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DERIVATION OF LANGEVIN DYNAMICS IN A NONZERO BACKGROUND
FLOW FIELD
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Abstract. We propose a derivation of a nonequilibrium Langevin dynamics for a large particle im-
mersed in a background flow field. A single large particle is placed in an ideal gas heat bath composed
of point particles that are distributed consistently with the background flow field and that interact with
the large particle through elastic collisions. In the limit of small bath atom mass, the large particle
dynamics converges in law to a stochastic dynamics. This derivation follows the ideas of [P. Calderoni,
D. Diirr and S. Kusuoka, J. Stat. Phys. 55 (1989) 649-693. D. Diirr, S. Goldstein and J. Lebowitz,
Z. Wahrscheinlichkeit 62 (1983) 427-448. D. Diirr, S. Goldstein and J.L. Lebowitz. Comm. Math.
Phys. 78 (1981) 507-530.] and provides extensions to handle the nonzero background flow. The de-
rived nonequilibrium Langevin dynamics is similar to the dynamics in [M. McPhie, P. Daivis, I. Snook,
J. Ennis and D. Evans, Phys. A 299 (2001) 412-426]. Some numerical experiments illustrate the use
of the obtained dynamic to simulate homogeneous liquid materials under shear flow.
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1. INTRODUCTION

Molecular dynamics simulations have been increasingly used to bring atomistic accuracy to macroscopic
fluid models [10, 20,21, 28]. One example is the computation of the constitutive relation between the strain
rate A = Vu and the stress tensor o(Vu,T') in complex fluids at temperature 7', where one uses a microscopic
simulation to determine the closure relation for the continuum equations [16]. We thus wish to simulate molecular
systems at temperature 7' that are subject to a steady, nonzero macroscopic flow, and the goal of this paper is
the derivation of a dynamics to sample such states.
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Simulation of molecular systems with a nonzero background flow is one goal of nonequilibrium molecular
dynamics (NEMD) techniques [4,9]. Several strategies have been proposed to sample molecular systems under
nonzero flow: for example, the SLLOD and g-SLLOD equations of motion [8,9,26,27] or dissipative particle
dynamics [24]. Typically, these are used in conjunction with consistent boundary conditions such as the Lees—
Edwards boundary conditions [9] in the case of shear flow or the Kraynik—Reinelt boundary conditions [25]
for elongational flow. The basic equations of motion for these algorithms typically exhibit energy growth and
need some form of modification if one wants temperature control for the system. Two common choices are
the isokinetic Gaussian thermostat and the Nosé—Hoover thermostat. It has been shown that the Nosé—Hoover
dynamics is non-ergodic for the NVT ensemble [17, 18], and furthermore we are not aware of an analysis of
the ergodicity of the Gaussian thermostat for these types of nonequilibrium molecular systems. Instead, we
work in a framework that leads to stochastic equations that have a Langevin-type thermostat. In the case of no
background flow, the standard Langevin dynamics has long been used to sample the NVT ensemble, and it can
be shown to be ergodic.

In the following, we derive a system of equations for a single particle in a microscopic heat bath with a
nonzero, constant-in-time background flow in such a way that velocity gradient control and temperature control
are incorporated at the same point in the model. The resulting system of equations, which we refer to as the
nonequilibrium Langevin dynamics, is

dQ = Vdt,
MdV = —y(V — AQ)dt + cdW, (1.1)

where (Q, V) are the particle’s position and velocity, M is the mass of the particle, W is a standard Brownian
motion, A is the homogeneous strain rate, and « and o are scalar constants satisfying the fluctuation-dissipation
relation

1= 50% (1.2)

where g = ICBLT is the inverse temperature. This system of equations is a generalization of Langevin dynamics,
which we recover in the limit A — 0. In the sequel, we follow the derivation of Diirr, Goldstein, and Lebowitz
(DGL) [6,7] who consider the case of a heat bath that has zero background flow.

We briefly summarize the ingredients of the mechanical model used in the derivation. A full description is
given in Section 2. The microscopic mechanical model consists of a single large particle immersed in a bath
composed of infinitely many small bath atoms. The mass of the large particle M is held constant while the
mass of an individual bath atom m is a parameter of the mechanical model. The large particle moves in
a ballistic trajectory until it collides with a bath atom, at which point an elastic collision occurs according
to (2.7) below, causing a jump in the velocity. The heat bath is constructed in such a way that most of these
jumps are independent events distributed according to a velocity measure centered around the background
flow. More precisely, the bath atoms have a random initial velocity distribution that is centered around the
desired background flow (2.16)—(2.17), with its mean relative kinetic energy proportional to the macroscopic
temperature. A microscopic dynamics for the bath atoms is chosen so that the velocity distribution of the bath
atoms is preserved (one choice is given by (2.18)), up until they collide with the particle. A typical bath atom
has velocity much larger than the velocity of the large particle, and such a bath atom will collide at most once
with the large particle (a fact made rigorous in Appendix C). The nonequilibrium Langevin dynamics is then
derived as the limiting dynamics of the large particle when m — 0 (Thm. 2.4).

The full description of the original DGL model as well as two approaches to incorporating background flow
are given in Section 2 culminating in the main convergence result, Theorem 2.4. The proof of convergence of
the heat bath model to the derived stochastic equations (1.1) is carried out in the Appendices. The proof is
structured as in [7], with added arguments to control how the flow in the heat bath affects the error growth. In
Section 3 we include numerical results showing the application of the derived equations to computing the shear
stress of a Lennard—Jones fluid.
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2. MODELS FOR NON-UNIFORM BACKGROUND FLOW

In the following, we consider a system in R? (for d = 2 or 3) composed of a single, distinguished large particle
immersed in a heat bath of light atoms that have mean velocity Aq at point q. We derive the equations of
motion of the large particle in the limit as the mass of the individual bath atoms goes to zero. We note that we
use the terms “particle” and “atoms” to differentiate the two types of objects, but the heat bath could well be
composed of light molecules. We follow the arguments of Diirr, Goldstein, and Lebowitz (DGL) [7], who consider
a single large particle placed in an infinite, constant-temperature heat bath with zero background flow (note
that the case of a constant uniform background velocity is equivalent to the case of zero background flow by a
change of coordinates). The only forces which act on the large particle are due to the heat bath (see Sect. 2.4.3
for extensions to multiple particles and more general interactions). In the limit of small bath atom mass for
zero background flow, DGL recover the Langevin dynamics

dQ = Vdt,
MdV = —Vdt + odW, (2.1)

where W denotes a d-dimensional Brownian motion, Q,V € R? denote the position and velocity of the large
particle, and «,0 € R are scalar constants that are determined by the parameters of the large particle and
the heat bath and that satisfy the fluctuation-dissipation relation (1.2). Both the drift and diffusion terms in
the velocity equation are caused by the elastic collisions of the large particle with the bath atoms, and the
randomness stems only from the random initial configuration of the bath. In this paper we extend the work of
DGL [6,7] to the case of a nonzero background flow.

In Section 2.1, we review the construction of the heat bath and trajectory of the large particle in the zero-flow
case of [7] before outlining in the remaining subsections two possible approaches for extending this to the case of
nonzero background flow. The first approach, outlined in Section 2.3, applies to shear flows modeled by a heat
bath with one or multiple unidirectional laminar flows. In this approach, the limiting nonequilibrium dynamics
is not the dynamics given in (1.1). For reasons outlined in Section 2.3, this first approach is not the one we
focus on in this paper. We then describe a second approach in Section 2.4 involving a modified non-Hamiltonian
dynamics for the bath atoms, which yields in the limit m — 0 the nonequilibrium Langevin dynamics (1.1) for
general incompressible background flows. Note that, in contrast to the first approach, this second approach is
not restricted to shear flows.

In the following, we use bold notation for vectors and normal weight for scalars and matrices. Capital letters
are used to distinguish the large particle’s position and velocity (Q, V) from that of a generic bath atom (q, v).

2.1. Heat bath with zero background flow

Here we recall the model and results of [7]. The bath consists of infinitely many light atoms each with position

q € R? and velocity v € R?. All bath atoms have the same mass, m > 0, and zero radius. The initial bath

configuration is drawn from a Poisson field (whose definition we recall below) with an m-dependent measure
given by

dpm(v,q) = Anfm(v)dgdv,  q,v €RY, (2:2)

where
A =m ™2\

is the expected number of atoms per unit volume and f,, is the scaled probability distribution on the velocities.
The velocity probability distribution scales like

fn(v) = m@2 f(m'/2v),

which means that for a single bath atom, the expected speed E,, (|v]) = [ga [V]fm (V) dv is proportional to m=1/2.

This scaling ensures that the average kinetic energy per atom is constant in the limit m — 0. The distribution
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FIGURE 1. A large particle (of radius R = 2), surrounded by a heat bath with zero background
flow, whose atoms are uniformly distributed in space. The velocity of an atom is distributed
according to (2.4), with 3 =1, m =1, and A = {-

f(v) is assumed to be rotationally invariant. The quantities
1 _
b, = —/ |v1]* f(v) dv, fori=1,...,4, (2.3)
2 R4

where v; denotes the first component of v, are assumed to be finite. For a set S € R% x R? in phase space,
with measure denoted by fin, (S), the number of atoms in S, denoted Ny, (), is a Poisson random variable with
parameter f,,(S), so that for k > 0,

P (S )k

P(Nm(s) = k) = k' efﬂm(s).

Figure 1 shows one possible realization of the heat bath with the choice

1) = 27 o (<51 ). (2.4)

d/2
where Z = (%’“) is the normalization constant.

As soon as the initial condition of the heat bath process has been chosen, the evolution of the system is
deterministic. The bath is initialized and a large particle with a finite radius R and mass M is placed in the
bath at (Q(0), V(0)), where we note that the initial condition is independent of m. Any bath atoms that are
underneath the large particle at the initial time, that is, those such that |g(0) — Q(0)| < R, are removed from
the bath (we recall that the bath atoms have zero radius). The bath atoms have no self-interaction and, aside
from collisions with the large particle, obey the dynamics

dq = vdt,
dv = 0. (2.5)
Likewise, the large particle’s position and velocity evolve according to
dQ,, = V,, dt,
dv,, =0. (2.6)

We explicitly denote the m-dependence of the mechanical process, while for notational convenience, we omit
the m-dependence of the bath coordinates.
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When a bath atom encounters the large particle, it undergoes an elastic collision. For a single collision, let
e, denote the unit vector in the direction from the bath atom to the particle center. Let V, = (V - ey)e, and
Vi =V —V, denote the velocity of the large particle in the normal and tangential directions. Similarly, define
vh = (V-ey)e, and vy = v — v, for the bath atoms. We distinguish between the component of V in the normal
direction V,, = (V - ey)e, and its magnitude V;, = V - e,. The elastic collision rule is

V,/; =V, v,/; = Vi,
M—m 2m
V/ - Vn n»
n M+m + M—i—mV
M—m 2M
v = — Vn + an
" M +m M+m (2.7)

where primes denote the after-collision velocities. The generated trajectory (Qu,, V) is called the mechanical
process. 1t is possible to only consider the case of single collisions since it has been shown that pathologies such as
multiple simultaneous collisions or an infinite number of collisions in a finite time interval have zero probability
(see Appendix of [7] and also Appendix E). As a result of the above, the mechanical process is well-defined on
any finite time interval.

Each initial condition of the heat bath corresponds to a realization of the mechanical process (Qu,, Vo).
The velocity V,, is defined to have right-continuous jumps so that the trajectory is a cadlag function, that
is, a piecewise continuous function that is everywhere right-continuous and has a left-hand limit. For a fixed
initial condition of the heat bath, the particle trajectory (Qu., V) is a deterministic process; however, since
the bath’s initial condition is a random variable, the particle’s position and velocity are also random variables.

Remark 2.1. The trajectory (Qu., V) is not a Markov process. It would only be Markov if the rate of
collisions with bath atoms did not depend on the history of the particle; however, this is not the case because of
two effects. First, recollisions are possible with bath atoms that are moving sufficiently slowly. Second, certain
collisions, called “virtual collisions”, with slow-moving atoms are made impossible due to the particle “sweeping
out” a path behind it. The large particle creates a wake behind itself, and whenever it decelerates, there is
a minimum delay before slow moving atoms can hit it from behind. To show convergence of the mechanical
process to the limiting Langevin dynamics (2.1), one must show that these history effects are negligible in the
limit m — 0.

We now define the appropriate topology in order to precisely state the convergence result of [7]. We fix a finite
time T" and let D([0, T']) denote the space of cadlag functions on the interval [0, T']. For functions f, g € D([0,T1]),
we define the Skorokhod metric (see for example [2])

os(f 9) = Alfelg max{|[|A = Id|pee(jo,17), 1f — g Ml Lo ([0,7);r%) }» (2.8)

where Id : [0,T] — [0, T] denotes the identity map and A is the set of all strictly increasing, continuous bijections
of [0, T]. For vector-valued f, we apply the Euclidean norm in space so that the L>-norm above is given by

11| oo (jo,77;ma) = esssup | f(t)].
te[0,T]

The mechanical process (Qu,, V) defined above is in D([0,T]).

