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A BERMÚDEZ–MORENO ALGORITHM ADAPTED TO SOLVE
A VISCOPLASTIC PROBLEM IN ALLOY SOLIDIFICATION PROCESSES
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Abstract. The aim of this work is to present a computationally efficient algorithm to simulate the
deformations suffered by a viscoplastic body in a solidification process. This type of problems involves a
nonlinearity due to the considered thermo-elastic-viscoplastic law. In our previous papers, this difficulty
has been solved by means of a duality method, known as Bermúdez–Moreno algorithm, involving a
multiplier which was computed with a fixed point algorithm or a Newton method. In this paper, we will
improve the former algorithms by means of a generalized duality method with variable parameters and
we will present numerical results showing the applicability of the resultant algorithm to solidification
processes. Furthermore, we will describe a numerical procedure to choose a constant parameter for the
Bermúdez–Moreno algorithm which gives good results when it is applied to solidification processes.
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1. Introduction

In this paper, we present an efficient numerical algorithm to calculate the deformations suffered by a body sub-
mitted to a solidification process. A behaviour law frequently used in alloy solidification processes was described
in [9,15], where Maxwell–Norton materials with mechanical coefficients strongly dependent on the temperature
were considered. Their numerical simulation presents several difficulties related with the nonlinearity of the
behaviour law in the regions close to the recently solidified material (see [4]).

In our previous work [3], we have studied and solved a particular solidification problem arising from the
mathematical modelling of aluminium casting processes. In this case, two nonlinearities were considered: the
previously mentioned one due to the behaviour law and also a Signorini boundary condition due to the con-
tact with the mold. To avoid these nonlinearities, the numerical solution was based on the Bermúdez–Moreno
algorithm and the nonlinearities were solved firstly, by using a fixed point method and secondly, by using a gen-
eralized Newton method. Both procedures applied to compute the viscoplastic multiplier presented convergence
problems in the regions close to the solidification front when they were used to solve a real casting process.
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In this paper we will focus our interest in finding an efficient numerical method to deal with the nonlinear
behaviour law. For this, we will propose to consider the Bermúdez–Moreno algorithm presented in [3], taking
advantage of the method introduced in [13]. In the latter, the authors introduced a generalized Yosida regu-
larization and they presented a generalization of the Bermúdez–Moreno algorithm that allows the use of very
general operators as parameters. Moreover, as a particular case, they analyzed the use of scalar and matrix-
valued parameters, proving that the optimal choice of the parameter would be a matrix-valued function. Later,
in [1], an application of this generalized algorithm with scalar parameters in one-dimensional problems was
presented. Here, we will extend those techniques when the regularized function is tensorial as it occurs with
operators associated to viscoplastic behaviour laws. The procedure presented here could be generalized to other
solidification problems with a strong dependence on the temperature gradient.

This work is organized as follows. First, in Section 2, we will describe a thermo-elastic-viscoplastic behaviour
law frequently used in solidification processes. In this law, the viscoplastic part is given by a nonlinear Maxwell–
Norton law and the thermal part is a generalization of Arrhenius law. Section 3 describes the numerical procedure
to approximate the viscoplastic multiplier and, so, the solution of the problem. Firstly, in Section 3.1, we will
summarize the former results relative to the application of the Bermúdez–Moreno algorithm to the Maxwell–
Norton law. In Section 3.2 we will propose to approximate the viscoplastic multiplier by using a fixed point
method with variable parameters which are computed automatically. In Section 3.3 the resulting algorithm is
presented. Finally, in Section 4 we will apply this numerical algorithm to solve a particular solidification process:
an aluminium casting. We will validate the algorithm by using an academic test in order to prove the efficiency
of the method and, secondly, we will present the numerical results obtained in the simulation of the considered
casting process. Furthermore, we will propose a numerical procedure to compute an optimal constant parameter
in an automatic way in order to improve the cpu-time in casting simulations.

2. Maxwell–Norton law in solidification processes

Due to the great computational demands of the three-dimensional simulations in solidification processes,
in this work we assume that the problem verifies the plane strain assumption and our aim is to solve the
corresponding two-dimensional problem in the plane x2x3. Let [0, tf ] be the time interval to carry out the
mechanical simulation and we denote by Ω(t) the interest domain at the instant t ∈ [0, tf ]. The temperature
field, T (x, t), at each point x ∈ Ω(t), is assumed to be previously computed by using the methodology introduced
in [2]. There, the thermal problem is modelled by using an enthalpy formulation for a two-phase Stefan problem
without considering the convective heat transfer in the fluid phase of the alloy. To take into account the movement
of the fluid, the reader is referred to [7].

The mechanical domain at each time instant t corresponds to the solidified part of the domain, denoted by
Ωs(t), which is obtained from the solution of the thermal problem:

Ωs(t) = {x ∈ Ω(t); T (x, t) < Tl},

where Tl is the liquidus temperature (see Fig. 1). From now on, we will suppose that Ωs(t) is smooth enough.
We denote by u(x, t) the displacement field and by σ(x, t) the stress tensor field at each point x ∈ Ωs(t) and
at each instant t ∈ (0, tf ].

One of the most used behaviour law in alloy solidification processes was introduced in [9,15]. In these works,
the material is supposed to be a nonlinear Maxwell–Norton thermo-elastic-viscoplastic solid and so the strain
rate tensor is the superposition of elastic and viscoplastic components together with the thermal strain rate due
to the strong temperature gradients during the solidification:

ε(u̇) = ε̇e + ε̇vp + ε̇th,

where the upper dot denotes the usual time derivative and the strain tensor is related to the displacement field
by the usual formula

εij(u̇) =
1
2
(∂j u̇i + ∂iu̇j).
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Figure 1. Computational domain.

