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ON THE DOUBLE CRITICAL-STATE MODEL FOR TYPE-II
SUPERCONDUCTIVITY IN 3D

Yohei Kashima !

Abstract. In this paper we mathematically analyse an evolution variational inequality which formu-
lates the double critical-state model for type-Il superconductivity in 3D space and propose a “nite
element method to discretize the formulation. The double critical-state model originally proposed by
Clem and Perez-Gonzalez is formulated as a model in 3D space which characterizes the nonlinear rela-
tion between the electric “eld, the e lectric current, the perpendicula r component of the electric current
to the magnetic "ux, and the parallel component of the current to the magnetic "ux in bulk type-II
superconductor. The existence of a solution to the variational inequality formulation is proved and
the representation theorem of subdi erential for a class of energy functionals including our energy is
established. The variational inequality formulation is discretized in time by a semi-implicit scheme
and in space by the edge “nite element of lowest order on a tetrahedral mesh. The fully discrete
formulation is an unconstrained optimisation problem. The subsequence convergence property of the
fully discrete solution is proved. Some numerical results computed under a rotating applied magnetic
“eld are presented.
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1. Introduction

In this paper we analyse an evolution variational inequality mathematically and propose a “nite element
method to discretize the problem. The evolution variational inequality studied in this paper is a formulation of
the double critical-state model for type-ll superconductivity proposedhs iGegnedicd’ RerdenSibnAalez [
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FIGURE 1. Geometry of the problem.

theorem of nonlinear evolution system by Brezis [10] (see also [13,26] for the proof of the well-posedness of
these formulations). In our formulation of the model (1.2), however, the current density needs to be decomposed
into parallel and perpendicular components to the magnetic flux. Accordingly, the energy functional depends
not only on the electric current but also on the magnetic flux and is not convex with respect to the unknown
magnetic field. The existence theorem by Brezis [10] does not apply in this case and the analysis for the existence
of a solution differs from that of the preceding articles [13,26]. We show the solvability by applying the Schauder
fixed point theorem coupled with the unique existence theorem for nonlinear evolution system driven by time
dependent subdifferentials (see [18,20,38]). We give the characterization theorem of subdifferential for a class
of energy functionals including the energy deriving our formulation and observe that Faraday’s law and the
nonlinear Ohm’s law can be recovered in the superconductor in the sense of almost everywhere. The space
discretization is carried out by means of the lowest order edge finite element by Nédélec [22] on a tetrahedral
mesh. In the time discretization we employ a semi-implicit time-stepping scheme so the fully discrete formulation
is an unconstrained minimisation problem. In order to handle the curl-free constraint imposed on the magnetic
field outside the superconductor, we introduce a scalar magnetic potential and propose the magnetic field-scalar
potential hybrid formulation, which is equivalent to the original formulation. This hybrid formulation was
adopted to compute the nonlinear eddy current models in [13] by following [8].

The outline of this paper is as follows. In Section 2 we recall the eddy current models and the double critical-
state model, formulate these models in evolution variational inequalities in terms of the unknown magnetic field
and prove the existence of a solution to the formulations. In Section 3 we show the representation theorem
of subdifferential operator in a general setting containing our case. In Section 4 we discretize our variational
inequality formulation and prove the subsequence convergence property of the fully discrete solution. In Section 5
we report numerical simulations under a rotating applied magnetic field.

2. THE MODELS AND THE FORMULATION

First we define the geometry. Throughout the paper the problem is analysed in a bounded simply connected
Lipschitz domain Q( R3) with a connected boundary 9. The bulk type-II superconductor Qs ( Q) is a
simply connected Lipschitz domain with a connected boundary 0 satisfying 990 0Qs = . Let Qg denote
the non-conducting region O\ Qs. Note that in this setting (g is simply connected (see Fig. 1).

2.1. Maxwell equations

The electromagnetic fields are governed by the eddy current model, a version of Maxwell’s equations with
the displacement current neglected:

B +curlE=01in Qx (0,7) (Faraday’s law), (2.1)
curlH =J in Q% (0,7) (Ampere’s law),
divB =0in Q2 x (0,T) (Gauss’ law),
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where B, E, H, J denote the magnetic "ux density, the electric “eld intensity, the magnetic “eld intensity,
and the electric current density respectively and (B denotes B/t . Note that Gausse law 2.3) follows from
Faradayes law 2.1) if the initial magnetic "ux satis“es the divergence-free condition divB|=o = 0 in .

Since the region 4 is assumed to be non-conducting, the current] vanishes in g4:

J =0in 4% (0,T). (2.4)
With the piecewise constant magnetic permeability 1 : R de“ned by
- "J‘S In Sy
H Mg in g,

for positive constants s, g > 0, we assume the constitutive equation
B=pH in x(0,T). (2.5)

We apply a time-varying external source magnetic “eld H s to the domain so that on the assumption that
the boundary is far from the conductor ¢ the magnetic “eld H satis“es the boundary condition

nxH=nxHgon x (0,T), (2.6)

where n is the unit outward normal vector to
We extend the external magnetic “eld H s into the inside of . Since H g is induced by the source current
supported outside the domain , it satis“es

cul Hg=0in x [0, T]. (2.7)
We introduce a new vector “eld H by

H:=HSH.. (2.8)
The boundary condition (2.6) yields the boundary condition for the “eld H:

nxH =0on x (0,T). (2.9)

We assume that at the beginning of the time evolution the initial valuesH ¢ of H and H ¢(0) of H s satisfy
the divergence-free condition:

div(pH o + HHs(0)) =0in . (2.10)

The condition (2.10) is satis“ed, for example,ifHy H(0) 0in ,or ps= pg andH g, Hs(0) are constant.
By combining (2.1)...2.3), (2.5), (2.7), (2.8) we derive the following system:

MiH+p Hs+cul E=0in x (0,T), (2.11)
cul H=J in x(0,T), (2.12)
div(pH + pHs)=01in  x (0, T). (2.13)

Note that (2.13) can be also derived from 2.10 and (2.11).
We solve .11)...2.13) in terms of H under the initial boundary conditions (2.10) and (2.9). In order to close
the system (2.11)...2.13) we need a relation betweerk and J , which will be de“ned in the following subsection.
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2.2. The double critical-state model

We define the critical-state ES J relation employed in this paper. Let the vector J | stand for the perpen-
dicular component of J to B and J || stand for the parallel component of J to B. We assume that if [J ||
is smaller than the critical value J¢ 1, then J | flows without resistivity, otherwise, the resistivity p, appears
due to the magnetic flux depinning with energy dissipation. If [J || is smaller than the critical value J¢j,
then J || flows without resistivity, otherwise, the resistivity p; appears due to the flux line cutting with energy
dissipation. These assumptions agree with the theory of the double critical-state model developed by Clem
and Perez-Gonzalez [12,23-25]. Moreover we assume that the resistivity pg appears if |[J | exceeds the critical
value J¢o. On these assumptions our nonlinear E S J relation is proposed as follows.

E=p1Jd L +pd | +pod, (2.14)
where the resistivity p1,p|,po 0 satisfy the relation
pJ_:()lflJ J_|<JCJ_, p”:OlflJ H|<JCH;P0:01fIJ|<J007 (215)

for the positive constants Jc, J¢|, Jco > 0.

The resistivity pg automatically vanishes if |[J | < J¢o so the term ppd does not affect the electric field E in
such region. By taking pg and J g relatively large, we consider that the term ppJ expresses the appearance of
high resistivity after the jump from the superconducting state to the normal (or non-conducting) state.

