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EXISTENCE OF TRAVELING WAVE SOLUTIONS FOR THE DIFFUSION
POISSON COUPLED MODEL: A COMPUTER-ASSISTED PROOF

MAXIME BREDEN!, CLAIRE CHAINAIS-HILLAIRET? AND ANTOINE ZUREK>*

Abstract. The Diffusion Poisson Coupled Model describes the evolution of a dense oxide layer ap-
pearing at the surface of carbon steel canisters in contact with a claystone formation. This model is
a one dimensional free boundary problem involving drift-diffusion equations on the density of species
(electrons, ferric cations and oxygen vacancies), coupled with a Poisson equation on the electrostatic
potential and with moving boundary equations, which describe the evolution of the position of each
unknown interfaces of the spatial domain. Numerical simulations suggest the existence of traveling wave
solutions for this model. These solutions are defined by stationary profiles on a fixed size domain with
interfaces moving both at the same velocity. In this paper, we present and apply a computer-assisted
method in order to prove the existence of these traveling wave solutions. We also establish a precise
and certified description of the solutions.
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1. INTRODUCTION

The Diffusion Poisson Coupled Model (DPCM) describes the corrosion processes that arise at the surface of
carbon steel canisters which are in contact with a claystone formation. It has been proposed by Bataillon et al.
in [4] and is part of a general study of the long-term safety of the geological repository of nuclear wastes.

The model focuses on the development of a dense oxide layer in the region of contact between the metal and
the claystone. From a mathematical point of view, this model is a free boundary problem composed by a system
of drift-diffusion equations for the transport of charge carriers (electrons, ferric cations and oxygen vacancies)
and a Poisson equation for the electric potential. The boundary conditions are prescribed by the electrochemical
reactions and the potential drops at the boundaries with the claystone and with the metal; they are of Fourier
type. The system also includes moving boundary equations. It will be introduced in detail in Section 2.

Up to now, no existence result has been established for the DPCM. Some finite volume methods have been
proposed in [5], which led to the development of the code CALIPSO; they are justified by a stability analysis and
by the study of their numerical performance. Numerical experiments with real-life data are presented in [4, 5];
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they show the efficiency of the developed methods and the relevance of the model. These numerical experiments
have also highlighted the long-time behavior of the model: after a transient period, a kind of stationary regime is
reached. It can be seen as a traveling wave solution: the size of the domain where the equations of the system are
defined stays constant, both interfaces are moving with the same velocity while the densities of charge carriers
and the electric potential have stationary profiles. The traveling wave solutions can be defined as solutions of a
stationary DPCM, which will be also detailed in Section 2.

In [10], the existence of traveling waves solutions for the DPCM has been investigated. An existence result is
established for a simplified model, where the electroneutrality in the oxide layer is assumed, so that the electric
field is constant. Numerical methods for the computation of the traveling waves solutions are also proposed in
[10] and numerical analysis of the simplified model is done.

The main novelty of the current paper is to prove the existence of traveling waves solution for the general
DPCM, and to obtain a precise and certified description of the solutions (including the width of the oxide layer,
and the value of the corrosion velocity). In order to do so, we use a computer-assisted argument, which allows us
to validate a posteriori a numerically computed approximate solution. More precisely, we construct a fixed-point
map which is based on a numerical solution, and use a combination of analytic estimates and interval arithmetic
computations to prove that this map is contracting in an explicit neighborhood of the numerical solution. This
yields both the existence of a true solution and guaranteed error bounds. For a broader overview of these
computer-assisted arguments, we refer the reader to the surveys [13,14,18,22] and the books [16,21]. Our work
follows in particular the techniques introduced in [15,19] for computer-assisted proofs using Chebyshev series.

The outline of the paper is the following. In Section 2, we present the evolutive DPCM and the associate
stationary model which defines the traveling waves. The main result of the paper is given in this section
and settled in Theorem 2.1. For the stationary model, we develop a spectral method for the computation of
numerical solutions. This method is based on the expansion of the different unknowns into Chebyshev series.
It leads to a nonlinear systems of equations which is solved by a Newton method. The numerical method is
introduced in Section 3. Then, the aim is to certify the existence of a strong solution to the stationary DPCM
in the neighborhood of a numerical solution. The tools needed for the proof are presented in Section 4. Finally,
numerical experiments are given in Section 5. All the numerical results are computed by the spectral method and
the existence of an exact solution in the neighborhood is certified. Appendix A is devoted to the presentation
of the test case used in Section 5: values of the numerous physical parameters and definition of the associated
scaled parameters.

