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EXISTENCE OF SOLUTIONS FOR AN ELLIPTIC-ALGEBRAIC SYSTEM
DESCRIBING HEAT EXPLOSION IN A TWO-PHASE MEDIUM
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Abstract. The paper is devoted to analysis of an elliptic-algebraic system of equations describing
heat explosion in a two phase medium filling a star-shaped domain. Three types of solutions are found:
classical, critical and multivalued. Regularity of solutions is studied as well as their behavior depending
on the size of the domain and on the coefficient of heat exchange between the two phases. Critical
conditions of existence of solutions are found for arbitrary positive source function.
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1. Introduction

There is a big physical literature devoted to heat explosion in heterogeneous media (see for example [1, 2, 6,
8,11]). In this paper we study one of the models which describes heat explosion in a non-moving heterogeneous
medium consisting of reacting particles surrounded by a gas. Chemical reaction can occur inside the particles or
between the particles and the gas, but it does not occur inside the gaseous phase. The particles are sufficiently
small and there is no heat conduction in this phase. The gas is heat conducting and there is heat exchange
between the two phases. The heterogeneous medium heated due to exothermic chemical reaction loses its energy
by heat conduction between the gas and the vessel’s cold boundaries which are maintained at the initial (room)
temperature. We denote u1 and u2 the dimensionless temperatures of the particles and the gas respectively, a
nonlinear function F (u1) characterizes the rate of heat production in the particles’ phase, the parameter α the
rate of heat exchange between two phases. This model is represented in the stationary case by the following
elliptic-algebraic system of equations

F (u1)− α(u1 − u2) = 0 , (1.1)

∆u2 − α(u2 − u1) = 0 , (1.2)

which can be understood as equilibrium of heat production and heat loss in each phase. Equations (1.1), (1.2)
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are considered in a bounded domain Ω ⊂ Rm with a sufficiently smooth boundary ∂Ω. The boundary condition is

u2 |∂Ω= 0 .

The function F (u1) is supposed to be positive for u1 ≥ 0, the parameter α is also positive.
The basic question in the theory of heat explosion is to find critical conditions of existence of solutions

depending on parameters of the problem and, in particular, on the size of the domain. Heat explosion in a
two-phase medium is considered in [6,11] in the case where the gas temperature does not depend on the spatial
variable. One dimensional spatial case for a particular form of the non-linearity F (u) = exp(u) is studied
numerically in [2]. In this work we consider the multidimensional case for an arbitrary positive function F (u).

We suppose that the domain Ω is star-shaped, i.e. if 0 is a “star-shaping” point, for any x0 ∈ Ω the interval
tx0, 0 ≤ t ≤ 1 also belongs to Ω. In this case we can introduce a family of domains Ωλ each of them obtained
from the domain Ω by the transformation y = λx, where y ∈ Ωλ, x ∈ Ω. The parameter λ determines the size
of the domain, and so λ1 > λ2 implies the inclusion Ωλ2 ⊂ Ωλ1 . Then, considering the problem (1.1),(1.2) in a
domain Ωλ of size λ, the system can be written, via a change of variables, in the domain Ω as

F (u1)− α(u1 − u2) = 0 in Ω , (1.3)

∆u2 − λ2α(u2 − u1) = 0 in Ω , (1.4)

u2 |∂Ω = 0 . (1.5)

A sum of equations (1.3) and (1.4) gives the following equation

∆u2 + λ2F (u1) = 0. (1.6)

We can expect from (1.3) that the temperatures u1 and u2 of the two phases become close to each other as α
the coefficient of heat exchange increases. In this case we obtain the following limiting problem

∆v + λ2F (v) = 0, v |∂Ω= 0 . (1.7)

We show that indeed solutions of the problem (1.3)-(1.5) converge to nondegenerate solutions of (1.7) as
α→∞ (Sect. 3). Critical conditions of existence and behavior of solutions of the problem (1.7) are well studied
(see for example [4, 5, 9, 14]).

For arbitrary positive α the situation can be more complicated. The system (1.3), (1.4) is a differential-
algebraic system (for the case of ordinary differential and algebraic systems of equations see [10] and references
therein). A natural approach to study it is to express one of the variables from the first equation and to substitute
it into the second one. It should be noted, however, that there can exist critical points where F

′
(u1) = α. In this

case, if we express u2 through u1 from (1.3) and substitute into (1.4), we obtain a degenerate semilinear elliptic
equation, while, if u1 is expressed though u2, we obtain an equation with a multivalued nonlinearity. Existence
of the critical points determines the type of solutions. We show that there are two types of solutions: classical
and critical (Sect. 2). A classical solution is a singlevalued vector function with ui(x) ∈ C(2,δ)(Ω̄), i = 1, 2 and
F ′(u1(x)) < α everywhere inside Ω̄. For a critical solution F ′(u1(x)) ≤ α and there exists a critical set where
F ′(u1(x)) = α. There are also multivalued solutions that would appear in the case where F ′(u1(x)) exceeds α.
Figure 1 represents a schematic view of those different types of solutions for a one-dimensional domain. The
temperature of the particles u1 is plotted on the interval: classical solutions are represented by a smooth profile,
for critical solutions, the profile looses its regularity at a critical point x∗ where the particles’ temperature
reaches the critical value u∗1 and F

′
(u∗1) = α. The third curve on this figure gives an idea of what a multivalued

solution looks like.
The contents of the paper are as follows. In Section 2 we study regularity of solutions. We show in particular

that the critical solutions are Hölder continuous and that the critical set has zero measure. Section 3 is devoted
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Figure 1. 3 types of solutions.

to existence of solutions. As it was already mentioned we analyze the behavior of solutions for large α. We prove
also existence of continuous branches of solutions depending on the parameter λ. Each such branch ends with
a critical solution which separates classical and multivalued solutions. We show that bounded solutions do not
exist if the domain is sufficiently large. In Section 4 we obtain a critical condition for existence of solutions in
the form of a minimax representation assuming that F (u1) is a convex function. It allows to find or to estimate
the critical size of the domain above which there is no bounded stationary solution to the system. This absence
of bounded stationary solution is interpreted as heat explosion.