Mathematically we define the vectors J | and J || by

Ji=84J x80 =83 B8]
with

B2 + 2’
where -,- denotes R3-inner product and € > 0 is a small constant. Throughout the paper in order to define
J 1 and J || we use the vector B—defined with the small positive constant € as above so that the vector B
approximates the unit direction vector of B and the dependency of J | and J || on B has no discontinuity
at B =0.
Let us define the energy densities y. (-), v(-), 70(-) : R* R by

L1

0 if |[v] J ¢,
= D - 2.16
7 ) %(|v|QSJC2) if v] > Je | (2.16)
with positive constants p >0 (1= , ,0) and introduce the function G(-,-) : R®*x R® R by

GUEA) = 7 (B v x By (B B3 20(v)

Proposition 2.1. The relation (2.14)S(2.15) holds for the resistivity p, , p|» po defined by
J J 0 if 1J J L1
1 if 13 1l <Jei, 1 if [3 1 < J¢y, 0 i1 <de

L|B| oBI> = .
1%7|2+ ; N3, T g T e PO= h ]I e

if, and only if, the following inclusion holds.

E 0Ggt) ), (2.17)
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where g1, g||, go satisty the following properties

g :R Ry is convex,

0 ifz J ¢,

339

A28 A, g (x) A sx2+ Ay, R>o, (2.23)
where A 1, A 3 > 0 are positive constants and A 2, A 4 0 are nonnegative constants (f = , ,0). Note that

L (), i ()s 70(-) are examples of these g1 (| -|), gy(I - 1), go(l - )

We couple the critical-state constitutive relation (2.17) for this generalized energy density G(@) with the
eddy current model (2.11)S(2.13) and the initial boundary conditions (2.10), (2.9) to derive the evolution

variational inequality for the unknown field H—h Section 2.4.

2.3. Function spaces
Let us define the function spaces used in our analysis:
H(curl; Q) :={¢ L*(QR?* | curl¢ L3R},
Hl(curl; Q) :={¢ H(%R? | curl¢p H (R},
with the norms

¢ H (curl;Q2) ::( ¢ 52(Q;R3) + curlcl) EZ(Q§R3))1/2’

(b H 1 (curl;Q) ::( (]5 al(Q;R3) + curlqb al(Q;Rz))UQ

Let us next define the trace spaces. For all ¢  H'(Q;RY) (N = 1,3) ¢| o HY?(09;RY), where

HY2(0Q; RV ) is a Sobolev space with the norm

1 11 < Ld
¢ quz( gre) = D Lo qrvy T Mdfl(x)d/l(}’)
’ ’ Q xSyl
Let H=Y2(0Q; RN ) denote the dual space of HY2(9Q; RN ) with the norm
(]5 H-Y2( ;RN) = sup M,
7 PeHV2( QRY) Y quz( Ry
where -,- is the inner product of the duality between H“Q(@Q; RV) and H*”Q(GQ;RN ).

For all ¢

H(curl; ), the trace nx ¢ on 91 is well-defined in H-Y 2(09Q;R3), where n is the unit outward normal to 9,

in the sense that
nXx ¢, = curlg, v L2(0:R?) S ¢, curly L2(Q:R3)
for allyp  H'(;R3).
Define the subspace V(Q2) of H(curl; Q) by

V(Q):={¢ H(curl;Q)| curl¢p =0in Qq, nx ¢ =0 on 9Q}.

Define the Hilbert space B(Q2) by B(Q) := V() H*'(curl; Q) with the norm ¢ B(Q) = @ Hi(curL) and

the dual space (B(£2))* of B(Q2) with the norm

_ | &, |
¢ B@)-= sup ———,
PeB (Q) Y B
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where - ,- s the inner product of the duality between B() and ( B())
The subspaceX (W () of H (curl ;) consisting of divergence-free functions for the magnetic permeability
is de“ned by
XW()y:= {  H(url;) | div(u )=0in D () },
where D () denotes the space of Schwartz distributions.
De“ne the Hilbert space Y (W) () by
YW= {  x®() |nx L?( ; R%},

1/2
with the norm yan( = Bty TN B g

Let us state two lemmas which will be used in this section and Section 4. Lemma.3 requires our assumption
on and .

Lemma 2.3 (see R1], Thm. 4.7, Cor. 4.8). The spaceY (W) () is compactly imbedded inL?(; RS®). Moreover,
there exists a constantC > 0 such that for all Y ()

2 Ry Cloeurl iz pey + NX 2 Ry
Lemma 2.4. For positive constantsC;, C, > 0 a set de“ned by
[0,T] L% R®) L Ty () Ci, t vrzoTLe Ry Co
is relatively compact in C([0, T];L?(; R®)).
Proof. By the compactness property ofY (W) () this is an immediate consequence of B6], Corollary 4.

2.4. Variational inequality formulation of the magnetic “eld H

By coupling Faradayes law 2.11) and Amperess law @.12) with the subdi erential formulation ( 2.17) we
can derive the following evolution variational inequality (see [L3,26,27] for the derivation of similar variational
inequalities):

HoHX )+ (Hs(x,1), (x)SH(x,t) dx

+ G(B(x,t),curl  (x))dx S G(B(x,t),curl H(x,t))dx O, (2.24)
for any function R® with curl = 0in gandnx = 0on . If we take : x[0,T] RS
satisfyingcurl = 0in ¢x[0,T]Jandnx = 0on x [0,T]in (2.24), we can eliminate {H by integrating
over [0, T] by parts as follows:

~ ~ T T ~

HH(T), (T)dxS pH(@)), (0)dxS HH,  dxdt+ B tHs, SH dxdt
0 0

T 1 i 1
+ G(B,curl )dxdt+ 5 H[H (0)[?dx G(B,curl H)dx dt + 5 g[H (T)|?dx, (2.25)

0 s 0 s

where we have used the equality
T 1 b =1 )
H (H,H dxdt= MH (T)[7dx S pIH (0)]|“dx.

o 2 2
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Now we propose our mathematical formulations of the problem. Let us assume that the initial value I-IF—(yland
the external source magnetic field H g satisfy the regularity

Hol V(Q) Hl(curl;Q), Hs CY[0,T]; H(curl; Q)), (2.26)

the divergence-free condition
Holt Hs(0)  X®(9), (2.27)

and H s satisfies the curl-free condition (2.7). Note that the regularity of Holand Hs in space is required
especially to define the interpolation operator of the finite element space on these vector field later in Section 4
and is not essentially needed in the argument in this section and Section 3. The inequality (2.24) is formulated
mathematically as follows.

(P1) Find = H'(0,T; L2(%; R?)) such that H@)  V(Q) forall ¢ [0,77,

|
1 atl-l@(,t) + Hs(x,t), p(x) S I-l@(,t) dx
L (|
+ GG 1), curl p(x)dx S G(B, 1), curl Hk, t))dx 0 (2.28)
Qs Qs
holds for a.e. t (0,T), for all ¢  V(Q) and H-_y = Higl where B Lo°(0,T; L°(Q; R?)) is defined by

B 1) = !—‘f(x)@% H+pxHs(xt)
(x)H-, 1) + p(x)H s(x, )] + 2

The mathematical formulation of the inequality (2.25) is stated as follows.
(P1%) Find B L2(0,T; H(curl; Q)) with aH L2(0, T; (B(Q))*) and H  L2(; R?) such that H@)
V(Q) for ae. t  (0,7),

] [
1] I-@ ) dx S u Holx), ¢ ) dx S n Hk 1), B p(x,t) dxdt
S |:| 4 =
+ 1 BH s(x,1), p(x,t) S Hk, t) dxdt + G(BE, ), curl ¢(x, t))dx dt + S plHolx)Pdx
3 o 0" !
G(BE, t), curl itk t))dx dt + % ,u||-@ )2 dx
0

(2.29)

holds for all ¢  C1([0,T]; L*(Q;R?)) L2(0,T; H(curl;Q)) with ¢(t) V(Q) forallt [0,77], and the equality
5 -

1]
atl-ll——é( t), ) dxdt = I-@(x) W(x,T) dx S Holx), 9 (x,0) dx
=R N
S @ct ), Op(x,t) dx dt (2.30)

0

0

holds for all p  C([0,T]; B(Q2)).



