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MATHEMATICAL ANALYSIS FOR THE PERIDYNAMIC
NONLOCAL CONTINUUM THEORY *

QiaNG Du'l AND KuN ZHOU!

Abstract. We develop a functional analytical framework for a linear peridynamic model of a spring
network system in any space dimension. Various properties of the peridynamic operators are examined
for general micromodulus functions. These properties are utilized to establish the well-posedness of
both the stationary peridynamic model and the Cauchy problem of the time dependent peridynamic
model. The connections to the classical elastic models are also provided.

Mathematics Subject Classification. 45A05, 46N20, 74B99.

Received September 3rd, 2009. Revised March 21, 2010.
Published online August 2, 2010.

INTRODUCTION

The peridynamic (PD) model proposed by Silling [19] is an integral-type nonlocal continuum theory. It
depends crucially upon the nonlocality of force interactions and does not explicitly involve the notion of defor-
mation gradients. On one hand, it provides a more general framework than the classical theory for problems
involving discontinuities or other singularities in the deformation; on the other hand, it can also be viewed as
a continuum version of molecular dynamics.

Although a relatively recent development, the effectiveness of PD model has already been demonstrated in
several sophisticated applications, including the fracture and failure of composites, crack instability, fracture of
polycrystals, and nanofiber networks. Yet, from a rigorous mathematical point of view, many important and
fundamental issues remain to be studied. In this work, we intend to formulate a rigorous functional analytical
framework of the PD models so as to provide a better understanding of the PD model and to guide us in
the development and analysis of the numerical algorithms. This in turn will help us utilize the PD theory
for multiscale materials modeling. Indeed, PD can be effectively used in the multiscale modeling of materials
in different ways: it can serve as a bridge between molecular dynamics (MD) and continuum elasticity (CE)
to help mitigate the difficulties encountered when one attempts to couple MD and CE directly [4,5,11,15,18]
and, in some situations, PD can be used as a stand-alone model to capture the behavior of materials over a
wide range of spatial and temporal scales. For example, to study problems involving defects, one can use the
same equations of motion over the entire body and no special treatment is needed near or at defects [6,22].
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Such properties make PD a powerful tool for modeling problems involving cracks, interfaces or defects, we refer
to [2] for a review of the recent applications of the PD framework.

Parallel to the modeling and application to practical problems, there also have been efforts to establish a
sound theoretical foundation for the PD model. For instance, an abstract variational formulation is presented
in [16]. It is explained in [21] how the general state-based PD material model converges to the continuum
elasticity model as the ratio of the PD horizon to effective length scale decreases, assuming that the underlying
deformation is sufficiently smooth. Some results on the existence and uniqueness of L? solutions of the PD
models associated with bounded integral PD operators have been given in [8-10]. Though much of the focus
of [1] is on developing homogenization theory for the PD model, some existence and uniqueness results are also
provided, again for bounded integral PD operators. In [12], a nonlocal vector calculus was developed which also
provided a rigorous framework for studying the boundary value problems of the nonlocal peridynamic models.

In this work, we study a linear peridynamic model for a spring network systems in R%. The PD models are
briefly described in Section 1, then detailed analysis on the related PD operators and the associated functional
spaces are given in Section 2. We consider the stationary and time-dependent PD models in Section 2.2 and
Section 2.3 respectively. The properties of the models and their solutions depend crucially on the particular
micromodulus functions used to specify the spring network systems. Our results are valid for more general
micromodulus functions than considered in the earlier literature. Indeed, the only essential assumption on the
micromodulus functions is that appropriate elastic moduli can be defined for the material model. For these more
general cases, we prove the well-posedness of weak solutions to the peridynamic equation, together with studies
on the solution regularity. We point out, in particular, that for some special cases of singular micromodulus
functions, the solution operators still share certain smoothing properties in fractional Sobolev spaces. These
mathematical results can become useful in analyzing the output of numerical simulations based on the PD
models and in assessing the quality of the numerical solutions. In addition, we also examine the convergence
of the solutions of peridynamic equation to that of the differential equation (classical elasticity equation) when
the PD horizon parameter goes to zero. While results of this type have been presented in [10,21], our analysis
is applicable to more general PD operators and only requires the minimal regularity naturally inherited by the
weak solutions of the PD models. Indeed, by not assuming additional smoothness on the solutions of the PD
models, such convergence results fit nicely with a distinct feature of the peridynamic modeling, that is, the
formulation of physical laws with possibly non-smooth solutions.

1. A LINEAR PERIDYNAMIC MODEL

The peridynamic model [19] of solid mechanics is a continuum theory in which the force applied on the particle
at x+u(t,x) by the particle at x’' +u(t, x’) is characterized by a force function f(u(¢,x’) —u(¢,x),x’ —x), where
x and x’ are positions of the particles in the reference configuration, u(¢,x) and u(¢,x’) are displacements of
particle x and x’ with respect to the reference configuration. The equation of motion is

p(x)ii(t,x) = /H f(u(t,x') —u(t,x),x’ — x)dx’ + b(t,x) (1.1)

where p is the mass density, u the displacement, f the pairwise force function, b the external force density, and
H, the peridynamic neighborhood of x € V.. We let V' denote the reference configuration of the material and
throughout the paper, we take V' = R unless otherwise noted. At the same time, we take H, to be of the form