2. PRESENTATION OF THE DPCM

2.1. The evolutive DPCM

The DPCM introduced in [4] describes the evolution of a dense oxide layer at the surface of carbon steel
canisters in contact with a claystone formation under anaerobic conditions. As the size of the oxide layer is
very thin compared to the waste overpack size, it is a one-dimensional model. The unknowns are the density
of charge carriers — C for the oxygen vacancies, IV for the electrons and P for the ferric cations —, the electric
potential 1) and the position of the interfaces of the oxide layer: Xy and X;. In this model X, denotes the
interface between the oxide layer and the claystone formation (outer interface) and X; denotes the interface
between the oxide layer and the carbon steel canisters (inner interface).

In this paper, we restrict our attention to the dimensionless model. The scaling process has been partly
described in Section 5 of [9]. It will be detailed in Appendix A. When it is possible, we will use the generic
notation U for the carrier densities: U can be either C'; N or P. For instance, we denote by zy the charge of
each associated species: zy = 2, —1,3 for U = C, N, P. We also denote by Jy the current density and Dy the
mobility or diffusion coefficient for the corresponding species. As the time scale chosen for the scaling is the
characteristic time scale of the ferric cations, the scaled quantities ey = Dp/Dy appear in the scaled system.
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The equations for the carrier densities C, N, P, as well as the boundary conditions, have the same form. For
U=C, N or P, they are:

cvOU + 0, Jy =0, Jy = —0,U — 2 U ) in (Xo(t), X1(t)), vt >0, (2.1a)
—Ju +eu XL U = 1% (U(Xo(t)), b(Xo(1)), on = = Xo(t), vt >0, (2.1b)
Ju —eu X\ U = r (UX1 (1), v(X1 (1), V), on z = X1 (1), vt >0, (2.1¢)

The functions rOU and r}] are prescribed by the kinetics of the electrochemical reactions at the interfaces. They
can be written in the following generic form:

iy (s,x) = By (2)s — 75 (),
rp(s,2, V) = By(V —2)s =y (V - 2),
where the functions 8Y;, 8, 7 and ~}; are smooth and positive functions. We will specify their definitions in

Appendix A.
The electric potential satisfies the following Poisson equation:

“A202.4p = 2¢C + 2y N + 2pP + pn, in (Xo(t), X1(2)), (2.2a)
Y — a0y = APy, z = Xo(t), (2.2b)
Y+ 10,0 =V — AP x = X, (¢), (2.2¢)

and the moving boundary equations are:
Xo(t) = vg(t) + X1 (t) (1 —10), Vvt >0, (2.3a)
X/(t) = —6i (Jo(X1(t) — ec C X (1)), vt > 0. (2.3b)
c

Let us comment on the different parameters arising in the last equations:

V is the dimensionless applied potential between the metal and the claystone, see Figure 1 of [4].

— pn1 is the net charge density of the ionic species in the host lattice.

— As the inner and outer interfacial structures behave like a capacitor, there are intrinsic voltage drops through
these interfaces, called voltages of zero charge and denoted by Ay and AypP*.

— A2, o and ay are positive dimensionless parameters coming from the scaling.

— v9(t) is the dissolution speed of the layer, given by

00(t) = k9 ePria ¥ (Xo(®), (2.4)

— II and « are positive dimensionless parameters.

They all will be introduced in Appendix A.