342 Y. KASHIMA
A combination of the unique solvability theorem of nonlinear evolution system by [L8,20,38] with the Schauder
“xed point theorem shows the existence of a solution to P1).

Theorem 2.5. There exists a solutionH to (P1) which satis‘es that H : [0,T]  L?(; R3) is absolutely
continuous andH (t) + Hs(t) X® () forall t [0, T]. Moreover, the following energy inequality holds:

t2 t2

1
5 i H [2dx dt + G(B(t2), curl H (t2))dx 5 | Hs|%dx dt + G(B(t1), curl H (t1))dx
ty

S t S
' (2.31)
for any tq,ts [0, T] with tq to.

Proof. Let L3(; R®) denote the Hilbert spaceL?(; R®) equipped with the inner product -, - (. gsy. For
allu C(0,T];L%(; R®), letusdene B, L (0,T;L (; R®) by

HO)U(x, 1) + Hx)H s(x, 1)

Bux.1) = [MOOU(X, 1) + p(X)H s(x, )2 + 2

and the functional E{, : L3(; R®) R { +} by

G(By(t),curl )dx if V() ,

+ otherwise.

Eu( )= .

Then we see that the functional E|, is convex, lower semi-continuous, and not identically + in Lﬁ(; R3) for
allt [0,T]. Also note that (Hs L?Q,T;Li(; R®) and the e ective domain D(E}) of E de‘ned by
D(EY) = { Lﬁ(; R | EY( ) < +} does not depend on time variable. These properties are su cient
to apply the unique existence theorem of evolution equation with time dependent subdierential operator
summarized in [L8], Theorem 2.1, which is basd on the preceding results by £0,38] to ensure that there exists
aunigueH, H0,T;L?(; R%)suchthat H,(t) V()foral t [0,T],Hu(-):[0,T] Li(; R%is
absolutely continuous,

diHy )+ (Hs(t) S EL(Hu(t)ae t (0,T),

2.32
H U(O) =H 0 ( )
and the energy inequality
1 " 1"
9 Ul Hyl?dxdt + Ef2(H i (t2)) 2 U] tHs)?dx dt + EL(H 4 (t1)) (2.33)
'[1 tl
holds for anyt;,t; [0, T] with t;  ts.
The inclusion (2.32) leads to the inequality
HoeHu(+ (Hs(), SHu(t) dx+Ej( )SE(Hu(t) O (2.34)
fora.e.t (0,T)andall V(). Let us substitute = f+H @) (f D())into( 2.34). By the absolutely

continuity of pH y(t)+ pHs(t) 1[0, T]  L?(; R®) and the assumption (2.27) we can integrate (2.34) over (O, t)
by parts to obtain

MHy@)+ Hg(t), f dx=0, (2.35)
forallf D()andall t [O,T].
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Below we list a couple of estimates from [17,21] which will be needed in our analysis.

Lemma 4.3 ([17], Chap. III, Thm. 5.4, [21], Thm. 5.41). There is a constant C > 0 such that for any ¢
H!(curl; Q)
¢S Th (¢) H (curl;Q) Ch ¢ H1(curl;Q)-

By following the proof of [21], Lemma 5.52, we see that the following estimate holds.
Lemma 4.4 ([21], Lem. 5.52). There is a constant C > 0 such that for any ¢ H'(curl; Q)

dS (@) L2( arey ChY? & wieurto)-

The assumption (4.1) is required to show the following lemma, which enables us to approximate a function ¢ :
[0,7] V(9) by a sequence of smooth functions.

Lemma 4.5. (1) For any ¢ L?(0,T; H(curl;Q)) with ¢(t) V(Q) for a.e. t (0,T) there exists a sequence
{32, L20,T;WPA(Q;R?)) forallp N {0} and1 q + with ¢(t) V(Q) C&(QR3) for
a.e. t (0,T) such that asl +

o) ¢ strongly in L*(0,T; H(curl; Q)).
[

(2) For any ¢  C([0,T); L2(;R®))  L2(0,T; H(curl; Q) with ¢(t) V() for allt [0,T) there exists a
sequence { @},  CH[0,T); WPA(4R3)) forallp N {0} andl q + withe(t) V(Q) C&(QR?)
for allt [0,T] such that asl +

¢, ¢ strongly in L*(0,T; H(curl; Q)),
Oy Ok strongly in L*(0,T; L* (4 RY)),
o (1)  @(t) strongly in L*(1;R?), ¢ [0,T).

Proof. The proof is essentially same as that of [13], Lemma 3.4. We give the proof for (1) for completeness.
The statement (2) can be proved in the same way.

Take any ¢  L*(0,T; H(curl; Q)) with ¢(¢t) V() and fixa.e. t (0,7). Since nx ¢(t) =
define ¢(t) H(curl;R®) by ¢(t) := ¢(t) in Q, ¢(t) := 0 in R\Q. For § (0,1), define ¢ (¢
by ¢ (x,t) := 0¢((xS yo)/0 + yo,t), where yo Qs is the point in the assumption (4.1).

We show that supp(¢ (t)) €. Assume supp(¢ (¢)) = . For all X  supp(¢ (t)) there exists a sequence
{xn}22, R3suchthatx, %asn + and¢ (xn,t) = 0. By the definition of ¢ (£), (xn Sy0o)/0+yo
forallm N.Byn 4 weobtain (XS yo)/0+yo Q. By the assumption (4.1) we see that

L1

+y0Syo +yo O

0 on 0f), we can
) H(curl;R?)

XS yo
0

x=10

Thus, supp(¢ (t)) Q. The inclusion supp(curl ¢ (t)) Qs is similarly proved by using (4.1). Therefore, we
have ¢ (t)la  V(Q).

We can choose £ = () > 0 sufficiently small so that p @ ()]l V() C°(QR3), where p C5°(Q) is
a mollifier. By the standard properties of mollifier we see that p ¢ (t)|o ¢ strongly in L2(0,T’; H (curl; )
as® 1,e(0) 0. Moreover, for any multi-index @« (N { 0})3

0 N .
aT(p ¢ )(Xat)l C(Eaa) ¢ (t) L2(;R3) — C(E,Oé)95/2 ¢(t) L2(2R3)

which shows that p o lo  L20,T;WPA(Q;R3)) forallp N { 0}and1l ¢ +
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Take N N andset t:= T/N. By using the function | in Lemma 4.5 (2), we de“ne a piecewise linear in
time function ,, :[0,T] Vh() and a piecewise constant in time function |, :[0,T]  Vh() by

té(”étl) Yl n )+ " ttétrh( (31 H)in(nd1) tn t], (n=1,...,N), (4.8)

ne=  mCi(n 1) in(nS1) tn t], (n=1,...,N),
M=) on{t=0}.

n (1)

(4.9)

From now let denote a subset of (0, hg] which has the only accumulation point O.

Lemma 4.6. For the function | in Lemma 4.5(2) and the functions |, and ,, de“ned in (4.8), (4.9), the
following convergence properties hold ak 0, h and t O

Ih | strongly in C([0, TI;L (; R%)),
curl ,, curl | strongly in C([0,T];L (; R%)),
t 1h ¢ | stronglyinL (0, T;L (; R®),
Ih stronglyin L (0, T;L (; R%),
cul ,,, curl | stronglyinL (0,T;L (; R%).

Proof. By a similar argument as in [17], Chapter IIl, Theorem 5.4, [21], Theorem 5.41, we can prove that there
exists a constantC > 0 depending only on the constant in @.3) such that for any C?(; R®)

érh( ) L (; R?) Ch L (; RY)> curl S curl rh( ) L (; R?) Ch curl L (; R9)-
The desired convergence properties are provely using these estimates and the property of .

Let us derive the inverse inequality for the edge “nite element of lowest order on a tetrahedral mesh. The
proof uses the regular condition 4.3).

