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A LEGENDRE SPECTRAL COLLOCATION METHOD
FOR THE BIHARMONIC DIRICHLET PROBLEM

BERNARD BIALECKI! AND ANDREAS KARAGEORGHIS?

Abstract. A Legendre spectral collocation method is presented for the solution of the biharmonic
Dirichlet problem on a square. The solution and its Laplacian are approximated using the set of
basis functions suggested by Shen, which are linear combinations of Legendre polynomials. A Schur
complement approach is used to reduce the resulting linear system to one involving the approximation
of the Laplacian of the solution on the two vertical sides of the square. The Schur complement system
is solved by a preconditioned conjugate gradient method. The total cost of the algorithm is O(N?).
Numerical results demonstrate the spectral convergence of the method.
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1. INTRODUCTION

The numerical solution of fourth order problems by spectral methods has been the subject of numerous
studies in recent years. A review of various spectral formulations for fourth order problems in one and two
dimensions is given in [1]. Spectral collocation methods have been particularly popular in applications to physical
problems since, in contrast to spectral Galerkin methods, they do not require the evaluation or approximation
of integrals. In [2], spectral collocation methods are studied for the solution of a one dimensional fourth
order problem. In [4], a Legendre spectral collocation method is proposed and analyzed for the biharmonic
equation on a square. However, no algorithm for the solution of the corresponding approximate problem is
discussed. The improvement in the poor conditioning of the spectral discretization of the biharmonic equation
is examined in [10]. A Chebyshev spectral collocation method is applied to the driven cavity problem in [16].
The application of Chebyshev spectral collocation methods with domain decomposition to the steady-state
Navier-Stokes equations (stream function formulation) in complex geometries is investigated in [11,13]. In [12],
a fully conforming Chebyshev spectral collocation scheme is developed for the biharmonic equation in two and
three dimensions. Finally, a spectral collocation method has been applied to fourth order problems in circular
domains in [14]. Further references to the application of spectral methods to fourth order problems can be
found in [7] and [3]. The formulation of the biharmonic Legendre spectral collocation problem in this paper
and the method of its solution are similar to those developed in [15] and [5] for orthogonal spline collocation
with piecewise Hermite bicubics.
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638 B. BIALECKI AND A. KARAGEORGHIS
In this study we consider the biharmonic Dirichlet problem
A’u=finQ, wu=0u/dOn=0ond, (1.1)

where A denotes the Laplacian, Q = (—1,1) x (=1,1), 9Q is the boundary of 2, and 9/9n is the outer normal
derivative on 0f2.

In contrast to [4], we use the mixed formulation of (1.1) to obtain approximations to both u and Aw.
Specifically, we set v = Awu and discretize a coupled pair of Poisson’s equations in u and v using a Legendre
spectral collocation method with polynomials of degree < N. As collocation points we take the nodes of the
N — 1-point Legendre-Gauss quadrature rather than the Legendre-Gauss-Lobatto points (¢f. [4]). Employing
a Schur complement approach, we reduce the collocation problem to a Schur complement system involving an
approximation to v on the two vertical sides of ) and an auxiliary collocation problem for a related biharmonic
problem with v, instead of du/n, specified on the two vertical sides of 9. The matrix in the Schur complement
system is symmetric and positive definite. (This is not the case when the Legendre-Gauss-Lobatto nodes are used
as collocation points). Consequently, the Schur complement system is solved by the preconditioned conjugate
gradient (PCG) method. A preconditioner is obtained from the auxiliary collocation problem. We conjecture
that the preconditioner is spectrally equivalent to the Schur complement matrix. The cost of multiplying the
Schur complement matrix by a vector and the cost of solving a linear system with the preconditioner are O(N?)
each. With the number of PCG iterations proportional to log IV, the cost of solving the Schur complement
system is therefore O(N?log N). The solution of the auxiliary collocation problem is obtained with cost O(N?)
using separation of variables and the solution of a simple generalized eigenvalue problem which reduces to two
symmetric eigenvalue problems with tridiagonal matrices. The total cost of our algorithm is therefore O(N?).
The algorithm is well suited for parallel implementation since many of its steps involve independent matrix-
vector multiplications. Numerical results demonstrate the spectral convergence rate of the approximations to u
and v in the maximum norm. In comparison, the method of [5], the cost of which is O(N?1log N) on an N x N
partition, yields fourth order approximations to u and v.

In Section 2 we introduce three polynomial spaces, the corresponding basis functions, and collocation matri-
ces. In Section 3 we develop an efficient method for solving a 1-d spectral collocation problem. The biharmonic
spectral collocation problem and its solution are discussed in Sections 4 and 5, respectively. Numerical results
and conclusions are given in Sections 6 and 7, respectively.

2. PRELIMINARIES

For N > 4, let {&; ,fi_ll and respectively {wi}i]\:ll be the nodes and weights of the N —1-point Legendre-Gauss
quadrature on (—1,1), and let

D = diag(wy, ... ,wn_1). (2.1)
For p and ¢ defined on {fi}i]ijl, let
N-1
p.a) = wi(pg)(&). (2:2)
i=1

It follows from the exactness property of the Legendre-Gauss quadrature that

(p.q) = /_1(pq)($) dz, pq€ Pan-3, (2.3)
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where Pj denotes the set of polynomials of degree < k on (—1,1). Lemma 3.1 in [8] implies also that

1
—",q) = / ('¢)(x) dz —p'qlty + Cnp™ g™ p g€ Py,
—1

where C'y denotes a generic positive constant that may depend on N.
Let

Py ={pePy:p(£1)=0}, Py ={peP}:p/(¥1)=0}

639

(Note that the dimensions of Py, PY, and PY’ are N + 1, N — 1, and N — 3, respectively.) Following (2.7) and

(3.4) of [17], we introduce the basis {¢x}2_, for PY and the basis {1}, for PY® with

d)k(x):ck[Lk,g(x)ka(x)], k:2, ,N,

V() = di [Le-a(x) + apLp—2(x) + bpLr(z)], k=4,...,N,

where Ly (z) is the kth degree Legendre polynomial normalized by fil Li(z) dz = 2/(2k + 1), and

1 . 1 L2k =3 2k — 5
—_, = , ap = —2———, = .
Vik—2 "7 20k -5e@k-3) ¢ T2k-1 T 2%k -1

Cp =

Augmenting the basis {1y }2_, for P by 12,13 € Py such that

we obtain the basis {t¢ }2_, for PY. Since 2,13 € Py and since {¢y}_, is a basis for Py,

N N
Yo(@) = > (),  Ys(x) =Y Brou(®),
k=2 k=2

for some {ay }2_, and {8y }5_,. Later we will consider a particular choice of {a;}~_, and
Be=(—1)f1tay, k=2,... N.
Using (2.5)—(2.7) it is easy to verify that
V(@) = di [ ytr—2(2) — brcy "' dr(z)], k=4,... N.
Thus it follows from (2.9)—(2.11) that

[V2(z), ... YN (2)] = [d2(2), ..., N (2)| M,

where the nonsingular matrix M has the structure shown in Figure 1.
Augmenting the basis {¢;}1_, for Py by

1
)

1

S(Eo@) + Li@)],

Yo(z) = 5[Lo(x) — La(x)],  ¢a(x)

(2.5)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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we obtain the basis {¢ }_, for Py, where

wo(il) = ]-7
Let
Ay = (-
Ayt = (-
Ap = (-

where ¢ and k are the row and column indices, respectively. Clearly, (2.16) and (2.13) imply

Yo(1) =0,

nEN Y,

()Rl

) rinyals

Y1(—1) =0,

1) x (N — 1) matrix M.

