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HERMITE PSEUDOSPECTRAL METHOD FOR NONLINEAR PARTIAL
DIFFERENTIAL EQUATIONS

BEN-YU GUO! AND CHENG-LONG XU?

Abstract. Hermite polynomial interpolation is investigated. Some approximation results are ob-
tained. As an example, the Burgers equation on the whole line is considered. The stability and the
convergence of proposed Hermite pseudospectral scheme are proved strictly. Numerical results are
presented.
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1. INTRODUCTION

Many problems in science and engineering are set in unbounded domains. We may solve them by restricting
calculations to some bounded domains with artificial boundary conditions. Whereas this treatment causes
errors. A reasonable way is to approximate them by certain orthogonal systems in unbounded domains. Maday
et al. [13], Coulaud et al. [3], and Funaro [5] used the Laguerre spectral method for some linear problems.
Funaro and Kavian [6] considered some algorithms by using Hermite functions. Recently Guo [10] developed
the spectral method by using Hermite polynomials. However it is not easy to perform the quadratures in
unbounded domains, which are used in the Hermite spectral approximations. So the Hermite pseudospectral
method is more preferable in actual calculations. But so far, there is no work concerning it. The aim of this
paper is to develop the Hermite pseudospectral method. We establish some approximation results in the next
section. Then as an example, we provide a Hermite pseudospectral scheme for the Burgers equation on the
whole line, and prove its stability and the spectral accuracy in Section 3. The numerical results are presented
in the final section, which show the high accuracy and the convergence of this method.

2. HERMITE INTERPOLATION IN ONE DIMENSION

Let A = {z | foo<a:<oo}andw(x):e*ﬁ.Forlgpgoo,let

LP/(A) = { v | v is measurable and [[v|| » < oo }
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where

P
/|v Ww(z)dz | 1<p< oo,
[vllze =

ess sup |v(z)], p = 0.
TEA

In particular, L2 (A) is a Hilbert space with the inner product
(w)izw = [ ul@la(o)d

0
Let d,v(x) = 8—U(x), etc. For any non-negative integer m,
x

H™(A) ={v]| 0% € L%(A),0<k<m}

w

equipped with the following inner product, semi-norm and the norm

(u v H""(A) Z a 'U, ak
k=0

1
vl a) = 1070l 22 (). vl = (’U7’U)I§—IZL(A)'
For any real r > 0, the space H[,(A) is defined by the space interpolation as in [1]. For simplicity, denote the semi-
norm [v|gr(ay and the norm [[v]|gr sy by [v]rw and [|v||;e, respectively. In particular, (u,v)e = (u,v)r2(a),
lvlw = [[v]lo,w and |[v]|eec = [|v]|Lee(a). Throughout this paper, we denote by c a generic positive constant
independent of any function. Guo [10] proved that for any v € HL(A),

2 1
()] < 2e7= [v]|3]v]

[zvlle < [lv]

1
Lw (2.1)
2.2

lw-
The Hermite polynomial of degree [ is defined by

Hy(z) = (=1)'e”" dL (™).
Clearly Ho(xz) =1 and H;(z) = 2. We have

azHl(ﬂf) = 2lHl,1(£E), l Z 1. (23)

The set of Hermite polynomials is the L2 (A)-orthogonal system, i.e.,

/ Hl ( )d:L' = 'ylél m (24)

where J; ,, is the Kronecker function, and v, = 24! /7.

We first recall some properties of the Hermite approximation. Let IV be any positive integer and Pxr be the
set of all algebraic polynomials of degree at most N. The L2 (A)-orthogonal projection Py : LE(A) — Py is
such a mapping that for any v € L2 (A),

(’U_PN/Ua(b)w:Oa V¢EPN

As pointed out in [9], Py is also the best approximations associated with the inner product of the space H'(A),
m being any non negative integer.
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Lemma 2.1 (See [9]). For anyv € HL(A) and 0 < p <,

pw S eNZ o]

o~ Pyl

Lemma 2.2. For anyv € HL(A) and r > 1,
J‘Q r
(v = Prv)e™ oo < N5 ol
Proof. By (2.1) and Lemma 2.1, for any x € A,

