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Abstract. Motivated by rotating fluids, we study incompressible fluids with anisotropic viscosity.
We use anisotropic spaces that enable us to prove existence theorems for less regular initial data than
usual. In the case of rotating fluids, in the whole space, we prove Strichartz-type anisotropic, dispersive
estimates which allow us to prove global wellposedness for fast enough rotation.
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Introduction

The aim of this paper is the study of the following system

(NSh)

 ∂tv + v · ∇v − ν∆hv − νV ∂2
3v = −∇p in R+ × R3

div v = 0
v|t=0 = v0 ,

where ∆h denotes the horizontal Laplacian, i.e. the operator ∂2
x1

+ ∂2
x2

. The constants ν > 0 and ν
V
≥ 0

represent respectively the horizontal and vertical viscosities. Obviously, this system is locally well posed when
the initial data v0 belongs to a Sobolev space H

5
2 +η(R3) for any positive real number η simply because the

energy estimates are better than the ones for Euler (i.e. ν = ν
V

= 0). On the other hand, it is well known that
if ν and ν

V
are positive, and if v0 is only in L2(R3), then a global weak solution exists (that is Leray’s theorem,

see [16]). Finally, if v0 belongs to the homogeneous Sobolev space Ḣ
1
2 (R3), then a unique local solution exists

(that is Fujita and Kato’s theorem, see [10]). Moreover, if ‖v0‖
Ḣ

1
2

is small enough with respect to min{ν, ν
V
},

then the system is globally well posed. Let us note that the homogeneous space Ḣ
1
2 (R3) is well adapted to the

Navier–Stokes system, in the sense that it is invariant under the scaling of the equation: if v is a solution of
the Navier–Stokes equation, with data v0, then the same goes for vλ defined by vλ(t, x) def= λv(λ2t, λx), with
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data v0,λ(x) def= λv0(λx); it is easy to see that

‖v0,λ‖
Ḣ

1
2 (R3)

= ‖v0‖
Ḣ

1
2 (R3)

.

What we want to investigate here is the case when ν
V

is 0 or converges to 0. We want to prove existence and
if possible uniqueness results as close as possible to the case when the two viscosities are positive and fixed.

Let us begin by saying something about the motivation of this problem. It is well known since a series a work
devoted to Ekman boundary layers for rotating fluids (see for instance [13], [7] and [8]) that it makes sense to
consider anisotropic viscosities and more precisely viscosities of the type

−ν∆h − βε∂2
3 .

That is obviously a particular case of the system (NSh) stated at the beginning of this introduction.

Considering the anisotropy of the problem, we shall have to use spaces of functions that take into account that
anisotropy. All we shall do here is strongly related to energy estimates, so the tool will be anisotropic Sobolev
spaces. Such spaces have been introduced by D. Iftimie in [15] for the study of incompressible Navier-Stokes
equations in thin domains.

Let us recall the definition of those spaces. It requires an anisotropic dyadic decomposition of the Fourier
space, so let us start by recalling the definition of the following operators of localization in Fourier space:

∆h
j a

def= F−1(ϕ(2−j |ξh|)â) for j ∈ Z

∆v
ka

def= F−1(ϕ(2−k|ξ3|)â) for k ∈ N

∆v
−1a

def= F−1(ψ(|ξ3|)â)

∆v
ka

def= 0 for k ≤ −2,

where Fa and â denote the Fourier transform of any function a. The functions ϕ and ψ are smooth, compactly
supported functions, with support respectively in a fixed ring of R far from the origin, and in a fixed ball
containing the origin and such that

∀t ∈ R \ {0} ,
∑
j∈Z

ϕ(2−jt) = 1 and ∀t ∈ R , ψ(t) +
∑
j∈N

ϕ(2−jt) = 1.

We refer to [3] for a precise construction of an isotropic decomposition of the Fourier space; let us note that
there exists an integer N0 such that if |j − j′| ≥ N0, then supp ϕ(2−j ·) ∩ supp ϕ(2−j

′ ·) = ∅.
Let us remark that we consider a homogeneous decomposition in the horizontal variable and an inhomoge-

neous decomposition in the vertical variable. The associate Sobolev spaces are defined as follows.

Definition 1. Let s and s′ be two real numbers and a a tempered distribution. Let

‖a‖s,s′ def=

∑
j,k

22(js+s′k)‖∆h
j∆v

ka‖2L2

 1
2

.

The space Hs,s′ is the closure of D(R3) for the above (semi-)norm.

Let us remark that, as usual when homogeneous Sobolev spaces are involved, Hs,s′ is a Hilbert space if and
only if s < 1. Spaces of this type have been used by J. Rauch and M. Reed in [18] and by M. Sablé-Tougeron
in [19].

Let us state the three main theorems of this paper.
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Theorem 2 (Existence). Let s0 > 1/2 be a real number, and let v0 ∈ H0,s0. Then a positive time T and a
solution v of (NSh) defined on [0, T ]× R3 exist such that

v ∈ L∞([0, T ];H0,s0) ∩ L2([0, T ];H1,s0).

Furthermore, there exists a constant c such that if ‖v0‖H0,s0 is less than cν, then we can choose T = +∞.

Theorem 3 (Uniqueness). Let s0 and s be two real numbers, greater respectively than 1/2 and 3/2, and let v0

be an initial data in H0,s. Then at most one solution v of (NSh) exists in the space

v ∈ L∞(R+;H0,s) ∩ L2(R+;H1,s).

Let us denote by T ? the maximal time of existence; if T ? is finite, then∫ T?

0

‖v(t)‖4H1/2,s0 dt+
∫ T?

0

‖v(t)‖2H1,s0 dt = +∞.

Those statements deserve a few comments. The initial data in Theorem 2 have only L2 regularity in the
horizontal variable, and H

1
2 +η in the vertical variable; for positive viscosities, it is proved by D. Iftimie in [15]

that the problem is well posed. Here, with that regularity (which is very close to the scaling of the equation),
we obtain short time existence for large data and global existence for small data as in Fujita-Kato’s Theorem.
Uniqueness requires one additional vertical derivative. That comes from the fact that the lack of vertical
viscosity prevents us from gaining vertical regularity.

The third result of this paper concerns the rotating fluid equations, obtained from (NSh) by adding the

Coriolis force
1
ε
v × e3, where e3

def= (0, 0, 1). Here ε > 0 represents the Rossby number; we refer to [12] and [17]

for a physical interpretation of that system. Note that the skew–symmetry of the operator Lv def= v × e3

implies that Theorems 2 and 3 hold for the rotating fluid equations: their proof only involves energy estimates.
Moreover, the rotation induces a dispersive effect which leads to the following result.

Theorem 4 (Rotating fluids). Let v0 be an initial data in H0,s with s strictly greater than 3/2. Let ν > 0
and ν

V
≥ 0 be two real numbers. Then a positive real number ε0 exists, depending only on ν and v0, such that,

for any ε ≤ ε0, the system 
∂tv + v · ∇v − ν∆hv − νV ∂2

3v +
1
ε
v × e3 = −∇p

div v = 0
v|t=0 = v0 ,

has a unique global solution in the space L∞([0, T ];H0,s) ∩ L2([0, T ];H1,s).

