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ELECTROMAGNETIC STEKLOV EIGENVALUES: APPROXIMATION
ANALYSIS

MARTIN HALLALZ*

Abstract. We continue the work of Camano et al. [STAM J. Math. Anal. 49 (2017) 4376-4401] on
electromagnetic Steklov eigenvalues. The authors recognized that in general the eigenvalues do not
correspond to the spectrum of a compact operator and hence proposed a modified eigenvalue problem
with the desired properties. The present article considers the original and the modified electromagnetic
Steklov eigenvalue problem. We cast the problems as eigenvalue problem for a holomorphic operator
function A(-). We construct a “test function operator function” T'(-) so that A(X) is weakly T'(\)-coercive
for all suitable A, i.e. T'(A)*A(\) is a compact perturbation of a coercive operator. The construction
of T'(-) relies on a suitable decomposition of the function space into subspaces and an apt sign change
on each subspace. For the approximation analysis, we apply the framework of T-compatible Galerkin
approximations. For the modified problem, we prove that convenient commuting projection operators
imply T-compatibility and hence convergence. For the original problem, we require the projection oper-
ators to satisfy an additional commutator property which concerns the tangential trace. The existence
and construction of such projection operators remain open questions.
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1. INTRODUCTION

Novel nondestructive evaluation methods based on inverse scattering [9] give rise to a multitude of new

eigenvalue problems. Among these are so-called transmission eigenvalue problems [11] and Steklov eigenvalue
problems [10]. Not all of these eigenvalue problems fall into classes which are covered in classical literature.
Among the important questions on these eigenvalue problems are

Fredholmness,

discreteness of the spectrum,

existence of eigenvalues,

estimates on the number of eigenvalues,

properties of the eigenvalue distribution, such as accumulation points and eigenvalue free zones,
results on the completeness of eigenfunctions,

and reliable computational approximations.
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The electromagnetic Steklov eigenvalue problem to find (A, «) so that

curlcurlu — w?eu =0 in Q,

vxcurlu+Avxuxv=0 at of.

was considered in the recent publication [12]. Therein the authors of [12] considered the case that Q is a ball
and the material parameter € is constant. For this setting they proved the existence of two infinite sequences of
eigenvalues, one converging to zero and one converging to infinity. Consequently the eigenvalue problem can’t
be transformed to an eigenvalue problem for a compact operator. This observation led the authors of [12] to
discard the original eigenvalue problem and to modify instead the boundary condition to

vxcurlu+ AS(vxuxv)=0 at d.

with a suitable operator S. The authors of [12] proved that the modified eigenvalue problem can indeed be
transformed to an eigenvalue problem for a compact operator.

In this note we consider the original as well as the modified electromagnetic Steklov eigenvalue problem. We
formulate the problems as holomorphic operator function eigenvalue problems to find (A, u) € C x X so that
AMNu=0.

We assume reasonable conditions on the material parameters and the domain to analyze the Fredholmness
of A(X). We prove that for the original problem A(A) is Fredholm if and only if A\ € C\ {0}, while for the
modified problem A(\) is Fredholm for all A € C. For our analysis we construct an operator function T'(-) which
is bijective at each A € C\ {0} (respective A € C) so that T'(A)*A(\) is a compact perturbation of a coercive
operator. The construction of T'(-) relies on a decomposition of the function space into subspaces and an apt
sign change on each subspace.

We apply the framework of [17] to analyze the convergence of Galerkin approximations. To this end, we need
to prove the existence of apt approximations of T'(-). We prove for the modified problem, that the existence
of convenient commuting projections imply the existence of such apt approximations of T'(-). This implies the
convergence of convenient H (curl)-finite element methods. For the original problem, we require the projection
operators to satisfy an additional commuting property, which concerns the tangential trace, to establish the
same result. Thus it is unclear if common H (curl)-finite element methods converge. Further numerical studies
are necessary to determine if this is the case or not. If common H (curl)-finite element methods fail, then our
analysis may raise ideas for the construction of new suitable elements. On the other hand, if common H (curl)-
finite element methods work, then it is likely that such commuting projection operators exist. If the existence
of such commuting projection operators can be proven, then this would complete our presented convergence
analysis.

We report on the existence of eigenvalues and properties of their distribution of the electromagnetic Steklov
eigenvalue problems in the self adjoint case in the companion article [16]. In particular, we report therein that
the spectrum of the original problem consists of three disjoint parts: The essential spectrum consisting of the
point zero, an infinite sequence of positive eigenvalues which accumulate only at infinity and an infinite sequence
of negative eigenvalues which accumulate only at zero. The spectrum of the modified problem consists of an
infinite sequence of eigenvalues which accumulate only at positive infinity.

The remainder of this article is organized as follows. In Section 2 we set our notation and formulate our
assumptions on the domain and the material parameters. We also recall some classic regularity, embedding
and decomposition results which will be essential for our analysis. In Section 3 we introduce the considered
electromagnetic Steklov eigenvalue problem and define the associated holomorphic operator function Ax (-). We
define T'(+) and prove that Ax(-) is weakly T'(+)-coercive on C\ {0} while Ax (0) is not Fredholm. In Section 4 we
prove that Galerkin approximations which admit uniformly bounded commuting projections are asymptotically
(with respect to the discretization index) reliable. In Section 5 we introduce the modified electromagnetic
Steklov eigenvalue problem and define the associated holomorphic operator function A 5 (-). We define T and
prove that A < (+) is weakly T-coercive. We introduce a reformulation of the eigenvalue problem by means of an
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operator function A(-), which avoids the explicit appearance of S. Likewise we define T"(-) and prove that A'(.)
is weakly Tl(~)—coercive. In Section 6 we prove that Galerkin approximations which admit uniformly bounded
commuting projections are asymptotically (with respect to the discretization index) reliable. We further discuss
the computational implementation of the Galerkin approximations. We conclude in Section 7.

2. GENERAL SETTING

In this section we set our notation, formulate assumptions on the domain and material parameters and recall
necessary results from different literature.

2.1. Functional analysis

For generic Banach spaces (X, || - |lx), (Y, || - |ly) denote L(X,Y) the space of all bounded linear operators
from X to Y with operator norm ||Al|L(x,y) := sup,ex joy |Aully /lullx, A € L(X,Y). We further set L(X) :=
L(X, X). For generic Hilbert spaces (X, (-,")x), (Y, {-,-)y) and A € L(X,Y) we denote A* € L(Y, X) its adjoint
operator defined through (u, A*u')x = (Au,u’)y for all u € X,u’ € Y. We say that an operator A € L(X) is
coercive if inf e x\ 101 [{(Au, u) x|/[|ul|% > 0. We say that A € L(X) is weakly coercive, if there exists a compact
operator K € L(X) so that A4 K is coercive. For bijective T' € L(X) we say that A is (weakly) T-coercive, if T* A
is (weakly) coercive. Let A C C be open and connected and consider operator functions A(-),T(-): A — L(X)
so that T'(X) is bijective for all A € A. We call A(:) (weakly) (T'(-)-)coercive if A(X) is (weakly) (T'(\)-)coercive
for all A € A. We denote the spectrum of A(-) as o(A(-)) := {X € A: A(]) is not bijective} and the resolvent
set as p(A()) := A\ g(A()). For a closed subspace X,, C X denote P, € L(X, X,,) the orthogonal projection.
Consider A € L(X) to be weakly T-coercive. For a sequence (X,,)nen of finite dimensional subspaces X,, C X
with lim,en ||[u — Pyul|x = 0 for each u € X, we say that the Galerkin approximation P,A|x, € L(X,) is
T-compatible, if there exists a sequence (T, )nen, Tn € L(X,,) so that

IT = Tolln = sup (T = To)unllx/llunl x (2.1)
un €X, \{0}

tends to zero as n — oo. Let A(-): A — L(X) be weakly T'(-)-coercive. We say that the Galerkin approximation
P,A()|x, : A — L(X,) is T(-)-compatible, if P, A(\)|x, € L(X,) is T(\)-compatible for each A € A.

