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DUAL COMBINED FINITE ELEMENT METHODS FOR NON-NEWTONIAN
FLOW (II) PARAMETER-DEPENDENT PROBLEM

PINGBING MING! AND ZHONG-CI SHI'

Abstract. This is the second part of the paper for a Non-Newtonian flow. Dual combined Finite
Element Methods are used to investigate the little parameter-dependent problem arising in a nonliner
three field version of the Stokes system for incompressible fluids, where the viscosity obeys a general
law including the Carreau’s law and the Power law. Certain parameter-independent error bounds are
obtained which solved the problem proposed by Baranger in [4] in a unifying way. We also give some
stable finite element spaces by exemplifying the abstract B-B inequality. The continuous approximation
for the extra stress is achieved as a by-product of the new method.
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1. INTRODUCTION

In this section, we will give a brief description of a White-Metzner model type for the viscoelastic flow. We
refer to [9] for more details.

Let ©2 be a bounded convex polygon in R"(n = 2,3) with the Lipschitz boundary I'. R™ is equipped with
Cartesian coordinates x;,7 = 1,--- ,n. For a function u, g—; is written as u;, the Einstein convention for a
summation is used.

For a scalar function p, the gradient of p is a vector Vp, (Vp); = p,. If ¢ is another scalar function, we denote
(p,q) = Jo pg. For avector function u, the gradient of w is a tensor Vu, (Vu)i; = w; j,dive = u;;,u-V = “ia%i'
For a tensor function o,dive is a vector function, (dive); = oi5,,0 : T = 0,;7Ti;,|0> = o : o, and
(o,7)=[qo:T.

To describe the flow, we use the pressure p (scalar), the velocity vector u and the total stress tensor o4o:. Vu
is the velocity gradient tensor, d(u) = $(Vu + Vu”) is the rate of strain tensor, and dii(u) = 2d;;(w)dy; (u) is
the second invariant of d(u).

A White-Metzner type model is described by the constitutive equations:

ot = o+oy—pl, I=7d, (1.1)
on = 2ud(u), (1.2)
o = 2n(du(u))d(u), (1.3)
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where p is the Newtonian part of the viscosity, n - the viscosity function for the viscoelastic part. The velocity
w must satisfy the incompressible condition

divau = 0. (1.4)

In this paper we consider the stationary creeping flow [16]. The fluid is submitted to a density of forces f, then
the momentum equation is written as

—diVO’tot = f (15)

Two classical laws for n are the Power law and Carreau’s law.
e Power law: n,(z) = %gz(rgz), r>1, g>0.

e Carreau’s law: 7.(2) = (M0 — Meo) (1 + )\z)%, 0 < Noo < Mo, > 1.

) n(ntl) ,

Some Sobolev spaces [1] are needed. T' = [L" ()] * ={7=(7i) | Tij =Tji, Tij €L"(Q), i,j=1,---,n}
L ’

with the norm |||z = ([, |7]")"". (,) denotes the inner product of X = [W,"(Q)]", M = Lj (Q) = {q €

L7 (Q) | Joa=0}. X, M are equipped with the norm ||v||x = ([, ld(v)|")*, llgllar = (Jg lgI” )™ respectively.

It is easy to see || - ||as is an equivalent norm over X. We also denote T', X' the dual space of T and X

respectively, and (,) denotes the dual multiple between X and X'. For 1 < r < 2, we must modify the
definition of X and define X; = X N [H}(Q)]", but for simplicity we still denote it as X.

Lemma 1.1. There erists an operator A : T — T’ such that A(o) = d(u).

The proof of this lemma only needs a simple manipulation, we omit it.

Some works have been done in the finite element approximation of the Problem 1.1. In [4], Baranger et al.
gave the first approximation of the three-field Stokes flow of White-Metzner model. However, the abstract error
bounds they obtained are u-dependent, i.e., the error bounds will be deteriorated as the Newtonian viscosity
approaches zero. Furthermore, no concrete finite element space pair is available. In fact, the well-posedness of
their variational formulation needs two B-B inequalities, one for (o, u) and the other for (u,p). The construction
of finite element space pair satisfying these two B-B inequalities simultaneously is not a trivial thing at all, even
in the linear case (see [20]), since these two B-B inequalities are interplaying. The relevant two-field problem
has been studied in [21], but the abstract error bounds are also u-dependent, and still there is no concrete finite
element space pair presented. Meanwhile, the continuous approximation for the extra stress is widely used in
engineer literatures, however, a fairly large finite element space is needed to achieve this goal [13,23] that would
cause an extra cost and accuracy-losing. Recently, the so-called EVSS and its variants [12] are proposed to
attack this problem, but it needs an extra variable that would increase the cost, and even seriously that would
lead to unsymmetric algebraic equations.

In the following, dual combined finite element method [3,18,25] is proposed to solve the above problems.

To introduce the dual combined mixed formulation, we present some operators:

B:X X, Blu)=2q(du(u)dw)
Hy TxXxM — T xX xM,
I'TxXxM — T xX xM.

For x = (o, u,p), y = (7,v,q), we define

(Ho(z),y) = a(Alo),7) —a(r,d(u)) + ale, d(u)) + (1 — a)(B(u),d(v))
+2u(d(u), d(v)) — (p,divw) + (¢, divu), where a € [0,1],

and (L, y) = (f,v).
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Problem 1.1. Find x € T' x X x M such that
(Ha(z),y) = (l,y) Vy €T x X x M, Ya € [0,1].