The elastic deformations εe are related to the stress tensor σ through Hooke’s law with material parameters
depending on temperature

εe = Λ(T )σ =
1 + ν(T )

E(T )
σ − ν(T )

E(T )
tr(σ)I,

where E and ν denote the Young’s modulus and Poisson’s ratio, respectively.
The thermal expansion is related to the temperature by a generalized Arrhenius law

ε̇th = α(T )Ṫ I,

where α is the coefficient of thermal expansion, including volume changes due to possible phase transformations.
The viscoplastic part of the strain rate field, ε̇vp, is governed by Norton–Hoff’s law (see [12,16]). To describe

this law, let S3 be the space of symmetric second order tensors and let us introduce the dissipation potential
Φq defined for each σ ∈ S3 and T ∈ R by

Φq(σ, T ) =
1
q
θ(T )|σ|q,

where q ≥ 2 is a fixed real number and θ denotes a positive material parameter depending on temperature.
Norton–Hoff’s law may be written as (see [12])

ε̇vp = ∇σΦq(σD, T ) = θ(T ) | σD |q−2 σD, (2.1)

where σD denotes the deviatoric part of σ given by

σD = σ − 1
3
tr(σ)I,

and ∇σΦq denotes the gradient of Φq with respect to σ, relative to the usual inner product in S3. From now on,
unless otherwise stated, we will omit the dependence of Φq on the temperature and we will drop the subindex
σ in the gradient of Φq.

Summing up, the constitutive law is formulated as

ε(u̇)(t) =
˙︷ ︷

(Λ(T )σ)(t) + (∇Φq(σD))(t) +
(
α(T )Ṫ

)
(t)I in Ωs(t), with 0 < t ≤ tf . (2.2)

In Section 4 we will present a complete mathematical model corresponding to a casting solidification process in
which this nonlinearity due to the thermo-elastic-viscoplastic law plays a key role.
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3. Bermúdez–Moreno algorithm with variable parameters to solve

the thermo-elastic-viscoplastic law

The constitutive law (2.2) is nonlinear due to the viscoplastic term and the dependence of the parameters on
the temperature. One possibility to deal with this nonlinearity, used by the authoresses in [4], is based on the
well-known Bermúdez–Moreno algorithm involving a viscoplastic multiplier, which is determined as the fixed
point of a nonlinear equation (see [6]). A brief description of this method is summarized in Section 3.1, and
an optimal choice of the parameters involved in the previous algorithm is deduced in Section 3.2. Finally, in
Section 3.3 the resulting algorithm is described.

3.1. Former results

Let us consider a mesh of the computational domain Ωs(t), denoted by Th(t), and a finite element approx-
imation in the usual way: displacements are discretized in space using the Lagrange finite element method of
degree one and stresses are assumed constant within each element. To simplify the notation, from now on we
will omit the subindex h to denote spatial discretization.

The thermo-elastic-viscoplastic law (2.2) is discretized in time by using an implicit Euler scheme. For that
purpose, we discretize the time interval of interest [0, tf ] into N steps: t0 = 0, tj+1 = tj + Δt, j = 0, . . . , N − 1;
with Δt = tf/N . We denote by gj an approximation of a given function g(t) at time tj over Th(tj). Then, the
discretized behaviour law is

ε(uj+1) − ε(uj) =
(
Λ(T j+1)σj+1 − Λ(T j)σj

)
+ α(T j+1)(T j+1 − T j)I + Δt ∇Φq

((
σj+1

)D)
in Ωj+1

s . (3.1)

The necessary thermal approach is computed following the methodology described in [2], which consists of an
implicit semidiscretization in time, a finite element method for space approximation and a Bermúdez–Moreno
algorithm to solve the nonlinearity due to the phase change.

Next, we state two Lemmas which let us rewrite (3.1) as an explicit expression of the stress tensor by
introducing a viscoplastic multiplier. The proofs of these Lemmas can be found in [4].

Lemma 3.1. Let γp be a real positive number. At each time step tj+1, j = 0, . . . , N − 1, the stress tensor in
Ωj+1

s is given by the relation

σj+1 = V(T j+1)
(

ε(uj+1) − Δtqj+1 +
Δtγps

j+1

3
tr(ε(uj+1))I + Fj

)
, (3.2)

where qj+1 is the viscoplastic multiplier at the time step tj+1

qj+1 = (∇Φq)γp

((
σj+1

)D)
= (∇Φq − γpI)

((
σj+1

)D)
, (3.3)

and Fj is the history of the solidified metal up to time tj together with the expansional effects of the temperature
changes at the time interval [tj , tj+1]

Fj = −ε(uj) + Λ(T j)σj − α(T j+1)(T j+1 − T j)
(
1 + Δtγps

j+1
)
I +

Δtγps
j+1

3

(
1
sj

tr(σj) − tr(ε(uj))
)

I,

where

sj =
E(T j)

1 − 2ν(T j)
·

In (3.2), the automorphism V(T ) is defined by

V(T )τ = λ̃(T )tr(τ )I + 2μ̃(T )τ ,
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being

λ̃(T ) =
E(T )ν(T )

(L(T ) − 2ν(T ))(L(T ) + ν(T ))
, μ̃(T ) =

E(T )
2(L(T ) + ν(T ))

,

and L(T ) = 1 + γpE(T )Δt.

Notice that in equation (3.3) of Lemma 3.1 the viscoplastic multiplier is obtained by perturbing the vis-
coplastic law with a positive parameter γp. In the following Lemma the Bermúdez–Moreno method is applied
to compute this multiplier.

Lemma 3.2. Let γp be a real positive number. At each time step tj+1, j = 0, . . . , N − 1, the viscoplastic
multiplier qj+1 is a fixed point of the equation

qj+1 = (∇Φq)
γp

λp

((
σj+1

)D
+ λpqj+1

)
, (3.4)

for λp a real positive number such that λpγp < 1. In this equation, (∇Φq)
γp

λp
denotes the Moreau–Yosida approx-

imation of (∇Φq)γp given by the expression

(∇Φq)
γp

λp
(ζ) =

ζ

λp

(
1− 1

ηj+1(1 − λpγp)

)
, ζ ∈ S3, (3.5)

where ηj+1 = η (ζ) is the unique root of the equation

ηq−1 − ηq−2 − λpθ(T j+1)
(1 − λpγp)q−1

|ζ|q−2 = 0, (3.6)

in the interval [1, +∞).

Notice that equation (3.4) defines q in an implicit way. To compute it, in [4] fixed point method was proposed.
Although the algorithm published in that work is very robust, its convergence turns to be very slow in alloy
solidification simulations. During these processes, the large thermal gradients produce great variations in the
viscoplastic multiplier close to the liquidus-solidus interphase in such a way that the latter algorithm do not
achieve a good convergence.