H, = {x'eV:|x'—x|<d} =Bs(x)

with ¢ > 0 being the horizon parameter and Bs(x) being the d-dimensional ball centered at x, with radius 0.
In this work, we consider only the linear peridynamic equation corresponding to an isotropic, homogeneous
microelastic material with a linearized force function for small relative displacements u(¢,x) — u(t, x):

f(X - X/a u(ta X) - u(ta X/)) = fO(X - X/) + C(X - X/)(u(ta X) - u(tv X/))a
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where C(x,x’) = C(x/,x) is the stiffness tensor given by
Clx —x) = es((Ix" = x|)(x" = x) ® (x' = x) + Fo(]x" = x[)I

with I being the identity matrix and ¢ = {(|x” — x|) being a scalar-valued function. If Fy(|x’ — x|) = 0, the
equation models a spring network system [19] which is the case we consider here. For notational convenience,
we rewrite the linear equation as:

uy (t,x) = Lsu(t,x) + b(t,x), V(t,x) € (0,T) x R?
u(0,x) = g(x), VxeR? (1.2)
ut(O x) = h(x), vxeR?

where
X)=c¢ 3 )® (X )ux'—ux x’'
Lsu(x) = 6/6(,() (I ) (u(x’) (x))dx’. (1.3)

Here, ¢s > 0 is a positive normalization constant, and we call o = o(|x" — x|) = 1/{(|x' — x|) a kernel function
of the peridynamic integral operator which also determines the micromodulus function.

2. MATHEMATICAL ANALYSIS OF PERIDYNAMIC MODEL

To set up a suitable functional setting to discuss the well posedness and convergence properties of peridynamic
model equations, we first make some assumptions on the kernel function o:

[/
(k)

We note that, as pointed out in the literature (see for instance, eq. (2.10) in [10], and eq. (93) in [19]),
the assumption on 75 being finite is needed in order to have a suitable definition of the elastic moduli for the
corresponding material under consideration. This assumption, in fact, allows us to study the bond-based PD
models with much more general kernel functions, and thus more general micromodulus functions, than those
considered in the existing mathematical analysis.

As a notational convention, we use u = 0(€) to denote the Fourier transform of u = u(x). Moreover, u
denotes the complex conjugate of u, and u” denotes the transpose of u. By performing the Fourier transform,
we can introduce an equivalent definition of our multidimensional peridynamic operator,

o(x) >0, Vx € Bs(0), and 75:= 05/ ——dx < 0. (2.1)
Bs(0) O

1 .
——— [ M;(€)a(€)e™4d 2.2
S [ Malepa(e)eag (22)
where Mj;(€), a real-valued and symmetric positive semi-definite d x d matrix, is the Fourier symbol of the
pseudo-differential operator, see [13], —Ls:

— Lsu(x) =

M;(€) =c<s/B o 71§?§ﬁ'y)y®ydy (2.3)

for any &€ € R? and for any PD horizon parameter § > 0.
By the equivalent definition of the peridynamic operator, we can define the following functional space,
equipped with an associated norm:

Definition 2.1. The space M, (R%), which depends on the kernel function o, consists of all the functions
u € L%(RY) for which the M, (R?) norm

1
2

fullse, = { [ a0+ My@naceae} (2.4
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is finite. We also define the corresponding inner product associated with the M, norm:
(uvla, = [ ¥€)- T+ My(©)ule)de. (25)

for any u,v € M,(R%). In addition, we use M_1(R) to denote the dual space of M, (R%).

Remark 2.2. The norm is well-defined since I 4+ Mj(&) is real-valued symmetric positive definite matrix and
it is uniformly bounded below by I.

Meanwhile, we can have the following properties:

Lemma 2.3. The space My(R?) is a Hilbert space corresponding to the inner product (-, ), -

o

Proof. Let {u,} be a Cauchy sequence in M, (R?). By definition, it is equivalent to say
{+™my)ha,}

is a Cauchy sequence in L?(R%). So by the completeness of L?(R%), there exists an element v € L?(R4), such
that

1T+ M5(€)) 2 (&) — V(&) 2 — 0
as n — 0o. Then we set
u(x) = (T + Ms(€)) 2 v(€)],
where F~! denotes the inverse Fourier transform. Then one can see that

=

an —ullm, = [ (T+M;(£))? (@ (§) —(§))z2 — 0.

So the space M, (R?) is complete, and it is thus a Hilbert space. O
Lemma 2.4. The dual space of M, (R?) is the space of distributions:

M h = {us [ a©)- (14 My(©)a(ehae < oo
equipped with the norm )
ey = { [ 866 (T4 M€ Matrae
Proof. Let | = I(u) be a bounded linear functional on M, (R?), then by the Riesz Representation Theorem [7]

we know that there exists a unique w € M, (R?) such that I(u) = (u, W), (ga) for any u € M,(R%). Using
the inner product given in (2.5), we have

N

Let v(&) = (I+ M, (€)W (€). We have (I + M;(€))2w(€) € L2(R9) since w € M, (R?). Thus,
(L+M;(£)"29(€) = (T+ M;(£)) P w(€) € L*(RY).