This problem can be cast into the following saddle point problem.

Problem 1.2. Find x € T x X x M such that

a(A(o), ) —a(T,d(u)) =0 V1 eT, (1.6)
a(o,d(v)) + (1 = a)(B(u),d(v)) + 2u(d(u), d(v)) — (p,dive) = (f,v) Vv e X, (L.7)
(divu,q) =0, Yq e M, (1.8)

for some « € [0, 1].

When « equal to 1 or 0, Problem 1.2 will degenerate to problems which have been discussed in [4] and [5],
respectively. The case a € (0, 1) is more interesting, we discuss it from now on.

An outline of this paper follows. Some basic inequalities and preliminaries are introduced in §2. In §3, dual
combined FEM is proposed to deal with the non-Newtonian flow with Newtonian viscosity. The error bounds
for all variables are given under some abstract assumptions. In the last section, we exemplify the abstract
assumptions. Error estimates with respect to a strong norm are derived, and some stable finite element spaces
are presented and justified.

Throughout this paper C, C; denote generic constants independent of . In addition, C(ay, ... ,a,) denotes
a constant depending on the non-negative parameter a;(1 < i < m) such that C(a1,--- ,an,) < C.

2. SOME INEQUALITIES AND PRELIMINARIES

We use the following notations: M, is the set of n x n real matrices. (-,-)denotes the inner product on M,

pe., for X, Y € M, (X,Y) = 3 X;;Yy, | X| = (X, X)2. 0=0ifn=1n,, 0=1ifn=1L.
i,j=1

Lemma 2.1. [5] Let K(|X|) = (0 + |X|2)%2 and r € (1,00). Then for all X, Y € My(n > 1) and 6 > 0,
we have

IK(IX)X = K(YDY] < e|X = Y['22(0 + [ X| + [V ])">*, (2.1)

(K(IXDX = K(Y))Y,X —Y) >C|X =Y 0+ |X[+[Y])>°. (2:2)
Lemma 2.2. [5] For allr € (1,00),a,01,02 > 0, and € € (0,1), we have
(O+a+o) 20100 <el@+a+o) 207+ V(0 +a+o02) 209, (2.3)

where v = max(1,7 — 1) and 0 is defined below.

We adopt the abstract quasi-norm introduced in [5], which is very useful for error estimates. Let
(o,u) € T x X be the solution of Problem 1.1, then for (7,v) € T x X, we define the following quasi-norms:

7, /ITI2(9+ o + |7))" 72, p = max(2, "),
Q

|d(v)]7

/Q |d()]*(0 + [d(w)] + |d())" 2, p = max(2,r).
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Lemma 2.3. [5] Define

2, ifr=2,
Y=(rs) =220 ifr#£2, s#2,
00, ifr#2,s=2.

Then
1. For1<r<s<2, and u,w € [WH7(Q)]", we have

[wlt o < OO+ [uly + [w]14)* " |d(w)]7. (2.4)
2. Forre (1,2], k € [r,r + (2 —7)0], and w € [WH*(Q)]", we have
ld(w)[? < Clldw)|Lx < wlf,. (2.5)
3. Forre[2,00),k € [r+(2—7)0,7] and w € [Wy"(Q)]", we have
[w|f ; < Clld(w)|[Fx < |d(w)];. (2.6)
4. Forr € [2,00),2<s<r < o0 and u,w € [WH7(Q)]", we have
ld(w)[; < CO + |uly + [w]14)" " wl? .. (2.7)

Lemma 2.4. [5] ||, and |- | are quasi-norms over X, T, respectively.

Though the explicit formula for A(o) is not available when 1 = 7., we are still able to prove the monotony
and continuity properties of A(o) in this case.

Theorem 2.1. There exists a constant C' independent of o, T such that for any § > 0

Clo =[P (L+ o] + 7)), (2.8)
Clo — 7' (L+|o] + 7))" >+,

(A(o) = A(T),0 —7)

>
|A(e) - A(T)] <

Proof. Note

r—2 r—2

(A(e) = A(7),0 — 1) = (d(u) — d(v), (1 + |d(w)[*) = d(w) - (1 +|d(v)[*) = d(v)).

Therefore, we only need to check the following two facts.

If 2,y € R", ¢(x) = (1+ [z]*) 2 & = o, 6(y) = B,z = Y(),y = $(B), then

(W(e) = 9(B), e — B) > Clac — B (1 + || + |B])" ~2F, (2.10)

(@) = (B)] < Cla— BI'"° (1 + || + 8])" >+, (2.11)

We firstly prove that (2.10) holds for 6 = 0.
Define an operator i : R* — R"*! i(z) = (x,0),v € R"™ v; = §; ,41. Then

a=¢@)=(1+z})7 z=|v+i(@) ey =|v+iy) 2y
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We also have

i(e) = v +i(z)]"%i(=), i(B) = v +i(y)"2i(y),
i(&) = v +i(@)|" (v +i(x)), i(B)=|v+ily) (v +i(y))

Note

li(&) —i(B)* = li(a) —i(B) + | v +i(@)]"* — v +i(y)|" 7] = |i(e) — ().

