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MATHEMATICAL MODELING OF TIME-HARMONIC AEROACOUSTICS
WITH A GENERALIZED IMPEDANCE BOUNDARY CONDITION

ERIC LUNEVILLE! AND JEAN-FRANCOIS MERCIER!

Abstract. We study the time-harmonic acoustic scattering in a duct in presence of a flow and of a dis-
continuous impedance boundary condition. Unlike a continuous impedance, a discontinuous one leads
to still open modeling questions, as in particular the singularity of the solution at the abrupt transition
and the choice of the right unknown to formulate the scattering problem. To address these questions
we propose a mathematical approach based on variational formulations set in weighted Sobolev spaces.
Considering the discontinuous impedance as the limit of a continuous boundary condition, we prove
that only the problem formulated in terms of the velocity potential converges to a well-posed problem.
Moreover we identify the limit problem and determine some Kutta-like condition satisfied by the ve-
locity: its convective derivative must vanish at the ends of the impedance area. Finally we justify why
it is not possible to define limit problems for the pressure and the displacement. Numerical examples
illustrate the convergence process.
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1. INTRODUCTION

We are interested in the modeling of sound propagation in lined ducts with flow. This problem has been
extensively studied, in particular because of its industrial applications, especially acoustic treatment used on the
inside surface of commercial aircraft jet engines for fan noise reduction. We consider a 2D straight duct, a uniform
subsonic mean flow with lining of impedance type, described by the Ingard-Myers boundary condition [1, 2].
This condition incorporates both the impedance of the lining and the effect of the slipping mean flow [3,4].

In this paper we focus on the case of sound scattering by liner discontinuities. We consider a localized lining
where the treated area is a finite segment and involving two impedance discontinuities between a hard wall
and a lined wall. Due to the flow such sharp transition leads to modeling and mathematical difficulties and
there is as of yet no complete description of the physical mechanisms which take place at the transition. Indeed
the Myers boundary condition involves a second order tangential derivative: it requires some regularity of the
acoustic field on the treated boundary which is rather incompatible with a discontinuous impedance. The two
main open questions are the following:
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— the behavior of the solution near a discontinous transition between rigid and lined surfaces,

— the choice of the right unknown used for the representation of the acoustic field.

The second point is linked to the first since the nature of the singularity observed at the liner discontinuity is
different depending on whether the acoustic variable is pressure, velocity potential, displacement potential, etc. . .

These issues have been already addressed in previous studies of the acoustic scattering at a liner disconti-
nuity using modal matching methods or Wiener—Hopf approaches, and some insights have been gained. Mode-
matching techniques are widely used, particularly in acoustical engineering, to predict sound propagation in
ducts. They require understanding the behavior of the acoustic field at the liner discontinuity since the choice
of a particular mode-matching method relates to such a behavior: using pressure and velocity in the standard
matching conditions implies that these quantities are sufficiently well behaved to apply the matching. With
no flow, mode-matching methods are relatively well established, and the continuity of pressure and axial ve-
locity is generally applied. In lined ducts with flow, the same continuity conditions are currently used in most
mode-matching schemes, although the validity of such an approach is questionable since the behavior of the
solution at the transition between a hard wall and a lined wall is not well understood. Even when the flow
in the duct is uniform, singularities of acoustic pressure can occur at impedance discontinuities and must be
taken into account when solutions are matched [5,6]. Different mode-matching conditions, mixing the velocity
and the pressure, have been proposed [5,7-9] but there is no rigorous mathematical theory yet. Recently, in
order to deal more accurately with liner discontinuity with flow, a modified mode-matching scheme based on
conservation of mass and momentum has been proposed to derive the corresponding matching conditions [6].
Different matching conditions have been compared and significant differences have been observed. In the process
of deriving the matching conditions, it appeared that in addition to the matching conditions, edge conditions
have to be introduced to specify the behavior of the solution at the liner discontinuity. To express such edge
conditions, the choice of variable becomes important: the normal acoustic displacement and its axial derivative
can be taken to be continuous and such conditions lead to an acoustic field that corresponds to smooth stream-
lines along the wall. Continuity of the velocity potential can also be considered. This edge condition is relevant
when comparing with finite element models based on the full potential theory which is written for the velocity
potential.

An alternative way to solve the problem of sound scattering by an impedance discontinuity in a duct with
flow is to use Wiener—Hopf techniques [10]. An explicit Wiener—Hopf solution has been derived to describe
the scattering of duct modes at a hard-soft wall impedance transition in a circular duct with uniform mean
flow [11,12]. In Wiener—Hopf techniques, vortex shedding from the wall discontinuity can be taken into account.
Such vorticies are due to the excitation of an unstable surface wave [13-15]. When taking into account instability,
it is possible to control the behavior of the solution near the discontinuity by introducing a parameter that
can be interpreted as the amount of vorticity shedding across the discontinuity. This parameter is fixed by
application of the Kutta condition [16,17]. Note that this additional degree of freedom does not appear so
clearly in mode-matching techniques but has certainly a link with the edge conditions of the mode-matching
techniques. With no Kutta condition a plausible edge condition at = 0 (the location of the discontinuity)
requires at least a continuous wall streamline r» = 1+ h(z,t) (for a duct of radius R = 1) no more singular than
h = O(z'/?) (this implies the same singularity for the pressure p which varies like A on the boundary). When
vortex shedding is taken into account, the edge condition requires the wall streamline to be no more singular
than h = O(.T3/ 2). The physical relevance of this Kutta condition is still an open question, but the use of a
Kutta or no-Kutta condition at the discontinuity has been shown to affect significantly the modal scattering.
The available experiments [18,19] give indirect but convincing arguments for the possible existence of instability
waves along the liner.

As there is no model to deal completely satisfactorily with a discontinuous transition treated/rigid boundary,
we propose as a first step, a complete theoretical analysis for a regularized transition (with a transition area
of width ). In a second step, we study the limit process as € goes to 0. A variational approach is chosen,
because it enables a rigorous mathematical treatment of the difficulties and also it simplifies the treatment of
the regularity at the discontinuous transition: the singular behavior of the solution is naturally controlled by
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the choice of the variational space. No specific treatment like the edge conditions for mode-matching methods
or the Kutta condition for the Wiener—Hopf approach has to be introduced. Due to the presence of a second
order tangential derivative in the Myers condition, the case of a discontinuous transition is incompatible with
a variational approach: the integration by parts of the Myers condition induces some non-controlled boundary
terms. Treatment of these terms is delicate. Either it is not precised [20] or else it is achieved thanks to a
specific treatment of the pressure gradient [21]: a gradient elimination which requires adding new functions to
the finite element basis or the gradient evaluation which imposes to use C'* continuous elements. Note that these
boundary terms cannot be simply removed since the singular behavior of the solution at the liner discontinuities
is unknown.

To avoid such singular boundary terms we consider a smooth transition over a finite distance of length e. Then
we take the limit as € — 0 to model an abrupt discontinuity. Such an approach has been successfully used to
establish appropriate matching conditions [6] or to derive the variational formulation of the potential problem,
when both the base flow velocity and the acoustic velocity derive from scalar potentials [22]. We propose a
complete theoretical analysis for such a regularized transition, considering three different unknows: the pressure
Pe, the velocity potential . and the displacement potential (.. Since these unknows are linked by the relations
pe = Dy and ¢ = D(. where D is the convective derivative, each of them has a different singular behavior at
the liner discontinuity. In this paper we will show that the advantages of considering a smooth transition are
the following:

(1) the three unknowns, p. or ¢, or (. satisfy different variational formulations which are all well-posed, con-
sidering weighted sobolev spaces [23,24],
(2) no boundary condition at the liner ends are necessary to derive any of the variational formulations.