2. Estimation of classical solutions

We assume that the function F (s) is positive and continuous with its second derivatives. We recall that λ
and α are positive parameters. Put Gα(s) = s− 1

αF (s). Suppose that there exists a positive solution u0
1 to the

equation Gα(s) = 0 such that G
′

α(u0
1) > 0. If G

′

α(s) > 0 for all s ≥ u0
1, then u2(x) can be expressed through

u1(x) from (1.3) and we obtain the problem:

div(G
′

α(u1)∇u1) + λ2F (u1) = 0, (2.1)

Gα(u1) |δΩ= 0 (2.2)

equivalent to (1.3)-(1.5). Assume now that there exists u∗1 > u0
1 such that G

′
α(u∗1) = 0, G

′
α(s) > 0 for u0

1 ≤
s < u∗1. If u1(x) reaches the critical value u∗1, then equation (2.1) becomes degenerate. Figure 2 represents a
situation where the function F and coefficient α are such that Gα defined above satisfies those hypothesis with
values u0

1 and u∗1.
We study in this section the problem (2.1), (2.2) under the following hypothesis:

H0 - F is of class C(2,δ) on bounded intervals,
H1 - ∃u0

1 > 0 such that Gα(u0
1) = 0 , G

′
α(u0

1) > 0,
H2 - ∃u∗1 > u0

1 such that G
′

α(u∗1) = 0 , G
′

α(s) > 0 for u0
1 ≤ s < u∗1.

We use the notations u0
1 and u∗1 introduced above throughout the paper. We will show that classical solutions

u = (u1, u2) are such that u0
1 ≤ u1(x) < u∗1 in Ω while for critical solution supx∈Ω u1(x) = u∗1 but then the

measure of the critical set D∗ = {x ∈ Ω : u1(x) = u∗1} is zero.
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Let D be a subdomain in Ω with a smooth boundary. Integrating (2.1) over D, we obtain∫
∂D

G
′

α(u1)
∂u1

∂n
dσ + λ2

∫
D

F (u1)dx = 0, (2.3)

where n is the outer normal vector. This equality can be considered for a more general class of domains D
which have a finite perimeter. In this case, ∂D should be understood as an essential boundary, D as a set of
points of density and the normal to the boundary is defined everywhere up to (m − 1)-dimensional Hausdorff
measure zero [12]. Moreover, the first integral is defined for functions with a bounded variation (i.e. from BV
spaces) and in particular for u1 ∈ C(0,1)(Ω̄). In what follows we use this equality only on functions u1 ∈ C1(Ω̄)
and for simplicity restrict ourselves to this class of functions. Hence, we will study functions u1 satisfying the
following condition:

Condition 1. u1 ∈ C1(Ω), and for any subset D ⊂ Ω with a finite perimeter, u1 satisfies (2.3).

Lemma 2.1. If u1 satisfies Condition 1, then there exists a unique function u2(x) ∈ C(2,δ)(Ω̄), 0 < δ < 1 such
that u(x) = (u1(x), u2(x)) is a solution of (1.3)-(1.5) .

Proof. Consider the problem
∆u2 + λ2F (u1(x)) = 0, u2 |∂Ω= 0.

Since the function F (u1(x)) is Hölder continuous, then u2(x) ∈ C(2,δ)(Ω̄) for some positive δ and for any
subdomain D of Ω with a finite perimeter:∫

∂D

∂u2

∂n
dσ + λ2

∫
D

F (u1)dx = 0. (2.4)

We show now that it implies Gα(u1(x)) ≡ u2(x) in Ω̄. Denote v(x) the function defined in Ω̄ by v(x) =
u2(x)−Gα(u1). Function v belongs to C1(Ω̄) and from (2.3) and (2.4) we obtain∫

∂D

∂v

∂n
dσ = 0. (2.5)

We show that ∇v is identically zero in Ω̄. Suppose that it is not so. Then there exists some x0 ∈ Ω such that
v(x0) 6= 0 and ∇v(x0) 6= 0. Let for certainty v(x0) be positive. Consider the domain D ⊂ Ω where v(x) > v(x0).
If the domain D has a finite perimeter, then the integral

∫
∂D

∂v
∂ndσ is defined and negative since ∂v

∂n |∂D≤ 0
and ∂v

∂n |x=x0< 0 which contradicts (2.5). If its perimeter is not finite, then we can choose x1 close to x0 such
that ∇v(x1) 6= 0 and the set D1 = {x : v(x) > v(x1)} has a finite perimeter. Indeed, since v(x) has a bounded
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variation, then the integral
∫ +∞
−∞ P (Eu)du, where P (Eu) is the perimeter of the set Eu = {x : v(x) > u} is

bounded [3]. The lemma is proved.

Proposition 2.2. Let w(x) satisfy Condition 1, w(x) |∂Ω= u0
1. If w(x) ≥ u0

1 in Ω, then

G
′

α(u0
1) > 0, (2.6)

and

G
′

α(w(x)) ≥ 0, x ∈ Ω̄. (2.7)

Proof. Let D = Ω. The second integral in (2.3) is positive. Since ∂u/∂n ≤ 0, we obtain (2.6). Suppose that
the inequality (2.7) does not hold and for some x0 ∈ Ω,

G
′

α(w(x0)) < 0.

Since on the boundary ∂Ω
G
′

α(w(x)) > 0,
then there exists a domain D ⊂ Ω such that

G
′

α(w(x)) < 0, x ∈ D

and

G
′

α(w(x)) = 0, x ∈ ∂D. (2.8)

If the boundary of the domain D is smooth, then we can use the formula (2.3) directly. The first integral in the
left hand-side equals zero, while the second one is positive. This contradiction proves (2.7).

In the general case, we should consider sets with finite perimeters. We introduce the family of sets

Eu = {x : w(x) > u}

and denote by P (Eu) the perimeter of the set Eu. Since the function w(x) has a bounded variation, the integral

I =
∫ +∞

−∞
P (Eu)du

is bounded (see [3]). The value of w(x) on the boundary of the domain D can be found from (2.8). Since w(x)
is continuous, its value is constant on each connected component of the boundary. Without loss of generality we
can suppose that D is connected and has interior points. Otherwise we take one of the connected components.
Let w(x) = u∗1, x ∈ ∂D. Suppose that the perimeter P (Eu∗1 ) is bounded. Then the Green’s formula is valid for
functions of bounded variations and we have∫

∂∗D

G
′

α(w)
∂w

∂n
dσ + λ2

∫
D∗

F (w)dx = 0, (2.9)

where ∂∗D is the essential boundary and D∗ is the set of density points of the set D (see [13]). As above we
obtain a contradiction since the first integral in (2.9) is zero while the second is positive.