Furthermore, we have |i(&)|? = [i(a)|? + |v +i(z)|>"~* = |i(a) > + |i(&)[*2>".
Therefore, we need to show that there exists a constant C' such that

/

(@)1 + iB)) = @+ lite) + (B . (2.12)
If ' € [2,00), i.e. T € (1,2), we only need to prove
i(@)] + i(B)] = C(1+ [i(a)| + [i(B)).

To do this, we show |i(&)| > C(1 + |i(a)|) and |i(8)] > C(1 + |i(8)]). These two inequalities can be cast into
the following basic inequality:

(1+[2])" > C(1+ (1+[a*) 7 []). (2.13)
Define a function f(t) = %(t > 0), we show that f(¢) has a positive lower bound. In fact, f(¢) is a

1+(14¢2) 72 ¢
continuous function over interval (0,00), and f(0) = 1, lim;_ f(t) = 1. Furthermore, f(t) > 0 for ¢t € (0, ),
hence f(t) must have a positive lower bound. Consequently, we have proved (2.13) for the case ' € [2,00).
Similarly, we can prove it for the case r’ € (1,2). Hence (2.12) holds for all r € (1, 00), therefore

(Alg) — A(T),0 —7) Clo = (L + o] +|7))"

Clo =" (1 +|a| +[7))" >,

AVARAYS

which is the first inequality (2.8) of the theorem.
Now it remains to show the continuity property of the operator A. We have

(A(e) = A(r),0 —7) = (d(u)—d(v),B(u) — B(v))
> Cld(u—v)[*(1+ |d(w)] + [d(v)[)" 2
= ClA(a) — A(T)P(1 +|A(e)| + [A(T))" .
Using Cauchy inequality yields

[A(o) = A(T)| < Clo = 7|(1 +|A(o)| + |A(T)])* "
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On the other hand, we can prove that
(1+ |A(@)| + [AT))* " < CA+ o] + 7)) (2.14)
In fact, since A(o) = d(u), (2.14) is equivalent to the following:
(L+ |d(w)| + [d(v)])*™" < C(1+ | B(u)| + [B(v)))" . (2.15)

As before, we only need to show

r—

(L+ 2+ |y < COU+ L+ =) J2 + (1 +[y*) = ly)" 2, (2.16)

which is just a direct consequence of the following inequality:

r—2

(14 2?7 < (14 1+ [22) = |2)" 2,
i.e.
A+]e)™" < 141+ 7 |2, re(1,2], (2.17)

I+ z)™r > 1+@Q+]|z) = |z, r € [2,00). (2.18)

Let t = |x|, we define

r—2
2

Gt)y=1+1+tH) =z t—(1+t)"" 1 t>0.

Then if r € (1.2],

Gt) = (147 (14 —1) - (r—1)(1+1t)2
> (14T -1+ =) = (r— 1)1+
> (r—1)((1L+£2)7 —(1+8)"2)
> 0.

Hence G(t) > G(0) for r € (1,2], which means (2.17) holds. Similarly, (2.18) holds. Consequently, (2.14) and
then (2.15), (2.16) hold.
Combining (2.15) and (2.16), we have

Clo —7|(1+ o]+ 7))~
Clo =721+ o] +[7)" >,

[A(o) — A(7))

INIA

which completes the proof. O
Corollary 2.1. (1+ |A(o)])>" < (1+]|o])" 2.

Corollary 2.2. There exists a constants C such that

(A(c).0) > C /Q o [2(1 + o) 2.
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Using previous results we can prove the existence and uniqueness of solutions of Problem 1.1. Setting V' =
{v € X | divv = 0} and dropping the terms concerning the pressure, we introduce the following operator:
Hy: TxV —=-TxV,

(Hy(o,u), (1,0)) = a(A(0), 7) — a7, d(u)) + ale, d(v)) + (1 — @)(B(u),d(v)) + 2u(d(u),d(v)).  (2.19)

We consider the following two-field problem:
Problem 2.1. Find (o,u) € T x V such that

(Hy(o,u), (1,v)) = (f,v) V(1,0v) e T x V. (2.20)

Lemma 2.5. H} is an hemi-continuous, monotone and strong coercive operator.

Lemma 2.5 can easily be derived from Theorem 2.1 and Lemma 2.1.
From Lemma 2.5 it follows the existence and uniqueness of the Problem 2.1.

Lemma 2.6. [2] There exists 3 > 0 such that

(div v, q) > 5.

inf sup
9€M pex [|vlx gl

Theorem 2.2. Problem 1.1 has a unique solution (o,u,p) € T x V x M which admits the following estimate

lollr + llullx + lpllar < Cla,r, [ £ll-1.)- (2.21)

Remark 2.1. All the estimates are p-independent. Furthermore, we will obtain similar estimates for the finite
element solution (o}, wp, pp) in the next section.