;2 1 1
(v = Pyv)e™ T | < 2[lv = Pyol|3lo — Pyollf,

< N5y

1,w-

We now turn to the Hermite-Gauss interpolation. We first introduce some notations. For any two sequences
of {a;} and {b;} of nonzero real numbers, we write a; < by, if there exists a positive constant d independent of [,
such that a; < db; for all [ large enough. Moreover we write a;~by, if a; < b, and by < a;. Let 0,(0 < j < N) be
the N + 1 simple zeros of Hyy1(x), on < on—1 < ... < 9. They are situated symmetrically around the origin,
see [17]. Let Aj = 0j_1 — 041 and ay = V2N be the Nth Mhaskar-Rahmanov-Saff number. It is proved
in [11] that

2

—ans1(1=N"3) <oy, o9 <ans(1—N"%), (2.5)
and uniformly for N >1land 1 <j < N —1,

1 .
A~ (1 - 1%l 26)
N+1 aN+1

Let Ay ={0; | 0 < j < N}. For any v € C(A), the Hermite-Gauss interpolant Iyv € Py is determined by
Inv(z) = v(z), x € An.
Next, Let w; be the Christoffel numbers with respect to w(zx),

2NNI/7
Wj = V579, > =~ =~
T (N +1)HR (o))

It is shown as in Lubinsky and Moricz [12] that for 0 < j < N,
1 1 . 1
|0z Hnt1(05)] ~ 2% NI (N + Dlrie? (1_ o] ) -

Thus by (2.3),

and so

1 ) X -3
Wi~ —e % (1 - L . 2.7
7 VN < aN+1> @7
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The discrete inner product and norm related to the Hermite-Gauss interpolation are as follows,

N

1
(u,v),N = u(oj)v(oj)wy, [v]lw,n = (v,0) -
=0

Clearly
(INU - ’U,(;ﬁ)w’N =0, Vo € Py (2.8)

In order to study the properties of the Hermite-Gauss interpolation, we need some preparations. Firstly, by
Szegd [16], for any ¢ € Pan1,

/A H)w@)ds =3 ¢loy)w;. (2.9)

=0

By (2.9), we assert that for any ¢y € Pany1,

(d)a 1/’)w = (d)a w)w¢N7 (210)
and for any ¢ € Py,
[¢llw = ll]lw,~- (2.11)
Furthermore let N
IN’U(.Z‘) = Z ﬁlHl(I).
1=0

By (2.8), for any v € C'(A),
(v, H)w.N = (Inv, H)wn = (Inv,H)w =701, 0<I<N.

Hence we can take (2.8) as the definition of I.
We are going to the main result in this section.

Lemma 2.3. For any v € HL(A),
[0llw,n < eNF 0]y + N7 0] 1,0

Proof. By virtue of (2.7),

N

ol < N S e (o)1 — A%y (2.12)
=0 AN+1

It is shown in [2] that for —co < a < b < o0,

C2
sup [v(x)[* < b [011F 20, + €2(b = @)[0]F1 (g 1)
z€a,b] —a

Let Aj = (O'j+1,0'j_1),1 S] S N. Then

e_UJZUQ(Uj) < 6—2/.e_3¢2v2(:ﬂ)dﬂf+czﬁj/j\ (az (e_év(x)))ngg, (2.13)

jAJ J
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Moreover the combination of (2.1) and (2.5) leads to that for j =0, N,

-

oyl

-2
e~72(0) (1 ) < caN 3 lollullol o
1

aN+

By substituting (2.13) and (2.14) into (2.12), we assert that

N1 I\

< cics _%’Uwvlw‘f'ClCQ ~3 5 _ 19 e~ 2(z)dz

v E)AN< N 7 N Ajl 1 |J| x©, 2 d
' A

+c1eaN73 ]f A; (1 _ il ) /A e (22v*(2) + (Opv(2))?) da.

j=1

Furthermore, (2.6) implies that

Besides, (2.5) leads to

So using (2.6) again yields that
LI A N e
N7EA; (1- 220} " <Nt (1- L) < BN
Furthermore |z| < V2N + 3 for € A;, and thus
/ xQe_”Q’uQ(:E)da: < 5N/ e_x2v2(x)dx.
Ay Ay
By substituting (2.16)-(2.18) into (2.15), we get that
o2y < ZCN_%HU||WHU||1M+CN%/ e_”2v2(:v)dx+cN_%/ e (O,0(x))?dz
A A

where ¢ = max (472, %, c1CaCq + 5610%) The proof is complete.

