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SPARSE FINITE ELEMENT APPROXIMATION OF HIGH-DIMENSIONAL
TRANSPORT-DOMINATED DIFFUSION PROBLEMS

CHRISTOPH SCHWAB'!, ENDRE SULI? AND RADU ALEXANDRU TODOR!

Abstract. We develop the analysis of stabilized sparse tensor-product finite element methods for
high-dimensional, non-self-adjoint and possibly degenerate second-order partial differential equations
of the form —a : VVu +b-Vu+cu = f(z), z € Q = (0,1) ¢ R, where a € R¥*? is a symmetric
positive semidefinite matrix, using piecewise polynomials of degree p > 1. Our convergence analysis is
based on new high-dimensional approximation results in sparse tensor-product spaces. We show that
the error between the analytical solution u and its stabilized sparse finite element approximation wup,
on a partition of Q of mesh size h = hy, = 2L satisfies the following bound in the streamline-diffusion
norm ||| - |||sp, provided u belongs to the space H*T!(Q) of functions with square-integrable mixed
(k + 1)st derivatives:

_ 1 1 1
Il — unlllsp < Cped® max{(2 — p)+, k', w1 H(Valhy, + B]2RY 2 + 2 hE Y ulpes g

where k; = ki(p,t,L),7=0,1,and 1 < ¢ < min(k, p). We show, under various mild conditions relating
L to p, L to d, or p to d, that in the case of elliptic transport-dominated diffusion problems ko, k1 €
(0,1), and hence for p > 2 the ‘error constant’ Cj :d*> max{(2 — p), /sg_l,n‘f} exhibits exponential
decay as d — oo; in the case of a general symmetric positive semidefinite matrix a, the error constant

is shown to grow no faster than O(d?). In any case, in the absence of assumptions that relate L, p

1
and d, the error |||u — up|||sp is still bounded by &%~ '|log, hr|* ' O(|v/alht, + |b|%hi+2 + c%ht;rl)7
where k. € (0,1) for all L,p,d > 2.
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1. INTRODUCTION

Suppose that € := (0,1)%, d > 2, and that a = (aij)ﬁjzl is a symmetric positive semidefinite matrix with
entries a;; € R, 7,5 = 1,...,d. In other words,

a' =a and £Tat>0 VEeR
Suppose further that b € R% and ¢ € R, and let f € L?(£2). We shall consider the partial differential equation
—a:VVu+b-Vu+cu=f(x), x€Q, (1.1)

subject to suitable boundary conditions on 0f2 that will be stated below. Here VVu is the d x d Hessian matrix
of u whose (i,7) entry is 0*u/dx; dxj, i,j = 1,...,d. For two d x d matrices A and B, we define their scalar

product A : B := 3¢ A;;B;j. The induced norm, called the Frobenius norm, is defined by |A| = (A4 : A)z.

i,j=1
The real-valued polynomial o € P?(R%; R) of degree < 2 defined by

EeR? = aff):=¢TateR
is called the characteristic polynomial or characteristic form of the differential operator
u +— Lu:=—a:VVu+b-Vu+cu

featuring in (1.1) and, under our hypotheses on the matrix a, the equation (1.1) is referred to as a partial
differential equation with nonnegative characteristic form (cf. Oleinik and Radkevi¢ [20]). In order to avoid
trivialities, we shall assume throughout that |a| + |b] > 0.

For the sake of simplicity of presentation we shall confine ourselves to differential operators £ with constant
coefficients. In this case,

a:VVu=V-(aVu)=VV: (au) and b-Vu=V-(bu).

Partial differential equations with nonnegative characteristic form frequently arise as mathematical models
in physics and chemistry [28] (e.g. in the kinetic theory of polymers [21]; see also [2,3,18]; and coagulation-
fragmentation problems [17]), molecular biology [10], and mathematical finance. Important special cases of
these equations include the following:

(a) when the diffusion matrix a = a' is positive definite, (1.1) is an elliptic partial differential equation;
(b) when a = 0 and the transport direction b # 0, the partial differential equation (1.1) is a first-order

hyperbolic equation;
ae [ @ 0
~\ 0 0 )’

(c¢) when
where a is a (d — 1) x (d — 1) symmetric positive definite matrix and b = (0,...,0,1)" € R%, (1.1) is a
parabolic partial differential equation, with time-like direction b.
In addition to these classical types, the family of partial differential equations with nonnegative characteristic
form encompasses a range of other linear second-order partial differential equations, such as degenerate elliptic
equations and ultra-parabolic equations. According to a result of Hormander [13] (¢f. Thm. 11.1.10 on p. 67),
second-order hypoelliptic operators have non-negative characteristic form, after possible multiplication by —1,
so they too fall into this category.
For classical types of partial differential equations, such as those listed under (a), (b) and (c¢) above, rich
families of reliable, stable and highly accurate numerical techniques have been developed. Yet, only isolated
attempts have been made to explore computational aspects of the class of partial differential equations with



SPARSE FEM FOR HIGH-DIMENSIONAL TRANSPORT PROBLEMS 779

nonnegative characteristic form as a whole (¢f. [14,15]). In particular, there has been only a limited amount of
research to date on the numerical analysis of high-dimensional partial differential equations with nonnegative
characteristic form (c¢f. Siili [25,26]).

The field of stochastic analysis is a particularly fertile source of equations of this kind (see, for example,
[4]): the progressive Kolmogorov equation satisfied by the probability density function ¢ (z1,...,xq4,t) of a

d-component vectorial stochastic process X (t) = (X1(t),...,Xq(t))", which is the solution of a system of
stochastic differential equations including Brownian noise is a partial differential equation with nonnegative
characteristic form in the d + 1 variables (x,t) = (x1,...,24,t). To be more precise, consider the stochastic

differential equation:
dX(t) =b(X(t))dt + o(X(¢)) dW (¢), X(0) =X,

where W = (W1, ..., W,) " is a p-dimensional Wiener process adapted to a filtration {F;, t > 0}, b € C}(R%; R9)
is the drift vector, and o € CZ(R4, R?*P) is the diffusion matrix. Here C}(R",R™) denotes the space of bounded
and continuous mappings from R™ into R™, m,n > 1, all of whose partial derivatives of order k or less are
bounded and continuous on R™. When the subscript ; is absent, boundedness is not enforced.

Assuming that the random variable X (t) = (Xi(t),...,X4(t))" has a probability density function ¢ €
C21(R? x [0,00),R), then 1 is the solution of the initial-value problem

oY
ot
1/)(%0) = 1/)0(96), CEGRda

(x,t) = (Av)(x,t), zeRY >0,

where the differential operator A : C?(R%;R) — CO(R%R) is defined by

L) 1L 9
Aw :_J:Zla_xj(b.](x)w)—i_aljz_:l axlam](l_](x)w)7

with a(z) = o(z)o"(x) > 0 (see Cor. 5.2.10 on p. 135 in [16]). Thus, ¢ is the solution of the initial-value
problem

VRN, o1& .,
E + ]2 a_l,](b] (x)’lb) - 5 ijZZI axl axj (a"L] (I)w) ’ reR ’ t Z 07
1/)(%0) = 1/)0(93)7 T € Rda

where, for each z € R%, a(x) is a d x d symmetric positive semidefinite matrix. The progressive Kolmogorov
equation %—f = A1) is a partial differential equation with nonnegative characteristic form, called a Fokker-Planck
equation.

The operator A is generally nonsymmetric (since, typically, b # 0) and degenerate (since, in general, a(z) =
o(x)o " (x) has nontrivial kernel). In addition, since the (possibly large) number d of equations in the system
of stochastic differential equations is equal to the number of components of the independent variable x of the
probability density function 1, the Fokker-Planck equation may be high-dimensional.

The focus of the present paper is the construction and analysis of finite element approximations to high-
dimensional partial differential equations with non-negative characteristic form. Specifically, our aim is to
extend the results from [25,26], developed for the case of sparse tensor-product finite element spaces consisting
of piecewise multilinear functions, to polynomials of degree p > 1. The paper is structured as follows. We shall
state in Section 2 the appropriate boundary conditions for the model equation (1.1), derive the weak formulation
of the resulting boundary value problem, and show the existence of a unique weak solution. Section 3 is
devoted to the construction of a hierarchical finite element space for univariate functions. The tensorization of
this space and the subsequent sparsification of the resulting tensor-product space are described in Section 4;
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our chief objective is to reduce the computational complexity of the discretization without adversely effecting
the approximation properties of the finite element space. In Sections 5 and 6 we build a stabilized finite element
method over the sparse tensor-product space, and we explore its stability and convergence.

The convergence analysis relies on new high-dimensional approximation results in sparsified tensor-product
spaces, based on continuous piecewise polynomials of degree p > 1 on a mesh of granularity Ay, = 277, in the
L2 and H! norms. We highlight several scenarios in which the error-constants in these approximation results
exhibit exponential decay as functions of the dimension d, for all p > 1. These bounds are related to those
in the recent work of Griebel [11], where similar decay of the error constant as a function of d was proved in the
H! seminorm in the special case of p = 1 for “energy-norm-based” sparse-grid-spaces. Using our approximation
results, under various mild assumptions that relate L to p, L to d, or p to d, we then show that in the case of
elliptic transport-diffusion problems the error constant of the stabilized sparse finite element method exhibits
exponential decay as d — oo for all p > 2; more generally, when the characteristic form of the partial differential
equation is non-negative, the error constant is shown to grow no faster than O(d?). In any case, the stabilized
sparse finite element method exhibits an optimal rate of convergence with respect to the mesh size hz, up to
the factor k?~!log, hr|?~!, where s, € (0,1) for all L,p,d > 2; thus, even when the polylogarithmic factor
|log, hz |91 is genuinely present in the error bound, it is modulated by an exponentially small term x4

Our analysis is fairly general, in the sense that only two basic structural properties of the univariate finite
element space are used in the subsequent analysis: namely, (1) that the univariate finite element space is
hierarchically stratified, viz., it can be written as a direct sum of so-called increment spaces, and (2) that there
exists a projector onto the univariate finite element space that exhibits optimal approximation properties in
the L? and H' norms. The specific choice of basis in the finite element space does not explicitly enter into
our error analysis, as it does not affect the asymptotic rate of convergence. Of course, the implementation
of the method will necessitate that a choice of basis is made; indeed, the specific choice of basis will strongly
influence the sparsity structure and conditioning of the matrix in the resulting linear system. These (and other)
questions (such as numerical integration in high-dimensional finite element algorithms) are important and we
shall briefly comment on them in the concluding section, although, strictly speaking, they are beyond the scope
of the present paper and will be therefore considered in detail elsewhere.

The origins of sparse tensor-product constructions and hyperbolic cross spaces can be traced back to the
works of Babenko [1] and Smolyak [24]; we refer to the papers of Temlyakov [27], DeVore et al. [8] for the
study of high-dimensional approximation problems, to the works of Wasilkowski and Wozniakowski [30] and
Novak and Ritter [19] for high-dimensional integration problems and associated complexity questions, to the
paper of Zenger [31] for an early contribution to sparse tensor-product finite element methods, to the articles by
von Petersdorff and Schwab [29] and Hoang and Schwab [12] for the analysis of sparse-grid methods for high-
dimensional parabolic and elliptic multiscale problems, respectively, and to the recent Acta Numerica article of
Bungartz and Griebel [7] for a detailed survey of the field of sparse-grid methods.

2. BOUNDARY CONDITIONS AND WEAK FORMULATION

Before embarking on the construction of the numerical algorithm, we shall introduce the necessary boundary
conditions and the weak formulation of the model boundary-value problem on © = (0,1)? for the equation (1.1).

Let T’ denote the union of all (d — 1)-dimensional open faces of the domain = (0,1)¢. On recalling that,
by hypothesis, a = a” and a(£) = ¢Ta € > 0 for all £ € RY, we define the subset Ty of T' by

Ip:={z el :alv(z))>0};

here v(z) denotes the unit outward normal vector to © at € I'. The set I'y can be thought of as the elliptic
part of T'. The complement T'\T'g of T'y relative to T is referred to as the hyperbolic part of T'. We note that, by
definition, & =0 on I'\ T.
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On introducing the Fichera function
zel—f(x):=b-v(z)eR
defined on I', we partition I'\I'g as follows:
I'_:={x e\l : 8 <0}, 'y :={xe\I'y:8>0};

the sets I'_ and I'; are referred to as the (hyperbolic) inflow and outflow boundary, respectively. Thereby, we
obtain the following decomposition of I':

=TyUl_UTl,.

Lemma 2.1. Each of the sets Ty, T'—, T'y is a (possibly empty) union of (d — 1)-dimensional open faces of .
Moreover, each pair of opposite (d — 1)-dimensional faces of ) is contained either in the elliptic part Ty of T or
in its complement T'\ g = T'_ Uy, the hyperbolic part of T.

Proof. Since, by hypothesis, |a| 4+ [b] > 0, a and b are not simultaneously zero. If a = 0, then trivially Ty = 0.
Let us therefore suppose that a # 0. Since a is a constant matrix and v is a face-wise constant vector, I'y is
a union of (disjoint) (d — 1)-dimensional open faces of I'. Indeed, if z € T'y and y is any point that lies on the
same (d — 1)-dimensional open face of Q as x, then v(y) = v(x) and therefore a(v(y)) = a(v(x)) > 0; hence
y € ['y also.