3. FINITE ELEMENT APPROXIMATION

We assume that the triangulation Cy, is a regular partition of € [8], the quasi-uniformity of Cj, is not necessary
unless we state it clearly. Let T, X, and M} be the finite element space: T, C T, X, C X, My C M. We
denote Vi, = {v;, € X}, | (divop,qn) =0 Vg € My}

The corresponding finite element approximation for Problem 1.1 is:

Problem 3.1. Find (op, un,prn) € Th X X, x My, such that
a(A(op), 7)) —a(T,d(uy)) =0 V7T € T, (3.1)
(o, d(©)) + (1 - a)(Blun), d(v)) + 2u(d(un), d(v)) — (pr, dive) = (£, ) Yo € X,
(diV up, q) =0Vq € M.
Problem 3.1 can be reformulated as follows: Find (o, up) € T, x V7, such that
(Hy(on,un), (Th,vn)) = (F,vn) V(Th,vn) € Th X V. (3.4)
Assumption © (B-B inequality):

(div g, qn)

36p(r) >0, inf sup ————
vn|lx llanllar

ah€Mh y,eX),

> Bn(r).

Assumption A: for any v > p > 1 it holds:

1_ 1
lwalli, < Crh™G = ||lwpl, Ywn € X,

IThllo, < Crh"& =04l Vi € T
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Lemma 3.1. [21, Rem. 2.1]

inf |lu—v|x <(1+C)

inf [|u— wl|x. .
= wli, = wllx (3.5)

Remark 3.1. Note that the B-B inequality for (o, u) and (o, us) is no longer needed either for Problem 1.1
or for Problem 3.1. An enhanced K-ellipticity is introduced in a natural, reasonable and unifying way. It is
known that there are many finite element space pairs satisfying the B-B inequality either for (o, u) or for (u,p),
but few of them satisfy the two B-B inequalities simultaneously [20].

Theorem 3.1. If Assumption © holds, then Problem 3.1 admits a unique solution (o, un,pn) € T x Vi, x My,
and the following a-priori estimate holds

lonll + llunllx + llpnllar < Cle, v, Bu(r), [ £ll-1.0)- (3.6)

We define « as that in Lemma 2.3, and &’ the conjugate exponent of k.

Theorem 3.2. If (o, u,p) and (o, un,pr) are solutions of Problem 1.1 and Problem 3.1, respectively, then for
all r € (1,2],

alo — only + (1= a)ld(u — up)|? + plu — unl?, < Cla) (Jo =777 + |d(w — v)?

inf
(’T,’U,q)EThXVhXI\/Ih
+ (0 + [lullx + lunlx)* "o — 77
+ lld(w = 0[5 + plu = |75 + [[p = allmlu —v]x
+ (0 + [lullx + [luallx)*"llp = all3s), (3.7)
and for r € [2,00),
ale — ol + (1 - a)|d(u — up)[; + plu —uplf, < C(a) inf (lo =72 + [d(u —v)];
' (T,v,Q) ET R XV, X My,
o =77, + @+ llolr + llonlr)* " u—-vl%

+ pld(u— )75 +lp = gllmllu —v|x + p—all}.)-
(3.8)

If the Assumption © holds, then for r € (1,2],

/

lp = pnll o < CLL+ Br(r) ™) qénwffh 1p = qllpw + Br(r) " (alo — anl)
2 1
+ld(w — wp)|F + pCrh™ G lu — uply o)), (3.9)

and for2 <s<r,

lp = pull e < CIA+ Br(r) ™) = allze + @) 7O + oy + lullyr ) % o = ol

(0 + [ 7(r0) + 1)l = w)|F + Crple = unli2)]. (3.10)
Here v(r,s) and ~(r',s") are defined as that in Lemma 2.3.
Proof. For xj, = (op,up) € Tp x Vi, we have

(H(xn),y,) = (L, yy) Yy, € Th X V.
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Let € = ((o,u),p) be the solution of Problem 1.1, then
(Hi(x),y) = (Lyp) + (b, dives) Yy, = (T,v) € Th x Vy,
(Hy(x) — Hy(zn), x —xn) = (Hy(x) — Hi(xn), @ —yy) + (Hy(x) — H (@), Y, — @)
= (Hj(z) — Hi(zn),z —yp) + (P — qn. div(vs — up)). (3.11)

Set 6 =0 —T,u=u—v,p=p—q, we have

(Hy(x) — Hi(zn),® — y),) = a(A(o) — A(on),0) + (1 — a)(B(u) — B(un), d(a)
— (&, d(u — up)) + (o — o, d(@)) + 2u(d(@), d(u — up))
=L+ -+
Let Is = (p,div(vy — up)). Now we estimate the terms Iy, - - -, Is one by one.

Using Lemma 2.2, we can estimate I; and Iy as follows

Calelo —onll +<7761),
C(1 — a)(eld(u — up) 2 + e |d(@)[2).

|11

<
I <

In light of Lemma 2.3, Is can be bounded as

Is] < oflu—unx|lolr
2-r .
< Co(f + [[ullx + fJunllx) = |d(w — un)lr|lo]r
o ENSN

< CozaId(u—w)li+C4—E(<9+HuHx+||wLHx)2 o] vr € (1,2],
5| < olld(u—un)|zs]|6]|

< Cold(u —up)lF |6

< Caleld(u —up)|r + Ct = |6 |%) Vr € [2,00).