Let us notice that this global regularity result is different from those proved in the case of periodic boundary
conditions (see for instance [1] and [11] in those cases, the global regularity is due to non resonance conditions).

The structure of the paper is the following:
• the first section is devoted to some basic properties of the spaces Hs,s′ ;
• the second section, the core of the proof of Theorems 2 and 3, is devoted to the proof of an energy estimate

in anisotropic Sobolev spaces for the convective term v · ∇. The fact that the vector field v is divergence
free will allow us to avoid bad terms containing ∂3v which are not compensated by viscosity;
• the third section is nothing but an application of that energy estimate through classical contraction

arguments, in order to prove Theorems 2 and 3;
• the fourth section consists in showing a dispersive effect for rotating fluids, as pointed out in [6], and

applying it in this context in order to prove Theorem 4.
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1. Algebraic properties of spaces Hs,s′

Before stating the theorem we want to prove, let us give a few properties concerning those spaces, which we
shall use throughout the study. The main results are essentially contained in [18], in [19] and in [15]. They
concern product rules in the spaces Hs,s′ ; let us start by recalling the classical product rules in isotropic Sobolev
spaces: if a and b are two tempered distributions, then for any d ≥ 1,

∀s, t < d

2
, s+ t > 0, ‖ab‖

Ḣs+t−
d
2 (Rd)

≤ Cs,t‖a‖Ḣs(Rd)‖b‖Ḣt(Rd), (1.1)

where the Ḣs spaces are the usual homogeneous Sobolev spaces, defined by the norm ‖u‖Ḣs
def= ‖ | · |s |û(·)| ‖L2 .

Furthermore, in the final section, we shall be working with bidimensional functions as well as tridimensional
functions, and in particular taking the product of such functions. We shall be in need of the following result,
whose proof can be found in [11] (in the case of periodic boundary conditions, but it is identical in the case of
the whole space):

∀s, t < 1, s+ t > 0, ‖ab‖Ḣs+t−1(R3) ≤ Cs,t‖a‖Ḣs(R2)‖b‖Ḣt(R3). (1.2)

The same results hold for inhomogeneous Sobolev spaces.
Now we shall prove the following product rule in our anisotropic Sobolev spaces.

Lemma 1. Let σ and σ′ be two real numbers, smaller than 1, such that σ + σ′ > 0, and let s0 > 1/2 and s be
such that s+s0 > 0; a constant C exists such that the following holds. Let a and b be two tempered distributions.
Then

‖ab‖Hσ+σ′−1,s ≤ C(‖a‖Hσ,s0‖b‖Hσ′,s + ‖a‖Hσ,s‖b‖Hσ′,s0 ).

Proof of the lemma. By definition of Hσ,s, we have

‖a‖2Hσ,s =
∑
j,k

22(jσ+ks)

∫
|∆h

j∆v
ka(xh, x3)|2 dxhdx3

=
∑
k

∫
22ks‖∆v

ka(·, x3)‖2Hσ(R2) dx3,

so we can write

‖a‖Hσ,s =
∥∥∥2−ks‖∆v

ka‖L2(Rx3 ;Hσ(R2))

∥∥∥
`2(Z)

. (1.3)

Then we just have to write the paraproduct algorithm of J.-M. Bony (see [2]), in the vertical direction, which
reads

∆v
k(ab) = ∆v

k(T va b+ T vb a+Rv(a, b)),

with
T va b

def=
∑
k′

Svk′a∆v
k′b and Rv(a, b) def=

∑
k′

∑
j∈{−1,0,1}

∆v
k′a∆v

k′−jb.

Let us state the following lemma, whose proof is obvious.

Lemma 2. For any s > 1/2 and any σ ∈ R, a constant C exists such that for any function a,

‖a‖L∞(Rx3 ;Hσ(R2)) ≤ C‖a‖Hσ,s .
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Then we have, by the bidimensional product rules recalled in (1.1),

‖Svka∆v
kb‖L2(Rx3 ;Hσ+σ′−1) ≤ ‖Svka‖L∞(Rx3 ;Hσ)‖∆v

kb‖L2(Rx3 ;Hσ′ )

≤ ck2−ks‖a‖Hσ,s0‖b‖Hσ′,s ,

where ck ∈ `2(Z), according to Lemma 2. Similarly we have

‖∆v
k′a∆v

k′−jb‖L1(Rx3 ;Hσ+σ′−1) ≤ ‖∆k′a‖L2(Rx3 ;Hσ)‖∆v
k′−jb‖L2(Rx3 ;Hσ′ )

≤ c2k′2
−k′(s+s0)‖a‖Hσ,s0‖b‖Hσ′,s .

Then Bernstein’s inequality yields

‖∆v
k(∆v

k′a∆v
k′−jb)‖L2(Rx3 ;Hσ+σ′−1) ≤ c2k′2−k

′(s+s0)+ k
2 ‖a‖Hσ,s0‖b‖Hσ′,s .

This implies that

‖∆v
kR(a, b)‖L2(Rx3 ;Hσ+σ′−1) ≤ ck2−k(s+s0− 1

2 )‖a‖Hσ,s0‖‖b‖Hσ′,s‖,

and Lemma 1 is proved.

2. Anisotropic energy estimates

We shall prove the following lemma, which is the core of the proof of Theorem 2.

Lemma 3. For any real numbers s0 > 1/2 and s ≥ s0, a constant C exists such that for any vector fields a
and b, with a divergence free,

|(∆v
k(a · ∇b)|∆v

kb)L2 | ≤ Cdk2−2ks‖b‖
H

1
2 ,s

(‖a‖
H

1
2 ,s0
‖∇hb‖H0,s + ‖a‖

H
1
2 ,s
‖∇hb‖H0,s0

+‖∇ha‖H0,s0 ‖b‖
H

1
2 ,s

+ ‖∇ha‖H0,s‖b‖
H

1
2 ,s0

) with
∑
k∈Z

dk = 1.

Proof of the lemma. Let us define

Fhk
def= ∆v

k(ah · ∇hb) and F vk
def= ∆v

k(a3∂3b).

The terms (Fhk |bk)L2 and (F vk |bk) are estimated in two different ways. The reason why is that the term Fhk
involves only horizontal derivatives which can be compensated by the horizontal viscosity as in the case of the
usual Navier-Stokes system.
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Let us start by proving the result for Fhk . We have, using similar computations to those leading to Lemma 1,

Ak
def= ‖∆v

k(ah · ∇hb)‖
L2(Rx3 ;H−

1
2 (R2))

≤
2∑
i=1

‖∆v
k(T vai∂ib) + T v∂iba

i +Rv(ai, ∂ib)‖
L2(Rx3 ;H−

1
2 (R2))

≤ ck2−ks‖Svkah‖L∞(Rx3 ;H
1
2 (R2))

‖∇hb‖L2(Rx3 ;L2(R2))

+ ck2−ks‖Svk∇hb‖L∞(Rx3 ;H
1
2 (R2))

‖a‖L2(Rx3 ;L2(R2))

+
∑

|k1−k2|≤1
|k1−k|≤N0

‖∆v
k1
a‖
L∞(Rx3 ;H

1
2 (R2))

‖∆v
k2
∇hb‖L2(Rx3 ;L2(R2))

≤ ck2−ks(‖a‖
H

1
2 ,s0
‖∇hb‖H0,s + ‖a‖

H
1
2 ,s
‖∇hb‖H0,s0 ).