Theorem 2.1. For anyv € HL(A),r > 1 and 0 < pu <r,

1, p—r
o = Invlluw < eN3T“T (0]

Proof. Tt is proved in [9] that for any ¢ € Py and p > 0,
6l < eNZ ||
This fact with Lemma 2.3 lead to that

|Pnv — Invl|w < eN 5 ||Pyv — Inv|lw < eN2 | In(v — Pyv)|w = cN % |lv — Pyl

< N3t ||lo— Pyllw + N2 (v — Pyl

w,N

lw-
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(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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Finally by Lemma 2.1,

poo + [ Invv = Prolluw < eN3T52 o]l

[v=Inv|pw < llv— Pnol

Theorem 2.2. For any v € H!(A) and r > 1,
(0 = Inv)e™ 3 oo < N2~ E 0]

Proof. By (2.1) and Theorem 2.1, for any = € A,

2 1 1
jo(x) = Inv(@)| < ce?™ |lv = Inv|3[lv = Inv| 2,

< et N5 o],

which implies the desired result.

Theorem 2.3. For any v € HJ(A) and r > 1,
[0 = Invllwy < N5 72 o],
Proof. By (2.8), for any ¢ € Py,

[v—Inv|2 n = (v—INv,v — o

whence

T — inf |v— .
lv— INv|wN Jof v — ¢llo,n

By taking ¢ = Pyv and using Lemma 2.3 and Theorem 2.1, we get that
v = Invllo,n < eN3 |0 — Pyolly + eN75|[v — Pyv|l1p < eN3~F |00
We have from (2.8), (2.10) and Theorem 2.1 that for any v € H[,(A),¢ € Py and r > 1,
(v, @) — (v, @)u,n| = [(v = Inv, §)u| < cllv — Inv[w]|d]]
< eNF7E 0| 6]l (2.20)
3. APPLICATION TO BURGERS EQUATION ON THE WHOLE LINE

In this section, we consider the Hermite pseudospectral method for the Burgers equation on the whole line.
We first change it to an alternative formulation by a similarity transformation, which is suitable for the Hermite
approximation. We shall prove the stability and the spectral accuracy of the designed scheme strictly.

Let p > 0 be the kinetic viscosity. g(y, s) and Vy(y, s) are the source term and the initial value, respectively.
T is a fixed positive number. We consider the following problem

1 2 PAYAES
{85v+58y(V)u8ng, —00 <y <o0,0<s<T, (3.1)

V(y70) = VO(y)a Y€ ]\

In addition, V" and 9,V satisfy certain conditions at the infinity. If we multiply (3.1) by V(y)w(y) and sum the
result for o; € Ay, then by (2.9) and integration by parts, the last term of the left side of (3.1) becomes

0 (V,V) = /Aaywy)ay(wy)w(y))dy, WV € Py.
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It can be checked that
w(VV) = 1,V sy =2 [ V)0,V )eu)dy

=10,V 1725 + 11V 1725 =2 [ vV ()wly)dy.
2(4) 28 75

It is not clear whether or not a,,(V,V) > 0. So (3.1) is not suitable for Hermite pseudospectral approximation.
To remedy this trouble, we follow Guo [10] to make the similarity transformation

x = ¢, t=1In(l+s), Ux,t) = eIQV(2\/ﬁxe%,et 1), f(z,t)= em2+tg(2\/ﬁxe%,et —1).
2/ (1 +s)

Then (3.1) reads

8U+1U+1x8 U+ ! e 139 (emeQUQ)fEE)QU—f reAN0O<t<In(l+T)
R R Y W ¢ 4 ’ = ’
U = Uy, t=0.