Following the same line, we estimate I, and I5 as
L] < Ca(elo —anly + 7 [ld(@)]5.) ¥r € (1,2],

1 .
L < Calelo —anlp + 7600 + lollr + lonllr)* " [lal%) ¥r € [2,00),

1Is| < plu—wunhol@h 2 < eplu—upl?, + Cle)plal? ,.
Note Is = —(p,diva) + (p, div(w — up)), then

16| < C(llpllarllal x + eld(u — wn)[? + e~ (ullx + [lunlx)*"1BlI3,) vr € (1,2],
[Is] < C(llpllarllalx + eld(u — wp)ly + C' =" |pl|7.) Vr € [2,00).

From Lemma 2.1, the left hand side of (3.11) has a lower bound:
(H () — Hy(xn), @ — 2n) = Clalo — ol + (1= a)ld(u — un)|? + plu —unf? ).

Noting the definition of k, a careful choice of ¢ gives (3.7) and (3.8).
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By Assumption O, for v € (1, 00), we have

divw _
BrW)llpn = aqnll v < sup (div v, ph — qn)
vh€Xp [lvn]

oy UHal®) ~ Halm) ) + (ivonp -~ )
vneXr, v,y
= sup ——[a(o — on,d(vs)) + (1 — a) (B(w) — Blun), d(vs))
vro,eXy vh”l,u
+2u(d(u —up), d(vg)) + (divon, p — qn)]- (3.12)

Denote terms on the right hand side of (3.12) by Ji,---,Jy, and let v be k and s for the case 1 < r < 2 and
2 < 1 < 00, respectively.
Then for r € (1, 2], we have

’

|| < Calo — ol |vnllx

If r € [2,00)

|J1] < Ca(0 + |lolly( s + [onllyor,sy) 2 [0 = ol |vall1,s-

As to Jo, for the case r € (1,2]

1
7

ol < C(1— o) [onllie ( bt = w0+ ) + |d<uh>|><”>“’) i (3.13)
< O(1 - a)[[vnll ( ] bt = )6+ )| + |d<uh>|>”|d<uuh>|) . (3.14)
 (6-+ )]+l -2 D)7 (3.15)

< O(1 = )[onlnnld(u — wn)|, (3.16)

where we have used the following inequality:
A — )| =20 + [d(w)] + [d(n))"2 D < (0 + [d(u)| + d(up) ) DD < 1.

As tor € [2,00)

r—2
2

/2| = €1 = 0‘)/Q () [d(w — ) (60 + [d(w)| + d(un))) T (0 + |d(w)] + [d(un)]) T

r—=2
2y

< = ool — wn) ([ 0+ 1at)] + 1w
Q
< C =) |[onlls(O + [ul1y + [unli )7 |d(u—up)|? ¥r € [2,00).
J3 can be estimated by use of the inverse inequality

11
|J3| < Cruh™E= %) o, |1 elu — upl1 0.
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Trivially, we get
| Jal < onlrplIpll Lo
A combination of the above estimate for J; and Jy yields (3.9) and (3.10). O

n(n+1)
2

Corollary 3.1. If 6 = 0,0,0, € [L>(Q)]
the following p-independent estimate for w:

and u,up, € [WH(Q)]", then for the case r € (1,2] we have

-
[u—wunll12 < Clu—unli2 < C(lufi,00 + [Unli,00) 7 |d(w — up)lr. (3.17)

If r > 2, then
2—r'
lo—onlloe < Cllollee + llonll=) "o = onl.

Proof. If r € (1,2], we have
jd(w — wn) [ = C(lul1,00 + [wnl1,00)"?|ld(w — wn) | 72
Then (3.17) follows immediately. The proof for || — o || 12 is similar. O

4. ERROR BOUNDS WITH RESPECT TO STRONG NORM

Our task in this section is to exemplify the abstract error bounds in Theorem 3.2. First of all, we give some
approximation assumptions on T',, X5, and M.

Ay for o € [Wh Q)5 infrer, lo — 7|7 < ch¥|o|k.,
Ag: For u € [WrHLT(Q)]" N [W " (Q)]", infyex, |u—v]x < ch¥|u|pirr,
Asz: For p € Wk (Q) N L§ (), infeenr, lp—qlla < chk|p|k7r/.

Theorem 4.1. Let Assumptions A1, As and © hold, a € («p, Bo), a0, Bo € (0,1). Let (o, up) € Th x Vi, be
the unique solution of Problem 3.1. Then

1. If r € (1,2], we have
lo —onllr < CLh*, (4.1)
and
lw— w1, < Cpllu — upl|x < C.C1R'T, (4.2)

where
C1 = C(lo |k I £l -1, [kt [ulisr,2, Pl Ba(r) 7 Br(2)7H),
and C.. is the constant appeared in korn inequality [17]. Moreover,
| —wp 12 < Coh'F, (4.3)
where
Co = C(Ch, |u)1,00, |[Un]1,00)-

In particular, when 6 = 1, we even have ||o — o2 < C1h*.
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2. If r € [2,00), we have

o — onllz < C3h™% (4.4)
and
kr'
lu —upllir < Crllu —upl|x < C.C3h™r, (4.5)
Cy = C(lo |k, |ok2, | Fll-1,0, [kt [k 2, Pl [pl2, Ba (1) 7).
When 0 = 1, we even have
|lw—upli2 < C.Csh",
lo—oullL: < Cub™¥,
Cy = (Cs, ||lof|L=, [on] L)
3. Furthermore, if Assumptions As and A hold, then
Hp - ph”L’@' S C5C7 (S (15 2]) (46)
with
¢ =min (uzh TEMETE), pEEY),
and 05 = C(Cl, |p|k7,€/).
k!
lp —pullpe < Csh 2, 1€ [2,00), (4.7)
Cs = C(Cs, |pli,wr)-
Proof. This is a direct consequence of Theorem 3.2 and Lemma 2.3. O