Finally, we have

|(∆v
k(ah · ∇hb)|bk)L2(R3)| ≤ Cdk2−2ks‖b‖

H
1
2 ,s

(‖a‖
H

1
2 ,s0
‖∇hb‖H0,s + ‖a‖

H
1
2 ,s
‖∇hb‖H0,s0 ),

so the result is proved for the term (Fhk |bk)L2 . To estimate the term (F vk |bk)L2 , let us first use J.-M. Bony’s
decomposition in the vertical variable: we can write

∆v
k(a3∂3b) = F v,1k + F v,2k with

F v,1k
def= ∆v

k

∑
k′≥k−N0

Svk′+2(∂3b)∆v
k′a

3 and

F v,2k
def= ∆v

k

∑
|k′−k|≤N0

Svk′−1a
3∂3∆v

k′b.

We clearly have
|(F v,1k |bk)L2(R3)| ≤ Cck2−ks‖b‖

H
1
2 ,s
‖F v,1k ‖L2(Rx3 ;H−

1
2 (R2))

,

and Bernstein’s inequality, along with bidimensional product rules recalled in (1.1), yields

‖F v,1k ‖L2(Rx3 ;H−
1
2 (R2))

≤ C2
k
2

∑
k′≥k−N0

‖Sk′+2∂3b‖
L2(Rx3 ;H

1
2 (R2))

‖∆k′a
3‖L2(R3).

But it is clear that
‖Sk′+2∂3b‖

L2(Rx3 ;H
1
2 (R2))

≤ C2k
′(1−s)‖b‖

H
1
2 ,s
,

so
‖F v,1k ‖L2(Rx3 ;H−

1
2 (R2))

≤ C2
k
2

∑
k′≥k−N0

2k
′(1−s)‖∆k′a

3‖L2(R3)‖b‖H 1
2 ,s
.

Here we are going to use in a crucial way the fact that a is divergence free: we have

∂3a
3 = −divhah.

So, we infer that

‖∆v
k′a

3‖L2(R3) ≤ C2−k
′‖∆v

k′∂3a
3‖L2(R3)

≤ C2−k
′‖∆v

k′ divh ah‖L2(R3).
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That implies that

‖F v,1k ‖L2(Rx3 ;H−
1
2 (R2))

≤ C2
k
2

∑
k′≥k−N0

2k
′(1−s)2−k

′(1+s0)ck′‖∇ha‖H0,s0 ‖b‖
H

1
2 ,s

≤ Cck2−ks‖∇ha‖H0,s0 ‖b‖
H

1
2 ,s
,

since s0 > 1/2.
Up to that point, we did not actually use the energy estimate, but only laws of product or Sobolev embeddings.

The estimate of the term (F v,2k |bk)L2 will use in a crucial way the structure of the nonlinearity.
First of all, following a computation done in [5], we get that

(F v,2k |bk)L2 = (Svk(a3)∂3bk|bk)L2 +Rk(a, b) with (2.4)

Rk(a, b) def=
∑

|k′−k|≤N0

(
[∆v

k, S
v
k′−1a

3]∂3∆v
k′b|bk

)
L2 +

∑
|k′−k|≤N0

(
(Svk − Svk′−1)a3∂3∆v

k′b|bk
)
L2 .

Then, using an integration by parts, we infer that

(Svk(a3)∂3bk|bk)L2 = −1
2

(Svk(∂3a
3)bk|bk)L2 .

Thanks to the fact that a is divergence free, we deduce that

(F v,2k |bk)L2 = (bkSvkdivhah|bk)L2 +Rk(a, b).

The term (bkSvkdivhah|bk)L2 can be estimated as the term (Fhk |bk) that appeared above. To estimate the term
([∆v

k, S
v
k′−1a

3]∂3∆v
k′b|bk)L2 , we write that, for any function ω,

([∆v
k, S

v
k′−1a

3]ω)(xh, x3) = 2k
∫
h(2ky3)(Svk′−1a

3(xh, x3)− Svk′−1a
3(xh, x3 − y3)))ω(xh, x3 − y3))dy3.

Writing a Taylor formula, we get that

([∆v
k, S

v
k′−1a

3]ω)(xh, x3) =
∫
R×[0,1]

h1(2k(y3)(Svk′−1∂3a
3)(xh, x3 + t(x3 − y3))ω(xh, x3 − y3)dy3dt

with h1(z) = zh(z). Thanks to the fact that a is divergence free, we get

([∆v
k, S

v
k′−1a

3]ω)(xh, x3) = −
∫
R×[0,1]

h1(2k(y3)(Svk′−1 divh vh)(xh, x3 + t(x3 − y3))ω(xh, x3 − y3))dy3dt.

Now, let us apply the rules of product of Sobolev spaces on R2; this implies that

‖([∆v
k, S

v
k′−1a

3]ω)(·, x3)‖
H−

1
2 (R2)

≤ C
∫
|h1(2ky3)| ‖ divh vh‖L∞(Rx3 ;L2(R2))‖ω(·, x3 − y3)‖

H
1
2 (R2)

dy3.

From this, we deduce that

‖([∆v
k, S

v
k′−1a

3]ω)(·, x3)‖
L2(Rx3 ;H−

1
2 (R2))

≤ C2−k‖Svk′−1 divh ah‖L∞(Rx3 ;L2(R2))‖ω‖L2(R2;H
1
2 (R2))

.
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So we get

([∆v
k, S

v
k′−1a

3]∂3bk′ |bk)L2 ≤ ‖Svk′−1divhah‖L∞(Rx3 ;L2(R2)) × 2k
′−k‖bk′‖

L2(Rx3 ;H
1
2 (R2))

‖bk‖
L2(Rx3 ;H

1
2 (R2))

.

Finally, with Lemma 2 joint with the fact that |k′ − k| ≤ N0, we infer

([∆v
k′ , S

v
k′−1a

3]∂3bk′ |bk)L2 ≤ Cdk‖∇ha‖H0,s0 2−2ks‖b‖2H1/2,s .

The term (Svk−Svk′−1)a3∂3∆v
k′b can be estimated exactly as the term F v,1k . That concludes the proof of Lemma 3.

Remark 5. We are unable to estimate the term (F vk |bk)L2(Rx3 ;Hs(R2)), for any s 6= 0: that is due to the
fact that the estimate of (Svk(a3)∂3bk|bk)L2(Rx3 ;Hs(R2)) which appears in (2.4) would lead to terms of the
type ([∆h

j , S
v
k(a3)]∂3bk|bk)L2(R3). We do not see here any way of recovering the vertical derivative of bk be-

cause of the lack of vertical viscosity.

3. Proof of Theorems 2 and 3

Proof of Theorem 2. It is obvious that for smooth initial data, smooth solutions exist (of course only for
short times); we shall prove a priori estimates for such smooth solutions.

