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WELL-POSEDNESS AND NUMERICAL APPROXIMATION OF A FRACTIONAL
DIFFUSION EQUATION WITH A NONLINEAR VARIABLE ORDER

BuvanG Lit*, HoNG WANG? AND JILU WANG?

Abstract. We prove well-posedness and regularity of solutions to a fractional diffusion porous media
equation with a variable fractional order that may depend on the unknown solution. We present a
linearly implicit time-stepping method to linearize and discretize the equation in time, and present
rigorous analysis for the convergence of numerical solutions based on proved regularity results.
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1. INTRODUCTION

Fractional diffusion partial differential equations (PDEs) were shown to model anomalously diffusive transport
(e.g., of solutes through heterogeneous aquifers) more accurately than integer-order Fickian diffusion PDEs do
[38,39]. The fundamental reason is that the latter, which were obtained if the underlying particle jumps have
(i) a mean free path and (ii) a mean waiting time [38,39], are characterized by solutions with Gaussian type
symmetric and exponentially decaying tails. Assumptions (i) and (ii) hold for diffusive transport of solutes in
homogeneous aquifers when the solute plumes were observed to exhibit the same tail behavior [4]. However,
field tests showed that the diffusive transport of solutes in heterogeneous aquifers often exhibits highly skewed
power-law decaying tails [6,37,38]. A traditional practice to model diffusive transport of solutes in heterogeneous
aquifers is to tweak the variable parameters that multiply the pre-set integer-order diffusion PDEs to fit the
training data, which tends to recover a rapidly varying diffusivity and may overfit the training data but yield
less accurate prediction on testing data [47].

The time-fractional PDE (tFPDE)

ofu(x,t) — Au(z,t) = f(z,t), with 0<a<l, (1.1)

was derived via the continuous time random walk to model the subdiffusive transport of solutes [37,38] assuming
that the mean waiting time has a power-law decaying tail [37,38]. Consequently, (1.1) more accurately models
the subdiffusive transport of solutes in heterogeneous aquifers. However, (1.1) was derived as the diffusion limit
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of a continuous time random walk in the phase space as the number of particle jumps tends to infinity and
hence holds for large time ¢ > 0 instead of all the way up to the time ¢t = 0 as often assumed in the literature
for simplicity [37,38]. To resolve this problem, a mobile-immobile tFPDE model

Opu(x,t) + b(x, t)0f u(x,t) — Au(z,t) = f(x,t), with 0<a <1, (1.2)

was derived in [47,56] to model subdiffusive transport of solutes in heterogeneous aquifers. In this model, a
b/(1 4+ b) portion of total solute mass in the aqueous phase may get absorbed to the aquifers and forms an
immobile phase, and then gets released at a much later time. The significantly increased waiting time leads to
a power-law decaying tail of the solute and thus undergoes subdiffusive transport. The subdiffusive transport
of the adsorbed particles is modeled by the time-fractional derivative b98u. The remaining 1/(1 + b) portion of
the solute mass in the bulk fluid phase forms a mobile phase that undergoes a Brownian motion, and hence is
modeled by the d;u term.

In nonconventional gas and oil recovery, the reservoirs often have insufficient permeability due to the existence
of micropores, resulting in a large amount of adsorbed gas or oil mass and significantly decreased flow rate to
the wellbore. Hydraulic fracturing is often used to increase the permeability of the porous media [15,22]. The
change of structure of porous media results in change of fractal dimension of media [13,37] via the Hurst index,
which in turn leads to change of order in tFPDEs [37]. This can be modeled by variable-order tFPDEs with «
depending on z and t; see [25,29,50,51]. In another application, the clogging of pore space in soil by microbial
biomass, their body and their byproducts, i.e., bioclogging, reduced the rate of infiltration of water remarkably
and has significant impact on water, solute, and energy exchanges between stream water and groundwater as
well as the environment [3,55]. In this case, the fractional order « also depends on the unknown solution wu.
Motivated by these discussions, we consider the following tFPDE:

yu(w,t) + bz, )] Dy t) — Auw,t) = f(a,1) (2,1) € Q2 x (0,7,
u(z,t) =0 (z,t) € O x (0,77, (1.3)
u(z,0) = up(x) x €,

where () is a bounded convex domain, f and wug are given source term and initial value, respectively, and
8?(x’t’u(x’t))u(x, t) denotes the Caputo fractional-order partial derivative in time, defined by

1
(1l —a(z,tu

t
R R o0 /0 (t — s)~ @U@z, 5)ds, (1.4)

with a variable order a(,t,u(,t)) which may depend on the unknown solution u, with I'(s) := [~ ¢*~te~"dt
denoting the Euler gamma function. Such fractional-order time derivatives in PDE models often present mathe-
matical bottlenecks that were not encountered in the context of standard diffusion PDEs in analysis of regularity
of solutions and convergence of numerical solutions. Correspondingly, many efforts have been made in developing
efficient numerical methods and error analysis for such tFPDEs.

One popular approach is to discretize fractional-order derivatives by using the convolution quadrature (CQ)
introduced in [30]. This approach has been used to solve (1.1) and related problems in [2,11,17-19,32]. An
advantage of this approach is the existence of a unified framework [31] for constructing and analyzing high-
order methods for tFPDEs with constant coefficients, with possible weak singularities at ¢ = 0, including
CQ generated by the Crank—Nicolson method [19], BDF [18] and Runge-Kutta methods [2]. As explained in
Appendix A of [18], error analysis of CQ for tFPDEs with constant coefficients can be equivalently viewed
as error analysis of CQ for discretizing an operator-valued convolution integral. Other popular approaches for
discretizing time-fractional PDEs include finite difference methods [12,28, 35,49] and discontinuous Galerkin
methods [36,40,42], which approximate the fractional derivative at grid points and in a weak form, respectively,
based on piecewise polynomial approximation of the solution. These approaches are flexible for variable stepsizes
to improve the accuracy of numerical solutions; see [23,27,43-45,48]. More recently, numerical approximation
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of fractional derivatives based on deconvolution was proposed in [26], which has application in discretizing
fractional stochastic differential equations and fractional gradient flows.

For all approaches mentioned above, numerical analysis in the literature mainly focuses on tFPDEs with a
constant fractional order. When the fractional order @ depends only on z, independent of ¢, convolution quadra-
ture and Laplace transform techniques can still be used similarly as for the fractional substantial derivative
in [21,52]. When the fractional order @ depends only on ¢, independent of z, well-posedness of variable-order
tFPDEs was proved in [53] based on eigenfunction decomposition, which reduces the problem to decoupled
fractional ordinary differential equations. However, when the fractional order depends on both z and ¢, or the
unknown solution u, many existing techniques are not directly applicable, including the Laplace transform tech-
niques and separation of variables. In this case, analysis of regularity of solutions and convergence of numerical
methods is still challenging. This is similar to tFPDEs with time-dependent diffusion coefficients, for which the
Laplace transform techniques and separation of variables cannot be applied directly either. For tFPDEs with
time-dependent diffusion coefficients, convergence of a semidiscrete finite element method was proved in [41]
based on a novel technique which extends the argument for standard parabolic problems in [34] to the fractional
case. Existence, uniqueness and regularity of solutions, as well as convergence of a fully discrete numerical
method were proved in [20] based on a perturbation argument; also see [24] for new regularity results.

The objective of this paper is to develop techniques to analyze well-posedness and accuracy of numerical
solutions for such complicated nonlinear fractional evolution problems as (1.3) under a more general setting such
that the variable order «(z,t,u) can depend on both z and ¢ as well as the unknown solution u, and is possibly
discontinuous in x. In addition to the time-dependency of the variable order, the nonlinearity brings in new
difficulties for regularity and numerical analysis. In particular, the boundedness of solution in L*°(0,T; L*°(2))
becomes essential in proving well-posedness and regularity of the solutions, as well as convergence of numerical
solutions, while the Laplace transform techniques cannot be used directly in establishing the regularity of
solutions. We present new techniques, based on maximal LP-regularity of parabolic equations and Schaefer’s
fixed point theorem in the Banach space L>(0,T; L>°(Q2)), to prove the existence and uniqueness of solutions
to the nonlinear problem (1.3) under condition (2.1). This condition allows discontinuity of a(x,t,u) in z to fit
practical applications in which different physical subdomains of the porous media may have different structures
and properties that lead to different fractional orders in the model. Under a slightly stronger condition (3.1),
we prove some regularity results for further numerical approximation and error analysis.

We propose a linearly implicit CQ time-stepping method to linearize and discretize the nonlinear problem
(1.3), and prove convergence of the proposed method based on the natural regularity of solutions proved in
this paper for a given source term f € W11(0,T; L?(R2)) and initial value uy € HZ(Q). Again, the Laplace
transform technique cannot be directly used for error analysis due to the nonlinearity of the problem. To
overcome the difficulty caused by the time-dependent and nonlinear variable order, we present error analysis by
using a perturbation technique which freezes the nonlinear variable order at a fixed time level and estimates the
defect based on the natural regularity proved for the solution and a generalized discrete Gronwall’s inequality
introduced in this paper (see Appendix D). Numerical results are provided to support the theoretical analysis
on the convergence of the numerical solutions.

The techniques developed in this paper could also be applicable to other related nonlinear fractional-order
equations possibly with time-dependent and nonlinear variable order, and time-dependent diffusion coefficients.

2. EXISTENCE AND UNIQUENESS OF SOLUTIONS
In this section, we prove existence and uniqueness of solutions to (1.3) under the following conditions:

a:Qx[0,T] xR — [0, ] is Lipschitz continuous in the third argument,

be L®(0,T; L=(Q)), (2.1)
4

ug € H*(Q), f € LP(0,T;L*(Q)) for some P>
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FIGURE 1. The contour I'y on the complex plane.

where ., € (0,1) is a fixed constant and d € {1,2, 3} is the dimension of space.

2.1. Notation

For simplicity of notation, we define H?() = H?(Q) N H} () and denote by H*(Q) = (L2(), H2(Q))(s/2)
the complex interpolation space between L*(2) and H?(Q) for s € [0,2]; see [7]. Thus H(Q) = L*(Q) and
H(Q) = H}(Q). For 0 < v < 1, we denote by C7(€2) the conventional space of Hélder continuous functions on

Q with exponent 7. For a Banach space X (e.g., X = L*(Q)), we denote by C7([0,7]; X) the space of Holder
continuous functions from [0, 7] to X. Furthermore, we define the following function spaces:

X ={w e W"P(0,T; L*(Q)) : w(0) = 0},
Y = {we Wb'P(0,T; L*(Q)) N LP(0, T; H*(2)) : w(0) = 0}, (2.2)
Z = L*™(0,T; L*>(Q)).