In the system (2.1)—(2.3), V is a given dimensionless applied potential. Let us already mention that it
is deduced from a physical value V, (expressed in Volts and evaluated relatively to the electrode reference
NHE) thanks to the scaling detailed in Appendix A. The system (2.1)—(2.3), where V is given, is called the
“potentiostatic case”. In this case, one output quantity of interest is the total current of electrons at the inner
interface defined by

o = =3 (o= UelXa(0) = eCX{(0) + Tp((0) ~ erPXI(0)) + 2 (n(2(0) - exNX{(0). (25)
c EN

Then, it is also interesting to search V' = V(t) such that the electron charge balance at the inner interface is
fixed to a given constant J, which means

Jtot = J (26)
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The system (2.1)~(2.3) with the additional unknown function of time V' and the additional equation (2.6) is
referred as the “galvanostatic case”. If J = 0, we speak of free corrosion and V' is called “free corrosion potential”.
Finally, the system is supplemented with some initial conditions:

P(z,0) = P°(z), N(0,z)=N%=z), C(0,z)=C%z), Vze (Xo(0),Xo(1)),
Xo(0) =0, X1(0)=1.

2.2. Reformulation of the evolutive DPCM on a fixed domain

In the one dimensional framework, it is always possible to define a change of variables that transform a system
of partial differential equations written on a moving domain into a new system of partial differential equations
defined on a fixed domain. It has been already done for the evolutive DPCM in [5], so that the numerical
methods for the DPCM are defined on a fixed domain, with a fixed mesh. The same change of variables is used
in [10] and in both cases the system is rewritten in [0, 1] x [0, 00).

As we plan to expand the unknowns into Chebyshev series in order to use a spectral numerical method for
the pseudo-stationary DPCM, we rewrite now the system of equations (2.1)—(2.3) in [—1, 1] X [0, 00). Therefore,
we use the following change of variable:

U Ko@), X1 ()] x {t} — [~1,1] x [0,00),
t€[0,00)

B x — Xo(t)
(z,t) — (g(x,t) 2X1(t)—OXO(t)1’t)'

It allows us to associate to every function w (w = C, N, P or v) defined on Uer, [Xo(t), X1(t)] x {t} a function
w defined on [—1,1] x [0,00) by the relation

w(z,t) =w(&(x,t),t).
We also define the size of the domain by

L(t) = X1 () — Xo(t).
Therefore, we obtain

2
0

(e, 1), 1), Pyw(z,t) = —— PRw(E(x, ). 1),

Bpw(z,t) = 9O0E

We do not give here the details of the computation as they are classical and similar to those done in [5].
Moreover, we forget the bars and we come back to the notation = instead of £ in the reformulated system. The
equations on the carrier densities U = C, N, P then write:

cu LOO(L(OU) + 0, Jy =0, in (—1,1), Vt > 0, (2.7)
with Jy = —40,U — 42y U 0,00 — ey L(t) (2X{(t) + (z + 1)L/ (t)) U,
and are supplemented with the Fourier boundary conditions:

_JU(_Lt) = 2L(t)TIOJ(U(_17t)a¢(_1vt))7 vt > Oa (283‘)
Ju(1,t) = 2L(t)r5 (U (1,1), (1, 1), V), vt > 0. (2.8b)
The electric potential satisfies the following Poisson equation

o
L(t)?

aiw’(/) = ZCC+ZNN+ZPP+Ph1, in <_1v1)? (293‘)
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2O‘O o pzc
20&1 pze
(L, t) + =< 0.9(1,t) =V — Ayy™. (2.9¢)
L(t)
The moving boundary equations are written as:

Xp(t) =v9(t) + X1 () (1 —10), vt > 0, (2.10a)

X{(t) = == rb(C(L,8),0(L,8), V), Vi > 0. (2.10D)
c

Finally, in the galvanostatic case, the relation (2.6) rewrites as
1 1 ~
-3 (Jc(l,t) + Jp(l,t)) + —Jn(1,t) = 2L(t)J. (2.11)
deo EN

2.3. The stationary DPCM

Numerical experiments show the existence of traveling wave solutions for the DPCM (2.1)—(2.3), see [4].
These solutions do not depend on time and are defined in a fixed size domain, whose boundaries are moving at
the same velocity. Therefore, they are solutions to the stationary form of the equations of the DPCM. Moreover,
we set L(t) = ¢ the constant size of the domain and X{|(t) = X (¢) = ¢ the constant velocity of the interfaces.

