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Abstract. Fast singular oscillating limits of the three-dimensional “primitive” equations of geophysi-
cal fluid flows are analyzed. We prove existence on infinite time intervals of regular solutions to the 3D
“primitive” Navier-Stokes equations for strong stratification (large stratification parameter N). This
uniform existence is proven for periodic or stress-free boundary conditions for all domain aspect ratios,
including the case of three wave resonances which yield nonlinear “2 1

2 dimensional” limit equations
for N → +∞; smoothness assumptions are the same as for local existence theorems, that is initial
data in Hα, α ≥ 3/4. The global existence is proven using techniques of the Littlewood-Paley dyadic
decomposition. Infinite time regularity for solutions of the 3D “primitive” Navier-Stokes equations
is obtained by bootstrapping from global regularity of the limit resonant equations and convergence
theorems.
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1. Introduction

The governing flow equations for three-dimensional stably stratified fluids with effects of rotation included
(the 3D “primitive” equations of geophysics) are under the Boussinesq approximation:

∂tU + U · ∇U + fe3 ×U = −∇p+ ρ1 e3 + ν1∆U + F, ∇ ·U = 0, (1.1)

∂tρ1 + U · ∇ρ1 = −N2U3 + ν2∆ρ1 + F4, (1.2)

U(t, x)|t=0 = U(0, x), ρ1(t, x)|t=0 = ρ1(0, x) (1.3)

where the mean stratification gradient and the axis of rotation are aligned parallel to the vertical axis e3. Here
x = (x1, x2, x3), U = (U1, U2, U3) is the velocity field and ρ1 is the buoyancy variable (relative density varia-
tion); N is the Brunt-Väisälä wave frequency for constant stratification and Ω is the frequency of background
rotation, f = 2Ω is the Coriolis parameter, F = (F1, F2, F3) is a divergence free force and p is the pressure. In

Keywords and phrases. Fast singular oscillating limits, three-dimensional Navier-Stokes equations, primitive equations for geo-
physical fluid flows.

∗ Dedicated to Roger Temam for his 60th birthday

1 Department of Mathematics, University of California, Irvine, CA, 92697, USA.
2 Department of Mathematics, Arizona State University, Tempe, AZ 85287, USA.

c© EDP Sciences, SMAI 2000



202 A. BABIN ET AL.

equations (1.1) e3 ×U = (−U2, U1, 0) is the Coriolis term. Equations (1.1) and (1.2) are called the primitive
(non-hydrostatic) equations of geophysical flows. We consider initial value problem for equations (1.1–1.2) with
ν1 > 0 and ν2 > 0; here ν1 and ν2 are the kinematic viscosity and the heat conductivity, respectively; the
ratio Pr = ν1/ν2 is known as the Prandtl number. We consider periodic boundary conditions in a parallepiped
[0, 2πa1] × [0, 2πa2] × [0, 2πa3], as well as stress-free conditions U3 = 0, ∂U1/∂x3 = ∂U2/∂x3 = 0 at x3 = 0,
2πa3. For stress-free conditions one only needs to restrict Fourier series to be even in x3 for U1, U2 and odd in
x3 for U3, ρ1 (see [25]).

In this paper we investigate the fast singular oscillating limits of equations (1.1–1.2) as f → ∞, N → ∞,
η = f/N fixed. We average equations (1.1–1.2) over the fast time scales of inertio-gravity waves. The linear
parts of inviscid equations (1.1–1.2) are:

∂tU + fe3 ×U− ρ1e3 = −∇p, ∇ ·U = 0, (1.4)

∂tρ1 +N2U3 = 0. (1.5)

In our approach, the collective contribution to the nonlinear dynamics made by fast “inertio-gravity” waves
(solutions to Eqs. (1.4–1.5)) is accounted for by rigorous estimates of wave resonances and quasi-resonances via
small divisors analysis [4,6,8,12,14,15]. The linearized equations (1.4) with f 6= 0, N = 0, ρ1 = 0 was studied by
Sobolev [47] who continued the analysis of Poincaré [43] (Arnold and Khesin [2]). The extension of this analysis
to the genuine nonlinear equations (1.1–1.2) was done by Babin, Mahalov and Nicolaenko (henceforth BMN)
in [4–6,8,12,14]. Utilizing methods of small denominators and Diophantine incommensurability conditions on the
domain geometrical parameters a1, a2, a3, they investigate the fast singular oscillating limits of equations (1.1),
N = 0 as f = 2Ω → ∞. This mathematical approach in the context of geophysical flows was initiated in
BMN [4,6,10,11], Mahalov and Marcus [40]. In the context of symmetric hyperbolic systems (including weakly
nonlinear geometric optics), related singular oscillating limits have been investigated by Joly, Metivier and
Rauch [31, 34], Schochet [45] (where the weakly compressible limit of 3D Euler equations was considered),
Grenier [30], Embid and Majda [26]. For general “primitive” equations of geophysics, following methods for
hyperbolic Euler-type systems of Bardos [17], Bourgeois and Beale [19] have demonstrated convergence to
quasi-geostrophic limit equations for special classes of initial data (of infinite codimension). Lions, Temam and
Wang have analyzed the viscous equations (1.1–1.2) in a series of seminal papers [37, 38], while restricting to
“prepared” initial conditions or conditional regularity hypotheses.

First results on regularity of solutions of three-dimensional Euler and Navier-Stokes systems in rapidly ro-
tating frame were obtained in [5,8]. First results on regularity in the context of geophysical flows were obtained
in [6, 10, 11]. The crucial role of parameters θ2 = 1/a2

2, θ3 = 1/a2
3 for the properties of the dynamics, in par-

ticular for smoothness, was revealed in these papers (we put a1 = 1 using a rescaling; in the general case one
has to put θ2 = a2

1/a
2
2, θ3 = a2

1/a
2
3). Technical conditions of [5, 6] and [8] on the smoothness of initial data and

forcing term were later relaxed in [28,29] (no consideration of “2 1
2 -dimensional” nonlinear limit equations from

3 wave resonances) and [3, 12]. An approach based on choosing special restricted sets of initial data with infi-
nite codimension which do not excite resonant 3-wave interactions is used in [21] to obtain long-time existence
theorems.

There are three foremost issues with the analysis of (1.1–1.2) for large parameters N and f . First, the
nature of the limit asymptotic equations as N → +∞ and the regularity of their solutions (“2 1

2 -dimensional”
Navier-Stokes primitive equations). Second, the convergence of solutions of (1.1–1.2) to those of the limit
equations; and, finally, bootstrapping from analysis of the first two questions the infinite time regularity of
solutions of (1.1–1.2) for N large but finite.

The proof of global regularity of 3D primitive Navier-Stokes equations (1.1–1.2) for resonant domains pre-
sented in this paper relies on the global regularity of the “21

2 -dimensional” limit nonlinear “primitive” Navier-
Stokes equations and techniques for convergence theorems as N →∞ developed in [3,6,8,12,14]. The technique
of bootstrapping regularity of solutions of three-dimensional Navier-Stokes equations by perturbation from limit
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equations has been done in various contexts: thin domains [44], helical flows [39]. In these previous works, limit
equations are 2-D Navier-Stokes equations for which global regularity is well known. In the present work,
the limit equations are genuinely three-dimensional depending on all three variables x1, x2 and x3 but with
restricted wave-number interactions in the nonlinear term. The existence and regularity theory for those limit
equations is non-trivial.

In [14], we have demonstrated global regularity of equations (1.1) in the pure rotation case (N = 0, ρ1 = 0)
for large Coriolis parameters f including the case of 3 waves resonances with the “2 1

2 -dimensional” limit
Navier-Stokes equations. In this paper we extend the results of [14] to the full primitive 3D equations (1.1–1.2)
(N 6= 0). The main result of this paper is the uniform existence in infinite time of regular strong solutions of
equations (1.1–1.2) for large but finite stratification parameters N . This result holds for all domain parameters
a1, a2, a3 including the case of domains with three wave resonances for inertio-gravity waves; such resonances
yield strongly nonlinear “2 1

2 -dimensional” limit equations. The global existence is proven using techniques of
the Littlewood-Paley dyadic decomposition.

Smoothness conditions in this paper are like in standard local regularity theorems and do not include technical
smoothness conditions of BMN [6, 11]. All restrictions on the domain parameters are also removed. We also
relax in this paper (in viscous case using the approach of Avrin and BMN [3]) conditions on time behavior of
the forcing term. In regularity theorems including Theorems 1.1 and 1.2 we impose only an integral regularity
condition on forcing term

sup
T

∫ T+1

T

‖F†‖2α−1dt ≤M2
αF (1.6)

for α > 3/4, where F† = (F, F4). We denote by U† the 4-vector U† = (U, ρ1).
In this paper we prove the following main theorems; the Sobolev spaces Hα of periodic functions with zero

mean are defined in equations (2.4–2.5).

Theorem 1.1. Let η = f/N and the domain parameters a1, a2, a3 be fixed but arbitrary. Let ν1, ν2 > 0,
ν = min(ν1, ν2) and the condition (1.6) on the force F†(t, x) be satisfied. Let ‖U†(0)‖α ≤ Mα where α > 3/4.
Then for N ≥ N1(Mα,MαF , ν, a1, a2, a3) solutions of the 3D Navier-Stokes “primitive” (1.1–1.2) are regular
for all t ≥ 0, and ‖U†(t)‖α ≤M ′α for all t ≥ 0.