As it occurs in the classical Navier-Stokes system, global results for small initial data are easier to prove than
local results for large data. In any case, the proof relies strongly on Lemma 3 proved in the previous section;
let us start by deducing from that lemma the global part of Theorem 2. Applying the operator ∆v

k and using
an L2 energy estimate gives, considering the fact that ν

V
≥ 0,

1
2

d
dt
‖vk(t)‖2L2 + ν‖∇hvk(t)‖2L2 ≤ (∆v

k(v · ∇v)|vk)L2 ,

where we denote by vk the term ∆v
kv. So using the above Lemma 3 with s = s0 and a = b = v, we get

1
2

d
dt
‖vk(t)‖2L2 + ν‖∇hvk(t)‖2L2 ≤ Cdk2−2ks0‖v‖2

H
1
2 ,s0
‖∇hv‖H0,s0 . (3.5)

Now multiplying this inequality by 22ks0 and taking the sum over k gives

1
2

d
dt
‖v(t)‖2H0,s0 + ν‖∇hv(t)‖2H0,s0 ≤ C‖v‖2

H
1
2 ,s0
‖∇hv‖H0,s0 .

An obvious interpolation inequality tells us that

‖v‖2
H

1
2 ,s0
≤ ‖v‖H0,s0 ‖∇hv‖H0,s0 .

So we infer that

1
2

d
dt
‖v(t)‖2H0,s0 + ν‖∇hv(t)‖2H0,s0 ≤ C‖v(t)‖H0,s0 ‖∇hv‖2H0,s0 .

So, if ‖v0‖H0,s0 is small enough, the function ‖v(t)‖2H0,s0 decreases; more precisely, if

‖v(t)‖H0,s0 ≤
ν

2C
,
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then we get

1
2

d
dt
‖v(t)‖2H0,s0 +

ν

2
‖∇hv(t)‖2H0,s0 ≤ 0.

So, we get that, for any positive t,

‖v(t)‖2H0,s0 + ν

∫ t

0

‖∇hv(t′)‖2H0,s0 dt′ ≤ ‖v0‖2H0,s0 .

Now standard compactness arguments give the global existence result.

The proof of the local part of Theorem 2 consists in several parts, considering differently the high vertical
frequencies and the low ones.

The case of high vertical frequencies is treated thanks to the following lemma.

Lemma 4. For any s0 > 1/2, a constant C exists such that for any smooth solution v of (NSh) on [0, T ]×R3,
for any integer N , we have

‖(Id−SvN)v‖L∞T (H0,s0 ) + 2ν‖∇h(Id−SvN )v‖2L2
T (H0,s0 )

≤ C‖(Id−SvN )v0‖2H0,s0 + C

∫ T

0

‖v(t)‖2
H

1
2 ,s0
‖∇hv(t)‖H0,s0 dt.

Proof of the lemma. We just have to multiply inequality (3.5) by 22ks0 and take the sum for k bigger than
N − 1; we get

1
2

d
dt

 ∑
k≥N−1

22ks0‖vk(t)‖2L2

+ ν
∑

k≥N−1

22ks0‖∇hvk(t)‖2L2 ≤ C‖v(t)‖2
H

1
2 ,s0
‖∇hv(t)‖H0,s0 .

Then Lemma 4 follows by integration in time.

Let us now consider the low vertical frequencies and high horizontal frequencies.

Lemma 5. For any s0 > 1/2, a constant C exists such that we have the following properties. Let M and N be

two integers such that M ≥ N , and let us define vM,N
def
= (Id−ShM)SvNv. Then

‖vM,N‖2L∞T (H0,s0 ) + 2ν‖∇hvM,N‖2L2
T (H0,s0 ) ≤ C‖vM,N |t=0‖2H0,s0 + C

∫ T

0

‖v(t)‖2H1/2,s0 ‖∇hv(t)‖H0,s0 dt.

Proof. Again by standard energy estimates, we have

1
2

d
dt
‖vM,N(t)‖2L2 + ν‖∇hvM,N (t)‖2L2 = (FhM,N |vM,N )L2 + (F vM,N |vM,N )L2 , with

FhM,N
def= (Id−ShM )SvN (vh∇hv) and

F vM,N
def= (Id−ShM )SvN (v3∂3v).

The term FhM,N is estimated easily, using the product rules given in Lemma 1. Using the law of product, we
have

‖FM,N(·, x3)‖
H−

1
2 (R2)

≤ C‖vh(·, x3)‖
H

1
2 (R2)

‖∇hv(·, x3)‖L2(R2).



324 J.-Y. CHEMIN ET AL.

As s0 > 1/2, we get
‖FhM,N‖L2(Rx3 ;H−

1
2 (R2))

≤ C‖vh‖H1/2,s0 ‖∇hv‖H0,s0 ,

hence
|(FhM,N |vM,N )L2(R3)| ≤ C‖v‖2H1/2,s0 ‖∇hv‖H0,s0 .

To estimate ‖F vM,N‖L2(Rx3 ;H−
1
2 (R2))

, we use the fact that v is divergence free: we can write that

F vM,N = (Id−ShM)SvN (∂3(v3v) + v divhvh).

The term (Id−ShM)SvN (v divhvh) can be estimated exactly as FhM,N . As to the other term, it is basic Fourier
analysis to observe that

Id−ShM = 2−M(Id−ShM)(χ1(D)∂1 + χ2(D)∂2),
where χi are smooth, homogeneous functions of degree 0. Then it is clear that when M ≥ N ,(

(Id−ShM)SvN∂3(v3v)|vM,N
)
L2(R3)

≤ ‖v3v‖L2(R3)2N−M‖∇hvM,N‖L2(R3)

≤ C‖v‖2H1/2,s0 ‖∇hvM,N‖H0,s0

≤ C‖v‖2H1/2,s0 ‖∇hv‖H0,s0 .

So finally
(FM,N |vM,N )L2(R3) ≤ C‖v‖2H1/2,s0 ‖∇hv‖H0,s0 ,

which proves the lemma in an obvious way.
Let us conclude the proof of the local existence part of Theorem 2. Let us observe that v0 is in L2(R3), so

we have the basic L2 energy estimate

‖v(t)‖2L2 + 2ν
∫ t

0

‖∇hv(t′)‖2L2dt′ ≤ ‖v0‖2L2 .

So it is obvious that

‖SvNShMv(t)‖2H0,s0 + 2ν
∫ t

0

‖∇hSvNShMv(t′)‖2H0,s0 dt′ ≤ C22M22Ns0T‖v0‖2L2.

So using an interpolation inequality and Lemmas 4 and 5, we infer that

(2ν)
1
2 ‖v‖2

L4
T (H

1
2 ,s0 )

+ 2ν‖∇hv‖2L2
T (H0,s0 ) ≤ C

(
‖(Id−SvN)v0‖2H0,s0

+ ‖SvN (Id−ShM)v0‖2H0,s0 + 22M22Ns0T‖v0‖2L2 +
∫ T

0

‖v(t′)‖2
H

1
2 ,s0
‖v(t′)‖H0,s0 dt′

)
.

So we deduce that

ν
1
2 ‖v‖2

L4
T (H

1
2 ,s0 )

+ ν‖∇hv‖2L2
T (H0,s0 ) ≤ C

(
‖(Id−SvN )v0‖2H0,s0

+ ‖SvN(Id−ShM )v0‖2H0,s0 + 22M22Ns0T‖v0‖2L2 +
C

ν
‖v‖4

L4
T (H

1
2 ,s0)

)
.