The limit € — 0 is delicate to perform since we have to face a singularly perturbed problem [25-28]: the solution
for e = 0 is more regular on the treated boundary than the solution for any finite value of e. This sudden change
of variational space has to be treated carefully. In the following we will prove that

e we can define a limit problem (for ¢ = 0) when considering the velocity potential formulation and that ¢,
converges to the solution g of the limit problem when ¢ — 0,

e o satisfies a Kutta-like condition at the liner ends: Dypg =0

e only the velocity formulation converges to a well-posed variational problem when ¢ — 0,

e we can formally determine the limit of p. and of (. and understand why they don’t satisfy a well-posed
variational limit problem,

e the limit py of p. is discontinuous on the wall and vanishes at the end of the treated area.

The outline of the paper is the following. In Section 2 we present the equations for the three unknowns—velocity
potential, pressure and displacement—and we explain the difficulties due to discontinuous impedance. Sections 3
and 4 focus on the velocity potential formulation. In Section 3 the well-posedness of the velocity potential
formulation for a continuous boundary is proved, introducing weighted Sobolev spaces. Section 4 concerns
the convergence of the regularized velocity potential formulation to the limit problem when ¢ goes to 0. The
variational formulations for the two other unknowns are presented in Section 5 and the limit pressure and limit
displacement are exhibited. Finally, Section 6 is concerned with the numerical illustrations of the limit process.
We have reported in the appendix the intricate mathematical proofs.

2. PROBLEM SETTING

2.1. Geometry and equations

‘We consider a two-dimensional infinite duct Qv = {(z,9);0 < y < H} of height H and of boundary
0o = I'UTE° where I' = {(z,y);y = H and 0 < x < L} is the treated boundary and I'§® is a hard wall. The
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FIGURE 2. Restriction to a bounded problem.

duct is filled with a compressible fluid in a uniform flow of velocity noted U (U > 0), see Figure 1. In the time-
harmonic regime and with a time dependence e~ omitted, the equation of mass conservation combined with
the equation of state, and the equation of momentum conservation are

= % (Ua2 — iw) D,
9 Poco r (2.1)
00 <U% — iw) v=—-Vp,

where v is the velocity perturbation, p is the acoustic pressure, and py and ¢y are the constant ambient density
and speed of sound in air. Pressure, velocities, and lengths are, respectively, divided by poc3, ¢ and L to reduce
equations (2.1) to the dimensionless form
v — D
{ divo D, (2.2)

Dv = —Vp,

=5
=
<

|

where D = M9/0x — ik is the dimensionless convective derivative with M = U/cy the Mach number and
k = wL/cy the dimensionless wave number. Eliminating the pressure in equation (2.2) leads to the convected

Helmholtz equation
—Ap+ D?*p=01in 2w, (2.3)

where 2o = {(z,¥);0 < y < h} with h = H/L. The boundary condition on the hard walls I is the slip
condition which reads v -n = 0 = 9p/On where n is the normal vector to the wall. The Myers boundary
conditions on the liner I' = {(z,y);y = h and 0 < z < 1} will be detailed in the next section.

In order to formulate the diffraction problem, we will derive a formulation set in the bounded domain
2 ={(z,y) € 2oc;—R <z < R,0 <y < h} (see Fig. 2) where R > 1 (such that 92 includes the liner I").
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To do so, we define on the fictitious boundaries X'y = {(z,y);x = £R and 0 < y < h} the exact radiation
conditions

@ =—T4p, on Xy.
on

The Dirichet-to-Neumann operators are defined (more completely in Appendix 7) as follows

Ty:H*(5) — H 3(5y),

p— :FZ Z ﬁ'r:yl,:(pv wn)Ziwnv
n>0

where w, (y) are the transverse guide modes and (u,v) s+ = / uvdy.
>+

2.2. Impedance boundary condition

On the liner I" the Myers boundary condition [2] reads
fp = —iwg - n,

where B(x) is the liner admittance with Re(8) > 0 (to absorb sound) and £ is the fluid displacement, linked to
the velocity by v = DE. In a dimensionless form this boundary condition becomes

Yp=—ik&- -n,

where Y (z) = pocofB(x) is the dimensionless admittance. If Y is extended by 0 outside I" then this condition is
valid on the whole upper wall (£-n = 0 on I). The Myers boundary condition naturally mixes the pressure and
the displacement. It is usual to express it in terms of only one unknown, the pressure, the velocity potential ¢
(v = V) or the displacement potential ¢ (¢ = V). Then the Myers boundary condition takes three different
forms

(1) Pressure model

Using D(§-n)=v-n and D(v-n) = —g—p leads to
n

dp 1 5
— =—D"(Yp).
on ik (Yp)
Note that since Y depends on z it does not commute with the operator D.
(2) Velocity potential model

0
From p=—Dy and D(£ - n) = a—z one gets

de 1
— = —D(YDy).
on ik (YD)
(3) Displacement potential model
The links ¢ = D¢ and p = —D?¢ lead to

a Y

2 = 2
on ik;D ¢
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Note that although the form of the impedance boundary condition depends on the variable choice, this is not
the case for the convected Helmholtz equation (2.3): this equation is valid for the pressure, the velocity or the
displacement potential.

2.3. The difficulties of a discontinuous transition

In this part we will show that whichever is the chosen unknown, p, ¢ or (, a discontinuous boundary condition
leads to mathematical problems. Indeed for a discontinuous transition due to an admittance constant by parts
Y(z) = Yon(z) with n =1 for x € [0,1], n = 0 for z < 0 and « > 1 and Y a complex constant, the boundary
condition at y = h reads (formally):

(1) for the pressure model

0 Y
a—z = i [(66 — 61)M?p + 2(69 — 61)M Dp + nD?pl;

(2) for the velocity potential model

0 Y
58 = 2 [(60 — 61)MDyp +nDe];

(3) for the displacement potential model

% RO, 3

n ik

For the pressure and the velocity potential models the boundary conditions involve Dirac distributions and thus
it requires some appropriate regularity properties for the pressure and for the velocity potential at the liner
edges (more regular than H'(£2)). The displacement potential seems to be the right unknown to choose since no
Dirac distribution appears in the boundary condition. However when establishing the variational formulation of
the scattering problem, the integration by parts introduces some non-conventional terms on the wall at y = h

Yo
ik

[ nw2acas =3 [p2cae =3 { [ peptae - uwodi |-

The term [(D()Z]j:) is not compliant with a variational approach, unless D{ =0or( =0atxz=0and z =1
but such an assumption requires knowing the behavior of ¢ at the liner edges.

An alternative to treat a discontinuous boundary condition is to consider a smooth impedance transition.
Then the three unknowns lead to well-posed variational formulations, which gives a mathematical framework
to study the convergence toward a discontinuous impedance. In particular we will prove that the velocity
potential converges to a limit problem whose solution ¢ satisfies on the treated part I': ¢ € HY(I"), dp/0n =
(1/ik)D (Y Dy) in D'(I') with Dp(0",h) = 0 = Dp(17,h). The last boundary conditions at the ends of the
treated wall was not obvious.