A certain (d — 1)-dimensional open face ¢ of € is contained in T’y if, and only if, the opposite face ¢ is
also contained in T'g. To prove this, let ¢ C T'g and let & = (z1,...,24,...,24) € @, with Oz; signifying the
(unique) co-ordinate direction such that v(x)||Oz;; here O = (0,...,0). In other words, x; € {0,1}, and the
(d — 1)-dimensional face ¢ to which x belongs is orthogonal to the co-ordinate direction Oz;. Hence, the point
&= (x1,...,|®i —1],...,2q) lies on the (d — 1)-dimensional open face ¢ of Q that is opposite the face ¢ (i.e.,
&lle), and v(&) = —v(z). As « is a homogeneous function of degree 2 on Ty, it follows that

a(v(z)) = a(-v(z)) = (-1)* a(v(z)) = a(v(z)) > 0,

which implies that & € T'g. By what we have shown before, we deduce that the entire face ¢ is contained in T'y.
Similarly, if =0, then I'_ = () and I'y ="\ T'y. Let us therefore suppose that b # 0. Since b is a constant
vector, each of I'_ and T’y is a union of (d — 1)-dimensional open faces of I'. If a certain (d — 1)-dimensional
open face @ is contained in I'_, then the opposite face ¢ is contained in the set I';.
We note in passing, however, that if ¢ C I'y then the opposite face ¢ need not be contained in I'_; indeed,
ifopcI'y and 8 =0 on ¢ then 3 =0 on ¢ also, so then both ¢ and the opposite face ¢ are contained in I';.
Of course, if > 0on ¢ C 'y, then 8 < 0 on the opposite face ¢, and then ¢ C I'_. O

Lemma 2.1 motivates the following definition.

Definition 2.1. Fori € {0,...,d}, a co-ordinate direction Ox; that is orthogonal to a pair of faces of Q = (0, 1)¢
which belong to I'g will be called an elliptic co-ordinate direction. Otherwise, Ox; will be called a hyperbolic
co-ordinate direction.

We consider the following boundary-value problem: Find u such that

Lu:=—-a:VVu+b-Vut+cu = f in £, (2.1)
u = 0 onNyUT'_.

Before stating the variational formulation of (2.1), (2.2), we recall the following result from [14].

Lemma 2.2. Suppose that M € R¥? is o d x d symmetric positive semidefinite matriz. If ¢ € RY satisfies
ETME =0, then ME = 0.
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Since v'av = 0 on '\ Ty and a € R¥*? is a symmetric positive semidefinite matrix, we deduce from

Lemma 2.2 with M = a and £ = v that
av =0 on I'\ Ty. (2.3)

Let us suppose for a moment that (2.1), (2.2) has a solution u in H*(2). Thanks to our assumption that a is a
constant matrix, we have that

a:VVu=V-(aVu).
Furthermore, aVu € [H}(Q)]4, which implies that the normal trace v, gq(aVu) of aVu on 9Q belongs to
Hz (09). By virtue of (2.3),

Yv,00(aVu)|rr, = 0.
Note also that meas;_1(0Q2\ T') = 0. Hence

/vwmwmwmmwa:/%mmw%«mm@h@:o (2.4)
oN T

for all v € V, where
V= {v e H'(Q) : v0,00(v)|r, =0}
This observation will be of key importance. On multiplying the partial differential equation (2.1) by v € V
and integrating by parts, we find that

(aVu, Vo) = (u, V- (bv)) + (cu,v) + (u,v)r, = (f,v) Yo eV, (2.5)

where (-, -) denotes the L? inner-product over 2 and
(w0, = [ [Blwv ds,
aes

with [ signifying the Fichera function b - v, as before. We note that in the transition to (2.5) the boundary
integral term on I', which arises in the course of partial integration from the —V - (aVu) term, vanishes by
virtue of (2.4), while the boundary integral term on I'\ 'y = T'o UT_ resulting from the b- Vu term on partial
integration disappears since u = 0 on this set by (2.2).

The form of (2.5) serves as motivation for the statement of the weak formulation of (2.1), (2.2) presented
below. We consider the inner product (-, )3 defined by

(w,v)y = (aVw, Vv) + (w,v) + (w,v)r_ur,

1
2

and denote by H the closure of the space V in the norm || - [|3 defined by [[w||+ = (w,w),. Clearly, H is a
Hilbert space. For w € H and v € V, we now consider the bilinear form B(-,-) : H x ¥V — R defined by

B(w,v) := (aVw, Vv) — (w,V - (bv)) + (cw,v) + (w,v)r,,
and for v € V we introduce the linear functional L : V — R by
L(v) := (f,v).
We shall say that u € H is a weak solution to the boundary-value problem (2.1), (2.2) if
B(u,v) = L(v) Yv e V. (2.6)

The existence of a unique weak solution is guaranteed by the following theorem (cf. also Thm. 1.4.1 on p. 29
of [20]).
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Theorem 2.1. Suppose that ¢ € R~q. For each f € L2(S), there exists a unique u in a Hilbert subspace H
of H such that (2.6) holds.

Proof. For v € V fixed, we deduce by means of the Cauchy-Schwarz inequality that
B(w,v) < Kil|w|lx|[v|a o) Yw € 'H,

where we have used the trace theorem for H*(2). Thus B(:,v) is a bounded linear functional on the Hilbert
space H. By the Riesz representation theorem, there exists a unique element 7'(v) in H such that

B(w,v) = (w, T(v))n YVw € H.

Since B is bilinear, it follows that T' : v — T'(v) is a linear operator from V into H. Next we show that T is
injective. Note that

B(v,v) = (aVv,Vv) — (v, V - (bv)) + (cv,v) + (v,0)r, Yo e V.
On integrating by parts in the second term on the right-hand side we deduce that
B(v,v) = (aVv,Vv)+ c||v|\%2(9) + %<’U,’U>F,ur+
> Kolv|3  YveV,
where Ko = min{c, 1} > 0. Hence
(v, T(v))n > Kollv|3 Yv e V. (2.7)

Consequently, T : v — T'(v) is an injection from V onto the range R(T) of T contained in H. Thus, T : V —
R(T) is a bijection. Let S =T~ : R(T) — V, and let H denote the closure of R(T) in H. Since, by (2.7),
I1S(w)ln < (1/Kp)||w||x for all w € R(T), it follows that S : R(T) — V is a continuous linear operator;
therefore, it can be extended, from the dense subspace R(T') of H to the whole of 7:{, as a continuous linear
operator S:H—H. Furthermore, since

L) < [ fllezllvlle - Vv eH,

it follows that Lo S : v € H — L(S(v)) € R is a continuous linear functional on H. Since H is closed
(by definition) in the norm of H, it is a Hilbert subspace of H. Hence, by the Riesz representation theorem,
there exists a unique u € H such that

L(S(w)) = (u,w)x Yuw € H.
Thus, by the definition of S, S(w) = S(w) for all w in R(T); hence,
L(S(w)) = (u, w)n Yw € R(T).

Equivalently, on writing v = S(w),
(u, T(v))n = L(v) Yv e V.

Thus we have shown the existence of a unique u € H(C H) such that
B(u,v) = (u, Tv)y = L(v) Yo e V.

We note in passing that in the presence of additional structural assumptions on a (e.g. when a € Réxd ig
positive definite) the assumption ¢ > 0 can be relaxed to ¢ > 0. O
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The boundary condition u|r_ = 0 on the inflow part T'_ of the hyperbolic boundary T'\ Ty = T'_ UT is
imposed weakly, through the definition of the bilinear form B(:, ), while the boundary condition u|r, = 0 on the
elliptic part I'g of T' is imposed strongly, through the choice of the function space H. Hence, we deduce from

Lemma 2.1 that
d

Q) Hip)(0,1) := H{(0,1) @ --- @ Hy, (0, 1) C H, (2.8)
i=1
where the ith component H%O)(O, 1) in the d-fold tensor-product on the left-hand side of the inclusion is taken
to be equal to H}(0,1) if Ox; is an elliptic co-ordinate direction; otherwise (i.e., when Ox; is a hyperbolic
co-ordinate direction), it is chosen to be equal to H(0, 1).
Next, we shall consider the discretization of the weak formulation (2.6). Motivated by the tensor-product

structure of the space on the left-hand side of the inclusion (2.8), we shall base our Galerkin discretization on a

finite-dimensional subspace of H that is the tensor-product of finite-dimensional subspaces of H%o) (0,1). Thus,

we begin by setting up the necessary notation in the case of the univariate space H%O)(O, 1).

3. UNIVARIATE APPROXIMATION RESULTS

Let I = (0,1) and consider the sequence of partitions {7*},>o, where 7° = {I} and where the partition
T4+ is obtained from the previous partition

TH={If: j=0,...,2° -1}

by halving each of the intervals If; I9 := I. The mesh-size in the partition 7 is hy := 2.

We consider the finite-dimensional linear subspace VP of H'(0,1) consisting of all continuous piecewise
polynomials of degree p > 1 on the partition 7¢, ¢ > 0. For £ > 0 we also consider the subspace Vé’p of Y&r
defined by Vé’p = VPP N Cy[0,1] € HE(0,1) consisting of all continuous piecewise polynomial functions on 7
of degree p that vanish at both endpoints of the interval [0, 1].

Remark 3.1. When p = 1 the linear space Vg’p is trivial, that is Vg’l ={0}.

Let us note that the families of spaces {Vé’p}gzo and {V“’}gzo are nested, i.e.,
0,p Lp 2,p L.p 1
VP C VAT CVET G C VST C e C HY0,1),

and

VP CYLP VR CL VIR O CHY(O, 1),
each space in each of the two chains being a proper subspace of the next space in the same chain. As in the
previous section, we shall use H%O)(O, 1) to denote H§(0,1) or HY(0, 1), as the case may be; analogously, we shall

use Vfé’)’ to denote Vé’p or V4P, We shall adopt the following hypothesis.

Hypothesis 1(g). Suppose that p > 1. For each integer £ > 0 there exists a projector (i.e., a linear, idempotent,
_— - (p . Tl 0,
surjective mapping) P(OI)” : H(o) (0,1) — V(OZ)’.
Under this hypothesis,
lp _ pl, 1
V(Of)’ = P(Og’ Hi(0, 1), >0, p>1.
Now, let
lp  pl—1p
QhP = Poy =Py 21
(0) "

0,p _
P(o) , ?=0.
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Thus, for any integer L > 0,
P’ Z -
We define the increment spaces W(O’I)’, {=0,1,..., as follows:

W(O) Q((’)}; H(O) (0,1).

Hence, for any pair of integers L > 0 and p > 1,

L L
L.p gyl 1 , _ L,
Vi = PP HL (0,1) (ZQ )H (0,1) =3 (QfF il (0,1)) = S W (3.1)
£=0 £=0
In fact, if Qf&p o Qfgﬁp =0 for all £1,¢5 € {1,...,d}, {1 # {2, one can make a stronger statement: for any pair

of integers L > 0 and p > 1, the vector space V(o) is the direct sum of the increment spaces W((’)’; ,0=0,...,L:

Vo) = @ Wi (3:2)

This is a direct consequence of the following result (see, for example, [5], Thm. 2.5), which we shall return to
at the end of Section 3.3.

Proposition 3.1. Let X be a vector space; then, there exist nontrivial subspaces Xo, £ = 0,...,L, of X such
that X = @LO Xy if, and only if, there are nonzero linear mappings qo,--.,qr : X — X such that

(1) Yo ge = Tdx;
(2) qe, ©Ges = Ox fOT’ all 61762 € {07"'7L}) 141 7& ly.

Moreover, each qp is necessarily a projector and Xy can be chosen to be Im(qe), £ =0,..., L.

So far, the choice of the projectors P(o) has been fairly arbitrary: the discussion above only appealed to
their algebraic properties stated in Hypothesis 1(gy. Below, we shall be interested in the convergence of tensor-
products of univariate projectors. Specifically, we shall investigate the dependence of convergence rates on the
level index /, the polynomial degree p, and the dimension d of the domain of definition Q = (0,1)% of the
function u to be approximated. To this end, we shall make a second assumption on the projectors.

Hypothesis 2(q). Let k > 1 and p > 1 be two integers, s € {0,1} and hy = 2= where £ > 0 is an integer, and
suppose that v € H*1(0,1) N H%o) (0,1). For any integer t such that 1 <t < min{p, k}, there exists a positive
constant cp(s,t), independent of v, such that

v — P(eo’fv He(0,1) < Cp(s, t)h;“fs

|’U|Ht+1(0,1). (33)

In particular, Hypothesis 2oy implies that v = limy_. P(eo’g’v for all v € H2(0,1) N H%O)(O, 1) and all p > 1,
where the limit is considered in the H*(0, 1)-seminorm for s € {0,1}, with the convention that, for s = 0,
[T,y = [+ llez0.0)-
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3.1. Examples of univariate projectors

We present projectors Poe P and P“P that satisfy our two hypotheses. Consider the projector P“? : H'(0,1) —
VP defined, for « € [0,1], by

(PP =)+ [ rt©ds 20, p2L
0

where TI4P~1 . 12(0,1) — V=1 is the L2(0, 1)-orthogonal projector onto V*P~! with the convention that
V&0 © 1.2(0,1) is the set of piecewise constant functions on 7.