We now recall the following definitions for the convergence of random variables.
Definition 2.2. Let Z,, and Z be random variables in the metric space (D([0,T]), osk). We denote convergence
in law by (Zm){OStST}i)Z{OStST}v that is, Ef(Z,,) — Ef(Z) as m — 0 for all bounded, continuous functions
f:D([0,T]) — R. We denote convergence in probability by (Zm){OStST}L)(Z){OStST}a that is, for all € > 0,

T}liglOP({ask(Zm, Z) >e}) =0.
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The following theorem gives not only convergence in law of the mechanical process to the Langevin dynam-
ics (2.1), but also an explicit expression for the coefficients of the limiting dynamics:

d—1 d—1 3
_ 4 R Sd,ldj o [4>\R Sd1¢3:| , (2.9)

d b d
where Sy_1 is the surface area of the (d — 1)-sphere S~1, @; is defined in (2.3), R and M are the radius and
mass of the large particle, and A is a density parameter of the bath in (2.2).

Theorem 2.3 ([7], Thm. 2.1). Consider the mechanical process (Qm, Vi), defined in (2.5), (2.6), and (2.7)
with bath measure defined in (2.2), and let (Q, V) denote the solution to the Langevin equation (2.1) with
coefficients (2.9). For any T > 0,

c
(Qm Vin)jo<i<ry—(Q, V)jo<i<ry
as m — 0, where convergence is with respect to the Skorokhod metric (2.8) on D([0,T]).

The resulting dynamics (2.1) satisfies the fluctuation-dissipation relation (1.2) provided that

®

by 2’
which holds true for f(v) as in (2.4), for example. In this case, the temperature of the large particle is identical

to that of the bath. The main result of this paper, Theorem 2.4, is the generalization of Theorem 2.3 to the
case where the heat bath has a nonzero background flow.

2.2. Generalization to a nonzero background flow

We generalize the model described above by considering a bath measure du.,(q,v) where, in contrast to
the previous section, the initial distribution of the velocities depends on the position. We give two possible
approaches to the generalization. In the first, which applies only to shear flow, the velocities are restricted
to laminar profiles. For the second, which applies to general incompressible flows, we change the microscopic
dynamics that the bath atoms satisfy in order to preserve the distribution of atoms. In both cases, we require
that the bath measure and dynamics satisfy the following hypotheses:

The average velocity at point q* is equal to Aq™ in the sense that (H1)
[ vy
for all q* € RY, lim R JB(ar.e)

—0
/ / dpim(a, v)
R4 JB(q*,e)

The measure dpu,,(q,Vv) is invariant under the bath dynamics in the absence of collisions, (H2)

exists and is equal to Aq®,

where B(q, €) denotes the ball of radius € about q. The invariance of the bath measure means that, except for
the effects described in Remark 2.1, the large particle experiences collisions with a time-independent rate. We
note that satisfying (H1) and (H2) is not trivial. For example, if the velocities v have a Gaussian distribution
centered around Aq and the atoms follow ballistic trajectories (2.5), then the system satisfies (H1) but not (H2).
In both generalizations described below, the bath atoms interact with the large particle only through elastic
collisions as in (2.7).

In Section 2.3, we describe a laminar flow model for the specific case where the background flow is a shear. All
bath atoms are restricted to move in one of the coordinate directions, following otherwise ballistic trajectories.
The resulting dynamics is not the same as the nonequilibrium Langevin dynamics (1.1) that form the main
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FIGURE 2. A large particle (of radius R = 2) surrounded by a laminar heat bath whose atoms
are distributed according to (2.11). The velocity is centered around the constant shear profile
Aq, where A is given in (2.10). Since the bath atoms may only flow parallel to the shear, the
variance around the mean velocity along each flow line g2 = ¢ is constant for all time. We have
chosen s =0.1, =1, m=1, and A = %-

focus of this work. In Section 2.4 we do not restrict the velocity directions, and we choose a modified (non-
Hamiltonian) dynamics for the bath atoms which leaves the chosen bath measure invariant for any traceless A.
This approach leads to the nonequilibrium Langevin dynamics (1.1) as limiting equations for the large particle
in the limit m — 0.

2.3. Laminar flow models

For this subsection, we restrict ourselves to a heat bath in R? under shear flow with the specific strain rate

0s0
A=1000
000

, (2.10)

for some given s € R. We describe two variants of a laminar flow model, which both create a background shear
flow by restricting the atom velocities to be parallel to the coordinate axes.

2.8.1. Single laminar flow

We enforce a steady shear flow for the bath atoms by choosing initial velocities that are nonzero only in the
first coordinate, e; = [1,0,0]7. We choose the initial configuration of the bath atoms according to a Poisson
field with measure

dptr (@, v) = A Z 7' m 2 exp (—gm(vl - 8612)2) §(v2)8(v3) dgdv, (2.11)

1/2
where Z = (%’“) and ¢ denotes the Dirac distribution (see Fig. 2 for an example initial condition). The bath

atoms follow ballistic motion (2.5), and it is easily verified that the bath satisfies (H1) and (H2). The bath
atoms undergo elastic collisions (2.7) with the large particle.
Ignoring the effect of recollisions, we formally compute the limiting dynamics as m — 0 to be

dQ = Vdt,
MdV = —y(V — AQ)dt + cdW, (2.12)

Wb61ybIH
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where )
2 3

ov2mAR? (100 4R (300

VB 00 4L V3 00 é

The details of this computation are given in Appendix F. We note that for the laminar flow model considered
here we have not rigorously proven a convergence result and, in particular, we have not justified ignoring
recollisions. On the other hand, a proof is carried out for the model presented in Section 2.4.

The resulting dissipation and noise terms are both anisotropic, which is due to the fact that the background
laminar flow is itself anisotropic. These terms are larger in the direction of the flow, and the dynamics do not

satisfy a standard fluctuation-dissipation relation in which gV*IUUT =1, since

—7_100T =

5 (2.13)

O Owlv
Qwli= O
w=Oo O

Furthermore, in the case where the shear flow is identically zero, A = 0, the dynamics does not reduce to the
standard Langevin dynamics (2.1) which was derived for the case of zero background flow. Since we desire a
system of equations that reduces to Langevin dynamics in the case A = 0 (in particular because the Langevin
dynamics is a widely accepted dynamics to model fluid flows at equilibrium), we consider a modification for
removing the anisotropy.

2.3.2. Multiple laminar flows

One may attempt to create an isotropic flow by overlaying multiple background flows. We consider the
superposition of three distinct laminar flows, each one with all velocities aligned in a single direction, e;. Then
we choose the initial bath coordinates according to a Poisson field with distribution function

1
dﬂm(qv V) = gAmZ_lmlm exp <_§m(vl - SQ2)2) 6(U2)5(U3)7

+ %)\mZ*Iml/%(vl) exp <—§mv%> 0(vs)

+%)\mZ71m1/25(v1)5(v2) exp (—gmv§>] dgdv. (2.14)

Each atom moves in one of the three coordinate directions, since the presence of the delta distributions means
that at most one of the velocity coordinates is nonzero. Since the bath atoms do not have any self-interaction,
the different flows do not “mix” in any way, and in particular this bath measure is invariant under ballistic
motion. Figure 3 depicts a realization of this bath in the two-dimensional case.

According to the formal calculations carried out in Appendix F, where we again ignore the effect of recollisions,
we find that the limiting dynamics of the large particle is

dQ = Vdt,

1
MV = — (V - 5AQ) dt + odW, (2.15)

where >
Lo [4\/27TAR2

VB NG
As desired, the dynamics in (2.15) is no longer an anisotropic equation in contrast to (2.12) since v and o are
scalar quantities. We note that the damping term on the large particle is relative to half the velocity of the
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FiGURE 3. Two components of the laminar bath which are superimposed to create an envi-
ronment for the particle consistent with the measure (2.14). We have chosen s = 0.1, § = 1,
m=1and A = %

background shear flow and that the fluctuation-dissipation relation is not satisfied, since §7*102 = % # 1. While
we have chosen the inverse temperature for each bath equal to 8 in equation (2.14), we find in Appendix F that
there is no choice of inverse temperatures for the three laminar bath components that allows us to construct an
isotropic damping in which the damping term is relative to the full background flow. We note that this issue is
not specific to the three dimensional case considered here.

We do not pursue this model further for two reasons. First and foremost, it is not clear how to generalize these
laminar bath flow models from simple shear flows to more general incompressible flows. Second, a heat bath
with temperature proportional to 5! and strain rate A gives a macroscopic dynamics whose temperature is
proportional to % B! and whose damping is relative to %A. We expect damping relative to A as in (1.1), which
agrees with NEMD dynamics such as g-SLLOD (see Sect. 2.4.2 for a description of the g-SLLOD dynamics and
their relation to (1.1)). While it would be possible to choose bath parameters Ap.n = 24 and Spatn = %ﬂ to
give the desired macroscopic parameters, A and [, to the large particle, we instead consider a different approach
which both handles general incompressible flows and shows agreement between the bath parameters and the
parameters of the derived dynamics.

2.4. Non-Hamiltonian bath dynamics

In this section we describe an approach based on modifying the bath dynamics to no longer follow ballistic
trajectories (2.5). The particle velocity accelerates so that the distribution of velocities relative to the background
flow is preserved.

2.4.1. Model and convergence results

We consider a bath whose initial condition is characterized by the measure
dpim (9, V) = Amfm(q,v)dqdv  for q,v € R?, (2.16)

where f,, has the form
fn(a,v) =m¥2 f(m'/?(v — Aq)) (2.17)

for A € R¥? (Fig. 4) and where \,,, = m~'/2). As in Section 2.1, we assume that f(v) is a rotationally invariant
probability distribution, and that the first four moments are finite. Any distribution of the form (2.16) with (2.17)
satisfies (H1). We additionally assume that f is a decreasing function of |v|. This additional assumption is used
below when approximating the trajectory of the mechanical process with a Markov process in Appendix D.

Wb61ybIH
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FIGURE 4. A large particle (of radius R = 2) immersed in a heat bath whose atoms are
distributed according to (2.17). The velocities have Gaussian distribution centered around a

shear flow, with A given in (2.10). We have chosen s =0.1, 8=1, m =1, and A = -

In order to satisfy (H2), we now change the underlying bath dynamics and consider the following non-
Hamiltonian dynamics for the bath atoms:
dq = vdt,
dv = Avdt. (2.18)

It is still the case that bath atoms do not interact with one another, but now the bath atoms accelerate in a
way that leaves the desired velocity distribution (2.16)—(2.17) invariant. The corresponding Liouville equation
is

8tp(qava t) = _vq ' (Vp(q,V,t)) - VV ) (AVp(q,V, t))

As long as tr A = 0, which is equivalent to having an incompressible background flow, any function of the
form p(q,v,t) = f(v — Aq) is invariant under the dynamics. This invariance is our motivation for choosing
the dynamics (2.18), and in particular, we are not restricted to shear flows. We interpret the dynamics by
considering the relative velocity

v=v-—Aq. (2.19)
In terms of (q,V), the dynamics (2.18) is
dq = (Aq +¥)dt,
dv = 0. (2.20)

<l

Thus the relative velocity, ¥, does not change in time and the velocity of the atoms is at all times equal to
the background flow plus an initial perturbation of thermal origin. However, the choice of dynamics (2.18) is
motivated by the fact that it satisfies (H2), rather than by the above physical interpretation.

As before, the large particle undergoes elastic collisions with the bath atoms according to the rule (2.7). In
the limit m — 0, the particle dynamics converges to the nonequilibrium Langevin dynamics (1.1) which we
recall here:

dQ = Vdt,
MdV = —y(V — AQ)dt + cdW, (2.21)
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where, as in the zero background flow case (2.9),

ANRITLS,
_ /\Rde 15,

(2.22)

ANRY1S, | 7®
{ : P 1453} ’

where Sy_1 denotes the surface area of the (d — 1)-sphere, and @; is defined in (2.3). As in the case of zero
background flow in Section 2.1, this dynamics satisfies a standard fluctuation-dissipation relation (1.2), with
temperature equal to the bath’s temperature, provided that

P

by 2

which holds true for the Gaussian distribution f(v) = Z~1 exp(— g |v|?), for example. We establish the following
result in the Appendices A-E.

Theorem 2.4. Consider the mechanical process (Qum, Vi), defined in (2.6), (2.7), and (2.18) with bath measure
defined in (2.16) and (2.17), and let (Q, V) denote the solution to the nonequilibrium Langevin equations (2.21)
with coefficients (2.22). For any T > 0,

c
(Qm, Vin)o<e<my —(Q, V) {o<t<1}
as m — 0, where convergence is with respect to the Skorokhod metric (2.8) on D([0,T]).