We recall from Corollary 2.8 of [17]: Let A(-): A — L(X) be a weakly T'(-)-coercive holomorphic operator
function with non-empty resolvent set and A, (-): A — L(X,) be a T(-)-compatible Galerkin approximation.
Then

(i) For every eigenvalue A\g of A(-) exists a sequence (A,)nen converging to A\g with A, being an eigenvalue of
Ay (+) for almost all n € N.
(ii) Let (An,un)nen be a sequence of normalized eigenpairs of A, (-), i.e.

and ||u,||x = 1, so that \,, — Ao € A, then
(a) Ao is an eigenvalue of A(-),
(b) (un)nen is a compact sequence and its cluster points are normalized eigenelements of A(\g).
(iit) For every compact A C p(A) the sequence (A, (-))nen is stable on A, i.e. there exist ng € N and ¢ > 0
such that [|An,(A) Y| L(x,) < cforall n > ng and all A € A.
(iv) For every compact A C A with rectifiable boundary A p(A(-)) such that o(A(-)) N A = {\o} exists an
index ng € N such that

dim G(A(-), \o) = > dimG(An(), )
An€0(An(-))NA
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for all n > ng, whereby G(B(-),A) denotes the generalized eigenspace of an operator function B(-) at
AeA.
Let A C A be a compact set with rectifiable boundary dA C p(A()), AN o(A(-)) = {Ao} and

Op i= max inf  JJug — unllx, oy = max inf  JJup — unllx,
uoE€G(A(),A0) Un€Xn up€EG(A™(),A0) un€Xn
lluollx <1 lluollx <1

whereby Ao denotes the complex conjugate of Ao and A*(-) the adjoint operator function of A(-) defined
by A*(A) := A(A)* for each A € A. Then there exist n € N and ¢ > 0 such that for all n > ny,
(v)
Ao = An| < (8,67)/7(A0):A0)
for all \,, € o(A4,(-)) N A, whereby s (A(-), \g) denotes the maximal length of a Jordan chain of A(-) at
the eigenvalue \g,
(vi)

Ao — A < 8,07,

whereby A0 is the weighted mean of all the eigenvalues of A, (-) in A

)\rean — Z A dim G(An()7 )‘)

#7
)\Ea(An(‘))m]\ dlmG( (),/\0)

(vii)

inf flun —wollx e | A= Ao+, max o infup - ulflx | < e (e(@ud) A0 44, )
uoEker A(Ag) upEker A(Ag) Up€Xn
llugllx <1

for all A, € o(An()) N A and all u, € ker A, (\,) with [lu,|x = 1.

2.2. Lebesgue and Sobolev spaces

Let © C R3 be a bounded and path-connected Lipschitz domain and v the outer unit normal vector at 9.
We use standard notation for Lebesgue and Sobolev spaces L%(Q), L>=(£2), W1°°(Q), H*(Q) defined on the
domain Q and L2(9Q), H*(0) defined on the boundary 9€2. We recall the continuity of the trace operator
tr € L(H*(Q), H*~1/2(6Q)) for all s > 1/2. For a vector space X of scalar valued functions we denote its bold
symbol as space of three-vector valued functions X := X3 = X x X x X, e.g. L%(Q), H*(Q), L?(99), H*(99).
For L2(99) or a subspace, e.g. H*(99),s > 0, the subscript ¢ denotes the subspace of tangential fields. In
particular L?(0Q) = {u € L2(0Q): v-u = 0} and H;(9Q) = {u € H*(9Q): v - u = 0}. Let further H}(Q2) be
the subspace of H*(£2) of all functions with vanishing Dirichlet trace, H}(2) be the subspace of H*() of all
functions with vanishing mean, i.e. (u, 1) 2(0) = 0 and H}(99) be the subspace of H*(912) of all functions with
vanishing mean (u, 1) 7250y = 0.

2.3. Additional function spaces
Denote 0,,u the partial derivative of a function v with respect to the variable x;. Let
Vi = (g, U, Dyytt, ) |,
diV(’LLl,UQ,’U,g)T = O, u1 + Op,us + Opyus,

T._ T
curl(uy, ug,ug) ' := (Opyus — OpgUin, Opgtty — Op, U3, Op, Us — Opoi1) ' .
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For a bounded Lipschitz domain Q let Vy,divy and curly = v x Vg be the respective differential opera-
tors for functions defined on 0€2. We recall that for v € L?(Q) with curlu € L2(2) the tangential trace
tr,x u € H™/2(divg;09) = {u € HY2(0Q): divou € H-/2(0Q)}, ||ull

HdiVauH%pl/z(

b saaon = 14l on +
H-1/2(divp;0Q) H-1/2(09)
ooy is well defined and || try « u||%{,1/2(diva;am is bounded by a constant times ||u||%2(ﬂ) +

[ curlu|[fz g Likewise for u € L*(Q) with divu € L*() the normal trace tr,. u € H~Y2(09) is well defined
and || tr,. u||?{,1/2(aﬂ) is bounded by a constant times ||u||i2(Q) + || div UH%Z(Q)' For d € {curl, div, tr, «, tr,.} let

L?(Q), d= curl,

12(Q), d=div
2 «— ) )
L*(d) := L2(00), d = 1, ° (2.2a)
L?(09), d = tr,,.
Let
H(d; Q) := {u € L*(Q): du € L*(d)}, (2.2b)
<U,UI>H(d;Q) = <U,,U/>L2(Q) + (du,du')Lz(d), ’
H(d%Q) := {u € H(d;Q): du = 0}. (2.2¢)
Also for
di,ds, ds,dy € {curl, div, tr, «, tr,., curlo,divo,trgx,trg,}
let
(u, ') f(ay dai0) = (U, 0) L2y + (diu, dyu’) p2q,) + (dou, dou’) 12 (a,), .
H(dy,dz,ds3; Q) := H(dy; Q) N H(d; Q) N H(d3; Q),
(w,w') g(dy da,dss0) = (U u') p2() + (diw, diu) p2a,) + (dow, dou') L2(a,) (2.2¢)
+ (dsu, dsu’) 2(ay)
and

H(d1,d2,ds, da; Q) := H(d1;Q2) N H(d2; ) N H(d3;2) N H(da; Q),
(u,u') (dy do,ds,das0) 2= (U, 0) L2y + (dru, diu’) 2(a,) + (dau, dau’) £2(a,) (2.2f)
+ (dgu, dsu’) L2 (ay) + (dau, dat’) p2(ay)-
2.4. Assumptions on the domain and material parameters
Assumption 2.1 (Assumption on €). Let e € (L™ (Q))BI3 be so that there exists cc > 0 with
celé? < R(ETe(2)§)  and 0 < (M e(w)€) (2.3)
for all x € Q and all £ € C3.
Assumption 2.2 (Assumption on p). Let p~! € (L""(Q))sm3 be so that there exists c, > 0 with
culé? SRETpTH(@)€)  and 0 < —S(E N (2)) (2.4)
for all x € Q and all £ € C3.