Then choosing first an integer N such that

‖(Id−SvN)v0‖2H0,s0 ≤ η,
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then an integer M greater than N such that

‖SvN (Id−ShM)v0‖2H0,s0 ≤ η,

and finally a strictly positive real, number T0 such that

22M22Ns0T‖v0‖2L2 ≤ η,

we obtain that, for any T ≤ T0,

ν
1
2 ‖v‖2

L4
T (H

1
2 ,s0)

+ ν‖∇hv‖2L2
T (H0,s0 ) ≤ Cη +

C

ν
‖v‖4

L4
T (H

1
2 ,s0)

.

So, for any positive real number η, a positive real number T1 exists so that

ν
1
2 ‖v‖2

L4
T1

(H
1
2 ,s0)

+ ν‖∇hv‖2L2
T1

(H0,s0 ) ≤ η.

That yields the result, and proves Theorem 2.

Proof of Theorem 3. Let us start by proving the propagation result stated in Theorem 3, considering v0 ∈ H0,s,
with s > s0; we just have to follow the computations leading to the global existence result with data in H0,s0 .
We have, as for (3.5) and using also Lemma 3,

d
dt
‖vk(t)‖2L2 + ν‖∇hvk(t)‖2L2 ≤ Cdk2−2ks‖v‖

H
1
2 ,s

(‖v‖
H

1
2 ,s
‖∇hv‖H0,s0 + ‖v‖

H
1
2 ,s0
‖∇hv‖H0,s),

so
1
2

d
dt
‖v(t)‖2H0,s + ν‖∇hv(t)‖2H0,s ≤

C

ν2
‖v‖4

H
1
2 ,s0
‖v‖2H0,s +

C

ν
‖∇hv‖2H0,s0 ‖v‖2H0,s .

By integration, we find that

‖v‖2L∞T (H0,s) + 2ν‖∇v‖2L2
T (H0,s) ≤ exp

(
C

ν2

∫ T

0

‖v(t)‖4H1/2,s0 dt+
C

ν

∫ T

0

‖∇hv(t)‖2H0,s0 dt

)
.

So we find that the life span of the solution is controlled by the following norm:

T < +∞ ⇒
∫ T

0

‖v(t)‖4H1/2,s0 dt+
∫ T

0

‖∇hv(t)‖2H0,s0 dt = +∞.

Now we are left with the proof of the uniqueness of the solutions when s > 3/2. So let v1 and v2 be two solutions
of (NSh), with initial data v0, such that

∀i ∈ {1, 2}, vi ∈ L∞([0, T ],H0,s) ∩ L2([0, T ],H1,s), s >
3
2

,

and let w def= v1 − v2. We have

∂tw − ν∆hw + v1 · ∇w + w · ∇v2 = −∇p,



326 J.-Y. CHEMIN ET AL.

hence using Lemma 3 and interpolation inequalities, we can write

(v1 · ∇w|w)H0,s ≤ C
(
‖∇hv1‖H0,s−1‖w‖2H1/2,s−1 + ‖v1‖H1/2,s−1‖w‖H1/2,s−1‖∇hw‖H0,s−1

)
≤

(
‖∇hv1‖H0,s−1‖w‖H0,s−1‖∇hw‖H0,s−1

+ ‖v1‖H1/2,s−1‖w‖
1
2
H0,s−1‖∇hw‖

3
2
H0,s−1

)
≤ ν

4
‖∇hw‖2H0,s−1 +

C

ν

(
‖∇hv1‖2H1/2,s−1 +

1
ν2
‖v1‖4H1/2,s−1

)
‖w‖H0,s−1 .

But with Lemma 1, we can write that∣∣(∆v
k(wh · ∇hv2)|wk)

∣∣ ≤ C2−2k(s−1)dk‖w‖2
H

1
2 ,s−1‖∇hv2‖H0,s−1

and ∣∣(∆v
k(w3∂3v2)|wk)

∣∣ ≤ C2−2k(s−1)dk‖w‖
H

1
2 ,s−1‖w‖H0,s−1‖v2‖

H
1
2 ,s
.

It follows that

d
dt
‖w‖2H0,s−1 + ν‖∇hw‖2H0,s−1 ≤

ν

4
‖∇hw‖2H0,s−1

+
C

ν

(
‖∇hv1‖2H1/2,s−1 + ‖∇hv2‖2H1/2,s−1 +

1
ν2

(
‖v1‖4H1/2,s−1 + ‖v2‖4H1/2,s−1

))
‖w‖H0,s−1 .

The result follows by time integration, and Theorem 3 is proved.

4. The case of rotating fluids: proof of Theorem 4

In this final section, we are going to prove Theorem 4. We shall in fact prove a more precise result that
stated in Theorem 4, and in order to do so, we need to introduce some notation. We shall consider the following
rotating fluid system:

(RF ε)

{
∂tv − ν∆hv − νV ∂2

3v + v · ∇v +
1
ε
v × e3 = −∇p
v|t=0 = v0 .

The elements of the kernel of the operator Lv def= P (v × e3), where P is the projector onto divergence–free
vector fields, are bidimensional vector fields; so it is natural to introduce the solution of the bidimensional
Navier–Stokes equation: {

∂tū− ν∆hū+ ū · ∇ū = −∇p̄
ū|t=0 = ū0 ,

where ū0 is a bidimensional, divergence–free vector field.
Finally in order to state the following theorem, we need to introduce the solution to the free wave equation

associated with (RF ε). 
∂twF − ν∆hwF − νV ∂2

3wF +
1
ε
wF × e3 = −∇pF

divw
F

= 0
w
F |t=0 = w0 .

We shall prove the following result.
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Theorem 6. Let ν > 0 and ν
V
≥ 0 be two real numbers. Let v0 = ū0+w0, where ū0 ∈ L2(R2) is a bidimensional

vector field, and where w0 ∈ H0,s, with s > 1/2. We suppose both fields are divergence free. Then there
exists ε0, independent of ν

V
, such that for ε ≤ ε0, there is a global solution to the system (RF ε), bounded

in L∞(R+,H0,s) ∩ L2(R+,H1,s). Moreover, if s > 3/2, then the solution is unique. Finally when ε goes to
zero, v satisfies

v − ū− wF → 0 in L∞(R+,H0,s) ∩ L2(R+,H1,s).

The proof of that theorem mixes the results obtained in the previous sections with anisotropic Strichartz
estimates on wF , in the spirit of [6]: let us define

F
(
Aε
RF
f
)

(ξ) def= ei
t
ε
ξ3
|ξ|−νt|ξh|

2−ν
V
tξ23Ff(ξ).

We have the following estimate.

Theorem 7. For any vector field f we have, for any p ∈ [1,∞],

‖∆h
j∆v

kA
ε
RF
f‖LpT (L∞,2xh,x3 ) ≤ Cν2j(1−

2
p ) min

(
1, (ε22j)

1
4p 2

1
2p |j−k|

)
‖∆h

j∆v
kf‖L2(R3). (4.6)

Proof of Theorem 7. We follow exactly the same lines as in [6]. For the convenience of the reader, we present
here a self contained proof. Like all Strichartz–type inequalities, (4.6) is the consequence of dispersive estimates.
Writing

ARF (τ, θ, θ̃)f def= F−1
(
eiτ

ξ3
|ξ|−θ|ξh|

2−eθξ23 f̂(ξ)
)
,

we have the following dispersive lemma.