The structure of the proof is the same as in [7]: we use a Markov approximation to the mechanical process and
split the convergence proof into two steps. In Appendix A, we define the Markov process that approximates the
mechanical process and outline in more detail the convergence proof. In Appendix B, we show that the Markov
process converges in law to the solution of the nonequilibrium Langevin dynamics (2.21). In Appendices C and D
we show that the difference between the Markov process and the mechanical process converges in probability to
zero. These two convergence results are enough to deduce that the mechanical process converges in law to the
nonequilibrium Langevin dynamics [2]. In Appendix E, we show that the mechanical process is well-defined for
almost every initial condition up to a positive stopping time.

2.4.2. Relationship to g-SLLOD
The g-SLLOD equations of motion [9,27] (also called p-SLLOD [8]) are given by

dQ; = (AQ; + V,)dt,
MdVi = (—VQiE(Q) — MAVZ' — MAAQi)dt. (2_23)

Note that these equations are written in terms of relative velocity, V; = V; — AQ;. This system of equations is
used to simulate a molecular system in a non-zero background flow. The particles interact through the potential
field F(Q). The g-SLLOD equations are simply a change of variables from the Newton equations of motion in
the reference frame
dQ; = V,; dt,
MdV,; = —-Vq,E(Q) dt,

to the relative velocity. If we add a Langevin damping term and noise term to the dynamics in (2.23), we have

dQ; = (V; + AQ;)dt,
MdV; = (-Vq,E(Q) - MAV; — MAAQ;)dt — 4V, dt + cdW.
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Transforming back to the reference frame, this gives

dQ, = Vdt,
MAV; = —Vq, E(Q)dt — 7(V; — AQ,)dt + ¢dW, (2.24)

which is (2.21), with the addition of an external potential E. Thus, our construction is consistent with the
application of a Langevin thermostat to the g-SLLOD equations of motion and thus provides a derivation of
the g-SLLOD equations from a heat bath model.

2.4.8. Generalizations

We have chosen the microscopic dynamics (2.6) for the large particle and (2.18) for the bath atoms. First,
we may make a more general choice of microscopic dynamics for the large particle between collisions,

dQ,, = V,, dt,
MdV,, = F(Qum, V., )dt, (2.25)

replacing (2.6) with (2.25) in the definition of the mechanical process. We assume F' is uniformly Lipschitz
continuous on R? x R? and Vv - F(Q, V) = 0 which implies that both the mechanical process for finite m and
the limiting SDE are well-posed (the proof given in Appendix E for the F' = 0 case depends on the fact that the
flow map of the mechanical process preserves Lebesgue measure). The limiting dynamics of the large particle
becomes

dQ = v,
MAV = F(Q,V)dt — y(V — AQ)dt + cdW.

The proof of this result is a straightforward extension of the analysis given here, where the Lipschitz continuity
allows us to bound the particle trajectory over finite time intervals.

For the specific case of F(Q,V) = MAV with tr A = 0, which is the same acceleration term as in the
microscopic dynamics chosen for the bath, we find the stochastic dynamics

dQ = Vdt,
MdV = MAVdt — 4(V — AQ)dt + odW. (2.26)

This dynamics was obtained in [19] for the case of shear flow by applying the Kac—Zwanzig formalism, thereby
obtaining a generalized Langevin dynamics, and assuming that the memory kernel converges to a delta function
(that is, there is no memory in the system). The dynamics (2.26) is of particular interest since we can explicitly

check that p(Q,V) = exp (—§|V - AQ|2) is an invariant measure of (2.26). In contrast we do not know an

analytical expression for stationary states of (2.21) for general choice of A.

Second, we could consider the case of a non-homogeneous incompressible background flow, where the average
velocity at the point g* in (H1) is u(q*) where u is a divergence-free vector field. For any such u, the microscopic
bath dynamics

dq = vdt,
dv = Vu(q)vdt,

preserves any bath measure of the form (2.16)—(2.17) with v — Aq replaced by v — u(q). In this case, the
dynamics of the large particle in the mechanical process converges, in the limit m — 0, to
dQ = Vdt,
MdV = —(V —u(Q))dt + cdW.
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This extension likewise does not pose any theoretical difficulties, at least when u is Lipschitz continuous. This
reduces to the case presented above when u(q) = Aq, where divu(q) = 0 is equivalent to tr A = 0.

Finally, a much more challenging extension is the case of multiple large particles. The restriction to a single
large particle is a necessary assumption for the argument here and in [3,6, 7], since it allows us to estimate
the distribution of velocities of the bath atoms that collide with the particle. In particular, fast moving bath
atoms can collide at most once with the large particle, whereas in the multi-particle case these atoms could
bounce between large particles and possibly collide with them many times. Extending the proof of Theorems 2.3
and 2.4 to the case of multiple particles immersed in a bath is a non-trivial task, as atoms of any speed can
bounce between the large particles, and there is also a shadowing effect that particles have on one another.
Kotelenez [13] treated the multi-particle case using a mean field interaction representing a mesoscale interaction
and showed how the bath can generate close-range forces among the large particles. Kusuoka and Liang treated
the multi-particle case as well, using a weaker bath-particle interaction which prevents atoms from bouncing
back and forth among the large particles [15]. We do not pursue a multi-particle derivation in this work; however,
we do perform numerical tests of a natural extension of the limiting equations (2.21) to the multi-particle case
in Section 3.

3. NUMERICS FOR THE MULTI-PARTICLE CASE

We consider the application of the derived equations (2.21) to the simulation of a fluid composed of many
identical large particles. We note that the derivation for Theorem 2.4 only applies to the case of a single
particle, with no forcing except through the bath, whereas we now apply the equation to a system with many
large particles that interact with one another. The many-particle case is the case of interest in applications, and
we numerically investigate the qualitative behavior of the proposed dynamics to test its suitability for sampling
flows with a given mean behavior. We consider a system in R? consisting of N large particles whose position
and velocity (Q,V) € R5Y evolve according to the dynamics (2.24) which we recall here:

dQ; = V,; dt,
MdV,; = —Vq,E(Q)dt —v(V, — AQ;)dt + cdW,. (3.1)
The index i = 1,..., N runs over all particles, whereas the lack of index in the argument of E denotes the fact

that it is a function of the full vector Q € R*". The Fokker-Planck equation for (3.1) is
1
dp==Vq (Vo) + M Vv - (VE(Q)p) + M™'Vv - [y(V = AQ)p] + ;M *0* Avp. (3-2)

We do not have an analytic expression for solutions of the time-dependent equation (3.2) or any steady-state
solutions. Thus, it is useful to carry out numerical experiments on the response of the multi-particle system to
the background forcing and explore the resulting constitutive relation.

3.1. Simple Lennard—Jones fluid

We now run numerical tests on a 3D flow of particles with Lennard—Jones interactions and background shear

flow
0s0
A=1000
000

A closely related dynamics, differing in the choice of boundary conditions (we detail our choice below) and how
the external forcing is handled, is considered in [12] where the authors perform rigorous asymptotic analysis on
the invariant measure as well as numerical viscosity experiments.

We let 2 = [~L/2,L/2]? be the computational domain, and we initially arrange N particles on a uniform
cubic lattice with spacing a, where L = aN'/3. The initial velocities are random, drawn from the measure
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z-1 exp(—§|V — AQJ?). We note that over the long times that we simulate, the solution is insensitive to
the choice of initial conditions (we have also tested with zero initial velocities). The potential E denotes the
Lennard—Jones potential energy with cutoff

N
EQ) = Z

N

é(riz),
11

where
1 1 .

4e -~ 5 ) tarte if r < 7eut,
r r

0 if > reus.

o(r) =

The constants ¢; and ¢y are chosen so that ¢(r) and ¢/(r) are continuous at reys. The distance r;; = |Q; — Q|
is computed taking into account the boundary conditions which we now make precise.

We apply the Lees—Edwards boundary conditions [1,9] to the system, which generalize standard periodic
boundary conditions to be consistent with shear flow. At time ¢, the particle (Q(¢), V(¢)) has periodic replicas

= (Q1(t) + mL + tnsL,Qa(t) + nL,Qs(t) + kL, V1(t) + nsL, Va(t), V5(t))
for all m,n, k € Z. This ensures that the periodic replicas of the system move consistently with the shear.
We first perform a single run with the parameters ¢ = 1,N = 1000,5 = 1.0,s = 0.05,M = 1l,a =
0.77Y3 roye = 2.6,7 = 1,0 = /2yB~L. For this choice of parameters, the Lennard—Jones particles are in
a fluid regime (see e.g. [22]). We run the simulation up to time 7" = 500, with a stepsize of At = 0.005 using the

following splitting algorithm. We let (Q™, V™) denote the approximate particle position and velocity at time
t =nAt. We let a = e 74 and for i = 1,..., N we define (Q"*, V1) by

At
VIt =V - MV, EQ)

n+1 n+1/2
Qi = QP + ArvitY

" At
Vi =Vt M Vo QT

K3

Vn+1 * n-+1 1- a2 1z n
i = Osz» + (1 — Oz)AQZ + ﬁ—M Gi

where G ~ N (0,1) where I denotes the d x d identity matrix. This is a composition of a Verlet step applied
to the Hamiltonian portion
dQ; = V,dt,
MdV,; = -Vq,E(Q)dt

with an exact integration of the remaining terms which represent the effect of the heat bath on the large
particles,

dQl = 07
Mde = _'Y(Vi — AQz)dt + UdWZ

3.2. Mean flow and stress

In Figure 5 we display the results of our numerical simulation of shear flow. We partition the domain into
K =100 slices,

Re=[-L/2,Lj2) x |~L/2+ "L Lot KLl [-L/2,1/2) (3.3)
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FIGURE 5. (a) The mean velocity (3.4) of the particles within horizontal slices (3.3) for a

shear flow with strain rate s = 0.05, averaged in t. We plot 20 of the 100 bins used in creating
the statistics. (b) The distance (3.5) between the computed mean velocity and the background
flow is plotted versus Q2 at the final time ¢, = T = 500. (c), (d), and (e) The variance of
particle velocity around the mean is plotted versus QQ2, where we again average in 1, @3, and
t. This is well centered around $~1. (f) The distance (3.6) of the computed mean velocity to
the background flow is plotted versus time in a log-log axis. We observe the expected O(til/ 2)
decay of the distance.

for k=1,..., K. At any time t, = {At, we define a time average of the mean velocity in each slice k by
‘ N
o . \VALH | n
V(t@, k) _ Zn:O Zz:l i R (Ql ) (34)

S0 iy 1r, (Q))

where V' denotes the velocity of particle 7 at time nAt¢ and where 1p, denotes the indicator function of the
slice Ry. Since the flow is uniform in all but the es-direction, averaging on slices helps improve the convergence
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FIGURE 6. Shear stress 015 vs velocity gradient. We observe that the viscosity increases with
the heat bath parameter 7, though for the two smaller values of ~y, the viscosity is extremely
close. For the values v = 0.1, v = 1.0, and «v = 10, we find viscosities n = 1.2175, n = 1.2254,
and n = 1.9518, respectively.

of the flow statistics. The time average over the full simulation of the mean velocity is plotted in Figure 5a, and
we observe a linear profile equal to the applied background flow.
We define the distance of the mean flow in each slice to the background flow,

dist(te, k) = ((Vi(te, k) = 5Qa(k))? + VE(te, k) + V(L k))1/2 , (3.5)

where Qq2(k) = —L/2 + ki—é/zL is the y-coordinate of the center of rectangle Rj. We plot the distance as a
function of @2 in Figure 5b and we observe that it is uniform throughout the domain. The variance of the
velocity is computed for each slice and is displayed in Figure 5¢, d, and e. The variance closely matches the
expected variance due to the background temperature, ﬁ = 1. In particular, it is statistically the same in each
direction so that we observe a scalar temperature in contrast to the laminar flow case of (2.13). In Figure 5f,
we plot the distance of the mean flow \O/'(tg, k) to the background flow versus time,

K 1/2

. 1 o 2 . .

dist(t) = <? > (Vk,l(te) - st) +V3 + v,jg> : (3.6)
k=1

We observe an O(t_l/ 2) decay in the distance, which is the convergence rate to the mean expected for Monte

Carlo empirical averages.
In Figure 6, we display the 12 term of the shear stress, computed using the Irving—Kirkwood formula [11]

which we average over all time steps

Z

N
2 | MOV - AQY) @ (Vi - AQ)) + 5 30(@ - ) @ 1
i=1 Jj=1
JFi

where

9'(1Qi — Q;D(Qi — Q)
Qi — Q]

f(ij) - _
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denotes the force on atom i due to atom j and |2| = L? is the volume of 2. We note that it is standard to
subtract the local average velocity from the pressure term [11]: hence we have subtracted the background flow
at each step. We run ten independent simulations for each choice of the strain rate s = 0,0.01,0.02,...,0.07
and the parameter v = 0.1,1.0,10. The simulations are all run to time T = 500, with N, 8, M, a, rcyt, and
o chosen as above. We plot the stress along with error bars equal to 3 times the standard deviation. Time
averages of the shear stress 012 are plotted against the strain rate s. We notice a linear relation, and define
the shear viscosity n = —22. Fitting the data, we find viscosity (with standard deviation) 7 = 1.2175 4 0.0085
for v = 0.1 whose confidence interval overlaps with the value = 1.142 £ 0.087 reported in [22], Table IV.
The algorithm successfully simulates a system out of equilibrium, and the computed viscosity is consistent with
previous computations for Lennard—Jones fluids.