So, v € M;*(R?) and
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Again by the Riesz Representation Theorem, we have

12 = i, = [ W€) - (4 Me©)WIENIE = [ 9(6) (T+ M€ F(E) = [¥]

Rd

Meanwhile, if v € M (R?), for any u € M, (R%),

vl = | [ (a©-v@dg = | [ {ale) @+ Mie)H T+ Ms(©) Ho(6)} e
R4 R4
< ey e IVl it
So, an element v € M7 *(R?) corresponds a bounded linear functional on M, (R?). O

Lemma 2.5. The peridynamic operator —Ls is self-adjoint on My (R%). The operator —Ls + I is also an
isometry from My(R?) to MZ1(RY), and the norm and inner product in M, (R?) can also be formulated as

s, = [(ww)a]? = [(wu) + (~Lsu,u))?

' —x|)

2 = 1 / / / 21/ :
[wny 25 L o 6 i) O )P (26)

for any u € M,(R?).

Remark 2.6. The result of this lemma is analogous to the classical result corresponding to the differential
operator —A, that is, —A + I is self-adjoint and it is an isometry from H'(R?) to H~*(R%).

Proof. By the equivalent definition of the PD operator in (2.2) as a pseudo-differential operator with a real,
nonnegative symbol, we immediately see that —Ljs is self-adjoint in M, (R?). The fact that —Ls + I defines an

isometry follows directly from the definitions of the norms in M, (R?) and M;*(R?). In addition, using the
Parseval formula, we have

—

(=L, ) + () = (Lo, + () = [ () (T+My(€)) a(€)de.

which implies equation (2.6). O

For the purpose of discussing the regularity of the weak solutions, we also need to define the following space

M) = us [ a©): (14 M€ Pale)ag < oo

with the dual space
w2 = {us [ al€): (14 M(€) Za(eae < oo

which share the similar properties as the ones in Lemmas 2.3, 2.4 and 2.5.
Given any y € B;(0), let us define a difference operator D,, by

Dyv(x) = v(x+y) - v(x)
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for function v defined in a suitable function space. By the representation of Ls given in (1.3), we have

y®y cs lyl|? D, +D_,
L5205/ Dydy =& yoy) L Zygy 2.7
o) SN Y =2 0 s Y OV T R @7)

which gives an interesting formulation of Ls as a linear combination difference operators (first or second order).
The matrix-valued weight |y|?/o(|y|)(y ® y) is in fact in L}(R?) under the assumption (2.1). Then,

Lemma 2.7. Let P be an scalar operator which commutes with difference operator D, for all y € B;s(0), then
P also commutes with L.

Proof. For u = u(x) with Ls(u) suitably defined, we have

y®y . vey -
cs /135(0) U(|y|)(P(DyU))(X)dy = 6/35(0) U(|y|)(Dy(P ) (x))dy.

That is, (P(Ls(u)))(x) = (Ls(P(u)))(x), for any x € R, so the lemma follows. O

We note that in particular, all scalar linear differential operators with constant coefficients, and their inverses
(when they exist), commute with the difference operator D, for any y, so we have,

Corollary 2.8. Let P be a scalar linear differential operator with constant coefficients, then PLs = LsP.

Let us remark that the results of Lemma 2.7 and Corollary 2.8 depend crucially on the facts that in the
representation of the PD operator given by (1.3), the horizon parameter ¢ is a uniform constant in space and
that the kernel function o = o(|x — x’|) is only a function of |x — x/|.

The above corollary in particular allows us to have the well-posedness of the generalized (in distribution
sense) solutions to the peridynamic equation with rough data. For instance, even when the external force
b = b(t,x) is not in L?, we may still get a unique solution to equation (2.28) in the appropriate weak sense by
lifting b to P~'b for some P which commutes with Ls, if P~!'b can be properly defined, to get a generalized
solution of (2.28) in the form P(—Ls+ I)~'P~'b.

Now we can discuss the equivalence between the defined space M, (R?) and standard Sobolev spaces. Similar
results for the special case of scalar valued functions can be found in [3]. To treat the vector valued case, we
adopt the convention that for two symmetric matrices A and B, A < B means B — A is positive definite, and
A < B means B — A is positive semi-definite. Let — denote the continuous embedding of function spaces.

We note that the Fourier symbol of the Navier operator of the Navier equation (2.31) with Lame coefficients
pw=A\is
Mo (€) = ul|§]*T+2¢ ® ] (2.8)

which corresponds to a material with Poisson ratio v = 0.25 (see related discussion on Mg(€) given in the next
section). Then the following general embedding results can be shown:

Lemma 2.9. Let the kernel function o = o(|y|) satisfy condition (2.1) and let Mo(§) be defined by (2.8) for a
positive constant . Then

1
0 < M;(¢) < ﬂ751\/10(5), Ve € RY. (2.9)
Consequently, we have
H'(R?) = My (RY), H?*R?) — M3(R?).
Proof. Using the inequality

Y
0< 1-cos(é-y) < EXL < ey,
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And by the form of M (&), we can easily see that

Mo(&) > plé’T

with I being the identity matrix. So we have

- 1—cos(€-y) 1—cos(§-y), 1o
M) = e [ y®ydy<c‘5{/36<o> oyl Y dy}I

I35 4 1 2 1
cs yIPdy p I= —75u|€] T < —75Mo(&
{/35(0) 20(|Y|)| | 2p el 2u o(®)

which gives (2.9). The rest of the conclusions follow from the above inequality and the definitions of the relevant
function spaces. U

Besides Lemma 2.9, we also show that My and M actually commute, a nice property that is useful to make
comparison between the PD model and its local limit.