We denote by (-,-) and || - || 2(q) the inner product and norm of L?(€2), and denote by || - || the operator norm
from L?(Q) to L%(Q). '

It is well known that the Dirichlet Laplacian A : H?(€2) — L?(Q) generates a bounded analytic semigroup on
BOTH L?(2) and Cy(92) with angle F; see [46]. Equivalently, z— A is invertible for z € C such that |arg(z)| < m,
and the following resolvent estimate holds:

I(z = A)7H < Colz 7", ¥z e Zp\{0}, V€ (
1(z = A) Mo @ —re@ < Colz| ™", ¥z e Zp\{0}, Ve (

), (2.3)
™), (2.4)

s
2
s
2
where ¥y = {z € C : |arg(z)| < 0} is a sector on the complex plane.

We denote by 6 € (5, 7) a fixed number and denote by I'y a contour on the complex plane (contained in the
sector Yy), defined by

Ty ={z€C:larg(z)| =0,|z| > 1/T}U{z € C: |arg(z)| <0, |z| = 1/T}, (2.5)

as shown in Figure 1. Then z*(**) € % for (z,t) € Q x [0,7] and z € 3y D Ty.
Let e, be a fixed number satisfying 0 < e, < min(1 — ay, 1 — d/4), where d € {1,2,3} is the dimension of
space. Related to the number ¢,, we define a function

n(t) =t 4%, (2.6)

which is integrable in time and has the following property:

t
o (o) < € [t - 9)law(s)lds =< ounl (0
0



FRACTIONAL PDES WITH NONLINEAR VARIABLE ORDER 175

where C is some constant and 7 * |0;v| denotes convolution in time between the two functions. This property is
a direct consequence of definition (1.4).

The Laplace transform of a function f(z,t) is denoted by Lf(x,z) = fooo f(z,t)e”**dt. For functions of
several temporal variables, we denote by Ls[f(z,s,t)] the Laplace transform in the s-variable and denote by

L;1[f(x,2,t)] the inverse Laplace transform of f in the z-variable. The definition of fractional-order derivative

in (1.4) is related to the Laplace transform through the following identity (cf. [30]):

a;x(x,t,u(x,t))v(m’t)
= L1 [zt @) £y [5(x, t) — v(,0)](2)] ()
1
= o tul.t) o [0(x,t) — v(z,0)](2)e*dz Vv € Wl’p(07T; L2(Q)),

2mi Jr,

2.7)

where v € WP(R; L?(Q)) denotes an extension of v with compact support in ¢, and this identity is independent
of the choice of extension. The following inequalities are often used in literature in analysis of tFPDEs (for
example, see [18,30,32]):

/ |27 et | |dz| < C,¢™7  and ‘ < Cyt7™7 Wt e (0,77, (2.8)

Ty

/ 2(z—A)" et dz
Ty

where |dz| denotes the arc length element on the contour I'y, and C. is some constant depending on the
parameter . These two inequalities will be often used in this paper, in analyzing both regularity of solutions
to (1.3) and convergence of numerical solutions.

Throughout this paper, we use the abbreviation v(t) = v(+,t) for any function v defined on Q x (0,7, and
we denote by a(t,v(t)) or a(t,v) the spatial function a(-,,v(-,t)). We denote by C' a generic positive constant
(independent of 7, n and N) that could be different at different occurrences.

2.2. The linear problem

Before studying the nonlinear problem (1.3), we first consider the following linear problem with a given
variable order a(z,t):

du(z, t) + bz, )0 u(x,t) — Aulz,t) = flz,t) (z,t) € Qx (0,7,
u(z,t) =0 (z,t) € 09 x (0,7, (2.9)
u(z, 0) = up(z) x €,

where a(xz,t) and b(z,t) are assumed to satisfy the following conditions:
0<a(z,t) <a, <1 for (x,t)€Qx]0,T],
be L>(0,T; L*>®(Q)), (2.10)
ug € H*(Q), fe LP(0,T;L*()) for some p>1.

In this section, we prove well-posedness of the linear problem (2.9) by utilizing the following three technical
tools.

Lemma 2.1 (Maximal LP-regularity, cf. [54], Cor. d or [1], Lem. 8.3). For any given 1 < p < oo and
f € LP(0,T; L*(2)), the heat equation
Opu(z,t) — Au(z, t) = f(z,t) (z,t) € Qx (0,77,
u(z,t) =0 (x,t) € 09 x (0,77, (2.11)
u(z,0) =0 x €Q,
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has a unique solution u € WP(0,T; L*()) N LP(0,T; H*(QY)), which satisfies the following estimate:
[ullwreo.r:L2@) + [l oo,z < Cllflvo.rizz)y  VF € LP(0,T; L2(2), (2.12)

where the constant C is independent of f and T, but may depend on p.

Lemma 2.2 (Young’s convolution inequality, c¢f. [8], Thm. 3.9.4). Let g * v(t) := fotg(t — s)v(s)ds denote the
convolution of g € L*(0,T) with v € LP(0,T). Then

g *vlle.t) < llgllzroeollvlizee,), Vi € (0,T], V1< p<oo. (2.13)
The following result can be proved by using Lemma 2.2.

Lemma 2.3 (A weighted LP estimate for fractional-order derivatives). For v € W1P(0,T; L*(Q)) and A > 1,
the following estimate holds:

le ™07 "0 | Lo o.0.:22(2)) < CAY M MOl oorizoiy) Ve € (0,T], (2.14)
where the constants C' is independent of A and t, (but may depend on T).
Proof. Based on the definition (1.4), we have

¢
a(z,t) _ 1 o\ —a(z,t)
|0, v(x,t)] 7F(1—oc(a:,t))/0(t s) Osv(z, s)ds

t s —a(z,t)
<T@t / <T> |0sv(z, s)|ds
0

¢
< Cmin(T,1)”*T* / (t—s)~
0

dsv(x, s)|ds vt € (0,T],

)7(1(”) < (t’s)fa* and T—*®t) < min(T,1)~*+. Multiplying the above

where we have used the inequality (“TS =

inequality by e~ *, we obtain
t
efktata(w’t)v(az, t) < Cmin(T, 1) T / e M) (f — 5) T [e NP u(x, 5)|ds.
0
For ¢, € (0,T], the inequality above implies

He—)\tata(z,t) (e—Att—a*) % (e—Atat,U) HLP(O,t*;L?(Q))

ef)\ttfa*

UHLP(O,t*;LQ(Q)) = C’HliIl(T7 1)_Q*Ta*
< Cmin(T,1)" T

L1 0,60 lle™ 0| Lo (o,t.522 (2)

where we have used Lemma 2.2 in the last inequality. Then we note that

||€_)\tt_a*

Ty 0o
LY(0,t.) = / e Mt dt < )\a*_l/ e ¥ 5T ds < CA L
0 0

with a constant C independent of A > 1. Combining the two estimates above, we obtain the desired result in
Lemma 2.3. (I

By using Lemma 2.3, we can prove well-posedness of the linear problem (2.9).
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Theorem 2.4 (Existence and uniqueness of solutions to the linear problem). Under assumption (2.10), problem
(2.9) has a unique solution

we WHP(0,T; L2(Q)) N LP(0,T; H*(Q)) — C([0,T]; L*(R)), (2.15)

and the solution satisfies the following estimate:

lullwreo,e.;p2(0) + 1l Lo s, mr20)) < € (Hf||LP(O,t*;L2(Q)) + ||U0||H2(Q)) Vi, € (0,71, (2.16)
where the constant C' is independent of a(x,t) and t. € (0,T] (but may depend on o, and T ).

Proof. By considering the equation of u — ug, we can reduce problem (2.9) to the case with zero initial value
(with f replaced by f + Aug). Hence, we focus on the case ug = 0.
First, we denote by X the function space X defined in (2.2), equipped with the equivalent norm

lwllx, = lle™dewll e 0,722 ()

where A > 1 is a parameter to be chosen later. We define a map M : X, — X, in the following way: for any
v € Xy, we define w = Mwv to be the solution of

dew(w,t) — Mw(,t) = f(x,t) — bz, )0y “Du(z,t)  (2,1) € Q% (0,T],

w(z,t) =0 (z,t) € B9 x (0,T], (2.17)

w(z,0) =0 x €.
Since v € X implies 02"y € LP(0, T; L*(R)) (this was proved in Lem. 2.3), it follows from Lemma 2.1 that
(2.17) has a unique solution w € Y — X}, where Y is defined in (2.2). Hence the map M : X\ — X, is well
defined, and any fixed point of M is a solution of (2.9) in Y. We shall prove existence and uniqueness of a fixed

point of M by using the Banach fixed point theorem.
Second, we denote f(z,t) = f(z,t) — b(x,t)@f(x’t)v(x,t) and consider the Laplace transform of (2.17) in

time. Then we obtain (z — A)Lw(z) = Lf(z), which furthermore implies zLw(z) = 2(z — A)"LLf(z). Since the
Laplace transform maps e Md;w to (z + A\)Lw(z + A) and e~ f to Lf(z + \), respectively, it follows that

e Mow =L z+NLwz+N)] =L z+Nz+A—A)Lf(z+ N)]
=L+ N(z+A=A) L M) (2)).

Setting z = i€ in the equality above and using the relation between Laplace and Fourier transforms (after
extending f to be zero for ¢t < 0), we obtain

e MOyw = FH(E + N (i€ + X — A)TLF (e M ().
Since the operators
m(€) = I+ N+ A= A)"" and  &m/(€) = i€(i§ + X — A) T +i€(i€ + N (i + X — A) 72
are bounded on L?(Q) for all £ € R and A > 0, it follows that m(¢) is a Hérmander—Mihlin multiplier on
LP(0,T; L?(Q)) for all 1 < p < oo (cf. [16], Thm. 5.2.7). This means that
le 0w Loo,e.:r2()) < Clle™ Fllo(o.r. 222
< Olle™ fllzro,e.iz2@y + Cle 0 0] oo e.sr2 o)
< Clle™ FllLe(o.e.sz2()) + CA* e 0| Lo (o,0.;22(9)) (2.18)

z,t)
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where we have used Lemma 2.3 in the last inequality, with a constant C' independent of A > 0 and ¢, € (0,T].
Third, if v1,v9 € X and wy = Mwv, and wy = Mwvs, then w = wy — ws is the solution of the equation
dyw(x,t) — Aw(z, t) = b(x, ) 0" (vy(x,1) — vi(x,t))  (2,t) € 2 x (0,77,
w(z,t) =0 (z,t) € 90 x (0,77, (2.19)
w(z,t) =0 x €.