APPENDIX A. CONVERGENCE IN THE SMALL MASS LIMIT

In this section, we outline the proof of the convergence of the mechanical process (Q,,, V,,) to the solution of
the nonequilibrium Langevin dynamics (2.21), as stated in Theorem 2.4. We construct a Markov approximation
(Qum, Vi) that only counts the “fast collisions” of the mechanical process (which we define below). The Markov
approximation acts as an intermediate process between the mechanical process and the nonequilibrium Langevin
dynamics. We prove in Appendix B that the Markov approximation (Q,,,, V,,) converges to the solution of the
nonequilibrium Langevin dynamics (2.21) in the sense that

(QmaVm){OStﬁT}i}(Qav){OStST} as m — 0. (A'l)

In Appendix D we show that the mechanical process and Markov approximation are close to each other, in the
sense that

(Qma{’m){ogng} - (Qm,Vm){OSfST}LO as m — 0. (A2)

This is shown by coupling the Markov process to the mechanical process, that is for each realization of the
mechanical process we associate a (random) set of realizations of the Markov process that are (with high
probability) close to the realization of the mechanical process. By a standard result in probability theory (see
Thm. 3.1 of [2]), properties (A.1) and (A.2) allow us to conclude Theorem 2.4, that is, that

(Qm,Vm){ogth}L(Q,V){ogth} as m — 0.

The proof here is structured as in [7], with changes made to handle the fact that the distribution of the initial
bath atom velocities depends on space. We work with the pairing (Q,, V), since in our case, we cannot create
a Markov approximation for the velocity alone. We give a self-contained proof, while also pointing out where it
differs from the original argument in [7].

A.1. Rate of fast collisions

As noted in Remark 2.1, the mechanical process is not a Markov process itself since a bath atom may collide
more than once with the large particle or certain collisions may be impossible due to past motion of the particle.
However, the expected value of the relative speed of a bath atom is O(m~'/2), which is large since m is assumed
small, whereas the expected value of the relative speed of the large particle is much smaller, O(1). Most collisions
happen between a fast-moving bath atom and a slower-moving large particle, and we show below that for such
collisions there is no chance of recollision between the large particle and the bath atom involved. This motivates
the following definition of “fast collisions” and the introduction below of a stopping time on the trajectory of
the mechanical process that controls the large particle’s velocity and position.
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Definition A.1. We call a collision a fast collision if the normal component of the relative velocity (2.19) of
the bath atom before the collision occurs satisfies

Up > Cpy i = m_l/5

where 7, =V - e,,. Every other collision is called a slow collision.

The particular scaling of ¢, is chosen so that ¢, — oo and cfnml/2 — 0 as m — 0. We use the second limit in
Appendix D.4 to bound the total effect of slow collisions.

Definition A.2. Let T' > 0 be given. For a given realization of the mechanical process (Q.,, V,,,), we define
the stopping time

i = min (gg{t AL Que(8)] + V(D] = m/8} ,T) | (A.3)

In the following, we assume that m is sufficiently small so that the initial condition satisfies || A[| |Q(0)|+|V(0)] <
¢m /8, where we recall that the initial condition is independent of m.

In Appendix E we show that almost surely 7,,, > 0 and that the mechanical process is well-posed up to 7,,,. In
particular we show that almost surely, before time 7, there are only finitely many collisions and none of these
collisions involve more than one bath atom at the same time. Intuitively, this means that the fast collisions
have no memory of the large particle’s trajectory, and furthermore it means that the rate of fast collisions is
governed only by the initial bath configuration (2.16). In Appendix C, we show that if a bath atom experiences
a fast collision with the mechanical process’s large particle sometime in the interval [0, 7,,), then this is the
only collision that the bath atom undergoes in [0, 7,,). From the coupling that we construct in Appendix D
between the mechanical process and the Markov approximation and a consideration of the expected size of the
Markov approximation ((D.9) and (D.10)), we can show that lim,, .o P(7,, = T') = 1, so that for the sake of
our convergence proof, on our time interval of interest, [0, 7], fast collisions do not introduce memory terms.
We thus define below a rate of collisions that the large particle experiences whenever the bath has configuration
distributed according to (2.16).

Lemma A.3. Suppose that a large particle is at all times surrounded by a bath of atoms distributed according
to (2.16). Then the instantaneous probability of a collision between the particle at position Q and velocity V and
a bath atom with velocity in the ball B(v;dv) on the surface element R?='df2 centered around q = Q — Re,, in
the time interval [t,t + dt] is given by

Tm(V,en, Q, V) dv d2 dt = A, R max(v, — Vi1, 0) f,n (Q — Rep, v) dv dRdt (A4)

where R is the radius of the large particle, Ay, = m~—/2X is the expected number of bath atoms per unit volume,
vp = V- ey 15 the normal velocity of the incoming bath atom, and Vi, = V - ey is the normal velocity of the large
particle.

Remark A.4. The assumption that the large particle always sees the same environment is too strong, and
indeed does not hold for the large particle in the mechanical process. However, as we show in Appendix C, for
bath atoms that undergo fast collisions with the large particle, their pre-collision distribution does satisfy (2.16).
Thus, the rate (A.4) is correct for fast collisions of the mechanical process.

Proof. In Figure 7 we sketch the differential volume element of size R4~1d2(v, — V;,) dt with base on the surface
of the particle and height determined by the velocity of the incoming bath atom. The velocity of the bath atom
and the large particle are constant on the time interval d¢, so this surface gives the infinitesimal rate r,, of fast
collisions. g
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FI1GURE 7. The differential area carved out by fast atoms that collide with the large particle in
the time interval [t,t + dt], see (A.4).

A.2. Rate of jumps and the Markov approximation

We now use the rate (A.4) to define a rate for a Markov approximation to the mechanical process, where
we only count the effect of fast collisions. We change variables to be in terms of jumps in velocity for the large
particle rather than velocities of bath atoms. We first integrate out tangential directions v; from r,,, and define
the marginal

fl(l‘):/ f(zen + ve) dvy,

where we recall that f was assumed to be rotationally invariant, so that the left hand side does not depend
on e,. We define also the scaled marginal,

Fu(@) =m' 2 fH(m! ). (A.5)

Rewriting the collision rule (2.7), we have that the change in normal velocity of the large particle in the e,-
direction, V' = V! — V},, due to a bath atom with normal velocity v, satisfies

2m
M+m

V= (vn — Vi). (A.6)

We integrate out the tangential direction v; from the rate r,,, make the change of variables from v, to 1%
in (A.6), and introduce a Heaviside function to restrict to jumps caused by fast collisions. The rate on jumps is

N M 2 M
m<v,en,Q,v>:Ade—1(ﬂ) H( Gy <Aq>n—cm)

2m 2m
. M
x max(V,0) £, ( LY V- (Aq)n> , (A7)
where
= Q — Re,

represents the position on the large particle surface where the bath atom collides. Due to the Heaviside function,
the minimum jump size V' with nonzero probability is

~ 2m

Vinin = m max ((Cm -Va+ (Aq)n) 70) > (AS)

where we have kept implicit the dependence of ?min on Q and V. We let

m(Q,V) = /S/ (V. en, Q, V)dV d2

Vnin
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denote the jump intensity, and a short calculation shows that A,,(Q, V) is independent of (Q, V) whenever
A Q[+ V] < ¢m/8
holds, due to the Heaviside function in ,,.

Definition A.5. We define the Markov process (Q, V) starting from initial condition (Q,y,(0), V,,,(0)) =
(Qm(0), V,,(0)) to be a Poisson jump process where the velocity experiences jumps Ve, with intensity A,,(0,0)
and with probability density function

2 (0,0) " 0, (V, €0, Qs Vi),

and between jumps, (Q, {7) evolve according to (2.6).

APPENDIX B. CONVERGENCE OF THE MARKOV APPROXIMATION TO THE SDE

To show Theorem 2.4, we first show that the Markov approximation (Qm,{/m), with rate given by (A.7),
converges in law to (2.21). We write the generator for the Markov approximation and show that it converges
as m — 0 to the generator for (2.21). These calculations are carried out explicitly below, allowing us to get
the coefficients for the SDE in terms of the parameters of the heat bath and the large particle. The setup and
calculations follow as in [7]. Because of the Q-dependence of the process, we work with test functions ¢ (Q, V)
that are functions of the position and velocity. The inhomogeneity of the velocity field does not change the
coefficients v and o compared to the zero background flow case (2.9).

Lemma B.1. Let T > 0 be given. The Markov process (Qm,\?m) satisfies

~ = c
(Qms Vi) o<e<ty—(Q, V)jo<i<ry asm —0
on [0,T], where (Q, V) satisfies the nonequilibrium Langevin dynamics (2.21).

For a stochastic process, we let U; : Co(R?%;R) — Co(R%%;R) denote the evolution semigroup, where
Co(R??; R) denotes the set of continuous functions with zero limit at infinity. We define the infinitesimal gener-
ator L by
Utw(Qv V) - '(/J(Qv V)

Ly(Q,V) = lim ; (B.1)
where the domain of L is the set of Cy functions buch that the above limit exists in Cp. In the following, we use
L,, to denote the infinitesimal generator for the Markov approximation (Qm, m) and L for the nonequilibrium

Langevin dynamics (2.21). We prove Lemma B.1 with the use of Lemma B.2 below, which is a general lemma
relating convergence of generators to convergence in law of the process. We recall that D([0,T]) represents the
space of cadlag functions on the interval [0,7]. A linear subspace K of the domain of L is called a core for L if
L is the closure of L|x [14]. One can show that C2°, the set of compactly supported C*° functions, is a core for
the nonequilibrium Langevin dynamics (2.21) using the ideas of [14].

The process (Q, V) is a Markov-Cy-process, which means its evolution semigroup satisfies U;Cy C Cp and
lim;_,¢ ||Ugtp — 2|| = 0 for all ¢ € Cp.

Lemma B.2. Consider a family of Markov processes Z,, on D([0,T]) with generators L,,. Suppose that the
Markov-Cy-process Z has generator L. Let K be a core for L such that ¢ € K = ¢ € D(L,,) for all sufficiently
small m. Suppose that the initial distribution of Z,, converges weakly to that of Z and that

Yy € K, hm sup |Ln(z) — Ly(z)] = 0. (B.2)
—0 2cRr2d
Then
ZmLZ as m — 0.

The above lemma is Lemma 4.1 of 7], which can be found in similar form in [14] or [23].
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B.1. Generator for the Markov process

We apply the generator L,, for the Markov process to a C2°(R??) test function, expand in powers of m, and
show that we have, to leading order, a drift and diffusion term.
Applying (B.1) to the Markov process, we have for any ¥(Q, V) € C2°(R??) that the generator satisfies

La(@V) = V-Yau@V)+ [ [ 0@ V+Te,) = 0(Q V)] #0700 Q. V) aVdR

where 7, is defined in (A.7) and XA/min, which we note depends on ey, is defined in (A.8). We recall, from the
scaling of bath atom velocities (2.17), that E,,(|v|) is O(m™'/2). From (A.6) this scaling implies that E,, (V) is
O(m!/?). To find the limiting generator in the limit m — 0, we expand in powers of V and write

UQV + Vey) — Q) =Vey - Tvi(Q, V) + 5 Tley D) : Vi(Q, V)

1~ N
+ 6vf”(en e, @en) 3 -Vey(Q,V +V*e,),

for some V* € (0, 17) and where -3- denotes the third-order contraction product, which we apply to the 3-tensors
(en ® €, ® €,) and V%,. We then write

where, recalling that q = Q — Re,, we have

M ~ .
I —5/2/ / VZe, f} ( 2+ Ty v Aq)n> dvade,
Sd 1 mm m
I, = *0/2/ / Vi(e, ®en) fL ( Y4 (V- AQ)n )df/dn,
Sd 1 mu\
—5/2 3 ~. 1 M+m ~ ~
Rom = ten@en®en)-3-Voh(Q,V + Ve, fh 5V + (V= Aq), | dVae,
Sd 1 mm

with coefficient

2
Cpp = AR (M;m> . (B.4)

Note that in our notation, we have suppressed the dependence of I, I5, and R,, on (Q, V).