Lemma 2.10. The matrices Ms and My defined by (2.3) and (2.8) commute, that is, Ms(&)My(€) =
Mo (§)Ms;(€)-

Proof. We only need to show that € ® & commute with Ms(€).
Let A = (a;;) = (£ ® §)M;(€), then AT = M;(€)(€ ® €). By direct computation, for any 1 <i,j < d, we
have

1— )
aij —aj; = 205/5(0) %y)(&yj — &Yi)Skyr dy = cs /Ba(o) %fis‘j (v — i) dy

G5 1 —cos(§-y) 2 2 _
= 6, oty iy o

where we have used the symmetry of the integrand. We then conclude that A = AT. This implies that M,
commutes with € ® € and thus commutes also with M. O

2.1. Space equivalence for special kernel functions

We now focus on some kernel functions with special properties to establish relations between M, (R%)
and the more conventional Sobolev spaces. To examine more singular kernel functions, we let H*(RY) =
{ue (L2(R?)?: |€]*a € (L*(R?))?} denote the fractional Sobolev space on R for s € (0,1).

For convenience, we define the following functions for y > 0 and « > 0:

1—cos(z1) . , o
Chin (@, x) = 05/ ——————~ min(z")dz, (2.10)
B (0) |z[Ptet2e
1 —cos(z
CmaX(Oé, X) = C(;/ |Z|Td'£%‘1t) maX(ZQ)dZ. (211)
By (0

Here, we have min(z?) = min{2z?} with {2;}¢_, being the components of z, and similarly, max(z?) = max{z2}.
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For kernel functions o such that |x|?/o(|x|) € L'(Bs(0)), there are already some results in [1,10] showing
that —Ls is a bounded linear operator from L?(R9) to L?(R%). In fact, we have:

Lemma 2.11. Let 0 = o(|y|) satisfy the additional condition that

/ P4y < oo, (2.12)
Bs(0) a(lyl)

we then have
MZ(RY) = M, (R?) = L*(R?),

and
Y gy )
[ullrz < [luflm, ®ey < lullrz |1 +05/ dy | , VYue L*(RY), (2.13)
Bs(0) a(lyl)
|Y|2 2/md
Hu||L2 < ||UHM2(Rd) < Hu||L2 1 +C5/ dy |, Yuel (R ). (2.14)
7 Bs(0) a(lyl)

Moreover, the operators —Ls and (—Ls + I)~% are bounded linear operators from L?(RY) to L?(R%).

Proof. Under the condition of o, we can see

2
0 <M;(8) <cs {/B‘(O) a|(}|,}|’|)dy} :

By Parseval identity, we have (2.13) and (2.14) which in turn implies that —Ls and (—Ls + I)~! are bounded
operators from L%(R%) to L?(R?), and M 1(RY) = M, (R?) = L?(R?). O

For more general kernel functions, i.e. o satisfying (2.1), the PD operator —Ls may become unbounded
in L2(R%) when the function |x|?/o(|x|) is no longer in L'(B;(0)). Yet, as we demonstrate below, the basic
existence and uniqueness results remain valid but with the discussion taking place in other function spaces such
as M, (R9), as defined earlier. This is due to the fact that —Ls becomes a bounded operator from M, (R?) to
M H(R?). To see how such spaces are related to the conventional Sobolev spaces, we first consider the space
equivalence for some special kernel functions.

Lemma 2.12. Let the kernel function o = o(|y|) satisfy the assumption (2.1) and the condition
a(lyl) < mlyPH27, vyl <6 (2.15)
for some exponent 8 € [0,1) and positive constant 1, then we have
Mo(RY) — HP(RY), MZ(R?) — H¥(RY),

HPRY) — MR, H ?(R?) — M2(RY).

Moreover, we have

Cillull s ey < [l pg, ®ey,  Yu € Mo (R?), (2.16)
Cillall po1 gy < Iullg-srey, Vue HP(RY), (2.17)
and
Cillul 26 gey < |[ul| g2 mey,  Va € MZ(R?), (2.18)
Cillull py-2gay < l[ull 26 ey, Vue HP(R?), (2.19)

with constants C; = min(1, (2Cmin(3,6)/71)2)/2 and C; = min(1,2Cmin(3,8)/71)/2.
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Proof. Under the condition on o, when |£] > 1, we do a change of variable

z = [¢|Ry

where R is an orthogonal matrix from R? to R? with the first row being £/|£|.
So we have

1—cos(€-y) ) 1—cos(€-y)
M;s(§) = 06/ — Y ®ydy > — ——raag Y ®ydy
| P o) WP

LR ) L Ly, - S [ ety
Bie1s(0) Bie1s(0)

|z 2Ha+20 g €] m |z >Hd+20

ga!

71

20 1— 243 1—
= cs/€] / 7COS(21)RTdiag(zi2)Rdz > cs €] {/ 7608(21) min(zQ)dz} I
Bie|s(0

) |Z|2+d+2ﬁ " B5(0) |Z|2+d+2ﬁ

Cmin(ﬁa 5) |€|2ﬁI

71

2
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R7z ® 7z Rdz

where we have used the symmetry of the integration domain. Thus the space embedding results follow. More-

over (2.16) and (2.18) are satisfied. The inequalities (2.17) and (2.19) follow by duality estimates.