Since u € H*(0,1)  C[0, 1], the projector is well-defined. Trivially, (P“Pu)(0) = 0. If p = 1, the projection
1P~y is a piecewise constant function on the mesh {:L'g =274 . j=0,...,2%, and u(:cﬁ) - (P“u)(:ng) =
(u' — T14%/, 1 zé,]) =0,j=1,...,2% Consequently, for p = 1 we have that P“Pu is equal to u at all nodes

g
of T*. More generally, (P*Pu)(1) = u(1) for all £ > 0 and all p > 1; furthermore,

PPy = Py?,  where (PyPu)(z) = / IP=1u/)(€)de  forall £ >0
0

(¢f Thm. 3.14 on p. 73 in Schwab [23]). In particular, P"" = 0.
In addition, the projector P“P has the following approximation property (cf. inequalities (3.3.29) and (3.3.30)

in Schwab [23]): For any v in H**1(0,1) N H{y(0,1), k > 1, we have that

RN 1 [(p—0) .
Hs(0,1) S <?> =\ o) [v]get10,1), 1 <t < min{p, k}, (3.4)

where hy =274 £>0,p>1,s€{0,1}, ¢ € N, and N denotes the set of nonnegative integers.
Thus we have shown that the family of finite element spaces {V(e(’)’)’ teso C H(IO) (0,1) and the associated

Z,
v — P(OI)”’U

projectors P(Zo’f , £ > 0, satisfy the approximation property

v — P(e(jfv e (0,1) < Cpst2” T D0l o1, (3.5)

for all v € H¥1(0,1) ﬂH%O)(O, 1),k>1,£>0,p>1,teN, 1<t <min{p,k} and s € {0,1}, where

1 (p—1t)!
st = —— . 3.6
Cp,s,t p175 (ert)! ( )
Consequently, Hypotheses 1) and 2(q) hold, inequality (3.3) being satisfied with
1 —t)!
cp(s,t) =279 = (—1) (3.7)

2tti=spl—s \[ (p ¥ )

S

In fact, when p = ¢ = 1 and £ = 0, using Poincaré’s inequality, (3.5) can be shown to hold with ¢; 51 = (2/7)?7%,
yielding (3.3) with ¢;(s,1) = 1/727%, with s € {0,1}.
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3.2. Bounds on the incremental projectors for p > 1

Let us define, as above, the projection Qf’ onto the increment of the hierarchical family {V(O)}gZQ by

4,p {—1,p
Qe,p — P(O) P(O) ’ =1 (3.8)
@) Py t=0 '
(O) 9 - Y
where now P(Zo’f signifies the projector introduced in Section 3.1.
Suppose that v € H¥+1(0,1) N H%O)(O, 1),k>1,0>0,p>1,teN, 1 <t<min{p, k} and s € {0,1}.
(a) For £ > 1, the triangle inequality and the approximation property (3.5) ensure that
s(0,1) < Cps 2 (tJr175)1€|’lJ|Ht+1(071)7 l>1, (3.9)
with
. 1
Cp,s,it = 1 + o 2t+1 s Cp,s,t- (310)
(b) For £ =0 and s = 0, by Poincaré’s inequality,
0, 0,
1Qullz,y < llullzo,n) + llu = Pl ullrzo,)
1 0
< lullee,y + ~lu = Fgfulu o,
1 0
= ullezo.0) + ;\/W@l(o,n —1Quyulfo,1)
and therefore since, for a > b > 0, \/ a? =2 <a—>by/1— 2, we deduce that
1
0, 0,
1@y ullezo.) + Vi —lQyuluio) < llullzon) + fulu 1(0,1)- (3.11)
(¢) For £ =0 and s = 1 on the other hand, we have that
0,
Qg ulm 0,1) = Py (o) i 0,1) < [ulmio,1)- (3.12)
Also, (3.11) implies that
0,p il
Uy < —||u||m: . 3.13
HQ(O) HH*(O,I) > m” ||H*(0,1) ( )

d) We note that when ¢ = 0, s € {0,1}, p = 1 and u € H}(0,1), then Polu = POy = 0 and Q%lu =
0 (0) 0 (0)
Qg’lu = 0, and inequalities (3.11) and (3.12) are thereby trivially satisfied.

For ¢ = 0 we set

Cp,0,(0) 1Q o)HB HYy (0,1),L2(0,1))

(3.14)

o = Qe s HYy (0,1),Hly, (0,1))

with the convention that the norm in H}(0,1) is the seminorm | : |H1(0’1) while the norm in H*(0,1) is || - |1 (0,1)-
It will be clear from the context whether we use zero or nonzero boundary conditions in the spaces.
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Example 3.1. If p > 2 and £ = 0, then QJ” is, for u € H}(0,1), given by
(@) = [ mor ) de
0

where IT%?~1 denotes the L2(0, 1)-projection onto Vo*~1. Now, Q0* € B(H}(0,1), H(0,1)) with &,10 = 1 and,
as the embedding of H}(0, 1) into L?(0,1) has norm 1/7 by the Poincaré inequality, é,0,0 < 1/7. On the other
hand, (3.11) still implies that ¢, ) < 1, with H'(0,1) equipped by the norm || - ll 12 0,1), While (3.13) implies

that ép,17(0) < 7T/ V w2 — 1.

3.3. Refined bounds on the incremental projectors for p = 1

We shall now take a closer look at estimating |Qf6’;v ¢ (0,1) in the case of p =1 and £ > 1. As in Section 3.2,

Qfg; is defined by (3.8) where P(eo’f is the projector introduced in Section 3.1. Our objective is to sharpen our

earlier expression (3.10) for the constant ¢, s+ appearing in the detail-size estimate (3.9) in the special case of
p=1and s € {0,1} (note that we necessarily have ¢t = 1).

We use the following two simple auxiliary results, the first of which is a discrete version of the Poincaré
inequality.

Lemma 3.1. Suppose that v € H§(0,1) is piecewise linear on T' := {[0, 3], [5,1]}; then
1 !/
[vllLzc,1) < EHU llL2(0,1)- (3.15)

Proof. The result follows from a straightforward calculation with v taken to be the standard hat function
¢+ x— 1(1—2[z — i|); defined on [0,1]. O

Lemma 3.2. Suppose that v € H*(0,1); then

/0% u(t)dt — /1;21)(15) de

Proof. Denoting by ¢, as in the proof Lemma 3.1, the hat function on [0,1] with ga(%) = %, we note that
Loy -1 = ¢ on [0,1]\ {3}. Partial integration and the Cauchy-Schwarz inequality yield

(3.16)

1
< — .
= \/ﬁ” ”LQ(O,I)

1 1 1 1
/ " o(t) dt — / o) dt| = / o (D)u(t) dt} - / o)V (1) dt}
0 1/2 0 0
1
< lellizonllv'lliezo,1) = \/—1—2||UI||L2(0,1)- (3.17)
That completes the proof. O

Remark 3.2. Rescaling Lemmas 3.1 and 3.2 above from [0,1] to [0,h] with » > 0 we obtain the following
inequalities:

lvllL2eo,n) < EHU’HL2(O7M Vv € Hy(0, h), piecewise linear on [0, h/2] U [h/2, h]; (3.18)
and
h/2 h h .
v(t)dt — o(t)dt| < v Yo € H (0, h). 3.19
[ vwar= [ o < Zieheon (0.1) (3.19)
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Proposition 3.2. Suppose that the projectors P(o) ,0=0,1,..., are defined by
Z T
(Pyo)a) = o)+ [ @) de v e By (0.1), > 0 (3.20)

then, for any v € H2(0,1) N H%o) (0,1), we have

1 __ 1 __
1QGy vl < 527 %10 L2y and Q@G vl o) < <=2 0"l VE> 1. (3.21)

V3

Hence, for the constants ¢1,0,1 and €111 appearing in (3.9), we obtain the upper bounds

1 1
Clo01< 7 and 10 < —- (3.22)

3 M=

Proof. Denote by Iﬁ, for 1 < k < 2¢, the subintervals of 7%, of length hy = 2~¢. The nodal exactness of P(o)l

(cf. the beginning of Sect. 3.1) ensures that Qf(’)l)v |I£71€ Hy(I;7") is a multiple of the standard hat function,
rescaled to Ii_l, forall/>1and 1 <k <261, Applying Lemma 3.1 (after rescaling to Iﬁ_l), we obtain

QU s sy < 5 e NQ0) s By o € HEOL), €2 1, (323)
The definition (3.20) ensures that
(Qf(’)l)v)' =10 — 119/, t>1,
so that, since Iﬁfl = Iék_l U Ifk,

1
2,1 N7 _ | =
(Q(O)U) |1,§*1_ <h4/1z

2k—1

/ 1 / 1 /
(t)dt) 1+ <h_e ngv(t)dt g, = 5 Iﬁilv(t)dt 1.

Using hy = 2~¢ we obtain

2

11 1
0,1 N7 2 / / 2
: - N t)dt — — t)ydt | |1, _

@wyv) [ ”L2<I£ R 4 <he /zgklv " he ngv " ) i IHLWﬁ K
1 2
= / V'(t) dt—/ o' (t)dt |, (3.24)
e \ g, 13,

from which we deduce using Lemma 3.2, rescaled to I,f_l, that

H(Q 0 |[[ 1 ||L2 [’5 1y = (he 1) H’U”Hi2 -1y (325)
N ) S 12 )

The estimates (3.21) now follow from (3.23) and (3.25), upon summing over k& from 1 to 2°~!. Finally, (3.22)
follows by comparing (3.9) and (3.21). O

We complete this section by showing that the equality (3.2) holds in the case of p = 1. To do so, we apply
Proposition 3.1 with X = V!, X, = W' and ¢, = Q%', £ =0,..., L, and note that PX! = Zﬁ:o Q%" is the
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identity-map in V%! and Q! o Q%! is the zero-map in V! for all £1,05 € {0,...,L}, {1 # f2; thus, (3.2)
follows from (3.1).

When p = 1 and X = V2! a small modification is required since then Wy = V' = {0} and Q) = P! = 0,
so Proposition 3.1 does not directly apply with ¢ = 0,..., L. Instead, we use Proposition 3.1 with X = Vé: 1,
Xy = Wg ! and q = f)’l, ¢ =1,...,L, and note that POL’ Ze 1 is the 1dent1ty—map in VO and

Zl’ Q is the zero-map in VOL’I for all ¢1,09 € {1,..., L}, {1 # {5, to deduce that VO = @421 Wg ! On
takmg the direct sum of each side in the last equality with Wg 1 (3.2) follows since Wg g VOL - VOL o1,
Thus we have shown that, for p =1,

Vb = @w“ Wb e-aWil,  L>0; (3.26)

in other words,

lp _ 1,p
Vb=V tewd, (>

(0) (0)’
For p > 2, we still have that Qel’p Qb’p is the zero-map in V(%’)p for all ¢1,¢5 € {1,...,L} such that

f1 > {5, but not for ¢; < £5, and therefore (3 26) does not follow. This, however, will not affect our subsequent
arguments.

4. SPARSE FINITE ELEMENT DISCRETIZATION

We shall now use the finite-dimensional spaces VLP and Vé: P of univariate functions to construct a tensor-
product space of multivariate functions. We shall then sparsify the resulting tensor-product space with the
aim to reduce its dimension without significantly compromising the approximation properties of the original
tensor-product space.

4.1. Sparse tensor-product space

Let L and p be positive integers, and consider on Q = (0,1)? the finite-dimensional subspace V(o)’p of
®(, Hly,(0,1) defined by

L, L,
: ®V =V e eV (1)

where the ith component V(O) in this tensor-product is chosen to be Vé‘ P if Ox; is an elliptic co-ordinate
direction, and \ O’) is chosen as VP otherwise.

’p = VP for each component in the tensor-product.

In particular, if @ = 0 and therefore T'g = (), then V
Conversely, if a is positive definite, then I'y = I" and therefore V(o) = Vé: P for each component of the tensor-
product. In general, for a > 0 that is neither identically zero nor positive definite, V O)p = VOL P for a certain
number i of components in the tensor-product, where 0 < i < d, and V(o) = VIP for the rest.

For a multi-index £ = (¢1,...,¢;) € Nd we denote its £, and ¢; norms, respectively, by
|00 :=max{l; : 1 <i<d} and [l|1:=0+...4+ 4.

Using the hierarchical decomposition (3.1) we have that

Vol = Y WP aWet, 0= (0, ), (4.2)
[l|oe<L
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with the convention that W((’)’; = Wo’p whenever Ox; is an elliptic co-ordinate direction, and W(o) whrp
otherwise.

The space V(O)’p has O(259p?) degrees of freedom, a number that grows exponentially as a function of d. In
order to reduce the number of degrees of freedom, we shall replace V(é)’p with a lower-dimensional subspace V(é)’p

defined as follows:

VEr = Y Wi e e Wt f= (6. L), (4.3)
[£]1 <L

The space f/(é)’p is called a sparse tensor-product space.
The space V ’p has O(2F LI~ 1p?) degrees of freedom, which is a considerable reduction compared to the

O(2Ldpd) degrees of freedom for the space V ) Replacement of VP by VLP is an h-version sparsification

(i.e., sparsification with respect to the mesh parameter L = |log, hr|). One could further reduce the size of the

space VELp by performing p-version sparsification (i.e., sparsification with respect to the parameter p); here we

shall refrain from doing so as we are concerned with h-version sparse finite element methods, with p > 1 fixed.
Consider the d-dimensional projector

Pop ®:-® Pgf ®H<0> (0,1) ®V<o> = Vo'

where the ¢th component P(%’)p is equal to POL P if Ox; is an elliptic co-ordinate direction, and equal to PP
otherwise. Let us now recall that

L,p {—1,p
Qz’p B P(o) P(o) , l>1,

S ¢=0.