Pi(1) =1

By = (¥r(&))isy i2ss

By = (¥r(&))iss ko

By = (dr(&)i1 0N

Ay =0.
It follows from (2.15), (2.17), and (2.12) that
Ay =AgM, By = BgM.
Let
o»=DByDAs, By =B,DBy,

where D is given by (2.1). Clearly, B:;s is symmetric and positive definite.

Lemma 2.1. The matrix leb has the structure shown in Figure 2 and

where the element X is positive.

Proof. Equations (2.20), (2.17), and (2.1), imply that the coefficients of By = (b}, l)kl o and Ay = (a

are given by the formulas

N-1

= Y wildedr) (&),

i=1

A, = diag(1,

* 7]"><)’

wz(aﬁ (bn)(6i),

k,l=2,...

)

N.

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

l)kl 2
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FIGURE 2. Structure of the (N — 1) x (N — 1) matrix Bj,.

Hence it follows from (2.2), (2.3), and Lemma 2.1 in [17] that in order to prove both claims it suffices to show
that

/ I
N,N71:07 aN7N>O.

For N odd (N —1 even), we have

(N-1)/2 (N-1)/2
bvv-1= Y wildnon-1)E)+ Y wildndn-1)(=&) =0,
=1 1=1

where the first identity follows from the symmetry of {wi}i]\i}l and the antisymmetry of {¢; ij\;l about 0, and
the second identity follows from (¢n¢pn—1)(—2) = —(én¢pn—1)(z) which is a consequence of (2.5) and (2.7).
For N even (N — 1 odd), using arguments similar to those for odd IV, we have

(N—2)/2 (N—2)/2
byN-1= Z wi(pnoN-1)(&) + Z wi(ANON-1)(=&) + (NON-1)(0)w1 4 (N_2)/2 =0,
=1 =1

where in the last step we also used ¢n_1(0) = 0 which follows from (2.5) and L (0) = 0 for odd .
Finally, (2.4) applied to p = ¢ = ¢ and (2.2) imply a’y 5 > 0. O

Let
' =BTDA B, =BYDB 2.22
» =By DAy, By =B;DBy. (2.22)
Then it follows from (2.19) and (2.20) that
Aip = AibM, be = B;M. (2.23)
Let
B, , =B} DBy. (2.24)

Then (2.17), (2.1), (2.16), (2.2), (2.3), (2.5), (2.13), and orthogonality of the Legendre polynomials imply that
that Bfm has the structure shown in Figure 3. Let

Ape = [AptlAp],  Bye = [Byt|Byl, (2.25)
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FIGURE 3. Structure of the (N — 1) x 2 matrix By ,.

and let

A, . =B{DAy., Bj, =B]DBy.,. (2.26)
Then it follows from (2.18), (2.24), (2.22), and (2.23) that

Ay . = [0]AyM], By, .= [By|B,M]. (2.27)

3. 1-D SPECTRAL COLLOCATION PROBLEM

Solving the biharmonic problem requires the solution of the following 1-d spectral collocation problem.
For given A > 0, {gi}fi_ll, {fi}fi_ll, a, and (3, consider the problem of finding p € P% and ¢ € Py such that

p(&) — Ap" (&) + Mqg(&) = g4, i=1,..., N—1, (3.1)
@& —2"(&)=fi, i=1,...,N—1
p(-1)=a, p'(1)=0.

Theorem 3.1. For \ > 0, there exist unique p € PY and q € Py satisfying (3.1)—(3.3).
Proof. Since in (3.1)—(3.3), the number of unknowns, which is 2N, is equal to the number of equations, we

assume ¢; = f; =0, =1,... ,2N, a = § = 0 and show that p = ¢ = 0. Taking the inner product (-,-) with ¢
on both sides of (3.1) and with p on both sides of (3.2), respectively, we obtain

(p,q) = Ap",q) + Mg, q) =0,
{(g,p) — Mq",p) = 0.

(3.4)
It follows from (2.4) and p(£1) = p/(£1) = 0 that (p”,q) = (¢",p). Hence (3.4) gives (g, q) = 0, which implies

q&) =0, i=1,...,N—1. (3.5)
From (3.2) and (3.5), we have ¢”(§;) =0,i=1,... ,N — 1, which yields ¢" = 0 since ¢’ € Py_2. Thus ¢ € P,

and hence (3.5) and N > 3 imply ¢ = 0.
From (3.1) and (3.5), we have

(p,p) = Xp",p) = 0.

Since, by (2.4), —(p”,p) > 0, it follows that (p,p) = 0. Thus p(§) =0, ¢ =1,...,N — 1, which along with
p(£1) = 0 implies p = 0. O
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In the remainder of this section we consider a matrix-vector form of (3.1)—(3.3), assuming that {¢x}&_, and
{4}, are respectively bases for P} and Py introduced in Section 2. Substituting

N N
ple) = pete(@),  qlx) = au(x),
=2 k=0

into (3.1)—(3.3), and using (2.15), (2.16), (2.25), (2.8), and ;. (£1) =0, k =4,... , N, we obtain

(By + M)+ ABy oG =, (Bpe+Myo)@o = f, pa=a, ps=p, (3.6)
where

ﬁ: [p27 cee 7pN]T7 q_; = [q()a cee 7qN]T7 (37)

g):[gla"'7gN*1]T7 f_": [fh"'?fN*l]T'

Multiplying the first two equations of (3.6) by BgD, with By and D defined in (2.17) and (2.1), respectively,
and using (2.22), (2.26), we obtain

(Bl + AP+ ABy Ge =g, (Bl + MuIE=for p2=0, p3=0, (38)
where
Jo=BIDg, f,=BlDJ. (3.9)
Rewriting ¢, of (3.7) as
T