Meanwhile, we also have:

Lemma 2.13. Let the kernel function o = o(|y|) satisfy the condition

a(lyl) = yely*FH2e, vyl <4
for some exponent «a € (0,1) and positive constant vz, then we have

HY(R?) — M, (R?), H**(R?) — MZ(RY),
and
MG RY) — H™*(RT), M *R?) — H**(RY).

Moreover, we have

[l ey < Collullgagray, Va € H*(R?),

[ull - @ey < Collull p1 ey,  Vu € MGHRY),
and
[ull pz rey < Callull graeray, Vu € H**(RY),
[ull 20 ey < Collull yo2may,  Ya € MZ*(R?),

with constants Cy = max(1, (Crax(ct,50)/72)?) and Cy = max(1, Ciax (@, 00) /72).

O

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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Proof. Similar to the proof of the previous lemma, under the condition on o and for [€] > 0, we make a change
of variable z = |¢|Ry where R. is an orthogonal matrix from R? to R? with the first row &/|€|. Then we have

1—cos(€-y) cs 1—cos(€-y)
M;s(&) = 06/ — Yy Qydy < — e Y ®@ydy
©) Bs(0) a(lyl) Yo Jpso) |y[PTAT2e

242« 1— 1 1
- ol [ L LRIy e R s
72 Be)5(0) 2| 1€l 1€l

2ce 1—
_ sl / Locosla) gy, 0 Rz
72 Big15(0) 2|

2a

1—

= cs €] / %@RTdiag(zf)Rdz
Y2 Be15(0) ||

N

{05|€|2a / 1 — cos(z1) maX(ZQ)dz} I= 2M|€|QaI
R

Yo o |z[2td+2e Yo

where again we have used the symmetry of the integration domain. The space embedding results then fol-
low from the respective definitions of the function spaces. Moreover, (2.21) and (2.23) are satisfied with the
inequalities (2.22) and (2.24) following from duality estimates. O

Consequently, we see that under suitable conditions on the kernel function, the space M, (R%) is equivalent
to some standard fractional Sobolev spaces.

Theorem 2.14. Let the kernel function o = o(|y|) satisfy the condition

Yoly P42 L o(ly]) < mly?Hit?, Vy| <6 (2.25)

for some exponent a € (0,1) and positive constants v1 and 72, then we have
M, (RY) = H*(RY), MZ(R?) = H**(R?).
Moreover, for any u € My(R?),
Chllullzra®ay < ullm, ®e) < Cellull e ga), (2.26)

and for any u € M2(R?),
Cillull g2eray < Juflpz ey < C2lullg2e gay, (2.27)
with the positive constants Cy, Cy, Cy and Co defined in Lemmas 2.12 and 2.13.

We see from the above discussions that, under additional assumptions on the kernel function o, we have the
equivalence or continuous embedding theories between M, (R?) and some fractional Sobolev spaces.

2.2. Properties of stationary PD model

In this section, we give some results on the existence and uniqueness of weak solutions to the stationary
(equilibrium) PD model with general kernel functions, i.e. Ls; may be unbounded in L?(R%):

—~Lsut+u=b (2.28)
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and some convergence properties of the solution of the stationary PD model. The term u is added for two
purposes, one is to eliminate the need to imposing far field conditions at infinity and the other is to eliminate
the nonuniqueness of solution when no boundary condition is imposed.

First, we may also establish the corresponding variational theory and some regularity properties for the
stationary PD model. Then, using the properties of the PD operator provided earlier, we have:

Lemma 2.15. Let 0 = o(|y|) satisfy condition (2.1), for any b € M;Y(R?), problem (2.28) has a unique
solution u € M, (R®) which is the minimizer of the functional:

1

E(u) = §|‘u||3\4a(Rd)_(u7b)L2(Rd)
= 5 [, 8O (T Mi€)a()d€ ~ (. b) e (2.29)
Rd

in My (R?).

Proof. The conclusion follows directly from the fact that E = E(u) is a convex quadratical functional with
—Lsu+u—b € M;1(R?) being its variational derivative at u € M, (R?). O

We note that more general variational descriptions of the PD models can be found in [12,16]. As for regularity,
we have for some special kernel functions that:

Lemma 2.16. Let o = o(|y|) satisfy condition (2.25), problem (2.28) has a unique solution u € H™+2%(R4),
whenever b € H™(RY) for any m > —2a.

Proof. Taking the Fourier transform of equation (2.28), we get
(M5(8) + Dia(g) = b(&). (2:30)

Then we have

(Ms(8) +1)a(€)) - (Ms(€) + 1)) () (€1 + 1) = [bE)P(I* +1)™ € L' (RY).

By Theorem 2.14, we have
(I€* + 1> ag))?> € L' (RY).
So the result follows. O

We now go back to the general kernel functions to consider the regularity of solution of the equilibrium
equations (2.28).