Thus,

PLLZQ !

where Q(O) = Qg’p when P(eo’g’ = Pe’p and Q( = Q% when P(eo’g’ = P%P. Hence,

L, L, ¢ ‘

P()p pi Z Q((l)p® ®de 61(61,...,&1),
0] oo<L

P when Ow; is an elliptic co-ordinate direction, and equal to Q%P otherwise.

The sparse counterpart ]5(%’)’) of the tensor-product projector P(%’)p - ® P(%’)p is defined by truncating the

index set {£ : |[{|oc < L} of the sum to {¢ : |[¢|; < L}:

where Q(“p is equal to Qf)

PLP. Z QM W : ®H(O (0,1) —>V(O)p, = (0y,...,4g),
€| <L
isP

where Q(“p is equal to Qf) when Oz; is an elliptic co-ordinate direction Oz;, and equal to Q%P otherwise.
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4.2. Sparse stabilized finite element method

Having defined, for L,p > 1, the finite-dimensional space ‘A/(é)’p in which the approximate solution will be
sought, we now introduce a stabilized Galerkin finite element method over this finite-dimensional space. The
main ingredients of the method are a bilinear form bs(-,-) that approximates the bilinear form B(-,-) from
the weak formulation of the boundary value problem and a linear functional I5(-) that approximates the linear
functional L(-).

Let us consider the bilinear form

bs(w,v) := B(w,v) + 0L, Z (Lw,b-Vv),.
KETL

Here, in the light of the fact that in the transport-dominated case |a| < |b], the second term in the bilinear
form bs(+,-) can be thought of as least-square stabilization in the direction of subcharacteristics (‘streamlines’).
We shall suppose for ease of presentation that ¢ > 0.

We also define the linear functional

I5(v) == L(v) +6 Y (f,b- Vo) (= L(v) +81(f,b- Vv)).

KRETL

Here ¢;, € R is a (‘streamline-diffusion’) parameter to be chosen below, and k € T are d-dimensional
axiparallel cubic elements of edge-length hy, in the partition of the computational domain €2 = (0,1)¢. As there
are 214 such elements  in 77, the computation of the stabilization term 4y, > werr (Lw,b-Vv), in the definition
of bs(w, v) may seem intractable for d > 1; however, it turns out that this is not so: the sum over the 24 terms
in the stabilization term can be rewritten as a sum over 2°d 4+ 1d(d — 1) + 1 terms only; see Remark 6.2(c).

We consider the finite-dimensional problem: Find uj € ‘7(3)”’ such that

bs (uh,vh) = Zg(Uh) Yoy, € V(é),p (4.4)

The idea behind the method (4.4) is to introduce mesh-dependent numerical diffusion into the standard
Galerkin finite element method along subcharacteristic directions, with the aim to suppress maximum-principle-
violating oscillations on the scale of the mesh, and let §;, — 0 with h;, — 0. For an analysis of the method in the
case of standard finite element spaces and (low-dimensional) elliptic transport-dominated diffusion equations
we refer to the monograph [22].

It would have been more accurate to write up, and vy, instead of uj, and vy, in (4.4). However, to avoid
notational clutter, we shall refrain from doing so. Instead, we adopt the convention that the dependence of
h = hy, on the index L will be implied, even when not explicitly indicated.

We begin with the stability-analysis of the method. First, we shall show that, with an appropriate choice
of the streamline-diffusion parameter 0z, the bilinear form bs(-,-) is coercive on V(jé)’p X V(jé)’p . To this end,
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we begin by noting that

bg(vh,vh) = (aVvh, V’Uh) — (Uh, \v (bvh)) —+ (cvh,vh) + <vh, ’Uh>p+ + 47, Z (,th, b- V’Uh),i
keTL

= (aVvh, V’Uh) + CHU}L”iz(Q) + 5L||b . Vvh||iz(9)

1 1
+ —/ 18] |va|* ds + —C5L/ Blon|* ds
2 Jr_ury 2 r_ur,

+ 6z, Z(—a s VVop, b Vo)

K

1
> |[VaVunliz ) + cllvnllfz o) + §5L||b' Vonl[F2 (0
1 1
i) [ 18l ds+ 50 [ (sl ds
2 I, 2 r_
1 L
- 501 D lla:VVorlfey — Yon € Vg (4.5)
where we have made use of the facts that § = —|@] on I'_ and vy |r, = 0.
When p =1 and a > 0 is diagonal, the last term in (4.5) is equal to zero, and the coercivity of bs(-,-) in the
streamline-diffusion norm ||| - |||sp (¢f. [22]), defined by

1
IIWlllép = Ve Voliai) + clvliz) + b Vollia) + 51+ 05L)/F 1Bllvl* ds,
+

then follows immediately, provided that 7, is chosen so that 0 < ¢dy, < 1. If, however, p > 1 or if a € R¥*? is
a general symmetric semidefinite matrix, the final term in (4.5) is generally nonzero. Still, we shall show that,
with a somewhat more restrictive choice of 4, the final term in (4.5) can be absorbed into the first term on the
right-hand side of (4.5), yielding coercivity in the norm ||| - |||sp. We shall therefore assume that a € R4*? is
a general positive semidefinite matrix and p > 1, and will only distinguish between the cases p = 1 and p > 2
when the choice of p = 1 necessitates special treatment.

We shall require the following inverse inequality for a univariate polynomial (¢f. Schwab [23], p. 148,
Thm. 3.91).

Lemma 4.1. Let J C R be a bounded open interval with h := meas;(J), and let p > 1; then,

2
p
[V [|L2(gy < \/E%HUHLQ(J) Vv € PP(J),

where PP(J) denotes the set of all polynomials of degree p or less defined on J.
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Now, letting w; := (aVvy); we have, for any x € 7L, that

la: VVopllfey = V- (@Vun)lfa
Lz(ﬁ)
<l Ow; ’ <1 Ow
< . <dy |5
8% L2(k) im1 8:01 L2(k)
12d 12d
= p dx = p w|? dx
12d 12d
_ p dr p
12dp
= |\/_|2 (H)’

12dp
Z lwillZ2 )

12d
P dx

dx

where |w| denotes the £2 norm of w € R? and |y/a | again denotes the Frobenius norm of the symmetric positive

semidefinite matrix y/a € R4*¢. Hence, after summation over all xk € TT,

12dp

Y lla: Ve, < Val?

keTk
Using this bound in (4.5) we deduce that

6dp*

bs(vn,vn) 2> (15 |\/_|2

(Q)

1
)hﬁvwﬁmn+¢%ﬁﬂm+iﬁw”vwﬁﬂm

1 1
+——<1-+caL>j/ |5|hm|2d84-—(1-—05L)j/ 18] on[? ds
) r, 2 r_

Let us suppose, with the convention 1/0 = oo, that d;, € R>( satisfies

0<dy, <mi h 1
mmf{(\-—m——5, — |-
== 12dpt/al?’ ¢

Then,

bs(vn,vn) >

1 1
5”\/avvh”i2(ﬂ) + C||’Uh|\%2(9) + §5L|\b' Vvh”iz(sz)

1 1
+—a+wm/|mm¥m+—a—wm/|mm¥m

Yoy, € V Lop

1 2
> Slllonll3o e

(4.6)

Since (4.4) is a linear problem in a finite-dimensional linear space, the coercivity (4.6) of the bilinear form bs(-, )
implies the existence and uniqueness of a solution uy, to (4.4) in V(S)’p . Furthermore, if ¢ > 0 then

1 1
lusllo < (5 +60) " 1 lhacey s
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which, in turn, implies that
1
[[unlllsp < (8/¢)2[flL2(0), (4.7)
and hence the stability of the method for all ;, € R>( such that

0 <67, < min k1
== 12dp*|v/al? ¢

We note here that in the case of p = 1 and a > 0 diagonal, the constant % in the coercivity result bs(vy,vp) >
2{||onl||3p stated in (4.6) can be replaced by 1, under the simpler condition 0 < ¢z, < 1, which does not involve
the matrix norm |y/a| or the dimension d. Consequently, when ¢ > 0 the constant (8/¢)? in the stability
. . . 1 . ..
inequality (4.7) can then be improved to (2/¢)2, under this same condition on dy..

In Section 6 we shall consider the convergence analysis of the method (4.4); we shall require the following
multiplicative trace inequality, with explicit dependence on the dimension d.

Lemma 4.2 (multiplicative trace inequality). Let Q = (0,1)% where d > 2 and suppose that Ty is the
hyperbolic outflow part of I'. Then,

[ b ds < ddeliz ol Vo€ @)
Iy

Proof. We shall prove the inequality for v € C1(). For v € H*(Q) the result follows from the density of C1(Q)
in HY(Q2). As we have noted before, I'y is a union of (d— 1)-dimensional open faces of ). Let us suppose without
loss of generality that the face 1 = 0 of Q) belongs to I'. Then,

v2(0,2') = v¥ (21,2 / ) dg, ¥ = (z2,..., 7).

Hence, on integrating this over x = (21, 2’) € (0,1) x (0,1)"! = Q,

1
/ v?(0,2") da’ :/ / v (1, 2") da’ day
z'€(0,1)2-1 0 z’e(0,1)d*1
1
0 Jax'e(0,1)d-1 Ja,

< ||”U||%2(Q) + 2HU||L2(Q) V2, |2 (2)-

In the generic case when 3 > 0 on the whole of I', the set I' . will contain at most d of the 2d faces of 2 — at
most one complete face of {2 orthogonal to the ¢th co-ordinate direction, ¢ = 1,...,d. Otherwise, if 3 =0 on
certain faces that belong to I';, the set ') may contain as many as 2d — 1 of the 2d faces of Q. Thus, in the
worst case,
d
/F el ds < 20— Dol + 4l 3 o

=1

L2(Q)- (4.8)
Therefore,
2
[ bl s < 2avEma (1, ) ol ol o) < talolhagay oo
ry

Hence the required result. O
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Remark 4.1. It follows from (4.8) that by altering the definition of the H! () norm in a similar manner as in
(3.11), the constant in Lemma 4.2 can be slightly improved:

d

/|v|2ds§2d||’u|\L2(Q)||’UHH1(Q), where vl (o) = IvlLa@) + D llve,
'y i=1

L2(Q) .

5. APPROXIMATION RATES OF SPARSE FINITE ELEMENT SPACES

In Section 6 we develop the convergence analysis of the stabilized sparse finite element method. Our error
bounds will include constants whose precise dependence on the dimension d will be explicitly tracked. For this
purpose, we require optimal approximation results from the sparse finite element space, with explicit dependence
of the error constants on d. To this end we first prove, in Section 5.1, some combinatorial bounds. A second
key ingredient in our argument is a result, established in Section 5.2, concerning linear operators, which are
bounded in semi-norms, on tensor-products of separable Hilbert spaces. As before, N will denote the set of all
non-negative integers and Ny will signify the set of all positive integers.

5.1. Some combinatorial bounds
Lemma 5.1. For d € Nyg and x > 1 we have that
1 d—1
o= _ g (1 ) .
sup T = + 5.1
meN :E:: x—1 ( )

eend
[e]1=m

Proof. The case d = 1 being trivial, we assume without loss of generality that d > 2. Let us denote by X(m, x, d)
the sum in (5.1) and rewrite it as

»(m, z, d) Z >ooooakm= iw(m,k,dnmk*m, (5.2)
k=0

tend
\ml m, [£] o=k

where, for m, k € N, the set S(m, k, d) is defined by
S(m,k,d) :={ e N : [{|; =m, [{|oc = k}. (5.3)
We deduce from (5.9) in Lemma 5.2 below that
m—k+d—2\ . . " (m— k+d72 o
d Z < d—2 > < X(m,x,d) Z< >:L' . (5.4)
m/2<k<m

The statement of the theorem will follow once we have shown that the suprema over m € N of both the lower
and the upper bound in (5.4) are equal to the right-hand side of (5.1).
We begin by considering the upper bound in (5.4), which can be written, after substituting m — k by k, as

£050

The supremum over m € N is thus attained for m — oo and equals

d (ﬁ)d_l. (5.5)
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Note that here we have used the identity

1 (k)
W:Z( n )q Vn eN, Vg e (-1,1),
k=0

which follows by differentiating n times with respect to ¢ the identity (1 —q¢) ™' =14+qg+¢*>+....
Now we use a similar argument to compute the supremum over m € N of the lower bound in (5.4), which
can be written, again after substituting m — k by k, as

k+d-2) (1\"
d - 1.
> L5896 -
0<k<m/2
The supremum over m € N is attained again for m — oo and equals (5.5). (]

In particular, it is a simple consequence of this theorem that, for any d,m € Nsy and x > 1, we have that

T —

d—1
1
d-a™< > x€w§d<1+ 1> ™, (5.6)

eend
]y =m

the lower bound being trivial. It remains to prove the following lemma that was used in (5.4).