(Z—::[q07Q17(ﬂ (T:[q% 7qN]T7

and using (2.23), (2.27), (2.8), ¥ (1) =0, k =4,... ,N, and (2.12), we obtain

(B + ML) + AByqu + ABl Jao. ) = G
(Bj + AAL)du + Bl Jao ] = F, (3.10)
Cd)ﬁM = [aaﬂ]T7

where

Pu = Mp, G =Mq, (3.11)
and

C, = ¢o(=1) ¢5(-1) v(=1) ]
Po(1)  ¢3(1) V(1)

Equations (3.10) can be rewritten as

17T
Sll [ﬁMa iM]T + 512 [QO7 CI1]T = [§¢7 f¢:| ) (312)

Sor [Par, @] = [e, BT (3.13)



644 B. BIALECKI AND A. KARAGEORGHIS

where
B, + \A’ B/,
_ [ @ ¢
S = { 0 B+ A4, | (3.14)
and
AB!
512_[3/%15]’ Sa=[Cs O].
Ut
Since By, + AAj, is positive definite, S11 is nonsingular. Hence, using (3.12), we obtain
— — T —1 | = 217 —1 T
[P, g™ = Sy [%afd)} =811 Sz g0, ] (3.15)
which upon substitution into (3.13) gives
T 1. 217 T
S [QO>Q1] - 521511 |:g¢7 f¢:| - [aaﬁ] 9 (316)
where S is the 2 x 2 Schur complement matrix given by
S = 5515:," S12. (3.17)

Thus we have the following algorithm for solving (3.8), assuming that g, and f(;; are known. (We focus on (3.8),
rather than (3.6), since it is (3.8) which arises in the solution of the 2-d problem.)

Algorithm 1.

Step 1: Compute columns of S using (3.17).

Step 2: Compute the right hand side of (3.16).

Step 3: Solve (3.16) for [go, q1]* -

Step 4: Compute [par, ¢ar]? using (3.15).

Step 5: Compute p and ¢ using (3.11).

Note that in steps 1 and 2 we can save S;;'S12 and Si;' [, ﬁ)]T which are used in step 4. By (3.14), solving,
in steps 1 and 2, linear systems with S1; involves solving two linear systems with B(’i) + )‘A;s and multiplication
by ABj,. It follows from (2.21) and the structure of B, (see Fig. 2) that solving a linear system with B + AA),
reduces to solving two linear systems with tridiagonal symmetric and positive definite matrices. Step 3 involves
solving a linear system of two equations in two unknowns. It follows from the structure of M (see Fig. 1) that
in step 5, Mp' = py (similarly M@ = ¢ir) can be decoupled into two systems, one for po — ps and py with even
k > 4, and the other for ps 4+ p3 and px with odd k& > 5. The matrices in these two systems have the structure
shown in Figure 4 and hence each system can be solved with cost O(NN). Since each step of Algorithm I requires
at most O(N) operations, the total cost of solving (3.8) is O(N). Of course the cost of computing Js and f of
(3.9) is O(N?).

4. BIHARMONIC SPECTRAL COLLOCATION PROBLEM

Introducing v = Awu in (1.1), we obtain the coupled problem

—Au+v=0in, —-Av=—-finQ, wu=0u/dn=0ond. (4.1)
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FI1GURE 4. Structure of the matrices in decoupled systems for Mp = p);.

The Legendre spectral collocation problem corresponding to (4.1) consists of finding U € PY ® Py and
V € Py ® Py such that

—AU (&, &) +V(&G,&) =0, —-AV(&,&) =—-f(&,&), 4,j=1,...,N—1, (4.2)

and
V(a,b) = Vy(a,b) =0, a,b==l (4.3)
We prove existence and uniqueness of the solution to (4.2)—(4.3) following the proof of Theorem 5.1 in [15]. To

this end, we require an additional notation and two lemmas. For p and ¢ defined on {(z,y) : z,y € {fl}fi_ll ,
let

N-1

2

-1

wiw; (pq) (&, &5)- (4.4)

i=1 1

<.
Il

Lemma 4.1. IfU € PR @ PY and V € Py ® Pn, then
(=AU, V)) = ({U,-AV)).

Proof. Since Uy (a,y) =0, a ==+1, y € [—1, 1], using (2.4), we have

(Ve V) == ) wilUs(-,), V(- §5))

_ _1 w; [/11(UIVI)($7§J‘) dz 4+ Cn (gNU g];x> (',fj)} '

In a similar way, using (2.4) and U(a,y) =0, a = £1, y € [—1, 1], we obtain
N-1 1 N N
oNV oNU
((=Vzz, U)) w; {/ Uz)(2,&;) de+Cy <8$—Nax—N> (nfj)] :

Jj=1

Therefore ((—Ugz, V)) = ((U, =Vzz)). By symmetry in « and y we also have ((—Uyy, V')) = ((U, —V,,)). Hence
the desired result follows. O
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Lemma 4.2. If V € Py ® Pn satisfies
V(a,b) = Vy(a,b) =0, a,b==+l, (4.5)
then
(Vaz, Vyy)) = (V. Vaayy))- (4.6)

Proof. Applying (2.4) with respect to y to the left-hand side of (4.6), we have

N-1
((Vaz, Viy)) = : wi{Vyy (&is ), Vaz(ns )
Z:]{/'fl 1
=T JAZEY (47)

=1

N-1
aNV aNJrQV
+ g wz vaz g'w )|y771 § w; (8yN 8yN8x2> (gza)
i=1

i=1

,_.

Applying (2.4) to the second term on the right-hand side in (4.7), we obtain, for y = £1,

N-1

Z VVQ;Q; &, ) :<Va:a:('ay)>vy('ay)> ( )
P 4.8
1 N N-+1
— - [ W) e+ e - o (SRS (.

-1

Applying (2.4) to the first term on the right-hand side in (4.8), we obtain, for y = +1,

L = . T soNty Ny
,[l(vyzv ;w (Ve V) () — (Vi V) (@, ) 225 4+ O Y (WaTN) (,y). (4.9)

i=1

Substituting (4.9) into (4.8) and using (4.5), we have

=

—1 N—-1
wz(V Vmc fm Z w; Vya:arv g’ta )7 y==x1. (4'10)
=1

i=1

Applying (2.4) with respect to y to the right-hand side of (4.6), we also obtain

N-1
(Vi Vazyy)) = D wilVaayy (&), V(&)
Z:]{/'fl 1
—- S [ V(&) dy (4.11)
i=1 -1
N-1 N-1
Nty ONY
+ — wz(vzzyv)(gz; yffl CYN ; Wi m—~Na 5 8yN8x2 ay (g'm )
Comparing the right-hand sides of (4.7) and (4.11), and using (4.10), we obtain (4.6). O

Theorem 4.3. There ezist unique U € PY @ P and V € Py ® Py satisfying (4.2)—(4.3).
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Proof. Since the number of unknown coefficients in U and V', which is N2 — 4N + 10, is equal to the number
of equations in (4.2)—(4.3), it suffices to show that if U and V satisfy (4.2)—(4.3) with f =0, then U =V = 0.
Taking the inner product ((-,-)) with V" on both sides of the first equation in (4.2), we obtain

(AU, V)Y + ((V,V)) =0. (4.12)
Similarly, taking the inner product ({-,-)) with U on both sides of the second equation in (4.2), we obtain
((-AV,U)) =o0. (4.13)
From (4.12), (4.13), and Lemma 4.1, we have ((V,V)) = 0, which implies
V(&,&) =0, dij=1,...,N—1 (4.14)
Thus, by the first equation in (4.2),
—AU(&,&) =0, i,j=1,...,N—1.