Suppose now that P (Eu∗1 ) is not bounded. Since the integral I is bounded, then there exists a sequence {un},
un → u∗1 such that P (Eun) is bounded. Then∫

∂∗Eun

G
′

α(w)
∂w

∂n
dσ + λ2

∫
E∗un

F (w)dx = 0. (2.10)
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Since w(x) is continuous, then the lower limit of the second integral in (2.10) is positive. We show that the
sequence {un} can be chosen such that the integral

J(un) =
∫
∂∗Eun

G
′

α(w)
∂w

∂n
dσ

tends to zero as n→∞. This contradiction will prove the proposition.
Since |∂u/∂n| is uniformly bounded and

|G′α(w)| ≤ k |w − u∗1|,

then
|J(un)| ≤ k1 |un − u∗1|P (Eun).

Here k and k1 are some constants. Suppose that

|J(u)| ≥ ε > 0

for u in some neighborhood of u∗1. Then
P (Eu) ≥ ε

k1 |u− u∗1|
and the integral I is not bounded. Thus there exists a sequence {un} for which the integral J(un) tends to
zero. The proposition is proved.

Remark 2.3. The inequality (2.7) can be proved for a wider class of functions. Let (u1(x), u2(x)) be a solution
of the problem (1.3)–(1.5) such that u1 is a continuous function and its first derivatives are uniformly bounded
outside of the critical set where u1(x) = u∗1 and it is Lipschitz continuous in Ω̄. Suppose that there exists a
domain D ⊂ Ω such that

u1(x) = u∗1, x ∈ ∂D, u1(x) > u∗1, x ∈ D.
Then we can approximate u∗1 by a sequence {un}, un < u∗1, un → u∗1 such that the domains Eun = {x ∈ Ω :
u1(x) > un} have finite perimeter. The function u1(x) has continuous first derivatives in a neighborhood of
each point x ∈ ∂Eun . The first integral in the equality (2.10) (with w = u1) will converge to 0, while the second
integral to a positive constant. This contradiction proves that u1(x) ≤ u∗1.

We introduce now the following hypothesis:
H3 - F

′′
(u∗1) 6= 0.

Proposition 2.4. Suppose that H0 −H3 are satisfied. Let u(x) = (u1(x), u2(x)) be a solution of the problem
(1.3)-(1.5) and u2(x) ∈ C2(Ω̄). If

F (u1)− F (u∗1)
u1 − u∗1

≥ α, u1 ≥ u0
1 , u1 6= u∗1 (2.11)

then the first derivatives of the function u1(x) are bounded in Ω̄ uniformly outside of the critical set D∗ =
{x : u1(x) = u∗1} and u1(x) is Lipschitz continuous in Ω̄. The m-dimensional Hausdorff measure of the set
D+ = {x : u1(x) ≥ u∗1} is zero. If this set is not empty, then the first derivatives of u1(x) are not continuous.

Proof. The boundedness of the derivatives ∂u1
∂xi

easily follows from (1.3) for any x that does not belong to D∗.
We show that the derivatives remain bounded as x→ D∗. We note that from (2.11) it follows that

F (u1) ≥ α(u1 − u∗2), u1 ≥ u0
1, u1 6= u∗1

where u∗2 = u∗1 − 1
αF (u∗1) > 0. Hence the equation F (u1) = α(u1 − u2) does not have solutions for u2 > u∗2.

Consequently, u2(x) ≤ u∗2 in Ω̄.
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Using the Taylor expansion:

F (u1) = F (u∗1) + α(u1 − u∗1) +
1
2
F
′′
(u∗1)(u1 − u∗1)2(1 +O(| u1 − u∗1 |)), (2.12)

we obtain from (1.3):

u∗1 − u1 = ±
√

2α
|F ′′(u∗1)|

√
u∗2 − u2

1 +O(| u1 − u∗1 |)
(2.13)

On the other hand, differentiating (1.3) with respect to xi, we have:

(1− 1
α
F
′
(u1))

∂u1

∂xi
=
∂u2

∂xi
. (2.14)

Taking into account that F
′
(u∗1) = α, we have also another expansion:

1− 1
α
F
′
(u1) = − 1

α
F
′′
(u∗1)(u1 − u∗1)(1 +O(| u1 − u∗1 |)). (2.15)

From (2.13)–(2.15) we have:

∂u1

∂xi
=
∂u2

∂xi

1
1
αF

′′(u∗1)(u∗1 − u1)(1 + O(| u1 − u∗1 |))

= ±
√

α

2|F ′′(u∗1)|

∂u2
∂xi√
u∗2 − u2

(1 +O(| u1 − u∗1 |)).
(2.16)

It remains to use the estimation (see [7]):

| ∂u2

∂xi
|≤ 2

√
sup | ∂

2u2

∂x2
i

|
√
u∗2 − u2.

Thus we have proved that the first derivatives ∂u1
∂xi

are uniformly bounded outside the critical set D∗. We show
now that u1(x) satisfies a Lipschitz condition in Ω̄. For any x0, x ∈ Ω̄ \D∗ the estimation

| u1(x) − u1(x0) |≤ K | x− x0 | (2.17)

follows from the uniform boundedness of the derivatives. Taking the limit in the above expression as x0 tends
to x∗0 ∈ D∗, we obtain that u1(x) satisfies a Lipschitz condition and has a bounded variation. From Remark
2.3 it follows that u1(x) ≤ u∗1 in Ω̄ and the same method allows to prove that µ(D+) = 0 where µ(D+) denotes
the m-dimensional Hausdorff measure of the set D+.