Lemma 5.2. Consider the sets S(m,k,d) defined, for d € Nxg and m,k € N in (5.3). Then,

S(m,k,d) =10 Vk > m, (5.7)
= d—1
> istm k= (74, (5.8)
k=0
Sm.k,d)| < d(m i 2) Vi > 2, (5.9)

with equality for k > m/2.

Proof. We note that (5.7) is obvious, whereas (5.8) follows from the fact that for fixed m,d, the sets
(S(m, k,d))o<k<m are disjoint and

U Stm, k,d) = {¢ € N : [¢]y = m}.
k=0

To prove (5.9) we consider, for fixed k, m with 0 < k < m, the mapping

k
{1,2,....d} x | S(m — k,j,d — 1) =5 S(m, k,d)
j=0
given by
(p(q, (ll,lg, e ,ldfl)) = (ll,lg, .. .,qul,k',lq, .. .,ldfl).
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Obviously, ¢ is surjective, so that we obtain, using (5.8),

k
S(m, k. d)| < {1,2,...,d} > |S(m —k,j.d—1)| (5.10)
§=0
m—k+d—2
< . .
< d( J9 ) (5.11)

For k > m/2 the mapping ¢ is also injective, which ensures equality in (5.10). Also (5.11) holds with equality
for k > m/2 due to (5.7) and (5.8). O

Remark 5.1. Of particular interest in the H'-seminorm bounds below is the case z = 2, for which (5.1)
becomes
> 2l <g.2¢Mt YmeN, Vd € Nao. (5.12)

eend
[£]1=m

Before stating our next set of combinatorial bounds on lattice sums, we define, for L € N, d € Nyg, =z > 1
and a, 8 > 0, the following expressions:

AL, dz) = Y a7l (5.13)

eend
le|1>L

d

B(L,d,z,a,3) := Z(Z)akﬁdkA(L,k,x). (5.14)

k=1
In our analysis of these quantities, we will often use that
= m+k—1
A = -m .
(L.kx)= ) < ol )x : (5.15)
m=L+1

which follows on noting that, by (5.3) and (5.8), we have

LCXEIEED VI YELED o oD VR
m=L+1 rend m=L+1 k=0 eend
[£]1=m [e]1=m, [£loo=k
oo (o) o0
- o m+d—-1\ _,.,
=Y Sk dle = Y ( IR
m=L+1 k=0 m=L+1

The roles of a and ( in (5.14) above will be played by the estimated error constants in the approximation
properties of the univariate FE projectors appearing in (3.9), (3.10) and (3.14). The following lemma will be
used in order to establish a sharp upper bound on

A(L,d, 2"y = Y 27t (5.16)

tend
le|1>L

Lemma 5.3. For L,n € N and z > 1 we have

1+671 z—1\"" 1+60\"
A(L,n+1,z) < 1m1-(1+ 1+9) (1+—1) g LA, (5.17)
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where L1
0:= (z— 1=, (5.18)
n

with the convention that if n = 0, then § = oo in (5.18); in this case the right-hand side of (5.17) is to be
understood as the limiting value =+ /(1 — 271 when n — 0.

Proof. Using (5.15) and the summation formula

i m+n\ _,, 1 dv [zlintl
€T - —
n n! dzn 1—2z

m=L+1

Y
—1

Z=T
and the Cauchy inequality for holomorphic functions

ma'X{z: |z—zo|=1} |f(2)|

1F™ (20)] < ! - o

with 2o = 271, f(2) = 2L+ /(1 — 2) and r € (0,1 — 27 1) arbitrary, we deduce that

i (m + n) < (r + g~ 1)L+n+1 _ (1 + ra)btnl (4D
WS\ 1—r—az=brm  (ra)»(1—a=1(1+rax))
S (14 ra)t*t (1 - i)n g~ (D, (5.19)
1—271(1+4ra) re

The optimal value of r to be used in the right-hand side of (5.19) can be obtained by minimizing (y := rz)

(14 )bt

ve e =D e T )

€ (0, 00).

Elementary arguments show that the minimum of (5.19) is attained for y equal to the smallest solution of
Ly? — (n(1+6) + 1)y +n?0/(L+1) = 0,
with 6 as in (5.18). More precisely, we have

2n%6/(L+1)
n(1+0)+1+/(n(l+0)+1)2 —4Ln20/(L + 1)
n?0/(L +1) 27129/(L +1)

. 5.20
n(l+0)+1""n(1+6)+1 (5.20)

From (5.20) we deduce that y ~ nf/(L + 1)(1 + ), so for simplicity we choose in (5.19)

. nd 11—zt .
r=r I nate - 1te SOl
Simple algebraic manipulations of (5.19) then lead to the desired estimate (5.17). O
To derive bounds for B(L,d, z,«, 3) in (5.14), we will use Lemma 5.3.
Lemma 5.4. For L e N, d € Nsg, o, >0, and x > 2,
d

B(L,d,z,0,B) < =25 (oL + 1)e/E+D 4 g)d=1 . p=(L+D), (5.21)

r—1
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Proof. Noting (5.15) and using Lemma 5.3, with n:=k — 1 and 6 := (x — 1)(L + 1)/(k — 1), we obtain
d _ L+1 k—1
d 146071 x—1 146
B(L,d < > kpdh 1 1+ —— g (D),
(Lrd 2,0 f) < (k)aﬂ 21\ " 119 i v

k=1

In (5.18), for n = k — 1 with k = 1, we formally take § = oo, so the entry in the sum on the right-hand side
corresponding to k = 1 should be understood as the limiting value (‘li) afd—t. 2=+ ag ke — 1.

z—1
Introducing the notations y :=1/(x — 1) and m := (L + 1)/(k — 1) we write
<1+I_1)L+1(1+1+9)k—1 B (1+E,L)L+l(1+ 1 +£)k—1
1+96 x—1 L+1 146 r—1 k-1
< D/ Ly 4okt
ok—1
< (1+y+m)!

(1+1/(1+480))k1

k—1
ekl( lty+m )
L+y/(y+m)
z>2
< M1 4 m)R (5.22)

with equalities in the special case of k = 1. Additionally,

ii_i; < (k-1)z/(x— 1)2 +z/(x—1) 9%2 ka/(x —1),

again with equalities in the special case of k = 1, so that

d k-1
T d L+k
B(L < kqd—k k—1 L (L1
( ’dwxaaaﬁ) — ml;k<k)aﬁ € ki]_ z
d k-1
_daw d—1 k=1 gd—1—(k—1) ( L+ K —(L+1)
- z1§(k1)(ae) b k-1 *
d k-1
_daw d—1 k-1 gd—1—-(k—1) [ _L+k —(L+1)
T o1& (k 1)(‘”6) b Sk —1) *

for v > 0 to be chosen later. Using the elementary inequality (a/z)® < e%/°, a,z > 0, we obtain (with the same
convention as above in the case k = 1) that

d
B(L,d,z,a,3) < da_x d—1 (a,ye)k—lﬁd—l—(k—l)e(L+k)/'ye (LD
xz—1 k—1
k=1
_ xdiml e(L+1)/rye(a,yel+1/'ye + ﬁ)d71 . If(L+1).
The proof is now concluded by choosing v = (L + 1) /e. |

The next result shows the existence of a preasymptotic domain [0, Lo(c, 8, d)] of the mesh refinement level L
where B := B(L,d, z, «, 3) is free of powers of L, i.e.,

B<C, mf(LJrl)
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with a constant Cy = Cy(d) decaying exponentially in d, uniformly with respect to L € [0, Lo(«, 8, d)] where Lg
increases linearly with d.

Lemma 5.5. Let L€ N, d € Ny, o, >0, and z > 2. If
vi=az/(x—1)+ 3 <1, (5.23)

then there exist constants ¢i . > 0,¢2.2.~ € (0,1) such that for all

d>2and L+1<ciz~(d—1) (5.24)
we have J
B(L,d.w,.f) < = e a4, (5.25)
o _ 2

Proof. As in the proof of Lemma 5.4 and with the same convention as above in the case of k = 1, we write

d _ L+1 k—1
d . 14671 z—1 1+6 _
B(L,d,z,0,8) < (k)akﬁd k. I (1+ 1+9) (1+ﬁ) g (LD, (5.26)
k=1
where )
1 - r>2
0 e -1 o) —1) " ka)(z — 1),

1—a2-1 —
With the notations B := B(L,d,z,a,3), y :=1/(x — 1), m := (L +1)/(k — 1), we rewrite the right-hand side
of (5.26) as

P d 1 b k—1 (L+1)
B < k FptE (14 —— 1 T
- x—lg (k)aﬂ Jrm—i—y (1+m+y) v
d L+1
_ dox <d1>aklﬂd1(k1) <1+ 1 > (1+m+y)k71 Cp— (LD
x—1 P k—1 m+y

(5.27)

For k = 1 we have m = oo and the corresponding entries in the sums above are again to be understood as the
limiting values for £ — 1. Now, fixing m > 0 to be chosen later, we split the summation over k as follows

dax d d dax
B < et = S14+S9).
m<mg m>mg

For the first sum, S;, the inequality m < mg ensures that L + 1 < mo(k — 1), so that

IN

L (d—1 k—1 gd—1—(k—1) 1 oty k=1 (L+1)
S —1 —1—(k—1 1 1 -1 —(L+1
1 ;(M)a g " (mo+ o) n

IN

mo d—1
[a(l +mo+y) (1 + ) + ﬁ] g~ (D, (5.28)

mo + Yy

Due to (5.23) we can now choose mg > 0 small enough depending on z, o and /3 to ensure that the expression
in square brackets on the right-hand side of (5.28) does not exceed 1.
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To estimate the second sum, Ss, note that m > mg implies, with the same convention as above for the case
of k =1, that

d L
S Z d—1 k lﬂd 1—(k—1) 1+ 1 +1(1+ )k*l (1+m/(1+ ))k*l .xf(L+1)
2 > E—1 mo + 9 Y Y

<

k=1

m>mq

1 L+1 d—1 1 L+1
< 1 d—1 _+ LTl 1 = (1)
< @urpea (e i) (hs) e
C1 1 clen] 41

< 1 14+ =27 (1 cpm (LD, 2
< [(a( +y)+ﬁ)< +1+y)< +m0+y) } x (5.29)

To obtain the second inequality above we have also used the monotonicity of
€ (0,00) — (L +a/t)" € (1,00), a>0.

The proof is then concluded by noting that if ¢1 4 ~ is small enough depending on mg and y (that is, on z,
« and (), then, under our assumption that v < 1, the expression in square brackets on the right-hand side of
(5.29) is also less than 1. O

Remark 5.2. In the case of d =1 the conclusion (5.25) of Lemma 5.5 holds with equality for any L € N, and
without the additional assumptions (5.23) and (5.24), since

AL, 1,z) = :E | ca D gnd B(L,1,z,a,8) = a_:cl cx D > 1
x — T —

5.2. Tensorization of seminorms

Next we develop some auxiliary results concerning tensorization of seminorms. These will then be used in
the derivation of the approximation properties of the d-dimensional sparse tensor-product space, built from the
univariate finite element space scale {V(Z(f)’ te>o.

Let (H, (-, -)u) and (K, (-, )x) be two Hilbert spaces and T € B(H, K) a bounded linear operator. Clearly,

lulr = [|Tullk, u € H, (5.30)

defines a seminorm on H.
Now, considering four Hilbert spaces (H;, (-, )u,), (Ki (-,9)k,), ¢ = 1,2, as well as two bounded linear

7 i

operators T; € B(H;,K;), i = 1,2, it is natural to define via
|U|T1®T2 = ”(Tl ® TQ)UHK1®K2a ueH ® H27

a seminorm on the tensor-product H; ® Hy of the spaces H; and Hs.
Next we define bounded linear operators with respect to seminorms of the type (5.30) and investigate their
tensor-products.

Definition 5.1. Let (H, (-,-)u), (K, (-, k), (H (-, )g), (K, (- )g) be four Hilbert spaces and consider the
bounded linear operators T € B(H,K),T € B(H,K) and Q € B(H,H). We say that Q is (T, T)-bounded if there
exists ¢ > 0 such that

|Qu|# < clulr Vu e H. (5.31)

We further denote by |Q|; 7 the infimum over all constants ¢ > 0 satisfying (5.31).

Example 5.1. We give some examples based on the bounds in Section 3.2.
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(a) We use the terminology from Definition 5.1, with H := H"*'(0,1) N H;(0,1), and let H := H*(0,1),
K=K :=L%0,1), T := 0"', T := 8, with ¢t > 1 and s € {0,1}. The approximation property (3.5)
shows that the linear operator Idyg — P(Zo’f is (9'71,0%)-bounded. Thus, by (3.9), the projector Qf(’)]; is
also (9", 9°)-bounded for all £ > 1 and p > 1 (with 0° := Idr2(g 1))

(b) Trivially, on taking H = H := H%O)(O, 1) and K = K := L?(0,1), the projector Qf’O’; is (9%, 0%)-bounded
forall ¢ >0 and p > 1. ~ ~

(¢) Finally, on taking H = K := H(IO) (0,1) (equipped with the norm || - [[g1(0,1)) and H = K := L*(0,1),

we see that Q?(’)’)’ is (IdH(lo)(O,l)7 Idpz2(g,1))-bounded for all p > 1. In particular, on taking H := H(0, 1),

H:=12(0,1) and K = K := L2(0,1) we see that Q)" is (8", Idyz2(,1))-bounded for all p > 1.