In order to improve the convergence, in [3] the viscoplastic multiplier was approximated by using Newton
techniques together with an adimensionalization of the stress tensor, an Armijo rule and an optimization of the
time step. Numerical results in academic tests showed that the previous combination works well in academic
examples; however, this method also presented convergence difficulties in alloy solidification simulations.

To overcome this limitation when the algorithm is applied to problems with strong thermal gradients, in the
next section we propose to return to the fixed point algorithm to solve equation (3.4), improving it with an
optimized computation of the parameters involved therein.

3.2. Optimal choice of parameters

Our guess is that reproducing the great variations of the viscoplastic multiplier implicitly defined in (3.4)
is very complicated when parameters γp, λp are assumed constant in the entire domain and for all time step.
So, following [13], in this paper we propose to replace the constant parameters by scalar functions depending
not only on each time step but also on each element of the mesh. Although in [13] this choice did not give
good results in academic cases and the authors proved that the optimal choice of the parameter should be a
matrix-valued function, we will show that in the alloy solidification problems, the convergence improvement is
considerable. This fact is due to the viscoplastic behaviour, which varies greatly from one element to another
and from one time step to another, explaining the poor convergence results when γp was constant.
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Therefore, from here on, we consider γp, λp scalar functions constant on each element K of the mesh and at
each time step tj and we replace (3.4) by

qj |K = (∇Φq)
γj

p|K
λj

p|K

((
σj |K

)D
+ λj

p|Kqj |K
)
, (3.7)

being

γj
p|K = γp(K, tj), λj

p|K = λp(K, tj).

The main question is to determine a suitable technique to update the value of parameters γj
p|K , λj

p|K from
the solution obtained at time step tj . Taking into account that the optimal parameters to convergence verify
λj

p|Kγj
p|K = 1/2 (see [6, 17]), the problem is reduced to calculate, for example, γj

p|K .
From now on, we focus on how to update γj

p|K at each time step tj and at each element K of the mesh.
Taking into account the plane strain assumption in x2x3, at each element K ∈ Th(tj), any stress tensor τ can
be written in the matrix form

τ |K =

⎛⎝ τ11 0 0
0 τ22 τ23

0 τ23 τ33

⎞⎠ ∈ S3.

Since the Norton–Hoff’s law (2.2) only involves the deviatoric part of the stress tensor, in this study we consider
for each element K ∈ Th(tj) the space of matrices with null trace under the plane strain assumption:

SD = {τ = (τij) ∈ S3; τ12 = τ13 = 0, τ11 = −(τ22 + τ33)}.

In order to carry out different computations, we introduce the following notation:

• H denotes the application of the gradient of the dissipation potential

H : SD −→ SD

τ −→ H(τ ) = (∇Φq) (τ ) = θ|τ |q−2τ . (3.8)

Here, the dependence of θ on the temperature is omitted since, in practice, the temperature is constant at
each element of the mesh.

• Given ζ ∈ SD and q = Hγp(ζ) ∈ SD, we denote H̃
γp

1/(2γp) as

H̃
γp

1/(2γp)(q) = H
γp

1/(2γp)

(
ζ +

1
2γp

q
)

, (3.9)

where H
γp

1/(2γp) is the regularized Yosida of the perturbed operator Hγp = H − γpI.

So, with this notation, the viscoplastic multiplier qj |K , given by expression (3.7), can be rewritten at each
time step tj and over each element K as:

qj |K = H
γj

p|K
1/(2γj

p|K)

((
σj |K

)D
+

1
2γj

p|K
qj |K

)
= H̃

γj
p|K

1/(2γj
p|K)

(
qj |K

)
, (3.10)

thanks to definition (3.3). Hence, qj |K is obtained as the fixed point of H̃
γj

p|K
1/(2γj

p|K)
at each time step and over

each element of the mesh.
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Then, the strategy proposed in [13] consists of finding at each element K and at each time step tj a parameter
γj

p|K such that

DH̃
γj

p|K
1/(2γj

p|K)
(qj |K) = 0. (3.11)

In order to give a scalar expression for γj
p|K , we try to minimize ργj

p|K , the spectral radius of DH̃
γj

p|K
1/(2γj

p|K)
(qj |K).

To do that, we give the following Lemmas:

Lemma 3.3. Let γp be a real positive number and ζ ∈ SD. The differential DH̃
γp

1/(2γp)(q) is given by the
expression

DH̃
γp

1/(2γp)(q) =

[
I −

(
1
2
I +

1
2γp

DH (ζ)
)−1

]
,

with q = Hγp (ζ).

Proof. In [6] it is proved that

H
γp

λp
(τ ) =

1
1 − λpγp

H λp
1−λpγp

(
1

1 − λpγp
τ

)
− γp

1 − λpγp
τ , τ ∈ SD,

for all λp, γp > 0, λpγp < 1. In particular, for γpλp = 1/2 we have that

H
γp

1/(2γp)(τ ) = 2H 1
γp

(2τ ) − 2γpτ .

By using the definition of the Yosida regularization, we obtain that

H
γp

1/(2γp)(τ ) = 2γp

[
I −

(
I +

1
γp

H

)−1
]

(2τ ) − 2γpτ = 2γp

[
I −

(
1
2
I +

1
2γp

H

)−1
]

(τ ).

Then, applying the chain rule it results

DH
γp

1/(2γp)(τ ) = 2γp

[
I −

(
1
2
I +

1
2γp

DH(η)
)−1

]
, (3.12)

for

η =
(

1
2
I +

1
2γp

H

)−1

(τ ), (3.13)

or equivalently,

τ =
1
2
η +

1
2γp

H(η). (3.14)

In particular, if we consider in (3.13)

τ = ζ +
1

2γp
q, (3.15)

and taking into account that q is defined as the perturbed operator of H with parameter γp, τ can be written as

τ =
1
2
ζ +

1
2γp

H (ζ) . (3.16)
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Then, from (3.14) and (3.16), we deduce that for τ defined by (3.15) the corresponding η is η = ζ. Consequently,
from (3.9) and (3.12), we infer that

DH̃
γp

1/(2γp)(q) =
1

2γp
DH

γp

1/(2γp)

(
ζ +

1
2γp

q
)

=

[
I −

(
1
2
I +

1
2γp

DH (ζ)
)−1

]
,

and the Lemma is proved. �

Lemma 3.4. Let ζ ∈ SD. Let us assume that DH (ζ) is positive definite with eigenvalues 0 < ω1 ≤ ω2 ≤ ω3.
Then,

ωi − γp

ωi + γp

are the eigenvalues of DH̃
γp

1/(2γp)(q) for q = Hγp (ζ) and its spectral radius is

ργp = max
i=1,2,3

∣∣∣∣ωi − γp

ωi + γp

∣∣∣∣ · (3.17)

Proof. Let μi be an eigenvalue of DH̃
γp

1/(2γp)(q), then, using Lemma 3.3, there exists τ ∈ SD such that[
I −

(
1
2
I +

1
2γp

DH (ζ)
)−1

]
(τ ) = μiτ .