Suppose that the set D∗ is not empty and u1(x) ∈ C1(Ω̄). Let x0 ∈ D∗ and choose D in (2.3) to be a small
ball with the center x0 and radius r. Then the second integral in (2.3) is equivalent to λ2(F (u∗1) + ε(r))µ(D)
where ε(r) → 0 as r → 0 , while the first integral is equivalent to φ(r)µ(D) where φ(r) → 0 as r → 0. For r
sufficiently small, we obtain:

0 < λ2(F (u∗1) + ε(r) − φ(r))µ(D) <
∫
∂D

G
′

α(u1)
∂u1

∂n
dσ + λ2

∫
D

F (u1)dx = 0 .

Note that if u is only Lipschitz continuous, the term
∫
∂D

G
′

α(u1)∂u1
∂n dσ is not defined. This contradiction proves

the proposition.
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Remark 2.5. In the case of a convex non-linearity (2.11) is satisfied.
We use (2.11) to consider values of u1 greater than u∗1 (see Remark 2.3).

In the remaining part of this section, we assume
H4 - on each interval of monotonicity of the function t = Gα(s) the inverse function s = Hα(t)

is uniformly Hölder continuous with an exponent γ , 0 < γ < 1.

Lemma 2.6. Let (u1(x), u2(x)) be a solution of the problem (1.3)-(1.5) defined in all Ω̄, u1(x) be bounded in
Ω̄ and u2 ∈ W 2,p for some p > 1. Then the critical set D∗ = {x : u1(x) = u∗1} does not have interior points
and u1(x) ∈ C(δ)(Ω̄), u2(x) ∈ C(2,δ)(Ω̄) for some δ.

Proof. Since u1(x) ∈ Lp(Ω) for any p > 1, then there exists a solution v2 ∈ W 2,p(Ω) of (1.4). By uniqueness
of solutions, v2 = u2 and by the embedding theorems, u2(x) ∈ C(σ)(Ω̄) for some σ > 0. Then from (1.3)
u1(x) ∈ C(γσ)(Ω̄) and from (1.4) u2(x) ∈ C(2,γσ)(Ω̄). From Propositions 2.4 and 2.2 it follows that u1(x) ≤ u∗1
and u2(x) ≤ u∗2 in Ω̄.

On the critical set, u2(x) ≡ Gα(u∗1). If it has interior points, then ∆u2 = 0 on it and (1.4) gives a contradic-
tion. The lemma is proved.

From the results above we obtain the following theorem:

Theorem 2.7. Let H0 −H4 and (2.11) be satisfied.
If u(x) = (u1(x), u2(x)) is a solution of the problem (1.3)-(1.5) such that u1(x) is bounded and u2 ∈W 2,p(Ω)

for some p > 1, then u0
1 ≤ u1(x) ≤ u∗1 , u1(x) has bounded first derivatives outside of the critical set D∗ = {x :

u1(x) = u∗1} and it is Lipschitz continuous in Ω̄, u2(x) ∈ C(2,δ)(Ω̄) for some δ > 0. If the critical set D∗ is not
empty, then u1(x) does not belong to C1(Ω̄).

Definition 2.8. We will say that (u1, u2) is a critical solution of (1.3)-(1.5) if the critical set D∗ = {x : u1(x) =
u∗1} is not empty.

In the end of this section we show that a critical solution can be obtained as a limit of classical solutions.

Theorem 2.9. Let (un1 , un2 ) be solutions of the problems (1.3),(1.5) with λ = λn and supx un1 (x) < u∗1. Suppose
that λn → λ∗ and

lim
n→∞

sup
x∈Ω̄

un1 (x) = u∗1.

Then there exists a solution ũ1(x) ∈ C(δ)(Ω̄), ũ2(x) ∈ C(2,δ)(Ω̄) of the problem (1.3)-(1.5) with λ = λ∗ and
there is a subsequence of uni (x) converging to ũi(x) uniformly in Ω.

Proof. It is sufficient to note that the following estimations are independent of n:

‖ un1 ‖Lp≤M1, ‖ un2 ‖W2,p≤M2, ‖ un2 ‖C(σ)≤M3,

‖ un1 ‖C(γσ)≤M4, ‖ un2 ‖C(2,γσ)≤M5 .

The first estimation is obvious. Each of the other estimations uses the previous one. Moreover, the second uses
(1.3) and (1.4); the third, embedding theorems; the fourth, (1.3); the fifth, (1.4). The theorem is proved.

3. Existence of solutions

In the first part of this section λ is a fixed parameter and we study the asymptotics for large α (convergence
towards the problem of heat explosion in homogeneous medium as the heat exchange between the two phases
becomes infinite), while from Lemma 3.3 until the end of the section, α is arbitrary and we study the existence
of solutions to (1.3)–(1.5) relatively to the size parameter λ.

We show first that for large α solutions of the problem (2.1), (2.2) converge to solutions of the problem

∆w + λ2F (w) = 0, w |∂Ω= 0. (3.1)
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We assume that H0 −H2 are satisfied.

Theorem 3.1. Suppose that the boundary ∂Ω belongs to the class C(2,δ). If there exists a solution w(x) of the
problem (3.1) and the linearized problem

∆u+ λ2F
′
(w(x))u = 0, u |∂Ω= 0 (3.2)

has only zero solution, then the problem (2.1), (2.2) has a solution for all α ≥ α0, where α0 is sufficiently large,
and it converges to w(x) in C(2)(Ω̄) as α→∞.

Proof. Denote by u0,α
1 a positive solution of Gα(s) = 0. Hence u0,α

1 = 1
αF (u0,α

1 ) and since F is bounded on any
bounded interval of R+, then u0,α

1 tends to zero as α→ ∞. If u1 is a classical solution of (2.2), v = u1 − u0,α
1

is a solution of the equivalent problem:

G
′

α(v + u0,α
1 )∆v +G

′′

α(v + u0,α
1 ) | ∇v |2 +λ2F (v + u0,α

1 ) = 0, (3.3)

v |∂Ω= 0. (3.4)

We consider a small neighborhood of the function w(x) in the norm C(2,δ)(Ω̄), where w is a solution of (3.1)
that satisfies the hypothesis of the theorem. In this neighborhood

G
′

α(v + u0,α
1 ) ≥ ε > 0 (3.5)

for α sufficiently large. Then equation (3.3) can be written as

∆v +
G
′′
α(v + u0,α

1 ) | ∇v |2 +λ2F (v + u0,α
1 )

G′(v + u0,α
1 )

= 0. (3.6)

Consider the operator
A(v) = Lv +B(v),

acting from C
(2,δ)
0 (Ω̄) to C(δ)(Ω̄), where Lv = ∆v and

B(v) =
G
′′
α(v + u0,α

1 ) | ∇v |2 +λ2F (v + u0,α
1 )

G′α(v + u0,α
1 )

·

Let U be a bounded domain in C
(1,δ)
0 (Ω̄), 0 ≤ δ < 1 such that all functions from U satisfy (3.5). Then the

operator B(v) is bounded as acting from U to C(δ)(Ω̄). Since the operator

L−1 : C(δ)(Ω̄)→ C
(1,δ)
0 (Ω̄)

is compact, then L−1A(v) = v + K(v), where K(v) = L−1B(v), is a compact operator from U to C(1,δ)
0 (Ω̄) .