Proposition 5.1. Let (H;, (-, )u,), (Ki, (,)x:), (Hiy ¢ 95.), (f(z,(,)f() for i = 1,2 be separable Hilbert

spaces. Let T; € B(H;, Ki),fi € B(I:Ii, I~(i) and Q; € B(H;, I:IJ) be bounded linear operators, and assume that Q;
is (T;, T;)-bounded for i =1,2. Then Q1 ® Q2 is (Th ® T, Th ® Ta)-bounded, and

Q1 ® Q2|T1®T2,T1®f2 < |Q1|T1,T1|Q2|T2,Tz'

In other words, if ||Tzszz||f{l < ¢||Tivi|

K; for allv; € H;, i = 1,2, then
(T ® To)(Q1 © Qa2)ullg, oi, < crcall(Th @ To)ullk,ox,  Vu € Hy @ Ha,
Proof. For any u € Hy ® Hs we have

(Q1® Qulfor, = [Ty ®Th)(Q1®Q2)ullg, ok,
= (T1Q1 ® Idg,)(Idu, ® ToQ2)ullg, ok, - (5.32)

Denoting v := (Idg, ® TgQg)u € H; ® K, and considering an orthonormal basis (€i)ier in K,, where I ¢ Nis a
countable index set, we expand v =), _; v; ® e;, so that

(ThQ1® Idm)””fg@m Z ||T1lez'||f~<1

el
(5.31)
< @) Il
icl
= A4l @ g, )vll} ok, (5.33)

where ¢1 = [Q1], 7. We now note that
(Ty ® Idg, v = (Tt ® Idg, ) (Id, ® ThQ2)u = (Idk, ® T2Q2)(T1 ® Idn, )u,

so that defining w := (T} ® Idp, )u € K; ® Hy and arguing as in (5.33) to estimate the norm of (Idk, ® T2Q2)w,
we obtain

[(Idk, ® ToQ2)wllk, gk, < c2ll(ldk, ® To)wl|k, ox, = cal|(T1 ® T2)ullk, ok, (5.34)
where ¢2 = Q2] 7,- From (5.32), (5.33), (5.34) we obtain

(@1 ® Qa2)ulf, o7, < cre2ll(Th @ To)ullk ek, = c1c2lulr o,

and the desired result follows by recalling the definitions of the constants c1, cs. O
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5.3. Approximation from sparse tensor-product spaces

We are now ready to embark on the study of the approximation properties of the sparse tensor-product
spaces. In order to track the dependence of the constants in the error bounds on the polynomial degree p, the
Sobolev regularity ¢ and the dimension d, we consider

Q:=(0,1)%

This domain has, for any d, d-dimensional Lebesgue measure 1.

To characterize the regularity of the function u to be approximated, we introduce, for I C {1,2,...,d} with
|[I| =k >1,1={iy,iz,...,ix}, the notation H*?!(Q) for the tensor-product space consisting of d factors, each
of them being either H?o) (0,1) (in the jth co-ordinate, if j € I), or H(ﬁo)((), 1) (in the jth co-ordinate, if j ¢ I).

Given I = {iy,i9,... i} C {1,2,...,d}, let I° = {j1, ja, ..., ja—r denote the (possibly empty) complement
of I with respect to {1,2,...,d}; for non-negative integers a and 3 we then denote by |u[ja.5.1() the seminorm

o 9ok 9B §Ba—k
Ty

() 1fai<a ()p<ar<a(B)1<61<B (B)a—k<Bi—r<pB J1 Jd—k

)

L2(Q)

where, fori=1,...,k,
(@) = «  if Ox; is an elliptic co-ordinate direction,
* 1 0 if Ox; is a hyperbolic co-ordinate direction,

with analogous definition of (3);, j =1,...,d —k. )
Let G (€2) denote the set of all functions in C*°(£2) that vanish on I', and let H!TL(Q) denote the closure

of CF) (Q) in the seminorm | - |e+1(q) defined by

Ul t+1 = Imax max max u +1,s,1 .
|ulpe+1(a) 86{0,1}1<k<d<mm _____ o [l m))
I

Theorem 5.1. Let Q) = (0,1)d, s € {0,1}, k € Nyo, and let a polynomial degree p > 1 be given. Then,
for 1 <t < min{p, k}, there exist constants c,,, k(o)(p,t,s,L) > 0, independent of d, such that, for any
u € HF1(Q) and for any L > 1 and any d > 2, we have

lu — P(%Spu
where, for s = 0, the seminorm | - |us(q) is understood to coincide with the L*(Q)-norm while for s = 1 the
seminorm | - |ps(q) s the H'(Q)-seminorm, and

) < A, (ko) (pot, s, L) 27 90y g, (5.35)

Cp,0,t(L + 1)et/E+D) 4 Cpo,0), $=0,
s=1.

~ R 5.36
2Cp,0,t 1 Cp,0,(0)5 ( )

K‘(O) (p7ta S, L) = {
Moreover, in the case of s =0, if

Yoy (tp) = Gp 0.2 /(27T = 1) + 8, 0,00) < 1,

then there exists a positive constant c; p, independent of L and d, such that ko (p,t,0,L) < 1 in (5.35) for all
L>1 andd > 2 satisfying L+ 1 < ¢, ,(d — 1).
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Proof. Let us define
d

5 (@) =) C)0,1) =C(0,1) ® -+ @ CF (0, 1),

i=1
where the ith component C(O)(O, 1) in the d-fold tensor-product is taken to be equal to C3°(0,1) if Ox; is an

elliptic co-ordinate direction; otherwise (i.e., when Oz; is a hyperbolic co-ordinate direction), it is chosen to be
equal to C*°[0, 1].
For u € Cf ( ) C H} )(Q), the following identity holds in H!(£2):

(0
£y, La,
= (Q 0 @ ® Q(3>p>
LeNd

We estimate, for s € {0,1}, the approximation error as a sum of details, i.e.,

< > ‘(Qfg;”@@ ®Q€“’)

LeND, |f|1>L

Lm

u— Piu (5.37)

H#(Q) H#(Q)

provided that the right-hand side is finite. We discuss the two cases, s = 0 and s = 1, separately.
For s = 1 and any £ = ({1,0s,...,4;) € N¢ with supp(¢) = I (that is, £; # 0 iff j € I) and |I| =
I C{1,...,d}, we have to estimate the solution details

(e @ air),

=: (%)

H1.0.0} ()

d
51,1) €d1p>

Jj=1

for £ € N9,
Using Proposition 5.1 and the notation 0 for the differentiation operator in dimension 1, we obtain the
following chain of inequalities:

Lirpi2 p2(d—Fk) 2
) < D IT1QE o 1apa g 1QE) o 81>|Q(0>|(IdH%0)<0,1),IdL2m,l)>|“|Ht+1v1vf(9>

jeI jler
' #5
5P 12 p2(d—k—1) 2
+§E|Q 0 Gt 1,00 1) 1QE) [t QG k0 oy ) Ul 412
J
2(k—1 L1425 A2d k
< Cp(Ot ) =2 &2, 4 (t+1)|€]1+¢; e ))|U|Ht+111(9)
jer
~2k )¢ A2 A2(d k—=1)) 12
+Z 4 (tJrl ‘ ‘1 (0) .0, (O) |u|Hf’+111vI(Q)'
J¢1
(k=1 .2(d—k—1)
< ( R R RMLIP (( |U|Ht+m(m C§7I’tp0(0)24 +(d—k)E 04651 (0
Jel
< dcpt~2(k 1)4‘2‘00 (t+1)‘z‘1é;’(g7z0k)—l)|u|12_1t+1,111(9), (538)
where
Cp,t *= Max (‘312) 1 tC?)O (0)° i,o,téQ,L(o)) ) (5.39)

with &, s defined in (3.6), (3.10) and ¢, 5 (o) defined in (3.14).
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We note in passing that in the (important) special case when I' = Ty, and thereby H(O) (0,1) = H§(0,1) in

each of the d co-ordinate directions, the factor |Q(o l(1a y in the first two lines of (5.38) above can

HY, )(0,1>’IdL2(0,1>

be replaced by |Q(0) |(3171dL2(0’1)).
We thus have,

£1,p La,p
> ‘(Q(fn ®-- Qg )

= ~k—1 ad—k—1 L)oo —(t+1)|£
< dcpytcp’oytc E 2‘ loo = (D)1 |u|Ht+1 LI(Q)

— 0,(0
; H1(Q) P,0,(0) i
LeN?, |¢|1>L ¢eNd, ¢]y>L
supp(£)=1 supp(£)=1I
~k—1 rd—k—1 § : M\OQ (t+1)[4]1
< \/dcp,tcp()tcpo (0) |u|Ht+1 LI(Q) -
CLeNE 4]y >L

In passing from the second to the third line in the estimate above we have dropped all d — k trivial entries from
the indexing of /.

We now use, with arbitrary I > L, the estimate (5.12), i.e., ZéeNk, 61 =1 2Mtloe < f. 2k=141 and obtain

S |(Ql o o Qi < A (T2 s

HY(Q)

i =
= k\de, (1 —271) _15§B1tcggk(6)12k 12_t(L+1)|U|Ht+1,1,I(Q)
= d%Qp,tk(Qép,O,t) Zok(o)Q Flufgerarq), (5.40)
where )
Cpt = 5Vt ((2" = 1)Ep0.48p.0,0) " (5.41)

Now, summing (5.40) over I C {1,2,...,d} we deduce that

H(Q)

S5 T o).

c{1,2,..., d} genNd, €[4 >L
[1]= supp(£)=1I

1

1 —tL d—k
S dzc pt Z ( ) QCpOt p,O,(O) -k Ig{Ill}zzi,'?F,,d} |’LI,|H1,+1,1,I(Q)

|I|=k

M\w

< dze c, (K(o)(p,t, LL))dQ—tL - max ( max ) |’LI,|H1,+1,1,I(Q)> s (542)

1<k<d \ IC{1,2,....d
- - |[I|=k

where
K‘(O)(p7ta 17L) = 26p,0,t + ép,O,(O)7 p > 1; 1<t< D, L > 1.

This completes the proof in the case of s = 1.
For s = 0, we bound (5.37) as a sum of details as follows:

HpL, Ly, La,
=Pt < Y ||(Qhr e o)y

LeN4, |¢|y>L

z > Y |(elre ey

=1 IC{12 ..... d} gend, €]y >L
= supp(£)=1T

L2(9)

L2(Q)
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Next, we estimate the size of the entry with multi-index ¢ € N in the above sum. To this end, we define

o= (oo )|
(0) (0)

L2(Q)

Using I = supp(¢) and that |I| = k, we get

(d—Fk) 2
(*) = H |Q (0) |(8t+1 Isz(o 1)) |Q( |(I Hl ) (0:1)° IdL2(o,1))|u|Ht+1’0’I(Q)
Jjel
_ =2k A2(d—k)5—2(t+1)|¢ 2
= 0,00 2 (DI Ht+1.0.7(0)-

Summing this bound over all I C {1,2,...,d} with |I| = k implies

d
_ plbr ok pd—k —(t+1)l]
b= 2l < 3 () ekl 3 2000 e (g s ).

LeNk
[e]y>L

From Lemmas 5.4 and 5.5 with 2 := 2% > 2 for ¢ > 0, o := ¢,0,4, and  := ¢, 9,(0) We obtain

||u - p(lé’)pu||L2(Q) < Qdeép’oyt ) (p,t, 0, L)d ! -2 (t+1)(L+1) |U|Ht+1 Q) (5.43)
where
K(0) (p7ta 07 L) = ép,O,t(L + 1)61/(L+1) + é1),0,(0)7 p > 1; 1<t< b, L > 1.
Hence the required bound for s = 0, with ¢, , = 27e &) 0.+-
Moreover, by Lemma 5.5, (5.23)—(5.25), if

Yoyt p) 1= Gp o2 /(2T = 1)+ 6,0.0) < 1, (5.44)

then there exists a constant ¢;, > 0, independent of L and d, such that x)(p,t,0,L) < 1 for all L > 1 and
d > 2 satisfying L+ 1 < ¢; ,(d — 1). O

Setting s = 0 and t = p in (5.35), corresponding to the error bound in the L?(2) norm, we obtain the
optimal convergence rate O(h’}fl) up to the polylogarithmic term L9~ = |log, hz|¢~!, in the asymptotic limit
of hy — 0. It is by now well accepted by sparse-grid practitioners that in low dimensions such polylogarithmic
terms are indeed present and they dominate the convergence behaviour. However, as we shall now show, in
high dimensions, where necessarily L < d, the situation is much more favourable in this respect. This somewhat
surprising phenomenon is discussed in Remarks 5.3-5.5 below. We shall develop conditions under which, in the
practically relevant preasymptotic regime, the positive constants r(q) (p,t,s,L), s € {0,1}, on the right-hand
side of (5.35) are strictly less than 1. In such instances, the error constant in (5.35) will exhibit exponential
decay as a function of the dimension d, and the case of p > 2 will be shown to be more favourable in terms of
the rate of decay than p = 1.