Theorem 1.2. Let η = f/N and the domain parameters a1, a2, a3 be fixed but arbitrary. Let ν1, ν2 > 0,
ν = min(ν1, ν2), α > 3/4 and the condition (1.6) on the force be satisfied. Let ||U†(0)||0 ≤ M0, T̂ =
T̂ (M0,MαF , ν). Then for every N ≥ N

′
(a1, a2, a3, ν,MαF ), N

′
independent of M0 and for every weak solution

U†(t, x1, x2, x3) of the three-dimensional “primitive” Navier-Stokes equations (1.1–1.2) defined on [0, T̂ ] which
satisfies the classical energy estimates on [0, T̂ ], the following holds: U†(t, x1, x2, x3) can be extended to 0 <

t < +∞ and it is regular for every t : T̂ ≤ t < +∞; U†(t, x1, x2, x3) belongs to Hα and ||U†(t, x1, x2, x3)||α ≤
C1(a1, a2, a3,MαF , ν) for every t ≥ T̂ . If F† is independent of t then there exists a global attractor for the
three-dimensional primitive Navier-Stokes equations (1.1–1.2) bounded in Hα; such an attractor has a finite
fractal dimension and attracts every weak Leray solution as t→ +∞.

In this paper we establish infinite time regularity theorems valid for all domain parameters: for N large
but finite in equations (1.1–1.2) this is obtained by bootstrapping from global regularity of the limit “2 1

2 -
dimensional” equations and convergence theorems including the case of domains resonant in a1, a2, a3.

Remark 1.1. In [14] only the condition α > 1/2 is imposed on the force and the initial data. Here the condition
α > 3/4 is restricted only by the minimal regularity results for the viscous quasi-geostrophic equations, cf.
Section 4 in [12].
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2. The limit resonant equations

Following Métais and Herring [41] we introduce a change of variables ρ1 = Nρ and combine velocity and
buoyancy variable in one variable U† = (U, ρ) after which equations (1.1–1.2) written in non-dimensional
variables take the more symmetric form:

∂tU
† + U · ∇U† +NMU† = −∇†p+ ν̄∆U† + F†, ∇ ·U = 0 (2.1)

U†(t, x)|t=0 = U†(0, x)

where ∇†p = (∇p, 0),F† = (F, F4) (where F4 is rescaled),

M = (S + ηR), η = f/N, R =
(

J 0
0 0

)
, S =

(
0 0
0 J

)
, J =

(
0 −1
1 0

)
, (2.2)

ν̄ = diag(ν1, ν1, ν1, ν2) is the viscosity matrix, η is fixed. The linear parts of inviscid equations (2.1) are:

∂tU† +NMU† = −∇†p, ∇ ·U = 0 (2.3)

where the skew-symmetric structure is apparent.
We use Fourier series expansions for redefined fields U†(x) = (U1(x), U2(x), U3(x), ρ(x)), x = (x1, x2, x3):

U†(x) =
∑
n

exp(i(n1x1 + n2x2/a2 + n3x3/a3))U†n =
∑
n

exp(iň · x)U†n (2.4)

where U†n are the (4-component) Fourier coefficients, [n1, n2, n3] ∈ Z3, ň = [n1, n2/a2, n3/a3] are wavenumbers
(a1 = 1 without loss of generality). We introduce Fourier-Sobolev spaces of functions Hs with the norm defined
on Fourier coefficients Un as follows (where |ň| = (n2

1 + n2
2/a

2
2 + n2

3/a
2
3)1/2):

||U†||2Hs =
∑
n

|ň|2s|U†n|2. (2.5)

We assume that all functions have zero average over the periodic parallepiped. Stress-free boundary conditions
at x3 = 0, 2πa3 correspond to U1, U2 even in x3 and U3, ρ odd in x3. Sobolev spaces are restricted to such
functions. In this paper Rn, Sn will denote the action of R and S on n-th Fourier component, ηRn+Sn = Mn.

We recall the principle of averaging equations (2.1) over the fast time scales of inertio-gravity waves. We
denote by E(Nt) the linear propagator solution to the initial value problem for equation (2.3); E(Nt) is in fact
a unitary group operator (preserves all Sobolev norms). The dispersion relation for inertio-gravity waves which
are solutions of equations (1.4–1.5) (hence Eq. (2.3)) has the form

N2ω2
n = N2 |ň′|2

|ň|2 + f2 ň2
3

|ň|2 = N2(
|ň′|2
|ň|2 + η2 ň2

3

|ň|2 ), ω2
n =
|ň′|2
|ň|2 + η2 ň2

3

|ň|2 (2.6)

where ň = (n1/a1, n2/a2, n3/a3), ň′ = (n1/a1, n2/a2, 0), |ň|2 = n2
1/a

2
1 + n2

2/a
2
2 + n2

3/a
2
3, |ň′|2 = n2

1/a
2
1 + n2

2/a
2
2,

η = f/N . Here a1, a2 and a3 denote aspect ratios of the domain parallepiped. We note that all results in
our work extend to boundary conditions periodic horizontally with zero flux in the vertical direction e3 and
no tangential stress on the boundary. One only needs to restrict Fourier series to be even in x3 for U1, U2

and odd in x3 for U3, ρ1. Such boundary conditions imply zero tangential stress on the vertical boundary
(see [25]). It follows from (2.6) that the effects of rotation and stratification are not uniform on scales. In the
case |ň′|/|ň3| � 1 gravity waves are fast and inertial waves are slow. On the other hand, for scales satisfying
|ň3|/|ň′| � 1 gravity waves are slow and inertial waves are faster. This nonuniformity of the effects of rotation
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and stratification on different scales lies at the very heart of the nonlinear scale adjustment process described
in [10,11] and [15].

We introduce the linear propagator directly into the nonlinearity in equation (2.1) using the change of
variables

U†(t) = E(−Nt)u†(t), (2.7)

where U† = (U1, U2, U3, ρ) is the “fast” field variable; and u† is the “slow” called Poincaré’s variable, after
factorization via the fast oscillating (N � 1) propagator E(Nt). We define

B(U†,U†) = (−P(U · ∇U),−U · ∇U4), U† = (U, U4) = (U, ρ) (2.8)

where P is the Leray projection on divergence free vector fields. For ν1 = ν2 = 0 and F† = 0 the rescaled
“primitive” Euler-Boussinesq equations (2.1) written in the Poincaré’s variables u† have the form:

∂tu† = Bp(Nt,u†, u†), Bp(Nt,u†,u†) = E(Nt)B(E(−Nt)u†,E(−Nt)u†) (2.9)

where Bp is now an explicitly fast oscillating, non-autonomous operator in the “slow” variable u†. Equation (2.9)
are explicitly time-dependent with rapidly varying coefficients. This is a problem of fast singular oscillating
limits for a non-local hyperbolic system. Analogous problems are found in nonlinear geometric optics, [31, 34].

The following equations describing the asymptotic limit dynamics are associated with equation (2.9)
(BMN, [6]):

∂tw = B̃(w, w), B̃(w,w) = lim
N→+∞

1
2π

∫ 2π

0

Bp(Ns,w, w)ds (2.10)

where the arguments w are s-independent. We refer to Lemma 4.1 for the convergence proof. Equation (2.10)
contains the “2 1

2 -dimensional” limit resonant equations. Clearly, when represented in Fourier modes in the limit
N → +∞, η = f/N fixed, the right-hand side of (2.10) will be determined by resonances ±ω′k ± ω′m ± ω′n = 0
within terms of the type exp(iN(±ω′k ± ω′m ± ω′n)t), equation (2.6). Here ω′n = 0 for quasi-geostrophic (QG)
modes and ω′n = ωn is given by (2.6) for ageostrophic (AG) modes (similarly, ωk and ωm). With ωn being the
normalized spectral frequencies of inertio-gravity waves given by (2.6), the dependence of resonances

Dl(k,m, n) = ±ω′k(a1, a2, a3, η)± ω′m(a1, a2, a3, η)± ω′n(a1, a2, a3, η) = 0 (2.11)

where l = 1, ..., 8 (eight combinations of +, - signs) and quasi-resonances

Dl(k,m, n) = ±ω′k(a1, a2, a3, η)± ω′m(a1, a2, a3, η)± ω′n(a1, a2, a3, η) = δ (2.12)

on the parameters of the problem a1, a2, a3 and η and the algebraic geometry of this non-standard small divisor
problem are the basis of our analysis for 3D “primitive” equations in [6, 8, 12,14]. In equation (2.12) δ = 0 for
exact resonances and is a small parameter for quasi-resonances (see [1]).

Now we describe the structure of the limit equations which were derived in [4, 6, 10, 11]. From now on we
are going to restrict ourselves to η bounded, η > 0, including η � 1. The case of strong rotation and weak
stratification η � 1 must be treated separately and it will be published elsewhere. The case η = ∞ (f → ∞,
N = 0) was the subject of our papers on pure fast rotating limit without stratification ([4, 5, 7, 9, 14]).