(3.2)

As in [13], we suppose that Vj and g fulfill some conditions such that for certain o > 0,

Jim e (V(y.5)| + 10,V (4.5)) = 0. 0 < s < T
Then
lim el =D (|1 (2, 8)| + |0,U (x,)]) = 0, 0 < t < In(1+T).

|| —o0

If a> #, then for all ¢ > 0, 4auet — 1 > f%. So U € HL(A), and we can use the Hermite approximation.

Let uy be the approximation to U. The Hermite pseudospectral scheme for (3.2) is to find uy € Py for all
t <In(1+4T), such that

dun + sun + 2zdun + %ﬁezu%az(e”ﬁu?\,) —10%un = 1IN, r€AN,0<t<In(1+1T),
uN(O):uN,():INUo, x € An,t=0.
(3.3)

Let
B(v,w,z) = (em28x (e7212vw> ,z)

According to (2.10), (3.3) stands for

w,N '

(8tuN(t)7¢)w + %(UN(t)’ (b)w + 4\1/ﬁe%B(uN’uN7¢) + %(axuN(tLax(ﬁ)w = (f(t)7¢)N,w7
Vo € Pn,0< t <In(l+T),
UJN:’U,N,O:INU(), t=0.
(3.4)

We now consider the stability of (3.3). Since (3.3) is nonlinear, it is not possible to prove the stability in the
sense of Courant [4], also see [14]. But it may be stable in the sense of Guo [7,8]. To do this, assume that f
and uy,o have the errors f and @y, respectively. They induce the error of uy, denoted by %y. The errors
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fulfill the following equation

(Ouiin(1),0), + 2@n(6),0)u + pipet Blan. v, 6) -+ B (iin (1), un(t), 0
0pin (1), Dzd) = (f(t), ) Vé € Py,0 <t <In(1+7),

By taking ¢ = 2uy in (3.5), it follows that

x
ez
T
In order to estimate the nonlinear term in (3.6), we need the following lemma.

Lemma 3.1. For any v,w € HL(A) and z € L?(A),

2
1w +

Slan (@ + 5l (i (1), e (), v (1) +

ez B
2\/1

1 1
Bv,w, 2)] < cll23]2] R

1 1 1 1
Lo (100l v w3l + 10sw i)

1 1 1 1
+dloll&llolf L llwllS w2 ]lw, -

Proof. We have

3
B(v,w,z) = ZBi(vawa Z)
i=1
where
Bi(v,w,z) = (e_”2az’uw,z) , Ba(v,w,z) = (e_mzvazw,z) ,
w,N w,
Bs(v,w,z) = =2 (me*“jfuw, z)
w,N
By (2.1),
1 1 11
|B1(v,w, 2)| < cl|0xv]l,nllwllw]3, 213121 .
Similarly

ST 1
| B2 (v, w, 2)| < ef|oll&[0]1F |0z wllw,wllzlIS 1211
Moreover by (2.1) and (2.10),

N

N
1 1 1 1
|Ba(v,w,2)| < ellollE[[vll} ullwlld w2 ll2llw.n | Y oFw;

=0
CTINE SIS
< clvllSllvllF wllwllé lwll £ ol 2w~
The above statements lead to the desired result.
By Lemma 3.1, (2.11) and the Hélder inequality, we obtain that

|B (an (1), an (1), an (1) | < ex(p, T)llan ()| lan @) o,

|B (an (t), un(t), an (t) | < ca(un, u, T)llan (]2 + elan @) .

=g}

where ¢1(u, T') is some positive constant depending only on p and T', and

a (,LLvT)
ca(un, p, T) = fHUNH%OO(O,ln(HT);H;(A)), €>0.