Using this equation, (2.4) with respect to z and y, and U = 0 on 912, we have
N—-1
= (AU U) == wilUsa(-&), U (&) = Z wi{Uyy(&is ), U(& )

1
> S [ Ui dx+Zw@/ 2(¢i,y) dy,

1 -1

which along with U = 0 on 0f) implies that U = 0 on the horizontal and vertical lines passing through the
points (&,&;), 4,5 =1,...,N—1. This and U = 0 on 99 imply further that U = 0 on all horizontal and vertical
lines passing through 2, and hence U = 0.

To show that V' = 0, we use the second equation in (4.2) (with f = 0), Lemma 4.2 , and (4.14) to obtain

0 = ({AV.AV)) = ((Vaz, Vea)) + 2((Vaz, Viy)) + ((Viys Vi)
(Ve Vi) 4 2((V Vaeyy)) + (Vs Vi) = (Vs V) + (Vs Vo))

Hence

Va:a:(gi,fj):‘/yy(fi,gj)zo, Z7.7:1; aN_la

which along with (4.14) implies that V' = 0 on the horizontal and vertical lines passing through the points
(&,&5),4,7=1,... ,N—1. This and V(a,b) =0, a,b = %1, imply in turn that V = 0 on 9. Therefore, V =0
on all horizontal and vertical lines passing through €2, and hence V' = 0. |

Let the functions {¢%}&_, be as in Section 2 with {a;}_, of (2.9) yet to be specified and {3 }i_, as in
(2.10). Since {¢ 12, {¥r}i,, and {9y}, form bases for PY’, PY, and Py, respectively, and since 1, 11
and )9, 15 satisfy (2.14) and (2.8), respectively, for U € P @ PY and V € Py ® Py satisfying (4.3), we have

= w stk (@)vu(y) (4.15)

k=2 1=4

~

with

U271 = U3, :0, l:4, ,N, (416)
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and

N N 1 N
=D oratk(@ti(y) + YD vt (@)t (y)- (4.17)

k=2 1=0 k=0 1=4

Note that in (4.15) we included

D> ukatr (@) (y)

k=2 1=4
assuming (4.16) and we did not include

1

3
DD veatn(@)ialy) (4.18)

k=0 [=0

n (4.17) since (4.3), ¥2(£1) = ¢3(£1) =0, (2.14), and (2.8) imply that all the coefficients in (4.18) are zero.
Corresponding to (4.15) and (4.17) we introduce the vectors

U= [Ugdy. . U Ny - s UN 4y - ,uNVN]T, (4.19)
Uz, = [ug.4,... ,UQVN]T, Us,. = [uga,... ,U37N]T, (4.20)
U= [v2,0,--- ,V2,N;--- ,UN,0s- - - ,’UN,N]T, (4.21)
Vo, = [vo 4, - - ,UQ,N]T, U1, =[v14,... ,’ULN]T. (4.22)

Note that .. and us,. of (4.20) are the first two subvectors of « in (4.19).
Let Ay, By, Ay, By, and Ay e, By be the matrices introduced in (2.15), (2.16), and (2.25), respectively,
and let the two additional matrices Ay ,, By, be defined by

Ayr = (0 EN Y Byr = (&) 32, (4.23)

Substituting (4.15) and (4.17) into (4.2), using the matrix definitions, (2.18), and (4.16), we obtain

(Ap @ Byr + By @ Ay )i+ (By @ By.o)T + (Byy ® By, [to.,71.]" =0, (4.24)
(Ap ® Bye + By ® Ay,e)T+ (Byt @ Ay,) [Bo,.,01,]" =, (4.25)
iy, = —il3,. = 0, (4.26)
where
f= s s FIN—1ye e s N1 1y s IN—1Nv—1]" (4.27)

with fi; = —f(&, &)
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5. SOLVING THE BIHARMONIC SPECTRAL COLLOCATION PROBLEM
In this section we present a method for solving (4.24)—(4.26).

5.1. Formulation of the method

649

Let I be the k x k identity matrix. Multiplying (4.24) and (4.25) by BgD ® BgD, (4.26) by Biﬂ,Dme

and using (2.22)—(2.24), (2.26), we obtain

(A, ® B, +Bly® A, (M@ In_3)i+ (B, ® B, .)(M ® In.1)T + (B}, ® B),,) [to,.,71,.]" =0,
( izb ® B{b,e + B; ® A, ,e)(M ® INJrl)fD)+ (B{b,t ® A'/t/;,r) [60,-a 171,~]T = fti)a

By DBy i3, = —Bj, , DBy i3, = 0,
where

A, = Bd{DAW, By, = Bd{DBW,

fo=(BYD® BID)F.

Lemma 5.1. The matriz of the linear system (5.1)-(5.3) is nonsingular.

(5.1)

(5.2)

(5.3)

Proof. Clearly, By, of (2.15) is nonsingular since p = 0 is the only p € Py such that p(¢;) =0,i=1,... ,N — 1.
Hence the rank of the (N — 1) x (N — 3) matrix By, of (4.23) is N — 3. This implies nonsingularity of the
(N =3)x (N—=3) matrix B} | DB, since B} DBy, 0 = 0 yields & (D2 By, ;)T D'/ By, 5 = 0, D'/ By, 10 =
0, By»w = 0, and @ = 0. The desired result follows now from the nonsingularity of BgD, BT,TDBw,T, and the

matrix in (4.24)—(4.26), which is guaranteed by the uniqueness of the solution to (4.2)—(4.3).
Equations (5.1)—(5.3) can be written as

L AT
Sy [, 8" + Sia [to,, 1. ]" = {0, f¢} ;
Sy [@, 7" =0,

where

S o | OB EOMIMOI) (OB © )

(A, @ By, + B, @ 4, )(M & Insa)

(5.10)

Note that the two blocks Biﬂ,DBW in S2; of (5.10) correspond to multiplications by s, and @3 in (5.3).
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Lemma 5.2. The matriz S11 of (5.8) is nonsingular.