The equations for the charge carrier densities U = C, N, P then write as:

O Ju =0, Jy=—-40,U —4zy U 0,00 — 2ey60U in (—1,1), (2.12a)
Ty (=1) = 20 (U(~1), $(~1)), (2.12b)
Ju (1) = 26r;;(U(1),%(1),V). (2.12¢)

The equations for the electric potential write as:

a4\? .

oz 05,90 = 2¢C + 2nvN + zpP + pu1, in (—1,1), (2.13a)

2a zC
Y(=1) = =P 0m(-1) = AuE™, (2.13b)

20&1 pzc

V(1) + = 0ap(1) =V — Ay (2.13¢)

Finally, from the moving boundary equations (2.10), we deduce the following equations on the size ¢ and the
velocity §:

5— % kD epm alv (1), (2.14a)
kJo(1)
{=— . 2.14b
20ec ( )
Moreover, in the galvanostatic case, the additional equation (2.11) becomes
1 1 ~
-3 (Jc(l) + Jp(l)) + —Jn(1) =24J. (2.15)
deo EN

We stress that the width £ of the oxide layer and the velocity of its interfaces § are not input parameters,
but part of the unknowns of the system, and that we have to solve for them. In this paper, we focus only on the
potentiostatic case (2.12)—(2.14) to simplify the presentation, but the approach that we introduce could also
handle the galvanostatic case. We both prove the existence of solutions of (2.12)—(2.14), and get quantitative,
certified information about these solutions. These results will be presented in more details in Section 5.2, but
Theorem 2.1 exhibits our main result for a given set of data.
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FIGURE 1. An approximate pseudo-stationary steady state (v/,C, N, P) for pH = 8.5 and
V, = 0.5 Volts.

Theorem 2.1. Let pH = 8.5, V, = 0.5 Volts, and take all the other parameters of the model as in Appendix A.
There exist analytic functions ¢,C,N,P : [-1,1] — R and 6,£ > 0 such that (¢,C,N, P,§,{) is a solution
of (2.12)—(2.14). Besides, this solution satisfies

sup [ — | < 1.3 x 1077,
[-1,1]

sup [C—C|<1.1x107  sup [N-N|<49x107'% sup |[P—P|<1.4x10719
[—1,1] [—1,1] [—1,1]

where 1, C, N and P are explicitly known functions (in fact polynomials) represented in Figure 1, and 6 and £

fulfill
J € [33.49472560, 33.49472564], ¢ € [1.7033525352,1.7033525356.

We emphasize that the parameter values pH = 8.5 and V, = 0.5 Volts play no particular role in our proof.
We get similar results for different values of pH and V, in Section 5.2. There, we also give the corresponding
values of § and ¢ in physical units (remember that all the quantities in (2.12)—(2.14) were nondimensionalized).

3. EXPANSION INTO CHEBYSHEV SERIES AND COMPUTATION OF A NUMERICAL SOLUTION

A numerical scheme, based on finite volumes, was introduced in [10] in order to obtain approximate solutions
of the stationary DPCM. Here, we adopt a different strategy, which is more easily compatible with computer-
assisted proofs. The solutions (both approximate and rigorous) of (2.12)—(2.14) will be built as Chebyshev series.
We start by recalling some basics facts about Chebyshev series, and we then introduce the numerical method
we use for the computation of an approximate solution to (2.12)—(2.14). The extension to the galvanostatic case
is straightforward: we simply need to incorporate the additional unknown V" and the additional equation (2.15),
so we do not discuss it more in this paper.

3.1. Basics about Chebyshev series

We recall here a few results and notations about Chebyshev polynomials and series that are going to be
useful in this work. For a more detailed exposition, further references and proofs, we refer to [20].
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Let Ty be the Chebyshev polynomials of the first kind defined by
Ti(cos()) = cos(kd), VO R, Vk e N.

They satisfy

To(1) =1, Tp(-1)=(-1)*, VkeN. (3.1)
Every Lipschitz continuous function u : [—1,1] — R admits a unique convergent Chebyshev expansion defined
as
u(m):uo—i—QZuka(aB):Zuka(az), Ve e [-1,1], (3.2)
k=1 kez

with the conventions
u_p=u, and T_, =Ty, VkeN.