By applying (2.18) to (2.19) with ¢, = T, we have
lwy = w2l x, < CA*Hlow —v2x,.

Choosing a sufficiently large A guarantees that the map M : X, — X, is a contraction. According to the Banach
fixed point theorem, M has a unique fixed point w € X (thus w = Mw € Y), i.e., (2.9) has a unique solution
in Y when ug = 0.

Finally, by setting v = w in (2.18) and choosing a sufficiently large A (the largeness is independent of
t. € (0,T]), we obtain the desired estimate (2.16). This completes the proof of Theorem 2.4. O

Remark 2.5. In Theorem 2.4 we have proved existence and uniqueness by using the Banach fixed point theorem
with exponentially weighted norms in time. This trick is already known in the analysis of weakly singular Volterra
integral equations — a class of problems that is closely related to the problem studied here; see [5,9].

2.3. The nonlinear problem

In this section, we prove well-posedness of the nonlinear problem (1.3) by utilizing Theorem 2.4 and the
following Schaefer’s fixed point theorem.

Lemma 2.6 (Schaefer’s fixed point theorem ([14], Chap. 9.2, Thm. 4)). For a Banach space Z, suppose that
M : Z — Z is a continuous and compact map. If the set

U {veZ: v=60Mv} (2.20)
0€[0,1]

s bounded in Z, then the map M has at least one fixed point.
The main result of this section is the following theorem.

Theorem 2.7 (Existence and uniqueness of solutions). Under the assumption (2.1), problem (1.3) has a unique
solution

w e WHP(0,T; L2 () N LP(0,T; H*(Q)) — C([0, T]; L*(2)). (221)

Proof. Similarly as the linear problem, by considering the equation of u© — ug we can reduce the problem to zero
initial value (replacing f by f + Awug and modifying the definition of «). Therefore, we only need to focus on
the case ug = 0.

To prove existence of solutions for the nonlinear problem (1.3), we define a nonlinear map M : Z — Z by
setting w = Mv to be the solution of

Oyw + b))y — Aw = f (2.22)

with zero boundary and initial conditions. Theorem 2.4 guarantees that the map M : Z — Y is well defined.
To prove continuity of the map M : Z — Y, we consider v1,vy € Z and denote wi; = Mwvy, we = Mwvy. Then
w = w1 — we is the solution of the equation

Bpw — Aw + b(H)O* = —b(2) (8?(t’v1)w2 - Gf(t"W)wg) (2.23)
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with zero boundary and initial conditions. By applying estimate (2.16) to equation (2.23), we obtain

a(t,v2)

a(t,v
1000 20 0.0:22(00) + 10l oo,z < CIE) (95 wz = 7D w2) 10, 122(00)
< Cllvy = vall Lo (0,6, ;200 () 0wl Lr 0, s 22(02)) » (2.24)

where the last inequality follows from Lemma 2.8 (to be proved below).
Since the regularity estimate (2.16) implies ||O;wal| 10, 7502(0)) < C, with a constant C' independent of vy
and ve, choosing ¢, = T in (2.24) yields

[wly < Cllvr — val| 2.

This proves the continuity of M : Z — Y. Since Y is embedded into Z compactly when p > ﬁ and d € {1,2,3}
(see Appendix A), it follows that the map M : Z — Z is compact.

It is easy to see that any fixed point of M is a solution of (1.3) in Y. We now prove existence of a fixed point
by using Schaefer’s fixed point theorem (Lem. 2.6). If v = § Mwv for some 6 € [0, 1] then we denote w = Mv with
v = fw. Then w is the solution of the equation

dyw + b(H)oX "y — Aw = f (2.25)

with zero boundary and initial conditions. Applying the estimate (2.16) of Theorem 2.4, we immediately obtain

lwllweo,r20) + 1wl oo, 200y < C (”f”LP(QT;L?(Q)) + ||u0||Hz(Q)) ; (2.26)

where the right-hand side is independent of 6 € [0, 1]. Therefore, by Schaefer’s fixed point theorem, the map M
has at least one fixed point u, which is a solution of the nonlinear problem (2.9), and this solution has regularity
(2.21) because M maps Z into Y.

It remains to prove uniqueness of the solution. In fact, if wy and we are two solutions of (2.9), then w = wy —ws
is the solution of (2.23) with v; = wy and vy = wy therein. Then estimate (2.24) implies

0w zr(0,t.522(0)) + ||w||Lp(0’t*;H2(Q))
< Cllwllpoe 0,825 (92))

< Cellwlpro,e,;2Q)) +€ (HatUJ||LP(0,t*;L2(Q)) + IIwHLP(W*;Hz(Q))) ;

where we have used Lemma B.1 (see Appendix B) in deriving the last inequality, in which e can be arbitrarily
small at the expense of enlarging the constant C.. By choosing a sufficiently small £ and using inequality

lw(t) 2@y < 100wllzi(o,0,r2()) < T'77 (IlathLp(o,t*;Lz(m) + ||w||LP(O,t*;H2(Q))) ;
we obtain
[w(t)llrz) < Cllwllrio,.;r2@)) Vi € (0,T].
Then Gronwall’s inequality yields w = 0. This proves uniqueness of the solution. O
In the proof of Theorem 2.7 we have used the following result.

Lemma 2.8. Forvi,vy € Z and v € X, the following estimates hold:

1870 — || 1o 1.2 (0y) < Cllor — vallpoe 0,00sno0 @) 1060 | o (0,00:220)) Vi € (0, T,

where the constant C' is independent of t. € (0,T] (but may depend on T).
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Proof. We use the following mean value result:

(t — 3)—a(t,m(t)) (t _ S)—a(t,vg(t))
I(1—a(t,v)) T(1- Q(LUQ))

— 5 Hw(t _ s

— s Ko (t) K
+ [alt, o1 (1)) —a(t,vg(t))]/o (t >F(1_£w(<t))2 L)

where k,(t) = (1 — w)a(t,v1(t)) + wa(t,va(t)). Using definition (1.4) and the identity above, we have

W,

t
hf““m%@w«f“ww%unscmmumu»—a@wxon/Xt—w—%**@W@m&
0

By taking the LP(0,t.; L?(©2)) norm of this inequality, we obtain

||<9ta(t7v1)v - 8?(t)v2)v||LT'(0,t*;L2(Q))

ta
< C”'Ul — /02||Loo(07t*;Loo(Q)) (/ t—a*—e*dt> ||8tv||Lp(07t*;Lz(Q)),
0
where we have used Lipschitz continuity of o with respect to v. This proves the desired result.

3. REGULARITY OF SOLUTIONS

In this section, we present some regularity results for solutions of the nonlinear problem (1.3). These results
will be used in Section 4 in analyzing convergence of numerical solutions. In addition to (2.1), we assume that

the following conditions hold:

a:Qx[0,T] x R — [0, ] is Lipschitz continuous in both ¢ and wu,
be Wh(0,T; L%(Q)),
up € H*(Q) and f e Whi(0,T;L*(Q)),

where a, € (0,1) is a fixed constant and d € {1,2,3} is the dimension of space.

When the function «(z,t,u) is Lipschitz continuous in both ¢ and u, as assumed in condition (3.1), we have

the following result as an extension of Lemma 2.8.

Lemma 3.1. Forvi,vy € Z and v € X, the following estimate holds:

92y (s) — ogteay(s)| < C/ (Is = t[ + o1 (s) = va(B)]) (5 — o)~ |95v(r)|do.
0

Proof. We use the following mean value result:

(S _ U)fa(s,vl(s)) (S _ O.)fa(t,vz(t))
T(1—a(s,v1(s))  T(1—alt,va(t)))

:—W@m@D—MtwwﬂA(

s —o) ) In(s — o)
[(1 — ky(s,t))
s — o) "GO (1 — gy (s, 1))
D(1 — Ku(s,t))?

dw,

+lats,1(s) - at (0] [
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where k., (s,t) = (1 —w)a(s,v1(s)) +wa(t,v2(t)). Then, using definition (1.4) and the identity above, we obtain
the desired inequality by using the Lipschitz continuity

(s, v1(s)) — alt, v2 ()] < C(|s — 1 + [v1(s) = v2(t)])-

The main result of this section is the following theorem.

Theorem 3.2. Let1l <p< %, O<y<1l— % and o, < < 1. Then, under condition (3.1), the solution of the
nonlinear problem (1.3) satisfies

Oyu € LP(0,T; L>=(2)) N C7 ([0, T]; L= (),
u e Whe°(0,T; L3()) N L>=(0,T; H*(Q)),
Rl o,u e L0, T; L2(Q)), (3.4)

where Raﬁatu denotes the Riemann—Liouville fractional derivative of Oyu, defined in terms of the Laplace trans-

form by R@’@[“)tu = L7V L[0,u)(2)).
Proof. To prove the regularity results in (3.2)—(3.4), we denote w(t) = u(t) — up and rewrite (1.3) as

dw(t) — Aw(t) = (Aug + Ft)) — b D) in Q  for te (0,T),
w(t) =0 on 090 for te (0,7, (3.5)
w(0) =0 in Q.

The solution of (3.5) can be expressed by

w(t) = /O E(t — 8)(Aug + £(s))ds — /O Bt — 8)b(s)00C 4Dy (s)ds = I(t) — J (1), (3.6)

where E(t) = e, with ¢t > 0, is the semigroup of operators generated by the Dirichlet Laplacian, given by

E(t)v:= 1 ez — A)tvdz Vv e LY(Q), (3.7
2mi Jr,

where I'y is the contour defined in (2.5). It is well known that the semigroup generated by the Dirichlet Laplacian
is bounded and analytic in the sector ¥y (see [46]), equivalently the following estimate holds:

IE®)] e ) —rLr@) + E @)l ze@)—rr@) T HIAE®) | 2r@)—rr@) < C; VE>0, V1<p< oo (3.8)
Identity (3.7) implies that E(t) is the inverse Laplace transform of the operator (z — A)~!. Therefore,
RoP B(t) is the inverse Laplace transform of 27(z — A)~L. (3.9)

This result is used in the subsequent analysis, which is divided into three parts.