Assumption 2.3 (Assumption on ). Let Q C R? be a bounded path connected Lipschitz domain so that there
exists & > 0 and the following shift theorem holds on Q: Let f € L*(Q), g € HY?(9Q) with (i) 2@ +
(9,1)12(00) = 0 and w € HL(Q) be the solution to

—Aw=f in (2.5a)
v-Vw=g at 0. (2.5b)

Then the linear map (f,g) — w: L*(Q) x HY?(9) — H3/?>+%(Q) is well defined and continuous.
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The above assumption holds e.g. for smooth domains and Lipschitz polyhedral ([14], Cor. 23.5).

Assumption 2.4 (Assumption on Q,€ and p~1). Let €, u~! and Q be so that a unique continuation principle
holds, i.e. if u € H(curl; Q) solves

curl p~teurlu — w?eu =0 in Q, (2.6a)
tr,xu=0 at 0, (2.6b)
tryx p teurlu =0 at 09, (2.6¢)

then u = 0.

To our knowledge the most general todays available result on the unique continuation principle for Maxwell’s
equations is the one of Ball, Capdeboscq and Tsering-Xiao [4]. It essentially requires € and = to be piece-wise
Whee,

2.5. Trace regularities and compact embeddings

We recall some classical results on traces and embeddings, which will be essential for our analysis. We recall
from Costabel [13]:

tr,. € L(H (curl, div, tr,«; Q), L*(9Q)), (2.7a)
tryx € L(H(curl,div, tr,.; ), L7 (99)). (2.7b)

and
The embedding from H (curl, div, tr,»; Q) to L*(Q) is compact. (2.8)

We deduce from Amrouche et al. ([1], Prop. 3.7):

If 2 satisfies Assumption 2.3, thentr, . € L(H(curl,div,tr?,_; ), Lf(aﬂ))

| (2.9)
1s compact.
2.6. Helmholtz decomposition on the boundary
We recall from Buffa et al. ([8], Thm. 5.5):
L2(09Q) = Vo H' (092) @ curly H'(99) (2.10)
and denote the respective orthogonal projections by
Py,: L{(09Q) — VoH'(0Q),  Pyy:L{(0Q) — curly H'(99). (2.11)

Recall divg tr,x € L(H (curl; ), H=1/2(0%)). So for u € H(curl; Q) let z be the solution to find z € H}(9) so
that

<VaZ, VBZI>L§(8S2) = 7<diV3 tryx u, Z/>H*1(€)Q)><H1(8Q) (2.12)

for all 2/ € H!(9€) and set
Su = Vpz. (2.13)

From the construction of S it follows S € L(H (curl; ), L7(0(2)) and further
Su = Py, tr,x u (2.14)

for w € H(curl, tr, «; ).
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3. WEAK T'(-)-COERCIVITY OF THE STEKLOV OPERATOR FUNCTION

First we introduce the electromagnetic Steklov eigenvalue problem as holomorphic operator function eigen-
value problem. In Theorem 3.1 we report an apt decomposition of the respective Hilbert space into three
subspaces. Next we introduce in (3.10) an operator function T'(-) as an apt sign change on the subspaces. In
Theorem 3.2 we report the weak T'(-)-coercivity of the Steklov operator function on C\ {0}. In Corollary 3.3
we deduce convenient properties of the spectrum in C\ {0}. In Corollary 3.4 we report that A = 0 constitutes
the essential spectrum. However, these two Corollaries make no statement on the existence of eigenvalues. We
report in a companion article [16] the existence and behavior of eigenvalues for purely real, symmetric p and e,
i.e. in the selfadjoint case.

Let w > 0 be fixed. For A € C let A(X\) € L(H (curl, tr, ;) be defined through

(AN U, W) preurt ey ) == (0 eurly, curl v ) pe () — w? (eu, w')r2(0)

3.1
— AMtry, « u, Ty« U/>L§(BQ) for all u,u’ € H(curl, tr, ;). (3:1)

The electromagnetic Steklov eigenvalue problem which we investigate in this section is to
find (A, u) € Cx H(curl, tr, ;)\ {0} sothat A(N)u=0. (3.2)

We note that the sign of A herein is reversed compared to [12]. To analyze the operator A(\) we introduce the
following subspaces of H (curl, tr, ;):

V := H(curl, div?, tr, », tr2 ; Q), (3.3a)
Wy = H(curlo7 div?, tryx; ), (3.3b)
Ws := VH; C H(curl’, 19, ; Q). (3-3¢)
Theorem 3.1. It holds
H(curl, tr,; Q) = (V & W) @ # w7, (3.4)

in the following sense. There exist projections Py, Py, , Pw, € L(H(curl, try s Q)) with ran Py = V,ran Py, =
Wi, ran Py, = Wy, Wi, Wy C ker Py, V, Wy C ker Py, , V, W1 C ker Py, and u = P,u+ Pw,u+ Pw,u for each
u € H(curl, tr,«; Q). Thus, the norm induced by

(u,u"yx = (Pyu, Pyt/) grcurt tr, o :02) + (P P, ') g curl by 50)

(3.5)
+ <PWQU7 PW2uI>H(curl,trVX ;) u, U/ € H(Curla try, » ; Q)
is equivalent to || - || g (curl,tr, » ;0)-

Proof. Step 1. Let Py, be the H(curl, tr,y;)-orthogonal projection onto W,. Hence Py, €
L(H (curl, tr, ;€)) is a projection with range W and kernel

L i (eurl tr, o ;9)

W, = H(curl,div®, tr,; Q) D V, W.

Step 2a. Let u € H(curl, tr,«; ). Note that due to div(u — Py,u) = 0 and (2.7) it holds tr,.(u — Py,u) €
L?(09) and (tr,.(u — Pw,u),1)12(90) = 0. Let w, € H!(2) be the unique solution to

—Aw, =0 in Q, v-Vw, = tr,.(u — Py,u) at o

Let Py,u := Vw,. By construction of Py, and due to (2.7) it holds ran Py, C W; and Py, €
L(H(Curl,trux;ﬂ)). Let v € W;. Then Pw,u = 0 and hence Py,u = u. Thus Py, is a projection and
ran Py, = Wi.
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Step 2b. If u € Wy then u — Py,u = 0, further tr,.(u — Py,u) = 0 and thus Py, u = 0. Hence Wa C ker Py, .
If w € V then Py,u = 0, further tr,.(u — Py,u) = tr,. u = 0 and thus Py, u = 0. Hence V' C ker Py, .