Blan (1), un (1), an(t)) < 2| FE)I2 -
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By substituting (3.7) and (3.8) into (3.6), and integrating it for ¢, we obtain that

(ol + (icmu;rMaNow|w)naNmnniwdnf;p(aNﬁ,fx)+cxuwvu¢r{ﬁ lan(n)2dy (3.9)

where

p(ﬁN,Oa f~7 t) = ||1~1’N,0|

t
24 / 1 Fm 12

Lemma 3.2 (see [10]). Assume that

(i) the constants by > 0,bo > 0,b3 >0 and d > 0,

(ii) Z(t) and A(t) are non-negative functions of t,
2

(1) d < %e_bm for certain t; > 0,
(iv) for all t < tq, . t
Z(t) + / (b1 — b2.27 (0))A(n)dn < d + bs / Z(n)dn.
Then for all t < ty, Z(t) < de’st. ’ ’
Applying Lemma 3.2 to (3.9), we obtain the following result.
Theorem 3.1. Let a > $ and uy be the solution of (3.8). If for certain tq,

P aN707f7t1) < 76_02(UN7M7T)1517
( 61200, T)

then for all t < tq,

3 IR L= ,
Jan @2+ 5 [ oI odn < plano, F e,
0

Theorem 3.1 indicates that the error of the numerical solution is controlled by the errors of the data ux,o and
f, provided that the average error p(@n,o, f,t) does not exceed certain critical value. It means that (3.3) is of
generalized stability in the sense of Guo [7,8], and of restricted stability in the sense of Stetter [15].

We next deal with the convergence. Let U be the solution of (3.2), and Uy = PyU. We derive from (3.2)
that

(8tUN(t)’ (b)w + % (UN(t)’ (b)w + 4ejﬁB (UN(t)7 UN(t)’ (b) + i (axUN(t)’ 83:¢)w + G(t7 ¢) = (f(t)a ¢)w¢N )
Vo € Pn,0 <t <ln(l+T) (3.10)

where

and

Ga(t,0) = 5 (U() = Ux(0), ).,
Galt. o) = et ( (00 (' 020) )= (0. (03 0) 0) )
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Let uy be the solution of (3.3), and Uy = ux — Un. By (3.4) and (3.10), we deduce that

00n(1),0) +3 (On(t),6) + 5B (On(0),0n(0),0) + £ (On (). Un(t),0)

~ (3.11)
+1 axUN(t),axqs) — Gt d)0, VoEPN,0<t<In(l+T).

In addition, Uy (0) = 0. Comparing with (3.11) with (3.5), we can derive a result similar to that of Theorem 3.1.
But un, 4,0 and f are now replaced by Un, Un(0) and G(¢, ¢), respectively. Therefore we only have to estimate
the term |G(t,Un(t))|. We first have from Lemma 2.1 that

|G (t, Un(1))] < CN_? 10U ()l o | Un (1) |
|G2(t,Un(1))] < cN7Z|U@)lrwllUN(E)]]w-
Next 4 Jiie 5 Gy (8, U () = A1 (1, O (8)) + As(t, Un(2)

where

By virtue of (2.1) and Lemma 2.1,
At 0N(t))’ < U +UnOIZIU ) + Un@)IIF LU @) = Un @SN () — Un O 108 (010

1_
< 1—6||UN( Miw+eN=""[Un(B)]70

Furthermore

Ax(t, Un(t)) = Di(t, Un(t)) + Da(t, Un(1))
where

Di(t, Uy (1) =2 (e_”2UN(t)8xUN(t), UN(t))w - (e‘szN(t)axUN(t), ﬁN(t)) :

w,N
2 (we_”2U]2\,(t), UN(t))

Dy(t, Uy (1) = —2 (we_”2U]2\,(t), UN(t))

w w,N

Thanks to (2.20),
D1 (t, Un(t), )] < eN5~2 e Un ()0 Un (1) [|rwUn (8)]o-
We have

o (e*IQUN (1), Un (t)) = e (QUNOUn + 0T UNUN) + pr(x)e ™ UndUn + -
where p,(x) is polynomial of degree r. By virtue of (2.1), (2.2) and Lemma 2.1,
D1 (t, Un (8)] < eNFTIU @) + el On (0)]12-
We can estimate Da(t, Un(t)) similarly. Besides, (2.20) implies that

|Ga(t, Un ()] < eN3 7| £I2, + |62
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TABLE 1. The errors E](\})(l).