Lemma 2.17. Let the kernel function o = o(|y|) satisfy (2.1), the problem (2.28) has a unique solution
u € My(R?) for b € M;Y(R?). Moreover, if b € L?(RY), the solution of the equilibrium equation (2.28)
satisfies

u € M2(R%).
Proof. The first part follows from the isometry property given in Lemma 2.5. The proof of regularity is similar
to that of Lemma 2.16. O

By Lemma 2.7 and Corollary 2.8, we also have the following regularity:

Lemma 2.18. Let P be a linear scalar operator with constant coefficients, if u is a solution of the equation (2.28)
with a given function b, then Pu is the solutions of (2.28) with the right hand side being Pb.
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Proof. From Lemma 2.7 and Corollary 2.8, we know —LsP = —PLs. So
—Ls(Pu) = P(—Lsu) = Pb.

This leads to the result of the lemma. O

Considering the convergence of the PD model to differential equation, we first denote by u, = u,(x) € H?(R?)
the solution of

— uAu,(x) — (g + N Vdivu,(x) + u,(x) = b(x), x € R? (2.31)

for b € L?(R%), where p and A are Lamé coefficients with 2 = . We note that, in this case, I+ Mq(¢) defined
in (2.8) is the Fourier symbol of equation (2.31).

To indicate the dependence of the solutions of the PD model on the parameter §, we set us = us(x) as the
solution of (2.28). Then we have the following theorem.

Theorem 2.19. Let the kernel function o = o(|y|) satisfy (2.1). Then, as 6 — 0, the solution of (2.28)
converges to the solution of (2.31) as measured by the norm | - || ;2 ray (and consequently in L23(RY)), provided

that b € L*(R?) and
75 — 2d(d + 2)p, (2.32)
for the constant 75 defined in (2.1).

Proof. We consider the problem in Fourier space, we can see, the Fourier coefficients of the solutions for
equation (2.28) and (2.31) are

05(6) = (L+Ms(€)7'b(€),  w0(€) = (T+Mo(€))'b(é).
By simple calculation, we can get
lus — ol 3z (o) = /]R B(&) - (T+Mo(€) ™ (Mo (€) — M5 (£))* (I + Mo(€)) ™ 'b(£)dE.
Meanwhile, by Lemma 2.9, we have

(I+Mo(€)) (Mo (&) — Ms(€))*(XT+ Mo (€)™ < (1+ o~

This implies that ||us — u0||3\42 (R) is uniformly bounded. We note also the fact that

/ f(|x|)z;*dx:3/ f(xDaiaidx, k#1, ik l=1,2,...,d (2.33)
Bg(()) Bg(())

where f = f(x) is any function such that the integral is well defined.
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Then by Taylor expansion, condition (2.32) and the identities given in (2.33), we can easily see that for any
given &,

_ % (€ y)? “
M;(§) = 2/35(0 o) y @ ydy + as(§)

i<j Yi9i8i&;
=2 iy v y®ydy+c—5 iy ibi&its =2y @ ydy + as(€)
2 B;(0) a(lyl) 2 B;(0) a(lyl)
d
cs
= - yi¢ diag(y?)d
2 B5(0) o(lyl) z=:
c 1 .
+ = [(v%€) ® (y2€) — diag(y}€3)]dy + as(€)

2 Bs(0) a(lyl)

2 Jps0) o(lyl)

_ & y%yﬁd _
2 Jps(0) o(lyD) I+ 26 @ £] + as(€)

cs Yty d
5 /B(,.@) U(|Y|)£ ® &dy + a5(€)

where y2¢ means component-wise multiplication which remains a vector and

o [ €y eos)
WO =5 YO

for some 6. We can see that for any &,
s
as(®)] < 2 5%lglL
Hence, by the assumption on 75 and the identity (2.33), we have

M;(€) — pll€PT+26 @ €] = Mo(€), V€ e R?

as 6 — 0 where
Cs yi yd T 75

= lim — dy = lim ——— 2.34
=t Bs0) o(lyl) Y= 2d(d+2) (2:34)
We may then use the dominant convergence theorem to get ||us — llo||3\,l2 ray — 0 as 0 —0. O

Remark 2.20. For any £ € R?, we use s and A1 to denote the largest eigenvalues of M (&) and My (€)
respectively. We also let {\;;}%L, and {\o;}L, be the remaining eigenvalues of Ms(¢) and My(€). By
Lemma 2.10, Ms and My has the same set of eigenvectors. Direct computation shows that A\g1 = 3ul€|? and
Ao,i = wl€|? for @ > 2. From the proof of the above theorem, we can see that Asi — Ao, as 0 — 0 for all 3.
Moreover, by the Lemmas 2.9 and 2.10, we can get 0 < A\s1 < 375|€|%/2 while 0 < Xs; < 75]€|?/2 for 2 < i < d.

It is easy to see that the convergence stated in the above theorem holds in L2(R?), based on the uniform
bounds in § on the respective norms established earlier. Moreover, the condition (2.32) is a natural assumption
that leads to a consistent definition of the elastic constant of the material under consideration [10,20]. In
addition, we note that while the Navier equation corresponding to PD model for the spring network system
under consideration here only takes on a Poisson ratio of v = 0.25 (since p = A), it is possible to recover limiting
equations with other Poisson ratios from the more general PD models with the peridynamic states [20].

Unlike discussions in the literature [1,10], the above convergence theorem does not require extra assumptions
on the regularities of the solutions to the PD model beyond those already established in this work and remains
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valid for weak solutions. Moreover, using the properties stated in the Corollary 2.8, one may establish a general
convergence in distribution sense.