3.1. Part I: proof of (3.2)

Note that f € W1(0,T; L*()) < LPo(0,T; L*(2)) for all 1 < py < co. For any py > = (or equivalently
1-4— p%) > 0), Theorem 2.7 implies that the solution has regularity u € W10 (0, T; L2(Q)) N LP (0, T; H(Q)),
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which is embedded into C7([0,T]; L=(Q)) for 0 <y <1 — % — p—, see Appendix A. Since py can be arbitrarily
large, it follows that

u € C7([0,T]; L>(Q2)) forany 0<~vy<1- % (3.10)

To prove dyu = dyw € LP(0,T; L>(Q)) for 1 < p < %, we estimate 8;I(t) and 9,.J(t) separately, which are
defined in (3.6).
First, we see that

O I ( /E (Aug + f(t — s))ds = E(t)(Aug + f(0) /Et—s@f s)ds

Since [|v|| g () < C||11||L2(Q)||v|| for d € {1, 2,3}, it follows from (3.7) that

H2(Q)

|E(t)l| o) < C / €1z — &) ]| e (02
6

tz —1 1_% ¢
<C 5 11z = A) 7 0l agy I (2 = A) Mol g 1d2]
d
< C/ [ 2 et PP 1 (here (2.3) is used)
Ty
tz)|,—(1-42)
<C | [e”lz7 T vl L2 o) ld2|
Ty
<Ot~ o)l 2y Vo € L3(Q), (here (2.8) is used)

it follows that
t
10T () <) < CF 5| Aug + f(0)| () + C / (t = ) %105 £(5)l| 2 0 s,
0

which furthermore implies, for 1 < p < %,

T 1
||atf<t>||Lp<o,T;Lw<m)<c( | “dt) (1800 + FO) 1200 + 195 Fll s 075222
0

< C(|Aug + F(O)l 2y + [Iflwrr(o,rL2(0))- (3.11)

Second, we consider
o J(t) = 8, /0 t E(t — 5)b(s)02= D y(s)ds
= [ B o O utsyas + BOWOO )
= [ = 908 Dus) — bz (s
/ E/(1 = s)o(0)5 D (s)ds + b(1)o5 ()

/ E'(t (5)02= 1y (5) — (1) EH )y (s)]ds

+b(t) {5),5/ E(t— s)ag(t*’"(t*))w(s)ds]
0 to=t

=: Jl(t) + J2<t). (3.12)
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By using estimate (3.8), we have
[J1()]| Lo ()
< 0 [ (6= 97 1006) ~ b0 002V~ s

t
+ C/ (t = )7 HID() | Low () 198D (5) — 92w (s) | pow ) ds
0

t
< C/ ||8?(S’“(S))w(s)||Loo(Q)ds (here Lem. 3.1 is used)
0

S

t
+ C/O (t =) (Is =t + [Ju(s) — U(t)IILw(Q))/O (s — o)~ 0,w(o)| Lo~ (@ydods
t s
<c [ [ 5= o) lruo)li=mpdods
0 0
t s
Ce*([o,T];Lw(Q)))/O (t,S)*(lfe*)/O (s — o) e

< c/ot(t—a)“**

where we have used the Holder regularity u € C+ ([0, T]; L>°(£2)) shown in (3.10) in deriving the second to last

inequality, and changed in the order of integration in the last inequality. Multiplying the above inequality by

e~ we obtain

+ C(1+ [Jul

Oow(0)| o= (ydods

Osw(0)|| Lo (ydo, (3.13)

t
e 0oy < C [ X 0) e 0,w(0) e e
0

Then, by considering the LP(0,7") norm of the above inequality and using Lemma 2.2, we obtain

e J1l| Lo, (0)) < CA* e Mpw]| Lo o, 7:1 () (3.14)
Third, we note that Jo(t) = b(t)9;Js(t,t.)|, _, with
t
J3(t,t,) = / E(t — 5)92tutDy(s)ds. (3.15)
0

Let ¢(s,t.) = Bg(t*’u(t*))w(s). Then for a fixed . € (0,T] we can express 0;J3(t,t.) by using inverse Laplace
transform, i.e.,

1 -~
O J3(t,t) = %/F ez — A) "tz p(z,t,)dz
0
1 ~
=5 . ez — A) Tl te gl T e g (2 1) dz

t
_ / F(t — 5)0L~<g(s, £, )ds,
0

where
F(t)=— / etz — A) Ttz e dy,
Ty
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which satisfies the following estimate (using (2.8) again):

1
|E' ()| Lo ()— Lo () = ‘ —/ et (z — A)_lza*+€* dz < O (a-tes),
2mi Jr, Lo (Q)— L (Q)

Therefore,

t
e M Iy(t) = e Mb(1)Dy J3(t,t) = b(1) / e MR (1 — 5)[e MO T (s, 1)]ds. (3.16)

0

Since

L 95,0 ey = 01 05O ()]
= g O () o
= V|| K % d5w(s)|| L~ ()
= [[(e7*K(s)) * (7|0 (s)])l| L= ()
< (€K ()| e () * (e (10w (s)l| L= ()
< (eI w (e |w(s) | L () (3.17)
where we have used the following estimate:

axtec—a(t,u(t))—1
s (t,u(t)) < Cs e
Do + €. — a(t,u(t)))

K(s) =
substituting (3.17) into (3.16) yields
t
e M T2 (t) | L) < ||b(t)||L°°(Q)/O e M F(t = 8)|| e () Lo (€ (|OE 4 T B(5, 8) || oo (s

t
< C/ e—/\(t—s)(t _ 8)—(a*+e*)[(e—kss—(l—e*)) " (e‘ASHatw(s)HLm(Q))]ds.
0

Therefore, by using Lemma 2.2,
le™ Ja || Lo, 7:nm ()) < CA* T (e 5™ 07)) s (7|0 (s) | Loe () | Lo 0,1
< C>\a*+€*_1H(6_)\55_(1_6*))”L1(0,T)He_)\tatw”Lp(o,T;Loo(Q))
< CX* e M0pw| Lo, () (3.18)
Substituting estimates (3.14) and (3.18) into (3.12), we obtain
|‘67)\tatl]|‘Lp(0,T;Loo Q) < O =1 ||€7)‘tathLp(07T;Loc ) (3.19)
Then substituting (3.11) and (3.19) into (3.6) yields
le™M0uw]| e (0,752 (2))
< Ne MO o o,15150 @) + e 0| Lo (o, 7:L (2))
<O || Lo (o, 751 @) + e 0T | Lo (0,731 (2))
< C(HAUO + f(0)[|z2(0) + ||fHW1’1(O,T;L2(Q))) + C)\a*_lHe_/\tatw||Lp(0,T;Loo(sz))~

By choosing a sufficiently large A, the last term on the right-hand side can be absorbed by the left-hand side.
As a result, we obtain

10swll Lo 0,752 () < C (1 Auoll L2y + I fllwri o2 ()

This proves (3.2) in view of dyu = Jyw.
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3.2. Part II: proof of (3.3)
By using expressions (3.6) and (3.12), we have
Orw(t) = 0L (t) — Ji(t) — J2(t). (3.20)

We use this expression to prove (3.3).
First, by using the semigroup estimate (3.8),

o1 = [EO@u0+ 100+ [ B0 s)as

L2 (Q)
t
< [E@II[Auo + f(0)llL2(0) + /0 IE()|[10:f(t = s)l|L2(e)ds
<C <||u0||Hz(Q) + ||f||W171(O,T;L2(Q))) : (3.21)

Second, similarly as (3.13), by using Lemma 3.1 we have
[J1)lL2(0) < C/Ot(t — )M Ib(s) = b(t)[| Lo (@) 102 D w(s) || L2y ds
+ C/Ot(t =) H[b(t) | oe ) 102D w(s) — T D ()| 2 ey ds
< C/Ot /Os(s —0) " ||0cw(0)| p2(0ydods  (Lem. 3.1 is used)

+C / (t =) "M (1t — 5] + u(t) — u(s) 1= ) / (5 — o) s

Osw(0)||L2(0)dods

t s
< C/ / (s =) " [|0sw(0)||L2(ydods  (Hélder regularity (3.10) is used)
o Jo

t s
+C/ (t—s)_(l_e*)/ (s—o) 7
0 0
t

gc/o (t =)o

where we have changed the order of integration in the deriving the last inequality.
Third, by using expression Ja(t) = b(t)0J5(t, t« in (3.15) and estimates (3.16) and (3.17) with A = 0,
we have

Osw(0)||L2(qydods

0ow ()| 12 () dor, (3.22)

iz

t
172(#) ]| 22 () < Hb(t)HLOC(Q)/O IF(t = s)[[[105 7~ (s, 1)l L2 () ds

t s
gc/ (tfs)*a*m)/ (s — )" 9pw(0)]| p2(qydods
0 0

t
<c / (t — o) |8y w(0)] 2@y do, (3.23)
0

where we have changed the order of integration in deriving the last inequality.
Finally, substituting estimates (3.21)—(3.23) into (3.20), we have

t
10w (Bl L2 (@) < Cllluoll 2y + I fllwrr0.r:L20)) + C/O (t — o)~ [|0sw(s)]| L2 (2 ds.
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By applying Gronwall’s inequality with weakly singular kernels (see [10], Lem. 1), we can remove the last term
on the right-hand side of the above inequality. This yields d;w € L°(0,T; L?(Q2)) and therefore

t
182 () L2y < C / (t — )" [ Dyw(s)| L2 (yds < C.
0

Since both d;w and Gf(t""(t))w are in L>°(0,T; L*(Q)), from equation (3.5) we obtain Aw = (“)tw—l—bata(t""(t))w -
f € L>(0,T; L?(Q)), which implies w € L>(0,T; H?(f2)). This proves (3.3).