Step 3. Let u € H(curl, tr,«; Q) and Pyu := u — Pw,u — Py,u. It follow Py € L(H (curl, tr,«;Q)), PvueV
and Py Pyu = Pyu, i.e. Py is a bounded projection. If w € V then Py, u = Py,u = 0 and thus Pyu = u.
Hence ran Py, = V. It follows further Wy, Wy C ker Py .

Step 4. By means of the triangle inequality and a Young inequality it holds

2 2
HUHH(CUTUJYVX Q) = ”PVU + PWlu + PW?UHH(CurI,tryx Q)

2 2 2
<3 (”PVUHH(curl,trUX;Q) + ||PW1UHH(curl,trl,><;Q) + przu”H(curl,tryX;Q))

= 3||ull%-
On the other hand due to the boundedness of the projections
||u||.2X = ||Pvu||§{(curl,tr,,><;ﬂ) + prlu”?ﬁl(curl,tr,,x;ﬂ) + ||PW2u||%I(Curl,trux;Q)
< (”PVH%(H(curl,tryx;Q)) + ||PW1 ||%(H(curl,tr,,x;ﬂ))

2 2
+ ||PW2 ||L(H(curl,tr,,>< 7Q))) ||u||H(curl,trl,>< Q)

Let us look at A()\) in light of this substructure of H(curl, tr, ;). To this end we consider the space
X := H(curl, tr,«; Q), (-,)x as defined in (3.5). (3.6)

It follows that Py, Py, and Py, are even orthogonal projections in X . Let further Ax (-), A, Ac, Aj2, Ay € L(X)
be defined through

(Ax (N, u') x = (AN, w') g (curt,ir, :0) for all u,u’ € X, € C (3.7a)

(Acu, ') x == (p~ " eurlu, curl w2 (o) for all u,u’ € X, (3.7b)

(Acu,u')x = (eu, v )2 (q) for all u,u’ € X, (3.7¢)

(Apu,u')x = (u,u')r2 () for all u,u’ € X, (3.7d)

(Apu, w')x 1= (tryx u, trux w290 for all u,u’ € X. (3.7¢)

We deduce from the definitions of V, W; and W5 that
Ax(A) = (Pv + Pw, + Pw,)(Ac — w?Ac — MAy)(Py + Py, + Py,)
:PVACPV —wz(Pv—i-PWl +PW2)A€(P‘/+PW1 +PW2)
APy + Py ) Au(Py + P
(Pv + Pw, ) Aw(Pv + Pivy) (3.8)

= PvA.Pyv — w?Pw,A.Pw, — \Pw,A,Pw,
— w2 (PvAEPV + ]DV[/1 AEPW1)
— APy Ay Py + Py Ay Py, + P, A Py).

If we identify X ~ V x Wy x Wy and X 3> u ~ (v,wi,wz) € V x W1 x Wy, we can identify Ax(\) with the
block operator

PvAclv — Py(w?Ac + M)y —Py(w?Ac + M) |lw, —w?Py Aclw,
—.PV[/1 (sze + )\Atr)|V —w2PW1 A, |W1 —)\PVV1 .At1p|vv1 —w2PW1 AE‘W2 . (39)
—szW2A€|V _WQPWQAE‘Wl —(4)2].:)\)\72146“}\12
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We highlighted with color and boldface in (3.8) and (3.9) the operators which are not compact. This leads us
to define a test function operator function in the following way. Let

T(\) =Py — X 'Pw, —w 2Pw,, AecC\{0} (3.10)
Obviously T(\) € L(X) is bijective with T'(A\)~! = Py — APy, — w? Py, for A € C\ {0}.
Theorem 3.2. Let € satisfy Assumption 2.1, u satisfy Assumption 2.2 and Q satisfy Assumption 2.3. Thence
Ax(-): C\ {0} — L(X) is weakly T(-)-coercive.
Proof. Let A € C\ {0}. Let

Ay :=PyA.Py + PyApPy + Py Ay Py
— APw, A2 Py, — APy, Ay Py, — LL)QPW2 APy,

and

Ay = —w*(PyAcPy + Pw, AcPw, + Py AcPy, + Py, AcPy
+ Py A Pw, + Pw, APy + Pw, AcPw, + Pw, AP, )
— PyApPy — (1+ MNPy APy
+ APy, A2 Py, — MNPy AwPw, + Pw, Aw Pv).
so that Ax(\) = A1 + Aa. Operator As is compact due to (2.8) and (2.9) and hence so is T* As. Tt is straight

forward to see
R((Aru, T(MNu)x) > min(1, e, ) ||ull%,

i.e. T(N\)*A; is coercive. O

We remark that the naming of the (sub)spaces as X, V, W1, W follows Buffa [7] while the naming of the “test
function operator” as T'(\) follows e.g. Bonnet-Ben Dhia, Ciarlet and Zwolf [6].

Corollary 3.3. Let Assumptions 2.1-2.4 hold true. Then Ax(\) is bijective for all A € C with S(A) < 0.
Hence the spectrum of Ax(-) in C\ {0} consists of an at most countable set of eigenvalues with finite algebraic
multiplicity which has no accumulation point in C\ {0}.

Proof. Let A € C with ¥(\) < 0 and u € X be so that Ax(A)u = 0. It follows
0= —3((Ax(Nu, u))x) = =SV trox ullf2 0,

and together with Assumption 2.4 it follows further u = 0, i.e. Ax(A) is injective. From Theorem 3.2 we know
that Ax(A) is Fredholm with index zero for all A € C\ {0} and hence Ax(\) is bijective, if F(A) < 0.

Further Ax(-) is holomorphic since it is even an affine function. The resolvent set of Ax(-): C\ {0} — L(X)
is non-empty. The result on the spectrum in C\ {0} is a classical result on holomorphic Fredholm operator
functions, see e.g. Proposition A.8.4 of [20]. O

Corollary 3.4. Let € satisfy Assumptions 2.1. Then Ax(0) is not Fredholm.

Proof. We construct a singular sequence (wy,, € Wi)nen for A(0), i.e. |wi,||x =1 for each n € N, (w1,n)nen
admits no converging subsequence and limyen A(0)wy,, = 0.