By doing some simple calculations, we obtain

(1 − μi)
(

1
2
I +

1
2γp

DH (ζ)
)

(τ ) = τ ,

from where we deduce that
DH (ζ) (τ ) = γp

1 + μi

1 − μi
τ .

Let us denote
ωi = γp

1 + μi

1 − μi
· (3.18)

Then, ωi is an eigenvalue of DH (ζ) and we can write the eigenvalue μi in terms of ωi in the following manner:

μi =
ωi − γp

ωi + γp
·

�

In [13], the following Lemma is proved:

Lemma 3.5. Under the assumptions of Lemma 3.4, the parameter γ�
p minimizing ργp is given by:

γ�
p =

√
ω1ω3. (3.19)

In the following, we are going to detail the computation of the eigenvalues of DH(ζ), ζ ∈ SD. It is easy to
prove that a basis of the space SD is BSD =

{
τ 1, τ 2, τ 3

}
with

τ 1 =

⎛⎝−1 0 0
0 1 0
0 0 0

⎞⎠, τ 2 =

⎛⎝−1 0 0
0 0 0
0 0 1

⎞⎠, τ 3 =

⎛⎝0 0 0
0 0 1
0 1 0

⎞⎠.
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Lemma 3.6. Let ζ ∈ SD. The matrix associated to DH (ζ) in terms of the basis BSD is:

DH (ζ) =

⎛⎜⎝AC21ζ22 + B AC31ζ22 2Aζ23ζ22

AC21ζ33 AC31ζ33 + B 2Aζ23ζ33

AC21ζ23 AC31ζ23 2Aζ23ζ23 + B

⎞⎟⎠,

where

A = θ(q − 2) |ζ|q−4
, (3.20)

B = θ |ζ|q−2
, (3.21)

C21 = ζ22 − ζ11, C31 = ζ33 − ζ11.

The eigenvalues of DH (ζ) are given by the expressions

ω1 = ω2 = B, ω3 = B +
2
3
Aζ2

eq , (3.22)

where ζeq is the Von Mises equivalent stress defined by

ζeq =

√
3
2
ζ : ζ.

Moreover, the eigenvalues verify that ωi ≥ 0, i = 1, 2, 3.

Proof. From definition (3.8), it is easy to prove that DH (ζ) is given by the expression

DH (ζ) τ = θ(q − 2) |ζ|q−4 (ζ : τ ) ζ + θ |ζ|q−2 τ = A (ζ : τ ) ζ + Bτ ,

for all τ ∈ SD. Then, in order to obtain its associated matrix in terms of the basis BSD , we calculate the image
of each element τ i ∈ BSD , i = 1, 2, 3, and we write them in terms of the basis BSD :

DH (ζ) (τ 1) = A (ζ22 − ζ11) ζ + Bτ 1 = AC21ζ + Bτ 1 =

⎛⎝AC21ζ11 − B 0 0
0 AC21ζ22 + B AC21ζ23

0 AC21ζ23 AC21ζ33

⎞⎠
= (AC21ζ22 + B) τ 1 + AC21ζ33τ

2 + AC21ζ23τ
3,

and, analogously,

DH (ζ) (τ 2) = AC31ζ22τ
1 + (AC31ζ33 + B) τ 2 + AC31ζ23τ

3,

DH (ζ) (τ 3) = 2Aζ23ζ22τ
1 + 2Aζ23ζ33τ

2 + (2Aζ23ζ23 + B) τ 3.

By using symbolic calculus, we obtain the eigenvalues of the associated matrix, that are given by
expressions (3.22). �

Then, at each time step tj and at each element K of the mesh, the parameter γj
p|K is that minimizing the

spectral radius obtained in (3.17) for ζ =
(
σj |K

)D. Then, from Lemma 3.5, we can conclude the following
result:

Proposition 3.7. The optimal choice of parameters for the viscoplastic multiplier qj |K at each time step tj

and over each element K of the mesh is

γj
p|K =

√
ωj

1|K ωj
3|K , λj

p|K =
1

2γj
p|K

,
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where ωj
1|K and ωj

3|K are the eigenvalues of DH
((

σj |K
)D) and they are given by

ωj
1|K = Bj |K , ωj

3|K = Bj |K +
2
3
Aj |K

((
σj |K

)D)2

eq
, (3.23)

with

Aj |K = θ(T j|K)(q − 2)
∣∣(σj |K)D

∣∣q−4
,

Bj |K = θ(T j |K)
∣∣(σj |K)D

∣∣q−2
.