Denote µ = 1
α and consider the parametrized operator

Aµ(v) = Lv +Bµ(v)

where
Bµ(v) = (−µF ′′(v + u

(0,α)
1 ) | ∇v |2 +λ2F (v + u

(0,α)
1 ))/(1− µF ′(v + u

(0,α)
1 ))

and put
Mµ(v) = L−1(Aµ(v)) = v +Kµ(v),
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with
Kµ(v) = L−1Bµ(v).

We have
M0(v) = L−1(∆v + λ2F (v)).

Then
M0(w) = 0

and
M
′

0(w)u = L−1(∆u+ λ2F
′
(w)u).

Thus the linearized operator does not have zero eigenvalue and the index of the stationary point w (topological
degree computed on a small neighborhood of w) is defined and equals (−1)ν where ν is the number of positive
eigenvalues of the operator M

′
0(w). Hence the index of w is different from zero.

We note that

sup
v∈U
‖Bµ(v)−B0(v)‖(δ) → 0, as µ→ 0, (3.7)

where ‖ · ‖(δ) is the norm in C(δ)(Ω̄). So if

M0(v) 6= 0, v ∈ ∂U, (3.8)

then
Mµ(v) 6= 0, v ∈ ∂U

for µ sufficiently small, and
γ(Mµ, U) = γ(M0, U),

where γ denotes the degree of the operator over domain U . As a set U we choose a small neighborhood of an
isolated solution v = w of the equation M0(v) = 0 with nonzero index. Then (3.8) is satisfied and thus for µ = 1

α

sufficiently small there is a solution vµ of the equation Mµ(v) = 0 in U . By construction, vµ belongs to C(1,δ)
0 (Ω̄).

It can be easily verified that vµ is in C
(2,δ)
0 (Ω̄). Indeed, solutions ũ of the linear problems, Lũ + Bµ(vµ) = 0

belong to C
(2,δ)
0 (Ω̄). Since ũ = L−1Bµ(vµ) and vµ = L−1Bµ(vµ), then vµ = ũ. Convergence of vµ to w in

C(2)(Ω̄) follows from this. The theorem is proved.

Theorem 3.2. Suppose that the problem (3.1) does not have solutions in a bounded domain G ⊂ C
(2,δ)
0 (Ω̄).

Then for all α sufficiently large the problem (2.1), (2.2) does not have solutions in G.

Proof. Suppose that there is a sequence {αn}, αn → ∞ such that the problems (2.1, 2.2) with α = αn have
solutions in the domain G. Then the equation

Mµn(v) = 0

has a solution vn ∈ G. Here αn = 1/µn and the operator Mµ is the same as in the proof of the previous
theorem. Then

vn = −Kµn(vn)
and we can choose a subsequence from the sequence {vn} converging to some v0 ∈ G. Then M0(v0) = 0 and v0

is a solution of the problem (3.1). This contradiction proves the theorem.

Now we consider α fixed and study the continuous branches of solutions depending on the size of the domain.
In the following lemma we suppose that λ denotes the diameter of the domain.

Lemma 3.3. If the diameter λ of the domain Ωλ is sufficiently small, then there exists a solution of the problem
(1.3)–(1.5).
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Proof. We consider the degenerate parabolic system in the domain Ωλ, that is the evolution problem corre-
sponding to (1.1),(1.2),(1.5)

∂u1

∂t
= F (u1)− α(u1 − u2), (3.9)

∂u2

∂t
= ∆u2 − α(u2 − u1) (3.10)

and construct a lower and upper functions for it. As a lower function we take

φ(x) = (φ1(x), φ2(x)), φ1(x) ≡ u0
1, φ2(x) ≡ 0 in Ω.

We proceed now to construction of an upper function. Without loss of generality we can assume that 0 ∈ Ω.
We put

ψ(x) = −a | x |2 +b, | x |=
√
x2

1 + ...+ x2
m,

where a and b are positive constants such that b/a > λ2. Then ψ(x) > φ2(x) ≡ 0 in Ω̄. We define the function
v(x) = (v1(x), v2(x)) by the equalities

v2(x) = ψ(x),

F (v1(x)) − α(v1(x) − v2(x)) = 0. (3.11)

Since F
′
(u0

1) < α, then for b = maxx∈Ω v2(x) sufficiently small, v1(x) can be found from (3.11) and v1(x) >
φ1(x). Moreover

max
x

(v1(x)− u0
1)→ 0, as b→ 0.

We have further
∆v2 − α(v2 − v1) = −2ma+ F (v1(x)).

If
a > F (u0

1)/2m,
then the right-hand side of the last equality is negative for b sufficiently small. Thus v(x) is an upper function.

Solution of the system (3.9), (3.10) with the initial condition u(x, 0) = φ(x) and the boundary condition
u2 |∂Ω= 0 increases in time and it is bounded from above by the function v(x). Then it converges to a
stationary solution. The lemma is proved.

Remark 3.4. From the proof of the lemma it follows that there exists a stationary solution u(x) of (1.3)-(1.5)
such that

max
Ω̄
| u1(x) − u0

1 |→ 0, max
Ω̄
| u2(x) |→ 0, as λ→ 0. (3.12)

Remark 3.5. The use of upper and lower functions for the evolution problem is equivalent to the use of upper
and lower solutions for the stationary equations. Proof of Theorem 4.1 in the next section relies on an iterative
scheme based on upper and lower solutions.