Lemma 6. There exists a constant C such that the following holds. For any function f , we have

‖∆h
j∆v

kARF (τ, θ, θ̃)f‖L∞,2xh,x3
≤ C min

(
1, τ−

1
2 2|j−k|

)
22je−Cθ2

2j‖f‖L1,2
xh,x3

. (4.7)

Proof of the lemma. Let us define

Ij,k(τ, θ, x′, ξ3) def= ϕ(2−kξ3)
∫
R2
eixh·ξh+iτ

ξ3
|ξ|−θ|ξh|

2

ϕ(2−j |ξh|) dξh.

Then we have
‖∆h

j∆v
kARF (τ, θ, θ̃)f‖L∞,2xh,x3

≤ Ce−Ceθ22k‖Ij,k(τ, θ, ·, ·)‖L∞,∞
xh,ξ3
‖f‖L1,2

xh,x3
,

where we have used a Young inequality in the horizontal variables, and Hölder’s inequality in the vertical
variable, associated with Plancherel’s formula.

Now all we need is an estimate of Ij,k(τ, θ, ·, ·) in L∞,∞xh,ξ3
: we can write

Ij,k(τ, θ, xh, ξ3) = 22k Ĩj,k(τ, 22kθ, 2kxh, 2−kξ3)

with

Ĩj,k(τ, η, y′, ζ3) def= ϕ(ζ3)
∫
R2
eiy
′·ζ′+iτ ζ3|ζ|−η|ζh|

2

ϕ(2k−j |ζh|) dζh.

So we shall integrate by parts in the following integral:

Φ(ζ1, ζ3) def=
∫
R
eiτ

ζ3
|ζ|−η|ζh|

2

ϕ(|ζh|) dζ2.
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Let us introduce the operator L defined as

∀a, La =
1

1 + τα2(ζ)
(a− iα(ζ)∂ζ2a) with α(ζ) = ∂ζ2

(
ζ3
|ζ|

)
.

An easy computation yields
L(eiτ

ζ3
|ζ| ) = eiτ

ζ3
|ζ| ,

which implies immediately that

Φ(ζ1, ζ3) =
∫
R
eiτ

ζ3
|ζ| tL

(
e−η|ζh|

2
ϕ(|ζ|)

)
dζ2.

But we can compute, for any function Ψ,

tL (Ψ(ζ)) =
(

1
1 + α2τ

− i(∂ζ2α)
1− τα2

(1 + τα2)2

)
Ψ(ζ)− iα

1 + τα2
∂ζ2Ψ(ζ),

so using the fact that ζ is in a fixed ring of R3 and that ϕ ∈ D(R), we get after elementary computations∣∣∣tL(e−η|ζh|2ϕ(2k−j |ζh|)
)∣∣∣ ≤ C min(2k−j , 1)

1 + τζ2
2ζ

2
3

e−η|ζh|
2
.

It follows that

‖Ĩj,k(τ, η, y′, ζ3)‖L∞,∞
y′,ζ3

≤ Ce−Cη

∥∥∥∥∥ϕ(ζ3)
∫
|ζ2|≤C2j−k

min(2k−j , 1)
dζ2

1 + τζ2
2ζ

2
3

∥∥∥∥∥
L∞ζ3

≤ Ce−Cητ−
1
2 min(2j−k, 1)‖ϕ(ζ3)ζ−1

3 ‖L∞
≤ Ce−Cητ−

1
2 min(2j−k, 1).

So finally we have obtained that

‖∆h
j∆v

kARF (τ, θ)f‖L∞,2xh,x3
≤ Ce−Ceθ22k

e−Cθ2
2j

22k min(2j−k, 1)τ−
1
2 ‖f‖L1,2

xh,x3
. (4.8)

Now to conclude to (4.7), we note that by Sobolev embeddings,

‖∆h
j∆v

kARF (τ, θ, θ̃)f‖L∞,2xh,x3
≤ C2je−Ceθ2

2k
e−Cθ2

2j‖∆h
j∆v

kf‖L2

≤ C22je−C
eθ22k

e−Cθ2
2j‖∆h

j∆v
kf‖L1,2

xh,x3
,

which with (4.8) implies that

‖∆h
j∆v

kARF (τ, θ)f‖L∞,2xh,x3
≤ Ce−Ceθ22k

e−Cθ2
2j

22j min
(

1
τ

1
2

2|j−k|, 1
)
‖f‖L1,2

xh,x3
.

The lemma is proved.

End of the proof of Theorem 7. To prove the result, we are going to use duality arguments, based on the
anisotropic estimate (4.7). In the following, we shall call

B def=
{

Ψ ∈ D(R3), ‖Ψ‖L∞T (L1,2
xh,x3) ≤ 1

}
. (4.9)
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The following set of equalities is standard:

‖∆h
j∆v

kA
ε
RF
f‖L1

T (L∞,2xh,x3) = sup
Ψ∈B

∫
R+

< ∆jA
ε
RF

(t)f,Ψ(t) > dt

= sup
Ψ∈B

(2π)−3

∫
R+×R3

ϕ(2−j |ξ|)e−i
t
ε
ξ3
|ξ|−νt|ξh|

2−ν
V
ξ23 f̂(ξ)Ψ̂(t, ξ) dtdξ

= sup
Ψ∈B

(2π)−3
∑
k≤j

∫
R+×R3

f̂j,k(ξ)Ψ̂j,k(t, ξ)e−i
t
ε
ξ3
|ξ|−νt|ξh|

2−ν
V
tξ23 dtdξ,

where we have defined fj,k = ∆h
j∆v

kf and Ψj,k = ∆h
j∆v

kΨ. So it follows that

‖∆jA
ε
ν,nf‖L1

T (L∞,2xh,x3) ≤ sup
Ψ∈B

(2π)−3
∑
k≤j
‖fj,k‖L2

∥∥∥∥∫
R+
e−i

t
ε
ξ3
|ξ|−νt|ξh|

2−ν
V
tξ23 Ψ̂j,k(t, ξ) dt

∥∥∥∥
L2(R3)

.

But we have ∥∥∥∥∫
R+
e−i

t
ε
ξ3
|ξ|−νt|ξh|

2−ν
V
tξ23 Ψ̂j,k(t, ξ) dt

∥∥∥∥2

L2(R3)

=
∫

(R+)2×R3
e−i

t
ε
ξ3
|ξ|−νt|ξh|

2−ν
V
tξ23 Ψ̂j,k(t, ξ)ei

s
ε
ξ3
|ξ|−νs|ξh|

2−ν
V
sξ2

3 Ψ̂j,k(s, ξ) dtdsdξ

≤
∫

(R+)2
‖Ψj,k(s, ·)‖L1,2

xh,x3
‖Ψj,k(t, ·)‖L1,2

xh,x3
min

(
1,
ε

1
2 2|j−k|

|t− s| 12

)
22je−ν(t+s)22j

dtds. (4.10)

Then we just need to notice that∫
(R+)2

e−ν(t+s)22j

|t− s| 12
dtds = 2−3j

∫
(R+)2

e−ν(t+s)

|t− s| 12
dtds,

and that ∫
(R+)2

e−ν(t+s)22j
dtds =

2−2j

ν2
,

so (4.10) yields finally

‖∆h
j∆v

kA
ε
RF
f‖L1

T (L∞,2xh,x3 ) ≤ Cν min
(

1, (ε22j)
1
4 2
|j−k|

2

)
2−j‖∆h

j∆v
kf‖L2(R3).