Remark 2.1. Since the admittance is obtained by some homogenization process completely neglecting the
transition zone from the lined to the rigid part of the walls, an abrupt change in the admittance is physically
not relevant and a smooth transition is certainly closer to reality. However, the explicit expression of this smooth
transition is unknown, and it is useful to determine the limit problem without continuous transition.
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3. VELOCITY SOLUTION IN THE REGULARIZED CASE

3.1. Variational formulation

In this section we restrict ourselves to a regularized impedance boundary condition and we focus on the
velocity potential problem for a source f € L?(§2) compactly supported in §2

—Ap + D?p = f, in (2,
0
97 _ 0, on [y,
on (3.1)
8 .
_()0 = _T:tSO, on Zia
on
dp Yo
—_— = —_D E-D 5 F.
on ik (neDy), on
Yy € C is a constant and 7.(z) € CY(R) is the regularisation function which for e < 1/2 is chosen as
T z <e¢,
€
e = 1 fe<e<l—g, (3.2)
1—
Tifl—e<a<l.
€

Let us introduce the two weighted Sobolev spaces
1
Ve = {p € H'(Q).nZ Diglr) € (D)}, (3.3)

and
v ={p e H'(@.nD(¢lr) € LAD)} (3.4)

where D (¢|r) has to be understood in the distributional sense on I" and where we note
1 z if < %,
=50 = )

Note that {¢ € H*(2),¢|r € HY(I')} cV C {p € H'(2),¢|r € H: (I")}.
Problem (3.1) has the equivalent variational form

Find ¢, € V such that
ae(‘psv'(/)) = f() f&dl‘dy for all v eV,

where the sesquilinear form ac (g, 1) is defined by

_ S Yo —
o) = [ (Vi V= DeDT) dady + (Sspr ) + 52 [ neDp D

The Dirichlet-to-Neumann operators ST are defined by

. . N 2
Sip=(1-M)TroFikMp= —zz \/k;2 - (T) (1 = M?2) (p,wy) s+ wn,
n>0

and where (-,-), is the duality product between Hz(X%) and its dual H— 2 (X%).
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Remark 3.1. Note that the natural space should be V. defined in (3.3) instead of V. It is easy to see that for
all 0 < ¢ < 1/2, the spaces family V. does not depend on € and more precisely that all the spaces V. are equal
to V. Indeed V. is the space of the functions p € H'(£2) with ¢|r € H]_ such that z|d¢(x, h)/0x|* is integrable
at z = 0 and (1 — x)|0p(x, h)/Ox|? is integrable at z = 1.
Note also that the boundary term obtained after integration by parts
=1

Y, _
=M [n-(De)e],

vanishes thanks to 7.(0) = 0 = n.(1) without requiring any condition on .

Remark 3.2. In fact the space V' controls the singular behavior of the velocity potential at the discontinuous
transition: the solution is such that ¢ € H'(£2) and ¢|r € HL (I') and as we will show later (Lem. A.2) we
have at the liner ends the regularity mlijgl+ x%np(ac, h)=0= xli>H11—(1 - .Z‘)%QD(.T, h). Although the behavior of the
solution at the liner ends is not required to pass to the limit € — 0, it is possible to specify more explicitely the
nature of the singularities at the liner ends. For instance in the neighborhood of the point (0, &), using polar
coordinates (r,6) and the Euler change of variable (r,0) — (z,0) with z = —logr, such singular behaviors can
be found, analytically if Y} is real, numerically in other cases by solving a dispersion relation.

Our first aim is to prove the well-posedness of problem (3.1) in V', which equipped with the norm |¢||} =

2
el (o) + ‘ n%D(gp\p)HLQ(r) is an Hilbert space.

3.2. Well-posedness of the regularized problem

To prove the well-posedness we mainly follow a rather standard procedure, for instance detailed in [29]. How-
ever the presence of an impedance boundary condition introduces new difficulties and requires the introduction
of new proof arguments, which we will detail now.

We now establish a Fredholm decomposition of formulation (P.). It is obvious that

ac(p,9) = be(p, ) + ce(, 7)),
where

_ 7 .
batpo) = [ |- 2320+ F2T0 4 ] aay + (20.0), + T¢ [ DD,

and

o) = [ |-+t +inat (o5 - 520) | dndy + (2.5,

The Dirichlet-to-Neuman operators Si/ ¢ are defined by

S = —i Y pen /B2 — (3)° (1 - M2) (o, w0) s wa,

S;@ = Zn>N \/(%)2 (1 - M2) - k.2 (‘pvwn)ﬂiwna

where N is the integer part of kh/mv1 — M2. SP is the “propagative” part of S in the sense that only the
propagative guide modes are taken into account in the modal expansion and S€ is the “evanescent” part.
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Theorem 3.3. For Re(Yy) > 0, problem (P.) is of Fredholm type.

Proof. This theorem results from the following properties:

(1)

Coercivity
Taking 1) = ¢ leads to

be(p, ) = /Q

Let us note iYy = iRe(Yy) — Sm(Yy) = |Yo| e!? where 0 = Arg(Yy) + 7/2 €]0, 7. We introduce the decom-
position

do|* | |op|?
- |2+ |52 e

iY
dady + (S$w, ) — f/rn |Dep|? da.

be(, ) = alp) — e B(p) + (),

where we have introduced the positive forms

ole) = | [(1 ~ )

Y,
Blp) = %/ 1 |Dy|? dz,
I

2

o 2
v |5 e

¢

Ox

2
’ dxdy,

. nm 2
) = (S, = 3\ (25) (= 20 =82 ().
n>N
2 i0 3|2 2 .o (0 .o (0 2
The lower bound: |b.(¢,¢)|? = |A —eYS|]* = (A — ()% + 4\Fsin 5 > sin 5 AN+ P)° for A =a+ 7,
leads to the coercivity constant

. (0 . Y
o)l 2 sin (5 ) min |1 = a2, B ol

since v(¢) > 0 and n. > 7. Note that sin (6/2) # 0 because 6 = 0 implies that Re(Yp) = 0.

Remark 3.4. In the unphysical case Re(Yy) < 0, be(¢, ) is also coercive. If Re(Yy) = 0 there is coercivity
if %m(Yo) > 0.

The bounded operator C. of V' defined by the identity
(06907,(/))‘/ = 06(907,(/]) fOI' au 30? ¢ S V

is compact. Indeed

ce(p, ) = /Q [—(1+k2)w¢+ikM (@gzi_ g—izﬁ)} dady,
—iy \/k — (BT) (1 M2) (o) s )

n<N

Therefore it is infered from the compacity of the embedding of H'({2) (and thus of V) into L?(£2) and from
the fact that the number of terms in the sum is finite. O

By using the Fredholm alternative, problem (P.) is well-posed if and only if the homogeneous problem

Find ¢ € V such that a.(p,1) =0 for all ) € V, (3.5)

has no solution except the trivial one ¢ = 0. We first characterize this solution.
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Lemma 3.5. For Re(Yy) > 0, if ¢ is a nontrivial solution of (3.5), then it is a solution of

Find ¢ € H'() such that a'(p,) =0 Yo € H'(2) (3.6)

where

W(e.0) = [ (V- V= D DY) dedy + (5. 7), -
Proof. Let us recall first that

aclip ) = () + Sk ), + 52 [ DD,

The proof consists in considering Sm[a:(p, ¢)] = 0. It reads

~Smla.(p, )l = Y \/k - () =02 (g w)se + pRe(th) [ Do,

n<N

Since Re(Yy) > 0 we deduce that (¢, wy) s+ = 0 Vn < N (this proves that the solutions of the homogeneous
problem (3.5) have an exponential decay at infinity) and that Dy = 0 in L?(I"). Therefore S% ¢y = 0 and

Y; _
4’/ 1D Dipdz = 0. 0
Y,k r

Remark 3.6. In the unphysical case Re(Yy) < 0 Lemma 3.5 does not apply.