To this end let (f, € L?(992)\{0})nen be a sequence with (f,, 1) r2(9q) = 0 for each n € N and which admits
no converging subsequence in L?(9€2), but which converges to f € H~Y2(9Q) \ L*(d9) in H~/2(d) so that
| frllL2(00) — 400 as n — +o0. Let w1, € HL(Q) be the solution to

_A"J)l,n =0 in Q,
v - V’li)l’n = fn at 0f.
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The volume part of the norm ||V |12 (q) can be uniformly bounded by
sup || full gr-1/2(00)-
neN
Due to (2.7) we know that there exists C' > 0 independent of V1 ,, so that
[ fallz o) = [l try. Vi1 nllL2(a0) < C <||V1f11,n||L2(sz) + [Ty« VITJLnlng(aQ)) .
It follows || tr, x Vi1 n[lL2(a0) — +00 as n — +oco. Hence

JAx (0) Vi1l x < V3[lell(zoo ()sxs | V1 lL2 ()

Let wy,, = VW1,/||V1]x. It follows ||wi,]lx = 1 and Ax(0)wi, — 0 as n — +o00. The existence
of a converging subsequence of (wy, € Wi)peny would imply that (f, € L*(09))nen admits a converging
subsequence, which is a contradiction. Hence (wi p)nen is indeed a singular sequence for Ax (0). O

4. COMPATIBLE APPROXIMATION OF THE STEKLOV EIGENVALUE PROBLEM

In this section we discuss Galerkin approximations of (3.2). In addition to the basic Assumption 4.1 we
embrace in Assumption 4.2 the existence of uniformly bounded commuting projections like in [2]. Since we work
with the space H(curl,tr,«;€) rather than H(curl; ), our assumption concerns an additional projection on
L?(09) compared to [2]. We report in Corollary 4.5 that for Galerkin approximations which satisfy these two
assumptions, we can construct a sequence of operator functions T, (-): C\ {0} — L(X,,) which converges to T'(+)
in discrete norm (2.1) at each A € C\ {0}. The proof is based on Lemmas 4.3 and 4.4 and applies techniques as
outlined in [2]. Consequently we report in Theorem 4.6 that the abstract framework of [17] (which is based on
the exhaustive works of Karma [18,19]) is applicable. However, the existence and possible construction of such
projection operators remain open questions!

Consider the following basic assumption.

Assumption 4.1. Let (X,,)nen be so that X,, C X and dim X,, < oo for each n € N, and

lim 1nf ||u — /|| x =0 for each u € X. (4.1)
neNuw €X

Consider the following additional assumption.

X)nen so that

Assumption 4.2. There exists (m

€ L(L*(Q)) is a projector with X,, = ran X, (4.2a)
sup ||7r7)z(||L(L2(Q)) < Ho00. (4.2b)
neN

Let Y := L%(Q) and Z := L2(9R). There exist sequences (Y, Zn, 7Y , 72, Jnen so that for each H € {Y, Z} it

nsy n 'n,?

holds
H, C H, lim /lélf |lu—u||g =0, (4.3a)
7l ¢ L(H) is a projector with H,, C ranz/ (4.3b)
Zlég |5 |l ocmy < +oo. (4.3¢)

Denote E € L(X, LQ(Q)) the embedding operator and set

Ty 1= 7T7)L(E. (4.4)
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Further let

Y

curlom,u = m, ocurlu and tr, « oMU = 7rnZ otr,x u (4.5)

for each u € X.
Lemma 4.3. Let Assumptions 4.1 and 4.2 hold true. Then the projections w.X , 7Y and nZ converge point-wise

to the identity in L2(Q2), L%(Q) and L3 (0Q) respectively.

)

Proof. We proceed as in [2]. Let v € L?(Q) and u,, € X,,. Since 7% is a projector it follows
1 = ) ullLe ey = (1 = m) (w = un) |2
< (145w I liwscoy ) o = valusco
ne
and hence
[[(1 — 7 )UHL2 @ < <1 + sup ||7TT)L(||L(L2(Q))) inf |lu—unl|L2()-
neN un€Xnp

Since X is densely embedded in L?(2) and due to Assumption 4.1 the claim follows for 7;X. The claims for 7Y
and 772 follow like-wise. d

Lemma 4.4. Let Assumptions 2.1, 2.3, 4.1 and 4.2 hold true. Then

nlgﬁllu@l(g\{O}H( Tn) Pyl x /l|ull x (4.6a)
. . o, _ 4.6b
lm nf (0= ) Paul/ulx = 0, (4.6D)
Hm it [[(1— )P —o. 4.6
lim g (1 ) Pl x/ulx (4.6¢)

Proof. We proceed as in [2]. Let u,, € X,. Due to curl Py,u, = 0, tr,x Pw,u, = 0 and Assumption 4.2 it hold
curl m, Py, up, = 71'31/ curl Py, u, =0

and
try x T Py, tn = wf try « Pw,un = 0.

Hence

”(1 - 7Tn)PWQUTLHX = ”(1 - 7Tn)PWQUnHLz Q) = H(l - 7Tn)( - PWz)un”L?(Q)
< (1 =m)E1 = Pw,) |l nx 2y lunl x-

Since Elran(1— sz) = E| g (curl,div0 tr, ;) 18 compact due to (2.8) and 1 — 7:X tends point-wise to zero it follows
limen [|(1 =7 ) E(1 = P, L(x,L2(0)) = 0.
We compute

curl 7, Pyu, = 773{ curl Pyu,, = ) curl(Py + Py, + Pw,)u,
.
n

curlu,, = curlu,, = curl(Py + Pw, + Pw, )u, = curl Pyu,

and hence
(1 = m) Prug % = [|(1 — Wn)PVUnHiz(Q) + [ try (1 — 7"'n)PVunHif(aQ)'

We estimate the first term

(1 = 7)) Prunllie) < 11— m ) EPy | nix 12@)) l|unl x-



68 M. HALLA
As previously we obtain limpen [|(1 — 7 ) EPy || 1(x,12(0)) = 0. We estimate the second term
|10 (1 = 7)) Pytn lL200) = [I(1 = 77) trux Prtn Lz oo
<(1- 775) try x PV||L(X,L’;‘(BQ))||Un||X-
Due to (2.9) tr,x |v is compact, (1 — 7Z) tends point-wise to zero and hence

Ligl\l [(1 = mf) tryx Pv|lLx,L200) =0

The claim for Py, follows from Py, =1 — Py — Py,. O

Corollary 4.5. Let Assumptions 2.1, 2.8, 4.1 and 4.2 hold true. Let T,,(\) € L(X,,) be defined as T, (X) :=
T (N)|x, for each A € C\ {0}. Then

lim [ T'(A) = Tn(A)[ln = 0 (4.7)
neN

for each A € C\ {0}.

Proof. Follows from the definition of T'(\), the triangle inequality and Lemma 4.4. |

Theorem 4.6. Let Assumptions 2.1-2.4 hold true. Let X, Ax(-) and T(-) be as defined in (3.6), (3.7a)
and (3.10) respectively. Let Assumptions 4.1 and 4.2 hold true. Then Ax(-): C\ {0} — L(X) is a holomorphic
weakly T(-)-coercive operator function with non-empty resolvent set and the sequence of Galerkin approzimations
(PaAx()]x,: C\{0} = L(X,)), oy s T(-)-compatible.

Thus Corollary 2.8 of [17] is applicable and the convergence statements (i)-(vii) formulated in Subsection 2.1
hold.

