dx
B*\(KzﬁB*) k
- / / Xk( (%:1) | J(y(o,t)) | dtdo

= // (o, t)dtdo,
%

where
u(y(o k(y(o,
b(o,1) = (y(o,t)) — k(X (y(o,1))) | Ty ) |,
and
y(o,t) = X '(x)
= S(z,0,t)
= xz+1tb(x)

= 2% o7+ tb(x).
Using H3 we obtain

7% |l ¢ lle (¢ is continuousin B~)

<
< Clollwk

Then we get: %in}) ap = 0. Moreover, setting

> =

L ) /0 ' ¢(0, t)dtdo
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we have

ol B

o —/ ¢(o,0)do =

~

/7 . /O k(cb(o, t) — ¢(0,0))dtdo

¢ being uniformly continuous on B~:
Ve >0 In such that Yo € v~ Vt e [0,n] | ¢(o,t) — ¢(0,0) |[<e.

So
| an —/ ¢(o,0)do |<| vy | €
-

and we get

k—0

lim oy = /_ ¢(0,0)do = /_(u+(x) —u (z))vT(z) |n-b|dz.

From (3.14) we deduce

u(z) — u(X*(x
lim (=) (X())v(x)d:r: Z Z / (ut —u )t |b-n|dz

k—0 Jpe k
—0Jry, KT, vCOK V7

which proves (3.11).
From (3.8) we have

B.(u,v) = 1/QQ uvd:v—i—/Ql u(x)_U(Xk(x))v(x)dx—i—/gcuvdx.

k k

Using the equality

0= ] K (3.15)
KeA

where A is the union of triangles with at least one side in I'~, we get
JRECECIS Sy CICN
Q2 & KeAV K2 &

Using the same technique as above it follows that

) u(z)v(x) 4o
lim de = Z/ uTvT |n-b|do

k—0
T KeAYY

= / utv | n-b|do. (3.16)

From K = K; U K9 we have

O =TS U{K;K €T} (3.17)
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Then we obtain

u(x) — u(X*(x)) _ u(@) — u(X*(x)) u(@) — u(X*(x))
/Q1 ’ v(z)de = /}CL ’ v(m)dx—l—K;h /I<1 2 v(x)dz.
Using (3.11) we get
u(z) — u(X*(x

%ii% e () k(X ( ))v(:zc)dx = ng/w(lﬁ —u Yot |n-b|do (3.18)

and using (3.10) we obtain
. ule) ~u(Xr@) oo

lim K;h /K | . o(z)da = K;h /K (b- Vu)o(x)dz. (3.19)

From (3.16, 3.18, 3.19) we conclude that
]liirb Be(u,v) = B(u,v).
We now show that
lim L.(v) = L(v). (3.20)

k—0

We have

1
Lc(v):/vadac—i—g/Q gvdz.

Using the equality (3.15) and the method of proof of (3.11) we have

lim 1 gudx = lim % w(X*(2))v(z)de = /

u_v+|n-b|daz/ gvt|n-b|do.
k—0 Qs k—0 Qs

This proves the result of convergence (3.20).
To conclude we prove that

m | w |5 6= w A
k—0

We recall that the norm || |5 is defined by

1 1 2(Xk
luwl?, = / u?(z)dz + —/ u?(z)dx + —/ (u(z) — u(X*(x)))?dz —l—/ de.
’ Q k Ja, k Ja, Qo k
From (3.16) we have the following result
2
im [ g, / ut? | b-n|do. (3.21)
k—0 Qs k -

And using the equality

Qo ={X z),z€TT;0<t <k} (3.22)
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and the techniques of proof of (3.11), we have

. W (XF@) o
1112%) o, de—/ﬁu [b-n|do. (3.23)
Likewise, from (3.17) we get
%/Ql(u(x) Cu(XF(@)2de = %/ﬁ(u( 2) — u(X*(2)))2dz + - Z /K — u(X*(2)))2da.

KETh

Like (3.11) we get

Jim + / ) — u(X*(@)2dr = 3 /(u+—u_)2 In-b|do (3.24)

k=0 k yer, *7
and like (3.10):
Jin — / —u(X*(@))2de = Tim k [ (b- Va)?de = 0. (3.25)
k—0 k k—0 K

From (3.21, 3.23-3.25) we conclude that
li = .
Lim [} w {ln =] [

This proves Theorem 3.1. O

4. THICK GREEN FORMULA AND ELLIPTICITY OF B,

We prove in this section that B, is elliptic in norm || ||5,% under a suitable hypothesis. This result implies
that problem (P}’f) as a unique solution. It is also used in the proof of the error estimate in Section 5.