T N =8 N =16 N =32
0.01 1.389E-05 | 1.389E-05 | 1.389E-05
0.001 1.381E-06 | 1.381E-06 | 1.381E-06

0.000001 | 1.397E-08 | 1.419E-10 | 2.838E-12
TABLE 2. The errors El(\})(l)

T N =28 N =16 N =32
0.01 2.396E-03 | 2.396E-03 | 2.396E-03
0.001 2.382E-04 | 2.382E-04 | 2.382E-04

0.000001 | 2.409E-06 | 2.447E-08 | 4.895E-10

869

Therefore

Gt On ()] < 510N ()

2o elONDIE + el INT (IO 5, + 10U, + 1FOI,5,)

Obviously, the last term in the above inequality tends to zero as N goes to the infinity. Finally we obtain the
following result.

Theorem 3.2. If o > i, r >0, U € L?0,In(1 +T);HL+%(A)) N HY(0,In(1 + T); HZ(A)) and f €
7"+%

L? (0, In(1+T); He, (A)), then for allt <Iln(1+T),

lun(t) — U@ + / lun(n) — U2 udn < N~

where ¢* is a positive constant depending only on p, T and the norms of U and f in the mentioned spaces.

Remark 3.1. In the proof of Theorem 3.1 and Theorem 3.2, we require that for U € HL(A) and so

e*%(|U(x,t)| + |0:U(z,t)]) — 0 as |z|] — oo. A sufficient condition for it is that for certain o > i,
e“y2(|V(y,s)| + 10,V (y,s)|) — 0, as |y| — oo, see [10]. It means that V(y,s) should decay fast enough. It

agrees the experience in actual computations as described by Funaro and Kavian [6].

Remark 3.2. In this paper, we use the variable transformation and so obtain the error estimations. In fact, a
similar transformation was used in actual computations by Funaro and Kavian [6]. This trick can be generalized
to other problems such as the two-dimensional heat equation and the Navier-Stokes equations.

4. NUMERICAL RESULTS

We now present some numerical results. Take the following test function
Ulz,t) = sech?(az — bt — ).

We use (3.3) to solve (3.2) with @ = 0.3,b = 0.5,¢ = —3 and p = 1. In actual computation, we use standard
fourth order Runge-Kutta method in time ¢ with the step 7. Let E](\})(t) = ||U(t) — un(t)|lw,~ and Ef\})(t) =

U(t) —un(t)
for t = 1 and various values of N and 7. They indicate the high accuracy and the convergence of the this

lw,~ be the errors of numerical solution uy. Tables 1 and 2 show the errors E](\})(t) and E’J(\})(t)
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TABLE 3. The errors E](\})(t) and E’J(\})(t).

B.Y. GUO AND C.L. XU

t

EM (1)

EM(t)

1.0

1.381E-06

2.382E-04

2.0

1.249E-06

5.848E-04

3.0

8.869E-07

1.127E-03

4.0

5.812E-07

2.008E-03

5.0

3.680E-07

3.456E-03

TABLE 4. The errors E)(1).

T N =8 N =16 N =32
0.01 1.189E-05 | 1.187E-05 | 1.186E-05
0.001 5.965E-06 | 5.883E-06 | 5.883E-06

0.000001 | 6.510E-08 | 2.380E-10 | 8.194E-12
TABLE 5. The errors E(Q)(l).

T N =8 N =16 N =32
0.01 2.051E-03 | 2.047E-03 | 2.045E-03
0.001 6.028E-04 | 3.014E-04 | 6.698E-04

0.000001 | 1.122E-05 | 4.106E-08 | 1.431E-09

TABLE 6. The errors E®?)(t) and E?)(t).

t

E@)(t)

E®@(t)

1.0

5.883E-06

6.698E-04

2.0

3.230E-06

1.513E-03

3.0

1.508E-06

1.918E-03

4.0

7.377TE-07

2.549E-03

5.0

4.012E-07

3.768E-03

method. Moreover the errors EJ(\})(t) and Eﬁ)(t) with N = 32, 7 = 0.001 and various values of ¢ are listed in
Table 3 which shows the stability of calculation.