Moreover, for every function u : [-1,1] — R which admits a Chebyshev convergent expansion given by (3.2),
the following integration formula holds for all z € (—1,1):

z Uy (=1 Up—1 — Ukt
k=2

ez keZ\{0}

Proposition 3.1 gives the relation between the coefficients of the Chebyshev series of a given function u and
the coefficients of the Chebyshev series of its derivative v = u'.

Proposition 3.1. Let u,v: [—1,1] — R be C! functions such that
U:UQ+2ZUka and ’U:’Uo—|—2zvak.
k=1 k=1

Let us assume that u'(z) = v(z), for all x € (=1,1). Then, the Chebyschev coefficients of u and v satisfy

1
Uk + ﬁ(wﬁ_l —vp_1)=0, k>1. (3.4)

Proof. As u/(x) = v(x), for all z € (—1,1), we deduce that

u(z) =u(-1) + /91 v(s)ds, Vze[-1,1],

—1

so that .
Z uka(a:) = u(fl) + / Z ’Uka(S) ds.
kez ~lkez
Using formula (3.3) and identifying the coefficients of the Chebyshev expansions yields (3.4). O

Remark 3.2. For a given v, the solution u of u’' = v is obviously only defined up to a constant, which is why
we have no equation for ug in the above proposition. When we write the unknown of the DPCM as Chebyshev
series, the boundary conditions provide the lacking equations, see (3.12) and (3.13).
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3.2. Functional analytic framework

In the sequel, we will need some functional analysis framework for the Chebyshev series. We will denote by
u any sequence (u)ren in RY and throughout this note we will identify a function u : [~1,1] — R, at least
Lipschitz continuous, with the sequence uw = (ug)gen of its Chebyshev coefficients.

Definition 3.3. Let v > 1. We define the sequence &(v) by

1 for k =0,
Srlv) = {QVk for k > 1.

For any sequence u € RY we define the v-norm of u as

lally = D Jur] €k (v) = uol +2 ) Juxlv*. (3.5)

kEN E>1
We also introduce the following Banach space
02 ={ucRY: ||lul, < oo}.

Definition 3.4. Let u, v : [-1,1] — R be Lipschitz continuous functions identified to w and v. Then, the
expansion into Chebyshev series of the product wv is given by:

uv = co + 2 ZCka, with ¢ = (u * ’U)k = Z Uk |Vlks)> Vk > 0. (36)
k=1 k1+ko=k
k1,k2€Z

Let us notice that for every u, v € 1 we define u x v thanks to (3.6). This definition of a convolution product
on /L induces a natural Banach algebra structure on £, as stated in Lemma 3.5.

Lemma 3.5. The space (¢%,%) is a Banach algebra with

[ vll, < [lully o], Vu,v e,
Proof. This follows from Definition 3.4 and the triangle inequality. (]
Definition 3.6. We define the operator S : u € RN — Su € RN such that

(Su)y = 0, for k=0,
Wk = Uk41 — Uk—1, for any k > 1.

Moreover, on the space RN we define a v-seminorm | - |, as

ful, = S1Sul (F v = 3 Juggr — | (F + 07 (3.8)

keN k>1
If v > 1 then v=% < v* for all k > 1 and, for all u € £}, we have |u|, < ||Sul|, .

3.3. Reformulation of the stationary DPCM using Chebyshev series

The system (2.12)—(2.14) represents second order differential equations for the densities U = C, N, P and the
electric potential . However, considering the currents Jy for U = C, N, P and the electric field £ = 9,9 as
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additional unknowns, it can be rewritten as a system of first order differential equations. More precisely, the
inner equations (2.12a) and (2.13a) rewrite as:

oY =E,
0. F = 4)\2 (=2¢C — zyN — zpP — pn), (3.9)
O0xJu =0, for U = C, N, P,
.U = —%Jy — 2gUE — £50U, for U =C,N, P,
while the boundary conditions and the equations for the velocity § and the thickness ¢ lead to:
Ju(=1) + 2% ((U(-1),%(-1)) =0, forU=C,N,P,
—Ju (1) + 2}, (U(1),4(1),V) =0, forU=C,N,P,
U(=1) = 22 E(-1) — Ayg*© =0,
(3.10)