Now, if additional assumptions on the kernel functions are made, then one may get convergence in conven-
tional Sobolev space as well using the space equivalence established earlier.

Proposition 2.21. If the kernel function o = o(|y|) satisfies (2.20) with 75 satisfying (2.32), then for b €
H=*(R%), we have

[uo — us |l e (may < Cilluo — sl am, re) — 0,
for some constant Cy, independent of § and b.

Proof. We only mention that when the conditions in the theorem are satisfied,
Ibl| oty < Collbllar-a sy

where Cy is independent of §. The other part of the proof is similar to the previous theorem. O

To conclude the discussion here, let us note that if additional regularity on the function b can be assumed
together with the order of convergence of 75 to d(d 4 2)u, then one may also establish the order of convergence
of ug — us in suitable norms using techniques similar to that in the proof of the Theorem 2.19. One can also
examine further the higher order expansions of the PD operator in §, see for instance the formal derivations
given in [23] for smoothly defined solutions.

2.3. The time-dependent PD model

With the suitable function spaces for the PD operator and the stationary peridynamic model given earlier,
we now proceed to discuss the existence and uniqueness of the solutions of the time-dependent PD model (1.2)
in these spaces, again for more general kernel functions o = o(Jy]).

Using the Fourier transform, we first rewrite the PD equation (1.2) as

ﬁtt(tag) + Mg(f)ﬁ(t,&) = B(taé)a
u(0, &) = g(&), (2.35)
,(0,€) = h(¢).

By Duhamel’s principle, we formally have

c">

N . sin t N 1 ¢
u(t,&) = cos (M t h sin (/M t—s, 2.36
(1,€) = cos (VML ED&(€) + J—V O+ s | SOt~ 5.€)ds.  (2.36)

Then by taking the inverse Fourier transform, we can get
d
u(t, x) :/ dtG(t y)gx —y)dy +/ G(t,y)h(x —y)dy —|—/ G(t,y)b(t — s,x — y)dyds, (2.37)
Rd

e et o (50 (/MDD
here G{t,y) = F < M;(§)

From equation (2.36), we can see:

), see also [23].

Theorem 2.22. If the kernel function o = o(|y|) satisfies (2.1), and

g€ My(RY), heL*RY), belL?*0,T;L*RY), (2.38)
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for some T > 0, then the PD equation (1.2) has a unique solution u = u(t,x) given by (2.37). Moreover,
u € C([0,T); My (RY), wu; € L*0,T; L*(RY)). (2.39)

Proof. From (2.36) and (2.37), we can see the solution u can be expressed by the given quantities b, g and h,
i.e. the solution of the PD equation (1.2) uniquely exists, so it is suffice to give the proper space that the solution
belongs to.

First, we note that since Ms(€) is real symmetric and positive definite, it can be diagonalized by an orthogonal
matrix Q = Q(&), i.e. Ms(&) = Q7 diag(\s;)Q. And we denote the three terms on the right hand side of (2.36)
as us(t, &), ua(t, €) and us(t, &) respectively so that

a(t, &) = (t, &) + da(t, &) + us(t, £).

By the condition (2.38), we readily have

g(&) - cos(vM;(£)1)(I+ Mj5(&)) cos(v/ Ms(£)t)&(€) d€

[t )%, =

&(€) - Q" diag(cos(v/A5,:)Q) (I + Ms(€))Q diag(cos(v/As,it) QE(€) d€

(&) - Q" diag((1 + As,i) cos®(y/As,it)) QE(€) d€

<

8(€) - Q" diag(1+X5:)Qg(€)dé = | (&) - (T+Ms(€))g(€) dé = llgllA, -

d RA

I
|
- /]R g(&) - Q" diag(cos(y/Ns.it)diag) (1 + As,;)diag(cos(v/Ns,it)) Qg (&) dE
/
I

So we can see that u; = uy(¢,x) is uniformly bounded in C([0, T]; M,(R?)). Similarly, we can also deduce that
luz(t, )34, < (1+T?) b oge  and  [lus(t, %)%, < Q0+ T)TIbIZ20 7 12may)

uniformly in [0,7]. Therefore, it implies that u = u(t,x) is bounded uniformly in M, (R?) for any ¢ € [0, T],
i.e. u € C([0,T]; My (R?)).

Differentiating (2.36) with respect to ¢, we get

ﬁt(t,é):*\/M5(€)Sin(\/M5(€)t)é(€)+COS(\/M5(€)t)fl(€)+/0 cos (v/M;5(€)(t — 5))b(s,€)ds.  (2.40)

Then through a similar calculation as in the above, we can get that u; is uniformly bounded in L2(0, T'; L?(R%)).
These a priori estimates, together with standard PDE theory [14,17], lead to the existence and uniqueness
of the solution u of (1.2) in C([0,T]; M,(R%)) N H(0,T; L*(R%)). O

Note that for the linear time-dependent equation, we can easily get the following lemma.

Lemma 2.23. Let P be a time-independent linear operator which commutes with Ls, then it commutes with
the solution operator of system (1.2).

Similar to the stationary case, this again allows us to establish the well-posedness of even more generalized
solutions to (1.2).
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Theorem 2.24. Let the kernel function o = o(|y|) satisfy (2.1), and P be a time-independent linear operator
which commutes with Ls. Then for the initial conditions and the forcing term satisfying

Pgec M,(R%), PheL*R?%), PbecL*0,T;L*R%),
the PD equation (1.2) has a unique solution u = u(t,x) with

Pu € C([0,T); M, (RY)) n HY(0,T; L*(R?)).