For all parameters a1, a2 and a3 and all values of the parameter η = f/N in the asymptotic limit equations
the total field splits into the quasi-geostrophic field wQG(t) satisfying 3DQG (quasi-geostrophic) equations [6,
10,11,19]

∂twQG = B0(wQG,wQG) + νQG∆wQG + FQG, (2.13)
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and the ageostrophic components wAG satisfying equations of the type:

∂twAG = B2(wQG,wAG) + B3(wAG,wAG) + νAG∆wAG + FAG; (2.14)

here νQG(ν1, ν2) and νAG(ν1, ν2) are in general non local zeroth-order pseudodifferential operators, whenever
ν1 6= ν2. Equation (2.14) are called the limit resonant “2 1

2 dimensional” primitive Navier-Stokes equation.
The limit (2.13) results from the “slow” ( wQG,wQG,wQG) triads as well as all resonant

(wAG,wAG,wQG) triads (the contribution of the latter is exactly zero in the limit, hence the operator splitting).
The limit ageostrophic (2.14) is derived from both resonant ( wAG,wQG,wAG) and ( wQG,wAG,wAG) triads
as well as the strict 3-wave resonances (wAG,wAG, wAG). Notice that the slow-fast-slow (wQG, wAG,wQG)
triads are not resonant to the lowest order in 1/N and appear only at the next order in 1/N via 4-wave resonances
(see also [18]).

The quasigeostrophic equations in the inviscid case have a global regular solution according to Bourgeois
and Beale [19]; also if ν1 > 0 according to a theorem proven in [12]. Note that the nonlinear operator B3

discontinuously depends on the parameters η, θ1 = 1/a2
1, θ2 = 1/a2

2, θ3 = 1/a2
3 (see also Sect. 4); it is non-zero

only on a set of measure zero (see the proof in BMN [8] for the similar pure rotating case). In BMN [5,6,8,10,11]
it was shown that if one deletes a resonant set Θ∗ of parameters η, θ1, θ2, θ3, then B3(wAG,wAG) = 0 and only
“catalytic” interactions described by the linear in wAG operator B2(wQG,wAG) rule AG dynamics:

∂twAG = B2(wQG,wAG) + νAG∆wAG + FAG, (2.15)

where wQG(t) is a solution of 3DQG equations. In this paper we treat the case of the full “21
2 -dimensional”

equations(2.14), including all 3-waves resonances (B3 6= 0 in Eq. (2.14)).

3. The limit resonant equations in Craya-Fourier basis

In this section we present the limit resonant “2 1
2 -dimensional” primitive Navier-Stokes equations in Craya-

Fourier cyclic basis. The Craya basis was originally introduced in Craya [24].
We take into account divergence-free condition by applying the Helmholtz projection Pd onto divergence-free

vector fields. The matrix (PdMPd)n is a real skew-symmetric matrix; the corresponding operator restricted to
the 3-dimensional subspace of divergence-free vectors U†n has one zero eigenvalue and two complex conjugate
eigenvalues ±iωn 6= 0. We introduce the divergence-free vectors (3.2) which form a real cyclic basis for it:

Pd
nMq0n = 0, Pd

nMq1n = −ωnq2n, Pd
nMq2n = ωnq1n, (3.1)

where Pd
nqjn = qjn,

q0n =
1
ωn

(φnp0n + ηξnp2n), q1n = p1n, q2n =
1
ωn

(φnp2n − ηξnp0n). (3.2)

Here p0n, p1n, p2n form an orthonormal basis of the divergence-free subspace for n-th Fourier mode; the pjn are
the Craya basis for the purely stratified problem [24]:

p0n =
[
− ň2

|ň′| ,
n1

|ň′| , 0, 0
]
, p1n =

[
n1 ň3

|ň| |ň′| ,
ň2 ň3

|ň| |ň′| ,
−n2

1 − ň2
2

|ň| |ň′| , 0
]
, p2n = e4 = [ 0, 0, 0, 1 ]. (3.3)

The eigenvalues ±iωn are given by

ωn =
√
φ2
n + η2ξ2

n, ξn =
ň3

|ň| , φn =
|ň′|
|ň| , η = f/N (3.4)
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where |ň|2 = n2
1 +n2

2/a
2
2 +n2

3/a
2
3, |ň′|2 = n2

1 +n2
2/a

2
2. We consider the case when the ratio η = f/N is bounded,

by a bounded η0 > 1:

1/η0 ≤ η = f/N ≤ η0, (3.5)

1/η0 ≤ min(1, η) ≤ ωn ≤ max(1, η) ≤ η0. (3.6)

In the case n1 = n2 = 0 (this case corresponds to taking horizontal averages) we choose the basis which is
obtained from (3.2) by putting n1 = n2 6= 0 and taking n1 → 0. In particular, when n1 = n2 = 0 we obtain
ωn = η and the eigenvectors are

q0n̄ = (0, 0, 0, 1), q1n̄ = (
1√
2
,

1√
2
, 0, 0), q2n̄ = (

1√
2
,− 1√

2
, 0, 0) (3.7)

where n̄ = (0, 0, n3) denotes wavenumbers for which n1 = n2 = 0.
Any arbitrary divergence-free vector field U†n can be written as

U†n = V 0
n q0n + V 1

n q1n + V 2
n q2n. (3.8)

We shall use the variables V to denote vector of coefficients corresponding to U†n: Vn = [V 0
n , V

1
n , V

2
n ] = [V 0

n ,V
′
n],

V′n = [V 1
n , V

2
n ]. Note that the relation between U† and V variables is given by

V 0
n = U†n · q0n, V 1

n = U†n · q1n, V 2
n = U†n · q2n. (3.9)

Clearly, V 0
n
∗ = −V 0

−n and V i∗n = V i−n, i = 1, 2, for real U(x) and ρ(x). We denote by ΠQG
n the projection onto

q0n and call it as usual the quasi-geostrophic mode:

ΠQGU†(x) =
∑
n

V 0
n q0ne

iň·x, ΠQG
n U†n = V 0

n q0n.

The projection onto two-dimensional subspace corresponding to ±iωn is denoted by ΠAG and defines the
ageostrophic component:

ΠAG
n U†n = V 1

n q1n + V 2
n q2n.

The case when η → 0 or η → ∞ was discussed in BMN [6]; detailed mathematical consideration of this case
can be done along the lines of this paper and BMN [8], but requires additional non-trivial considerations; in
particular structure of resonant sets and smoothness conditions are different from those imposed here.

Equation (2.1) in Fourier representation in V variables can be written in the cyclic basis (3.2) as

∂tV
i3
n = −i

∑
k+m=n,i1,i2

Qi1i2i3kmn V
i1
k V i2m −Nωn(M ′nVn)i3 − (ν̂|ň|2Vn)i3 + F i3n (3.10)

where i1, i2, i3 = 0, 1, 2, M ′ is the matrix M in V -variables given by (3.11); ν̂ is the viscosity matrix ν̄ in the
V -basis. Here J, M′

n are given by

M′
n =

 0 0 0
0 0 −1
0 1 0

 , J =
(

0 −1
1 0

)
, (3.11)

ν̂ =
1
ω2
n

 ν1φ
2
n + η2ξ2

nν2 0 (ν1 − ν2)ηξnφn
0 ν1ω

2
n 0

(ν1 − ν2)ηξnφn 0 ν2φ
2
n + η2ξ2

nν1

 . (3.12)
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In equation (3.10) quasi-geostrophic modes correspond to 0 eigenvalue of the linear problem and ageostrophic
modes are cyclic, see (3.11) and (3.1). The coefficients Qi1i2i3kmn are determined from the equation using (3.2), see
BMN [11]:

Qi1i2i3kmn = (qi1k ·m)(qi2m · qi3n). (3.13)

We use notation for the skew-symmetric product n′ ∧m′ ≡ n1m2−n2m1. To save space, we give formulas only
for 0-wave interactions, see BMN [11] for general coefficients:

Q000
kmn =

ωm|m̌| ň′ ∧ m̌′

ωkωn|ǩ||ň|
(3.14)

when n = k +m; clearly |Qi1i2i3kmn | ≤ |m̌|.
In equation (3.10)

∂tVn +NωnM
′

nVn = (B(V,V))n −AnVn + Fn, An = ν̂|ň|2 (3.15)

we introduce the linear propagator directly into nonlinearity using the change of variables

V = E(−Nt)v,Vn = exp(−NωnM′
nt)vn (3.16)

where v = [v0, v1, v2] and M′ is defined by (3.11).
The action of the linear propagator on the Fourier components E(Nt) can be written in V -variables in the

Craya cyclic basis using (3.11):

E(Nt)[V 0,V′]n = exp(NωntM′
n)[V 0,V′]n = [V 0, exp(NωntJ)V′]. (3.17)

Obviously, E(Nt) represents vector rotation in V 1, V 2-plane; orthogonal V 0 component (called QG) is not
affected. To save space, we always write Vn = [V 0,V′]n as a row, understanding that it is a column in the
matrix multiplication. Equation (3.15) written in v variables have the form

∂tv = B(Nt,v,v)−E(Nt)AE(−Nt)v + FQG +E(Nt)FAG, (3.18)