Proof. Follows from Theorem 3.2, Corollaries 3.3 and 4.5. O

The consequence of Theorem 4.6 is that if we approximate Eigenvalue Problem (3.2) with finite element
methods which satisfy Assumptions 4.1 and 4.2, then we obtain asymptotically reliable approximations. However,
the second commutation in (4.5) is of no concern in the literature on the design and analysis of common H (curl)-
finite element spaces (e.g. [2]). Thus it is unclear if those spaces satisfy Assumption 4.2 as welcome byproduct
and produce converging methods. Further numerical studies are necessary to determine if this is the case or
not. If common H (curl)-finite element methods fail, then our previous presented analysis may raise ideas for
the construction of new suitable elements.

On the other hand, if common H(curl)-finite element methods work, then it is likely that Assumption 4.2 is
satisfied.

If the existence of such commuting projection operators would be proven, then this would complete our
presented convergence analysis. However, the construction and analysis of commuting projection operators is
an intricate topic of its own: We recall that the natural interpolation operators commute with the projection
operators. Though, the interpolation operators are only well-defined for smooth enough functions. It is possible
to couple the interpolation with suitable smoothing operators to achieve well-defined and bounded commuting
projection operators (see e.g. [15]). If we consider the natural interpolation operators again, we note that they
already fulfill the second commutation in (4.5). Hence the construction of suitable smoothing operators (which
also respect the second commutation in (4.5)) would yield the desired result.

We emphasize that these commuting projection operators are a theoretical tool to conduct the analysis and
are not required for the actual implementation of the finite element method.

For the former reasons the presented result is a bit unsatisfactory and further research is necessary. However,
in the next two sections we deal with a modified eigenvalue problem for which we can report more rigorous
results.
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5. WEAK T(-)-COERCIVITY OF THE MODIFIED STEKLOV OPERATOR FUNCTION

First we introduce the modified electromagnetic Steklov eigenvalue problem proposed in [12] as holomorphic
operator function eigenvalue problem. We proceed as in Section 3.

In Theorem 5.1 we report an apt decomposition of the respective Hilbert space into subspaces. In contrast to
Section 3 we only require two subspaces instead of three. Next we introduce in (5.10) an operator T as an apt
sign change on the subspaces. In Theorem 5.2 we report the weak T-coercivity of the modified Steklov operator
function. In Corollary 5.4 we deduce convenient properties of the spectrum in C. In contrast to Ax(-) the
operator function A (+) is Fredholm also at the origin A = 0. Further, we require Assumption 5.3 to guarantee
the discreteness of the spectrum, whereas the less restrictive Assumption 2.4 was necessary in Section 3. We
report in a companion article [16] the existence and behavior of eigenvalues for purely real, symmetric p and e,
i.e. in the selfadjoint case.

In Subsection 5.1 we introduce a reformulation of the eigenvalue problem by means of an auxiliary variable.
This formulation avoids the explicit appearance of the operator S. We prove respective properties of the eigen-
value problem and its approximation. Our results in this section are similar to those of Section 3 from [12].
However, we apply a different technique: [12] reformulates the eigenvalue problem to a problem which is solely
posed on the boundary. Instead we keep the natural volumetric setting, which is of importance to conduct an
approximation analysis (see Sect. 6).

The modified electromagnetic Steklov eigenvalue problem is to

find (A\,u) € C x H(curl; Q) \ {0} so that A(\)u =0, (5.1)

whereby A()\) € L(H(curl;Q)) is defined through

(/Nl()\)u, ) H(curt,0) = (™" curlu, curl w2 o) — w?{eu, u') 2 (q) (5.2)
— MSu, Su')p29) for all u,u’ € H(curl;2),A € C ’
and S is as defined in (2.13). We note again that the sign of A herein is reversed compared to [12]. Also, we
employ tr, x u opposed to u, = tr,x u X v in [12] and hence we employ through S a map onto gradient functions
opposed to a map onto curl functions as in [12]. As in Section 3 we introduce apt subspaces of H(curl;Q):

V := H(curl,div’, tr¥ ; Q), (5.3a)

W= H(curl’; Q) = VHY(Q). (5.3b)
Theorem 5.1. [t holds

H(curl; Q) = V @t 17, (5.4)

i.e. the orthogonal projection operators Py, Py, € L(H(curl; Q)) satisfy ran Py, = V,ran Py = W, W = ker Py,
V = ker Py, u= Pyu+ Pyu for each v € H(curl; ) and

<U,, u/>}~( = <Pf/ua P\7u/>H(0url;Q) + <PWU7 PWu,>H(curl;Q) = <U,, u/>H(curl;Q) (55)
for all u,v’ € H(curl; Q).
Proof. All properties are due to the orthogonal decomposition. ([l

We observe W C ker S. We proceed further as in Section 3. Let

X := H(curl; ), (,-)¢ as defined in (5.5). (5.6)
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Let further A (-), A, A, A2, Ay € L(X) be defined through
(AX()\)u,u'>X (A(\)u, ) i (curl;) for all u,u’ € X,\ € C, (5.7a)
(Acu, ') g = (u= " curlu, curl u') 2 for all u,u’ € X, (5.7b)
(Acu, ') 5 = (eu,u/)z for all u,u’ € X, (5.7¢)
(Apu, ') = (u, >L2(Q) for all u,u’ € X, (5.7d)
(Agu,u') 5 := (Su, Su/ )L2(00) for all u,u’ € X. (5.7€)

From the definitions of V, W and W C ker S we deduce that
Ag(\) = (Py + Py ([1 ~ WA, - )\Atr> (P + Py)
=PyAcPy — w?Py A Py — APy Ay Py—w?Pw APy, (5.8)
—w? (PW/LPV + P‘"//LPV*V) .

If we identify X ~V x W and X 3 u ~ (v,w) € V x W, we can identify A ()\) with the block operator

<P Ay — P4+ My)ly —w2Py Ay ) 59)

waP A‘V 7w2PV~VA€|W

We highlighted with color and boldface in (5.8) and (5.9) the operators which are not compact. This leads us
to define a test function operator in the following way. Let

T := Py —w 2Py, (5.10)
Obviously T € L(X) is bijective with 7! = Py, — w?Py,.

Theorem 5.2. Let € satisfy Assumption 2.1, p satisfy Assumption 2.2 and S satisfy Assumption 2.5. Thence
A¢()): C — L(X) is weakly T-coercive.

Proof. Let A € C. Set
Al = P‘yflcP‘; + P\7/~112P\7 - WQPWAEPW

and
Ay = —PyApPy — w?PyA Py — NPy Ay Py — w? (P, A Py + Py AcPy,).

so that [15(()\) =A; + As.

To see that PVAtrPf, is a compact operator we recall A;, = S*S from (5.7e) and SP; = Py, tr,x Py from
(2.14). Tt follows now by means of (2.9) that SP; is compact and hence Py, A, Py is compact too. The remaining
terms of A are compact due to (2.8). Hence T'(A\)*As is compact too. It is straight forward to see

R((Aru, Tu) ) > min(1, e, e [ul %
i.e. T* Ay is coercive. O
As in [12] we impose an additional assumption.

Assumption 5.3. Let A (0) be injective.
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Assumption 5.3 is equivalent to the statement that w? is not an eigenvalue to the Neumann eigenvalue
problem

1 2

eu =0 in Q,
vxcurlu=0 at 0.

curl p= " curlu —w

Since it is known that the eigenvalues to this problem form only a discrete set, Assumption 5.3 is reasonable.