But by Sobolev embeddings and energy estimates, we have

‖∆h
j∆v

kA
ε
RF
f‖L1

T (L∞,2xh,x3) ≤ C2j‖∆h
j∆v

kf‖L2(R3),

and the theorem is proved by interpolation.

Proof of Theorem 6. The proof is going to use Theorem 7 proved above. Such an estimate is best used when
the horizontal and vertical frequencies of wF are fixed, and it is possible to do so for the following reason: it is
clear that, as w

F
satisfies a linear equation,

lim
N,N3→−∞
N ′,N ′3→+∞

(Id−ShN)ShN ′(Id−SvN3
)SvN ′3 wF = w

F
in Hσ,σ′ , ∀σ, σ′. (4.11)



330 J.-Y. CHEMIN ET AL.

So for any η > 0, there exist integers N,N ′, N3, N
′
3 such that

‖w
F
− w

F,m
‖L∞(R+,H0,s)∩L2(R+,H1,s) ≤ η, (4.12)

where we have noted
wF,m

def= (Id−ShN )ShN ′(Id−SvN3
)SvN ′3wF .

Then (4.6) becomes simply

∀p ∈ [1,∞], ‖w
F,m
‖LpT (L∞,2xh,x3 ) ≤ Cηε1/4p‖w0,m‖L2(R3), (4.13)

where here and in the following, we have written Cη for any constant depending on N , N ′, N3 and N ′3, such
that (4.12) is satisfied.

Let us recall the following classical estimates on the bidimensional Navier–Stokes equation, and on linear
parabolic equations: we have

∀t ≥ 0, ‖ū(t)‖2L2(R2) + 2ν
∫ t

0

‖∇hū(t′)‖2L2(R2) dt′ = ‖ū0‖2L2(R2), (4.14)

and ∀t ≥ 0, ‖w
F

(t)‖2H0,s + 2ν
∫ t

0

‖∇hwF (t′)‖2H0,s dt′ = ‖w0‖2H0,s . (4.15)

Now if we define w def= v− ū−w
F,m

, it is enough to prove that w is unique, and goes to zero in L∞(R+,H0,s)∩
L2(R+,H1,s). The function w satisfies the following equation:

∂tw − ν∆hw − νV ∂2
3w +

1
ε
w × e3 = −∇p̃+

6∑
j=1

Fj (4.16)

with

F1
def= −w · ∇w

F2
def= −ū · ∇w − w · ∇ū

F3
def= −w

F,m
· ∇w

F4
def= −w · ∇wF,m

F j5
def= − divh(wj

F,m
ūh)− divh(ūjwh

F,m
)− divh(wj

F,m
wh
F,m

)

F j6
def= −ū3∂3w

j
F,m
− ūj∂3w

3
F,m
− ∂3(wj

F,m
w3
F,m

).

and
w|t=0 =

(
Id−(Id−ShN)ShN ′(Id−SvN3

)SvN ′3

)
w0.

Note that, according to (4.11), we have

∀η > 0, ∃(N,N ′, N3, N
′
3), ‖w|t=0‖H0,s ≤ η. (4.17)

The uniqueness result follows simply from Theorem 3, since the skew–symmetric term 1
εw×e3 does not interfere

in the energy estimates. So let us prove that for ε small enough, there is a global solution w to equation (4.16),
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which goes to zero in L∞(R+,H0,s)∩L2(R+,H1,s). The proof will use estimates proved in the previous section,
as well as the Strichartz estimate proved above.

First, using Lemma 3 proved in Section 2, we get

(∆v
k(w · ∇w)|∆v

kw)L2(R3) ≤ Cdk2−2ks‖w‖2H1/2,s‖∇hw‖H0,s .

Using the interpolation between H0,s and H1,s, and taking the sum over k, we get

(F1|w)H0,s ≤ C‖w‖H0,s‖∇hw‖2H0,s . (4.18)

Now, let us estimate (F2|w)H0,s . Since ū does not depend on the third variable, we have

(∆v
k(ū · ∇w)|∆v

kw)L2(R3) = (ū · ∇∆v
kw)|∆v

kw)L2(R3)

= −1
2

∫
R3

div hūh|∆v
kw|2 dx,

so as H1/2(R2) is embedded in L4(R2), we get

|(∆v
k(ū · ∇w)|∆v

kw)L2(R3)| ≤ C‖∇hū‖L2(R2)‖∆v
kw‖2L2(Rx3 ;H1/2(R2)),

By interpolation between L2(R2) and Ḣ1(R2), that yields

|(∆v
k(ū · ∇w)|∆v

kw)L2(R3)| ≤
C

ν
‖∇hū‖2L2(R2)‖∆v

kw‖2L2(R3) +
ν

16
‖∇h∆v

kw‖2L2(R3),

and multiplying by 22ks and summing over k, we get finally

|(ū · ∇w|w)H0,s | ≤ C

ν
‖∇hū‖2L2(R2)‖w‖2H0,s +

ν

16
‖∇hw‖2H0,s . (4.19)

Moreover, we have

|(∆v
k(w · ∇ū)|∆v

kw)L2(R3)| ≤ C‖∆v
kw‖2L2(Rx3 ;H1/2(R2))‖∇hū‖L2(R2),

so similarly

|(w · ∇ū|w)H0,s | ≤ C

ν
‖∇hū‖2L2(R2)‖w‖2H0,s +

ν

16
‖∇hw‖2H0,s . (4.20)

So, putting estimates (4.19) and (4.20), we get that

|(F2|w)H0,s | ≤ C

ν
‖∇hū‖2L2(R2)‖w‖2H0,s +

ν

8
‖∇hw‖2H0,s . (4.21)

In order to estimate the term (F3|w)H0,s , we use Lemma 3 proved in Section 2, which yields∣∣∣(∆v
k(w

F,m
· ∇w)|∆v

kw)L2(R3)

∣∣∣ ≤ Cdk2−2ks‖w‖H1/2,s ×
(
‖w

F,m
‖H1/2,s‖∇hw‖H0,s + ‖w‖H1/2,s‖∇hwF,m‖H0,s

)
,

which in turn implies that

|(F3|w)H0,s | ≤ ν

16
‖∇hw‖2H0,s +

C

ν

(
‖w

F,m
‖2H1/2,s‖w‖2H1/2,s + ‖w‖2H0,s‖∇hwF,m‖2H0,s

)
.
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So finally, by interpolation, we infer

|(F3|w)H0,s | ≤ ν

8
‖∇hw‖2H0,s +

C

ν
‖w‖2H0,s

(
C

ν2
‖w

F,m
‖4H1/2,s + ‖∇hwF,m‖2H0,s

)
. (4.22)

Moreover, we can write

|(F4|w)H0,s | = |(w · ∇wF,m |w)H0,s |

≤
∫
R2

∣∣∣∣(w(xh, ·) · ∇wF,m(xh, ·)|w(xh, ·)
)
Hs(Rx3 )

∣∣∣∣ dxh

≤
∫
R2
‖w(xh, ·)‖2Hs(Rx3 )‖∇wF,m(xh, ·)‖Hs(Rx3) dxh

≤ ‖w‖2H0,s‖∇wF,m‖L∞(R2;Hs(Rx3)).