B(Nt,v,v) = E(Nt)B(E(−Nt)v,E(−Nt)v) (3.19)

where F† = FQG + FAG in Craya basis. Equation (3.18) are explicitly time-dependent with rapidly varying
coefficients. The corresponding equations for Fourier coefficients have the form:

∂tv
i3
n =

∑
n=k+m,i1,i2;±ω′k±ω′m±ω′n=0

Q̃i1i2i3kmn v
i1
k v

i2
m +

∑
n=k+m,i1,i2

Q̂i1i2i3kmn (Nt)vi1k v
i2
m

−Ãnvi3n − Ân(Nt)vi3n + FQG,n + En(Nt)FAG,n (3.20)

where the first sum consists of resonant terms. In the second sum every matrix element Q̂i1i2i3kmn (Nt) of non-
resonant part as well as Ân(Nt) equals a sum of terms of the form C exp(±iD`Nt) with D` 6= 0. Generally,
D` = ±ω′n±ω′m±ω′k, ` = 1, ..., 8, where either ω′n = ωn or ω′n = 0 and, similarly, for k and m. When D` = 0 we
call these interactions resonant, when D` 6= 0 the interactions are non-resonant; see BMN [8] for more details.
When all three ω′n, ω

′
m, ω

′
k are non-zero we have strict 3-wave resonances; when exactly two of ω′n, ω

′
m, ω

′
k are

non-zero we have 2-wave resonances; when exactly one of ω′n, ω′m, ω′k is non-zero we have 1-wave resonances.
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The resonant contribution Ãn from the viscous term does not coincide with the original operator ν̂∆ since
ν̂ does not commute with M ; ν̂ is given by (3.12). Simple computation gives the resonant terms. Let ν1 and
ν2 be the kinematic viscosity and the heat conductivity, respectively. We have in V -basis

exp(P dM ′P dNt)ν̂ exp(−P dM ′P dNt) = diag(νQG(n), νAG(n), νAG(n)) + <(2Nωnt) (3.21)

where all the elements of the non-resonant matrix < include factors exp(±i2Nωnt). Thus we obtain the diagonal
resonant matrix ν̃(n) = diag(νQG(n), νAG(n), νAG(n)) in terms of the QG and AG viscosities νQG and νAG given
by (see BMN [11])

νQG(n) = ν2 + (ν1 − ν2)
|ň′|2

|ň′|2 + η2ň2
3

, νAG(n) = ν1 + (ν2 − ν1)
|ň′|2

|ň′|2 + η2ň2
3

(3.22)

where η = f/N , |ň′|2 = n2
1 + n2

2/a
2
2, ň3 = n3/a3. Clearly

νQG(n) = ν1
|ň′|2

|ň′|2 + η2ň2
3

+ ν2
η2ň2

3

|ň′|2 + η2ň2
3

= ν1
|ň′|2
ω2
n|ň|2

+ ν2
η2|ň3|2
ω2
n|ň|2

= ν1
φ2
n

ω2
n

+ ν2
η2ξ2

n

ω2
n

, (3.23)

ν = min(ν1, ν2) ≤ νQG(n) ≤ max(ν1, ν2) (3.24)

and the same inequality holds for νAG(n).
The limit resonant equations are obtained by annihilating all terms in (3.20) which contain fast oscillating

factors:

∂tw = B̃(w,w)− Ãw + F̃ (3.25)

where Ã = −ν̃∆ and where ν̃ is the nonlocal linear matrix operator with symbol ν̃(n) (when F depends on
Nt, the limit equations may include F̃ 1 and F̃ 2 resonant components). Clearly, when represented in Fourier
modes, the operator B̃ in the right-hand side of (3.25) has coefficients Q̃i1i2i3kmn in (3.20) and the limit resonant
equations are

∂tw
i3
n =

∑
n=k+m,i1,i2

Q̃i1i2i3kmn w
i1
k w

i2
m − Ãnwi3n + F̃ i3n , (3.26)

where Ãn = ν̃(n)ň2 and the summation is over resonant terms. In equations (3.26) F̃ i3n = F̃QG,n for i3 = 0
and F̃ i3n in the appropriate component of F̃AG,n for i3 = 1, 2. Projecting (3.26) on the QG mode (with i3 = 0)
and projecting to the ageostrophic subspace we obtain separately the equations for QG and AG components.
In this paper we usually consider the case FAG non-resonant.

We note that projection of (3.25) on QG mode (which corresponds to zero eigenvalue of the linear problem)
leads to the additional constraint ω′n = 0. Then the conditions ±ω′k±ω′m±ω′n = 0 and ω′n = 0 reduce to 2-wave
interactions ωk = ωm. For η 6= 1 the condition ωk = ωm is equivalent to the condition |ǩ′|/|ǩ| = |m̌′|/|m̌|
(equivalently, φk = φm; see (3.4)). Clearly, the asymptotic limit equations (3.25) projected on QG mode involve
only the coefficients Qi1i2i3kmn with i3 = 0 (n = k +m). One trivial solution of ω′k = ω′m is ω′k = ω′m = 0 which
corresponds to the QG coefficient Q000

kmn. An important observation is that other terms involving the coefficients
Qi1i20
kmn (i1 6= 0 or i2 6= 0) in equation (3.25) are annihilated for all n,m when the resonance condition φk = φm

is used (see BMN [6,11]). Therefore the quasigeostrophic component of the resonant equation (3.25) completely
decouples. This fact was proved in BMN [6,11] by direct computation and also proved by Embid and Majda [26]
using Ertel’s theorem.
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The quasi-geostrophic equation (2.13) is given by

∂tw
0
n = B0(w0, w0)n − ÃQGn w0

n + F̃QG,n, B0(w0, w0)n = −i
∑

k+m=n

Q000
kmnw

0
kw

0
m. (3.27)

We introduce variables q̃, ŨQG, Ψ̃0 (quasi-geostrophic potential, velocity and stream function)

q̃m = ωm|m̌|w0
m, Ũk = [−k2/a2, k1, 0, 0]Ψ̃0

k, Ψ̃0
k = q̃k/(ω2

k|ǩ|2). (3.28)

Recalling that ω2
k|ǩ|2 = |ǩ′|2 + η2ǩ2

3, η = f/N , we have the familiar formula which relates Ψ̃0 and q̃ in physical
space

−(∇2
h + η2∂2

3)Ψ̃0 = q̃. (3.29)

Using (3.28), equation (3.27) can be written in the form:

∂tq̃n = −i
∑

k+m=n

(Ũk ·m)q̃m − ÃQGn q̃n + ωn|ň|F̃ 0
n ; (3.30)

q̃(t, x) obeys in physical space the 3D quasi-geostrophic equations (see Bourgeois and Beale, [19], for invis-
cid case) where the viscous dissipation operator ÃQG is linear pseudodifferential operator which in Fourier
representation is multiplication by ÃQGn = νQG(n)|n|2, νQG(n) given by (3.22).

Thus, in the asymptotic limit equation (3.25) w = (w0, w1, w2) splits into the limit quasi-geostrophic field
w0(t) = wQG satisfying (3.27) and found independently and into ageostrophic component wAG = (w1, w2)
which satisfies in general equations of the type:

∂twAG = B2(wQG(t),wAG) + B3(wAG,wAG)− ÃAGwAG + F̃AG. (3.31)

And in Fourier representation:

∂twi3
AG,n =

∑
k+m=n,i1,i2;±ω′k±ω′m±ω′n=0

Q̃i1i2i3kmn w
i1
k w

i2
m − νAG(n)|ň|2wi3n + F̃ i3AG,n (3.32)

where i3 6= 0; i1, i2 = 0, 1, 2. These are the “2 1
2 -dimensional” limit resonant equations in the Craya basis for

the ageostrophic component wAG = (w1, w2).

4. Global regularity of the limit resonant equations

In this section we prove global regularity of the limit resonant “21
2 -dimensional” primitive Navier-Stokes

equations for all domain aspect ratios and all 3-waves resonances. The limit resonant operator B̃ inherits
properties of the operator B. This statement follows from the following

Lemma 4.1. Let (u,v,w) ∈ H3/4 ×H3/4 ×H1 given in Craya basis. Then

(B̃(u,v),w) = lim
N→∞

1
2π

∫ 2π

0

(B(Ns,u,v),w)ds. (4.1)

Here u, v and w denote generic time-independent vectors in Craya basis.
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Proof. We introduce projections πR on finite-dimensional subspace of Fourier modes with |n| ≤ R. We fix
(u,v,w) ∈ H3/4 ×H3/4 ×H1. We put uR = πRu and similarly for v and w. Clearly,

(B(Nt,u,v),w)− (B̃(u,v),w) = [(B(Nt,u,v),w)− (B(Nt,uR,vR),wR)]

+ [(B(Nt,uR,vR),wR)− (B̃(uR,vR),wR)]

+ [(B̃(uR,vR),wR)− (B̃(u,v),w].

The operators B and B̃ are continuous on H3/4 ×H3/4 ×H1. Moreover, since the unitary Poincaré propagator
E(Nt) preserves all Sobolev norms, the operator B(Nt,u,v) is continuous uniformly in Nt. Therefore, the first
and third brackets in the right-hand side tend to zero as R→∞. Let ε > 0, we find such R that the absolute
values of the first and third brackets are less than ε.