Ellipticity of B. is proved with the help of a ”thick” Green formula which replace (2.7) for the method of
characteristics.

Lemma 4.1 (thick Green formula).

L[ o) da u(@) — (X)) o vXE @) (@) e ) g [ X @)X ()
k/ﬂz()()d+/ﬂl( : (2) - (X()))d /Q ! d

X

dz

1-—- dy
— [ty @)
Q

da

I is the Jacobian.
y

where = ‘—dejéy) ’
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Proof. We have

w(z) — uw(XF(x v(XF(z)) — v(x
%/QQ u(a:)v(a:)d:v—i—/Ql ( (=) k(X ( ))U(Jﬁ)— X 33 ( )u(Xk(x))) da
w(XFE(2))v(XF (2
- [ s 3 [ wetade - [t @)e(xt @)
dz

This proves (4.1). O

Theorem 4.1. Suppose that there exist cg > 0 such that:

11— 5
c+ B Y >co >0,
where = 0% (y). Then we have
Be(u,u) > C |l ulff s - (4.2)

Proof. Applying (3.8) for v = u we have

u?(z u(z) — u(X*(x
B.(u,u) = /Q2 ]i )dx—l—/Ql (z) k(X ( ))u(x)dx—l—/gc(x)UQ(x)dx,

and for the previous Lemma with v = u we obtain

YRR G TG ETE CCI NN b P

2 1—|dz
—/ v(w) d:zc—f—/ 7‘ dy‘uz(y)dy.
a, Fk o k

Then we deduce that

1 1 1
B.(u,u) = — u?(z)dz + — w?(X*(z))dz + = (u(z) — u(X*(x)))?dz
2k Jq, 2k Jq, 2k Ja,
+/ (c+ = (1— |Zh)u2e)a
ook ay | WY
Then if ¢+ 57 (1 — g—i ) > ¢o > 0, we have the coercivity of B, with respect to the norm || ||5.%. O

Remark 4.1. We remark that we have the following convergency result:

dx

. dy
lim ——— = -V -b.
kl—% k b

1—
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Indeed, we have

z = 0"(y)=y+kbly)+
dx
— = IT+EkVDb
m + kVb(y) +
So
dx
=14+kV-D
™ + £V -bly) +
Then we conclude that
1— |dz
dy
B =V -b(y) + O(k)

This establishes the result.

5. ERROR ESTIMATE

To give an error estimate for the characteristics method we shall use another form of B, shown in the following
Lemma and suggested by the second expression of B of the discontinuous Galerkin method.

Lemma 5.1. The bilinear form B. can be written as

-G v(z) —v(XF*(x w(X*(@))o(XF*(z
Belu,o) = [ (et) + — Dutotay - [ MDD ek ap [ HEHREE,
1 ’ (5.1)
Proof. Applying the thick Green formula (4.1) to (PF) we get
-6 v(z) —v(X*(x)) w(X*(@))o(X* (x))
e+ — iy - [ MOk w)a + / s ) g,

/ f(x)v(z)dx + — / g(x)v(z)dz. (5.2)
Qo

If we compare (5.2) with (PF) we deduce the result 5.1. O

Lemma 5.2. Ifbe Wh®(Q), u € W22 (X*(Q) U Q) is a solution of (P) satisfying

u(X*(x) = g(z) if X*(z) ¢ 9Q,
then we have the consistency relation

B.(u — up,vp) <

Vup € Vi, (5.3)

where uy, is the solution of (PF).
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Proof. Let v, € Vj, we have

B(u,vp) = %/Qu(x)vh(x)dx—%/ﬂ u(Xk(:p))vh(x)dx+/Qc(x)u(g;)yh(x)dx
w(z) — w( Xk (x
_ % /Q 2 w(z)vp (2)dz + /Q | (z) k(X @) 0 (2)dz + /Q e(@)u(x)vn (z)dz.

So since u is a solution of the continuous problem, we have
b(x) - Vu(z) + c(z)u(z) = f(z).

Then

Bu(uw,vn) = /Q (@-b(x)-vu(x))vh(x)dx

u(@) — u(X*(x))
" /Q " — b(x) - Vule))o (z)dz + /Q £ (@)on(z)da.

So since uy, is a solution of problem P,ff, we have
Bc(uh,vh) = LC(’Uh).