Remark 4.1. When r € (1,2], the error bound (4.6) for the pressure will be deteriorated. After some careful
analysis, we find that the deterioration happens only in the following limiting cases: (1) n = 2,k = 1, (2)
n=3k=1 3)n=3k=2(r € (1, %)) If we assume p = h(* =% (=7 in these three cases, the accuracy can
be recovered. In fact, this kind of assumption on p is realistic when p is very small. Recalling that in this case
the proper Sobolev space for the pressure is L3(£2), thus we only need to derive error bounds in L3(£2). Since
the norm on L2(€) is weaker than that on L7 (Q) in the present situation, we can expect to get p-independent
error bounds, it is just the case.

Corollary 4.1. With the same assumptions as in the third case of Theorem 4.1, we have

Csh*r=b g =0, (4.8)
Csh*, 6 =1. (4.9)

Ip = pnllz:

<
lp—pullrz <
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Proof. (4.9) is a direct consequence of (4.7), but (4.8) needs a proof. We slightly modify the proof method in
Section 3. The only difference is that here we use the Assumption © with the exponent 2. We still denote the
right hand side of (3.12) by Jy,- -+, Jy, then

Ll < Cale —oulyllonllr < Cale —onl o]z,

[72| < CA = a)llonllrmld(u —un)li” < C(1 = a)ld(u — w7 [[val

|J3| < plu — wpl2|vn|e,

1,2,

and for any g € M,
|Ja] < llp — qllz2[vnli 2

Combining all these estimates and (4.1) and (4.2), we come to (4.8). By (4.8) and (4.9), we have the optimal
error bounds for the pressure in the sense of [5].

If X & [Who(Q)]" and T}, & [L‘X’(Q)]%, which would happen in some cases, we cannot obtain an
p—independent estimate for |u — wupl1,2 when r € (1,2], and for || — op|/z2 when r € [2,00). However, we
compromise to obtain error bounds for all variables in a strong norm. In fact, by virtue of Theorem 4.2, it is
seen that some p—independent estimates can be obtained in these two cases for k > 2. Together with Remark
4.1, it is seen that the only case for accuracy-losing is that the velocity is approximated by an element of a
degree lower than 2.

Theorem 4.2. Let (o, u,p), (0, un,pr) be solutions of Problem 1.1 and Problem 3.1, respectively. If Assump-
tions A1, Ao, and As hold, then

1. Ifr € (1,2] and Assumption © holds for the space X}, in the case of r € (1,2], then

l[w—wn|l1.s < C1h'F Vs € [r,2),

where

1_(—nr> ka = 1;
S = 2n
2, if k> 2,

with
C1 = C(lo | | F =105 [wlbt,s [P,y [wlig 1,2, B (1) 71 Br(2) 7).

2. Ifr € [2,00) and Assumption © holds for T, in the case of s € [2,7],s and s are the conjugate exponents
of each other, then

Lo < Coh'T s e[, 2],

lo = ol

where

s = 2n

, I_Jfrqnu if k=1,
2. ik >2,

with

Co = C(lo | o, 1F -1, [lir s [tl ks 2, [Pl B (r)7H).
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3. If Assumption A holds, and Assumption © holds for T}, in the case of r € [2,s], then

k!
Ls' SCQh 2 ,

Ip = pnl

s’ is defined as in the second case.

The Proof of (i) and (ii) is almost the same as that in [5], but the Proof of (iii) is beyond [5], we give all
details.
Proof of (iii). A direct consequence of (i) and (ii) is that ||o4|0,4 can be bounded from above by

,_SI(2T/)_{#a 1fk:]—7

2-4 0, if k> 2.

From Theorem 3.2, we have

o't Uloll v sn +llonllpreron) 2 o —onle

lp = pullLer < C(Bu(s)™H)(II]

+ (|u|1,"/(r,s) + |uh|1,’y(r,s))T|d(u - ’U/h)|3 + C]/J,|’LL - ’U/h|172).

On the other hand, from Assumption A and Theorem 4.1, for v(0) > s(0) = r > 2, we have

[unli~o) < %ig;h(lw—vhhn(m+|Uh|m<0>)

1 1 .
< Clhn('v(o) (o)) inf |uh — ’Uh|1,7n + C|U|1 ~(0)
vREX ?

1 1 .
< Crh"5o T ) inf (Ju— gy + | — valie) + Cluliq)
v, €Xp

< oGl 4o

where C depends on |u|i41.r, ||k [Pl Bn(v), v € [2,7]. We can set
(0) 1_&l> ifk = ]_’

Y0) =9 """

00, if k> 2.