We can now conclude this paragraph with the
Theorem 3.7. Problem (P:) is well-posed.

Proof. By Fredholm alternative, problem (P;) is well-posed if and only if the homogeneous problem (3.6) has
no solution except the trivial one ¢ = 0. Such a solution can be extended to a solution w in the unbounded
domain {2, defined by

Find w € H'(£24,) such that a”(w,) =0 V¢ € H' (25,

where

a’(w, ) = /Q (Vw - V¢ — Dw D) dady.

oo

This extension w of ¢ is simply
w = ()0|Q in ‘Qa
w= Zn>N(4p,wn)gieiﬁ:—f(ﬁFR)wn(y) for £z > R.

Note that w € H'(£2+) since the serie expansions just involve evanescent modes. Therefore we have to find
w € HY(24) such that

—Aw+ D*w =0 in D' (),

ow
o = 0 on 0f2.
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To conclude we just have to show that w = 0. The horizontal Fourier transform w (&, y) satisfies for all £ € R

d2w N
57 [(ME&—k)? — 4w for  y €]0, ],
d_w:() at y =0 and h.
dy

Decomposing w0 on the transverse L2-basis (wy, )nen, it is easy to prove that @ = 0 for nearly every values of ¢
(w # 0 only if (M¢& —k)? — €% = (nw/h)?, n € N). O
4. CONVERGENCE RESULTS

We will now consider the limit € — 0. First we will determine the limit problem and then we will prove the
convergence of the solution of the problem P. toward the solution of the limit problem F,.

4.1. The limit problem

To prove the convergence of ¢, as € tends to 0, we have to derive (formally) the “limit” problem (for e = 0)
and to prove its well-posedness. Its solution will be proved in Paragraph 4.2 to be the limit of the sequence ..
Defining the limit space

Vo= {p e H'(2),D(¢lr) € L*(I)}, (4.1)

the limit problem (Py) is obviously:
Find ¢g € Vj such that

oo, ) = [ fidady for all ¥ € Vi ()
19,
where for all ¢ and ¢ € V
_ _ Y; N
ap(p, ) = /Q (ch - V1) — Dy D’L/J) dady + (S+p,9) L + i / Dy Diydz.
r

Remark 4.1. The strong associated problem is found to be:
Find ¢ € V; such that

—Ap + D%*p = f, in 02,
g—i =0, on [y,
a_go = _Tzl:gov on Eiv
on

Oy Yo o

2 _22D I
on ik & ons
Dp(0+,h) = 0 = Dp(1-, h).

Only the boundary conditions at the liner ends x = 0 and z = 1 was not easy to guess. Note that such conditions
can be seen as Kutta-like conditions.
As for the regularized problem we have the results

(1) The space Vo defined in (4.1) equipped with the norm ||| = [[@llF1 () + HD(QD\F)HQLQ(F) is an Hilbert
space.
(2) Problem (Fp) is of Fredholm type and is well-posed.

Now we will prove that P, — Py when € — 0. The main difficulty lies in the variational spaces: for all € > 0 the
problem P, is defined in the space V' (defined in Eq. (3.4)) independent of € while Py is defined in V (defined
in Eq. (4.1)) with Vo C V, Vjj # V. Therefore there is no continuous transition for the solution spaces.
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4.2. Convergence of the regularized problem

First we will prove that the solution ¢, of P, converges weakly to the solution g of Py when ¢ — 0. To
prove the strong convergence, the key point will be to prove that V; is dense in V' (Lem. 4.6).
Before taking the limit € — 0 let us introduce a definition: for all ¢ € V

2

1
n D(elr)|

12 = lolzs ey + | . (42)

Remark 4.2. Although the norm [|¢||. is not well adapted to the limit process ¢ — 0 since it depends on ¢, it
will turn out to be useful since it appears naturally in the variational formulation. Note that for all p € V'

lellv < llelle,

and moreover for all ¢ € Vy C V
lellv < llelle < llelo,

since n < 1. < 1. Therefore for any sequence p. € V, if |[¢. — ¢|lc — 0 as € — 0, then ¢ € V but this does not
imply that ¢ € V4. This is the complicated point of our study.

Now we will prove the

Theorem 4.3. If p. € V is the solution of (P.) and ¢o € Vy the solution of (Py), then ||p: — wol? =

— 0 ase— 0.

1 2
§D _
Ne (‘Ps 900) ’ L2(r)

I = wollF1 oy + ’

In this aim we proceed in three steps: in the first step, we suppose that the sequence ¢. € V is such that
ll¥c||c is bounded and prove that it converges weakly to ¢g. In the second step, we prove that the convergence is
strong. Finally in the third step, we prove that the hypothesis of the first step (boundedness of . ) is necessarily
true, which achieves the proof.

4.2.1. Weak convergence

Let us assume that the sequence ¢. € V is such that ||¢.||c is bounded. Then due to the definition (4.2) of
| - |le, it is deduced that we can extract a sequence, denoted also ., which satisfies: there exists ¢ € H'(§2)
and w € L?(I") such that
e — @ in HY(0),

1
nZ D(pe|r) — w in L*(I).

We will show now that w = D(¢|r) in L?(I'). In this aim we will prove that UED(@E\F) — D(¢|r) in D'(I").
Thanks to the continuity of the trace application from H'(§2) into H 2 (I") and thanks to the compact embedding
of Hz(I') into L2(I") we deduce that

@e|r — ¢|r in L*(I).

1
It follows that nZ p.|r — ¢|r in L?(I") since

1 1 1
M2 e — @llr2(ry < 1né (e — @2y + (02 — Dellz2ry,

1
2

i 2
<llpe = el + ([ 0 =17 lolac)
the last term tending to 0 thanks to Lebesgue’s theorem. In addition since ¢c | — ¢|r in D'(I") we deduce that

0 0 "
— (pelr) = 5= (¢lr) in DD,
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and also that 9 9
s 9 Y . /
1= (plr) — 5 (¢lr) in D(D).

Indeed V¢ € D(I), ng%gb = ¢ for € small enough (as soon as Supp(¢) Cle, 1 — €[). Therefore
30pe N\ _ [ 10pe o [ Ope . [Ope
<775 v, >—/an Fod= | Foan= (T

0
for € small enough. Note that / Ye ¢ dz is defined since ¢.|r € HL (I"). To conclude we just have to notice
r 0T )
that

02D (pc|r) — win D'(D),

which implies that D(p|r) = w in D’(I') and consequently in L?(I).

To prove that ¢ = ¢ and that all the sequence . converges, we will show that ¢ solves Py (FPy). Let ¥ be
in V. We want to take the limit of problem P. (P.) when ¢ — 0. From 1.D (¢:|r) — D(¢|r) in D'(I'), we
deduce that n-D(p:|r) — D(¢|r) in L?(I") thanks to the density of D(I") in L?(I"). Therefore, using the fact
that ¢. — ¢ in H(£2), by weak convergence we get for ¢ — 0

ac(pe, ) — ao(p,¥) Vi € V.