B.1.1. Remainder term

We begin with the remainder term R,,. Since the test function v belongs to C2°, we can restrict to the
case where Q and V are bounded, and we may assume m is sufficiently small so that [V]| + || 4] |Q| < ¢p.
This, along with the finiteness of the moments (2.3), allows us to estimate the order of R,,. Letting = =

(M+mf/ +mb/2(V — Aq)n>, we compute

2ml/2

(Rl < O~ / 7 [Vu(Q Y + Ve,

M + ~
f! ( 12 TV 4+ ml2(V - Aq)n> dvdg

Sd 1 nnn
Cm1/2 )
M"'m Ad 1/1/2 fL'_ 1/2 V Aq ‘V w Q V+V en) fl (.’E) da df2.
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We note that since we have assumed that m is sufficiently small, the minimum value of x is given by zpi, =
1/2

m!/2¢,,. Recalling that 1 is compactly supported and that Ve (0, 17) = (0, (?\2”+m) (x—ml/z(V—Aq)n)), we

can bound Q, V in the innermost integrand to find the estimate (z —m!'/2(V — Aq),)* ‘V%w(Q, V+ Ve, <
C(1 + z)* where C' may depend on 1 but not on m. We find an upper bound on R, by extending the interval
of integration and using the boundedness of the marginals (2.3),

1/2

b .T4 X X ml/z. .
Ron| < C ),/0 (142)f(2)dz < C (B.5)

(M +m)®

B.1.2. Diffusion coefficient

We next turn to Is, and compute

_5/2/ / en®en V3 fl (
Sd—1

Vmin

B m72 / / en @ en V3f1 ( 1/2 m1/2(V - Aq)n) d‘/}d.Q
gd—1

Vinin

Ty 4+ (V- Aq), )df/drz

Let z = (%@t% V+ m/2(V — Aq)n). We expand in powers of m, using the finiteness of the moments (2.3) and

the fact that v is compactly supported, giving
I2:L/ /00 (en @ ey)(z —m3(V — Aq)y)® () dzdf2
(M+m 4 Sd—1 Jm1/2¢,, " " n
/ / (en ® en)z® fl(z)dzdR + O(m!/?)
Sd—1
= M4 /S (ea®en)d2+0(m'?)
16541

= Ds 1/2
M4d 3 +O(m )a

where I denotes the d x d identity matrix and we recall that Sy_; denotes the surface area of the (d — 1)-
a-1 : . m' e 3 3/2 .3 1/2 ;

sphere S, The second line uses the estimate [; x° f(x)de < m? ey [ f(z)dr = O(m'/?) along with

a gathering of higher order terms in m. The third line uses the definition (2.3) of @3, and the fourth line uses

the following identity

/ (en @ en)ds2 = 201
o d

Multiplying by C,, of (B.4) and letting m — 0 leads to the isotropic diffusion coefficient

4/\Rd_1Sd_1

gl (B.6)

DI = lim Cy Iy =

In the case of f(v) = Z lexp (—'6—”2) with Z = ‘/\;, we have @3 = ﬁs)éiﬁ and

AV2ARY1IS,

_D =
ﬁ3/2ﬁM2d
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B.1.3. Drift coefficient

1605

We now similarly expand I; and find that the lowest order term, which is O(m~1/2), cancels out leaving an

O(1) drift term. Indeed, we have

sd- Vrnin 2m

5 [~ M ~
I, = / eyt / = ( Ty Ly, (Aq)n) AV,
d—1

As before, we let = %XA/ + m1/2(V — Aq),. We obtain
m—1/2
1

—ml/2? 4 . 0
M—I—m /Sd 1 /m1/2 v (V q)n) f (.Z‘)dxd

:/sd—len[ ]\;;/2 /ml/2 2 fH(x)de + ]\1463/ (—z(V — Aq)y) fl(x)dx} A2 + O(m*/19),

Cm

1/2
where the error terms are dominated by ["  “" xf(z)dz < m'/2c, [, f(z)dz = O(m®/1°). The first term

vanishes,

oo
/ en/ 22 fl(z)dzd2 =0,
gd—1 ml/2¢,,

since de71 e, df2=0. Werecall = Q — Re,, and let W =V — AQ. We have the identities

/ en'WendQ: (en®en) :Wdf2 = Sd_l
§d—1 gd—1 d

/ en(e, -e,)dR = e,d2 =0.
Sd 1 Sd—l

W,

Combining the above, we have
16S4_1

M3d
Multiplying by C,, of (B.4) gives the drift coefficient

I =— (V — AQ)D; + O(m3/10).

4/\Rd_1Sd 1

7 — i _ _ZAY 9d1 _
TV - AQ) = lim Cply = — g, (v AQ).
In the case of f(v) = Z lexp (—ﬁi) with Z = ‘g, we have @1 = ﬁ and hence

_ 2\/5/\Rd_15d_1 )
N VrBd
B.2. Stochastic limit

Combining the expansion of L,, in (B.3), with the expressions for I; and I (B.6) and (

bound on the remainder (B.5), we have

Lnth(Q, V) = V- Vqu(Q, V) = M~ 1y(V = 4Q) - Vv(Q, V) + % DAH(Q, V) + O(m*/1).

(B.7)

B.7) and with the

We thus have a generator L,, that in the limit m — 0 converges in the sense of (B.2) to the generator of the
nonequilibrium Langevin dynamics (2.21), where 7 is given in (B.7) and o = M+/D is defined using (B.6), in
agreement with (2.22). Thus, we use Lemma B.2 to conclude the convergence of the Markov process as stated

in Lemma B.1.
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APPENDIX C. FAST COLLISIONS CANNOT LEAD TO RECOLLISIONS

We show in this section that in the mechanical process until the stopping time (A.3), any bath atom that
undergoes a fast collision (recall Definition A.1) cannot recollide with the large particle and that the bath atom
cannot have previously collided with the large particle. This shows the fast collisions experienced by the large
particle have rate r,, in (A.4). This observation is necessary when coupling the Markov approximation to the
mechanical process, which we do in Appendix D.

Lemma C.1. For a given trajectory (Qm, Vim), suppose that the large particle experiences a fast collision with
a bath atom at time ty € [0,7,,). Then there are no other collisions between this atom and the large particle in
the time interval [0, Ty,), where T, denotes the stopping time (A.3).

Proof. We recall that the relative velocity of the bath atom is v = v— Aq. By the choice of bath dynamics (2.20),
the relative velocity only changes by colliding with the large particle whereas the velocity v changes with time
according to (2.18). We consider a fast collision,

Up > Cp = mfl/‘r’.

We write the collision rule (2.7) in terms of relative velocity before making use of the bound on particle position
and velocity in (A.3) (note that since the collision occurs on the particle’s surface, q(¢1) can be bounded in
terms of Q(¢1)). We then have the following bound on the relative normal velocity of the bath atom after the
collision

M—m 2M 2M
v = — Un n — A n
n M—i—mv +M—|—mV M—i—m( a(t1))
M—m 2M c
< - 2 (am A)
< (M+m)cm+M+m(8 T RJA|
< —=Cm-
- 3

The last line holds for m sufficiently small. This shows that after colliding, the bath atom moves away from the
particle with a large velocity.

We let e, denote the normal vector for the fast collision at time ¢; and look at the future velocity of
the bath atom, v(t) = Aq(t) + V/(t) for t € [t1,Tm). From the above computation we see that the relative
velocity of the bath atom is pointed away from the large particle in the e, ;-direction. Due to the bound
on the position of the large particle in (A.3), any recollision with the bath atom must occur in the region
[|4]/|Q| < ¢m/8; however, whenever the bath atom is in this region, its velocity in the e, ;-direction satisfies
v(t) - en1 < (6m/8 — 2¢m/3) < —. The large particle’s velocity is bounded by ¢,,/8 and is thus too low to
overtake the bath atom. Therefore, there cannot be a recollision before time 7,,. Likewise, before the collision,
the velocity in the e, 1 direction satisfied v(t) - en1 > %, which is faster than the large particle’s speed which
is bounded by ¢,, /8, so it is impossible that there were previous collisions before time ¢ = 0. g

APPENDIX D. COUPLING THE MECHANICAL PROCESS TO THE MARKOV APPROXIMATION

In this section, we couple the Markov process (Qum, V) with the rate (A.7) to the mechanical process
(Qm, Vi), defined in Section 2.1. That is, for each realization of the mechanical process, we associate a set of
realizations of the Markov process that are, with high probability, close in the L°°-norm. For the coupling, we
prove below that o

(Qms Vi) fo<t<ty — (mevm){OStST}i}O as m — 0.

As in [7], we define a stopping time when the processes first differ by € > 0 and bound the total effect of the
velocity jumps not shared between the two processes to show that in the limit m — 0 the stopping time is
greater than or equal to 7" with probability 1.
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As described below, for the majority of the velocity jumps in the mechanical process caused by fast collisions,
we subject the Markov process to the same velocity jump. The construction of the Markov process differs slightly
from that in [7]. Here, we couple jumps in the velocity rather than collisions with bath atoms, which makes the
argument simpler. This simplification is made possible by the additional assumption that f(x) is decreasing,
which we have assumed in our case in order to properly handle the fact that the bath atom velocity distribution
depends on position.

D.1. Coupling and convergence

We construct the coupling up to the stopping time 7, for the mechanical process (A.3), and extend the
definition of the Markov process up to time 7 if necessary. Let Iyech = {t1,12,...} denote the set of all times
up to 7, at which the large particle in the mechanical process experiences a collision. This set is shown to
be almost surely finite for any m in Appendix E. We define vy, ; = vn(t), Vni = Va(ti), Vi = Va(t),
eni = en(t;), etc. We let Igow = {ti € Imech :
and Itast = Iech \ Isiow denote the set of jump times due to fast collisions. These sets of jump times are random
variables since the initial condition is random. B _

For a given trajectory of the mechanical process (Qu,, V), we define (Q,,(0), V., (0)) = (Qmn(0), V., (0)),
and for most of the fast collisions of the mechanical process we subject the Markov process to the same jump in
velocity that the mechanical process undergoes. We selectively accept some subset of the fast collisions in the
time interval [0, 7,,,) and add additional jumps in the velocity to ensure that the jumps of the Markov process
have the rate fm(YA/, e, Qm, \~7m) defined in (A.7). (Recall that the Markov process has no slow collisions). More
precisely, for every t; € It.st, we choose to apply a jump with velocity change ‘A/iemi to the Markov process with
probability

=5 ~ e . fm(‘/};aeniaémavm)
Pkee V;ven,thvavaan = min = : 31 . D.1
P( ) fm(v;aen,ianan) ( )
For ¢ € [0, 7,,), we add additional fast collisions to the Markov process with the Poisson rate
Tadd(‘/}v €n, éma {/mv Qs Vm) = max ('fm(‘//\va €n, Qma \Nlm) - fm(‘/}a en, Qm, Vm)v 0) . (D2)

After accepting collisions with probability (D.1), and adding new collisions with rate (D.2), a short calculation
shows that the rate function for the Markov process in the time interval [0, 7,,) is Tm(V en, Qm, m)- Uy <T,
we extend the Markov process to [0, 7] by adding additional jumps with rate Tm(V en, Qum, Vo).

We let Iyiark denote the set of all jump times of the Markov process, Iiem C Ifast denote the set of jump times
of the mechanical process that were not chosen for the Markov process, and I,qq C Imark the set of additional
times at which jumps were added to the Markov process (in the whole interval [0, 77]). From the construction
above, we have that

IMark = (Ifast \Irem) U Iadd~

We note that the sets of jump times Iech, IMarks Lsiow, Irem, and I,qq are random variables.
Since the chosen realization of the mechanical process may not be defined on the full time interval of inter-
est [0, T], we make the convention that

Sup |V (s) = V()| =00 if 7 < .
s€0,t]

In particular, part of the proof of convergence will be the fact that lim,,_.oP(7,, = T) = 1. We then show the
following convergence in probability result.

Lemma D.1. For all T > 0,

(vavm){OStST} —(Qm, Vi) fo<t<my 250 as m — 0,
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where the convergence in probability is with respect to the L*°([0,T])-norm. Equivalently, for all T > 0 and any
e >0,

lim P ( Sup [Qun(t) = Quu (1) + [V () = Vi (8)] > e) = 0.

m=0 "\ te[0,1]

To show Lemma D.1, we prove the following lemma which says that the interval of convergence can be extended
by a finite time step.

Lemma D.2. Ifty > 0 is such that

lim P ( sup Qm(t) - Qm(t)‘ + ‘{,m(t) - Vm(t)‘ > 5) =0
m—0 te[0,to]

for all e > 0, we then have

lim [P ( sup ém(t) - Qm(t)‘ + ‘\Nlm(t) - Vm(t)‘ > 5) =0
m—0 te[0,t0+2]

for all & > 0 where = = min (M(192AR*1S4-101) ™, 54y ) -

Since the initial conditions for the mechanical process and Markov process are the same, the hypothesis of
Lemma D.2 holds for ¢ty = 0. Thus, Lemma D.1 follows immediately from Lemma D.2, and we are left with
proving Lemma D.2. The computation justifying the particular choice of z is performed in Appendix D.3.4.