3.3. Part III: proof of (3.4)

By using expression (3.6), we have
BoPoaw(t) = BoPa,I(t) — Rola,J(t), (3.24)

with

RBoPo,1(t) = ROl E(t)(Aug + f(0)) + 0P / t E(s)0:f(t — s)ds,
0

t
RoPo,J(t) = "ol / E(t — 5)b(s)d2 Dy (s)ds
0

= L/ AP (2 — AL, [b(s)ag(s’“(s))w(s)} (2)dz,
Ty

T oM

where we have used (3.9) in the two identities above.
The two terms in the expression of F79,1(t) can be estimated by using (3.9) and (2.8) directly:

1
1207 E(t)(Aug + £(0))|z2() = ’ 7/ 2P (z — A) N (Aug + £(0)) dz
27 Jp, L2(9)
<C g e []2]7~ 1 |dz[| Aug + f(0) ]| L2(a)
o
< Ct7 0| Aug + £(0)] L2(q),
and
¢ 1
Ra{’/ E(s)0:f(t — s)ds = ’ —/ e* 2P (2 — A) 7L f](2) dz
0 L2(Q) 27 Jr, L2(Q)

/t ROPE()0,f (t — 5)ds

0

B ’ LZ(Q)

t
éCAG—ﬁﬂ@ﬂwm@®
=Ct P % |0 f ()] 22 ()

where we have used the following estimate, as a result of (2.8):

1 _
R%E@H—H <05,

27

/ e* 2P (z — A)dz
r
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Since ¢t is integrable in time, it follows that

[t | Aug + £(0) 2@ [l Lt 0y < CllAuo + £(0)ll L2
1£77 % 10ef | L2y 0.1y < ClOS L1 0.75L2(0)-
This implies
| %000l 0.7:22(00) < € (ol sr2gqy + I lwr o.7:2200) ) - (3.25)
To estimate £98,J(t), we decompose it in the following way:
1
RO)0I(t) = 5 — / 1Pz = )L [b()02HDw(s) — b(H)IeDu(s)] (2)dz
]

+— [ P —A)TIL, [b(t)@;"(t’“(t))w(s) (2)dz

If we denote
By(t) = ;m/r Blo— Ay lettds, with ||B)] < P and | EL0)] < Ct-1P,
then
B =o [ Bt — ) [b(s)0 D u(s) — (o Ou(s)]ds
~a | Bt — $)(b(s) — B0 u(s)ds
=y Bt — ([ () — 9O ()] ds

-/ B~ 8)(bls) — b0 (s)ds
~0(t) [ Fatt = 908+ Outs)as
000 [ B = )08 u) - o5 Ou(sas

t
- b(t)/ Fy(t — 5)0,00 )y (s5)ds
0

~ 1

Jo(t) = i /e e* 2B (2 — A) (1)) £, [w(s)](z)dz
6

= L/ e*' 2P (2 — A)71o(t) 2 W) £ [9,w(s)] (2)d2
2w Jp,

t
=b(t) / Fy(t — s) a2tu®) g, (s)ds,
0

where we have used the identity L‘S[Rasa(t’u(t))@sw(s)] = 22u®) £ [gw(s)].
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By using Lemma 3.1, we have

[PAG) 20

t s
<c / (t — 5)" 22 lb(s) — b(1)| 120y / (5 — 0) =~ [y w(0) | g (cydords
0 0

+C/Ot(t—s)_ﬁ/os(s—o)_o‘*_e*

+C/O (t_s)_l‘5(|t—3|+”“(5)—u(t)HLZ(Q))/O (s — o)~ —e

agw(U)HLoo(Q)dUdS

Ogw(0)|| Lo (ydods
t s
+ C/ (t—s)"P(1+ HatUHLZ(Q))/ (s = o)~ || 0sw(0)|| Lo (2ydods
0 0

t
< C/ (t — o)l Pome
0

Osw(0)|| Lo (ydo

where we have used the regularity d;u € C([0,T]; L?(€2)) proved in Part II of the proof, and changed the order
of integration in deriving the last inequality. Since 1 — 3 — ay, — €, > —1, it follows that t'=#=®+~¢« is integrable
in time. Therefore,

T3l 210 p2 () < ClE 2= | 1 0.y 18wl L1 0,7 02y < €, (3.26)

where we have used the regularity (3.2) proved in Part I of the proof.
Since 8 > v, it follows that a(t,u(t)) — 8 < ax — 8 < 0 and therefore

t
[ J2(t) | 2 (@) =/ Fy(t — s) Baatu®) g ap(s)ds
0
t
<c / (t — )77 Boetu® =8 B3P0, uu(s) | 12 s
0

t s
gc/ (t—s)—ﬁ/ (s — o) =P B89, (0)| 12(0ydods
0 0

< C/Ot(t —o) ™

where we have changed the order of integration in deriving the last inequality.

Since R9P0,J(t) = Jy(t) + Jo(t), substituting the estimate of J5(t) into (3.24) yields

R08 0yw(0)|| 12 (0 do,

| %07 0yw(t)| L2 (o) < 1 RO7 O (t)| L2 (y + || R0 0: T ()| L2 (0
<170 (1) r2a) + T (1) L2 (e

t
+C [ (6= 0 | "020, (o) |20y
0
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Multiplying the inequality above by e~** and considering the L'(0,7) norm, we obtain
||€_’\tHR3t55tw||L2(Q) 21 (0.1
<N\ RO} 11.0.7:020)) + 1]l L1 0,72 ()

t
+C ’ / e M= (4 — g) e ROL0,w(0) | 2 (0ydo
0

L1(0,T)

T T
<C+ C’(/ eMta*dt> / eiA”HRﬁgagw(a)HLz(Q)da
0 0

< O+ CA e MR 0pw|| L2 oyl 1 0,1

where we have used (3.25) and (3.26), and Lemma 2.2, in deriving the second to last inequality. By choosing
a sufficiently large A, the second term on the right-hand side can be absorbed by the left-hand side. Then we
obtain (3.4).

The proof of Theorem 3.2 is complete. O

4. NUMERICAL APPROXIMATION

In this section, we propose a linearly implicit time-stepping method for discretizing (1.3) in time, and present
an error estimate based on the regularity results proved in Theorem 3.2.

4.1. A linearly implicit method

Let t, = n7, n = 0,1,..., N, be a uniform partition of the time interval [0,T] with stepsize 7 = T/N.
We consider the following time-stepping method: for given functions u; € H?*(Q), j = 0,1,...,n — 1, find
u, € H%(Q) satisfying the equation

57'u7l($) =+ b(xvtn)gg(mtmun_l)(un(x) - UO(J:)) - Aun(x) = fn(x)a (41)

where fo(z) = f(2,tn), Ortn(z) = (un(z) — tn_1(x))/7, and 0= "= (y, () — ug(x)) denotes the CQ
generated by the backward Euler method, i.e.,

n

sttt (uy (2) —ug(x)) = Y (@, tny 1) (un—j () = uo()), (4.2)
j=0

with x;(,tn, un—1) being the coefficients in the power series expansion

($7tn7un71) o
1-— .
( C) = E K (@, tn, upn—1)¢? for (€ C suchthat |¢| <. (4.3)
T =

We have used an explicit scheme in the nonlinear fractional order to linearize the equation. For abbreviation,
we denote

a(tnuunfl) = O‘(th»unfl) and Hj<tn7un71) = ’fj('7tn7unfl)

in the following error analysis.
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By using Cauchy’s integral formula, the coefficients in the power series expansion (4.3) can be expressed as

a(tn,un—1)
1 1-— i
K;j(t’n7un71) = 5 ( C) C_J 1dC
[¢l=1

211 T

T 1— e 77 a(tn,un—1)
=3 ﬁ_iﬁ <> e'i*dz (change of variable ¢ = e~ 7%)
mi )=
1<%
1— e 77 a(tn,un—1)
= L e - eli*dz,
27 r; T

where we have deformed the contour of integration in the last equality to
5 ={z€Ty:|Im(z)| <w/7}, (4.4)

which is a finite part of the contour I'y defined in (2.5). This technique (of deforming the contour to the left half
of the complex plane) is often used in analysis of CQ in the literature; see [30,32]. Similarly as (2.8), contour
integrals on the finite part I'y satisfy the following estimates:

/\z|7_1\etz|\dz|§0(7+t)_7 and H/ 2z —A) e d|| < C(r+ )77, (4.5)
I o

The extra 7 in (7 +t)~" can be obtained by using the property |e!*| < Cle(™tY?|, which holds because 7|z| <
m/sin(#) on the contour I'y. We shall frequently use these estimates in the subsequent error analysis.

4.2. Consistency of CQ

The consistency error of CQ has been studied in the literature for sufficiently smooth function. Here we
present analysis for the consistency error based on the regularity results proved in Theorem 3.2.

Lemma 4.1. Under condition (3.1), if v(0) = 0 and B8 8,v € L(0,T; L2(2)) for some o, < B < 1, then
N —
> Ha?(tmu(t"))v(tn) - ag(tn’u(t”))v(tn)HL?(Q) < C7)| %07 0w 10,7200
n=1

where u(t) is the solution of the continuous problem (1.3).

Proof. First, we define K7 (t) = Y272 k;(tn, u(tn))d;,+c(t) with 0 < € < 7, where 0y, 1(t) is the delta function
concentrated at the point ¢; + . Then

Gttty ty) = 920 Doty

and

= lir%(Kﬁe * 1) % Qv(ty,) for m>1,
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where we have used the Newton-Leibnitz formula v(¢) = v(0) + fg Opv(s)ds = (1% 9v)(t) (when v(0) = 0). The
Laplace transform of the kernel lime o K7 * 1 is

Lllim K7+ 1)(=) = £[lim K7 ](2)£[1](2) = (Z Kfj(tn7u(tn>)ej7'z) P
=0

—72\ a(tn,u(ts))
1—
= (6) 2 (4.6)

T

where we have used the definition of ; in (4.3).
Second, we note that

tm
oty () = / E"™(ty, — 5)0v(s)ds = E" % dyv(tn),
0

with
En(t) _ 1 t—a(tn,u(tn)) _ i/ Za(t"’u(t"))_letzdz
(1 — a(u(t,))) 2mi Jr, ’
1
Ro,~PE™(t) = LM PLE(2)] = 5 /F otnultn))=Betzgy (4.7)
0
Therefore,
ag Dy (t) — O o (t) = (lim K7 1= B") % Oy ()
— ot [c[nn% K" %1 E"|(2) E[@tv](z)} (tm)
= £ 5 PLIK 5 1= EY)(2) 20 Ll0re] (2)] ()
= Fx (%07 0,0) (tm), (4.8)
with

F(t) = £ [z—ﬁc[ng ¥l E”](z)} (t)