Remark 4.4. We have just proved the weak convergence p. — ¢q in the sense

e — o in H'(£2),

12 D(pe|r) = D(polr) in L*(I).

We want to prove now that this convergence is a strong one. It is sufficient to prove that |- —¢ol|e — 0: indeed
1 1
n2[D(e|r) — D(eo|r)] — 0 in L2(I") implies that 2 D(¢|r) — D(po|r) in L*(I") since

/ne\Dsoolzﬁ/ |Dyol?
I I

thanks to Lebesgue’s theorem. We have been unable to prove directly the strong convergence because Vp C V,
Vo # V. Indeed starting from ao(po,?) = [, feodedy = ac(pe, ) for all ¢ € V; and introducing the spliting
Ye = ©e — o + o it is easily deduced that

as(@e — Yo, ¢) = a’O(‘)DOv,(/)) - a/E(@Oa w)a
Y; -
= i /F(DSOO — Do) Dpda.

To prove that |- — o|le — 0 the usual last step is to take ¢ = . — po. However this is not possible in ag(-,-)
because ¢. — o ¢ Vp. In the following paragraph we explain how we proceeded to prove the strong convergence.

4.2.2. Strong convergence

Now the strong convergence of ¢. to ¢y will be proved. This is achieved by introducing an auxiliary sequence
between ¢, and g called @, € Vj which will tend to both these quantities. To build this sequence, we have first
proved that Vj is dense in V. This is done by defining concretely for any element of V' a sequence of V|, tending
to this element. ¢, will be built in a similar way.

The difference between V' and Vj is the regularity on I'. For any ¢ € V', ¢|r belongs to the space W defined by

(dh’ € L2(F)}, (4.3)

xT

W= {v e H3(I'),n?
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u(a, h)

u(l —a, h)

0 « l1—al

FIGURE 3. Construction of ¢, € H*(I') from ¢ € W.

equipped with the norm

2

dv
2 = 2 %_
vl = [Vl 4 n Az

, +\
HZ(I)

LQ(F)7

whereas | € HY(I') when ¢ € V;. Therefore to prove that Vj is dense in V' we will first focus on the trace
behaviors and prove the

Theorem 4.5. The space HY(I') is dense in W defined in (4.3).

Proof. Let us take ¢ € W. For all 0 < a < 1/2 we define ¢, € H!(I") such that
(x) on Iy, =lo,1—aqf,

() on I, =]0,a],

o(@) =¢p(l—a) on If=]1—-a,l].

>

¢(a) and (1 — a) are defined since ¢ € H] (I") (see Fig. 3). We introduce 6, = ¢ — ¢, € W, explicitely
defined by
o (z) =0 on I,
ba(z) = @(x) —p(a)  onl,,
Vo = p(x) —p(l —a)on I}.
We just need to prove that v, — 0 in W when a — 0. In this aim we will need two results, proved in the

appendix:
(1) Lemma A.1. there exists C' > 0 such that Vv € W defined in (4.3),
2
)

ydv
P

ol <C (wn%zm +]
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d
More precisely Lemma A.1 indicates that W = {v € L3(I'),n? d_v € L? (F)}
T

(2) Lemma A.2. For all p € V, lin})xéw(l‘) =0= liml(l o .Z‘)%@(-T)~
Therefore we have
ddg |[?
iol2 1 < C||bal? 22
12allys (ry < © | Woallzaer |1 g i)
where
60 |2 + 3 40a i / lo(z) (@)]*d +/ () = (1= a)l*d +/ &pzd
) = z) — ola x T)— -« x oz
oLz U e . 2 2 - ¥ ¥ pain Ox )
PE
<9 <a|<p(oz)|2 +ale(l —a)f Jr/i <P(x)2dx) +/p3n‘5_i dz.

a

The integrals tend to zero thanks to Lebesgue’s theorem, the other terms tending to zero thanks to the
Lemma A.2. O

A direct consequence of Theorem 4.5 is the
Lemma 4.6. The space Vg is dense in V.

Proof. Let us take ¢ € V. Then ¢|p € W defined in (4.3) and following the proof of Theorem 4.5, if for all
0 < a < 1/2 we define ¢, € HY(I") such that

Galz) = @(z,h) for x € I, =]a,1 — «f,
ba(z) = ¢(a, h) for x € I'; =)0, qf,
Ga(x) = (1 —a,h) for z € [f =1 —a,l1]

then 94 = ¢|pr — $o — 0 in W. Now we introduce @, the unique solution in Vj of
(Gas V) mr(2) = (9, V) m1(g) for all v € HY(£2), v =0on I,
{ Palr = $o on I
We just need to prove that e, = ¢ — @, — 0 in V when o — 0. e, is the unique solution in V' of
(€a, )1 (o) = 0 for all ¢ € HY(2), ¢ =0o0n T,
{ €alr = 0o on I

(4.4)

Since problem (4.4) is well-posed, there exists C' > 0 such that

lealifre) < Clltallyy 1

which simply tends to zero. Finally we use

1 2
n2De,

2 _ 2
lealld = lleall?(q) + | .
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to get e, — 0 in V. Indeed the last term reads

+ k[0allpz(r)

o
L2(T)

L2(I)
which has been found to tend to zero in the proof of Theorem 4.5. O

Now we introduce the auxiliary sequence @. € V; which will be used throughout all the rest of the section.
For all 0 < e < 1/2 and all p. € V, proceeding similarly as in the proof of Lemma 4.6, we note @ the unique
solution in V4 of

{(@va)Hl(Q) = (()0671/))171((2) for all ¢ € Hl(ﬂ)?w =0on F7 (4 5)

Lﬁg‘p = (ﬁg on I
Here ¢. € H(I) is defined by

Pe() = pe(z, h) forx e I'. =], 1 — €],
Pe(x) = pe(e, h) for x € I =]0,¢],
Pe(r) = (1 —g,h) forx € I'F =]1 —¢,1].

Before proving that ||¢. —@ollc — 0, it is proved in Appendix 7 successively that the auxiliary sequence satisfies
llpe — @elle — 0 and |0 — @e|lo — 0. These proofs are close to the one of Lemma 4.6, but more difficult because
of the definition of ¢.: ¢.(¢) depends in two ways of €.

Now we are able to prove the strong convergence result for the model problem:

Theorem 4.7. If p. € V, the sequence solution of (P:), is such that ||¢c||c is bounded (see definition (4.2)),
then || — @olle — 0 where ¢, is solution of (P.) and yq the solution of (F).

Proof. We have proved that if the sequence p. € V solution of (P:) is such that |¢c|le is bounded then
lleclle = [[¢e — Pelle — 0 and |lec|lo = [0 — @ello — 0 where o € Vp is the solution of (Pp). Therefore
loe — wolle < llpe = Pelle + [P — @ollo — O.

Now, we must prove that . is necessarily bounded. We proceed by contradiction. So we assume that there

P=_ Tt is obvious that 1U||¢ is
el

bounded. Moreover, it solves (P.) with f replaced by L — 0. With the arguments used in the previous

is a subsequence (noted also ¢.) such that: ||pc|le — oo and we set: U, =

glle
steps, we prove that there exists Uy € Vp such that ||U. —Up||. — 0, where Uy is the solution of the homogeneous
problem (3.5). By hypothesis, this solution is trivial. Then, we obtain a contradiction since

|Ue]le — 0 and ||U,||. = 1. 0

5. OTHER FORMULATIONS

In Sections 3 and 4 we focused on the velocity potential formulation. We have proved that the solution . for a
continuous boundary condition has a limit when ¢ — 0 and that this limit ¢¢ for a discontinuous transition is well
defined since it satisfies a well-posed problem. Now we will consider the pressure and displacement formulations.
We will show that although for a continuous boundary condition the pressure and the displacement potential
satisfy well-posed problems, we are unable to prove they converge when ¢ — 0, due to the fact that the expected
limits don’t satisfy well-posed limit problems.