Observing that s = s(r,vy) = 2_271_7, we have s = s(r,v(0)) =

’

. Thus s’ = e o=y I || pviron
T

_r
—2)r!
1 (20

can be bounded, we complete the proof. Using the definition of ~v(r’,s") =

0) (2—r’ /
8(2)_2(0)7) = 11%, the expected

assertion is actually true. O

Now we want to exemplify the abstract Assumptions A, Ao, A3, A and ©. Indeed, Assumptions Ay, A, A3, A
are standard and easily be satisfied. For example, let T'}, be discontinuous(or continuous) piecewise polynomials
of degree k — 1(k > 2), X - continuous piecewise polynomials of degree k, Mj- continuous(or discontinuous)
piecewise polynomials of degree k — 1, then Assumptions Ay, As, A3 will be satisfied. The Inverse Assumption A
for T',, X1, also holds if we assume the mesh is quasi-uniform. However, choosing X j,, M}, so that the Assumption
O holds or not is a delicate task, though there are many examples for » = 2 (see [14]). Nevertheless, there exist
by far less examples for the case r # 2 [22]. In the following, we will give some examples that can be justified
strictly.

We will quote some finite element spaces without denotations, and refer to [7] and [14] for details. Let P,
be the space of all polynomials of degree less than or equal to m, and Q,, be the space of all polynomials of
degree less than or equal to m in each variable. Let K be an arbitrary triangle of the partition C;, with vertices
a1,as and ag, the middle point of each edge denote a; ;j(oppose to ai). In addition, we denote by e; the edge
opposite to a; and by n; and 7; the unit normal and tangent to e;.
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Theorem 4.3. If X, My, are the following finite element space pair:
1. Crouzeiz-Raviart finite element space. [10]
2. Mini finite element space [14] and (P;,Po), (QF,Po) finite element space. [11]
3. Hood-Taylor finite element space (Pz — P1), (Ps — Pa). [15]
4. rectangular Hood-Taylor finite element space (Qy, Qk—1), [6]
then the Assumption © holds for r € (1,00).

Proof. We only check Case 3. Case 1 and 2 can be proved following the procedure in [5]. For Case 3, we only
deal with Py — P in 2-D, but it can be extended to 3-D and P3 — Po without any difficulty.
By virtue of [18, Lem. 2.4], we have

di _
mf sup WD) o
PrE€EMpE g, e X, vhHX”thM
where |, = ﬁprh,
(divon,pn) = (divon,py) + (divos, pp — Dp)
> Clloallx(IPrllar = [P = Prllar)-
— 3 —_ 1 — = _

Let B, = 2P, then [wlx = B3

(div@n, pr) > Cil|By o — Collpn = Bpllac[Bn (4.10)

Now let S be the set of triangles with two sides on I'; S5 be the set of triangles sharing a common edge with
triangles of S, and S; be the remaining triangles. We construct z, € X with z;, = 0 at all vertices of the
triangles, zp, - n is zero at all nodes on edges of triangles, with the exception of nodes on the common edge of
S U 83, and zy, - 7 vanishes on the boundary of 2. Define

zp-T(ag) = —le|” |Vpn - T(ai)|" ">V (aij),

zp - n(aij) —elel” Vi, - m(aij)|” ">V - nlag),

where p% means that py is defined on K € Ss, ¢ is a constant to be chosen later. We first show

Izallx < Clipn = Bulla - (4.11)

In fact, since a;;, a; is a unisolvent set of points for polynomials of degree less than 2 on K, we write 2z, in terms
of the standard Lagrangian function corresponding to those points and using the standard inverse estimate.
Then for K; € 81, we have

1 1
P P

|znll x5, < C |znlai))|| K

e| ' <OIK

! . ! _
el” IV (n = Pr)llo ok,
2(1—7r")

! _ r_
e[ el =TIV (on = B)lg ke,

1
.

< ClK

< Cllpn = Pl ok, -
For K, € S5, the estimate is the same. For K3 € S3, we have
1zl x.55 < Cllpn = Bullo o kourcss

hence (4.11) is proved.
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Furthermore, VK7 € S1, we have

. |K1| 1| r’
leZMUhZ—/K1 ZhVph =~ DDz Vpnla) = == lel” YD 1(Vpn - ) (ai)|” (4.12)

K edT i#j e¢T i#j

It is easy to check that the expression
1
S| (4.13)
e@T ij

vanishes only if pj, is a constant and hence is a norm over linear polynomials modulo constants on K;. Using
the scaling trick and (4.12), we can easily prove the following inequality

/ div zupn > Cllpn — Palli .- (4.14)
K1

In fact,

lph = Ballbr e, < CIE 50 =By < CIKID D [Vin(as)]
el i#j

< C|K|Z|e|’" Z|Vph ai)|” < C/ div zppp,.-

e¢l’ i#j

Now let Ky € S, and K3 € S3 share a common edge e3 and denote by 73 and 0> the counterclockwise unit
tangent and outward unit normal vectors to Ky along es. Therefore,

/ divzhpth/ divzhph:—/ thph—/ 2V
Ks> K3 K> K3

|K2| ’ / ’
SN UVEE T el + el VoE -l (i) el

es i#j

K3 ’ /I

S 2D LIVE Tl () e D0 Y VB 0P T R )
e¢l i#j es i#£j

> Cllpn —Dp

where we have used the Young inequality and the scaling trick. Consequently, we have

(div zn,pn) = Cllpn = Byl - (4.15)

Let 0, = vy, + Bz, then

(divon,pn) > Cil|Bpllss — Collpn — BallmlBrllns* + CaBlpn — Brllhs
> Callppllas + Csllpn — Drllas
> Csllpallis-

Noting ||&n||x < C|lpalls;t, therefore
(le 'bhaph)

llonll x

This means that the Assumption © holds for Hood-Taylor finite element space (P2 — P1) in 2-D. O

> Cllpnl|a-
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Remark 4.2. Following almost the same line, we can prove the case 4. However, a more intricate scaling trick
is involved and the tensor product of 1-D Gauss-Lobatto formula has to be used. Furthermore, the so-called
Hierarchic shape function on rectangle [24] plays a fundamental role in the treatment of an expression like (4.10).