—72\ tn,u(tn))
_ 1 _ [(1_6> _ Zoc(tmu(tn)):| 2Bl
27 Jr, T

where we have used (4.6). In estimating F'(¢), we consider the two cases ¢ > 7 and ¢ € (0, 7) separately.
If ¢t > 7 then

|F(t)] S/ CT|Z|a(tmu(tn))—ﬁetRe(Z)‘dz|+/ C7|z|*(tnultn)) =B gt—axm)Re(2)| 44|
ry Lo\I'g
S C,rtﬁfa(tnvu(tn))fl'

If t € (0,7) then
|[F(t)] =170, (K7 + 1) = Fo, 7|

_ ‘1Ta(tmu(tn))tﬁ 7 1 (O—altnu(tn))
F(1+5) F(1+B_a(tn7u(tn))
S C’Tﬁ*a(tnﬂ‘*(in))

S CT(T + t)ﬂ_a(tnvu(tn)).
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Overall, combining the two cases t > 7 and t € (0, 7), we have
|F(t)| < Cr(r +t)fmeltnult)) =L < O7 (7 4 )71
Using this estimate in (4.8), we have
5ttt Du(ty) — 07 Dot |2y = IF + (07 00) (k) 22

tn

< / 1E (b — )] 2ot | 0P 0(8) | 2 60
tn

< / Crltass — )% 1500 u(s) | 2(cn-
0

Summing up the inequality above for n =1,..., N, we obtain

N
7y Rt () — g (e, 2
n=1

N
<Cr [T > tﬁﬁ*l} 1B07v(3) | 110,722y < CTIIFO0(8) | L1 0.2 (2))-
n=0

This proves the desired estimate in Lemma 4.1. O

4.3. Convergence of numerical solutions

In Theorem 3.2, we have proved the regularity %9 d,u € L*(0,T; L2(2)) for a, < 3 < 1, which together with
Lemma 4.1 imply

N
’ Z Ha?(tn,u(tn))u(tn) _ gg(tn,u(tn))(u(tn) _ UO)HLa(Q) < COr. (4.9)
n=1

This result is used to prove convergence of numerical solutions in this subsection.

Theorem 4.2 (Error estimate). Under assumptions (3.1), there exists a positive constant o, such that when
T < 7o, the discrete solution given by (4.1) satisfies the following error estimate:

1252(]\, [u(tn) = unllz2) < CT.

Proof. Let w, = u, — ug and rewrite (4.1) as

Dy, — Awy = (Aug + fp) — bty )02 Entin=1)y, (4.10)

Then the solution of (4.10) can be expressed as

Wm =T Z Em-n(Aug + fn) — 7 Z Emfnb@n)g?(tmunil)wn =i Im — Jm, (4.11)

n=1 n=1

where

2mi T

1 1—e 7> -t
E,=— < - A) eln*dz, (4.12)
Iy
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which satisfies the following standard estimate (as a result of (4.5)):
||En||L2(Q)~>L2(Q) < C VYn= 1,2,... (413)

Similarly, let w(t) = u(t) — up and rewrite (1.3) as (3.5). The exact solution of (3.5) can be expressed as
(3.6). The difference between (4.11) and (3.6) yields

U — W(tm) = Wi — Wtm) = (In — I(tm)) — (T — J(tm)). (4.14)

In the following, we estimate the two part of the error separately. The proof is divided into two parts.
Part I Estimation for [uy, — u(tm)| L2y in terms of 737", 102 (u; — u(t;))|2(0)-
We consider the L? norm of the error in (4.14):

|t — w(tm)ll2) < Hm — I(tm)llz2) + |Jm — J(Em)ll L2 (4.15)

Since I, — I(t,,) corresponds to the error of discretizing the heat equation, we have the following standard
estimate (¢f. Lem. C.1 in Appendix C with § = 0):

1 = It ) < Cr (ol gz + 1w orsz20) - (4.16)
To estimate ||/, — J(tm)| £2(q), we denote

Gn = b(t) 02w =D, and  g(t) = b(t)a " w(t).

Then
Tow = I (tm)
=73 Bl g0) [ 32 st = [ B it
= :jll + Em2- " (4.17)

Since &2 can be viewed as the error of discretizing a heat equation with the source term g¢(t), the following
standard error estimate holds similarly as (4.16):

1Em.2ll2) < CTllgllwrao,msr2)-
Since ||g]lwr 0.2 < CllO0 D w(t)]| 11 (o.1v22(0)) and

80 Dy 1)

DA —at.w) (" Ca@u)gpir— s)ds
ot ol =

- Gea(t, u) + Opudualt, u) /t —a(tu(t)) _ Rac(tu(t))
ri-attw)  Jo° In(s)duw(t = s)ds + 07"V du(e),

= (Orar(t, u) + Qpudya(t,w))

by the regularity results in Theorem 3.2 we see that 8,0°"*“w(t) € L1(0, T; L*(R2)), and therefore
g€ WHH(0,T; L*(Q)), (4.18)
which furthermore implies

|Em.2llz2() < CT. (4.19)
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Substituting (4.16)—(4.19) into (4.15), we have
[tm — w(tm)llL2) < CT + [[EmallL2)- (4.20)

It remains to estimate ||Ey,,1]|12(q). To this end, we consider the decomposition

Ema1=T Z Em—n(gn — 9-(tn)) + 7 Z Em—n(g-(tn) — gr(tn))

n=1

+7 Z Emfn@ir(tn) - gi(tn)) +7 Z Emfn(g:(tn) - g(tn))

n=1 n=1
=Em3+EmatEms+tEme, (4.21)
where
gr(tn) = b(tn) s(tn7un71)w(tn)> gr(tn) = b(tn )éa(tmu(tnfl))w(tn%
gr(tn) = b(t) 0" D), gltn) = b(tn)O] O w(tn).

First, Lemma 4.1 implies 7 ZnNzl llgi(tn) — g(tn)ll12() < C7, which together with (4.13) imply the following
result:

|Emslz2@) < CT Y Nlgi(tn) — g(tn)lL2() < CT. (4.22)

n=1

Second, for any bounded sequence v,, we associate it with a function v(¢) := >, 2 v,¢", which is analytic in
the unit disk || < 1 and is called the generating function of the sequence. The sequence v,, can be determinedThe

generating function of the sequence 524@,,/,@1)”” is simply §(¢)*(t»v1)3(¢). By expressing 5$(t"””1)w(tn) and
5f(t"’v2)w(tn) in terms of the Cauchy integral formula, with the notation 6(¢) = % we have

5g(tn,vl)w(tn) _ *g(tn,vz)w(tn)
1

[ a(tn,v1) _ altn,v2)) .5 —n—1
= 3mi Jo OO 5(¢) D) w(¢)¢ ¢

[ (tn,U1 —Oztn,’UQ / o /CI ) Jou(tn,v1)+0a(tn,v2) =1 1 5(C)]Mdgd9

¢ntl

- [a(tn,vl) a(ty,v) / ngjﬁw n—j)dé (4.23)

with
1 - ) — —_—
|d9’j| 2 / [6(C)(1 0)ou(tn,v1)+0a(ty,v2) 11H5(C)}< j 1dC‘
T Ji¢]=1
_ %/ [6(e—z7)(1—9)a(tn,111)+9a(tn,m)—1 ln(S(e_ZT)]ethdZ
T Jrr

SCT/ (‘Z|(1—9)a(tn,v1)+9a(tn,v2)—11n|z|e—C\z\tj‘dZ|
I

< COrt; 77, (here we have used (4.5)) (4.24)
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which implies that
(@t ultn=0) gy (£,)) — G2t ultn)) g (¢ 2|l rze

< Clla(tn, u(tn-1)) — altn, ultn HL2<Q>ZTE+"{_E* Orw(tn—j)llz=@) (4.25)

< Cllultn-1) — u(ty)llL2(a) Zﬁ]f{‘_ﬁ* Orw(tn—j)| L=

a ’U)( n— j)”LOO(Q)a

<Cr Z Tt]ff_e*

where we have used d;u € L>(0,T; L*()) (proved in Thm. 3.2) in deriving the last inequality. Therefore,

TZIIgT n) = g ()l 2@ <CTZTtn$I %ZH(‘) w(tn)l =)

n=0
< CTZTtnii_e*||atUI||L1(07T;Loo(Q))

< CT»

where we have used 0yw = dyu € LP(0,T; L>°(12)), which is proved in Theorem 3.2. Hence,

N
|Emsllza) < CTY_ G- (tn) — g2 (tn)llz20) < CT. (4.26)

n=1
Third, similar as the estimation for ||5f(t”’u(t"’1))w(tn) - 5?“"’u(t"))w(tn) | z2() in (4.25), by using estimates
(4.23) and (4.24) we obtain
500 1) — B D) )

n

< Cllun—1 — ultn-1)llr2(0) Zﬁ;ff -
j=0

drw(tn—;)llLo<(0)- (4.27)

For1l <p< %, we denote by 1 < p’ < co the number satisfying 1 = l % Then, by using Holder’s inequality,
we have

P 3 jjat () — 92t (e, ) 2y

‘<Zﬂaff**

< CH(unfl - u(tnfl>)rr?:1HLI/(L2(Q))H8TU) n ’I’L:1HLP(LOO(Q))
< Cll(un—1 = ultn—1))n=ill Lo 22 ) 10wl Le 0,752 ()
(Oyw = Ogu € LP(0,T; L°>°(Q)) is proved in Thm. 3.2)
< Oll(un—1 = ultn—1))neall oo (220
< Ccl(un—1 = ultn—1))n=illzrz2(9) +€ll(un—1 — u(tn—1))n=1 e z2(0)

Orwtn—)l= (o)

n=1

< Ol (un—1 = w(tn-1))n=1ll v (£2(0)
Lp

m

=Cer Y -1 = ultn_1)|r2() + €  Jax [un—1 — utn-1)llL2(2)

n=1
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where we have used Holder’s and Young’s inequalities in deriving the last inequality (with a constant € which
can be arbitrarily small at the expense of enlarging the constant C). The estimate above furthermore implies

Em.allz2@) < CTZ g (tn) — = (tn)ll 22 ()

n=1

< Or Y30 w(t,) = 2 (e, ey

n=1
<C.r Z:l ln1 = ultn-1)llz2c) + € max [lun— = u(tn1) 220 (4.28)
Last, we note that
||gm’3||L2(Q) < CTZ ||gn — g-,—(tn)HLZ(Q) < CTZ ||(§$(t"’u”’1)(un — u(t”))HLQ(Q)' (4.29)
n=1 n=1