After that we consider the second bracket

[(B(Nt,uR,vR),wR)− (B̃(uR,vR),wR)] =

(B(Nt,uR,vR)− B̃(uR,vR),wR) = (Bosc(Nt,uR,vR),wR).

Since Bosc contains only non-resonant terms, we obtain integrating by parts like in [8, 14] that

1
2π

∫ 2π

0

(Bosc(Ns,uR,vR),wR)ds = O(1/N)→ 0 as N →∞.

Therefore, the integrals of all three brackets are less than ε when N is large, and the lemma is proven.

Corollary 4.1. Let σ ≥ 1 and w be the Craya vector variable, w = (w0, w1, w2) (w0 corresponds to QG modes
and w1, w2 correspond to AG modes). Then

(B̃(w, (−∆)σ/2w), (−∆)σ/2w) = 0. (4.2)

Proof. From Lemma 4.1, it suffices to prove the similar identity for the general operator B(Nt,v,v) in equa-
tions (3.18)-(3.20) for the non-averaged equations (3.20) written in Fourier space in the Craya basis. Using
equation (3.13)

(B(Nt,v, (−∆)σ/2v), (−∆)σ/2v) =
∑

k+m+n=0;i1,i2,i3;l=1,...,8

cl exp(iDl(k,m, n)Nt)Qi1i2i3kmn v
i1
k v

i2
m|m̌|σ|ň|σvi3n

=
∑

k+m+n=0;i1,i2,i3;l=1,...,8

cl exp(iDl(k,m, n)Nt)(qi1k · m̌)(qi2m · qi3n)|m̌|σ|ň|σvi1k vi2mvi3n

=
∑

k+m+n=0;i1,i2,i3;l=1,...,8

cl exp(iDl(k,m, n)Nt)(qi1k · ň)(qi3n · qi2m)|m̌|σ|ň|σvi1k vi2mvi3n

= −
∑

k+m+n=0;i1,i2,i3;l=1,...8

cl exp(iDl(k,m, n)Nt)(qi1k · (ǩ + m̌))(qi3n · qi2m)|m̌|σ|ň|σvi1k vi2mvi3n

= −
∑

k+m+n=0;i1,i2,i3;l=1,...,8

cl exp(iDl(k,m, n)Nt)(qi1k · m̌)(qi3n · qi2m)|m̌|σ|ň|σvi1k vi2mvi3n

= −(B(Nt,v, (−∆)σ/2v), (−∆)σ/2v) (4.3)

where in the above sum we interchanged indices m and n, i2 and i3 and used the divergence free condition
ǩ · qi1k = 0. Here cl are absolute constants indexed by i1, i2, i3 with values ±1/8 (cf. (3.17), (3.19)). We use
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(E(Nt))∗ = E(−Nt) to ensure symmetry of the terms (E(−Nt)v)m and (E(−Nt)v)n. Then from (4.3) we have

(B(Nt,v, (−∆)σ/2v), (−∆)σ/2v) = 0. (4.4)

Equation (4.2) follows from (4.4) and Lemma 4.1.
We follow with the estimate for the resonant operator B̃(w,w) in Craya basis:

Corollary 4.2. Let σ ≥ 1 and w be the Craya vector variable. Then

|(B̃(w,w), (−∆)w)| ≤ CB̃
∑

k+m+n=0,±ω′k±ω′m±ω′n=0

|ǩ||wk||m̌||wm||ň||wn|. (4.5)

Proof. Recall that the Craya basis vectors q′s are normalized with norm one. We first prove such an estimate for
the non-resonant general operator B(Nt,v,v) for every fixed t (but without the restriction ±ω′k±ω′m±ω′n = 0).
We have using (4.4) with σ = 1

(B(Nt,v,v), (−∆)v) =
∑

k+m+n=0;i1,i2,i3;l=1,...,8

cl exp(iDl(k,m, n)Nt)(qi1k · m̌)(qi2m · qi3n)|ň|2vi1k vi2mvi3n

=
∑

k+m+n=0;i1,i2,i3;l=1,...,8

cl exp(iDl(k,m, n)Nt)(qi1k · m̌)(qi2m · qi3n)|ň|(|ň| − |m̌|)vi1k vi2mvi3n . (4.6)

Note that ||ň| − |m̌|| = ||ǩ + m̌| − |m̌| ≤ 7|ǩ|, to get:

|(B(Nt,v,v), (−∆)v)| ≤ CB
∑

k+m+n=0

|ǩ||vk||m̌||vm||ň||vn|. (4.7)

The same estimate follows for B̃(w,w), from the skew-symmetry Corollary 4.1 and from averaging equa-
tion (4.6); this only further restricts k,m, n interactions to the set ±ω′k ± ω′m ± ω′n = 0 where ω′n = 0 for
quasi-geostrophic modes and ω′n = ωn for ageostrophic modes, and similarly for k,m. In equation (3.20), the
resonant operators Q̃i1i2i3kmn are first order Fourier integral operators. Then for B̃(w,w) we obtain:

|(B̃(w,w), (−∆)w)| ≤ CB̃
∑

k+m+n=0,±ω′k±ω′m±ω′n=0

|ǩ||wk||m̌||wm||ň||wn|. (4.8)

Remark 4.1. Since wAG is orthogonal to wQG (orthogonality of the q’s) and from the skew-symmetry of B2

proven in [12] we also have:

(B3(wAG, (−∆)σ/2wAG), (−∆)σ/2wAG) = 0 (4.9)

and the estimate (4.8) is valid for |(B2(wQG,wAG) + B3(wAG,wAG), (−∆)wAG)|.
Remark 4.2. The above estimate (4.8) will be used together with the Lemma 4.2 on restricted convolutions
to obtain the global regularity in H1 for equations (3.25–3.26).

We recall some facts on the geometry of resonances (see [12]). We denote

η = f/N, θ1 = 1/a2
1, θ2 = 1/a2

2, θ3 = 1/a2
3. (4.10)

Let K denote the set of resonant wavenumbers k, m, n for given η, a1, a2, a3:

K = {±ω′k ± ω′m ± ω′n = 0} (4.11)
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where ω′n = 0 for QG modes and ω′n = ωn for AG modes and similarly for k and m. We also define the set of
strict 3-waves resonances

K∗ = {±ωk ± ωm ± ωn = 0, ωkωmωn 6= 0}. (4.12)

For non-generic values of these parameters, the limit inviscid equations for the ageostrophic field wAG are
nonlinear:

∂twAG = B2(wQG(t),wAG) + B3(wAG,wAG); (4.13)

B3(wAG,wAG)i3 =
∑

±ωk ± ωm ± ωn = 0
k +m + n = 0
i1, i2 = 1 or 2

Q̃i1i2i3kmn w
i1
k w

i2
m;

the coefficients Q̃i1i2i3kmn can easily be computed in the Craya cyclic basis and are not detailed in this section for
conciseness sake. For B3, the domain of summation is determined by the set K∗ of strict 3-wave resonances.
This set is defined by condition ±ωn±ωm±ωk = 0 where ωn, ωm, ωk 6= 0 depends on (η, 1/a2

2, 1/a2
3) = (η, θ2, θ3);

that is K∗ = K∗(η, θ2, θ3) (θ1 = 1 without loss of generality). For every fixed θ2 = 1/a2
2 and θ3 = 1/a2

3, the
set K∗(η, θ2, θ3) is not empty when η ∈ Θ∗(θ2, θ3); the singular set Θ∗(θ2, θ3) is countable. We call it a strict
3-wave resonant set. When η ∈ Θ∗(θ2, θ3) is strictly resonant, B3 is non-zero and depends strongly on η; the
sets K∗(η, θ2, θ3) with different, but close η do not intersect (a nontrivial result from the study of the small
divisor problem, cf. [12]). This implies that the operator B3 depends on resonant η discontinuously, at every
point η ∈ Θ∗(θ2, θ3) is a point of discontinuity of the operator B3. Since B3 is not zero, solutions of the limit
system with general initial data discontinuously depend on η as well. As solutions of the original 3D primitive
equations depend on η continuously (on a small time interval [0, T1]), the convergence to solutions of the limit
equations cannot be uniform in η, a2, a3. When (k,m, n) /∈ K∗ (i.e. η /∈ Θ∗), only the catalytic operator B2 is
present. We refer to [10,12] and [15] for an extensive study of the analytic form and properties of B2.