We denote E0 the space of functions w(x) = (w1(x), w2(x)) such that w1(x) ∈ C(δ)(Ω̄), w2(x) ∈ C(2,δ)
0 (Ω̄),

and E1 = E0 × R.

Lemma 3.6. Let K be a compact set in a Banach space E and K0 be one of its connected component. For any
δ > 0 sufficiently small, there exists a domain Gδ such that

K0 ⊂ Gδ, K ∩ ∂Gδ = ∅, dist(K0, ∂Gδ) ≤ δ.
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Proof. For any u0 ∈ K we denote by Bσ(u0) the sphere ‖u− u0‖ < σ and

Gσ = ∪u0∈KBσ(u0).

Let G0
σ be a connected component of the domain Gσ containing the set K0. Then

K0 ⊂ G0
σ, and by construction K ∩ ∂G0

σ = ∅.

It is sufficient to show that for σ sufficiently small

dist(K0, ∂G
0
σ) ≤ δ (3.13)

for any given positive δ.
Suppose that there exists δ > 0 such that (3.13) does not take place for any σ. We consider a sequence {σn}

decreasing and converging to zero, and the corresponding sequence of domains G0
σn . Then

Ḡ0
σn ⊂ G

0
σm , n > m,

K1 = ∩n=1,2,...Ḡ
0
σn ⊂ K.

The set K1 is closed. Moreover, since (3.13) does not hold, then there exists u1 ∈ K1 such that u1 6∈ K0.
We show that the set K1 is connected. It will give a contradiction with the assumption that K0 is a connected

component of the set K and will prove the lemma. Suppose that K1 is not connected. Then there exist two
sets K1

1 and K2
1 such that

K1 = K1
1 ∪K2

1 , K̄1
1 ∩K2

1 = ∅, K1
1 ∩ K̄2

1 = ∅.
Since the domain G0

σn is connected for any σn in the considered sequence, then there exists a sequence {un}
such that

un ∈ K2
1 , dist(un,K1

1)→ 0, n→∞.
By virtue of the assumption that the set K is compact, there is a subsequence of the sequence {un} converging
to some u∗ ∈ K1. Then u∗ ∈ K̄1

1 and u∗ ∈ K̄2
1 . If u∗ ∈ K1

1 , then K1
1 ∩ K̄2

1 6= ∅, if u∗ ∈ K2
1 , then K̄1

1 ∩K2
1 6= ∅.

Hence the set K1 is connected. The lemma is proved.

Lemma 3.7. Let K be the set of solutions w = (w1, w2) of the problem (1.3)-(1.5) in a ball ‖w‖ ≤ R in E0 for
λ0 ≤ λ ≤ λ1. Suppose that

sup
w∈K

max
x∈Ω

w1(x) < u∗1.

Then the set K is compact.

Proof. Let {w(n)} be a sequence in K. We show that there is a converging subsequence of this sequence.
Let Aλ(w) be the operator corresponding to the problem (1.3)–(1.5),

Aλn(w(n)) = 0.

Without loss of generality we can assume that the sequence {λn} converges to some λ̃.
Since the first components w(n)

1 (x) of the vector-valued function w(n)(x) are bounded in C(δ)(Ω̄), then from
the equation (1.4) we conclude that w(n)

2 (x) is uniformly bounded in C(2,δ)(Ω̄). Then there exists a subsequence
w

(nk)
2 (x) converging in C(2)(Ω̄) to some function w̃2(x). From (1.3) it follows that w(nk)

1 (x) converges to w̃1(x).
Then the function w̃(x) = (w̃1(x), w̃2(x)) is a solution of the equation

Aλ̃(w) = 0.
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We show that w(nk)(x) converges to w̃(x) in E0. We have

z
(k)
1 = z

(k)
2 +

1
α

(F (w̃1(x)) − F (w(nk)
1 (x))) (3.14)

∆z(k)
2 − αλ̃2(z(k)

2 − z(k)
1 ) = α(λ̃2 − λnk2)(w(nk)

2 − w(nk)
1 ), (3.15)

z
(k)
2 |∂Ω= 0, (3.16)

where
z

(k)
i = w̃i − w(nk)

i , i = 1, 2.

By virtue of the Schauder estimates z(k) converges to 0 in E0. The lemma is proved.

Corollary 3.8. The set S of solutions (u1, λ) of the problem

div(G
′

α(u1 + u0
1)∇u1) + λ2F (u1 + u0

1) = 0, u1 |∂Ω= 0 (3.17)

such that
sup

(u1,λ)∈S
max
x∈Ω

u1(x) < u∗1 ,

is compact in any bounded closed set in C2,δ
0 (Ω̄) × R (i.e. for any closed and bounded set B in C2,δ

0 (Ω̄) × R,
S ∩ B is compact).

Lemma 3.9. For any u0
1 < m < u∗1 there exists λ0 such that for any solution u(x) = (u1(x), u2(x)) of the

problem (1.3)–(1.5) with λ > λ0, we have maxx u1(x) > m.

Proof. Suppose that for any λ there exists a solution such that maxx u1(x) ≤ m. Then maxx u2(x) ≤ m− 1
αF (m).

Consider the problem
∆u2 + λ2b = 0, u2 |∂Ω′= 0

in a domain Ω′ ⊂ Ω, where b is a positive constant such that F (u1) ≥ b, u0
1 ≤ u1 ≤ u∗1. It has a unique positive

solution wλ(x) and its maximum is a linear function of λ2b. The function ũ(x) equal to wλ(x) in Ω′ and 0 in Ω/
Ω′ is a lower function for the problem (1.5), (1.6). For λ sufficiently small ũ(x) < u2(x) in Ω

′
. For λ sufficiently

large maxx∈Ω′ ũ(x) > m − 1
αF (m) ≥ maxx∈Ω u2(x). Hence there exists λ = λ0 such that ũ(x) ≤ u2(x) in Ω

′

and ũ(x0) = u2(x0), x0 ∈ Ω
′
. The function v(x) = u2(x) − ũ(x) satisfies the equation ∆v + λ2

0(F (u1) − b) = 0
and v(x) ≥ 0 in Ω

′
, v(x0) = 0. This contradicts to the positiveness theorem for linear elliptic equations. The

lemma is proved.