D.2. Error decomposition

We prove Lemma D.2 by splitting the error in the velocity into two contributions and bounding them
individually. We fix ¢ > 0 and ¢, > 0, and in the following we denote by I . = Imeen N [to,to + 2],
Lyark = Invark N [to, to + 2], and likewise for I), ., Il.., and I.,4. For times t € [to, Ty, ), the error in veloc-
ity between the Markov and mechanical processes is

Vo) = Vi ()] = |[Vin(to) + Y Views Lo g(t) — Vinlto) = > Viewi Lg(ti)]

ti€l} ti €3

mech

where we recall that ¢; is the time that the jump V}en’i occurs and where 1g denotes the characteristic function
of the set S.

We split the error into two sources. The first source of error is the change in velocity due to slow collisions of the
mechanical process, since the Markov process does not include any slow collisions. We denote this contribution
in the interval [to, t] by

Waow(t) = | D Viens Ly (ts)] - (D.3)
tiell

slow

The second source of error is the change in velocity due to the jumps that we added and removed when coupling
the Markov process to the mechanical process. We define

Wex(t) = Z Vi Ly (ti) + Z Vi Lity.49(ti)- (D.4)

tiEIl’.em tie[;dd

By definition, Wex(t) > 0 for all ¢ (recall that V> 0). The error terms Wyjow and Wey are random variables.



DERIVATION OF LANGEVIN DYNAMICS IN A NONZERO BACKGROUND FLOW FIELD 1609

We decompose the error in the velocity as

Vi (t) = Vi ()] = [Vin(to) + Y Viewilggq(ti) — Vin(to) = > Viewiljgq(t:)

t,el’ 21T SV

mech

<|Vin(to) — vm(to)‘ + Y Viewilp g (t:)
tie[élow
+ Z ‘Zell,i]l[to,t] (tz) + Z f}ien,i]l[to,t] (tz)
tEI 1y ti€llom
= Vi (to) = Vi (t0) | + Watow (6) + Wes(2). (D:5)

We fix £ > 0 and, as in [7], define the stopping time

7* = min <t€[inf ) {t : ’\me(t) - Vm(t)’ > 5/2} o+ z> . (D.6)

t0,Tm
The use of a stopping time gives us a bound on how close the mechanical and Markov processes are, which allows
us to then bound the difference in jumps each process experiences. Provided that we have ’Qm(to) —Qu(ty)] <
€/4, which we can assume from the hypothesis in Lemma D.2, we have that

st |Qu(t) = Quu(t)] < |Qulto) = Quilto)| + 2 _sup_ |Viult) = Viult)] < 2/2,

te[to,T},) tefto,T),)
m

where we recall z < ol Thus, we have the relations

71 .
1+[1AlD

sup_ [ Qun (1) = Quu(0)] + | Vinlt) = Vinl8)] < =,

te(to, )

sup_ (| Al [Qun(8) = Quu()] + [Viu (8) = V)] < = (D.7)

te(to, 7))

m

From the above arguments, we may show Lemma D.2 by showing that
limO P({7;, <to+2})=0. (D.8)

It is difficult to estimate a priori the probability P(7,, < to + z), which appears indirectly in the estimate of
P(7}, < to+ z) through the definition of 7%, (D.6). To aid in the estimate we define the set of trajectories where
the Markov process remains small compared to ¢, is

G = { sup (1411 |@u(®)] + [V 0)]) < cm/m} . (D.9)
0<t<T
From the convergence of the Markov process in Lemma B.1, we have that
lim P(G,,) = 1. (D.10)
m—0

By the triangle inequality, we see that for trajectories belonging to G, 75, < to+ z = "me(’r*) =V, ()] >
€/2. Thus, in order to have (D.8), it is sufficient to show that

limO]P’({T:n <to+z2}NGy,)=0. (D.11)
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To show (D.11), we use (D.5) to break apart the terms:
{7}, <to+ 2} NG C{{Waiow () = €/6} NG} U{{Wex(1s) > €/6} NG}
U |[Vanlto) = Vin(to)| = 2/6}
In terms of probability, we have
P({r, <to+2}NGn) <P{Waow(ry,) = €/6} N Gm) + P{Wex(,,) 2 /6N Gm)
+ P (|[Vinlto) - Vm(tO)’ >2/6). (D.12)

By the hypothesis of Lemma D.2,

Tim P ({’V (to) Vm(to)‘ > 6/6}) —0.

We prove convergence of the other two terms in the following sections.

D.3. Different collision rates

Since we restrict our attention to times ¢t < 7,,,, Appendix C shows that the rate of jumps due to fast collisions
in the mechanical process is given by (A.7). We now estimate

Wex(1y,) = Z ‘Z]lto,r* i Z v Lyt re (i),

tiell,, el

which bounds the total effect of the jumps that were added and removed in the coupling process using the
expressions in (D.1) and (D.2). These jumps have the rate function

Tex (‘7’ €n, (va {}ma Qum; Vm) = ’fm (‘73 €n, (va {/m) — Tm (‘77 en, Qum, Vm) ’ .
The goal of this subsection is to show the following.

Lemma D.3. Fize > 0, and let 7, be given by (D.6). Let Gy, be given by (D.9), and let Wy be given by (D.4).
We have that
hm ]P’({Wex( ) >€e/6iNGy) =

Proof. In the following, we bound the error Wey in terms of a pair of compound Poisson processes, whose
definition we recall below. The error Wey is not a compound Poisson process itself, due to the dependence of 7ex
on Qu, Vi, Qi Vi, and ey, but we build a compound Poisson process from realizations of Wy, by increasing
the size of certain jumps as well as adding additional jumps as detailed below.

D.3.1. Compound Poisson Processes
We begin by recalling a few properties of compound Poisson processes before proving our bound on Wey.
(Definitions may be found for instance in [5]).

Definition D.4. A compound Poisson process J is a stochastic process defined in terms of its rate function

r(V) by

2

N
J(t)=) Vi
1

where N (t) is a Poisson process with rate A := [, r(V)dV that is independent from the jumps {V;}; which
are independent, identically distributed random variables with probability density function A~'r(V).
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The expected value of a compound Poisson process satisfies

E(J(t)) = E(N(t))E(V)

t/ Vr(V)dv dt.
R

Using the independence of {Vz’}lgig N., and Nex, we can simplify the variance

2

=t [ V*(V)dV. (D.13)

To go from the third to the fourth line, we have used independence of N(t) and V;, and to go from the fourth

to the fifth we have used the independence of the jumps {Vl}fi(lt ) and the following property of the variance of
exponential distributions:

D.3.2. Building the auziliary process

Since there are Heaviside functions within the definition of 7,,, we consider three regions: one where both
rate functions are nonzero, a second where one rate function is identically zero, and a third where they are both
identically zero. For ¢ € [to, 7.;,), we define

o = gt min ((en = Vo + (430 ) s (e — Vo + (Aa))
Vg = MQTm max ((cm —V, 4+ (Aﬁ)n) Jem — Vo + (Aq)n))

where we recall that q = Q,, — Re, and q = Qm — Re, are the locations of the collision on the surface of

the respective atoms. Note that A}fm% <wv <y < Mz—_’fm% from (D.9) and (A.3), and ve — vy < A}fms
from (D.7).

In the range v; < v < vy, we can directly bound rey using the monotonicity of f

M+m =
5 (V—v1)+cm>

Tex (Vs €0, Qs Vi, Quny Vi) = Crom 32V f1, (
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where

2
Cm - )\Rd_1 (M + m)
2

We integrate out ey, giving the factor Sy_1, and define the rate
~ ~ M m
11(V) = CuSa_1m =2V f1 ( Lrmy C—) :
2m 8

To construct the Poisson process, we add additional jumps in V with the (positive) rate

Tl(‘/}) - TEX(‘/}venana{,ma(‘Qmavm) ds.
gd—1

For vy < V < 00, we have the following estimate:
Tex(Va en, Qm; Vin, Qm, V

m)
rr (MQ;; V + Vi — (AQ), ) —fm (M:;mVJFV (Aq)n>’
:Cmm_5/2f/ |:f1 (M+m(V—U2)+Cm) —f%(
2m
M4+m
2

= C’mm_5/217

M+m
2m
M+ m
2m

(V=) —|—cm)}

< Cpom ™2V {f}n ( (‘7_'[)2)+Cm> —fr < (17—@2)+cm+5>}

where the inequality uses the monotonicity of f!. We cannot directly eliminate vy from the argument by relying
on monotonicity arguments since we have a difference of f, so we shift by replacing jumps generated by the
process correspondmg to rex by larger jumps. For any jump of size vy < V< 00, we replace it with a new,
larger jump of size V = V+ szm 9“8"’ v2. We also increase the rate of jumps by a factor of and integrate

out e,, giving the rate

TQ(V) = Cdeflm_5/2V |:frln <M+ml7— C_m) - Tln (M+m‘7— C_m +6):|.

2m 8

The limits of the regions above, v1 and vs, also depend on (Q,,, V,,) and (Qm, Y m)- To remove this dependence
we extend the interval of definition for the two rate functions defined above to Mz_T 76’” <V< M2-T 96'" for

r1 and to Mrm 768’" < V < oo for r5. This can be done by adding additional jumps to the auxiliary Pomson

processes above. All told, we have build realizations of two compound Poisson processes

Nex,k

Jm,k = Z ‘72 ]]-[to,t0+z] (tz) for k = 1,2,
i=1

with the respective rate functions

o ) M+m.
Fex,1(V) = 71(V) Ljzem sem < 2m V> ’
o ] MA+m.
Tex,2(V) =12(V) Lirem o) ( 2m V) '

where we have used the dummy variable V for both processes and where we suppress dependence on time in
the notation J, k.
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For trajectories in G,,, the Poisson processes J,, 1 and J,, » provide the bound
Wex (1) < Im1 + Jm 2.
Therefore,
P({Wex (1) > €/6}NGp) <P({Jm1 >¢/12}NGpy) + P{Tm2 > €/12} N Gyy).

To show that P({Wex(7t,) > ¢/6} N Gy,) — 0 in (D.12), we show below that P({J % > £/12} N G,,) — 0 for
k=1,2.

D.3.3. Bounding Jm 1
Applying Markov’s inequality, we have

)

12
P({Jm1 >e/12} NGyp) < ?Em(Jm 1)

We make the substitution x = évfn — V —m!/? ‘e and bound the integrand on the finite interval to obtain the
bound

Em(Jmﬁl) = ((to + Z) - to) /0OO VTEX,1(V) dv

 9cm

2m 3
. MAm s . M .
_ omsd,lzmﬂﬂ/ v2fL ( ;mv - %’”) dv
2 T m

1/2
B 8C,,Sy_q1zml/2 [mem x em\2 .4
= —(M +m)3 /§m1/2c, (m1/2 + _) f (1') dz

4

8C,,Sq_12m'? (9c,, 1
S (% )/ -

S8INRIS, 12
< /2 2
=TRMrm) ™

where we recall the scaling of f,, (A.5). We recall that c,, = m~'/® so that for any finite z we have

lim Ey (Jin,1) = 0.

Thus, we conclude

lim P({Jn,1 > £/12} N Gya) = 0
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D.3.4. Bounding Ju, 2
‘We now wish to show

lim0 P({Jm2>e/12}NG,) = 0.

For this estimate, we first show the bound E,, (J,, 2) < /24 before invoking Chebyshev’s inequality. We have
that

B (Jm2) = 2 / Ve a(V) AV
0

> 3 Mim. cn M+m.. o )
:Cde_lzm_5/2/ vﬂﬁ( ;mV—c—>—}n< +mV—%+e)]dV

2m  Tem 2 8 2m
M+m 8
8CSa—1 172 /°° T Cm\ 2
= — + = d
(M +m)3 “m 3m1/2¢,, (m1/2 + 8 ) f(z) de
—/Oo ( - +C—m—s)2f(x)dx
mA/2(3emte) ml/2 8

- Sttt [ [ (o () - ) o)

Emt e, 2 N2 m'/2(2cpte) 2 c 2
[ ) s (s 2 0 0
AANRT1S,
=228 Pl hy + O m!?) (D.14)
Vi ,
where we made two changes of variables, —¥~ = MQ'T"an — & and —Tn = MJH'”V — & +¢e. We recall

lim,, .o c2,m'/? = 0, so that only the leading order term remains in the limit.

Now, by our choice of z = min (M(192)\Rd*15d,1d51)*1, m) in Lemma D.2, we have
Enn(Jon2) < £/24 (D.15)

whenever m is sufficiently small. We later need a lower bound on the expected value, E,,(Jp, 2) > Ce, where it
is not necessary to precisely find the constant so long as C' does not depend on € or m. Such a bound follows
from the above equations and the definition of z.