Proof. It is easy to prove that DH
((

σj |K
)D) is positive definite, so we can apply Lemma 3.5 and we obtain

expression (3.23) for its eigenvalues thanks to Lemma 3.6. �

3.3. Bermúdez–Moreno method with variable parameters (VBM)

We propose the following algorithm to solve the behaviour law (3.1):

(1) Given the initial conditions of the problem T 0, u0, σ0, we initialize q0 = H
((

σ0
)D), with H defined

by (3.8).
(2) At the time step tj , j ≥ 0, given (uj , σj ,qj) at each element K ∈ Th(tj), we compute:

(a) the parameter γj
p|K by using the expressions

γj
p|K =

√
ωj

1|K ωj
3|K , (3.24)

ωj
1|K = Bj |K , ωj

3|K = Bj |K +
2
3
Aj |K

((
σj |K

)D)2

eq
, (3.25)

where

Aj |K = θ(T j|K)(q − 2)
∣∣∣(σj

)D |K
∣∣∣q−4

,

Bj |K = θ(T j|K)
∣∣∣(σj

)D |K
∣∣∣q−2

,((
σj |K

)D)
eq

=

√
3
2

(σj |K)D : (σj |K)D;

(b) the history of the solidified metal Fj |K up to time tj given by Lemma 3.1:

Fj |K = −ε(uj) + Λ(T j)σj − α(T j+1)(T j+1 − T j)
(
1 + Δtγj

ps
j+1

)
I

+
Δtγj

psj+1

3

(
1
sj

tr(σj) − tr(ε(uj))
)

I, (3.26)

where

sj =
E(T j)

1 − 2ν(T j)
,

and, to simplify the notation, we drop the restriction to K in the right-hand side.
(3) At the time step tj+1, with starting values (uj+1

0 , σj+1
0 ,qj+1

0 ) = (uj , σj ,qj), successive approximations
(uj+1

k , σj+1
k ,qj+1

k ), k ≥ 1, of the solution (uj+1, σj+1,qj+1), can be computed in the following way:
(a) At each iteration, the displacement field, uj+1

k , is computed by discretizing the corresponding equilibrium
equations.
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(b) The updated stress tensor, σj+1
k , is defined from Lemma 3.1:

σj+1
k |K = V(T j+1)

(
ε(uj+1

k ) − Δtqj+1
k−1 +

Δtγj
ps

j+1

3
tr(ε(uj+1

k ))I + Fj

)
, (3.27)

for all K ∈ Th(tj+1), where

sj+1 =
E(T j+1)

1 − 2ν(T j+1)
·

(c) The updated viscoplastic multiplier is given by expressions (3.4)–(3.6) for λj
p = 1/(2γj

p):

qj+1
k |K = 2γj

p

[(
σj+1

k

)D

+
1

2γj
p

qj+1
k−1

](
1− 2

ηj+1
k

)
, ∀K ∈ Th(tj+1), (3.28)

where ηj+1
k = η

((
σj+1

k

)D

+ 1

2γj
p
qj+1

k−1

)
is the unique root of the equation

ηq−1 − ηq−2 − 2q−2θ(T j+1)
γj

p

∣∣∣∣∣(σj+1
k

)D

+
1

2γj
p

qj+1
k−1

∣∣∣∣∣
q−2

= 0,

in the interval [1, +∞).

Here, all the formulae are also restricted to each element K of the mesh.

4. Application to solidification processes in aluminium casting: Academic

test and real simulation

In this section, we are going to solve a particular solidification process, the direct chill aluminium casting.
Firstly, we describe the mathematical model arising from this process and we propose a numerical algorithm to
solve it. This model let us validate the VBM algorithm presented in this work to deal with the thermo-elastic-
viscoplastic law. Secondly, in order to prove the efficiency of the method, we compare the results obtained with
this algorithm in an academic test with those obtained using the standard Bermúdez–Moreno method (SBM).
Finally, we present the numerical results obtained in the simulation of a real casting process.

During casting processes, the liquid aluminium is poured onto a water-cooled mold which is called bottom
block; when the aluminium begins to solidify the bottom block starts to descend leaving room for more liquid
metal. A detailed description of the complete process can be found in [8, 11, 18].

Let [0, tf ] be the time interval to carry out the mechanical simulation. Due to casting symmetry, Ω(t)
represents a half of the middle section of the slab at the instant t ∈ [0, tf ]. The temperature field T (x, t) at
each point x ∈ Ω(t) is previously computed by using the mathematical model developed in [2]. The mechanical
domain at each time instant t corresponds to the solidified part of the slab, denoted by Ωs(t), which is obtained
from the solution of the thermal problem

Ωs(t) = {x ∈ Ω(t); T (x, t) < Tl},

where Tl is the liquidus temperature (see Fig. 2). We assume that at the initial instant t = 0 there exists a
solidified part of the slab, that is, Ωs(0) 
= ∅.
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Mold

Ωl(t) Γ1
n(t)

Γc

Ωs(t)

Γ2
n(t)

Γsl(t)Γsym(t)

Figure 2. Scheme of the casting process.

4.1. Mathematical model

The mechanical problem consists of determining the displacement field u(x, t) and the stress tensor field
σ(x, t) at each point x ∈ Ωs(t) and at each instant t ∈ (0, tf ], such that:

− Div(σ) = f in Ωs(t), (4.1)
σn = prn on Γsl(t), (4.2)

σn = 0 on Γ 1
n(t), (4.3)

σt = 0, un = 0 on Γ 2
n(t) ∪ Γsym(t), (4.4)

σt = 0, σn ≤ 0, un ≤ 0, σnun = 0 on ΓC , (4.5)

ε(u̇) =
˙︷ ︷

(Λ(T )σ) + ∇Φq(σD) + α(T )Ṫ I in Ωs(t), (4.6)
u(0) = u0, σ(0) = σ0 in Ωs(0). (4.7)

Here, we have considered the usual equilibrium equations under the small strains assumption in the quasi static
case governed by equation (4.1), where f denotes the volume forces due to the gravity effect. Equation (4.6) gives
the behaviour law of the aluminium which is the considered one in the first part of this work. Equation (4.2)
describes the metallostatic pressure exerted by the overlying liquid metal over the upper boundary Γsl(t), which
is the isotherm corresponding to the liquidus temperature Tl. ΓC is the part of the slab susceptible to be in
contact with the bottom block in which we impose the Signorini unilateral frictionless contact condition (4.5).
Equation (4.7) gives the initial conditions. Finally, the rest of equations corresponds to the usual symmetry
conditions (on Γsym(t)), to the absence of applied forces (on Γ 1

n(t)) and to the region confined by the mold
(on Γ 2

n(t)).

4.2. Weak formulation

Let p be the conjugate of the viscoplastic exponent q. We consider the space of displacement fields as

Vp(t) = {v ∈ [W 1,p(Ωs(t))]3; Div(v) ∈ L2(Ωs(t))},

and the subset of kinematically admissible displacements at each instant t as

Up
ad(t) = {v ∈ Up(t); vn ≤ 0 on ΓC},

where

Up(t) = {v ∈ Vp(t); vn = 0 on Γ 2
n(t) ∪ Γsym(t)}.