—1/2

In particular, we can take P = (—Ls + I) , then we get the existence and uniqueness of weak solution

u=u(t,x) to (1.2) with
ue O([0,T); L2(RY) N H (0, T; M, (RY))
for g € L*(RY), h € M;Y(R?) and b € L?(0,T; M;*(R?)).

The proof is straightforward by verifying that Pu is also the solution of the PD equation with the transformed
data. Note that the theorem also implies the well-posedness of the Cauchy problem for the time-dependent PD
equation even when the initial displacement is given as a distribution.

Similar to the discussion given in the previous section, we may establish the convergence property of the
solution of PD equation (1.2) to the one of the Navier equation in the limit when § — 0:

uy(t,x) = pAu(t,x) + (p+ A)Vdivu(t, x) + b(t,x),
u(0,x) = g(x), inRY, (2.41)
u,(0.x) =h(x), in R

where 1 = ), as defined in (2.34).

Theorem 2.25. Let the kernel function o = o(|y|) satisfy (2.1), then the solution of (1.2) converges, in
the conventional norms of L?(0,T; M,(R%)) N H'(0,T; L*(R%)), to the solution of (2.41) as § — 0, provided
that (2.32) is satisfied and

gec H'(RY), heL?RY), beL?0,T;L*RY). (2.42)

Proof. By Duhamel’s principle, the solution of (2.41) can be expressed as

. . sin (1/Mo(€)t) - 1 t .
uo(t, &) = cos (/Mg (&)t h sin (/Mo b(t — s,
(t. &) (VMo(§)t)g(&) + \/— (&) + M) o (&)s)b( €)ds

Using similar expression of ug, we get

as(t, &) —aop(t, &) = (COS(‘/M‘S(g)t)_Cos(mt))g(ﬁ)—i— (Sin v M;(€)t) sm (v/Mo(€)t) ) ©

+/Km(MMM_m(MMM
0 VMs(€) VMo (€)

For any € € R?, let Q = Q(&) denote an orthogonal matrix that diagonalizes the matrix Mo(&) such that

)B(t —5,§)ds = Ue1 + Ueo + Ues.

My (€) = Q" diag(Xo,1)Q.
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By Lemma 2.10, Q also diagonalizes Ms(&). Then, we have

g(&) - (cos (vVM;5(&)t) — cos (v Mo(&)1))(I + Ms)(cos (v M;s(£)t) — cos (v Mo(£)1))&(§)

= (Qg(&)) - diag((cos(y/As,it) — cos(y/Ao,it))" (1 + Asi)) QE(E).  (2.43)

Since 1 <14 As; < max(1,7s5/(2u))(1 + Xo,i), we get

et (|3, < max(4,275/m)|gll3

uniformly for any ¢ € [0,7]. This implies in particular that,

T
/ et |3, dt < max(4T, 27/ 1) 2.
0

Similarly, under the assumptions on h and b, one can prove the uniform upper bounds for u.e, u.3 and thus
us — ug in L2(0,T; M,(R?)). Based on the remark after Theorem 2.19, we can further see for any & € R? and
t € (0,T) that, \/Asit — /Aot, which implies that the left side of (2.43) converges to zero in (0,7) x R?. By
the dominant convergence theorem, we get as 6 — 0,

T
/ |‘uc1|‘3\/ladt — 0.
0

By applying similar arguments to the terms u.o and u.3, we get

T
/ lus — uo3,_dt — 0.
0

We thus have us — ug in L2(0,T; M, (R%)). Following the same idea, using expression (2.40), one can prove
us ¢ — ugy in L2(0,T; L2(R?)). Together, we get the theorem. O

Remark 2.26. Again, the results given here are generalizations of the results in [10]. Moreover, similar to the
time-independent case, for kernel functions with additional properties, we can say more about the convergence.
In fact, if the kernel function o = o(|y|) satisfies (2.15) and 75 satisfies (2.32), then for g € H', h € L? and
b e L2(0,T, LQ(Rd)), we have that, as d — 0, ||ll - u5HL2(O,T;H”‘(Rd))ﬂHl(O,T;LQ(Rd)) — 0.

3. CONCLUSION

In this work, a general functional analytical framework is provided for the mathematical and numerical
analysis of the linear peridynamic models. For illustration, we focus on the case of a linear constitutive relation
corresponding to the spring system in multi-dimensional space. Various analytical issues are established here
under the unified framework, extending some of the results given in the literature.

The techniques developed here can be extended to study more general nonlocal models using the peridynamic
state [20]. Moreover, we may also consider the corresponding functional spaces for nonlocal boundary value
problems defined on a bounded domain [12]. We note that the analytical frameworks and the studies of the
solution regularity properties associated with the PD models can also be useful in establishing basic convergence
and error estimates of their numerical approximations such as the Galerkin finite element approximation [24].
While the Fourier based techniques similar to that developed here can still be used in the analysis of certain
special nonlocal boundary value problems for the linear bond based PD models defined on box-like domains [24],
other techniques need to be further developed in the future to treat more generic boundary conditions, arbitrary
geometry and nonlinear models.
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