Now we define the regularized problems satisfied by the pressure p. and by the displacement potential (. and
determine their limits when ¢ — 0.
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5.1. Link between the velocity, the pressure and the displacement formulations

We recall that the radiation problem for the three natural unknowns reads:
Find u € HY(2) (u = pe, e or ¢.) such that

—Au+ D?u = f, in 2,
0
B_Z =0, on Iy,
% = —-T1u, on X%,
on
and on [: (5.1)
8])5 YO
If u=p.: —D?
U = Pe on ik (nspe)
e Yo
Ifu=¢,: =—D(n.D
U= Qe on ik ("75 905) ,
0 Yo o
IfTu=¢": = —n.D(..
u=G an ik E
The important point is that if ¢, is solution of the velocity potential formulation of problem (5.1), then p. =
0 Y(
— D, is solution of the pressure formulation. In particular applying the operator D to ;;LE = ;D (neDe.)

Ope _ Yo

leads to — = —D? (.p.). In a same way if . is solution of the displacement formulation then ¢, = D(. is

solution of the velocity formulation.

The variational formulation of the radiation problem reads a.(u,v) = [, fo where the sesquilinear form
ac(u,v) is defined by

e For the velocity potential

as(%w)=/n(Vso V¢ — Do D) dzdy + (S+, 1) . k/nstoDwdw

e For the pressure

_ % _ dn. —
a=(p,q) = /Q (Vp-Vq— DpDq)dazdy + (S+p,q), + £ /F (ner Dq + M%z?Dq> dz.

e For the displacement potential

_ _ % —dn. . -
ac(C,0) :/Q(VC-VH—D(DG) dxdy+<sic,9>i+£/F (nEDCDHJerZ Dg@)d

Remark 5.1. To define well-posed variational formulations for p. and (. we need more regularity for 7. and
we choose 7. € C1(I'). Also to get rid of the boundary terms on I" at z = 0 and x = 1 we need that 7. and
dne /dx vanish at these two points. For the velocity potential model we just needed 7. to vanish.

Since the additional terms, compared to the velocity formulation, namely the integrals on I" of Mn'pDq and
of Mn’.D(¢0, are compact perturbations, it is straightforward to prove that the variational formulations for the
pressure and the displacement potential are well-posed for any € > 0. However we are unable to deduce limit
problems when € — 0. Indeed |dn./dz| — oo at © = 0 and 1 when ¢ — 0. But we can determine formally the
limits of the pressure and of the displacement, which is done in the next paragraph.
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5.2. Limit process for the pressure and the displacement solutions

Using the links between the pressure, the displacement potential and the velocity potential we can determine
the limits of p. and (.. Indeed if ¢, is solution of the velocity problem then p. = —Dy. and (. is defined such
that . = D(.. Since ¢, € V tends to g € Vp in the sense

e — o In ]-Il(Q)7

12 D(ge|r) — D(golr) in L*(I),
with DLPO(OJ'_?I’L) =0= D@O(l_vh)a

we deduce immediatly some convergence results for p. and (.:

e For the pressure
Pe — Po in L2(‘Q)a

1
nZ pe|r — polr in L3(I),
with pg=—Dpo and po(0T,h) =0=po(17,h)

e For the displacement potential
D¢ — D¢ in Hl(Q)’

n2 D[(DC.)|r] — DI(DC)|r] in L2(D),
with ¢ = D(y and D2<0(0+, h) =0= D2C0(1_, h)

Remembering that the natural space to define the variational formulations for the three unknowns is H'((2),
we understand now clearly why we cannot define variational problems satisfied by py or (y thanks to the limit
process € — 0. pg is too weak, it belongs only to L?(£2). On the other hand (y is too regular to be associated to
a H' variational formulation.

Note that the Wiener—Hopf approach indicates that the pressure varies close to z = 0 like /z without
the Kutta condition or 2%/2 with the Kutta condition [11,12], in accordance with our result po(0*,h) = 0 =
pO(l_’ h)

6. NUMERICAL RESULTS: LIMIT PROCESS € — 0

Now we investigate numerically, thanks to the Finite Element code MELINA [30], the behavior of the three
unknowns on the upper wall with the liner at y = h when ¢ — 0. We have used standard P2 Lagrange finite
elements, which lead to a conforming approximation of V. On Figure 4 is plotted in solid line the real part
of ¢. for decreasing values of €. The liner is located at 0, 3[. ¢, is found to tend to a continuous function.
In dotted line is represented the real part of the convective derivative of ¢.: we confirm numerically that the
velocity potential tends to a function g satisfying the local behavior Do (0, h) = 0 = Do (37, h). Note that
the behavior of Dy seems to be singular outside the liner: | Do (07, h)| = oo = |Dgo (31, h)|.

Figure 5 shows the pressure and the displacement potential for a small value ¢ = 0.01 (we recall that we do
not know how to define the limit problems for € = 0 for these unknowns). Contrary to Figure 4 where 7. defined
in equation (3.2) was a C°(R) function, now 7. is chosen as a C'(R) function (see Rem. 5.1): it is an order 2
polynomial on [0,¢] and on [3 — ¢, 3]. This means that D¢, determined in Figure 4 should be different from p.
plotted on Figure 5a, the relation p. = Dy, being rigorously valid only if both quantities are defined with the
same 7). In practice this is not the case and p. plotted of Figure 5a is very close to Dy, of Figure 4c. This shows
that the choice of the regularity of 7. does not seem to be sensitive in the limit process ¢ — 0. Numerically
the pressure is found to become singular outside the lined area when approaching a discontinuous transition.
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(a) , (b)

FIGURE 4. Solid line: Re[pc(z, h)], dotted line: Re[Dep,(z, h)] for (a): € = 0.1, (b): € = 0.01 and
(c):e=0.

. (a) . (b)

FIGURE 5. For € = 0.01, (a): Re[p(x, h)], (b): solid line: Re[C(z, h)], dotted line: Re[D((z, h)]

Since the quality of the convergence of the finite element approximation (when the mesh size decreases) depends
on the regularity of the solution, the precision of the approximation becomes bad. This confirms that the velocity
formulation should be preferred to the pressure one. As expected the pressure tends to a function pg satisfying
po(0T,h) =0 =po(37,h).

Finally the displacement (Fig. 5b in solid line) tends to a regular function (in particular in C1(R)). As
expected D(. plotted in dotted line is very close to (.. Note that both the velocity and the displacement
potentials tend to continuous functions on the upper wall: we recover the edge conditions of the mode-matching
methods [6], which impose some regularity to the velocity or to the displacement, not to the pressure.
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7. CONCLUSION

We have shown that to study the acoustic scattering in presence of a flow and of a discontinuous boundary
condition between a hard wall and a lined wall, the velocity potential seems to be a better unknown to choose
than the pressure or the displacement. Indeed although the three unknowns satisfy well-posed problems for a
continuous boundary condition, only the velocity converges to the solution of a well-posed problem when the
function discribing the boundary condition tends to a discontinuous function. Moreover some edge conditions
must be considered for the velocity potential: its convective derivative must vanish at the liner ends.