Proof. With @ and ¢ of the forms (4.19) and (4.21), respectively, the equations
(Ay @ Byr + By @ Ay )i+ (By @ By )T =10, (Ay® By + By ® Ay)0 =0,

are the matrix-vector representations of the following spectral collocation problem: find U € Py ® P, V €
P{ @ Py, such that

It can be shown, using an approach similar to the proof of Theorem 4.3, that the only solution to this problem
is U = V = 0 which gives @ = ¥ = 0. This and the nonsingularity of BgD imply the nonsingularity of S1;. O

Since S, is nonsingular, eliminating [, 7]" from (5.6)-(5.7), we obtain
L LT 1= 717
Svo,.,v1,.]" = S2151; {O,f¢} , (5.11)
where S is the 2(N — 3) x 2(N — 3) Schur complement matrix given by
S = SQlSi1S12. (5.12)

Lemma 5.3. The matriz S of (5.12) is nonsingular.
Proof. The matrix S is nonsingular since it is the Schur complement of the nonsingular S11 (see Lem. 5.2) in

the nonsingular S Sz (see Lem. 5.1). O
So1 O

We arrive at the following algorithm for solving (4.24)—(4.26).

Algorithm II.
Step 1: Compute f of (5.5).
Step 2: Compute the right-hand side of (5.11).
Step 3: Solve (5.11) for ¥y, and ...
Step 4: Solve (5.6) for @ and .

In the following subsections we explain how to solve linear systems with S7; (involved in steps 2,4) and S
(involved in step 3).

5.2. Solving systems with Sq;
Let vectors @, 7, and f be of the forms (4.19), (4.21), and (4.27), respectively, and let
G=I9115-  91N-1,- gN-11,- - gN-1,N-1]- (5.13)

Then, by (5.8), the system

Sii @, 7T = [g,ﬂT (5.14)

is equivalent to

(4, ® By, + B, ® &, )(M © In_3)ii + (By ® By, )(M & In1)i = g,

5.15
(A, ® B}, ,+ B, ® Ay )(M & In1)T = f. .
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We rewrite (5.15) as

(A% @ By, + By @ AY)(M @ Iy 1)l + (B ® By, (M @ In 1)V = G,

(Ag @ By + By @ Ay )M @ In1)V = [,
B DByii.; =&, —BIDByi s=0,

where
ﬁ'e = [U272,u2’3, e ,UJQ,N, e ,’U,N,Q,UJNV;),, e ,UNVN]T,
.o =[uz2,us2... ,UN,Q]T, U.3=[uz3,u33... ,uN73]T,
and
d':[ag,...,aN]T, ﬂ:[ﬂg,...,ﬂN]T.
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(5.16)

(5.17)

(5.18)

(5.19)

Note that @, in (5.17) is an extension of « in (4.19) with the components of 4. 2 and @. 3 in (5.18) added to 4.
Consequently, (5.16) is obtained from (5.15) by replacing @, Aib,r? and Bq'/ma with i, A;/), and B{b’ respectively,

and by adding two additional equations for 4.  and . 3.
Note also that (5.14) (equivalently (5.15)) is a special case of (5.16) with & = § = 0.

Lemma 5.4. The matriz of the linear system (5.16) is nonsingular.

Proof. The desired result follows easily from nonsingularity of Bg DBy and S1;1.

O

Since Aj, and By of (2.20) are symmetric and Aj, is positive definite, it follows from Corollary 8.7.2 in [9]

that there exists a real nonsingular (N — 1) x (N — 1) matrix Z and real
A =diag(Aa, ... , AN)
such that
ZTALZ =1In_1,  Z'BlZ=A.

Since Z of (5.21) and M of (2.12) are nonsingular, (5.16) is equivalent to

(Z" @ In-1)(Ay @ By, + By @ Ay)(Z @ In_1)i, + (Z" @ In_1)(B), ® B, )(Z @ Iny1)V =7,

(27 @ In1) (A @ B, + Bl ® Ay )(Z ® Ins1)T = ',

Z'M-TBIDB,M 'z, =d', ~Z"M TBIDB,M'Zd 5=,
where 4, and ¢ are such that
=/

.= (W® INfl)ﬁ/e, T=(Wa IN+1)’[_))/, U.g = WU{,Q, U.3 = WU,,3,

with

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)
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and
j=Z"0Iy0)g, [=Z"elva)f, d=w'a, F=w'd (5.25)

The vectors i, U, @ o, U’ 3, ', f’, and &, 7' have the same forms as i, of (5.17), U of (4.21), . 2, U. 3 of (5.18),

g of (5.13), fof (4.27), and &, E of (5.19), respectively. In the following, the components of the primed vectors
are denoted by the primed letters corresponding to the unprimed vectors. For example,

ﬁ/e = [u/2,27u/2,37 s au/2,N7 s au3V,27u/N,37 s 7u/N,N]T'
Using (2.19), (2.20), and (5.21) in (5.22), we obtain
(In-1®@ By +A® A))d, + (A® B@,ef’ =7,
(IN-1®Bj +A® A, )V = f,
Aidly =d',—Aidl 5 =0,
which, by (5.20), become
(Bép + )‘kAip)ﬁk, + AkB:p,e{;;c,. = g;c,-a (Bépﬁe + AkA/ A,e){));c,- = .ﬁc,-vu;c,Z = a;c/)‘kvu;c,?; = 752/>‘k7 (526>

for k=2,... , N, where

E;c,. = [uﬁcyz, . ,u?cyN]T, 17}6,_ = [vfc,o, . ,vfc,N]T,
and
%,. = [g;g,la e 7g;g,N—1]T7 fllc, = [fllc,lv s 7f]/c,N—1]T'

Since B</z> is positive definite, it follows from the second equation in (5.21) that A is also positive definite and
hence, by (5.20), A, > 0, k =2,...,N. Clearly (5.26) is of the same form as (3.8) with A > 0.

It follows from (2.21) and the structure of By, (see Fig. 2) that the computation of A and Z satisfying (5.20)
and (5.21) reduces to solving two symmetric eigenvalue problems with tridiagonal matrices. With the use of the
QR algorithm for evaluating eigenvalues and the inverse iteration for evaluating the corresponding eigenvectors,
A and Z can be precomputed with cost O(N?). Also W of (5.24) can be precomputed with cost O(N?) since
solving a linear system with M requires O(NN) operations.

We are now in a position to formulate the following algorithm for solving (5.16).

Algorithm III.

Step 1: Compute &, f/, @, and 3’ using (5.25).

Step 2: For k =2,... N, solve (5.26) using Algorithm I of Section 3 for solving (3.8).

Step 3: Compute %, and ¥ using (5.23).

Steps 1 and 3 require O(N3) operations each while the cost of step 2 is O(N?). Hence the total cost of
Algorithm IIT is O(N?).

In the remainder of this section we discuss the cost of Algorithm III for two special cases of (5.16).