Remark 5.3. Note that the factor g (p, ¢, s, L)d=1%s appearing in the bound (5.35), with K0y (D, t, s, L) defined
in (5.36) for s =0 and s = 1, decreases exponentially as d — oo, if

Cp,o,0) <1

and
z (1= ¢p,0,0)/((L+1)exp(1/(L+1))) when s =0,
wor = { (1- Cpg ES;)/Q ’ when s = 1. (5.45)
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For the projector considered in Example 3.1, we showed in Section 3.1 that

1 )1 (p—1t)!

o0 = (1 o= ) o\ o

forallp>1,t e N, 1 <t <p,se {01}, and we also showed in Section 3.2 that in the case of p = 1 the
following refined bound holds:

c1,01 < 3

In the case of homogeneous Dirichlet boundary condition on the whole of T' (viz. T' = Iy by virtue of

a = (az;)§ =, being positive definite), when H%O)(Q) = Hj(Q) and writing o instead of £ g), by Example 3.1 we

have that ¢, 0y = ¢p,0,0 < 1/7 (< 1) for p > 2, while for p = 1, ¢, 0,0y = ¢1,0,0 = 0 (since V(Od)l = Vg’l = {0}).
By scanning the range of validity of (5.45), we then deduce that, for s = 1,

ko(p,p, 1, L) <1  VYp>1, L>1,

thus ensuring exponential decay of the term ro(p,p, 1, L) in (5.35) as d — oo, for all p > 1, s =1 and L > 1.

When s = 0, we still have ro(p,p,0, L) < 1, provided that p = 2 and L < 3 (corresponding to hy > 273),
or p=3and L < 49 (corresponding to hy, > 274%) or p = 4 and L < 528 (corresponding to hy > 27°28)
or p=>5and L < 6390 (corresponding to hy, > 2739) and so on. For the sake of comparison, recall that
machine epsilon in IEEE double precision is 27°2. Thus, once p > 3, the potentially harmful polylogarithmic
factor L4~! = |log, hz |91, hidden in (ko(p,p,0, L))%~1, has no detrimental effect on the approximation error
from the sparse tensor product space on any mesh that might conceivably arise in practice.

The final part of the proof of the above theorem also indicates that xo(p, p,0, L) < 1 provided vo(p, p) < 1 and
there exists a positive constant ¢, , such that L + 1 < ¢, ,(d — 1); if so, then, again, the polylogarithmic factor
L41 = |log, k|71, hidden in (ko(p,p,0,L))?"!, has no effect on the approximation error. As it happens,
the first of these inequalities holds for all p > 1. Concerning the second inequality, simple computations reveal
the existence of ¢, for all p > 1; for example, ¢11 = 0.6 corresponding to p = 1 (and mgy = 0.6 in the proof
of Lem. 5.5), c22 = 0.71 corresponding to p = 2 (and mgo = 1.69), cs.3 = 1.846 corresponding to p = 3 (and
mo = 18.5), ¢4 4 = 2.161 corresponding to p = 4 (and mg = 194.8), ¢55 = 2.169 corresponding to p = 5 (and
mo = 2351), and so on.

Remark 5.4. A result analogous to that contained in (5.35), in the special case of s =1 and p = 1, and with
ko(1,1,1,L) < 1 (in our notation) was stated in Theorem 2 in [11]. There, however, an “energy-norm-based”
sparse-grid-space was used that is strictly included in VOL. The result contained in [11] is restricted to the case
of s =1 and p = 1 and does not cover either s =0 or p > 2.

Remark 5.5. If Ty C T (i.e., the hyperbolic part I'_ U Ty of the boundary I' is nonempty), and therefore

=

H{(2) € HL, (Q), then we still have Cp,0,0) < 1 by (3.11).

(0)
1 1 Cx
14+ — 7<_, 5.46
() oo = 64

Concerning the case of s = 1, if
which is a very mild condition on the minimum size of p in terms of d, then we have that

d
2¢y i
(K(o)(p,p, 17L))d S (1 + 7 ) S ch*,

which, in turn, ensures that (k) (p, p, 1, L))? remains uniformly bounded for d > 1. For example, taking ¢, = 1,
for d < 7 the condition (5.46) requires p = 2, for 8 < d < 71 taking p = 3 will suffice, while for for 71 < d < 755
taking p = 4 will be sufficient.
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The discussion in the previous paragraph presupposed that the number of hyperbolic co-ordinate directions
is equal to, or is very close to, d. If, however, the number of such directions is small relative to d, and can be
regarded as being bounded as d — oo, then we expect that the factor (k) (p,p, 1, L))? will exhibit exponential
decay as d — oo without the extra hypothesis (5.46), just as in the case when I' = T'y. The proof of this would
require a selective treatment of the constant ¢, o (o) in the proof of Theorem 5.1 when s = 1, to monitor whether
a particular factor of ¢, ) in lines 3 and 4 of (5.38) arises from a univariate bound on Q?é’)’ in an elliptic or
in a hyperbolic co-ordinate direction. An altogether different approach to removing the condition (5.46) in the
case of I'g € I and s = 1 would be to show that ¢, 0y < 1, uniformly in p. These lines of investigation are,
however, beyond the scope of the present paper.

Similar comments apply in the case of s = 0, assuming, instead, the existence of a constant ¢, such that

1 1 Cx
L+ (14— ) — <=
( )( 2”“)17 (2p) ~ d

If no assumption relating L, p and d is made, then there still exists . € (0,1) such that

N
L+1 " py/(2p

d—1
(o) (,p, 0, L)1 < (L 4+ 1) < )l) < (L+ 1) R

forall L > 1, p > 2 and d > 2; as a matter of fact, the larger L and p are the smaller the value of k.. Thus, the
growth of (L + 1)? is compensated by the exponential decay of k%1

Remark 5.6. When I'y = I'; the function u to be approximated enters into the right-hand side of the estimate
(5.35) in a nonstandard, yet favourable manner: through the L? norm of exactly one mixed derivative — rather
than through a sum of L? norms of mixed derivatives as would have been the case had we used a more
conventional seminorm on the space of functions with square-integrable mixed highest derivatives.

6. CONVERGENCE OF THE SPARSE STABILIZED METHOD

Our goal in this section is to estimate the size of the error between the analytical solution v € H and
its approximation up € V(S)’p . We shall assume throughout that f € L?(Q) and the corresponding solution

u € HFH(Q)NH2(Q) N ®?:1 H%O)(O, 1) CH, k>1and 1 <t <min{p, k}. Clearly,

bs(u — up,vp) = B(u,vp) — L(vp) + 0, Z (Lu— f,b-Vup),
keTE

for all vy, € V(S)’p C V. Hence we deduce from (2.6) the following Galerkin orthogonality property:
bs(u — up,vp) =0 Yoy, € ‘7(6)”’. (6.1)
Let us decompose the error u — uy as follows:
pL,p HL,p
u—up = (u—P(O) u)—l—(P(O) u—up) =n+E,
where 7 1= u — 13(%’)’) uand £ := P(%’)p u — uy. By the triangle inequality,

llw = unlllsp < [lnlllsp + [lI€]llsp- (6.2)
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We begin by bounding [||¢]||sp. By (4.6) and (6.1), we have that
IENED < bs(€,€) = bs(u — un, &) — bs(n, &) = —bs(n, £).
Therefore,
1€ < [bs(n,€)- (6.3)
Now,
= @RV~ (10 VO + () + [ 18 ds

bé(nag) -
+ 4L Z (—a:VVn+b-Vn+enb-VE)

keTL
T4 T1+ I + IV + (V + VI + VII)

For the terms I to III and V to VII we have
(IVal IVallLz) [1IEllsD,

I <
< (677 Inle ) lillso.
1
H < (bl m) lillso.
; 3
Vo< [ dflal Z Inlﬁz(n>> Il sp,
KeETL
VI < (0100 I 9mlecen ) HEllso.
1
VI < (e Inlleae ) lliglso-
Here |a| is the Frobenius norm of the matrix a and |b| is the Euclidean norm of the vector b. It remains to
estimate IV:
1 :
20 \* / 2
IV < ds
< (25 ( [t as ) el

(21b)* (4d) Il g Il o 1€ s,

where in the transition to the last line we used the multiplicative trace inequality from Lemma 4.2. Hence

IN

by (6.3),
_1 1
HElsp < WVal IVallLa)+0, * 1nlluae) +c? nllai) + (8D 2 7112 ) 00l i1 g
+ 67 [Val? ( > |ﬂ|H2(K)> + 82181 [V nllia) + b2 [nllzo)- (6.4)
keTL
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The bounds on [[7]|r2(q) and || Vn||r2(q) will follow from Theorem 5.1. However, the fifth term in the sum on
the right-hand side of (6.4) is nonstandard and needs to be dealt with separately (except when p =1 and a is

1
diagonal; then term V is bounded by 47 |a||u|g2(o) and requires no further estimation). Let us note that

Z |77|%{2(n)

8z 8:c
KETL i,j=1 keTL Lt
s 8 axzé)xj
i=1 geT i,j=1RrET
;e
d
_ 2 2
= E E |77|H2,0,{i}(,1) + E |77|H1,0,{i,j}(9)
i=1 gxeTL i,j=1
i#]
=: A?4+B2

Here, we made use of the fact that

0%n
axiaxj

cL*(Q) Vi,je{1,2,...,d}, i

Let us first estimate

d 2F
Z Z [lz.0.0 (k) = d:c = Z Z |77|%12f01{i}(K;2)’

=1 keTL i=1 geTL i=1 j=1
where KJ’ denotes the d-dimensional slab
Kj=(0,1) x -+ x (0,1) x (&§-1,&) x (0,1) x -+ x (0,1) (6.5)

with the interval (§;-1,&;) = (xf_l,xf) entering at position 7. The reason for agglomerating the elements
k € TF into the slabs K;, j = 1,...,2F in this way is that the function 9%*7/0x? involves no derivatives
in the co-ordinate directions Oxy, for k # i. In other words, it only needs to be considered piecewise in the
ith co-ordinate direction; in the other d — 1 co-ordinate directions it is defined on the whole of (0,1)4~! as an

H' function.

Let us define the seminorms ||| - [||2s, ¢ = 1,...,d, and ||| - |||2,«, by
2" d
10l = D lofmocy — and  llolll3. =D [1olll3
j=1 i=1

With this notation, we have that

d
A% = lInllf3. = D limllf3.-
i=1

When p =1, term A is dealt with easily on recalling that n = u — P(LO’)lu:
d 2 2
0? 1 0%u 1
A= —Z < d? max < d?|ulpz()
= 1077 2o 1sksd 8:Ek L2(Q)
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In order to bound A in the case of p > 2, we first observe that, as a consequence of Lemma 4.1,

oz () < V12 /he)lolmi sy Vo € PP(J), (6.6)
where J € {(:L'?"_I,IL'?’) ci=1,....d, j=1,...,2}. Hence, on recalling that
o e S (apeodh o
CEN?: €] > L

for a fixed i € {1,2,...,d} we deduce from (6.6) with h;, =2~ that

Ly,p La,p
‘(Qm) ®- ®Q(0>)

< Vizpet|(Qp e e u

H2.0.{} () HLO.{i} ()

Now, we square the last bound, and sum over all elements k£ € 7% that are contained in the d-dimensional
slab K7 defined in (6.5) to deduce that

l1,p Lq,p
‘(Qm) ®- ®Q<0))

H210a{i}(K;) HLO,{i}(K;)

Hence,

Z ‘ (Qféﬁp B ® Qfgip> H2.0. 0} (K1) < 12p'2%* Z ‘ (Qf&p @ Qfgf) HL0(} (K1)
— 12p42% ‘(Qféip . ® de, ) .
HL.0.{i} (Q)
This implies that
(@ oo Qi)ull,, < 1202 |(@f7 @+ Qo
and, on summing over ¢ = 1,...,d, and taking square-roots of both sides, we get

2
H1.0, {1}(Q)>

IN

(s -oais,, < Vs (S s -oais)

L L1,p Lq,p
vizpet|(Qir @ @ QG )u

2,%

I (Q)
Hence, by (6.7) and the proof of (5.35) in the case of s =1 (¢f. (5.37)—(5.42)),
o £a,
Aol < T (@rereai)l,,
CENY, |0y > L ’
2oL bop o La,p
< VIt Y |(QGre e Q) @)
LeN?, [4|1>L
3 _
< Vi2p*2hdic,, (koy(p,t, 1, L) 27 - fulyee(q).

Thus we have shown that

A <V12pPdic,, (5o (p,1, 1, L)) 278 ulyern g (6.8)
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for 1 <t < min{p, k}, p > 2; and
1

A <d? - Julpz )

when p=t=1.