We present new estimates for the nonlinear “2 1
2 -dimensional” operator B3 corresponding to strict 3-waves

resonances which do ensure global existence of strong solutions of the limit ageostrophic viscous equations (3.31–
3.32) and, consequently, equations (3.25–3.26) for all domain parameters and all 3-waves resonances. The
following theorem which will be proven below provides the main estimate for the resonant operator B3 for the
‘worst’ case of all interactions on the “2 1

2 -dimensional” interaction manifold K∗:

Theorem 4.1. Let wAG(x1, x2, x3) ∈ H2 (Sobolev space of periodic vector fields with zero mean). Then the
following estimate holds

|(B3(wAG,wAG), (−∆)wAG)| ≤ CIII||wAG||2||wAG||21. (4.14)

Remark 4.3. Estimate (4.14) is of the same type as the classical estimate of Ladyzhenskaya [36] in the two-
dimensional case with Dirichlet boundary conditions. For the periodic boundary conditions in 2D it is well-
known that the analog to the left hand side of (4.14) is identically zero ([23]). Of course, in (4.14) the divergence
free vector field wAG(x1, x2, x3) and the Sobolev spaces Hα are three-dimensional with space variables x1, x2

and x3.
From the estimate (4.14) we immediately obtain in a standard way (cf. [16,23,48,49]) (note that if the force

F(t, x) in the original equation does not depend on N and f = 2Ω, then F̃AG = 0):

Theorem 4.2. Let ν1, ν2 > 0, ν = min(ν1, ν2), ||wAG(0)||α ≤ Mα, 1 ≥ α > 3/4; F̃AG satisfies (4.15) with
α = 1:

sup
T

∫ T+1

T

||F̃AG||2α−1dt ≤M2
αF . (4.15)
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Then there exists a unique regular solution wAG(t) of “2 1
2 -dimensional” primitive Navier-Stokes (3.31–3.32),

||wAG(t)||1 ≤M ′1(ν,M1F ,Mα, a1, a2, a3) for all t ≥ 0.

Proof. A local regularity solution to the “21
2 -dimensional” equations (3.31–3.32) exists on a small interval of

time 0 ≤ t ≤ t1 (see BMN [8]) and belongs to H1 for 0 < t < t1 thanks to the smoothing property which follows
from

νAG
2

∫ t

0

||wAG||21+γdτ + ||wAG(t)||2γ ≤ C(t), 0 ≤ t < t1. (4.16)

Therefore, it is sufficient to consider γ = 1.
Multiplying equation (3.31) for wAG by (−∆)wAG we obtain

∂t||wAG||21 = −2νAG||wAG||22 + 2(B3(wAG,wAG), (−∆)wAG)

+ 2(B2(wQG,wAG), (−∆)wAG) + 2(F̃
AG
, (−∆)wAG). (4.17)

For the 3-wave resonant operator B3(wAG,wAG) we have from Theorem 4.1

|(B3(wAG,wAG), (−∆)wAG)| ≤ CIII||wAG||2||wAG||21. (4.18)

We have according to [12]

|(B2(wQG,wAG), (−∆)wAG)| ≤ CII||ŨQG||1||wAG||21 (4.19)

where the QG velocity ŨQG was defined in equation (3.28). Estimates for the viscous QG equation are derived
in [12]. Using the above estimates, a standard Gronwall inequality yields the estimate in H1 for all t, and
uniqueness of the solutions wAG follows in a standard way (cf. [23, 49]). Theorem 4.2 is proven.

Remark 4.4. Using Theorems 4.1 and 4.2 one can develop regularity theory for solutions of “2 1
2 -dimensional”

Navier-Stokes equations in Hγ , γ > 1 spaces. This is done similar to the well-known higher regularity theory
for sufficiently regular solutions of three-dimensional Navier-Stokes equations (see Temam [49]).

Now we prove Theorem 4.1; it is based on the following Lemma on Restricted Convolutions. Here without
loss of generality we put θ1 = θ2 = θ3 = 1.

Lemma 4.2 (Lemma on Restricted Convolutions). Let χ(k,m, n) be the characteristic function of some set K∗

in (Z3)3 such that χ(k,m, n) = χ(m, k, n) = χ(k, n,m) is symmetric. Let α ≥ 0, β fixed and

sup
n

∑
k:k+m+n=0,k∈Σi

χ(k,m, n)|k|−α ≤ C02iβ (4.20)

for every i = 0, 1, 2, ... where

Σi = {k = (k1, k2, k3) | 2i ≤ |k| < 2i+1, |k| =
√
k2

1 + k2
2 + k2

3}. (4.21)

Then for any sequence un with u(0,0,0) = 0:

∑
k+m+n=0

|uk||um||un|χ(k,m, n) ≤ C
(∑

n

|n|β |un|2
)1/2(∑

k

|k|α|uk|2
)1/2(∑

m

|um|2
)1/2

(4.22)

where C = 6
√

2C0.
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Proof. Let α ≥ 0. We first give the proof for β ≥ 0. Since the left sum in equation (4.22) is symmetric with
respect to k,m, n ∑

k+m+n=0

|ukumun|χ(k,m, n) ≤ 6
∑

k+m+n=0,|n|≥|k|≥|m|
|ukumun|χ(k,m, n) (4.23)

and it is sufficient to take k,m, n such that |n| ≥ |k| ≥ |m|. After that, we apply the technique of dyadic
decomposition of Littlewood-Paley (Stein [46]). We estimate

S =
∑

k+m+n=0,|n|≥|k|≥|m|
|ukumun|χ(k,m, n) =

∑
i

∑
n

|un|
∑

k∈Σi,|n|≥|k|≥|m|
|uku−k−n|χ(k,−k − n, n).

Since |n| ≥ |k| ≥ |m| and k +m+ n = 0, we have 2|k| ≥ |n| ≥ |k|. Therefore,

S ≤
∑
i

∑
n∈Σi∪Σi+1

|un|
∑
k∈Σi

|uku−k−n|χ(k,−k − n, n)

≤
∑
i

∑
n∈Σi∪Σi+1

|un|
(∑
k∈Σi

|uku−k−n|2|k|α
)1/2(∑

k∈Σi

|k|−αχ(k,−k − n, n)

)1/2

≤
∑
i

 ∑
n∈Σi∪Σi+1

|un|2
1/2 ∑

n∈Σi∪Σi+1

∑
k∈Σi

|uku−k−n|2|k|α
1/2

sup
n

(∑
k∈Σi

|k|−αχ(k,−k − n, n)

)1/2

≤ C1/2
0

∑
i

 ∑
n∈Σi∪Σi+1

|un|2
1/2 ∑

n∈Σi∪Σi+1

∑
k∈Σi

|uku−k−n|2|k|α
1/2

2βi/2

≤ C1/2
0

∑
i

 ∑
n∈Σi∪Σi+1

|un|22βi

1/2(∑
m

∑
k∈Σi

|ukum|2|k|α
)1/2

≤ C1/2
0

∑
i

 ∑
n∈Σi∪Σi+1

|un|22βi

1/2(∑
k∈Σi

|uk|2|k|α
)1/2(∑

m

|um|2
)1/2

.

Therefore,

S ≤ C1/2
0

∑
i

 ∑
n∈Σi∪Σi+1

|n|β |un|2
1/2(∑

k∈Σi

|uk|2|k|α
)1/2(∑

m

|um|2
)1/2

≤ C1/2
0

∑
i

∑
n∈Σi∪Σi+1

|n|β |un|2
1/2(∑

i

∑
k∈Σi

|uk|2|k|α
)1/2(∑

m

|um|2
)1/2

≤ (2C0)1/2

(∑
n

|n|β |un|2
)1/2(∑

k

|k|α|uk|2
)1/2(∑

m

|um|2
)1/2

.
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Considering similarly other permutations of |k|, |m| and |n| we obtain (4.22) with C = 6
√

2C0. The proof
extends to β < 0 with a different constant C.

We note that one obtains similar results for general θ1, θ2, θ3 bounded away from 0 and +∞. Then the
constants depend on θ1, θ2, θ3.
Proof of Theorem 4.1. From Corollary 4.2 we obtain the following inequality

|(B3(wAG,wAG), (−∆)wAG)| ≤ c′
∑

k+m+n=0

|ǩ||wAG,k||m̌||wAG,m||ň||wAG,n|χ(k,m, n). (4.24)

Here χ(k,m,−n) is the characteristic function of the resonant set K∗ of strict three-wave resonances defined
in (4.12). This set lies in the manifold of solutions of a polynomial equation P (k,m, n) = 0. Indeed, we have
the identity (similarly, for other combinations of + and − signs):

1/(ωk + ωn − ωm) =
(ωk + ωm + ωn)(−ωk + ωm + ωn)(−ωn + ωm + ωk)

(ωk + ωm + ωn)(ωk − ωm + ωn)(−ωk + ωm + ωn)(ωk + ωm − ωn)
.

The denominator is −P = ((ωk)2 + (ωm)2 − (ωn)2)2 − 4(ωk)2(ωm)2. P is a polynomial of degree 2 of λ = η2.
We write ωk in the form (see Eq. (3.4)):

ωk =
√
χk + λ(1− χk), χk = |ǩ′|2/|ǩ|2 = φ2

k, 1− χk = ξ2
k.

The polynomial takes the form (with λ = η2) P = P2λ
2 + P1λ+ P0, where

P2 = χ2
k + χ2

m + χ2
n − 2χkχn − 2χkχm − 2χmχn − 3 + 2(χk + χm + χn);

P1 = −2(χ2
k + χ2

m + χ2
n − 2χkχn − 2χkχm − 2χmχn + χk + χm + χn)

P0 = χ2
k + χ2

m + χ2
n − 2χkχn − 2χkχm − 2χmχn.