In the first special case we assume that a = 5 = 0 and that §, f are such that

gkt =fri=0, k=3,...,N—1, I=1,...,N—1 (5.27)

Also we assume that only components {uz;}iv, and {us;}, of i, need to be computed when solving (5.16).
Let

Gi=1lno-ovad  fa=[fn. vt I=1,...,N—1.
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In this case, in step 1 of Algorithm III, for each I =1,... ,N —1, ZT§ ; and ZTf.',l are obtained by computing
the corresponding liner combinations of the first 2 rows of Z. This can be done at a cost O(N?) for all [. As in
the general case, the cost of step 2 remains O(N?). In step 3, for each | =4,..., N, uz,; and uz, are obtained
by computing the inner products of the first two rows of W with [u'Q,l, ... ,u’N,l]T. This can be done at a cost
O(N?) for all [. Hence in this special case, the cost of Algorithm IIT is O(N?).

In the second special case we assume that § = f: 0 and that only components {vko Y, and {vg 1}, of T
need to be computed when solving (5.16). In step 1 of Algorithm III two multiplications by W7 are performed
to obtain & and ﬁ_" at a cost O(N2). As in the general case, the cost of step 2 remains O(N?). In step 3 two
multiplications by W are performed to obtain {vg o}, and {vj 1}, with cost O(N?). Hence, in this special
case, the total cost of Algorithm III for computing the desired components of ¥ is O(N?).

5.3. Solving systems with S

First, following the proof of Theorem 4.1 in [5], we show that the matrix S of (5.12) is symmetric and positive
definite. We start by proving the following lemma.

Lemma 5.5. Assume U € Py, @ P and V € Py @ Py. Then
N-1
(AU V) = (U, AV)) + Y w; (U &)L,
j=1

where ((-,-)) is defined in (4.4).
Proof. Tt follows from (2.4) and (2.2) that

N-1 N-1
S wilp"q)(&) =D wilp + @'t — (g, pog€ Py, (5.28)
i=1 i=1
Hence, using (5.28) and U(a,y) =0, a = £1, y € [—1, 1], we have
N-1 N-1
sz UCECEV g'ng = sz UVII fzagj) ( )(75])|1—1a ]:17 aNf]-' (529>
1=1 i=1
In a similar way, using (5.28) and U(z,b) = Uy(z,b) =0, z € [-1,1], b = £1, we obtain
N-1 N-1
wj (U V)(&,&) = Y wi(UVyy)(&, &),  i=1,...,N—1. (5.30)
Jj=1 Jj=1

Multiplying (5.29) by w;, j =1,...,N — 1, and summing with respect to j, and then multiplying (5.30) by w;,
i=1,...,N —1, and summing with respect to ¢, we obtain the desired result. O

Theorem 5.6. The matriz S of (5.12) is symmetric and positive definite.
Proof. By (5.12), S = ST is equivalent to

T T
<5215111512 [0, 2] [0, 92)] ) (szlsu Suo [52. 5] [0, ol ) (5.31)
R2(N—3) R2(N-3)

for any

50 = i, T,
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Forn =1,2, let

7 = [ugfz, e uénj)v, e ug\?)él, e ug\?)N]T
and
O R T O o
be such that
T —
Sin [zz<">,17<">} + S [0, #,, ] =0 (5.32)

Then (5.31) becomes

T T T
(] (), (e ).
R2(N-3) R2AN-3)

By (5.10), the last equation is the same as

(DB¢ rué ,Bw r’l_é )RN 1 — (DBw T’U,Q ),B¢ r_'( ))RN—I

= (DBy,, iy, By 0\ pv-1 — (DBy @y, By 06 ) g1, (5.33)
where, for n = 1,2,
as) = [l SR, D = W e

To prove (5.33), we note, using (5.8) and (5.9), that (5.32) multiplied on the left by

(BID)"' ® (BID)™! o)
O (BfD)"' @ (B;D)™!

is the matrix-vector form of the spectral collocation problem

_AU (617€j)+v (§17€j) _Av(n)(g’HEJ) :Oa Zaj: 17 aN_la (534)

where U™ and V(™) are given by (4.15) and (4.17), respectively, with wuy,; replaced by u,(:l) and vy replaced

by v,(:l). Since U™ € Py @ PY and V(™ € Py ® Py, it follows from (5.34) and Lemma 5.5 that

2

-1
(VO V@) = ((AUD V@) = N " w(UDVE) ()L,

1

<.
Il

In a similar way, we also have
N—-1
(VO VD)) = (VI AU®)) = 3w (U VD) (-, &)L,
j=1

and hence

=2

N—-1 —1
3w UOVO) L = 3w ULV (gL, (5.35)
j=1

Jj=1
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Using representations of U™ and V(") (cf. (4.15) and (4.17)), (2.8), and (2.14), it is easy to verify that (5.35)
is the same as (5.33). This completes the proof of S = S7.

To show that S is positive definite, we observe, using the first part of the proof with 4 '%2) = (() and 7; ) 178),
that
T
<S {U(()l)agg)} ) |:17((),1)a1_)§,1)} ) = (DBw Tug )aBdJ 7’_’( ))RN 1= (DBil’ Tué )7B¢ T_%l))RN*l
R2(N-3)
N-1
= w; UV )R = (v, vy,
j=1

which shows that S is nonnegative definite. Since S = ST and S is nonsingular (see Lem. 5.3), it follows that
S is positive definite. O

It follows from Theorem 5.6 that the PCG method is a good candidate for solving the linear system with
S. Therefore, in the following, we discuss matrix-vector multiplications involving .S, the selection of a precon-
ditioner, and the solution of a linear system with this preconditioner.

It follows from (5.12) that in order to multiply by S, we have to first multiply by Si2, then solve with Siy,
and finally multiply by Sa1. Let .. and ¥;. be of the forms given in (4.22) and let

—

[F, f]" = Salto,., 1,]",
where § and fhave the forms given in (5.13) and (4.27), respectively. Then, by (5.9),
§= By, ®In-1)(I2 ® By, )b, 01,]" (5.36)
and
F= (B, ®In_1)(L® A, 01.]". (5.37)

Hence the computation of ¢ and f requires 2 multiplications by B1p »» 2 multiplications by Aipw and 2(N — 1)
multiplications by B:M. It follows from (2.22), (2.15), (4.23), (5.4) that Aip = [lAprr] and pr = [|prr], where

the symbol . denotes the first two columns of the matrix appearing on the left-hand side. Hence the products
of AZM and pr,r with a vector can be obtained by computing the products of Aip and Bép with the augmented
vector whose first two components are set to zero. By (2.23), (2.21), and the structures of M and By, (see Figs.
1 and 2), all the required multiplications by A;, , and By, , involve O(IV) operations. It also follows from the
structure of By, ;, (see Fig. 3) that all the required multiplications by By, , take O(NV) operations. Hence the
total cost of multiplying by Si2 is O(N).