Collecting the above estimates of ||(Em,j)ne1llz2(0), J = 3,4, 5,6, we have

[Em1

22 < 1Emsllzz) + 1€mallL2@) + 1EmsllL2@) + |Emsllz2()

<Ct+ CTZ |‘5g(t“”u"71)(un - U(tn)>HL2(Q)

n=1

m
+C.r z_:l lwn—1 —u(tn-1)llz2(0) + € érilagxm tn—1 —u(tn-1)llz2(0)- (4.30)
Substituting (4.19) and (4.30) into (4.17), and then substituting the result into (4.15), we obtain

max fun = utn)lz2(0) < O7 + C7 Zl [0 ) gy = wtn)) | 2

+Cet Z:l lwn—1 — u(tn-1)llz2() + €, max | — u(tn)llz2()-

By choosing a sufficiently small €, the last term on the right-hand side can be absorbed by the left-hand side.
Then, using Gronwall’s inequality, we obtain

max [un —utn)llr2@ < Cr+C7 Z:l [t (g, — ()| 2y

<CT+Cm Y102 (u; — ult))ll 2, (4.31)

Jj=1

where we have used Lemma 4.3 (to be proved below) in deriving the last inequality. It remains to estimate
T 102 (uy — ult)) || L2 ()
Part II: Estimation for 737" 102 (u; — u(tj))| L2(0)-
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Let 3 be a number satisfying . < 8 < 1. Then, applying the operator 9% on (4.14) and summing up the
L?(Q)-errors on different time levels, we obtain

7Y 107 (n = utn)| £2(0)
n=1

<7y 070 = It z2@) + 7 Y 107 (Jn = T ()l 2200

n=1 n=1
<Y N0 (T = Tt 2@ +7 D 107 Ennllrz() + 7 Y 102En 2l 120, (4.32)
n=1 n=1 n=1

where we have used the decomposition J,, — J(tm) = En1 + En2 in (4.17).
Since I, — I(t,) and &, 2 correspond to the error of discretizing a heat equation with the source term Awug+ f
and g, respectively, the following error estimates hold (cf. Appendix C, choosing p = 1 in Lem. C.1):

m
7> 07 (L = I(t))ll2() < CT(lluolljz= + I fllwrao,m:22(0) < CT, (4.33)

TZH@ En2)lL2 (@) < CTllglwrr o2 () < CT, (4.34)

where we have used g € Wh1(0,T; L?(€)), as shown in (4.18).
By using decomposition (4.21) and the stability of the backward Euler method (¢f. Lem. C.2 in Appendix C),
we have

m 6 m
Y N0 (En )iy < DT Y 02 (En )l L2
n=1

Jj=3

—

IN

07y~ (llgn = 9 ()l @) + g (ta) = o (ta) 2000 )

n=1

4073 (15) = 620t o + 163 8) — 00l 0

n=1

<OT+Cer Y llun = ultn1)llz2(o)

n=1

+61£nnaxm||un 1= u(tn-1)|z2(0)

+ 07 3 08t = (61

n=1

(here we have used (4.22), (4.26), (4.28) and (4.29))

<CT+C’TZH8°‘ notn=1) (y,, — u(t

n=1

SCT+CTZ Zt§+‘f‘*j1|85 = ;) 2@, (4.35)

n=1

||L2(Q (here we have used (4.31))
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where we have used Lemma 4.3 (to be shown below) in the last inequality. Then, substituting (4.35) into (4.32)
and using (4.33) and (4.34), we obtain

TZ 167 (uj — u(t;))l| 2 () < CT+CTZ thﬁ‘*;l\\@ﬂ — u(t;))llz> (o)
n=1 j=1

By applying a generalized Gronwall’s inequality (¢f. Lem. D.1 in Appendix D), we can remove the second term
on the right-hand side and therefore obtain the following estimate (when 7 is sufficiently small):

TZ 107 (uj — u(t;)) || L2() < CT.

Substituting this into (4.31) yields the desired error estimate in Theorem 4.2. ]
In the proof of Theorem 4.2, in particular (4.31) and (4.35), we have used the following result.

Lemma 4.3. If 3 > a, > a(tn,un_1) and v, € L?(Q), n=1,..., N, with vg = 0, then

n

T, ||‘§$(tmunfl)“n”L2(Q) <COry Tyt 07 e

n=1 n=1 j=0

Proof. We use the identity Gelbnotin=r)y, 5f(t"’u"’l)7ﬁ5£vn = Z;L:o dn—;0%v;, where the coefficients d; can
be expressed by using Cauchy’s integral formula:
1— ef'rz O‘(tnv“n—l)_ﬂ
() dz
27i r; T

a(tn,un-1)—p0
1 1-—
~|os: [ (%) g = |5
271 I¢|=1 T
SCT/ |Z|a(tn,un_1)7ﬂefctj|2||dz|
A

|d;]

B—a,—1
<Crti

where we have used (4.5) in the last inequality, which furthermore implies the following estimate:

m n
—a.—11157
TZH(’)““ 0| gy S CT YT Y 10705020
n=1 n=1 5=0
This proves the desired result. O

5. NUMERICAL RESULTS

Example 5.1. We consider (1.3) in a two-dimensional rectangular domain 2 = (0,1) x (0, 1) with both linear
and nonlinear fractional orders:

(1) a(z,t) =0.5£0.1x*cos(t),
(ii) a(z,u) = 0.5+ 0.2 % cos(u),

with the following source term and initial value:

f(x,t) = cos(t) cos(max) cos(my) and  wugp(z) = z(1 — 2)y(l —y). (5.1)
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FIGURE 2. Errors of numerical solutions in Example 5.1.
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[w(tn) = unll 20

FI1GURE 3. Errors of numerical solutions in Example 5.2.

We solve the problem by the proposed time-stepping method (4.1), with piecewise linear finite element
method in space using a sufficiently small mesh size h = 276 so that the spatial discretization error is negligible
in observing the order of convergence in time. The reference solution for computing the errors of numerical
solutions is obtained by using a much smaller time stepsize 7 = 27°. The errors of numerical solutions at time
T =1 for the linear and nonlinear fractional orders are presented in Figure 2, which shows that the numerical
solutions have first-order convergence, consistent with the theoretical result proved in Theorem 4.2.

Example 5.2. Convergence of numerical solutions in Theorem 4.2 is based on condition (3.1), which allows
the fractional order a(x,t,u) to be discontinuous in z. Here we consider the fractional PDE problem (1.3) in a
two-dimensional rectangular domain Q = (0,1) x (0,1) with a discontinuous nonlinear fractional order:

0.5—0.1%cos(u) for z+y>1,
alz,u) = { (5.2)
0.5—0.2%cos(u) for z+y<1,
with the same source term and initial value in (5.1).

The problem is discretized by using the proposed time-stepping method (4.1) and the linear finite element
method in space with a sufficiently small mesh size h = 278 so that the spatial discretization error is relatively
negligible. Similarly, a surrogate for the exact solution w(z,t,) is determined by using a much smaller time
step 7 = 278. The errors of numerical solutions at time 7 = 1 are presented in Figure 3, which shows that the
numerical solutions have first-order convergence, consistent with the theoretical analysis.
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6. CONCLUSION

We have proved well-posedness of the nonlinear problem (1.3) under condition (2.1), which requires the
fractional order «(z,t,u) and proportion b(z,t) to be measurable in 2 and ¢, and Lipschitz continuous in
the unknown solution u. We have proposed a linearly implicit method for discretizing problem (1.3). The
proposed method only requires solving a linear equation at every time level, using the convolution quadrature
for approximating the variable-order fractional derivative. By requiring the functions a(x,t,u) and b(x,t) to
be Lipschitz continuous in both ¢ and u, and measurable in x, we managed to prove first-order convergence of
the proposed method under proved regularity results. The numerical results in Examples 5.1 and 5.2 illustrate
the convergence rates of numerical solutions with several different choices of «(x,t,u), with continuous and
discontinuous dependence on x, respectively.

Extension of the error analysis to full discretizations still remains challenging. For full discretization with
finite element method in space, the error can be decomposed into two parts: the error between the continuous
solution and the semidiscrete finite element solution (spatial error), and the error between the semidiscrete
finite element solution and the fully discrete solution (temporal error). The first part of the error requires more
delicate estimates on the spatial regularity of the solution, while the current paper mainly focuses on proving
temporal regularity estimates. The second part of the error may be estimated similarly as the current paper, but
needs to be estimated in the framework of finite element spaces in which the discrete H? norm should replace
the H? norm used in the current paper.

APPENDIX A. AN INHOMOGENEOUS SOBOLEV EMBEDDING RESULT

In this appendix, we prove the following inhomogeneous Sobolev embedding result, which is used in Part I
of the proof for Theorem 3.2.

Lemma A.1. For pg > ﬁ (or equivalently 1 — % — p% > 0), there holds

WP (0,75 L2(Q)) N LP (0, T; H*(Q)) — C7([0,T]; L= (2))

where v can be any number satisfying 0 <y <1 — % — pio.

1

Proof. First, the Sobolev embedding in time implies W10 (0, T; L2(Q)) < C* 70 ([0, T]; L2(£2)), which implies
la(t) = w(s) L2y < Clt = 51" Jullwo 0,1:22(0))- (A1)
Second, the inhomogeneous Sobolev embedding in Proposition 1.2.10 of [33] says that
WA (0,75 L3(Q)) 0 L (0, T H3(Q)) < C ([0, T} (EA(Q), HA(Q)1- 1, )
which implies
[[u(t) — u(s)||(L2(Q),H2(Q))17%,p0 <C (Hu||W1=P0(O,T;L2(Q)) + ||UHLP0(O,T;H2(Q))) : (A2)
The real interpolation between (A.1) and (A.2) yields

—1y(1—-0
lu(t) = ()l 2@y 2@y, ,,, < Clt =070 (lellwrso o.2:2200) + Il oo risrzcay) — (A3)
Pro )

which holds for all § € (0,1). Note that
1

: ©9(1—-L I . d
(LZ(Q),HQ(Q))Q_%)Q,Q = H*"")%(Q) = L®(Q) if (1 - p())o > (A.4)
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If pg > 4%4(1 then 1 — p% > % and therefore, there exists 6 € (0, 1) satisfying (1 — pio)ﬁ > %. For any such 6,
(A.3) and (A.4) imply
< (1_L)(1_9) . A
() = u($)ll ey < Clt = 517500 (ullyso o rizz@y) + ooz ) - (A.5)

This proves that v € C7([0,T7; L>°(€2)) with

(= R)u-nm-2-(-3)e

Since (1 — 1%0)9 can be arbitrarily close to (but larger than) 4, it follows that v can arbitrarily close to (but

smaller than) 1 — L — 4, O
Po 4

APPENDIX B. AN INTERPOLATION INEQUALITY

In this section we prove the following lemma, which is used in the proof of Theorem 2.7.