Corollary 5.4. Let Assumptions 2.1-2.3 and 5.3 hold true. Then flj(()\) is bijective for all A € C with (\) <0

and A = 0. The spectrum of flj(() in C consists of an at most countable set of eigenvalues with finite algebraic
multiplicity which have no accumulation point in C.

Proof. Let A € C with S(\) < 0 and u € X be so that A ¢ (A\)u = 0. Tt follows
0= —S(Az(Nu,w)z) = =S SulEz o0,

and hence Az (0)u = Az(A\)u = 0. Due to Assumption 5.3 it follows u = 0, i.e. Ag()\) is injective. From
Theorem 5.2 we know that A¢()\) is Fredholm with index zero for all A € C and hence A ()\) is bijective, if
I(A) < 0 or A = 0. For the remaining claim see the proof of Corollary 5.4. O

5.1. Auxiliary formulation

A Galerkin approximation to (5.1) doesn’t yield a computational method yet, because the term
(Sun, Suy,) 2 (a0) needs to be evaluated. Therefore we proceed as in [12] and introduce an auxiliary variable. To
this end let

Z:=HN09), (,)z:=(Vo,Vo)r200) (5.11)
X:=Xx2Z, ((uz (W) 5 = () g+ (2,27) 5 (5.12)

for all (u,2), (u',2") € X and for [ € {0,1} let

(AN (u, 2), (W, )z = (' eurlu, curlw)p2(0) — w?(eu, u')12(0)
+ Mz, divg try» v _

l( ' o trux ?Hl(aﬂ)xH 1(6Q) (5.13)

+ N {(diva tryx u, 2') g-1(90)x H1 (99)

+X(Vaz, Vo2 )12(a0)

for all (u,z), (u,2") € X and A € C. If the coefficients s, € are real and symmetric, the choice | = 1 preserves
the self adjointness of (5.13). This is of advantage, if one chooses to implement a discretization which is based
directly on (5.13). On the other hand if one aims to build the Schur-complement with respect to the second
component in a later discretization step, then the choice [ = 0 leads to no restriction on A. Let

AQ = (C, A1 =C \ {0} (514)

Lemma 5.5. If (\,u) € C x )~(~\ {0} so that Ag)\)u =0, then ;ll()\)(u,z) =0 with z € Z so that Su = Vjz.
Vice-versa, if (A, (u,2)) € Ay x X \ {0} so that A'(\)(u, z) = 0, then Su= Vaz and A(\)u = 0.

Proof. Let (A, u) € C x X \ {0} so that A(\)u =0 and z € Z be so that Vyz = Su. It follows

2

0= (u~ " cwrlu, curlu')2(q) — W (eu, u')L2 ) — A(Su, Su')L2 (00

2 /

eu,u')12(q) — MVaz, Su')L2 90

;fl curlu, curlu’)p2(q) — w

(

( ) (
= (" curlu, curlu') 2 q) — w?(e
( ) (

!
)

= (u~tcurlu, curlu L2(Q) — w?

(
(

L2(Q) + Mz, dive Su') g1 a0y x 5-1(50)
(

IS

u’)
eu, u')r2(0) + Mz, dive tryx w') g1 90) < H-1 (69

)
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for each v’ € X. It follows further

0 = (divy tr,« u, ZI>H—1(QQ)XH1(3Q) + (Vaz, V82/>L§(39)

for each 2’ € Z from the definition of S and z. The reverse direction follows like-wise.

Let B € L(Z, X) so that

(Bz,u) 3 = (z,divg tr,x U>H1(8Q)><H—1(BQ)
for all z € Z, u € X. Then ;U()\) admits the block representation

= A, —w?A.  AB
Al<)‘) = ( )\lB* )\l Iz> :

This leads us to define
') = (Tiry,) . A€

(5.15)

(5.16)

(5.17)

Theorem 5.6. Let € satisfy Assumption 2.1, p satisfy Assumption 2.2 and Q satisfy Assumption 2.3. Thence

ALY Ay — L(X) is weakly T'(-)-coercive.

Proof. Let
A= (P(/ (AC + /Ilz)P‘; — WQPW‘/‘LPW}J Iz) .

and

Ay == (—Py(w?A, + App) Py — w?(Py A Py + Py APy )ABN'B¥) .

so that ;ll()\) = Ay + As. It follows

R((A1(u, 2), T (V) (w, 2)) g) = min(1, e )| (u, 2)|1%

for each (u,z) € X, i.e. T'(A)*A; is coercive. Let ¢ € L(H~Y%(09), HY/?(09Q)) be the isomorphism so
that <¢7¢/>H1/2(3Q)XH*1/2(89) = <¢,L¢I>H1/2(ag) for all (b S H1/2(8Q) and ¢l € H_1/2(8Q) Let £ €

L(H'(09), H'/?(99)) be the embedding operator. Then

(Bz, u>)~( = (z,divg tr, « u>H1(39)XH71(aQ)
= <EZ, diVa tI‘l,X U’>H1/2(SQ)><H*1/2(8Q)
= <EZ, tdivy try, « U>H1/2(BQ)
=

(vdivotryx ) Ez,u) g,

i.e. B= (1divytr,x)*E. Since F is compact, so are B and B*. The remaining terms of A are compact due to

(2.8). Hence f’l()\)*Ag is compact too.

O

Corollary 5.7. Let Assumptions 2.1-2.3 and 5.3 hold true. Then zfll(/\) is bigective for all A € C with F(A) < 0.

Proof. Follows from Theorem 5.6, Lemma 5.5 and Corollary 5.4.

O
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6. COMPATIBLE APPROXIMATION OF THE MODIFIED STEKLOV EIGENVALUE PROBLEM

In this section we discuss Galerkin approximations of Al (1). We proceed as in Section 4. We embrace the basic
Assumptions 6.1, 6.2 and in Assumption 6.3 the existence of uniformly bounded commuting projections like
in [2]. We report in Corollary 6.6 that for Galerkin appr0x1mat10ns which satisfy these three assumptions, we

can construct a sequence of operator functions 7° w(A) € L(X,,) which converges to T'(\) in discrete norm (2.1)
at each A € A;. Consequently we report in Theorem 6.7 that the abstract framework of [17] is applicable. Finally,

we discuss some topics concerning the computational implementation.

The investigated computational method in this section is the one proposed in [12]. We amend the results of

[12] with a convergence analysis of their method.
Consider the following basic assumptions.

Assumption 6.1. Let (Xn)neN be so that Xn C X, dim Xn < oo for each n € N and

lim inf |lu—'| g =0 for each u € X.
neNy e X,

Assumption 6.2. Let (Zn)neN be so that Z, C Z, dim Z,, < co for each n € N and

lim inf |z —2/||; = 0 for each z € Z.
neN ez,

Let

Consider the following additional assumption.