The corresponding spaces of stress fields are defined as:

Xq(t) = {τ = (τij); τij = τji, τD ∈ [Lq(Ωs(t))]9, tr(τ ) ∈ L2(Ωs(t))},
Hq(t) = {τ ∈ Xq(t); Div(τ ) ∈ [Lq(Ωs(t))]3}.
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The subset of kinematically admissible stresses at each instant t is

Hq
ad(t) =

{
τ ∈ Hq(t);−Div(τ ) = f(t) in Ωs(t), τn = 0 on Γ 1

n(t), τn = pr(t)n on Γsl(t),

τ t = 0 on ΓC ∪ Γsym(t) ∪ Γ 2
n(t), τn ≤ 0 on ΓC} .

In [3], the following variational formulation of Problem (P ) is proposed:

Problem (V P ):
Find u ∈ W 1,∞(0, tf ;Up

ad(t)) and σ ∈ W 1,∞(0, tf ;Hq(t)) such that a.e. t ∈ (0, tf ]

∫
Ωs(t)

σ(t) : ε(v − u(t)) dx ≥
∫

Ωs(t)

f(t) · (v − u(t)) dx +
∫

Γsl(t)

pr(t)n · (v − u(t)) dΓ, ∀v ∈ Up
ad(t), (4.8)

ε(u̇)(t) =
˙︷ ︷

(Λ(T )σ)(t) + (∇Φq(σD))(t) +
(
α(T )Ṫ

)
(t)I, in Ωs(t), (4.9)

u(0) = u0, σ(0) = σ0, in Ωs(0). (4.10)

4.3. Numerical solution

The main difficulties we must overcome in the numerical solution of Problem (V P ) are the following:

• The solidified part of the slab, which is the computational domain of the mechanical simulation, grows with
time. Furthermore, on the upper boundary, which is the isotherm of the liquidus temperature, we must
impose the metallostatic pressure due to the weight of the liquid metal.

• To model the butt curl we must solve a contact condition between the slab and the bottom block.
• The aluminium behaviour law is non linear and depends strongly on the temperature field. To solve this

difficulty we use the algorithm proposed in Section 3.3.

4.3.1. Imposing the metallostatic pressure

To impose the metallostatic pressure on the interphase we use a fictitious domain method: we model the entire
slab, assuming the liquid metal to be a “very weak” elastic material under the action of gravity forces, which
therefore does not offer resistance to solid deformations. This methodology has the advantage that remeshing is
not needed at each time step to adjust the free boundary, and therefore the numerical implementation is easier.
So, we assume that the behaviour law in the liquid domain is given by a Hooke’s law

σε(uε) = Λ−1
l ε(uε) = λε

l Div(uε)I + 2με
lε(uε),

where ε is assumed to be small enough and the Lamé coefficients of the liquid domain, λε
l , με

l change with
different length scale:

λε
l = εβλ, με

l = εαμ,

with λ, μ, α and β real positive numbers independent of ε.
Assuming that α > β, this has the effect of applying the metallostatic pressure to the solidification front, as

it was proved in [5] by using asymptotic expansion techniques.
With this technique the variational inequality (4.8) is defined over the complete slab and the integral over

the thermal free boundary Γsl(t) disappears as follows:
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Problem (EV P ):
Find u ∈ W 1,∞(0, tf ;Up

ad(t)) and σ ∈ W 1,∞(0, tf ;Hq(t)) such that a.e. t ∈ (0, tf ]∫
Ω(t)

σ(t) : ε(v − u(t)) dx ≥
∫

Ω(t)

f(t) · (v − u(t)) dx, ∀v ∈ Up
ad(t), (4.11)

ε(u̇)(t) =

⎧⎪⎨⎪⎩
˙︷ ︷

(Λs(T )σ)(t) + (∇Φq(σ))(t) +
(
αs(T )Ṫ

)
(t)I, in Ωs(t),

˙︷ ︷
(Λl(T )σ)(t), in Ω(t)\Ωs(t),

(4.12)

u(0) = u0, σ(0) = σ0, in Ω(0), (4.13)

where the functional spaces are extended in the natural way to the entire domain Ω(t). From now on, we will
consider this new weak formulation.

4.3.2. Contact condition

To solve the variational inequality (4.11) due to the contact condition, the authoresses proposed in [4] to use
the Bermúdez–Moreno algorithm. Its numerical solution involves a contact multiplier p, which is a fixed point
of a nonlinear equation, and it is computed by using a fixed point method. The algorithm presented in [4] is
robust and converges well for academic tests; nevertheless, the greater the problem’s magnitude, the slower its
convergence. In solidification processes, where we must join two nonlinearities (contact and viscoplasticity) this
difficulty becomes more apparent. In order to improve the accurate and the rate of convergence of the algorithm,
in [3] we proposed to compute the contact multiplier by using a generalized Newton method together with a
penalization technique to conserve the matrix symmetry; this methodology works well, in particular, when it is
combined with the algorithm proposed in Section 3.3 to approach the viscoplastic multiplier.

So, let us apply this method to Problem (EV P ). By considering the same spatial and temporal discretization
as in Section 3, at the time step tj+1, the necessary approximation of the displacement field, uj+1

k , in point
(3)(a) of the VBM algorithm is computed as follows:

• Given uj+1
k−1 we compute uj+1

k by solving the equation∫
Ωj+1

σj+1
k : ε(v) dx +

1
εc

∫
Γ+

C,k−1

(uj+1
k )nvn =

∫
Ωj+1

f j+1 · v dx, ∀v ∈ Uh(tj+1), (4.14)

where σj+1
k is defined by (3.27). In (4.14) the contact condition at each iteration is imposed by the penalty

term with small parameter εc on the faces with effective contact defined by:

Γ+
C,k−1 =

{
c ∈ Sh; (uj+1

k−1)n + λcpk−1 > 0
}

, (4.15)

Sh being the triangulation induced by the mesh on the boundary ΓC and λc ≥ 1.
• Once the displacement field is calculated, the contact multiplier is updated by

pk =

⎧⎪⎨⎪⎩
1
εc

(uj+1
k )n on Γ+

C,k−1,

0 on ΓC \ Γ+
C,k−1.