Lemma B.1. Forp > ﬁ—d and w €'Y, the following estimate holds for t. € (0,T]:

[wll Lo 0.t @)) < CellwllLroe.;r2@) +€ (||3tw||m<o,t*;L2<ﬂ>> + Hw”L"(O,t*;HQ(Q))) )

where € can be arbitrarily small at expense of enlarging the constant C., which is independent of t. € (0,T] (but
may depend on T).

Proof. For any function w € W'P(0,t,; L*()) N LP(0,t.; H?(Q)) with w(0) = 0, we can extend w to
WLe(0,27; L2(Q)) N LP(0, 277 H2(2)) by setting

w(t) for te[0,t.],
w(t) = w2t —t) for t € [t., 2],
0 for ¢ e [2t,,2T).

Then

10wl Lo (0,2m522(0)) + Wl 1o 0,07, B2 (02)) < € (Hatw||LP(o7t*;L2(Q)) + ||’LU||Lp(0,t*;H2(Q))) :

Since W1P(0,2T; L(2)) N LP(0,2T; H(R)) is compactly embedded into L (0,27; L>®(Q)) when p > T (see
Appendix A), it follows from Lemma B.2 that

[w]l 0,21 @) < CellwllLr0,2m;12(0)) +C e (||atw||LP(0,2T;L2(Q)) + ||w||Lp(o,2T;Hz(Q))> :

where the constant C' depends only on T' (independent of ¢, € (0,77]). The above two estimates together imply
the desired result of Lemma B.1. (]

Lemma B.2 ([1], Lem. 9.1). LetY,Z and W be Banach spaces such that' Y is compactly embedded into Z and
Z is continuously embedded into W. Then

1yllz < Cellyllw +£llylly

where € can be arbitrarily small at the expense of enlarging the constant C..
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APPENDIX C. ERROR AND STABILITY ESTIMATES FOR THE HEAT EQUATION

In this appendix, we present an error estimate and a stability estimate of the backward Euler method for the
heat equation. These estimates are used in the proof of Theorem 4.2.
Let

0 =73 BB+ 7(4)) and o) = [ B(t =)o + F(s))ds, (€1

Jj=1

where the discrete and continuous heat semigroup E, and E(t) are defined in (4.12) and (3.7), respectively.
The functions v, and v(t) defined above are the numerical solution (with backward Euler method) and exact
solution of the heat equation, respectively, with source term f and initial value ug.

It is well known that the backward Euler method has first-order convergence in time. In the following lemma,
we show that the discrete fractional-order derivative of the error also has first-order convergence in a temporal
LP norm.

Lemma C.1. Ifug € H*(Q) and f € WH1(0,T; L*(Q)), then the following error estimate holds for 0 < 3 < 1:
10205 — 07 v(tn) | L2() < CT 1 (ol g2 () + 10 L2()

+Cr / "t — ) 100f ()| 2 ey s (C2)

In particular, if 0 < 6 <1<p<1/0 then

N
(7 21020, ~ Bfuttn)liney ) < O (Ruolaeqey + W lwssoaocan) - (©3)
n=1

Proof. We decompose the error in the following way:

92 (v — v(tn)) = (B0, — B v(tn)) + (O v(ta) — B20(t,)): (C.4)

T T

The second part on the right-hand side has already been estimated in Lemma 4.1, which implies that

(0 v(tn) — 20(tn)) )< C7(|%0 0| Lo 0,712 (0)) < O, (C.5)

N
n=1 ||Lp(L2(Q)
where we have used the regularity result %980 € LP(0,T; L(12)), as shown in Theorem 3.2 (the case b = 0
reduces to the heat equation).
The first part on the right-hand side of (C.4) can be estimated in the following way. We split the source term
into two parts:
Aug + f(t) = [Aug + f(0)] + 1% 9, f(t),

and estimate the error corresponding to each part, separately.
In the first case, when the source term is w = Aug + f(0) (independent of time), we have

||5£Un - 8fv(tn)|‘L2(Q)

—rzy B—1 - -1
1 1 _ TZ 1 _ TZ
= ‘ 7/ <e) <e - A) we'"*dz
27 r; T T

1
—— | Pz = A)twel*dz
211 Iy

L2(Q)
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1—e 7% B-1 1—e 7% -1 51 . _Ctole|
<of (22} (A2 DA} - = A) |l paee O |
Fﬂg’ T T
+C 2177z = 8)Hll[wll 2 e ] dz|
To\I'g

< . Crlz|f~te=Ctnl2 '||w||L2<Q>|dz\+0/ . 2|~ et ]| L2y |d2|

< Oty wllez ) = CTt, 71 | Aug + f(0)| 20y (C.6)

where the second to last inequality follows from (4.5).
In the second case, when the source term is 1 * 9, f(t), we denote

o) _ Jé3 _ —1
1— TZ 1— TZ
t) = ijf;tﬁe(t% with J; = 27-‘ /T ( Te ) ( Te - A) eli*dz,
7=0

1
J(t) = 7/ Bl — A) ez,
Ty

211

and express the error as

n

v, — 0 0(t) = 3 Ju 51 DuF (1, / It — )1+ 8, f](s)ds
j=1 0
:[lil%(‘]”f — (J*1)] =0,

Then, the same as the estimate in (C.6) (without w this time), we can obtain

[T (T e 1)(tn) = (S + 1) (E0)

_ B—1 _ 1
1 1 . TZ 1 _ TZ 1
=||— / —c - - A etr?dy — — zﬁfl(z - A)*let"zdz
27 T T 2mi Jr,

< CTtn_H

Meanwhile, the estimates
iy (e % D) () = i (Joe x O] < C7t, 0y and - [|[(J+1D)(tn) = (J* DO < OTt,

can be done similarly to page 536 of [19] (using the Taylor expansion of the functions J, . * 1 and J * 1). To
summarize, we have

i (S, e+ 1)(8) = (J = D(B)]| < Crt™7 vt € (0,7,
and therefore

10200 — 0 v(t)l| () = [m (e 1) = (5 D] % 0 (1)

< CT/O "t — 5) P10 (5) | 2y ds. )

Combining the two inequalities (C.6) and (C.7) yields the desired error estimate (C.3). Since 1 < p < 1/, it
follows that ¢~P7 is integrable in time. As a result, taking the discrete temporal LP norm of (C.2) yields (C.3).
This completes the proof of Lemma C.1. O
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In Part II of the proof for Theorem 4.2, we have used the following stability result of the backward Euler
method.

Lemma C.2. If f, € L?(Q), n=1,2,..., and 0 < 3 < 1, then the function
Up = TZEn*jfj
=1
satisfies

j=1 Jj=1

where the constant C is independent of 7, n and N, but may depend on T.

Proof. Applying 92 to the expression of v,, yields 9%v,, = 72?21 o’ E,_;fj, with

_ 8 _ -1

1_ TZ 1_ TZ
T,/ ( c ) ( c —A) etndz
2 ry T T

< C’T/ |z|ﬁflefct"‘z‘|dz| < C’Tt;fl,
r

.
6

102l = ]

where the last inequality follows from (4.5). Thus
7Y N0%vnllrz) < OOy 6,8 llfllrz) < C7 Y I fillez ),
n=1 n=1  j=1 j=1

where we have interchanged the order of summation and used the property

m 5 tm+1 g -8
TZL‘HHSC/O Pt < TP,
=

This proves the stability estimate (C.8). O

APPENDIX D. A GENERALIZED GRONWALL'S INEQUALITY
We have used the following version of Gronwall’s inequality in the proof of Theorem 4.2.

Lemma D.1. Let A, B and 0 <~ < 1 be positive constants, and let t, =n7t, n=0,1,..., N, be a partition of
1
the time interval [0,T] with a stepsize T < %(177) = Ify, €R,n=1,...,N, satisfy

2B
TZyn SA%—BTZTZQL?&@-, (D.1)
n=1 n=1 j=1
then
N
Ty yn < CpA, (D.2)
n=1

where the constant Cg is independent of T and N, but may depend on B, T and ~.
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Proof. Let 0=Ty < Ty < --- < Ty =T, with T; = N;7, be a partition of the interval [0, T] such that
T, . 1—~v)\1
— < < = —L .
> <T-T1<T., with T. ( = )

Let
Ni={n:N_1<n<N} for I=1,...,L,

and denote Y; =73 - Yn. Then setting m = Ny, in (D.1) yields the following inequality for k =1,..., L:

ZYl <A+B¢Z Zth Vi

n=1 j=1
_ n n
=A+BZT Z TZt;zlijj + Bt Z thrjllijj
I=1 neN; j=1 neN, j=1
Ni—1
= A+ BZ Z Zt7l+1 jyj + Bt Z Z tn+1 jyj
I=1 neN; j=1 neN; j=1

n
"‘BTZT Z tog1—jYi

neNy j=Np_1+1
=1 A+ G+ Goi + G,
with

Ny,

k B BTl o’
G37k- = Br Z thnzlijj =7 Yk,
j=Ng_1+1 n=j

where we have changed the order of summation and used the following property: if Ny_1 + 1 < j < Ny then

Ni Ni—Ng—1 T —Th—1 Tli’y
TY iy ST > < / tdt < 1*_ :
n=j n=0 0 v
We also note that
Ni—1 BT k—1
D YD M= AEL = S
j=1 n=Np_1+1 v =1

Ni—1 Ni-1 k—1

_ BT1 v
Gua=Br ) vt 9 < Y.

=1
Therefore,

oBT1 -7 E2L BTl i
ZYz<A+ ZYI
=1

1 -
Our choice of T, = (%) ™7 satisfies that 2= = %, then we obtain

1—y

k o~ k—
ZYl§2A+4BT1 VZ
=1 =
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By iterating this inequality for K = 1,...,L (a bounded number of times, with L < 27T'/T,), we obtain the
desired estimate Zlel Y, < CA. O
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