With @ and @ of the forms (4.19) and (4.21), it remains to solve (5.14) and then compute So1[i, 7). Note
that only the subvectors @, and 3. of 4 are needed for multiplication by Sa1 of (5.10). Moreover, (5.36),
(5.37), and the structure of By, ; (see Fig. 3) imply that the components of g and f satisfy (5.27). Hence, it
follows from the discussion in Section 5.2 of the first special case of (5.16) that computing is,. and s . requires

O(N?) operations. Finally, (2.15) and (4.23) imply that BTDBw = [::|Bw 7n]TD[::|Bw #]. But (2.19) and (2.20)
give BT w DBy = MTB’ M. Hence B »DDBy yia,. and B DBy rUs,. can be computed with cost O(N) by taking
advantage of the Structures of M and By (see Figs. 1 and 2).

Thus the total cost of multiplying a vector by S is O(N?).

In the remainder of this section we select a preconditioner for S and discuss the solution of a linear system
with this preconditioner. First, interchanging the roles of the  and y coordinates and replacing ., 4. 2, U. 3,
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and ¢ with W, @s,., Ws,., and Z, respectively, we rewrite (5.16) with § = f = 0 to obtain

(Al, ® B, + B, ® AL)(IN-1 ® M) + (B}, ,® B})(In11 ® M)Z =0,

+
(Ao ® By + B}, . ® Ay)(In1 @ M)Z =0, (5.38)
BZ;DBw’u_))Q,. = O_Z, 7B$DBwﬂ)'3’_ = 57
where
15 = [w2’2,w273, e ,1U27N, e ,’LUNVQ,U)N,g,, e ,U)N,N]T,
- T L T
Wa, = [wa 2, wa3...,waN|", Ws.=ws2,wss..., w3 N,
Z= [20,2, ce e 3 R0,Ny-++ 32N, 2y - ,ZN,N]T. (539)

(Of course solving (5.38) is equivalent to solving (5.16) with § = f = 0.) We split the vector Z of (5.39) into
two parts,

> T
Zp = [2’2,2,... 3 Z2Nsy--+ yZN,25- - - aZN,N]
and

Z(),. = [2072, e ,ZQ,N]T, 51 .= [2:1,2, e ,ZLN]T.

)

(The vector Z. can be viewed as a restriction of 2 with the components of Zy,. and Z; . being removed from Z.)
Then (5.38) can be written as

_1 T (5.40)

where
P - (Ay ® By + By, ® Ay )(In—1 @ M) , (B;/, ® B;;)(INl_l ®@ M) ’ (5.41)
O (A}, ® By + By, @ AY)(In-1® M)
Py is the block multiplying [Z ., 7 .]7, and
BTDB O O
_ P P
P = @, —-B[DB; O (5.42)

Note that the two blocks qu DBy, in P»; correspond to multiplications by ws,. and ws...
Lemma 5.7. The matriz P11 of (5.41) is nonsingular.
Proof. With @, of the form (5.17), the equation (A, ® By + By ® By)ii. = 0 is the matrix-vector representation
of the following spectral collocation problem: find U € P{ ® PY such that
7AU(£Z?£]):07 Zaj:]-aaN*]-

It can be shown, using an approach similar to the proof of Theorem 4.3, that the only solution to this problem
is U = 0 which implies the nonsingularity of (Ay ® By + By ® Ay). Hence this, (2.22), (2.20), (2.19), and the
nonsingularity of BgD imply the nonsingularity of Pi;. O
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Since Pj; is nonsingular, eliminating [, ET]T from (5.40), we obtain
o o T AT
P [207'7217~] = - |:0575:| ) (543)
where the 2(N — 1) x 2(N — 1) Schur complement matrix

P = Py P! Pps. (5.44)

Theorem 5.8. The matrix P is symmetric and positive definite.
Proof. The proof of this theorem is similar to that of Theorem 5.6. First we observe that P is nonsingular since
P21 O

5.4). Then we prove that P = PT and that P is nonnegative definite. This and the nonsingularity of P imply
that P is positive definite. O

it is the Schur complement of the nonsingular Pi; (see Lem. 5.7) in the nonsingular [ P P } (see Lem.

For arbitrary @ and J3, the solution of (5.43) can be obtained by solving (5.40) for Zy . and 7 . or, equivalently,
(5.16) with § = f = 0, for the components {vk,0 A, and {vg 1}, of T.

As a preconditioner for S we take the 2(N — 3) x 2(N — 3) matrix P which arises from eliminating 20,25 20,3,
21,2, and z1 3 in (5.43). Clearly such a P is symmetric and positive definite, being the Schur complement of a
symmetric and positive definite submatrix in the symmetric and positive definite P. Moreover, for arbitrary
{ap}_, and {3}, the solution of the system

p[20,47 cee 320N, 21,45 - - ,Zl,N]T = —[aay. .. an, Bay. .., On]T (5.45)

can be obtained by solving (5.43), with a = a3 = B2 = B3 = 0, for {204}, and {z1 4 }4_,. Hence, we find the
solution of (5.45) by solving (5.16) with § = f = 0 and ap = a3 = B = B3 = 0, for the components {vko}_,
and {vg1}_, of . It follows from the discussion in Section 5.2 of the second special case of (5.16) that the
cost of computing these components is O(N?).

Finally, we explain how to select the functions ¥ and 13 of (2.9) and (2.8). This selection is motivated by
making

Ko(P™Y28P7Y2) = Xpax (P71S) /Amin (P71S)

independent of N, where for symmetric and positive definite A, £2(A) = Amax(A)/Amin(A4). Equations (5.12)
and (5.10) imply that

s=[% o] =, 0

R®) R
where

RM  R® In_ @) 0
U, =B} DBy, [ }:[ N=3

-1
0" _Ii s 0]511512.

In a similar way, using (5.44) and (5.42), we have

(1) (2)
p=[% 2] 9], -
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TABLE 1. ko(P~1V/18.P~1/2)

N kop(P1/28P~1/2)
10 1.56
20 1.63
30 1.65
40 1.66
50 1.67
60 1.67
70 1.67

where

1 (2
_pT Q Q _ | In—1 ) ) -1

It follows from (2.15), (4.23), (2.1), and (2.2) that

Ui Wy
U = ,
[ i, v, ]

where

0y, = | (P2) <¢2a¢3>} \1,12:{@%7#4) e (P2, N 1)
(V3,102)  (Y3,93) |’ (3,ha) - (P3,0N-1)

If U15 = 0, then substituting (5.47) into (5.43) and eliminating [20.9, 20.3]7, [21.2, 21.3]7, we see that P has the
form

. v, O QW Q@
P= { o o ] [ o oW |- (5.48)
\I]T‘ O . . “71 . .
Therefore, by (5.46) and (5.48), the block o v is canceled in P~1S. For 45 and 3 of (2.9) satisfying
(2.8) and
<w27wk}> = Oa <¢37¢k> = 07 k= 4) e 7N7 (549)

the results of Table 1 show that so(P~'/2SP~1/2) is bounded from above by a positive constant which is
independent of N. For the simpler choice

Ya(e) = 5[Ls(@) ~ La(@)] = glLa(e) — Lo(e)],  s(e) = 35[Ls(a) — ()] + 5[La(e) ~ Lo(a),

~ 10
U, O

ko(P~1/28P~1/2) grows rapidly as N — oo since the block [ o v

] is not canceled in P~1S and ko(0,.)

grows rapidly as N — oo.
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FIGURE 5. Structure of the matrices in decoupled systems for (5.50).