An improvement of our study would be to take into account the presence of a vorticity line developing from
the boundary discontinuities. This has been done in the case of the acoustic diffraction by a rigid plate in a duct
in presence of a flow [31]: the usual modeling of viscous effects is that the pressure can be infinite at the plate
trailing edge but it must be finite at the leading edge. To impose such regularity, a wake is introduced behind
the plate and a Kutta condition is applied at the trailing edge to adjust the wake amplitude. This procedure is
not straightforward to extend to the case of an impedance boundary condition instead of a rigid plate: we do
not know any analytical expression of the wake, we do not know if the wake extends from the leading edge or
only from the liner trailing edge and finally the expected behavior of the pressure at the liner ends is unknown.

Another way to study the scattering problem is to consider a shear flow with a varying Mach number profile
M (y) vanishing on the liner. Then the Myers boundary condition becomes simply du/dy = ikYu for u = p, ¢
or ¢ and this leads to well posed problems even when Y is discontinuous. However then the convected Helmholtz
equation (2.3) is no longer valid. The full Euler equations must be considered, which complicates a lot the study.

APPENDIX A. REGULARITY ON THE TREATED BOUNDARY

Here are demonstrated two lemmas necessary to prove the density of V; (defined in Eq. (4.1)) in V' (defined
in Eq. (3.4)).

d
Lemma A.1. Ifu e Wy = {u € LQ(F);n%d—u € LQ(F)}, then u € H2(I') and there exists C > 0 such that
x

Yu € Wy
2
LQ(U) ’

(I"). Therefore we just need to prove that z(du/dx)? integrable in

;d’LL

Cdz

m@hm<0@w;m+\

Proof. Let us remark first that Wy C H}

loc
2 = 0 implies that u is locally in H2 close to 0 (the same for (1 — z)(du/dz)? close to 1). In this aim we note
I'==1]0,% (or]0,6[ for any 0 < § < 1/2) and we introduce the quarter of disk of radius 1/2

IN

1 1
,nggiando y<§}

d
For all u € Wy (which implies z? é € L*(I')), we define in 22~ the function v(z,y) = u(y/22 + y2). It reads

in polar coordinates ¥(r, §) = v(r cos#,rsin @) = u(r). v belongs to H(£27) since
2
rdr) ,

1 2 1 1

9 T [2 5 |du 0 21 9 /2
= — — < — —

Iolfngony = 7 | @mn+hr>ww4<42um<v+o

since r < 1/2. Thanks to the Trace theorem from H'(£27) to Hz (I"~) we deduce that there exists C' > 0 such

that
2
L"’(F‘)) .

%
dr

;du
|w;w)=ww|;w)<0m@wm<0<wﬁmﬂ+hw@
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In a same way noting I'"™ = ]%, 1[ and introducing the change of variable £ = 1 — 2 we can prove that there
exists C' > 0 such that )
L2(1"+)> .

Since u € Hz2 (') N Hz(I'") N H} (I'), it is easy to conclude using the definition

;du
n2=-

ful?, <zcr<nuniqp+)+»] u

H2(I'+) —

2
2
- d.T dy—i—‘luHL?(F) O

lull? 5

=),

Lemma A.2. For allu € W defined in (4.3), lirr}) w%u(w) =0= liml(l = w)%u(w)

u(z) — u(y)
-y

Proof. We will just prove the result at z = 0, the result at =1 can be proved in a similar way. Let us take
u € C>®(I"). For all z € [0, 1],

x%u(x):/;%(t%u(t)) dt:/ox (i—?t%—l—t;%u(t)) dt.

1
Now we use Cauchy—Schwarz inequality to find an upper bound. Since W # Hg,(I"), for u € W we do not have
necessarily t~2u € L2(I'). However W C H%(F) and we use Hardy’s inequality for all 0 < s < 1/2, there exists
Cy > 0 and C, > 0 such that for all u € Hz(I') ¢ H*(I)

u

/r}S

!
gy S Colulry < Cllll g

This means that for all 0 < s < 1/2, (u/t*)? is integrable at t = 0. Therefore for z < 1/2

2\ 2 1
1 zx° r 2 2 1
dt + —— / dt) < z2
) 225 ( 0

Thus we get limy_oz2Zu(x) = 0. This result remains valid in W by density of C*°(T") in W.

du
ai

u
ts

Tar

’du

PRGN
— u 1 .
rxr)  2V2s ’ H2(T)

APPENDIX B. LIMITS OF THE AUXILIARY SEQUENCE

Here are presented the technical proofs of the two lemmas characterizing the convergence of the auxiliary
sequence Q..

Lemma B.3. If . € V, the sequence solution of (P.), is such that ||c|lc is bounded (see definition (4.2)),
then ||@s — @clle — 0 where ¢q is defined in (4.5).

Proof. We introduce é. = p. — ¢. which is the unique solution in V' of

{(ég,z/))fp(m =0 for all v € H'(2),» =0on I,
(B.1)

éelr = 0. on I,
where 0. € W defined in (4.3) is such that
Ue(x) =0 for x € I'. =Je, 1 — €],
{ @e(w, h) — pe (e, h) for x € IF,

=1
o
—

8
N

Il
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where ™ = ¢ and e~ = 1 —¢ and where we note ¢.|r(z, h) instead of p.|r(x, h). We will show that the quantity

1 2
ne De.

S 12 — |15 112
Icl2 = 12l (e + | .

tends to zero. In this aim we will prove successively that

e é. — 0in HY();
2

* / Me O dz — 0;
['Ei 8.T
1 2
e ||n2Dé. — 0.
L2(I')

(1) Proof of é- — 0 in H*(12)
To prove that é. = p.—¢@. — 0in V we will need two lemmas, proved in the Appendix 7. Since problem (B.1)
is well-posed and thanks to Lemma A.1 we have

2
s 12 s (12 ’ ~ 2 1 .do.
[€cllzr1 () < C HUE”H%(F) <CC <||UE||L2(F) + ‘ U L2(F)>,
with
2
) 1 do
oy + || 5] = [ lete b - et e
T lL2() re
g |”
o (1 — 2
v [ttt =gt as+ [ g|%| an

2

e dz.

<2 e 2 (1 — ? € ’ / or
<2 (sl +eloct -+ [ oo as)+ [ 0|5

The two non-integral terms are proved to tend to zero by adapting the proof a Lemma A.2 to the function ¢
depending on the parameter € tending to zero. Indeed thanks to Lemma A.2: Ve > 0 and for all 0 < s < 1/2

we have
e 2 % 1 € 2 %
1 1 0o e’
€2 |pe(e,h)| < ez /t‘ dt| + = (/ dt) .
[oe(e.h) ( - s/

2
Since ||¢elle = HQOEH%P(Q) + ‘ ) is bounded and using Hardy’ inequality:

For all 0 < s < 1/2, there exists C?, > 0 such that for all ¢ > 0

Pe

tS

1
né D

< Cllee|

L2(r)
e 2 e
/ t ’8806 dt and /
o |0t 0
are bounded since t <t/ =, on [0, ¢].

Also since ¢, — g in L?(I"), the first integral tends to zero thanks to Lebesgue’s theorem. But contrary to
what happened when proving the density result of Theorem 4.5, the second integral does not tend simply

Pe
ns

H3(I)’

is deduced that both terms
2

L VS

ts




3)
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10 0
to zero thanks to Lebesgue’s theorem. Indeed we just have the weak convergence 72 a—((pg|p) — 8—(<po\p)
z z

in L?(I"). However from the definition of 7. is deduced that

daﬂzs/ninE

since for x < e, n = x and 7. = /e (a similar result is obtained for x > 1 — ¢). Thus the second integral

2

2
tends to zero since / Ne % dz is bounded.
F 8.T
&pg
Proof of ng — | dz—0

We recall that ¢, is the unique solution in V' of a.(p-,v) = / fipdady for all i) € V. Taking ¢ = é. we
0
get

~ _ TN~ ~ Y TN~
as(@ea 65) = / (VSO;;‘ -Ve. — Do, Dee) dzdy + <S:|:9057 €E>:|: + i / neDpe Deé.dx.
2 r

The last term reads more explicitely

Yo Yo 200 06 | 8905~ e
Zk/nEDapEDegdar;— zk/pne {M 9% D + kM Ty + k*peé. | dr.