For comparison, we also use the Hermite spectral method in [10] for the same problem. The corresponding
scheme is as follows

(atuN (t)7 (b)w + % (uN (t)a ¢)w + B (UN(t)a UnN (t)a ¢) + i (aa:uN(t); ax(b)w

= (f(1),9),,
V¢ € Pn,0 <t <In

SR S NORY
un,0 = PnUo

where )
e uv. 0
4\//76 (€™ uv, 09).,.

In actual computation, the Hermite coefficients are determined by the Hermite quadratures with the
M interpolation points, M > N. Its numerical errors E®(t) and E®)(t) are defined in the same way as
for E](\}) (t) and E](\}) (t). The errors with M = N are shown in Tables 4 and 5. Moreover the errors with N = 32
and 7 = 0.001 are listed in Table 6. Comparing the errors in Tables 1 to 3 with those in Tables 4 to 6, we find

B(U,U,¢) = -
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TABLE 7. The errors E](\‘;’)(l).

T N =38 N =16 N =32
0.01 1.026E-03 | 4.997E-04 | 6.058E-05
0.001 1.075E-03 | 4.992E-04 | 6.030E-05

0.000001 | 1.075E-03 | 4.991E-04 | 6.027E-05
TABLE 8. The errors E3(1).

T N =38 N =16 N =32
0.01 3.568E-01 | 2.283E-01 | 2.977E-02
0.001 3.568E-01 | 2.281E-01 | 2.963E-02

0.000001 | 3.567E-01 | 2.281E-01 | 2.962E-02

that the Hermite pseudospectral method has the accuracy of the same order as the Hermite spectral method.
But the former method saves the work, since it avoids the quadratures on the whole line.
Finally we restrict the computation to a finite interval [Yp, Y1], Yo = —25.0 and Y7 = 25.0. The corresponding
artificial boundary values are given by
V (Yo, t) = V(Yo,0),

V(Y1,t) = V(%1,0).

Take the transformation

(Yl Yo)z,

{ =1Yo+Y1)+
, L1+ 2)T(%) — 31— 2)Vo(Y).

Wi(z,s) =Vl(y,s) -

Then problem (3.1) becomes

W + 315-0. (W+%(1+2)V0(Y1)+%(172)V0(Y0))27( YO)282 g, € (~1,1),t € (0,7),
W(l,s)=W(-1,s) =0, s€[0,7),
W(z,0) = Vo(3(Vi +Y0) + 3(Vi = ¥0)2) — (1 + 2)Wo(V1) = 3(1 = )% (¥e), =z € [-1,1].

(4.2)

Let L;(z) be the Legendre polynomial of degree I, and A%

= {zj|j = 1,2,...N — 1} be the set of the zeros of

Ln_1(2) . The Legendre pseudospectral scheme for (4.2) is to find Wy € P{(—1,1), such that
OWN + v23-0. (Wn + 5(1+2)Vo (1) + (1 — )Vo(Yp))® Tk 02WN =g, 2 € Ay, t € (0,T),
War(2,0) = Vo((Vi +Yo) + 5(Yi — Yo)2) — (1 + 2)Vo(M) — 31— 2a(¥a), = € Ay
(4.3)
Set Viv(z,8) = W (2, 8) + (14 2)Vo(Y1) + 2(1 — 2)Vo(Yo). The numerical errors E(3 ) =|V() — Vn(t)|n

and Eﬁ) ) = W || are presented in Tables 7 to 9, where ||v||y is the corresponding Legendre discrete

Comparing the results in Tables 1 to 3 with those in Tables 7 to 9, we know that the Hermite
pseudospectral method provides better numerical results than the usual method by restricting the computation
to a finite interval. In particular, for N = 32, the points in the Hermite pseudospectral method are sampled
over an interval of size |ox| ~ v/2N = 8. The size of this interval is still smaller than the truncated interval of
size 25. But the Hermite pseudospectral method provides much better results than (4.3).

norim.
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TABLE 9. The errors E](\‘;’) (t) and Eﬁ)(t)

t | ED@) EM(t)
1.0 | 6.030E-05 | 2.963E-02
2.0 | 3.213E-05 | 2.137E-02
3.0 | 1.893E-05 | 1.562E-02
4.0 | 1.229E-05 | 1.126E-02
5.0 | 9.869E-06 | 1.103E-02
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