Instead of considering P as a polynomial in η2, we renormalize it as

Π(k,m, n) = |ǩ|4|m̌|4|ň|4P (k,m, n). (4.25)

where Π is a homogeneous polynomial of degree 12 in the variables k,m, n and η is considered as a parameter.
For given η, θ1, θ2, θ3, Π(k,m, n) = 0 is equivalent to (k,m, n) ∈ K∗ (vice-versa, fixing k,m, n as parameters,
and solving for η as a function of θ1 = 1, θ2 , θ3 defines the singular values of η ∈ Θ∗(θ2, θ3)). It follows that
for fixed η, θ2, θ3, Π(k,−k − n,−n) is a polynomial of degree at most eight in k3. The leading power in k8

3 is:

−k8
3(|n′|2 + η2n2

3)(3η2n2
3 + (4η2 − 1)|n′|2), (4.26)

where m was eliminated via m = −k − n. If this leading term (4.26) is not zero, there are at most eight k3

satisfying Π(k,−m− n,−n) = 0 for given k1, k2, n; this holds provided that

3η2n2
3 + (4η2 − 1)|n′|2 6= 0. (4.27)

Note that if n′ = 0, the condition (4.27) is trivially satisfied as n 6= 0. Also, the condition is satisfied whenever
4η2 − 1 ≥ 0. If the condition (4.27) is not satisfied, i.e. if n belongs to the manifold:

3η2n2
3 + (4η2 − 1)|n′|2 = 0, n′ 6= 0, (4.28)

then we must verify that the polynomial Π is not identically null. This is not trivial, as one verifies that the
coefficient of k7

3 is null under the condition (4.28). Under the latter condition the coefficient of k6
3 reduces to:

k6
3

|n′|4
η2

(−4η4 1− 4η2

η2
|n′|2 +

8
9

(η2 − 1)3

η2
(|m′|2 + |k′|2)) (4.29)
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which is strictly negative whenever 0 < η2 ≤ 1/4 and n′ 6= 0. Therefore, the polynomial Π(k3) does not
vanish for any value of admissible parameters, for fixed k1, k2, n. Then there are at most eight k3 satisfying
χ(k,−k − n,−n) = 0.

Now we estimate the sum in (4.20) with α = 1 as follows∑
2i≤|k|<2i+1

(
k2

1 + k2
2 + k2

3

)−1/2
χ(k,−k − n, n) ≤ 8 + 8

∑
0<|k′|<2i+1

(
k2

1 + k2
2

)−1/2 ≤ C02i

where C0 is an absolute constant. The first 8 on the right hand side of the above inequality accounts for k′ = 0.
Therefore, the inequality (4.20) holds with α = β = 1. Let vk = |k||wAG,k| and similarly for m and n. Since
||v||1/2 = ||wAG||3/2, ||v||0 = ||wAG||1, equations (4.22–4.24) imply

|(B3(wAG,wAG), (−∆)wAG)| ≤ c′
∑

k+m+n=0

|vk||vm||vn|χ(k,m, n)

≤ c′C||v||21/2||v||0 = c′C||wAG||1||wAG||23/2. (4.30)

After that we apply the interpolation inequality ||wAG||23/2 ≤ const||wAG||1||wAG||2 and obtain from (4.30)
the estimate (4.14) (where the constant depends on a1, a2, a3 in general case). This concludes the proof of
Theorem 4.1.

We note that the operator B3 is a bilinear convolution-type operator with the domain of summation K∗

given by (4.12) (the set of strict 3-waves resonances). The estimate (4.14) for B3 is for the “worst case” of all
interactions on the “2 1

2 -dimensional” interaction manifold K∗.

5. Infinite time regularity for finite large N

In this section we establish global existence and regularity of solutions of equations (2.1) (hence (1.1–1.2))
for N large enough, including the case of all 3-wave resonances, where B3(wAG,wAG) is present in the limit
equation (2.14). The proof of global regularity of 3D “primitive” Navier-Stokes equations (2.1) for resonant
domains presented in this paper relies on the global regularity of the “21

2 -dimensional” limit nonlinear Navier-
Stokes equations (2.14, 3.31, 3.32) and techniques for convergence theorems as N → ∞ developed in [3, 8, 12].
We impose in our regularity theorems only an integral regularity condition on the forcing term F† of the type
(where F4 was rescaled as in Sect. 2)

sup
T

∫ T+1

T

‖F†‖2α−1dt ≤M2
αF (5.1)

where α > 1/2.
In BMN [5,8,12] we proved the regularity of solutions for smooth enough initial data U†(0) and forcing term

F† for almost all aspect ratios (no strict 3-wave resonances were allowed in these regularity theorems). Now
we prove the regularity for all aspect ratios and all 3-waves resonances. Also, following Avrin and BMN [3] we
relax the smoothness conditions on U†(0, x) and F†(t, x) using a simple argument based on our previous results
on equations with smooth data and using approximation of the data by smooth functions. In fact, we show
that we can extend our previous results with very smooth initial data and forcing terms to non-smooth case by
continuity. First, we replace U†(0) and F† respectively by smooth initial data U†s(0) ∈ Hσ and force F†s(t) with
F†s(t) ∈ Hσ, ∂tF†s(t) ∈ Hσ, σ > α + 4, which are close to U†(0) and F†. Namely, for approximation of initial
data

‖U†(0)−U†s(0)‖α ≤ ε. (5.2)
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Further, we assume that F† is approximated by F†s. We denote F′ = F† − F†s and assume

sup
T

∫ T+1

T

‖F′‖2α−1dt ≤ ε2 (5.3)

with α > 1/2.
Of course norms in Hσ, σ > α + 4 of approximations U†s(0), F†s and ∂t F†s tend to infinity as ε → 0, but

they are bounded for every non-zero ε. Using results of [8] we will find a solution U†s(t) of (2.1) with mollified
data which satisfies ε-independent estimates in Hα for large N (see Theorem 5.2 below). The solutions U†s, U†

satisfy equations of the form

∂tU†(t) = B(U†,U†) + ν̄∆U† −NP†MP†U† + F†

∂tU†s(t) = B(U†s,U
†
s) + ν̄∆U†s −NP†MP†U†s + F†s (5.4)

with the same bilinear operator B and different (but close) initial data. In the above equations ν̄ =
diag(ν1, ν1, ν1, ν2) is the viscosity matrix, P† = (P, Id) where P is the Leray projection operator. The dif-
ference Ξ(t) = U†(t)−U†s(t) satisfies the equation

∂tΞ(t) = B(Ξ,U†s) + B(U†s,Ξ) + B(Ξ,Ξ) + ν̄∆Ξ−NP†MP†Ξ + F′, Ξ(0) = U†(0)−U†s(0)
(5.5)

with a small forcing term F′ = F† − F†s, and small initial data Ξ(0).

Theorem 5.1. Let α > 3/4, ν1, ν2 > 0, T0 > 0. Let (5.2–5.3) hold and

‖U†s(t)‖α ≤Ms,α, 0 ≤ t ≤ T0, ν

∫ T0

0

‖U†s(t)‖2α+1 ≤M2
s,α; (5.6)

let ε ≤ ε0, where ε0 depends on Ms,α,α, ν, T0. Then a regular solution Ξ of equation (5.5) exists and

‖Ξ(t)‖α ≤ C0ε, 0 ≤ t ≤ T0; ν
∫ T0

0

‖Ξ(t)‖2α+1 ≤ C2
0 ε

2. (5.7)

where C0 depends on Ms,α, α, ν; ν = min(ν1, ν2).

For the proof of Theorem 5.1 we refer to [12,14].
We now sketch the existence theorem for equation (2.1) with smooth in Hσ initial data extending the results

of [12] to cover 3-wave resonance operator.

Theorem 5.2. Let η = f/N and the domain parameters a1, a2 and a3 be arbitrary and fixed; let α > 3/4,
ν1, ν2 > 0, σ > α+ 4, T0 > 0 and let U†s(t) be a solution of (2.1) with smooth initial data and forcing term such
that

‖U†s(0)‖α ≤Mα, sup
T

∫ T+1

T

‖F†s‖2α−1dt ≤ (MαF )2; (5.8)

‖U†s(0)‖σ ≤MσF , sup
T

∫ T+1

T

‖F†‖2σ−1dt ≤ (MσF )2, sup
T

∫ T+1

T

‖∂tF†s‖2σdt ≤ (MσF )2. (5.9)
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Then for every N ≥ N0(Mα,MαF ,MσF , ν, a1, a2, a3), there exists a unique solution U†s(t) to equation (2.1) for
0 ≤ t ≤ T0 such that

‖U†s(t)‖α ≤M ′α, 0 ≤ t ≤ T0, (5.10)

ν

∫ T0

0

‖U†s(t)‖2α+1dt ≤ (M ′α)2 (5.11)

where M ′α depends only on Mα,MαF , ν, a1, a2, a3, T0; ν = min(ν1, ν2).

For the proof we refer to [12] and [14]; note that in [12], the “2 1
2 -dimensional” case was not included, in

contrast to [14].
We now conclude with the existence and regularity theorem for less smooth U†(0) and F†, by bootstrapping

local existence with the help of Theorems 5.1 and 5.2.

Theorem 5.3. Let η = f/N and the domain parameters a1, a2, a3 be fixed but arbitrary. Let ν1, ν2 > 0,
ν = min(ν1, ν2), α > 3/4 and the condition (5.1) on the force F†(t, x) holds. Let

‖U†(0)‖α ≤ M̃α,

and N be large: N ≥ N1(M̃α,MαF , ν, a1, a2, a3). Then solutions of the 3D rescaled primitive Navier-Stokes
system (2.1) (hence (1.1–1.2)) are regular for all t ≥ 0, and

‖U†(t)‖α ≤ M̃ ′α for all t ≥ 0.