Since éc|r = 0. with
{ﬁg(:r):() forz € I'. =le, 1 — €],

0(2) = pe(2,h) — po(e*,h) for o € T2,

we get the simplification

O’

Y.
UED% Deedx = ]2 / Ne lM2
(3 Fai

+ ikM (8“"5*_5 —¢ 8%> + k%é] de.

zk ox ¢ Ox

Finally is deduced the upper bound

Y, o, |2 B 3 .

Yo / nedt® | 222\ 4p < / (IV el V| + | Dl D) ddy + | (Sper )y |

k Fai 8x 0

Y. e N -
| e ([ et [ G2 ) 42 el e

1
We have used 2 < 1. All the term in the right hand side tend to zero since
(a) @ — o and é. — 0 in H'(£2);

1 0 - .
b) welr — @olr, n2 a—x(%\r) - a—x(@o\r) and &|r — 0 in L*(I');

(
(¢) e = ¢p and €. — 0 in H%(Ei) and S+ is continuous from H%(Ei) to H_%(Ei);
(

d) the term |pc||ne 3 0p tends to |l %0 in LY(I") and / [ o] %0 dz tends to zero thanks to
ox 0 rE Ox
Lebesgue’s theorem.
12
Proof of‘ né Dé. . —0
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1
né De.

Since é.|;r = 0. on I, we get
1 doe

<M

‘ L2(r) — ‘ i dx

and we have proved in the two previous proofs that both
2

= Ne |3~
’ L2(I) /FS
Proof. We note e.

Lemma B.4. If p. € V, the sequence solution of (Pe), is such that ||¢e||e is bounded then ||@o — @ello — 0.

+ k[0l 2y »
12(r)

1ddo,

e dx

and H@EHiz(r) tend to zero.

O
wo — ¢ € Vp and we will prove that

i aO(eEa 65) — 0,

e ¢. — 0in Vj.

(1) Proof of ap(ec,e:) — 0

For all ¢ € Vp, starting from ag(o,v) = [, fededy = a-(pe, 1) we introduce the writing ao (o, )
ap(po — @= + Pe, ) to deduce

G‘O(QOO - 955’1/1) = as(‘Peﬂ/’) - aO(@svw)'
Bearing in mind that e. = ¢y — ¢. and that e, = ¢, — p. we obtain

ao(ees ) = /Q (Vé. - Vi — De. DP) dudy + (Sée ), +

Since p. = ., the last term simplifies in

- / (%D% - D@e)D_wdx
Y,k r

Yo LN 0 E
— Dy, — D Dipdxr = — M
ik /F(’k e T /Fi (775 oz
Now let us take ¥ =e. € Vj to get

— ik ["75905(1" h) — @s(gi’ h)]) D—th

aO(eEa 65) = dO(ésv 65) + 60(905’ 65)7
with

dO(ésa 65) =

/Q (Vég -Ve: — Deé, D—eg) dady + (S+éc,ec)
and

Yo 2 dipe Oe. . 0.
ey €e) = M B kM e
eo(pe, ec) i e ( <n o) S i n
+ kz [775%(3% h) - @E(gi, h)] a) dz
Using ec|p = @olpz — @e(e*,h) on I'F leads to

Y. dp:\ O
eO(‘ﬁsves):i/Fi (M2< ‘P)ﬂ

fle ox ) Ox

Jx > € — [776905(30, h) — pe(e™, h)] Oe.

896}’

kA { (7783%) ol ) = 9o, B) — [ (o, h) — po(, 1)

dpo
)
+ K [nepe (2, ) = (%, 1)] ol h) = o (. ) ) da
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Last the modulus is found to be bounded by

|ao(ec, € ) S/ (IVee||Vez| + |Dec| | Dec|) dady + [(Sxéz, ec)
2

b

Yo 2|3 9%z || 90

+ k Asi [M " oz || oz

M (02 222 ot ) — pele® )| + ool ) — pu(e*, )| | 220
ax b £ b £ 1> 9 1> 9 81. b

+ k2 [nepe (2, h) — @ (e, h)| |po (2, h) — @e(ai,h)lldw-

All the terms in the right hand side tend to zero (and thus |ag(es, ec)| — 0) because
(a) é. — 0 and e. — 0 in H(£2)

®) [ Iegeton) et mf e <2 (el s [ leenfiar) 0
I: I

© [ lonlanh) = pulet ) do < 2 (/ ol h>|2dw+e|%<ei,h>|2) ~0
I I

(d) é&- — 0 and e — 0in Hz(Xy),
10 0 .

(e) mé %(%Ir) %(QOOM“) in L2(I")

To prove the first point, we have used the fact that p. — o in H*(§2) and also that since ||p. — @:||c — 0
we get @ — . in H'(£2). We deduce that p. — ¢o in H(£2) which means that e. — 0 in H*(£2).

Proof of e — 0 in Vj

We split ag(p, 1) in a coercive part and a compact perturbation part

aO(@a ¢) = bo(@a ¢) + cO(@a w)a

where

_ 2000 0000 o : g —

and

olpot) = [ |-k R4t ($58 - 520) | andy + (2,0,

Since co(¢, 1) is compact, e. — 0 in H'(£2) implies that co(ec, e.) — 0 and the coercivity of by(p,v) on V;
leads to [lec[lo = [0 — @<llo — 0. O

APPENDIX C. EXACT RADIATION CONDITION AND DTN OPERATOR

In order to formulate the diffraction problem, we need to introduce the so-called modes of the duct (without
a liner) which are the solutions with separated variables of —Ag + D?p = 0 in 2 with dp/0y = 0 at y = 0 and
y = h. They are well-known and are given by

s nmw
uff = P cos (—hy> ,

where 3 is given by



1554 E. LUNEVILLE AND J.-F. MERCIER

Ifn < N = kh/m/1— M2

[—kM =\ k2 - (1 - M2)}
1— M? '

B =

In that case, 3 is real and u" is a propagative mode. The + modes correspond to a positive group velocity
and thus propagate downstream, whereas the — modes propagate upstream.
Ifn> N:

{—kM iy /T2 (1 - M2) - k;?}
1— M2 '

By =

+

 is an evanescent mode which oscillates.

In that case, u

To derive problem (3.1) set in the bounded domain 2 = {(z,y) € 2;—R < = < R}, we need to define on
the artificial boundaries X'y = {(x,y);2 = £R and 0 < y < h} some suitable boundary conditions. They are
deduced from the modal decomposition of u in the exterior domains

2+ ={(z,y) € 2;+x > R},

. 2 1
which reads u = Z (u,wn)gie‘ﬁf(w¢mwn(y) in 2+ where w,(y) = 5 cos (%) for n >0, wo(y) = 7
n>N
and (u,v) g+ = / uvdy. The deduced exact boundary conditions is
>+
0
v —Tyru, on X4,
on

where the Dirichet-to-Neumann operators are defined as follows

Ty H*(Xy) — H 3 (5),

u — Fi Z BE (u, wn) 5t wh.
n>0
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