Lemma 4.7. There is a constantC > 0 depending only on the constant in(4.3) such that

C

lcurl Pdx 5 | nl%dx
K K K
forall ,, Un() ,K h and h
Proof. Step 1: First we derive an inequality of the form
curl [2dx C | JPdx

K K
for any edge “nite element function on the reference elemenK . Let ; (i =1,...,6) be the basis functions
on K associated with the edges; (i = 1,...,6) respectively, wheree; is from vy to vz, € is from vy to vs,

e3 is from vy to vy, €4 is from v, to vs, €5 is from v, to vy, and e; is from vs to v, for the vertexesvy; = (0,0, 0),
Vo = (1,0,0), V3 = (0,1,0), V4 = (0,0,1)
Let A,B be 6x 6 symmetric matrices de“ned by

A=(curl geurl o apey)iij 6 B=( 0 Leirey)t i 6
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We show the inequality (4.14). Note that for B() rn( ) Wh() (see[21, Rem. 5.42, Lem. 5.44). For
any B()

curl Ph( ) Lz re) curl Pa( )Scurl rn( ) Lz crey+ curl rh( ) L2(: ro)

1/2

C .
> IPn( ) Srn( )Pdx + curl th( ) L2 R
K K

K h,K s
C -
h Ph( )Srh( ) L2( ;R3) + curl rh( ) L2(; R?)
C .
h rh( )S L2(; R3)+ curl rh( ) L2(; R?)
C  hHi:) *Ch iy + curl 2 gy
C B() »

where we have used Lemma.7, (4.3), (4.4), the inequality Pn( )S 2. rey  n( )S L2 re), Which
is ensured by the de“nition of P,,, and Lemma 4.3.

4.2. Compactness property

We prepare a compactness property on which the proof of the strong convergence property of our fully
discrete solution is based. By the assumptions ornt, , and the conditions ( 4.3) and (4.5 on , we can
apply the following discrete compactness result proved in41], Chapter 7. In particular, the quasi-uniform
property (4.5) of , on is required only to apply this lemma.

Lemma 4.9 ([21], Chap. 7). Let{ ,}n satisfy , X" () forall h . The following statements hold.
(1) If there is a constant C > 0 such that | 4 cun ;) C for all h , there exist a subsequence
{ vtz { nln and X () suchthat asn +

h strongly in L?(; R®), . weakly inH (curl ; ) .
(2) There is a constantC > 0 such that for any h ,
h L2(; R®) C( curl h L2(; R3) + NnXx h L2( ; R3))-

We need to couple the discrete compactness property Lemmé.9 with certain compactness theorem for time
dependent function spaces in order to extract a strong converging sequence from our discrete solutions. To
answer this purpose we apply the compactness theoren32], Theorem 4.1. Let us rewrite the statement of B2,
Theorem 4.1, to be suitable for our problem as follows.

Proposition 4.10 ([32], Thm. 4.1). Let B; and B, be separable Banach spaces satisfying thBY is continuously
imbedded inB,. Let L and B denote the -algebras of the Lebesgue measurable subset§@fT) and that of
the Borel subsets oB1, respectively, andL x B denote the product -algebra in (0,T) x B;. Letp [1, ).
Let U be a subset of_P(0, T;B;) satisfying the following conditions.
(1) There exists a functionF : (0,T)x B; R o { +} satisfying that

(i) F isL x B-measurable on(0,T) x By;

(i) v F (t,v) is lower semi-continuous onB; fora.e. t (0,T);

(i) {v Bi|F(tv) } is compact for all 0,ae. t (0,T);

and
T

sup F(tu(t)dt< + ;
u U o



ON THE DOUBLE CRITICAL-STATE MODEL FOR TYPE-II SUPERCONDUCTIVITY IN 3D 357

@) ,
TS .
lim sup u(t+ )Su(t) g,dt =0;
Ou u o

@)

lim su u(t) B dt=0.
5o ey e B1

Then, U is relatively compact in LP(0, T;B1).

A practical application of Proposition 4.10to our problem is stated as follows.

Proposition 4.11. Let {Hn}n L (0, T;L2%(; R®) satisfy that Hp(t) Xr(]“)() for a.e. t (0,T)
and all h , {Hp}n is bounded inL (0, T;L?(; R®), {curlH h}n is bounded inL?(0,T;L?(; R®)),
{nx Hp}n is bounded inL?(0,T;L%( ; R®)) and
TS .
h o

Then, {Hh}n is relatively compact in LP(0,T;L?(; R®)) forall p [1, ).

Proof. First we construct a separable Banach space in which_?(; R®) is continuously imbedded. Since
dmB()=+ , we can take an orthonormal system{ ;},.; B(), ie. ;g =1land
(i=j)foralli,j N. Letus de‘ne the Hilbert spaceK( B())by K :={ ., i | ol il :

i R} equipped with the inner product of B(). Let K denote the dual space oK . SinceK is separable K
is separable. Moreover, we see that?(; R?®) is continuously imbedded inK . We considerL?(; R®) and K
asB; and B; in Proposition 4.10respectively. Since B()) is continuously imbedded inK , the condition (2)
of Proposition 4.10is satis“ed for B, = K by the assumption (4.15).

Step 1: We check the condition (1) of Proposition 4.10. De“ne a set A by

A= XMoo YW .
h

De'ne F : (0,T)x L%(; R®) R o {+} by

F(tv) = curlv 2, o+ nxv 2o dfv A
- " otherwise.
We show that for all O and a.e.t (0,T) the set
{ LG RY)IFM ) Y=L Al cul  Pogey+ nx o gy }) (4.16)

is compact inL2(; R®). Assume that a sequence ,},-; A satis‘es
cul ) B gyt X Pop g (4.17)
foralln N. Since |, XM (yor  Y®W() we can de‘ne a map n n by

_ hy it xP0O,
0o if , Y®W() .
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If lim infy 400 n € > 0, then for a small ¢ (0,C') there is M N such that

—1
0 X (@)
heAh>C—
for alln M. By the discrete Friedrichs inequality Lemma 4.9(2) and (4.17) we see that {¢,}52; is bounded
in H(curl; Q). Since Xheanpe—, dim Xr(]“)(Q) < + , by choosing a subsequence we have ¢, ¢ strongly
in L?(Q;R3) with some ¢ heAh>C Xrg“)(Q) A.

If lim infy_ 40 7n = 0, then by noting the discrete compactness property Lemma 4.9(1) and the compactness
property Lemma 2.3, we can choose a subsequence ¢, so that ¢, ¢ strongly in L?(Q;R?) with some ¢
Yy A

The limit ¢ satisfies the inequality (4.17). Therefore, the set (4.16) is compact.

Note that for all A R

{(t,v) (0, T)x L*(Q;R®) |F(t,v) A} =(0,T)x{v A| curlv EZ(Q;R3) + nxv Ez( ary) A (4.18)
We have seen that the set
{v. A| curlv E2(Q;R3) + nxv EZ( Q:R3) A

is compact, especially a Borel set of L?(2; R?). Thus by (4.18) we see that F is L x B-measurable on (0,7 x
L2(:R?).

The lower semi-continuity of ¢ F (£, ¢) in L?(Q;R?) can be confirmed in the same way as above.

By assumption we see that {Hn (t)}hea A for a.e. ¢ (0,7) and

=

sup F(t,Hn(t))dt < +
heA o

Step 2: We need to check the condition (3) of Proposition 4.10 to complete the proof. For any measurable
set J (0,7), ]

5 Hh(t) EZ(Q;R3)dt | JI Hy E“’(O,T;LZ(Q;R?’)) Cpljlﬂ

where Cp > 0 is a constant independent of h, J, depending on p. This inequality implies that the condition (3)
is satisfied.

Remark 4.12. As the proof shows, the same result still holds if the (B(§2))*-norm of the condition (4.15) is
replaced by that of any separable Banach space in which L?(2; R?) is continuously imbedded.