But the spectral localization of wF,m implies that, for any η, a constant Cη exists such that

‖∇w
F,m
‖L∞(R2;Hs(Rx3 )) ≤ Cη‖wF,m‖L∞,2xh,x3

,

so finally

|(F4|w)H0,s | ≤ Cη‖wF,m‖L∞,2xh,x3
‖w‖2H0,s . (4.23)

To estimate |(F5|w)H0,s |, let us write that

|(F5|w)H0,s | ≤ ‖F5‖H−1,s‖∇hw‖H0,s

≤ C

ν
‖F5‖2H−1,s +

ν

8
‖∇hw‖2H0,s .

By definition of F5, we have

‖F5‖2H−1,s ≤ C(‖w
F,m

ū‖2H0,s + ‖w
F,m

w
F,m
‖2H0,s).

As the Fourier transform of wF,m has its support in the vertical frequencies included in the ball of radius N ′3,
we have

‖F5‖2H−1,s ≤ CN ′3
2s(‖w

F,m
ū‖2L2(R3) + ‖w

F,m
w
F,m
‖2L2(R3))

≤ CN ′3
2s(‖ū‖2L2(R2)‖wF,m‖2L∞,2xh,x3

+ ‖w
F,m
‖2
L2,∞
xh,x3
‖w

F,m
‖2
L∞,2xh,x3

).

Using again the spectral localization in the vertical variable and the energy estimate of the free rotating system,
we get that

‖wF,m‖2L2,∞
xh,x3

≤ CN ′3‖wF,m‖2L2(R3)

≤ CN ′3‖w0,m‖2L2(R3).

So, using now the energy estimate in the 2−D Navier-Stokes equation, we get that

‖F5‖2H−1,s ≤ CN ′3
2s(‖ū0‖2L2(R2) +N ′3‖w0,m‖2L2(R3))‖wF,m‖2L∞,2xh,x3

.
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As in all that follows, let us denote by Cη any constant depending only on η and on the initial data ū0 and v0;
we can rewrite the above estimate as

|(F5|w)H0,s | ≤ Cη‖wF,m‖2L∞,2xh,x3
+
ν

8
‖∇hw‖H0,s (4.24)

To estimate |(F6|w)H0,s |, let us write that

|(F6|w)H0,s | ≤ ‖F6‖H0,s‖w‖H0,s .

Using again the spectral localization in the vertical variable of w
F,m

, the energy estimate in the 2−D Navier-
Stokes equation and the energy conservation for free rotating system, we get that

‖F6‖H0,s ≤ CN ′3
s+1
(
‖ū0‖L2(R2) +N ′3

1
2 ‖w0,m‖L2(R3)

)
‖wF,m‖L∞,2xh,x3

.

As above, this can be written as

|(F6|w)H0,s | ≤ Cη‖wF,m‖L∞,2xh,x3
‖w‖H0,s . (4.25)

An energy estimate in H0,s on equation (4.16) yields, writing F def=
6∑
j=1

Fj ,

1
2

d
dt
‖w(t)‖2H0,s + ν‖∇hw(t)‖2H0,s = |(F (t)|w(t))H0,s |.

So using (4.18) and (4.21–4.25) yields

1
2

d
dt
‖w(t)‖2H0,s + ν‖∇hw(t)‖2H0,s ≤ Φ(t)‖w(t)‖2H0,s +Gη(t)

+
(
ν

4
+ C‖w(t)‖H0,s

(
1 +

1
ν
‖w(t)‖H0,s

))
‖∇hw(t)‖2H0,s

with

Gη(t) def= Cη‖wF,m‖2L∞,2xh,x3
+ Cη‖wF,m‖L∞,2xh,x3

‖w(t)‖H0,s and

Φ(t) def=
C

ν

(
‖∇hū(t)‖2L2(R2) + ‖∇hwF,m(t)‖2H0,s +

C

ν2
‖w

F,m
(t)‖4

H
1
2 ,s

+ νCη‖wF,m(t)‖L∞,2xh,x3

)
.

Note that according to (4.14), (4.15) and (4.13), the function Φ is in L1(R+) and

‖Φ‖L1(R+) ≤
C

ν

(
2
ν
‖ū0‖2L2 + ‖w0‖2H0,s

(
1 +

C

ν
‖w0‖2H0,s

)
+ Cη‖w0,m‖L2(R3)

)
. (4.26)

Let us fix η such that

C‖w(0)‖H0,s

(
1 +

1
ν
‖w(0)‖H0,s

)
≤ ν

16
· (4.27)

Let us consider the supremum T ? of the set of the real numbers T such that

∀t ≤ T , C‖w(t)‖H0,s

(
1 +

1
ν
‖w(t)‖H0,s

)
≤ ν

8
· (4.28)
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As long as the above condition (4.28) is satisfied, we have

1
2

d
dt
‖w(t)‖2H0,s +

ν

2
‖∇hw(t)‖2H0,s ≤ Φ(t)‖w(t)‖2H0,s + Cη‖wF,m‖2L∞,2xh,x3

+ Cη‖wF,m‖L∞,2xh,x3
.

Let us define

w̃(t) def= w(t) exp
(
−
∫ t

0

Φ(t′)dt′
)
.

We have

1
2

d
dt
‖w̃(t)‖2H0,s +

ν

2
‖∇hw̃(t)‖2H0,s ≤ ‖w|t=0‖2H0,s + Cη‖wF,m‖2L∞,2xh,x3

+ Cη‖wF,m‖L∞,2xh,x3
.

So by integration, we get, for any t ≤ T ?,

‖w̃(t)‖2H0,s +
ν

2

∫ t

0

‖∇hw̃(t′)‖2H0,sdt′ ≤ ‖w|t=0‖2H0,s + Cη

∫ t

0

(
‖w

F,m
(t′)‖2

L∞,2xh,x3
+ Cη‖wF,m(t′)‖L∞,2xh,x3

)
dt′.

From now on, we shall use the Strichartz’ type estimates. Using the estimate (4.13), we get

Cη

∫ t

0

(
‖wF,m(t′)‖2

L∞,2xh,x3
+ Cη‖wF,m(t′)‖L∞,2xh,x3

)
dt′ ≤ Cη(ε)

where Cη(ε) is a function of ε such that, for fixed η, lim
ε→0

Cη(ε) = 0.
So finally

‖w̃(t)‖2H0,s +
ν

2

∫ t

0

‖∇hw̃(t′)‖2H0,sdt′ ≤ ‖w|t=0‖2H0,s + Cη(ε),

hence

‖w(t)‖2H0,s +
ν

2

∫ t

0

‖∇hw̃(t′)‖2H0,sdt′ ≤
(
‖w|t=0‖2H0,s + Cη(ε)

)
exp

∫ t

0

Φ(t′) dt′,

and the theorem is proved using (4.26).
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