Proof. First, we have a regular solution U†(t) ∈ Hα with ||U†(t)||α ≤Mα(M̃α,MαF , ν) on a small time interval
[0, Tα], Tα = Tα(M̃α,MαF , ν). We consider the case 3/4 < α ≤ 1. We have the energy estimate for regular
solutions:

||U†(t)||0 ≤M0(M̃α,MαF , ν) ∀t ≥ 0 (5.12)

ν

∫ T+τ

T

||U†(t)||21 ≤M2
0 ∀T ≥ 0; 0 ≤ τ ≤ 1, (5.13)

where ν = min(ν1, ν2).
Remark 5.1. Uniform boundedness of the energy for the condition (5.1) on F†(t, x) follows from the usual
Gronwall inequality estimate:

||U†(t)||20 ≤ ||U†(0)||20e−νλ1t +
1
νλα1

∫ t

0

e−νλ1(t−s)||F†(s)||2α−1ds, (5.14)

and

||U†(t)||20 ≤ ||U†(0)||20e−νλ1t +
M2
αF

νλα1

1
1− e−νλ1

(5.15)

whence

M2
0 = C2

αM̃
2
α +M2

αF

(
1 +

1
νλα1 (1− e−νλ1)

)
. (5.16)
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Here Cα is embedding constant from H0 to Hα and λ1 is the first eigenvalue of the Stokes operator.
For every t ≥ τ , equation (5.13) implies that on every interval [t − τ, t] including t = τ , we have a point t∗

for which:

||U†(t∗)||1 ≤M0/
√
ντ .

From now on, we choose τ = Tα, local existence time defined above. For every t ≥ Tα, we take U†(t∗) as new
initial data, with t − Tα ≤ t∗ ≤ t. To prove that the solution is uniformly bounded in Hα for all t ≥ Tα, it
suffices to derive uniform bound for t ∈ [t∗, t∗ + Tα], with the help of Theorems 5.1 and 5.2; in both theorems
we set T0 = Tα. At t = t∗, the initial condition (5.8) of Theorem 5.2 becomes:

Mα = Cα,1M0/
√
νTα, (5.17)

Cα,1 embedding constant from Hα to H1.
Approximating the force F†(t), ∂tF†(t) and initial data U†(t∗) by smooth functions F†s(t), ∂tF

†
s(t), U†s(t

∗)
in Hα we obtain that

‖Ξ(t∗)‖α = ||U†(t∗)−U†s(t
∗)||α ≤ ε, ‖Ξ(t∗)‖σ ≤Mε.

Moreover, the inequality (5.3) holds and, with F′ = F† − F†s:

||F′(t)||σ ≤Mε, ||∂tF′(t)||σ ≤Mε, t
∗ ≤ t ≤ t∗ + Tα (5.18)

where Mε depends on Mα, MαF and ε only; of course, Mα in (5.17) depends on the original M̃α, and MαF , ν, a1,
a2, a3. We choose ε so small that we have by Theorem 5.1 (where MσF is replaced by MαF ) a regular solution
Ξ(t) on [t∗, t∗ + Tα] which is bounded in Hα by 1 when the initial data are in Hα. After that we consider the
Navier-Stokes equations with smooth initial data U†s(t

∗) and force F†s which satisfy (5.9) for t∗ ≤ t ≤ t∗ + Tα.
The Hσ-norms of these smooth functions are bounded by (a possibly large) constant Mε depending on

this fixed ε and Mα (hence M̃α), MαF . After that we choose N ≥ N1(ε,Mα,MαF ) so large that we have
(5.10) and (5.11) for solutions U†s(t) of equations with smooth data. By (5.10) and (5.7) with C0ε ≤ 1 we
have ||U†(t)||α ≤ ||U†s(t)||α + ||U†(t) − U†s(t)||α ≤ M ′α + 1 with M ′α = M ′α(M̃α,MαF , ν, a1, a2, a3). Setting
M̃ ′α = max(Mα,M

′
α + 1) completes the proof of boundedness of U†(t) in Hα for all t ≥ 0. We also have

ν

∫ T+1

T

‖U†(t)‖2α+1dt ≤ (M ′′α)2 (5.19)

for every T ≥ 0 and 3/4 < α ≤ 1. To extend the above to the case α > 1 we use uniform-in-t boundedness
in H1 already proven and then apply the smoothing property for solutions of Navier-Stokes equations (see
Theorem 8.2 in [8]) and obtain that the solutions are bounded for t ≥ t∗ > 0 in Hα, α > 1 and we get the
statement of Theorem 5.3 in this case as well. Theorem 5.3 is proven.

Finally, like in [8] we obtain regularity for all large-enough times for weak solutions of the 3D “primitive”
Navier-Stokes equations (1.1–1.2) with a force F†(t). This theorem describes the situation when N is fixed,
and large enough (depending only on magnitude of F†(t) and independent of the initial data). The situation is
that of non-smooth and arbitrary large initial data in H0. Then weak Leray solutions U†(t) always exist (with
a possible blow-up in H1 at some values of t < t∗, see [20]), here we show that blow-up cannot happen if t is
large.

Theorem 5.4. Let η = f/N and the domain parameters a1, a2, a3 be fixed but arbitrary. Let ν1, ν2 > 0, ν =
min(ν1, ν2), α > 3/4 and the condition (5.1) on the force be satisfied. Let ||U†(0)||0 ≤M0, T̂ = T̂ (M0,MαF , ν).
Then for every N ≥ N ′(a1, a2, a3, ν,MαF ), N

′
independent of M0 and for every weak solution U†(t, x1, x2, x3) of
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the three-dimensional “primitive” Navier-Stokes equations (1.1–1.2) defined on [0, T̂ ] which satisfies the classical
energy estimates on [0, T̂ ], the following holds: U†(t, x1, x2, x3) can be extended to 0 < t < +∞ and it is regular
for every t : T̂ ≤ t < +∞; U†(t, x1, x2, x3) belongs to Hα and ||U†(t, x1, x2, x3)||α ≤ C1(a1, a2, a3,MαF , ν) for
every t ≥ T̂ where MαF is the Hα-norm of F†. If F† is independent of t then there exists a global attractor for
the three-dimensional primitive Navier-Stokes equations (1.1–1.2) bounded in Hα; such an attractor has a finite
fractal dimension and attracts every weak Leray solution as t→ +∞.
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Scientific (1995) 145–157.

[5] A. Babin, A. Mahalov and B. Nicolaenko, Global splitting, integrability and regularity of 3D Euler and Navier-Stokes equations
for uniformly rotating fluids. Europ. J. Mech. B/Fluids 15, No. 3, (1996) 291–300.

[6] A. Babin, A. Mahalov and B. Nicolaenko, Resonances and regularity for Boussinesq equations. Russian J. Math. Phys. 4,
No. 4, (1996) 417–428.

[7] A. Babin, A. Mahalov and B. Nicolaenko, Regularity and integrability of rotating shallow-water equations. Proc. Acad. Sci.
Paris Ser. 1 324 (1997) 593–598.

[8] A. Babin, A. Mahalov and B. Nicolaenko, Global regularity and integrability of 3D Euler and Navier-Stokes equations for
uniformly rotating fluids. Asympt. Anal. 15 (1997) 103–150.

[9] A. Babin, A. Mahalov and B. Nicolaenko, Global splitting and regularity of rotating shallow-water equations. Eur. J. Mech.,
B/Fluids 16, No. 1, (1997) 725–754.

[10] A. Babin, A. Mahalov and B. Nicolaenko, On the nonlinear baroclinic waves and adjustment of pancake dynamics. Theor. and
Comp. Fluid Dynamics 11 (1998) 215–235.

[11] A. Babin, A. Mahalov, B. Nicolaenko and Y. Zhou, On the asymptotic regimes and the strongly stratified limit of rotating
Boussinesq equations. Theor. and Comp. Fluid Dyn. 9 (1997) 223–251.

[12] A. Babin, A. Mahalov and B. Nicolaenko, On the regularity of three-dimensional rotating Euler-Boussinesq equations. Math.
Models Methods Appl. Sci., 9, No. 7 (1999) 1089–1121.

[13] A. Babin, A. Mahalov and B. Nicolaenko, Global regularity of 3D rotating Navier-Stokes equations for resonant domains. Lett.
Appl. Math. (to appear).

[14] A. Babin, A. Mahalov and B. Nicolaenko, Global Regularity of 3D Rotating Navier-Stokes Equations for Resonant Domains.
Indiana University Mathematics Journal 48, No. 3, (1999) 1133–1176.

[15] A. Babin, A. Mahalov and B. Nicolaenko, Fast singular oscillating limits of stably stratified three-dimensional Euler-Boussinesq
equations and ageostrophic wave fronts, to appear in Mathematics of Atmosphere and Ocean Dynamics, Cambridge University
Press (1999).

[16] A.V. Babin and M.I. Vishik, Attractors of Evolution Equations, North-Holland, Amsterdam (1992).
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