4.3. Fully discrete problems

Let us propose the fully discrete formulations of our problems (P1) and (P2), establish the stability bounds
for the discrete solutions and show the subsequence convergence property of these solutions.

For N N, we define the time step size At by At := T/N. By the assumption (2.26), the inter-
polant ry(H s(t)) are well-defined for all ¢  [0,7] (see, e.g. [21], Lem. 5.38). Let us define the piecewise

linear in time function Hsh At : [0,7]  Un(€) and the piecewise constant in time functions H sp, at,Hgp At
[Oa T] Un (Q) by

tS (nS 1)At nAtSt
H—TL At(t) 7( At ) s,h,n +7At

— H i S 1)At, nAt],
Hsn at(t) : Y ::'”O in ((n S 1)At, nAl]

Hshn 1 in [(n S 1)At, nAt],

1 .
Hshn -1 in[(nS 1)At,nAt),

on {t = 0}, Hon aclt) := Hsnn on {t =T},
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where H shn = rh (H s(nAt)) forn = 0,..., N. We can show the following properties in the same way as in [13],
Lemma 4.1.

Lemma 4.13. The following estimate holds:

O Hsh At LzoTiLz@re))  Ch OHs L2001 H1(Rr3) +C OHs L2007 L2(2R3), (4.19)

where the constant C > 0 is independent of h and At, depending only on the constant in Lemma 4.3. Moreover,
the following convergence properties hold as h 0 and At  0:

I-IJ_T,L, At Hs strongly in C([0,T]; LQ(Q; R?’)); (

Hsn at  Hs strongly in L>(0,T; L*(Q; R?)); (

Honae  Hs strongly in L(0,T; L*(Q; R?)); (4.22
OHsh At OH s strongly in L>(0,T; L*(; R?)). (

In order to propose our fully discrete formulations, we additionally assume that the interpolations I’QO =
rn(Hgd and H sp, o := rn (H s(0)) satisfy the discrete divergence-free condition

Hdo + Hsno XM (9), (4.24)

which is the discrete analogue of the assumption (2.27). Note that the condition (4.24) holds, for example, if

Ho! H s(0) 0, or pu, Holand H s(0) are constant over {.
Let us define the functional Fyn (n =1,...,N) on the finite element space Un(§2) by

1] [ 1]

1 . .
Qul¢h|2dx+— i S Hrh i +Hshn SHsnn -1, ¢ dx+  G(Bnlh 1, curl ¢p)dx,

Fan (¢y) :=
o (n) 5 .

2At

I I
where m —1=Bhn-1/ |Bhn-1>+e2(e>0)and Bpn_1 = u(l-ll—TT'n 1+ Hshn-1)
We discretize the problem (P1) in time and in space by the curl-conforming element to obtain the following
unconstrained minimisation problem.
(P1p, a¢) On the assumption (4.24), forn =1 N, find Hy V4 (Q) such that

Fhn ("IQH )=, min  Fhn ().

by EVH ()

Note that at each time step we take m _1 from the previous time step so that the problem (P1lp at) is a
convex optimisation problem.

Proposition 4.14. There exists a unique minimizer Hh V() of (Plh at). Moreover, the discrete
divergence-free condition

Hoch +Hsnn XM () (4.25)
holds. The minimizer satisfies the following discrete variational inequality. For all ¢, Vi ()
1
1% (H‘TTIn S H‘Tﬂ‘,ln ~1+Hshn SH s,h,n 71)/At; o S I'14‘—11‘,|n dx
@ (- (-
+ G(Bh 1, curl ¢y, )dx S G(Bh 1, curl Hyh )dx 0. (4.26)

Qs Qs
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Proof. We check that Fhn : Vh(€2) R is coercive. By the property of g. (| -|), gy (I - 1), go(l - 1),

in } 1 { } [
ming Us, ~ maxy [is, < ~
Fho (@) gt gy lPdx S T[Sk Hnn S Hnn illgyldx
A e tooa
+ A01 | curl ¢h |2dX S (AL2 + AHQ + A02)|95|7

Qs

which implies that F,, is coercive on Vi () with respect to the H (curl; ©Q)-norm. Since Fp is strictly convex,
the minimizer uniquely exists.

To derive (4.26) is standard. By noting the fact that Zon (2) Vi (Q), using the assumption of induction
that Hrh 1 4+Hspn —1 Xrg“)(ﬂ) and (4.24) and substituting ¢, = fo +Hh (fh Zon (Q)) into (4.26) we
can deduce the condition (4.25).

We define the piecewise linear in time functions I-@,At, IJl—T,lAt, and the piecewise constant in time func-

tions @At, EAta EA'{ by

Helac (1) = Mm ”Ats’fm_l in [(n$ )AL nAd,

Hegla () = mH S(nAt) + S "o ((n & DAY in (n § 1)At, nAd,

— At At
= _ L i (eS 1AL RAY, r@,n ~1 in [(n S 1)At,nAt),
Hlac () = I:II_IQO on [t — 0} Hed o (1) Hin on {t =T},

B (1) — Brh_1  in [(nS 1AL nAt),
oA Brk  on{t =T},
forn=1,..., N, where I-l'l—_h—,ln is the minimizer of (P1p, at).
By definition we see that F@At (), Hidag (t),EAt Vh(Q2) for all ¢ [0,7] and the discrete divergence-

free condition holds in the sense that F@At (t) + Hsh A I-ll—Tq—lAt )+ Hsn at( I-ll——ﬁlm ) +Hn at(t)
xM(Q) for all £ [0,7] by (4.25).

Proposition 4.15. Take any 7 (0,1). The following bounds hold. For all h A, At (0,7]

= C 1oy max{ua, s}
Horlae o w2 = )m(hQ OH s P21 mi(eurt) + dHs T2012(mr3))
+h2 I-I{__U_Ial(curl;ﬂ) + I-QEZ(Q;F@))’ (427)
- DG(E*E' THnlad)dx dt O max{ g, pis} I1:I rorio )
5 ,cur - xdt maxi [d, + = -
0 Q A A Ha» s (1S 7) min{ ug, p1s}

(h* &Hs P21 m1(eurra) T OHs P21 20me) + 17 Hi! 7 H1(curl;) T "I"_CF|E2(Q;R3))7 (4.28)
where C' > 0 is a positive constant independent of h, At, p.

Proof. Substituting ¢, = 0 into (4.26) and noting an equality pSq,p = |pS q|?/2+ (Ip|?>S|ql?)/2, we have
1 1 1
mr@n Pdx S o plHnh 1)dx
@ (-

1
u|(H shn S Hsnn —1)/At2dx + 5 p|Heh [2dx. (4.29)
Q

At
5 r@n $ Hinh 1)/AtPdx + 5

2
+ m _1,curl I-ll—TTln

Qs

At At

l\D|>—‘

Q
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Multiplying ( 4.29 by 2 t and summing overn=1 m( N), we have

tm m
UIH hm |?dx Ul tHsn t?dxdt+  p|Hpo|%dx + t  uHp, 2dx. (4.30)
0 n=0

By the bound (4.19, Lemma 4.3 and applying the discrete Gronwalles inequality (see,e.g. [37], Lem. 10.5)
to (4.30) we obtain (4.27).
On the other hand, by multiplying ( 4.29 by 2 t and summing overn =1 N, we see that

T T T
G(By, .curl Hp ()dxdt Ul (Hsn ¢?dxdt+  p|Hpol?dx + U|Hp, ¢[2dx dt.
0

0 s 0
(4.31)
Combining (4.31) with (4.27) we obtain (4.28).