It follows from (2.9), (5.49), (2.8), (2.11), (¢x,¢1) = 0, k,l = 2,... ,N, | # k,k+2, and ¢, (—1) =
(—=1)*=1¢/ (1), k =2,..., N, that finding {ay}1_, is equivalent to solving the system

Q2

-0
S X X 1
X X X
X X X X
X X X X : = : : (5-50)
X X X ’
X X X
—X X =X X =X —-X X =X 0
| x X X X X X X X ] 1
L an ST

For {8}, the last two components on the right-hand side are to be switched which implies (2.10). System
(5.50) can be decoupled into two systems, one for ay with even k and the other for ay, with odd k. The matrices
in these two systems have the structure shown in Figure 5 and hence each system can be solved with cost O(N).

5.4. Cost of solving the biharmonic spectral collocation problem

We now give the cost of solving (4.24)—(4.26) using Algorithm IT of Section 5.1.

As discussed in Section 5.2, we precompute A and Z of (5.20) and (5.21) and W of (5.24) with cost O(N?).
Also, as discussed in Section 5.3, we precompute {ay }5_, in (2.9) with cost O(N).

Step 1 of Algorithm II involves computing f(;; of (5.5) and it requires O(N?3) operations since By, is full.

Step 2 involves solving (5.14) with § = 0 and then computing Sy, [@, 7). Only the subvectors i . and 3. of
i are needed when solving (5.14). These subvectors are computed with cost O(N?3) since the cost of computing
]?’ in step 1 of Algorithm III is O(N?). (Note that g, &, ﬁ_" need not be computed in step 1 of Algorithm III
since they are 0. Also, in step 3 of Algorithm III, iy, and 3. can be computed with cost O(N?).) Then, it
follows from the discussion in Section 5.3 that the cost of computing So; [, #]7 is O(N). Thus the cost of step 2
is O(N3).

Step 3 is carried out using the PCG method with P as a preconditioner for S. It follows from Section 5.3
that the cost of each PCG iteration, involving multiplication by S and solution with P, is O(N?). Hence with
the number of the PCG iterations proportional to log N the cost of step 3 is O(N?log ).



660 B. BIALECKI AND A. KARAGEORGHIS

TABLE 2. Maximum absolute error for numerical example.

N Ju=Uls [lv=Vlx
12 0.11(+1) 0.11(+3)

16 0.25(-1)  0.44(+1)
20 0.26(-3)  0.59(-1)
24 0.16(-5)  0.36(-3)
28 0.45(-8)  0.11(-5)
32 0.71(-11)  0.16(-8)

TABLE 3. CPU times.

N CPU time (secs)
16 0.52
32 3.09
48 9.59
64 21.23

In step 4, we first compute Si2[vp,., 1717.]T and then solve with Si;. It follows from Section 5.3 that the cost
of computing 5’12[170,.,171,.]T is O(N). The cost of solving with Sy; is O(N?) since the cost of computing JF’ in
step 1 of Algorithm III is O(N?). (Note that in step 1 of Algorithm III, §’ can be computed with cost O(N?)
since it follows from (5.36) and the structure of By, , (see Fig. 3) that the components of § are as in (5.27). Of

course @' = E’ = 0 and hence they need not be computed.) Hence step 4 costs O(N?).
Therefore, the total cost of solving the spectral collocation problem is O(N?).

6. NUMERICAL RESULTS

We solved (1.1) with
f(x,y) = 1287 [cos(4mx) cos(4my) — sin?(2mx) cos(4my) — cos(4mz) sin? (27y))].

The exact solution of this problem, which was also considered by Shen [17] and Bjgrstad and Tjgstheim [6], is
u = sin®(27x) sin?(27y). The number of iterations in the PCG part of our method was taken to be 2log N.
In Table 2 we present the maximum absolute error in u and v = Aw on a uniform (0.02) x (0.02) grid for
different values of N. The exponential convergence achieved is shown in Figure 6 where we present the graph of
the logarithm of the maximum absolute error versus N. In Table 3, we present the CPU times required for the
solution of the problem on a RS6000-250 workstation for various values of NV, including the cost of precomputing
the matrices A, Z, W, and the coefficients {ak}kNZQ. From the table it is clear that the CPU times grow roughly
like N3.

7. CONCLUSIONS

In this study we considered the numerical solution of the biharmonic Dirichlet problem on a square by
a Legendre spectral collocation method. A mixed formulation approach was used to rewrite the biharmonic
equation as a system of two coupled Poisson’s equations for the unknown solution and its Laplacian. The solution
of the Legendre spectral collocation problem for the two Poisson’s equations was reduced to the solution of a
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FIGURE 6. Logarithm of the maximum absolute error versus N.

Schur complement system for the Laplacian of the approximate solution on two vertical sides of the square.
Since the Schur complement matrix is symmetric and positive definite, the Schur system was solved by the PCG
method with the preconditioner obtained from an auxiliary problem. The total cost of the proposed algorithm is
O(N3) which is comparable to the cost of state-of-the-art spectral Galerkin methods. An important advantage
of the mixed formulation approach is that in addition to an approximation of the solution, we also obtain
automatically an approximation to its Laplacian. The spectral convergence of these two approximations is
demonstrated numerically on a test problem from the literature.

The extension of the proposed method to complex geometries is presently under investigation. So far we have
examined the application of the domain decomposition approach to the formulation and solution of a Legendre
spectral collocation problem for Poisson’s equation on a L-shaped region decomposed into three rectangles. The
approximate solution is continuous throughout the region and its normal derivatives coincide at the collocation
points on two interfaces. Firstly, the self-adjoint and positive definite approximate problem on the interfaces
is solved using the PCG method. Subsequently, three independent approximate problems on three rectangles
are solved efficiently using a matrix decomposition technique similar to the one described in this paper. We
hope that a similar domain decomposition approach will allow us to formulate and solve a Legendre spectral
collocation problem for the biharmonic equation on a L-shaped region and, in general, on regions which are
unions of rectangles with sides parallel to the coordinate axes.
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