(4.16)

4.4. Numerical algorithm to solve the complete casting problem (VBM)

Summing up, assuming again that the temperature field T was previously computed following [7], the proposed
algorithm to solve the casting problem remains:

(1) Let (u0, σ0) be given and let consider p0 = − (σ0)n and q0 = H
(
(σ0)

D
)
.
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ΓN

ΓD Ω

x2
ΓC

x3

Figure 3. Computational domain for the test case.

(2) At the time step tj , j ≥ 0, given (uj , σj , qj , p j) known at each element K ∈ Th(tj), we compute:
• The variable parameter γj

p|K by using expressions (3.24) and (3.25).
• The history of the solidified metal Fj up to time tj by using expression (3.26).

(3) Then, we determine (uj+1, σj+1, qj+1, γj+1
p , p j+1) at time tj+1, an approximated weak solution of Problem

(EV P ), following the iterative algorithm:
(a) Initialize uj+1

0 = uj , qj+1
0 = qj , p j+1

0 = p j .
(b) With qj+1

k−1, p j+1
k−1 known, we calculate (uj+1

k , p j+1
k ) in two steps:

• Solving the variational equality∫
Ωj+1

s

V(T j+1)

[
ε(uj+1

k ) +
Δtγj

ps
j+1

3
tr(ε(uj+1

k ))I

]
: ε(v)dx

+
∫

Ωj+1
l

Λ−1
l ε(uj+1

k ) : ε(v)dx +
1
εc

∫
(Γ+

C,k−1)j+1

(
uj+1

k

)
n

vndγ

=
∫

Ωj+1
s

[
V(T j+1)Δtqj+1

k−1

]
: ε(v)dx −

∫
Ωj+1

s

[
V(T j+1)Fj

]
: ε(v)dx +

∫
Ωj+1

f j+1 · vdx,

for all v ∈ Uh(tj+1).
• Updating the contact multiplier p j+1

k by using expression (4.16) and the effective contact boundary
(Γ+

C,k)j+1 by expression (4.15).
(c) Finally, the stress tensor σj+1

k and the viscoplastic multiplier qj+1
k are updated by using expressions (3.27)

and (3.28), respectively.

4.5. Numerical simulation of casting processes

In this section we are going to show the efficiency of the algorithm introduced in Section 4.4 by carrying out
numerical simulations of a test case and a real casting process.

4.5.1. Numerical solution of a test case: A problem with large gradients

In this section we are going to compare and validate the algorithm proposed in this work by applying the
numerical code on an academic example. This test has been designed to reproduce a behaviour analogous to
the real casting behaviour.

Let (0, 0.5s] be the time interval and Ω be the cylindrical body whose axis is parallel to x1-direction and
its section the square of dimensions 0.5m×0.5m in the plane x2x3. We consider the corresponding plane strain
problem over the plane x2x3 and we present the numerical simulation on the two-dimensional domain (see
Fig. 3). For the sake of simplicity, we consider Ω independent of time. On ∂Ω we distinguish four parts:

∂Ω = Γ̄D ∪ Γ̄N ∪ Γ̄C ∪ Γ̄±,
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Table 1. Test problem with Δt = 0.0625.

Method SBM VBM
cpu-time (s) 4.20 1.15
iterations 280 32
u (m)-error 1.88 × 10−1 2.03 × 10−1

σ (N/m2)-error 8.25 × 10−2 8.37 × 10−2

where

Γ̄D = ∂Ω ∩ [x2 = 0], Γ̄N = ∂Ω ∩ ([x2 = 0.5] ∪ [x3 = 0.5]) ,

Γ̄C = ∂Ω ∩ [x3 = 0], Γ̄± = ∂Ω ∩ [x1 = ±1].

We consider that Ω is already a solidified block with constant temperature. Then, there are not thermal stresses
and the material parameters corresponding to the constitutive law, independent of the temperature T , are taken
as:

E = 109 N/m2, ν = 0.35, θ0 = 1.953125× 10−39 m2/(sN), q = 6.

Then, the problem to solve is

Div(σ) = 0 in Ω,
u = h (t) (0, x2,−x3) on ΓD,

σn = 108 g on ΓN ,
στ = 0, un = 0 on Γ±,

στ = 0, σn ≤ 0, un ≤ 0, σnun = 0 on ΓC ,
ε(u̇) = Λσ̇ + θ0 | σD |q−2 σD in Ω,

u(x, 0) = 0, σ(x, 0) = 0 in Ω,

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(4.17)

with h (t) = 108 1 + ν

E
t +

2
3
1040 θ0t

6 and

g(x, t) =
{

tn, on ΓN ∩ [x2 = 0.5],
−tn, on ΓN ∩ [x3 = 0.5].

Its solution is readily verifiable

u(x, t) = h (t) (0, x2,−x3) , σ(x, t) = 108

⎛⎝0 0 0
0 t 0
0 0 −t

⎞⎠.

To solve this problem we use a uniform spatial mesh with 800 elements and 441 nodes, corresponding to a
discretization parameter Δx = 0.025 m and for time discretization we use a time step Δt = 0.0625 s.

We compute the viscoplastic multiplier q0 = H
((

σ0
)D) = 0 and we consider the following parameters:

• For the standard SBM method γp = 0.1 × 10−8, λp = 5 × 108;
• For the variable VBM method γ0

p = 0.1 × 10−8.

Table 1 shows a comparison between the two mentioned algorithms. The reduction in cpu-time (72%) and
iterations (88%) of the VBM algorithm with respect to the SBM one is considerable.

In order to take advantage of the computed optimal parameter, we run the academic test with a constant
value for γp. This value is chosen as the mean in time of the parameters for I different elements, distributed
over the domain, that is:

γp =
1
I

I∑
i=1

1
tf

⎛⎝ N∑
j=1

γj
p|KiΔt

⎞⎠. (4.18)
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Table 2. Elastic law parameters.

T (◦C) E (109 N/m2) ν
126.9 67 0.3134
326.9 58 0.3448
526.9 40 0.45

Table 3. Viscoplastic law parameters.