Assumption 6.3. There exists (7‘(‘5

Jnen SO that

ﬂ',);( € L(L*(Q)) is a projector with X,, = ran ﬂf,

sup Hﬂ-v)z(”L(L?(Q)) < +o00.
neN

Let Y := L2(Q). There exist sequences (f’n,wg)ne\r so that

Y, CY, lim inf [lu—4'|ly =0,
neNy/ey,

773;/ e L(Y) is a projector with ¥,, C ran 773;/

)

sup |7, || 5y < +00.
neN

Denote E € L(X, L?(Q)) the embedding operator and set
Ty = fE
Further let i
curl oft,u = ) o curlu

for eachu € X.

Lemma 6.4. Let Assumptions 6.1 and 6.3 hold true. Then the projections X X and o
the identity in L2(Q2).

Proof. Proceed as for Lemma 4.3.

(6.1)

converge point-wise to

O
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Lemma 6.5. Let Assumptions 2.1, 2.3, 6.1 and 6.3 hold true. Then

lim  inf 1 —m,)Poulls/||ul||+ =0, 6.8a
lim inf =R Ppul (682
i inf (1 - Fa) Pyl /llullg = 0. (6.8b)

neNye X, \{0}
Proof. Proceed as for Lemma 4.4. O

Corollary 6.6. Let Assumptions 2.1, 2.3, 6.1, 6.2 and 6.3 hold true. Let T, € L(f(n) be defined as T, =

ﬁnT|Xn and ill()\) € L()z(n) as
T (\) = ( 51 Iz) . (6.9)
lim || T (A) = T5(A) [0 = 0 (6.10)

for A€ Ay. Then

at each A € A;.
Proof. Proceed as for Corollary 4.5. O

Theorem 6.7. Let Assumptions 2.1-2.3 and 5.3 hold true. Let X , ;ll(-), fl() and Ay be as defined in (5.11),
(5.13), (5.17) and (5.14) respectively. Let Assumptions 6.1-6.3 hold true. Then ;1[() A — L()z') is a holo-
morphic weakly f“l(-)—coercive operator function with non-empty resolvent set and the sequence of Galerkin
approzimations (ﬁnjl()b‘gl A — L()Z'n))neN is fl(-)-compatible.

Thus Corollary 2.8 of [17] is applicable and the convergence statements (i)-(vii) formulated in Subsection 2.1
hold.

Proof. Follows from Theorem 5.6, Corollaries 5.7 and 6.6. ]

The consequence of Theorem 6.7 is that if we approximate Eigenvalue Problem (5.1) by means of common
H (curl)-finite element spaces [2], then Assumption 6.3 is satisfied and we obtain asymptotically reliable approx-
imations. Again, we emphasize that the commuting projection operators are only a theoretical tool to conduct
the analysis and are not required for the actual implementation of the finite element method. Thus, different
than for the original eigenvalue problem our results for the modified eigenvalue problem are quite satisfactory.
In particular we can answer a specific question from [12]: If X, and Z, are chosen as finite element spaces with
fixed polynomial degrees p¢, p; and decreasing mesh width h(n), Theorem 6.7 tells that one should choose
P = p; to obtain asymptotically optimal convergence rates.

We move on and discuss further issues related to the computational implementation. We note that if X,, C
H(curl, tr, «; ), then the duality pairs in (5.13) can be evaluated as integrals:

(2n, diva tTux un) 1 (00)x H-1(00) = —(Vozn, trux tUn)L2(50)-
Let further for u,, € Xn, 2n be the solution to find z,, € Z, so that
(Vozn, Voz,)Lz(a0) = —(diva trux Un, 2,) m-1(00)x 11 (00) (6.11)

for all 2/, € Z,, and set
Snu = Vozy. (6.12)

From the construction of S, it follows .S, € L(Xn, L?(09)) and further

Spu = Pg, tr,x Uy (6.13)



ELECTROMAGNETIC STEKLOV EIGENVALUES: APPROXIMATION ANALYSIS 75

for u, € H(curl,tr,x;Q) with Pg_ being the L7 (8)-orthogonal projection onto VZ,. Let further 4,(\) €
L(X,,) be defined by

(/Nln()\)un,umj( = (u~ ! curl uy,, curl u;>Lg(8Q) — w2<eun7u;>Lg(gg) (6.14)
— MSntin, Suttl) 200y for all uy,ul, € X,, A € C, '

i.e. A,(\) is the Schur-complement of ]3”;10()\)|§ with respect to z, € Z,. Obviously 4,(-) is a Galerkin
approximation with variational crime S*S, # P,S*S| %, of A(-). The approximation properties of A, (-) to

/Nl() are already provided by our previous analysis, i.e. our analysis technique avoided to discuss the variational
crime directly. If further X,, C H(curl, tr,«; ), then

(Sntin, Snup)L290) = (P9, trux tn, PG, tryx upn) L2 (60)
= <P€a tI‘,/X Unp,, tI',,X u;>L§(3Q) (615)

= (Sntn, tryx Uy )12 (50)-
Let (2,)N_, be a basis of Z, and consider the matrix M € CN*N with entries
Mym = (Vazn, Vazm>L?(ag). (6.16)

To implement the operator S,, the matrix M needs to be inverted. However, due to Z, C Z = HL(09) the
matrix M is dense. To obtain a sparse matrix M the following procedure was suggested in [12]. Let v > 0

be small and K := span{1} be the space of constant functions. For u,, € X, let z, be the solution to find
2n € Zn ® K C HY(09) so that

(Vozn, Vozy)r2(o0) + (2 2n) L2 (00) = —(diva trux Un, 2,) H-1(00) x B (90) (6.17)

for all 2, € Z, ® K C H' () and set
STy, = Voazn. (6.18)

We analyze this modification in two steps. First we consider the perturbation of the sesquilinear form
(Vo-, Vo )rzaa) to (Vo Var)rzan) + () r2(00) on the space Z, C HX(99). The analysis of such a per-
turbation is straight forward and of magnitude 7. Secondly we note that the solution z, € Z,®Kc H L)
to (6.17) satisfies (zn,1)12(00) = 0, i.e. 2z, € Z,. Thus a replacement of Z, ¢ HL(dQ) by Z, ® K ¢ H'(0Q)
doesn’t change the respective solution to (6.17) and hence no additional error is produced.

7. CONCLUSION

The application of electromagnetic Steklov eigenvalues intended to serve as target signatures for nondestruc-
tive testing of materials was first considered in [12]. In [16] the relation between the modified and the original
electromagnetic Steklov eigenvalue problems and properties of the eigenvalue distributions were reported for
the selfadjoint cases.

In this article we conducted a rigorous approximation analysis for the modified version. For the original
version, we established the discreteness of the eigenvalues. We reported an abstract approximation analysis,
which requires the approximation spaces to satisfy Assumption 4.2. It remains an open question if convenient
H (curl)-finite element spaces satisfy this property. Much more numerical testing on realistic geometries is needed
to see if (modified) Steklov eigenvalues can prevail as target signature for realistic applications.

This article also examplifies how the general framework [17] can be applied to analyze approximations of
linear eigenvalue problems without the introduction of a solution operator (which is the classical approach [3],

[5])-
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