Now, let us bound term B2 = 3¢ _, |77|%{1Y07“7j}(9). We define the seminorm ||| - |||2,++ by
i#]
d
[0l3 = D 10lf0.0000 (05
i,j=1
1#]
then, B2 = |[|n|][3 ... Now, since

n=u-Prtu= 3 (QP e @Q)u

CeNd, |¢]y>L

it follows that
l1, La,
e < S (@7 e o), -

LeN?, |1 >L

Given £ = ({1,0s,...,¢q) € N? with supp(¢) = I (that is, £; # 0 iff j € I) and |I| = k, we have to estimate

2
ll,p La,p fl,p La,p _.
‘H( R )mz** Z (Q © )‘leoy{w}(ﬂ) = (00)-

Z#J

Using Proposition 5.1 and the notation 0 for the univariate differentiation operator, we obtain the following
inequality:

e~/,p2
o I 1Q@) oo 10

i€l j'erl
1#j i ¢{ig}

Lip|2 45,02 0,p2(d—k)
Q@) Gor+1.001Q 0 tor+1,01 @6y lra

+> T 196 e, Tdy2 o)

- : "
i€l j¢I ]vzilv

1d |“|%{f+111~1 Q
H(lo)([),l)’ L2(0,1)) ()

p|2d=k=1)

2
H1 )(0 1)’IdL2(0 1) | |HH1'1’I(Q)

| ) |(3t+1 al)|Q(o |(61 81)|Q(

+ Z Z H |Q(6)7p|(6t+171dL2(0,1))

7 el itei
i#r el et
100:P|2 Lj.p|2 p(2(d—k—1) 2
|Q(0)|(61,61)|Q(0) |(6t+1 an) |Q(O)|(IdH1 . 1),IdL2(0’1))|U|Hf+111a1(ﬂ)
(4 up
+ Z H |Q(0) (0 1d20,1y)
“.j¢1 j'el
i#j

(d—k—2)

HIO) (0,1) 7IdL2(0,1)

0,p )
Q) [Tor.01) Q5 7o o) | QCGS G i) (6.9)
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Hence,
~2(k=2) 10,40, 1)|2 ~2  A2(d—k)
Z pf, gt ti= (D) llc ,1,t€ ,1,tcp(0 (0) |U|Ht+111(9)
i,5€1
i#]
~2(k1)éft+1é 52 a2 2(d—k—1)| |2
DD G AT o lulfeii g
i€l j&1
~2(k1€—t1€A2 &2 A2(dk1 2
+ZZ €p,0.t 4 blhe p,1,(0)%p,1,t%,0,(0) |“|Ht+1w1vf(ﬂ)
¢l jeI
2k 1)1e]1 22 2(d—k—2)| |2
+ ) @ ARG | 0081 0080, 0) |“|Hf+1v1ff(sz)- (6.10)
iier
i#j

Thus we deduce that

(**) < ~2(k—2) A2(d—k—2) 4—(t+1)|€|1

2
Cp,0,t  €p.0,(0) |U|Ht+171a1(9)

4 Gite ¢
X | €p1.4€ pO (0) Z 4hh +20p1tcp0(0) 1,0, py o Z 4 +Cp0tc, (0) Z
i€l zEI,]éI HI¢T
i#] i#]
2(k—2) 2(d—k—2) ¢
=< CPSO,t )Cp,(o,(o) Foam el |1|u|f{,,+1,1,1(9)
- N ¢ ~ ~ ~ A £
(& i kA1 42814820 )% 0.8 1 0 (d — k)4
AN (CEORE (A ))
2(k—2) .2(d—k—2
§ d2cptcp(0t )Cpfo (0) ) -4~ tm1|u|%{f,+1,1,1(9),

where
. 2 ~4
Cp,t i= Max p 1 tcp,o (0)2 Cp,1,t po <0>Cp,0t p,l (0)> p,o,tcp,l,(f)) :

Therefore, we have that

51,1) La,p
> (el ooy,

¢end ;|| >L
supp(£)=1

pd—k—2 —tle|
< d\/cp,t CpO + p,O 0 E 2 |u|Ht+1,1,I(Q)

tenNd:|e|y>L
supp(£)=I

~k—2 Ad k=2 § : —t]e]1
S d cptcht 1,0,(0) 2 |’U,|Ht+1,1,I(Q).
LeENF 0] >L

Once again, we note in passing that in the (important) special case when I' = Ty, and thereby H%O)(O, 1) =

H}(0,1) in each of the d co-ordinate directions, the factor |Q(()(’)’))|(Id

d y in the lines above can be

H(lo)(l),l)’ 1.2(0,1)

0,
replaced by |Q(O€|(81’IdL2(O,1))'
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Hence, upon summation and using Lemma 5.4,

d
> > > |l(etree)

k=1 1C{1,2,....d} gend:|¢|;>L
[ 1=k supp(£)=1I

2, %%

d
= d \ k—2 sd—k—2 ¢
< d+/C E AP E 27t | max max Ulgperia,s
—= p;t P k p,0,t ~p,0,(0) 1<k<d \ 1c{12.., d}| |Ht ()

CENF : €]y > L F{E

dQG\ / E it 2t B _
C ¢ - 2t _ 1 (R(O) (pv t,0, L))d 2 t(L+1)|U|H‘+1(Q)'
cpao,t Cp,07(0) —
‘We deduce that
B< d2£p,t("‘(0) (p, 1,0, L))d_12_tL|“|Hf+1(Q)7 (6.11)

where

L e\/Ep,t

c == - .
=p,t Cp0,t 0;12;,0,(0)(2t -1)

Combining the bound (6.8) on A with the bound (6.11) on B yields

%
( Z |7I|12q2(,.€)) < (V 12p* d%Qp,t(”(O) (p,t, 1, L))" + d2§p,t(”(0) (p,t,O,L))d’th)
KETL

X By ulye oy, (6.12)

for 1 <t <min{p,k}, p > 2, k > 2. For p =1, we have

2
( Z |7I|?{2(,§)> § (d% + d2§p7t(ﬁ(0)(1; ]-7 0; L))d_th) |U|H2(Q) (613)
RETL

We also know from Theorem 5.1 that, for 1 <¢ < min{p,k},p>1,k > 1,

IN

Inllz) < dey (ko) (p,t,0, L) AL Julyi (), (6.14)

3
|77|H1(Q) S d29p,t('i(0) (p,t,1, L))d htL |U|H‘+1(Q)~ (6.15)

N

Let us introduce, for ease of writing, the notation
Ko = K(0) (p, t, 0, L) and R1 = K(0) (p, t, ]., L), (616)

and absorb all constants that depend on p and ¢ only into a generic constant Cp;. In particular, C); is
independent of d and L and the coefficients a, b, ¢ and the right-hand side f of the partial differential equation.

Remark 6.1. Since (6.12), (6.14), (6.15) and all of our earlier bounds are completely explicit in p and ¢ (as
well as in d and L), one could track the actual value of Cp,; in our argument below. For clarity of presentation
we shall however refrain from doing so, particularly since the emphasis here is on h-version rather than p- or
hp-version finite element methods.
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With these notational conventions (6.12)—(6.15) become, for p > 1 and d > 2:

Il < Cpadrg A ulyen q), (6.17)
Il @) < Cpid? ] hilulpe (), (6.18)
< Z |77|2 ) : { Cp,t(d%’ﬁi + d2”g_1hL)h§;_1|u|Ht+l(Q)a p =2, (6.19)
KETL e - Cpe(d2 + d?k8 hy)ulpe (), p=1 '
Using (6.17), (6.18) and (6.19) in the definition of ||| - |||sp and selecting
, R Rl
o= Komin (gt i ) (620

with K5 € Ry a constant, independent of hy and d, we then deduce that
- 1. t+1 1
lnlllso < Cped? masc{sd =, wd} (IValhG, + DR +cRE) fubin o),

with 1 <t < min{p, k}, p > 2, k > 2. An identical bound holds for p = 1, k > 1, with max{x2 ', k{} replaced
by max{1, k31, k{}.
Similarly, using (6.17), (6.18) and (6.19) in (6.4) with §, as above,

1
lllsp < Cpad? max{rd ™, xf} (IWalhl, + BIAALTT + A RE) ulesn oy,

with 1 < ¢ < min{p,k}, p > 2, k > 2. An identical bound holds for p = 1, k > 1, with max{x3 ', k{} replaced
by max{1, k3!, k{}.

Inserting the bounds on |||¢]||sp and |||n]||sp in the right-hand side of the triangle inequality (6.2), we deduce
the following theorem.

Theorem 6.1. Suppose that f € L2(Q) in Q = (0,1)%, that ¢ > 0 and assume the regularity u € H*1(Q) N
H(Q) N Qi Hy (0,1), k € Nxo.

Then, for p>1 and 1 <t < min{p, k}, the following bound holds for the error u — uy, between the analytical
solution u of (2.6) and its stabilized sparse finite element approximation up, € Vé‘;p defined by (4.4), with L > 1

and h = h;, =2L:
1
e = unlllsp < Cpad® max{(2 = p)y, kg~ w} (IValhg, + bIEAL + AL ulyees oy (6.21)

where ko and k1 are defined in (6.16) and the stabilization parameter g, is given by (6.20).

Remark 6.2. We close with some remarks on Theorem 6.1 and on possible extensions of the results presented
here. We begin by noting that, save for the potential presence of a polylogarithmic factor on the right-hand
side of (6.21), the definition of §;, and the structure of the error bound in the ||| - |||sp norm are exactly the
same as if we used the full tensor-product finite element space V(é)’p instead of the sparse tensor-product space

f/({;)’p (¢f. Houston and Siili [14]). On the other hand, as we have commented earlier, through the use of the

sparse space Véjp (discounting the effect of p > 1 on the computational cost, since we are interested in h-version
methods here with p fixed at a relatively low value), computational complexity has been reduced from O(29) to
O(2%(log, 25)?~1). Hence, in comparison with a streamline-diffusion method based on the full tensor-product
space, a substantial computational saving can been achieved at the cost of only marginal loss in accuracy.
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(a) In the transport-dominated case, i.e., when |a| ~ 0 and |b|] ~ 1, we take d;, = Kshr/|b|, so the error in
the streamline-diffusion norm is max{(2 — p)4, xg *, /@‘f}(’)(h?r% ).

In the diffusion-dominated case, that is when £"aé > c,|¢|?, with ¢, ~ 1 and |b| &~ 0, we see from
Theorem 6.1 that the error in the streamline-diffusion norm ||| ||[sp is max{(2 —p);, x& ', $}O(RE) as
hy, tends to zero, provided that the streamline-diffusion parameter is chosen as d;, = Ksh?2 /(12dp*|\/a|?).

When the matrix a = (aij);j’jzl is positive definite, we have that I'y = I" and therefore u € H%O)(Q) =
H{(Q). Thus, under the conditions stated in Remark 5.3, the constant max{(2—p)., & ', k{} appearing
in (6.21) for t = p decays to zero exponentially as d — oo, for all p > 2.

When a > 0 and 'y C T, the constant max{(2 — p),x¢ ', k¢} remains uniformly bounded under
the conditions of Remark 5.5.

In the absence of assumptions relating L, p and d, the error |||u — u|||sp is still bounded by
k4= [logy ho |4 1O(y/alhl + [b|EhS"? + cE R, where &, € (0,1) for all L, p,d > 2.

As long as the basis of the univariate space from which the sparse finite element space is constructed
is a hierarchical basis on a uniform mesh, its specific choice (viz. whether it is a wavelet basis as in [29],
or a standard hierarchical finite element basis) does not affect our final result. Thus we believe that
the presence of the exponentially decreasing error constant is generic, and will be observed for error
bounds in various norms. Note that the smallness of ) (p, p, 0, L) and x(g)(p,p, 1, L) does not require
particularly high regularity of u as expressed by the parameter ¢ = p.

If b = 0, streamline-diffusion stabilization is absent from the method. If, in addition, a is symmetric
positive definite and ¢ = 0 it follows from Céa’s lemma and (5.35) with s = 1 that

lu—uplmi ) < d2c, (ko(p,t, 1, L)V hY |ulpeiry, 1<t < min{p,k}. (6.22)

As has been noted in Remark 5.3, xo(p,p,1,L) < 1 for all p > 1 and all L > 1 (unconditionally).
Therefore, the error constant in (6.22) exhibits exponential decay for allp > 1 and all L > 1 as d — oo,
as long as u € HPT(Q)NH{(2). Under the mild conditions from Remark 5.3, relating L to p or L to d,
a similar statement can be made when ¢ > 0.

(b) For the sake of simplicity, we have restricted ourselves to uniform tensor-product partitions of [0, 1]<.
Numerical experiments indicate that, in the presence of boundary-layers, the accuracy of the proposed
sparse streamline-diffusion method can be improved by using high-dimensional versions of Shishkin-type
boundary-layer-fitted tensor-product nonuniform partitions.

(c) It is important to note that the stabilization term 07, ), .71 (Lw, b-Vv), in the definition of the bilinear
form bs(w,v) can be rewritten as

d 2" 0w d 0w
(SLZZ (aiia—x?,b' V'U)Kl +(5L Z (awm,b V'U) +(5L(b Vw—i—cw,b- V’U)

i=1 j=1 i=1,j=1
J i3]

Here K;, i=1,....d, j = 1,...,2F are the d-dimensional slabs defined in (6.5). Thus, instead of

summing over |77| = 254 entries we can realize the computation of the stabilization term by summing
over 2ld+ 1d(d — 1) + 1 terms only. The evaluation of the inner products will involve high-dimensional
numerical quadrature (cf. [9,19,30], and the survey paper [7] for pointers to the relevant literature).

(d) For technical details concerning the efficient implementation of sparse-grid finite element methods, we
refer to Zumbusch [32] and Bungartz and Griebel [7]. The work of Bungartz [6] is specifically devoted

to the implementation and computational assessment of high-order sparse grid methods.
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