Then we obtain

u(z) — u(X*(x
+/ (U2 ZuXE@) oy ) yon () da, (5.4)
Qq
where g(x) = u(6%(z)).
On the one hand for the first term in the second member of (5.4) we have
u(z) — g(x) = l Oiuo 2,0, 7)dT — b(x) - Vu(zx))vy(x)dx
| b)) = [ [ Fwe S0, mdr - be) - Tu(@) )

0
= [ 5[ b Vs @0 =) Va@) s

Ch | b5 sl ool D71 llvn llnge (1 Q2 1< K[ lo.00l T ).

IN

On the other hand for the second term in the second member of (5.4) we have

u\r) —u k X
/Q (=) k(X () —b(x)-Vu(:E))vh(x)dng [ B (s (5.5)
where
k k &u k
Evdos, = 3 [ bt @) @) 555 (@) (56)
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and n*(x) = S(z,k,0k) with 0 < 6 < 1 (see [4]).

Then we get
u(z) — u(X*(x k
[ (M2 b0 Vute) ) ntedts < 50 ulad b+ L el el Do) 0
1951
Finally we deduce that we have
Be(u —up,v) < Ck || v ||k -
This proves the Lemma 5.2. O

Error estimate

Let P, be the L?(Q)-orthogonal projection into V}, then we have the following error estimate (see [7]):
Lemma 5.3. Let m=0,1,1 < p < 400 and r > 0. There exists a positive constant C' independent of h such
that

| 0= Py [mp,x < ORFET™ |0 |ra i, Yo € WHHLP(E). (5.7)

Then we have a priori error estimate of problem (P1) treated by the characteristics method.

Theorem 5.1. Suppose that b € WH(Q), u € WTL(X*(Q)U Q) (r > 0) is a solution of (P) satisfying
w(X*(z)) = g(x) if X*(x) ¢ Q and there exists co > 0 such that

dy

ZCO>07

where x = 0%(y). Then we have

hr+1
| w—up |[ne= O + —

7 + k). (5.8)

Proof. Let Pyu be the L?(Q)-orthogonal projection of u into Vj, we have
¢ || up — Pru H}%,kﬁ B.(up, — Pru,up, — Ppu) < B.(u — Pyu,up, — Pou) + Ck || up — Pru ||h,k'

Under (5.1) we have

- |5
Bl P = Pu) = [ (e(9) + =)0 = P ) = P )y
_‘/Q (uh — Phu)(x) — (;:h — Phu)(Xk(l")) (u . Phu)(Xk(x))dx (5.9)
+/Q (un — PhU)(X’“(x)]i(u — B (X*H@) | (5.10)

If we denote S by:
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then we can estimate (5.9) by:

(u — Pu)(X*(x))dz

/ (un — Ppu)(z) — (un — Phu)(X*(2))
o k

< (3 (= Pra@) = (o = Prag ¥t ) e % (7 ] o= PPt Er

Likewise, if we define T by:

then we can estimate (5.10) by:

IN

= R @) AUEtE),, o ([ s PP (<) ) (f = P (X)) )

IN

|| Up —Phu|

hk T.

Then to estimate || up, — Pyt ||n,%, one has only to estimate S and 7.
For S we have

s:G /. w(u—PhuV(y)'j—‘;'dy)% e=tw) < (; [0 Pwroe)

< 3 <%/K(U—Phu)2(x)dx)2
SN

1

< = Z | w— Pyu ||o,2,K
\/EKETh
C

<

ﬁh;{“ | ]r1,2,k -

For T' we have

1 2 dx : _ 1 2 :
TZ(E/XWf“‘Ph“) <y>'d—y'dy> w=tw) < (§ [ Pura)

1
< — Z | w— Phu llo2x
=1
< ﬁhﬁjl | U |r+1,2,K .
Further, according to the definition of the norm | |5, we have
1 1 2
| Pru—uwllpe < C( Pou—ulog+—=|Puu—uloq)+ <—/ (u— Phu)Q(Xk(x))dx)
\/E k Q1

o [ Phu;;(Xk(x))dx)% |
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Then we conclude that || Pou — u |

h,k can be also estimated using S and 7.

Finally we have

| un — w | k<|| un — Prw||ng + || Pou—u|lnk - (5.11)
Then we obtain
Hu—wmlhw:0<w*1+ﬁfi>- (5.12)
’ Vk
This proves the Theorem 4.1. O

Remark 5.1. For £ < h, we can remark that the error estimate is at best O(h”%), like the error estimate
given by the discontinuous Galerkin method [8] and is exactly O(h™+2) for k = Ch.

(1]
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