Applying Chebyshev’s inequality and using (D.15), we have

P({Jm2>¢e/12}NGy) <P({ T2 > e/12})
P({Jm,2 > 2B (Jm2)})
P({Jm,2 - Em(JmJ) > Em(JmJ)})
B ((Jm.2 = B (Jm2))?)
]Em(JmJ)z
o Em(NexJ)Em(VQ)
Em(JmJ)Q '

<
<

where the final inequality follows from (D.13).
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We can then estimate Em(NeX,g)]Em(Vz) with a similar computation as for E,,(Jpm 2) :

. to+z 0o . .
Epn (Nex.2)Ean (V2) = / / V25, o (V) dVdt
to 0

_ 16CwmSa—1_ 3 /OO x Cm\ 3
_(M+m)4zm . (m1/2+ 8> f(z) dx

mi/2¢,,

- it g d
/ml/?(f{chre) (ml/2 + ) 5) f(z) 90]

12Sd71 3/2 e X Cm 2 1/2
ngm /0 €(m1/2+§) f(x) dz+o(m/°)

< Czm!'’? + o(m1/?). (D.16)

We see that this converges to zero as m — 0.
Combining the above, for m sufficiently small, we have the following estimate on J, 2,

En (Nex,2)Em(V2)

P({Jm,2 > ¢e/12 m) < )
({J 1,2 _8/ }mG ) Em(Jm,Z)Q

and so in view of (D.14) and (D.16),
v}ziino P({Jm2>e/12} NG,) = 0.
Combining the estimates of this section, we conclude
TEQO[P’({WQX(T;T) >e/6}NGy) < J}TOHD({JmJ >e/12}NGy) + ﬂlliglo]P’({Jr,,,g >¢e/12}NGy) =0,

which completes the proof of Lemma D.3. d

D.4. Slow collisions

In this section, we bound the effect of jumps of the mechanical process caused by slow collisions. To do so, we
track the total change in the relative velocity of a bath atom, v = v — Aq. A bath atom that undergoes a slow
collision may collide with the large particle many times; however, if the normal component of the bath atom’s
velocity ever exceeds ¢, after a collision, then no further collisions are possible, which follows from arguments
used in Appendix C.

Suppose a particular bath atom undergoes k collisions with the large particle. We denote by V; (respectively
v;) for i = 1,...,k the relative velocity of the bath atom before (respectively after) the ith collision. We show
below that the total change in velocity for a bath atom is bounded by [V}, — V1| < 8¢;,. By the preservation of
linear momentum for an elastic collision, the change in velocity for the large particle due to all the collisions
with this particular bath atom is V' — V = Z(¥) — ¥;). We also show below that the number of unique
bath atoms experiencing a slow collision with the large particle in a given finite time interval is bounded above
by Cm~1/2¢c,,. Thus, the total expected change in the large particle’s velocity is bounded by C’ml/chn which
converges to zero as m — 0.
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Lemma D.5. For 7% be given by (D.6), G, given by (D.9), and Wyow defined above in (D.3), we have that
lim0 P{Wsiow (1) > €/6} NGp) = 0.
m—

Proof. We focus now on a single bath atom and consider the set of times Iec = {t;}i=1,...x of all collisions of
this single atom in the interval [to, 7] (the fact that there are almost surely only finitely many collisions is
shown in Appendix E). We later estimate the total number of distinct bath atoms that undergo slow collisions
with the large particle in the time interval. We denote by e, ; the normal direction for the collision at time
t;. We denote by vy, ;, V;J the normal velocity for the particle before and after the collision at time ¢;, and
similarly for the tangential velocity. Finally, we let Ty, ; =V i - en ;.

We recall that in a slow collision, the normal velocity of the bath atom satisfies v,, < ¢,,, whereas the
tangential velocity cannot be bounded, so we do not have a bound on |v|. In the following, we consider three
cases, based on the size of the tangential velocity of the bath atom.

For the first case, we consider that |Vy ;| < ¢, for all ¢ = 1,..., k. The sum of the change in ¥ telescopes
since ¥, ; — Vi = Vi — Vi = Vit1 — V4, giving

k k
< — N v _ ¥
Vi~ Vi vV, — Vi

i=1 i=1

As a second case, suppose that [V 1| > ¢,,. Even with a large tangential velocity, it is possible that there is a
recollision with the large particle due to the curvature of the particle (see Fig. 8). We split the large particle
into halves, with the equator perpendicular to e;, as in Figure 8. The bath atom passes the equator and due
to its high tangential velocity, which is unchanged by the collision, all subsequent collisions must occur on
the same hemisphere (the shaded hemisphere in Fig. 8a). We recall that the speed of the large particle is
bounded by ¢,,,/8 (A.3). Between subsequent collisions, the bath atom moves further in the e ;1-direction, so
that (€4 1,€n,i+1) < (€41,€n,) and therefore (ey 1,en ;) < 0 for all 7. This in turn implies monotonicity of the
normal velocity for the bath atom’s collisions,

= [¥}, — ¥1| < 2V2¢.

Unig1 < 5;72». (D17)

From Lemma C.1, any bath atom involved in a fast collision can never undergo slow collisions, so in particular
we have that [V, ;| < ¢, for i = 1,..., k. We use the monotonicity of the normal velocities (D.17) to form a
telescopic sum on the normal component of the change in velocity, which becomes

k k-1
D Vi = Vui| € [Fuit1 — Vil + Vi — Vol
i=1 i=1
S En,l - ﬁn,k + |V11,k: - vn,k
< 2 + 2(em + € /16) < 5epy,. (D.18)
To prove the third inequality, we use the bound on [v, ;| < ¢, for i = 0,...,k, along with the bound on the

large particle in (A.3), and apply the collision rule (2.7).

For the third and final case, consider the case that after a certain number of collisions, |V ¢| > ¢, whereas
until that time, we have that [V ;| < ¢, and |Vy | < ¢, for ¢ = 1,...,¢ — 1. This combines the previous two
cases. The change in velocity satisfies

k
Vn,i Vn,i
i=1

+

-1
— —
Vn,i — Vn,i
i=1

k
Vn,i Vn,i
=L
k
— = .
Vn,i Vn,i
i={

< 2\/§cm + 5¢m < 8¢

= [Vio1 — Vil +
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Vi Vi

V1 Vl

(a) (b)

F1GURE 8. A slow collision with high tangential velocity in the plane defined by the bath
atom’s tangential and normal velocities. (a) If the tangential velocity of the first collision is
large all subsequent collisions must occur in one hemisphere, in the positive e; ;-direction. (b)
The later collisions have normal velocity smaller and smaller, since the large component in
the e; 1 direction is outward pointing from the surface of the particle at the site of subsequent
collisions.

We estimate |v1| < v/2¢,, and [¥,_,| < v/2¢,, as both normal and tangential components of the relative velocity
are bounded. We bound the final term, involving collisions after the fast tangential velocity using the previous
argument (D.18).

Taking the maximum over the above three estimates, we conclude that the total momentum change for the
large particle due to collisions with this single, slow particle satisfies

k

> m (Vh — Vi)

i=1

DM (Vi= Vi)

< 8mcey,. (D.19)

We now define Ngoy as the number of first-time collisions that are slow collisions, and we employ a double-
index notation for the collisions, so that the jth atom’s ith collision has relative normal velocity vy, ; ; where
1 <j < Ngow and 1 < i < k;. While the slow collisions are not a Poisson jump process, we note (A.4) acts as an
upper bound for the first-time slow collisions. (We recall that in the mechanical process certain slow collisions
are made impossible by the past history, though no first-time slow collisions are ignored in (A.4)). Then we may
estimate the number of distinct bath atoms involved in slow collisions by

N a 1
Em(NSIOW) S Z/Sd—l A ml/ZR ('Un - Vn)+fm((v - Aq)n) dUn ds

< ARG, im 22 / " QCmeln((v — Aq),) doy
0

< 2/\Rd_15d_1m_1/2zcm. (D.20)
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Combining (D.19) and (D.20), we finally have the estimate

Nsiow ki
* m — —
P({Wsiow (7)) > €/6}NGp) <P M E V;,i,j — Vn,ij| >¢€/6
=1 i=1

8me
SP( MmNSIOWZ€/6)

48me,,

S - IIEm (Nslow)

96ARY1S, 1zc?nm1/2
€

— 0 asm — 0. O

D.5. Conclusion of the proof

Combining the above estimates on Wyjow and Wex, we conclude that the left hand side of (D.12) converges to
zero in the limit as m — 0. This shows that Lemma D.2 holds, and we then conclude that Lemma D.1 follows.
Over finite time intervals, we can then conclude that (Qu., Vin)jo<t<r) — (Qm, Vin){o<i<1} 2.0 as m — 0.
Combined with the convergence result Lemma B.1, we can therefore conclude the Proof of our main result,
Theorem 2.4.

APPENDIX E. THE MECHANICAL PROCESS IS WELL-POSED

In this section, we show that the mechanical process is almost surely well-posed for all times ¢ < 7,,,, where
Tm is the stopping time defined in (A.3). Particularly, we show that as long as the large particle stays bounded,
the degenerate cases of having a multicollision or having infinitely many collisions in finite time both occur with
zero probability. We further show that almost surely 7,,, > 0. We note that this well-posedness result is slightly
weaker than the corresponding result in [6,7] for a heat bath with zero background flow since that result does
not require a stopping time and is valid over finite time intervals that are uniform with respect to the initial
condition. In contrast, the stopping time 7,,, depends on the initial condition.

We first show that whenever the particle is restricted to a ball |Q,,| < ¢ for £ € N, then there are almost
surely only finitely many atoms that can possibly interact with the particle in a given time interval [0, T, since
only finitely many enter the ball. It is therefore sufficient to study the well-posedness of the dynamics for finite
systems. After restricting to a finite system, we show that the mechanical process is almost surely well defined.
Since |Qm| < ¢n/8 for t € [0,7,,), we conclude that the mechanical process is well-posed at least until the
stopping time 7,,.

E.1. Finitely many atoms within a finite radius

In the following, we work with fixed mass m for the bath atoms, which we absorb into other constants.

Lemma E.1. For any finite time interval [0,T] and radius ¢ € N, there are almost surely only finitely many
bath atoms that enter the ball |q| < £ in the time interval [0,T].
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Proof. For a given initial configuration, let Ny be the number of bath atoms such that £ < |q] < k+ 1 and
[v| > ek, where we choose € = %e_(“A“+%)T. We then have

En(Ne) = / / A fn (@, ¥ + Aq) d¥ dg
k<|a|<k+1 J|V|>ek

|V‘d+1
=Cl(k+1)*— kd]sd_l/ — o f(m!?v) av
[¥|>ck vl
de,1 J
< = v (7)) dv
= (ek)dt! /|V|>m1/2sk| )
C
S ﬁa

where we note that C' depends on e, but not on k. Then, almost surely 220:1 Nj < 00. Suppose an atom
has initial coordinates (qo,Vo) where k < |qo| < k+ 1 and |[vy| < ek for some k € N. We have from the
dynamics (2.20) that

d \Q|2 T T—
—(H2) = qTAa
dt( 5 q Aq+q Vo

1 1 _
> —|lAll laf? - 3laf* - %ol

This implies

a0 = (Jaok + T Jemtnane _ ¥l
- 21|14+ 1 2||All +1
> [ago[%e~ CIAIFD! — |5

> j2e~@llAlIFDE _ 232

3 12— @llAll+ DT

Let ¢ € N be fixed. We choose kq sufficiently large such that ?koe*(”“‘”*%ﬂ“ > (. Then, the only atoms that
can enter the ball |q] < ¢ must either be one of the finitely many such that |qo| < ko or be such that there
exists k > ko such that k < |qo| < k+ 1 and [vo| > k. O

In a finite mechanical system, the first collision occurs at a time ¢y > 0, since at time ¢ = 0, no bath atoms
are touching the large particle. Upon choosing ¢ = g, this implies that the stopping time 7,, (A.3) for the
mechanical process satisfies 7, > 0. (Recall that after equation (A.3), we have assumed that m is sufficiently

small so that the initial conditions lie within the box that defines the stopping criteria.)

E.2. A finite system is well-posed

In the following, we consider a system composed of the large particle along with N € N bath atoms, in the
finite time interval [0, 7,,,). We show that there are almost surely only finitely many collisions, none of which are
multicollisions. For any initial condition of the mechanical process we define the process on the time interval
[0,7*) where 7* is the first occurrence of either a multicollision or an accumulation of infinitely many collisions,
or the first time the large particle leaves the box used in the definition of 7, (see (A.3)). By definition, the
mechanical process is well-posed on the time interval [0,7*), and we have 7* < 7,,,. From Lemma E.1, we can
conclude that 7" > 0, and we show below that almost surely 7" = 7,,,.

We note that because of the bath atom dynamics (2.18), the kinetic energy of the mechanical process is not
preserved. When restricting to a finite system, we can control the growth of the energy.
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Lemma E.2. In the time interval [0,7%), the kinetic energy of the mechanical system at time t,
1 1
K () = sMV@OTV(E) + 5 > mvy (07 v5(0),
j=1

satisfies K (t) < K(0)ellAllt,

Proof. During an elastic collision, the kinetic energy is unchanged. Between collisions, we have

d d a d
K = MV(t)TEV(t) + ; mvj(t)TEVj(t)

N
= Z mv;(t)" Av,(t),

and we thus have | K ()| < 2||A| K (t). Integrating gives the desired result. O
la-*y1/2
As a corollary, we have that for every initial condition, the speed vyax = (%) bounds the maximum
speed of any bath atom:
max  max _|v;(t)| < vmax- (E.1)

tel0,7*) j=1,...,N

We let By (¢, K) denote the set of initial conditions where 7* < 7,,, that is, those that lead to either a
multicollision or infinitely many collisions, where N is the number of bath atoms in the system, where the large
particle is restricted to |Q| < ¢, and where the total kinetic energy satisfies supjy 7y K'(t) < K. If we show that
the set By (¢, K) has zero measure, then the set of initial conditions leading to such 'bad’ collisions, which is
given by

BN(K, K)a
1

—

~
Il
—

I
-
TCe

has zero measure.
We first restrict ourselves to the case of a system with the large particle and a single bath atom.