We can also establish a bound for (H 1, ;. For this purpose, we have prepared the properties of the projection
Prn:L%(; R®)  Wh()inLemma 4.8

Proposition 4.16. There is a constantC > 0 independent ofh, t such that
tHn ¢ L2078() ) ©C.
Proof. The optimisation problem (P1y ) leads to the following weak form. For all |, Vx()

p—(H h,n S Hh,nél)/ t, g L2(; R9) + H(H s,h,n S Hs,h,n él)/ t, g L2(; R?)

g (IBhnsix curl Hpn x Bhnsal)

+ Bhngixcurl Hpn X Bhng1,Bang1x curl |, X Bhngi dx

s IBnngixcurl Hppn X Brpsil

g (| Bhngi,curl Hpn Bhnsil)
Bhnss,curl Hhn Bhnsi, Banss,curl  Bhnsa dx
s | Bnng1,curl Hhn Brnsil
curl H

+ %l D) cun | hn.curl 4 dx =0. (4.32)

s Jeurl Hpn|
Take any B(). By using ( 4.32, the properties of the energy densities 4.2) and the L?2-projection

Pn(:) (4.13), (4.14 we see that

| W(H hn S Hhns1) L2(; R3)| = | W(Hnn S Hhns1)/ tPn( ) L2(; R3)|
max{ s, Ha} (Hshn SHshns1)! t 12 re) Pa( ) L2(: R
+(A 5+ A5+ Ags) curl Hppn 2. rey curl Ph( ) L2(; r)
max{Ms, Ha} (Hshn SHsnns1)/ t 12¢c r)  L2(: R
+C(A s+ A5+ Ags) curl Hpn (2¢. Ry B() - (4.33)
The inequality (4.33) implies that

(Hhn SHhns1) t () C( (Hshn SHshns1) tiz¢ rey+ curl Hpn L2(: r)).
Moreover,

T T T
tHn, t (ZB()) d C tHsn, t EZ(; Rs)dt+ . curl Hp, Ez(; Rs)dt C,
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where we have used the bounds (4.19), (4.28) coupled with the property of the energy densities (2.23).

In order to show the convergence of our discrete solutions we assume that At depends on h and satisfies that

ﬁggAt(h) <1, ) lcl)rhneAAt( )= 0. (4.34)

By applying Proposition 4.11 for p 2 we observe the following convergence properties.

Proposition 4.17. For any p [2, ) there are a subsequence {hn}2>, A and = L2(0,T; H(curl; Q))
L>(0,T; L2(Q; R?)) with o L2(0,T; (B(Q2))*) and W)  V(Q) a.e. t  (0,T) such that

I-En At(hn) H—trongly in LP(0,T; L*(Q; R%)), (4.35)

M ey — Hdeak — in L(0, T; L2(94 R?)), (4.36)
curll-@n At(hy)— curl H—eakly in L?(0,T; L?(Q; R%)), (4.37)
MR ac(n,)— A eakly in L2(0,T: (B(Q)"), (4.38)
@1 At(hn) H—3trongly in LP(0,T; L*(Q; R%)), (4.39)
Hd Ay — Heak —in L0, T; L2(9; R?)), (4.40)
curl_l-EQ1 At(hy)— curl H—eakly in L?(0,T; L?(Q;R%)), (4.41)
E At(hn) H—trongly in LP(0,T; L*(Q; R?)), ( )
Hed avney— Hveak —in L°(0, T; L2 (; R?)), (4.43)
curlﬂ At(hy)— curl H—eakly in L?(0,T; L?(Q;R%)), (4.44)
EAt(hn) ﬂtmngly in L*(0,T; L*(; R?)), ( )

—1
asn  + ,where@:(,ul—CI—,uHs)/ |H—L H o2 + £2.

Proof. We check that {I@At(h) + IJI_TL At(h)}hea satisfies the conditions of Proposition 4.11. We set =
F@At(h) + IJI_TL At(h)- By the bounds proved in Propositions 4.15 and 4.16 we see that {Qh@\ is bounded
in L>(0,T; L2(Q; R?)), {curl EJpcn is bounded in L2(0, T; L2(Q; R?)), and Erft) Xrg“)(ﬂ) for allt [0,7].
We see by Lemma 4.4 and the continuous imbedding H™*(€; R3) L2 (09Q; R?) that
nx Edt) 120 grey nx (Hh acm (1) S Hisdarm) () Lz¢ arey + nx Hegdaemny(t) L2¢ arey
ChY? Hegdarn)(t) magarey + Hsarm)(t) L2 are)
C(hll 2 + 1) Hsg Lo (0,T ;H 1(Q;R3))- (4.46)

The inequality (4.46) ensures that {n x Edhena is bounded in L2(0,T; L*(0%%; R?)). Moreover, we deduce by
using the bound obtained in Proposition 4.16 that

5 L4 L
Endt +06) S Enft) (5 (q)-dt . t aEAT) @ ()-drdt
- b @'
5t aEdr) % () e Cs'?,

0 t
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where C' > 0 is independent of h,d. This inequality shows that (4.15) is satisfied.
Thus by Proposition 4.11 we see by extracting a subsequence that

F@n At(hy) +Hsh, ath,)  w strongly in LP(0,T; L2(Q; R?’))

as n +  for some w  LP(0,7;L*(f;R?)). By setting H-J= w S Hg and the convergence (4.20), we
obtain the convergence (4.35). The weak(*) convergences (4.36)—(4.38) are consequences of the bounds proved
in Propositions 4.15 and 4.16. o

In order to show the strong convergence (4.39), we apply Proposition 4.11 to the sequence {I-Qm(h) +

Hsh, at(h)}hea. In particular, we need to prove that

=
lim su En(t+0)SEn(t .dt =0, 4.47
msup h(t+36)S En(t) @) (4.47)

where we have set T, = I'II—TTIAt(h) + Ws,h, At(h)- The other conditions required in Proposition 4.11 can be

confirmed in the same way as we checked for {iﬂ;]lhe A above.

If § < At(h),

= L Ny -
En(t+0)SEn(t) @)-dt = En(t+0)SEn(t) (8 (q)-dt

0 i1 iAt—

] :

Nprely B N B B
= En((i 4+ 1)At) S En (iAL) (g (0))-dt =0 At (En((i + 1)At) S En(iAt)) /At g ()
i=1 [At— i=1

5 A& @@)-dt O, (4.48)
0

where C' > 0 is a constant independent ofvh7 0.
Assume 6  At(h) and fix ¢  (0,7S ¢]. Then there are I,m { 1,...,N} with [ < m such that ¢

(IS DALIAL, t+6  ((mS 1)At, mAL:

L ac
En(t+0)SEn(t) @y = » aErlt)dt (g ()
a= @
(At(mé l))1/2 8{-@15 (B (Q)) (25)1/2 8tJ£F|L2(O’T;(B (Q2)*)» (449)

I At

where we have used the inequality At(m S1) t+35+AtSt 26. By (4.49) we have
[

0

Eh (t + (5) S Eh (t) (B (Q))*dt 051/ 2, (450)

where C' > 0 is independent of h,d. The inequalities (4.48) and (4.50) yield (4.47).
Therefore, Proposition 4.11 shows that there exists H ~ LP(0,7; L?(€;R®)) such that asn  + |

ﬁ At(h,) H strongly in LP(0,T; L*(9; R%)).
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Let us show that H—= H. By Lemma 4.5(1) there is ¢,  L2(0,7; B(2)) such that ¢ ~ H-3 H strongly
in L2(0,T; L>(Q;R3)) asl + . By using the bound in Proposition 4.16 we deduce that

- -
H@H,qs, dxde- lm r@m 8 H Ay dxdt

i At(hn) at@ Aty () @ @) di(t) Bodt =0. (4.51)
0

By sending I+ in (4.51) we obtain H-3 H = 0. Thus, the convergence properties (4.39)—(4.41) hold.
The convergences (4.42)—(4.44) can be confirmed in the same way as above. By using the Lebesgue’s conver-
gence theorem we can prove (4.45).