φ (N/sm2) k (106 N/m2) G (Kcal/mol) q

4.0 × 1012 15.72 37.3 6

In particular, if we consider I = 4 and elements Ki shown in Figure 3, the computed value is γp = 0.8 × 10−9.
With this value for γp, the cpu-time was reduced to 1.12 s and the number of iterations was 35, results analogous
to those obtained with the VBM method. These results are reasonable since we take advantage of an optimal
value computed for γp by means of the VBM method and we avoid to recompute γp at each time step and at
each element of the mesh by using the SBM method.

4.5.2. Numerical simulation of a real casting process

In this section we are going to present the results obtained in the numerical simulation of a real casting process.
We compare the efficiency between the standard Bermúdez–Moreno algorithm (SBM method) introduced in [4]
and the algorithm proposed in this work, the variable Bermúdez–Moreno algorithm (VBM method).

The parameters to characterize the thermo-elastic-viscoplastic law of aluminium (see (4.6)) have been intro-
duced in the previous work [4] after carrying out a complete bibliographic search in the engineering literature
(see [10, 14, 19]):

• Volume forces: We consider the density function introduced in [10], given in Kg/m3:

ρ(T ) =
{

2700 − 0.23T if T ≤ Ts,
2360 if T = Tl,

where Ts = 620 ◦C and Tl = 649 ◦C. The density values in the interval (Ts, Tl) are computed by linear
interpolation.

• Elastic law: Values for Young’s modulus E and Poisson’s coefficient ν depending on temperature are obtained
from Table 2 by linear interpolation.

• Viscoplastic law: The viscoplastic parameter θ(T ) is computed from the data of Table 3 as

θ(T ) = θ0e
−G

R(T+273) , θ0 =
φ

(
√

2k)q
·

• Thermal law: The coefficient of thermal expansion α(T ), which includes volume changes due to phase
transformations, is computed from the density function as follows:

α(T ) = −1
3

ρ
1/3
l

ρ(T )4/3

dρ(T )
dT

,

where ρl = ρ(Tl) is the liquidus density.
• Algorithm parameters: The parameters associated to the algorithms used in this simulation are:

– For the SBM algorithm, the constant parameter is γp = 1.25 × 10−12, obtained after carrying out many
numerical experiments.

– For the VBM algorithm, the initial value for the parameter function is γ0
p = 1.25 × 10−12.
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Figure 4. Initial mesh.

Figure 5. Isotherms and butt curl deformation after 145 s.

• Mesh construction: We take into account the peculiarities of casting processes. The contact zone corresponds
with the part of the slab rested on the mold. So, the mesh is constructed in such a way that the first nodes
correspond to the contact nodes. The slab deformation depends strongly on the thermal gradients, which
are larger in the recently solidified zone, that varies with the time. So, the mesh is finest-grained where
the thermal gradients are larger. Figure 4 shows the initial mesh of the computational domain. This mesh
has 1320 elements and 732 nodes.

• Time discretization: The considered time interval was (0, 145 s] and in the numerical solution a time step
Δt = 0.01 s was used.

Figure 5 shows the isotherms and the butt curl obtained at the last time step of the mechanical simulation. The
numerical simulation of the problem has been carried out by using the two algorithms: The SBM algorithm has
a good but slow convergence which depends strongly on the chosen parameters whereas the VBM algorithm
improves the results of the fixed point algorithm in viscoplasticity, computing automatically the parameters.

The cpu-time and the mean of the number of iterations obtained with the SBM and VBM algorithms are
summarized in Table 4. With the VBM algorithm the cpu-time decreases approximately 46.73% with respect
to the SNM algorithm and the average number of iterations decreases 61.64%.

Figure 6 shows the behaviour of the parameter γp with respect to time for 4 different elements. These elements
were chosen close to the solidification front, two of them on the contact boundary and the other two in the
internal part (see Fig. 4). Notice that, when the element is recently solidified, the updated value for γp presents a
sharp change with respect to the initial value. Nevertheless, in the following time steps, this behaviour becomes
smoother and the parameter γp presents an oscillatory variation around the initial value for these 4 elements.
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Table 4. Cpu-time and number of iterations after 145 s of casting.

Method SBM VBM
cpu-time (min) 435.43 231.95
iterations 451 173
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Figure 6. Time evolution of parameter γp for 4 different elements.

During the numerical simulation of this solidification process, we detected that the results obtained from
the SBM and VBM methods are significantly different if the time step used during the start stage is not small
enough (approximately, Δt = 1 s). In this case, we obtain results with false convergence in the iterative method.
In order to avoid this, we need to reduce the time step in the start stage to Δt = 0.01 s, in such a way that the
results do not show these false convergences.

Furthermore, in order to take advantage of the computed optimal parameter, we run the casting simulation
with a constant value for γp, chosen as the mean in time of the parameters following expression (4.18). In
particular, if we consider I = 4 and elements Ki shown in Figure 4, the computed parameter is γp = 5× 10−10.
With this value for γp, the cpu-time was reduced to 147 minutes and the average number of iterations was 64,
improving the results obtained for the VBM method. Notice that for the manual computation of this parameter
it is necessary to carry out many simulations since the parameter magnitude varies greatly from a solidification
problem to another. So, this methodology represents an important improvement with respect to the standard
algorithm.

5. Conclusions

In this work we have introduced an efficient algorithm (VBM method) to simulate the deformations suf-
fered by a body in a solidification process. To avoid the nonlinearity due to the thermo-elastic-viscoplastic
law, the numerical solution is based on maximal monotone operator techniques involving a viscoplastic multi-
plier. Following [13], we have improved the viscoplastic algorithm introduced in [4] by means of a generalized
duality method with variable parameters. The efficiency of this algorithm has been compared with the standard
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Bermúdez–Moreno algorithm (SBM method). Numerical results show that:

• The SBM algorithm is strongly dependent on the parameters.
• The VBM algorithm overcomes this difficulty considering the parameters as scalar functions depending on

time and space. We propose a methodology to compute the parameters automatically.
• Numerical results in the particular case of aluminium casting show that the VBM algorithm is adequate to

compute the deformations suffered by the slab.
• We propose a methodology to compute an optimal constant parameter for this type of problems by means of

the two algorithms: first, we carry out a numerical simulation by using the VBM algorithm and we compute
a mean value for the parameter γp; secondly, we carry out a numerical simulation with this value for γp by
using the SBM method. This methodology gave good results when it was applied to the aluminium casting
process.
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