Lemma E.3. For all initial conditions in B1 (¢, K), there are infinitely many collisions in [0, 7*) and the normal
component of the atom and particle velocities before the ith collision satisfies

=0.

hm "Un,i - Vn,i
71— 00

Proof. Since there is only one bath atom, the only possible bad collision is the accumulation of infinitely many
collisions. Suppose a collision occurs with relative velocity v, ; — Vi,; = ¢, for some ¢ > 0. Immediately after

the collision v/ ; — V! . = —¢. Since the system is composed of only a single particle and a single bath atom, in

n,. n,.
order for another collision to occur, the bath atom must accelerate until (v(t) — V(¢)) - en,; > 0.

From the bound on the bath atom velocity in (E.1),

d
av(t) = Av < ||A||vmax-

We conclude that there exists § > 0 such that the time between collisions satisfies ;41 — t; > de. Thus, an
accumulation of collisions implies that lim; .o |vn,; — Vai| = 0.
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Lemma E.4. The set B1(¢, K) has measure zero.

Proof. For any € > 0, let 77 denote the time of the first collision where |v,; — Vo] < €. For P € N, let
'’ c Bi(¢, K) be the set of initial conditions where 7 € [B7,, p;1 m), for p=0,..., P —1. By Lemma E.3,
an accumulatlon of collisions must lead to slow collisions, so that By (¢, K) C UP 1FP

Up to time 77, the dynamlcb is well-defined, and the flow map gbt for the mechanlcal process preserves
Lebesgue measure. For p = 1,. -1, ¢z, (I: Py C I'fy, so that [IF| < |1

For initial conditions in I“E 0, We may suppose that P 1 is sufﬁciently small so that 7 is the time of the
first collision (recall from Lemma E.3 that a collision with |vn; — V4,;| > € leads to a minimum time between
collisions t;+1 —t; > de). Mapping back from a collision at time 77, we see that the bath atom’s initial position
satisfies [q — Q| < “mas™m and the initial velocity satisfies [vn,; — Vi 4| < cellAE 4y, .. Because of the bounds

on Q and K, we then conclude that |I 0\ < Clse 7 where C,C5 € R are independent of € and P. Summing

over p=20,...,P—1, we have
P—1

P
U
p=0

Lemma E.5. The subset M C By (¢, K) of initial conditions where the first bad collision is a multicollision
has measure zero.

|B1(¢, K)| < lim lim = 0. O
e—=0P—oo

Proof. Intuitively, the set of all multicollisions at a given instant 7* has phase space co-dimension greater than
or equal to two, so that the set of initial conditions leading to a multicollision has zero measure. We note that
a multicollision could involve one or more bath atoms that have an accumulation of infinitely many collisions
at time 7*

For P € N we let FP be the set of initial conditions such that 7* € [£7,,, P}tl Tm), where p=0,..., P —1,
where we recall that 7* is the time of the first multicollision. We note that since the flow map of the mechanical
process preserves Lebesgue measure, |I'7 | < [I'F;|, so we only need to bound the measure of I

For 1n1t1al conditions in I'F 0, two or more bath atoms must satisfy |[q — Q| < “maxT= 5o that we have
|IYo] < 5. We thus have

M| = lim

P—o00

P—1

P | _
U FSJ’ -
p=0

Lemma E.6. The set of initial conditions leading to a bad collision has measure zero.

Proof. We first consider the full set By (¢, K). If the first bad collision in such a system is not a multicollision,
then there is a time § such that in the interval [7* — ¢, 7%), the only collisions that the large particle experiences
are with the bath atom that experiences the bad collision at 7*. In this case, the arguments from Lemma E.4
show that the set of such initial conditions has measure zero. Therefore, using Lemma E.5, we conclude that
By (¢, K) has measure zero as well.

We then conclude that

oo o0
UUL 0,

N=1/¢=1

and that almost surely 7 = 7, and so the mechanical process is well-posed until at least the stopping
time 7. O

I C8
Il

APPENDIX F. CONVERGENCE OF THE GENERATOR FOR THE LAMINAR HEAT BATH

In this section, we compute the limiting SDE for the two laminar heat bath models defined in Section 2.3.
The computations parallel those of Appendix B, and we omit some of the details found there. The first heat
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bath model has velocity distribution of the form (2.11), and the second has distribution of the form (2.14) where
we consider the specific shear flow

0s0

A=1000],

000
for some s € R. We do not carry out a full convergence proof as we do for the model proposed in Section 2.4
— although such a proof could likely be carried out based on the same arguments as above — since the limiting
dynamics obtained by the following formal computations has undesirable traits for sampling nonequilibrium
states.

F.1. Unidirectional flow

We start with a background bath whose atoms are distributed initially according to (2.11), where all bath
atom velocities at initial time are oriented in the e;-direction. In fact, rather than working with (2.11) and its
Gaussian distribution, we work with

dptm (q,v1) = A fm (V1 — 5¢2) dq duy, (F.1)

where we have the scaling f,,(7) = m'/2f(m'/?%), where the probability density function f(7) is assumed to
be decreasing in T with four finite moments (2.3), and where we recall go = Q2 — Re,, - e2. Note that we have
eliminated vy and vs in the above expression since they are identically zero. We recover (2.11) upon choosing

flx) = Z texp (—gaﬂ) .
The normal velocity for a bath atom before a collision is v,, = vie; - e,, and we keep the distinction between
slow and fast collisions of Definition A.1. The rate of fast collisions experienced by the particle is
T (U1, €0, Q, V) dvy d2dt =)\, R? H((vie; — 5¢2) - €y — ¢m)
x max(v, — Vi, 0) frn(v1 — sg2) dvy d2dt.

In contrast to (A.4), the rate function here includes a Heaviside function to ignore slow collisions. We let
V =V! —V,, which satisfies, in view of (2.7)

~ 2
V:M-Tm(vl e -e, —Vu),
~ 2m
Vinin = Cm + 5q2 €1 - e, — V4),
M 4 (O 502 €1 ) (F2)

where Vmin denotes the minimum velocity jump size (due to the cutoff for slow collisions). For v > XA/min, the
measure on jumps Ve, is

. M 2y 1 [M .
bV iem, QV) = A2 (2Em) V(L My ).
2m le1 - en| el e, 2m

Using this jump measure, we define a Markov process as in Definition A.5.
We write the generator for the Markov process

Lt =V Vv + [ [ 0@V +Ver) = 0@ V)] 7 (V.. Q V) a7 d2,

From the scaling of bath atom velocities and associated law (F.1), E,,(|v]) is O(m~'/2) and by (F.2) we have
that E,,(V) is O(m'/?). We expand the generator for the Markov process in powers of V and find to leading
order
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where

C —ARQ(M+m>2 (F.4)

1 M ~
= m0/2 / / e, + ny + Vol — sqo | AV d£2,
S2 ‘el en‘ 2m

Vinin

V3 1 M ~
—5/2/ / en®en fm( [ +mv+v] —sqg) av de,
2 lel - ey el e, 2m

Viin

where g2 = Q2 — R(e, - e2). Note that estimating the remainder term follows as in Appendix B.1.1.
In both integrals I; and I3, we substitute

1 M +m ~

e -e
T = [ 12V+m1/2V} ml/2s =L 70 g
le1 - eq| | 2m1/ le1 - ey
m/2c,,
Tpin = ————
min ‘el'en|7

where Zin > 0 is the minimum value of x. The drift term, I;, becomes

2 8 leq - en\
I 1/2/ / n n - 1/2V 1/2 n dz df?
1= ] e |e1 enlr +m'?s(e; e)CIz) (M+m)3f o o T

min

m—1/2
_ U / a(ler - enle)2f (Le“' >dxd(2
S? J Zmin "€n

+2// en _m1/2vn+m1/2s(e1-en)qQ)(el.enx)f(@x) dxd()}—s—O(m:‘/w)
sz Jo

€] -€p
169
= —M31 {/ en (—V-en+s(er-en)q)ler - eyl d()} + O(m®/19), (F.5)
S2

where we have used the fact that O(m~/?)-term integrateb to zero and have extended the integration region
with the estimate Z"’"‘ e eyjzf(z)de < m'/2¢,, fR x)dx = O(m?’/lo). Note that go = Q2 — Re,, -e2 depends
on e,, but the e,- dependence annihilates as we show below in (F.7).

Substituting  into I, we compute the diffusion coefficient to be

I = E/ /00 (en ®ey) (le1 - enlz)® f O G dzd2 + O(m'/?)
2 — M4 s2 S n n 1 n ‘el‘en‘

169
B 3/ (en @ en)ler - e]* A2 + O(m'/2),
S?

M4

where we have used the inequality fy" (le1 - en|z)3 f(z) dz < m¥/2c3, [, f(z)dz = O(m!/?).
Using the following expressions for the spherical integrals

2m T
/ / (en ®ey)ler - en| singpdpdl =
o Jo

ol O
vE O O

27 T
/ / (en ® en)‘el . en|3 SIH(bd(bde =
0 0

o ouly o o3

Ooln O
ol O O

27 T
/ / (en®ey)ler -enl(es-ey,) sing dpdf =0, (F.7)
o Jo
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we deduce from (F.5) and (F.6) that

100 200

167, 1673 [ 3
h=-—5 0%(1) (V-se1®e)Q), h=-—q O%(l)
003 004

Combining these terms with (F.3) and (F.4), writing the matrices in terms of tensor products, choosing f
from (2.4), and taking the limit as m — 0, the generator converges in the sense of (B.2) to the generator

227 AR?
VBM
1

+ i <§e1 ®ep + %(1—91 ®91)) :V%ﬂ/i)}

Ly =V -V + {— (el ® e + %(I —e1® e1)) (V-s(er1®e)Q)  Vyy

This is the generator for the anisotropic SDE

dQ = Vdt,
MdV = —y(V — s(e; ® €2)Q)dt + cdW = —y(V — AQ)dt + odW, (F.8)
where
2 1/2
ov2maR? (100 av2maR? (300
= 0 3 0 and g = 73 0 G 0
Vi 0oL VB 001

This is the dynamics (2.12) discussed in Section 2.3. As mentioned there, we find the inconsistency of (F.8)
when s = 0 with the Langevin dynamics for zero background flow (2.1) unacceptable. As an attempt to remove
the anisotropy observed in (F.8), we add laminar flows in each coordinate direction in the following section.

F.2. Superimposed baths

We now consider having three different laminar flows, one for each coordinate direction e;, for i = 1,2,3. We
define the probability distributions

1
filv) = ZZ._1 exp (— 202112) , where Z; = V/270;, 1=1,2,3,
i

where we allow for different temperatures for each of the bath measures. The initial condition of the bath atoms
is chosen according to the measure

ml/2
Apn(a,v) = 220 (i lm 201 502))5(02)6(03)

o (m ?02)5(01)0(v3) + f3(m1/2v3)5(v1)5(v2)) dvdq, q,veR?

where §(z) is the Dirac distribution.
Upon splitting the integral linearly, the calculations of Appendix F.1 give us the limiting generator

1
Lw:3V~VQw—JW_W7V—wD~Vv¢—%§ﬂTQUUT1Av¢
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where
o 01+ 202+ 20 0 0
2./2 AR2 1 2 V2 23
= + 0 %91 + 09 + %93 0 ,
0 0 %91 -+ %02 + 03
2V2mAR? [ $Q20
U= ——"- 0 ,
3 0
203, 1p3 4 1p3
207 + =05 + =6 0 0
4V2mAR? [ 3717672 673
ool = +R 0 Lg3 4 263 4 1g3 0
0 0 507 + 503 + 363
The corresponding SDE is
dQ = Vdt,

MdV = —«Vdt + udt + cdW.
As an example, let us take 6; = ﬁ for i = 1,2,3. Then we have for the limiting equation
dQ = Vdt,

1 1/2
MAV = —~ (V — 5sQQel) dt + (%) AW,

where v = %ﬁ - This is (2.15), which is discussed in Section 2.3. This system satisfies the fluctuation-
dissipation relation only for inverse temperature B = 20. That is, the temperature of the large particle is half
that of the bath. More problematically, there is a factor of 1/2 on s, which means that the large particle only
feels half the average velocity of the heat bath. This is caused by the superposition of multiple laminar flows.
We note that there is no choice of 61, 65, and 03 so that the resulting SDE is both isotropic and has response @
equal to the input background motion.
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