Corollary 4.18. For the converging sequences {I-'l—_h—I At(hn)}nen; {gﬂl At(hy)tnen in Proposition 4.17, the
following convergence properties hold as n  +

E,At(hn) X curl_l-HQI At(hy) X gnl,m(hn)_\ B curl H-t ﬂ/eakly in L*(0,T; L*(S; R?)),
E,At(hn)&urlr@n,m(hn) &',At(hnﬁ Bdurl H—B—deakly in L*(0,T; L*(Q; R?)).

By using the convergence properties (4.35) and (4.38) we can characterize the boundary value of the limit H
at t = 0,T. By the bound (4.27), there exists H L?(2; R?) such that

W avns ) (T)— HE weakly in L2(9; R?) (4.52)

asn  + . For this limit I-EI we observe the following property.
Corollary 4.19. The following equality holds. For all ¢  C(]0,T]; B(2)),

= = - 3 1
i dxdi =  HH(T) dxS  Holp(0) dx 3 H—b, dx dt.
Q Q Q Q

0 0

In order to prove that the limit H—dolves the formulation (P1’), we need one more proposition.

Corollary 4.20. Let {a,h Yhea be the sequence in Lemma 4.6. The following convergence property holds:

=R - =R
lim 1 OHER Aty ) B, dxdt = wlif'qb' xS Holgy(0) dx$ u Wby dxdt.

n—too g Q 0
Proof. A calculation shows that

=R

% 5t|'@ At(hn)s P, dxdt =
g “ [
W san (1), b, (7) xS Qu U] s 0. 61, (0) axS i) e, by,

(4.53)

By Lemma 4.6, Proposition 4.17 and sending n~ 4+  in (4.53) we obtain the result.

Finally we show that the limit H—k a solution to (P1°).
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Theorem 4.21. The limit H—bbtained in Proposition 4.17 is a solution to (P1’).
Proof. Let ¢, : [0,T] V() Cg(2;R?) be a function in Lemma 4.5(2). The inequality (4.26) yields

1
/,L (I-Qn é I’Qn —1 + H s,h,n é H s,h,n 71)/At, ¢|,h (nAt) dX
L . 1
S u(Hshn SHesnn _1)/At, I-Qn dx + G(m _1,curl ¢, (nAt))dx
" , = s ., =
GBh 1, curl Hh Ydx + ——  pHh Pdx S ——  p|Hh _1)dx, (4.54)

where we have used the inequality

(Hreh S Hih —1)/Ar el (Heh 17 S [Hh _af?)/(240).

Multiplying (4.54) by At and summing over n =1 N, we obtain

L4 L L4 L _
% atl'@,At(h) + oHsh Aty By dxdt S 1t O Hesh, Acchys Hiacn) dxdt
Q

0 0
1

]
— 1
+ 5 G(EA’((h)v curl ¢, )dx dt + 2, li“'u‘_lw‘,lm(h)(o)PdX
0 __ O
4 N =
\ G(Brlain), curl Hplagny)dx dt + 3, Nl@At(h)(T)Fdx- (4.55)
0 s

By the convergence properties given in Lemma 4.13, Proposition 4.17 and Corollary 4.20, we can choose a
subsequence {hn}32; A sothat byn + in (4.55)

J -] 4 1 4 1
pH Gy (T) dx S Higlgy (0) dx $ i by dxdt + 1w aH o ¢y S Hilixdr
QIjTI O ) O 0 Qq . 0 Q -
+ G(B+éurl ¢, )dx dt + 1 pi|Hiof?dx G(Béurl Hydx dt + E ull‘@lex. (4.56)
0 o 2 g 0 o 2 g
Here we have used the facts that
3 1 3 1
ngrfoo L G(gﬂlym(hn),curlahhn)dx: D G(B+éurl ¢, )dx dt,
(4[] o = -
lim inf G(Br At(hy > curl Hgd a¢n,))dxdt G(B+éurl Hdix dt,
ch % 1 7 % |
Jim s OFax = uitoPax, tm it ] s (TPd piHRRax

which can be proved by using Lemma 4.6, the strong convergence (4.45), the properties of the energy densi-
ties (2.23), the Lebesgue convergence theorem, the weak convergence properties obtained in Corollary 4.18; the
property of the interpolation (I-l‘r—gB, and the weak convergence (4.52).

In order to pass I  + in (4.56), let us note the following convergence property.

4 [ = [
G(B+durl ¢)dxdt = lim G(B+durl ¢, )dx dt. (4.57)

0 Q =400 o @
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Indeed, by the convexity of g () and (4.2) we deduce that for all z,y R
lg (£)S g (I  max{lg'(@),|lg'WHzSyl  Aszl+lyDleSyl, (t=, ,0). (4.58)

By (4.58) and Lemma 4.5(2), we see that as |+

- 9
G(Béurl ¢)dx dt S G(B+éurl ¢, )dx dt
0 O

0 0
=N
(ALls + Aps + Aos) (lcurl ¢| + | curl ¢|)| curl ¢ S curl p|dxdt 0.
0 9

Thus, by sending I 4+  in (4.56), noting (4.57) and Lemma 4.5(2) we obtain the desired inequality. The
equality (2.30) has been already given in Corollary 4.19.

In our practical computation we solve the problem in the hybrid space Wh(Q2). Let us propose the fully
discrete hybrid optimisation problem (P2p at). We assume that the initial value (¢y] wg) W(RQ) satisfies the
regularities ¢, H'(curl;Qs) and ug  H?(Qq) so that the interpolations 9}, := rn () and uon := mh (ug)
are well-defined and satisfy the discrete divergence-free condition

(Yonl won) +Hsno XM(Q). (4.59)
(P2h, at) On the assumption (4.59), forn =1 N, find (¥, | uhn) Wh(£2) such that

Fon (Pnnl unn)) = min Fhn ((@n] vn))-
(P, IVvh)EWH ()
The existence of a unique minimizer of the problem (P2 at) immediately follows Propositions 4.1 and 4.14.
Let us define the discrete functions (| u), A C([0,T]; H(cur; Q) and (| w)y ars (W] w), At
L>(0,T; H(curl; Q)) consisting of the minimizers of (P2p at) by

S (nS1)A AtS -
W W s ) = 2D 1)+ 2B ) g ) in (08 1A A
W _ (Wnal unn)  in ((nS1)At,nAt,
(WPl wy, act) = (’¢h | uno) on{t—o}, o
W ) (1) = (¢hn il unn-1)  in[(n S 1)ALnAl), §,hj m _,in[(nS 1)At,nAt),
hAtE (YN | unn) Oﬂ{t—T} au gQN on {t = T},
forn =1,...,N, e (Ypnl unn)  Wh(Q) is the minimizer of (P2 at) for n, Byy ; is defined by

ﬁ% 1 =Bhn_1/ IBhnoal? +etfore>0and B,y = u((¥nn -1l unn—1) +Hshn —1).
We see that the discrete divergence-free condition holds in the sense that (¢| u) h, Ar(t) + IJI:!1 At

W1 W, ) +Hon aelt), (@l w), () +Hep o) X§V(Q) foralle [0,7].
Proposition 4.1 and Theorem 4.21 ensure the following result.

Corollary 4.22. For anyp [2, ) there are a subsequence {hn}3%, A and a solution (| w) L2(0,T;
H(curl; Q) to the hybrid formulation (P2’) such that the discrete functions (Y| w)p  Atn, ) (] w), W, At(hy):

(9] u)h At(hn)’ and @Ihj At(hy) converge in the same sense as (4.35)~(4.45) for I-@ Aty = (Y1 Wh Aty
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25 25

go(x)
go'(x)

05

FIGURE 2. The graph of go(z) (left) and the graph of g (x) (right).