Theorem 3.10. Under the hypothesis of Theorem 2.7, there exists a connected set M ⊂ E1 such that for any
(u(x), λ) ∈M , u(x) is a solution of the problem (1.3)–(1.5), (u1 ≡ u0

1, u2 ≡ 0, λ = 0) ∈M and

sup
(u,λ)∈M

max
x∈Ω

u1(x) = u∗1.

Proof. As a set M we take a connected set of pairs (u(x), λ) in E1 such that u(x) is a solution of the problem
(1.3–1.5) and that (u1 ≡ u0

1, u2 ≡ 0, λ = 0) ∈ M . We recall that from Lemma 3.3 and the remark after the
Lemma, if λ is sufficiently small there exists a solution of (1.3)–(1.5) such that

max
Ω̄
| u1(x)− u0

1 |→ 0, max
Ω̄
| u2(x) |→ 0, λ→ 0.
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Suppose that
sup

(u,λ)∈M
max
x∈Ω

u1(x) < u∗1.

By virtue of Lemma 3.9 and of estimates of classical solutions, the set of solutions of the problem (3.17) is
bounded in C(2,δ)(Ω̄) × R. Moreover, the projection on C(2,δ)(Ω̄) × R of a connected set of solutions in E1 of
(1.3)–(1.5) is a connected set of solutions of (3.17) and reciprocally. From Lemma 3.6 and Corollary 3.8 it
follows that a bounded domain G ⊂ C(2,δ)(Ω̄) can be chosen such that for any solution u(x) = (u1(x), u2(x)), λ)
in M , u1(x) belong to it,

sup
u1∈G

max
x∈Ω

u1(x) < u∗1,

and there are no solutions of the problem (3.17) on the boundary ∂G.
We use the topological degree arguments as in the proof of Theorem 3.1 to obtain a contradiction. We

consider the operator:
Aλ(v) = ∆v +Bλ(v),

acting from C
(2,δ)
0 (Ω̄) to C(δ)(Ω̄), where

Bλ(v) =
(G
′′

α(v + u0,α
1 ) | ∇v |2 +λ2F (v + u0,α

1 ))
G′α(v + u0,α

1 )
·

For λ = 0 there exists a single solution v = 0 of the equation A0(v) = 0 in the domain G. Since A
′

0(0)u = ∆u,
then the topological degree γ(A0, G) of the operator A0(v) over domain G equals 1 (c.f. demonstration of
Theorem 3.1). We recall that Aλ(v) 6= 0 for v ∈ ∂G and λ > 0. Hence γ(Aλ, G) = γ(A0, G) 6= 0. On the other
hand, by virtue of Lemma 3.9 there are no solutions of the equation Aλ(v) = 0 in G for λ sufficiently large.
Thus γ(Aλ, G) = 0. this contradiction proves the theorem.

4. Minimax representation of the critical condition

In this section we obtain critical conditions of existence of solutions of the problem (2.1, 2.2) in a minimax
form. We will then show on an example how this minimax condition can be used to obtain approximate critical
conditions of existence of solutions.

Theorem 4.1. Suppose that H0 −H2 are satisfied and

F
′′
(u1) > 0, u0

1 ≤ u1 < u∗1.

Then the inequality

1
α
≥ inf
ρ∈K

max
x∈Ω̄

(1− 1
αF

′
(ρ))∆ρ + λ2F (ρ)

F ′′(ρ) | ∇ρ |2 , (4.1)

where K is the class of functions ρ ∈ C(2,δ)(Ω̄) such that

ρ |∂Ω= u0
1, u0

1 ≤ ρ(x) < u∗1, x ∈ Ω̄

is a necessary condition and the strict inequality is a sufficient condition of existence of solution w(x) ∈ C(2,δ)(Ω̄)
of the problem (2.1), (2.2).

Proof. Let the strict inequality in (4.1) be satisfied. Then there exists a function u0 ∈ K such that

∆(u0 −
1
α
F (u0)) + λ2F (u0) ≤ 0, x ∈ Ω, (4.2)



EXISTENCE OF SOLUTIONS FOR AN ELLIPIC-ALGEBRAIC SYSTEM 569

u0 = u0
1, x ∈ ∂Ω.

From the upper solution u0(x) and lower solution u(x) ≡ u0
1, we define two sequences of functions with the use

of a monotone iterative scheme. Functions Un(x) are solutions of the problem

∆Un − αUn = −αun−1, x ∈ Ω, (4.3)

Un = 0, x ∈ ∂Ω, n = 1, 2, ...
Functions un(x) can be found from the equation

Un(x) = un(x) − 1
α
F (un), n = 1, 2, ... (4.4)

We show first that

u1(x) ≤ u0(x), x ∈ Ω̄. (4.5)

Indeed, the function v(x) = u0(x)− 1
αF (u0)− U1(x) satisfies the problem

∆v − αv ≤ 0, x ∈ Ω, v = 0, x ∈ ∂Ω.

Then v(x) ≥ 0 in Ω and

U1(x) ≤ u0(x) − 1
α
F (u0).

From this inequality and (4.4) for n = 1 follows (4.5) since u0(x) < u∗1.
We show now by induction that

un(x) ≤ un−1(x), x ∈ Ω̄, n = 1, 2, ... (4.6)

If this inequality holds for n = i, then from (4.3), Ui+1(x) ≤ Ui(x), x ∈ Ω̄. Then from (4.4) follows (4.6) for
n = i+ 1.

Since un(x) ≥ u0
1 in Ω̄, then there exists a limiting function

ū(x) = lim
n→∞

un(x).

We show that it satisfies the problem (2.1),(2.2). Indeed, we have

∆(un −
1
α
F (un)) + λ2F (un) = α(un − un−1), x ∈ Ω, (4.7)

un = 0, x ∈ ∂Ω.
It remains to show that we can pass to the limit in (4.7). From convergence of the right-hand side in (4.3) in Lp

for any p ≥ 1 follows convergence of Un in W 2
p and by virtue of embedding theorems in C(δ) for some positive

δ. Then from (4.4) follows convergence of un in C(δ). Again from (4.3) we obtain convergence of Un in C(2,δ)

and from (4.4) convergence of un in C(2,δ). Thus the limiting function ū(x) satisfies the limiting problem.
To prove the necessity we note that if a solution w(x) ∈ C(2,δ) of the problem (2.1),(2.2) exists, then it

belongs to K and it satisfies equality in (4.1). The theorem is proved.