Remark 4.3. In [19], we proposed a Macro-element based trick to check the Assumption O, which is very clear
and clean.

(1]
2]

(3]

(4]

REFERENCES

R.A. Adams, Sobolev Space. Academic Press, New York (1975).

C. Amrouche and V. Girault, Propriétés fonctionnelles d’opérateurs. Application au probléme de stokes en dimension qual-
conque. Publications du Laboratoire d’Analyse Numérique, No. 90025, Université Piere et Marie Curie, Paris, France (1990).
D.N. Arnold and F. Brezzi, Some new elements for the Reissner-Mindlin plate model, Boundary Value Problems for Partial
Differential Equations, edited by C. Baiocchi and J.L. Lions. Masson, Paris (1992) 287-292.

J. Baranger, K. Najib and D. Sandri, Numerical analysis of a three-field model for a Quasi-Newtonian flow. Comput. Methods.
Appl. Mech. Engrg. 109(1993) 281-292.

J.W. Barrett and W.B. Liu, Quasi-norm error bounds for the finite element approximation of a Non-Newtonian flow. Numer.
Math. 61 (1994) 437-456.

F. Brezzi and R.S. Falk, Stability of higher-order Hood-Taylor methods, SIAM J. Numer. Anal. 28 (1991) 581-590.

F. Brezzi and M. Fortin, Mized and Hybrid Methods. Springer-Verlags, New York (1991).

P.G. Ciarlet, The Finite Element Method for Elliptic Problem. North Holland, Amsterdam (1978).

M.J. Crochet, A.R. Davis and K. Walters, Numerical Simulations of Non-Newtonian Flow. Elsevier, Amsterdam, Rheology
Series 1 (1984).

M. Crouzeix and P. Raviart, Conforming and nonconforming finite element methods for solving the stationary stokes equations.
RAIRO Anal. Numér. 3 (1973) 33-75.

M. Fortin, Old and new finite elements for incompressible flows. Internat. J. Numer. Methods Fluids 1 (1981) 347-364.

M. Fortin, R. Guénette and R. Pierre, Numerical analysis of the modified EVSS method. Comput. Methods Appl. Mech. Engrg.
143 (1997) 79-95.

M. Fortin and R. Pierre, On the convergence of the mixed method of Crochet and Marchal for viscoelastic flows. Comput.
Methods Appl. Mech. Engrg. 73 (1989) 341-350.

V. Girault and R.A. Raviart, Finite Element Methods for Navier-Stokes Equations: Theory and Algorithms. Springer-Verlag,
Berlin-New York (1986).

P. Hood and C. Taylor, A numerical solution of the Navier-Stokes equation using the finite element technique. Comput and
Fluids 1 (1973) 73-100.

A.F.D. Loula and J.W.C. Guerreiro, Finite element analysis of nonlinear creeping flows. Comput. Methods Appl. Mech. Engrg.
79 (1990) 89-109.

J. Malek and S.J. Necas, Weak and Measure-valued Solution to Evolutionary Partial Differential Equations. Chapman & Hall
(1996).

Pingbing Ming and Zhong-ci Shi, Dual combined finite element methods for Non-Newtonian flow (I) Nonlinear Stabilized
Methods (1998 Preprint)

Pingbing Ming and Zhong-ci Shi, A technique for the analysis of B-B inequality for non-Newtonian flow (1998 Preprint).

D. Sandri, Analyse d’une formulation & trois champs du probléeme de Stokes. RAIRO Modél. Math. Math. Anal. Numér. 27
(1993) 817-841.

D. Sandri, Sur "approximation numérique des écoulements quasi-newtoniens dont la viscoélastiques suit la Loi Puissance ou
le modele de Carreau. RAIRO-Modél. Math. Anal. Numér. 27 (1993) 131-155.

D. Sandri, A posteriori estimators for mixed finite element approximation of a fluid obeying the power law. Comput. Meths.
Appl. Mech. Engrg. 166 (1998) 329-340.

C. Schwab and M. Suri, Mized h — p finite element methods for Stokes and non-Newtonian Flow. Research report No. 97-19,
Seminar fiir Angewandte Mathematik, ETH Ziirich (1997).

B. Szabé and I. Babuska, Finite Element Analysis. John & Sons, Inc. (1991).

Tianxiao Zhou, Stabilized finite element methods for a model parameter-dependent problem, in Proc. of the Second Conference
on Numerical Methods for P.D.E, edited by Longan Ying and Benyu Guo. World Scientific, Singapore (1991) 192-194.