Q,At(hn) = (@l w) hp-Atn)” Hod avny) = (@1 ) @l Wy Aty Br) achn) = ghjm hoyr B (] w) and
B u((| w)+Hs)/ [u((¥] u)+HP+e2asn +

Remark 4.23. If a solution of (P1’) is unique, the convergence results in Proposition 4.17 and Corollary 4.22
hold without extracting any subsequence.

5. NUMERICAL RESULTS

In this section we solve the discrete optimisation problem (P2p at) in the space W, (€2) numerically by means
of Newton’s method coupled with the conjugate gradient method. The hybrid space Wj (€2) is implemented by
following Remark 4.2. The code was developed in ALBERTA [34] platform and based on the documentation on
the practical implementation of the edge finite element of lowest order reported in [19], Chapter 4.

Let us first set the parameters, the external magnetic field H s, the initial value (¢4 wu¢) and the energy
densities g1 (), g(-), go(-) used throughout this section. We assume that g = ps = 1 and e = 10~ which is
used to define B

We apply the external magnetic field H s defined by

H s(t) := at(cost,0,sint), (5.1)

where a > 0 is a positive constant. The magnetic field H s is uniform in space and parallel to 2 S z plane. The
direction of H g rotates and the magnitude of H g increases as time goes.

The initial value (tp| wug) is taken to be uniformly zero so that the discrete divergence-free condition (4.59)
is naturally satisfied.

We define the energy densities g1 (), g;(-), go(:) C%(R) by gi(z) :== f(22SJ 2Z), gy(z) == f(2®> S s
go(z) == f(22SJ 2) by using f C?(R) defined by

[ — .
g in (S ,0]
54°/3 in [0,0.1],
f(x) = _22/2S /20 + 1/600 in [0.1,0.5],
St3/3 + 2% S 32/10 + 13/300  in [0.5, 1],
72/10S 29/100 in [1,+ ).

These energy densities g1 (+), g)/(+), go(*) satisfy the required properties (2.23) and (4.2). The shape of go(z) and
go(x), for example, is drawn as in Figure 2. Let us consider gy (|v]), g;(Iv]), go(|v]) (v R3) as approximation
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TABLE 1. Measures of (¢ u), A (%) S (¢ u) £ (1) Lz(R3)-

_ 30 __ 60 _ 90 __ 120 _ 150 __ 180 __ 210 __ 240
| h | At | do.f. | t= 125 t= 125 t= 125 t= 125 t= 125 t= 125 t= 125 t= 125 |

1/2 | 27/125 52 0.01796 0.03600 0.05402 0.07182 0.08881 0.10559 0.12236  0.13916
1/4 | 2mw/250 632 | 0.01477 0.02955 0.04432 0.05887 0.07255 0.08601 0.09951 0.11301
1/8 | 27/500 | 6064 | 0.01080 0.02163 0.03244 0.04301 0.05255 0.06202 0.07154 0.08119
1/16 | 2w/1000 | 52832 | 0.00754 0.01512 0.02267 0.02996 0.03619  0.04277 0.04872  0.05532

R
==
1A:< §§\

/> R

STANMNZAZ Y R V%
WrSNISS Ny
R Ve ¥

NS

FIGURE 3. The mesh on 09 (left), on 0€2s (centre) and the cross-section of Q (right).

of yL(v), v(v), 70(v) defined in (2.16). In particular, its gradient (go(|v])) = go([v])v/|v] is seen as a
regularisation of 0y (v) with jump discontinuity at |v|] = J¢o (see (2.21)).

5.1. Convergence rate of the discrete solution with respect to the L?(£2;R%)-norm

We compute the rate of convergence of the sequence of the discrete solution (| u)h' At solving the hybrid
problem (P2h at). Here we consider the problem for Jco = 2, Jc1 = J¢ = 1, @ = 0.01 in (5.1) in the cubic
domains Q = (S2,2)% and Qs = (S1,1)3. We discretize these domains by uniform mesh. Let us fix a relatively
small mesh size h and a small time step At ash 1 /32 and At =27 /2000. For this mesh size h our computation
involves 440512 degrees of freedom. For various mesh size h and time step At we measure the error between
(Yl uh ar and (Y] u)g g with respect to the L?(£;R3)-norm. The result is summarized in Table 1, which
suggests that the convergence rate is consistent with the order O(h” 2).

5.2. The electric current and the magnetic flux in a spherical domain

We present pictures showing the distribution of the electric current density J and the magnetic flux density
B = u(l-m Hs) around a bulk superconductor. Here we assume that the domain {2 and the superconductor Qs
are sphere-like polyhedrons whose centre is (0,0,0) and radiuses are 4 and 1 respectively. We mesh Q by
tetrahedrons whose size hk is around 0.5 in the neighbour of 9f) and is around 0.01 in the neighbour of 0.
The mesh was generated by TetGen [35]. Figure 3 shows the mesh on 992, 9Qs and the cross-section of Q cut
by the plane y = 0. Using this mesh, our computation involves 734 123 degrees of freedom.
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TABLE 2. The maximum current density.

Case 1 | Case 2 | Case 3
CllI‘l (’(/)l u)h‘ At L %((],T L m(gz;RS)) 0.856 0735 0743

0,0,1)

(1,0,0)
0 (0,—1,0)

P
P

FIGURE 4. The electric current J on the surface 9€)s at t = w. The first row and the second
row show the magnitude and the direction, respectively: Case 1 (left), Case 2 (centre), Case 3
(right).

We fix the time interval T = 7 and the constant a = 0.1 in (5.1). The time step size At is fixed as At = 7/1000
so that the direction of H s becomes opposite to the initial direction (1,0,0) after 1000 time steps when ¢ = 7.
The computation is carried out for the following three different sets of the critical current densities J¢g, Jc1
and J¢, respectively:

Case 1: Jeo =1, Jer =J¢ =0.5; Case2: Jeg =1, Jc1r =0.25 and J¢| = 0.5;
Case 3: Jgo =1, Jc1 = 0.5 and J ¢ = 0.25.

Table 2 shows the L>(0,T; L>(€; R®))-norm of the electric current curl (4| u),, o, for each case and sug-
gests that the magnitude of the current does not exceed J ¢y and the last term pgJ in the E S J -relation (2.14)
always vanishes in these numerical simulations.

Figure 4 shows the magnitude of the current J and its vector field on 0€)s viewed from an angle in 3D space
at t = 7 for each case.

Figures 5—7 show the magnitude of the current J on the cross-sections of {2s cut by the plane y = 0 and the
plane z = 0 for each case.
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0,0,1)

(0,1,0)
O (1.0,0)

(0,1,0)

(0,0, —1)
O (1.0,0)

t=m/4 t=m/2 t=3r/4 t=m

FiGURE 5. The magnitude of the electric current J on the cross-sections of {25 cut by the
plane y = 0 (first row), by the plane z = 0 (second row) for Case 1.

(0,0,1)

(0,1,0)
O (1.0,0)

(0,1,0)

(0,0, —1)
O (1,0,0)

t=mn/4 t=m/2 t=3n/4

FIGURE 6. The magnitude of the electric current J on the cross-sections of {25 cut by the
plane y = 0 (first row), by the plane z = 0 (second row) for Case 2.
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0,0,1)
0,1,0)
0 (1,0,0)
t= /4 t=1/2 t=3/4 t=
0,1,0)
(0,0,81)
0 (1,0,0)
t=14 t=1/2 t=3/4 t=

Figure 9. The magnitude of the magnetic "ux B on the cross-sections of cut by the plane
y =0 (“rst row), by the plane z =0 (second row) for Case 2.

0,0, 1)
©.1,0)
0 (@,0,0)

t=1/4 t=1/2 t=31/4 t=
0,1,0)
©,0,81)
0 (@,0,0)

t= 1/ 4 t=1/2 t=3/4 t=

Figure 10. The magnitude of the magnetic "ux B on the cross-sections of cut by the plane
y =0 (“rst row), by the plane z =0 (second row) for Case 3.
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