Remark 4.2. We note that the necessary and the sufficient conditions do not coincide exactly. The equality
in (4.1) does not guarantee existence of a classical solution if infimum of the functional is reached on the critical
solution.
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In the end of this section we present an example illustrating application of the minimax representation to
estimate the critical size of the domain.

We consider the problem (1.3), (1.4) in the case of one spatial variable 0 ≤ x ≤ L (here λ = L), and assume
that F (u1) = exp(z u1) (cf. [2, 6]). Here z is a positive parameter called the Zeldovich number. Nonlinearities
of this form are specific for combustion processes. In this case the problem can be solved explicitly and we can
compare exact and approximate critical conditions. Now by the way of the minimax conditions, we can use
test-functions to approximate L. We put as test function

ρ(x) = ax2 + bx+ u0
1,

where

a = − ez(um+u0
1)

2(1− z
αe

z(um+u0
1))

, b = 2
√
−aum , L = 2

√
um/− a ,

um is a parameter. Then
ρ(L/2) = um + u0

1 .

We impose an additional condition

ρ
′
(L/2) = 0. (4.8)

In this case the maximum of the function ρ(x) is reached at L/2 and equals s = um + u0
1. We require that

1− z

α
ezs > 0.

Then a is negative and all expressions above are well defined. We note that at s = u∗1 the last inequality becomes
an equality, so that um + u0

1 < u∗1.
It can be verified directly that

(1− 1
α
F
′
(ρ))ρ′′ + F (ρ) < 0

and according to the minimax condition, there exists a solution of the problem (2.1),(2.2).
From (4.8) we find

L = 2
√

2(s− u0
1)e−zs(1− ezαezs) . (4.9)

The function Lap(s) defined by formula (4.9) is positive for u0
1 < s < u∗1. It gives an approximation of the

length of the interval L for each value of the maximal temperature s. It has a maximum at some s = s∗, it is
increasing at the interval u0

1 < s < s∗ and decreasing at the interval s∗ < s < u∗1.
For any given L0, 0 < L0 < Lap(s∗) there exist two solutions, s0 and s1, s0 < s1 of the equation Lap(s) = L0.

To each of them corresponds an upper function of the problem (2.1), (2.2). Then for L = L0 there exists an
exact solution of this problem with the maximal value of its first component less than s0. Hence we can conclude
that for the function Lex(s) which corresponds to the exact solutions,

Lap(s) < Lex(s), u0
1 < s < s∗

and
Lap(s∗) < max

s
Lex(s),

(see Fig. 3).
Eventually, Figure 4 shows the maximal length of the interval as a function of 1

α .
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Figure 3. Length of the interval as a function of maximal particles temperature θ1 for sta-
tionary solutions with F (u) = eu and α = 1000. (1) exact solution, (2) approximate solution.
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Figure 4. Critical condition of heat explosion: maximal length of the interval as a function
of 1

α where a stationary solution exists. (1) Exact solution. (2) Estimation. Corresponding
domains: I Stationary solutions exist, II Stationary solutions do not exist.
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We note that a wider class of test functions ρ can be considered. In particular it can be functions from C(δ)

if we assume that there exists a finite number of points of discontinuity of the first derivative and at each point
x0, ρ

′
(x0 − 0) ≥ ρ′(x0 + 0).

We can use also a piece-wise linear function as a test function. It coincides with the exact critical solution
where the maximum of the first component equals u∗1. The corresponding length of the interval is

L∗ =
2√
α

ln
α

z
·

5. Conclusions

In this work we study a model which describes heat explosion in a non-moving heterogeneous medium
consisting of reacting particles surrounded by a gas. Chemical reaction can occur inside the particles or between
the particles and the gas, but it does not occur inside the gaseous phase. The particles are sufficiently small
and there is no heat conduction in this phase. The gas is heat conducting and there is heat exchange between
the two phases. The heterogeneous medium heated due to exothermic chemical reaction loses its energy by
heat conduction between the gas and the vessel’s cold boundaries which are maintained at the initial (room)
temperature.

We consider a two-temperature continuous model and study existence and properties of solutions. We show
that there are two critical sizes of the domain. One of them corresponds to loss of regularity of solutions,
another one to disappearance of solutions when two solutions merge. From the physical point of view the first
case corresponds to local heat explosion on one particle, the second case to global heat explosion where the
solution of the initial boundary value problem becomes unbounded (blow-up solution). We obtain a critical
condition of existence of solutions in a minimax form. It allows to estimate explicitly the critical size of the
domain. For the Arrhenius type kinetic with F (u1) = exp(u1), the critical condition obtained above performed
for one dimensional domains coincides with previous results [2].

One of the open questions here is which of these two critical sizes corresponds to larger domains. Another
way to put this question is what type of heat explosion occurs when we increase the domain. Our conjecture
is that global heat explosion occurs in larger domains than the local one. It is also connected with stability of
solutions. We see on an example that the critical solution lies on decreasing branches and, consequently, can
be expected to be unstable.

We show that solutions of the two-phase problem converge to solutions of a problem in a homogeneous
medium when the coefficient of heat exchange between two phases increases.

On the other hand heat explosion in particles-gas system is connected with Semenov’s theory of heat explosion
(see [14]). If u1 is the temperature of a reacting medium and u2 is an ambient temperature, then according to
this theory heat explosion occurs if the equation

F (u1)− α(u1 − u2) = 0

does not have solutions. In the problem of heat explosion of the two-phase medium, u1 corresponds to the
temperature of the particles, u2 to the temperature of the surrounding gas. We suppose that this equation is
solvable for u2 = 0, i.e. the particles do not explode on the boundary of the domain. A stationary temperature
distribution with a bounded temperature inside the domain can exist if there are no local heat explosion or if
it occurs on (m-1)-dimensional surfaces (but not in m-dimensional domains). However, in the latter case, this
distribution is probably unstable and a small temperature distribution will lead to extinction or to global heat
explosion.
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