(1) + 22 E(1) -V + Agl* =0,
— & kY exp (pmafy(—1)) =0,
rJo (1
0+ e — o,

Assume that the system (3.9) and (3.10) admits a smooth solution (¢, E, (U, Ju)u=c,~,p, 6, £), so that ¢, E,
U and Jy for U = C, N, P can be expanded into Chebyshev series:

P = wo+2Zwka, E= E0+2ZEka,

= =1 (3.11)

U="U+ QZUka, Ju = Juo + QZJUJCT,C, for U = C, N, P.
k=1 k=1
We identify each function ¢, E, U and Jy with the sequence of its coefficients in the Chebyshev series: ¥, E,
U and Jy. As the net charge density of the host lattice py) is a given constant, we can introduce the sequence
pn1 € RY defined by pn1 = (pu1,0,...). Then, plugging the series expansions (3.11) into (3.9) and using the
relation (3.6) and Proposition 3.1, we obtain the following infinite dimensional set of algebraic equations

Uy + i(SE)k =0, Yk > 1,

Ey+ 3455 (S (=2¢C — 2y N — 2pP — py)),, = 0, Vk > 1, (3.12)
Jur =0, forU=C,N,P, Vk>1, )
Uk + 57 (S (—3Ju — 20U = E — £60U)), =0, for U = C,N,P, Vk>1.

It is supplemented by the following relations, obtained by plugging the series expansions (3.11) into (3.10) and
applying (3.1):

Juo +20rY (Ug 4+ 2372 (= 1) Us, o + 2> 5 (=1)*y) =0, for U =C,N, P,
—Juo+20ry (Uo+ 2332, Uk, o + 23 o0, ¥k, V) = 0, forU=C,N,P,
Yo + 2220 1(_ )k¢k - %% (EO + 2220:1(_1)kEk) Al/’pzc =

Yo +22k Uk + 2 (Bo+ 23002 By) — V 4+ AygP* =0,

0 — 11 kg exp (o ag (wo +2357, (D)) =

RJ
£+ 25?00 =0.

Let us notice that since Jy, = 0 for all £ > 1 and U = C, N, P, the Chebyshev expansion of the function Jy is
given only by the first mode Jy, i.e., Ju = (Ju,,0,...). For better readability we will forget the subscript 0
and write Jy;. Moreover, in the sequel we will identify the real number Jy; with its natural injection in RY given
by the sequence Jy = (Jy7,0,...). We will also identify 6 and ¢ with their natural injection in RY.

(3.13)
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3.4. The formulation F(X) =0

We now rewrite the infinite system of nonlinear equations (3.12) and (3.13) in the form F'(X) = 0 where the
unknown is

X = (’l,b,E,C,N,P,Jc,JN,JP,(S,e) € (RN)5 X Rg X (R\{O})2,
and the function F is defined by

F= (Fw)),F(E), PO ) pP), F(Jc>7F(JN>7F<JP>,F<6>7F<4>) 7

with
F(X) = w0 + 25002, (— 1)tk — 250 (Bo + 23232, (- 1) By) — Auf™,
(X)) = fn + % (SE), k> 1,
FPU(X) = o+ 2550t + 290 (Bo + 2300, EBy) — V + Agl™,
FP(X) = By + & 4o (S (—2¢C — 2y N = 2pP — pr1));. » k>1,
FUUX) = Jy + 2009 (Up + 2350, (= 1)FUg, o0 + 2502, (—1)Fay) for U = C, N, P,
F(X) = U+ & (S (~1Jy — 20U * E — £50U)) k>1, forU=C,N,P,
FUO(X) = —Jy + 20y (Uo + 23 ey Uy tho + 23 ey ¥k, V) for U = C, N, P,
FONX) =06 — & kY exp (priad (Yo + 2 pey (—1)F4x))
FO(X) =0+ §<,

(3.14)
where we recall that py) denotes the sequence given by pn = (pn1,0,...).

We have rewritten the initial system of differential equations (2.12)—(2.14) as an infinite system of nonlinear
equations of the form F(X) = 0. It remains now to prove that the existence of a solution X to the system
F(X) = 0 yields the existence of a smooth solution to the initial system (2.12)—(2.14). To this end we introduce
an appropriate function space &, and in the sequel we will consider that the function F' given by (3.14) acts
only on this space.

Let us first introduce I,o¢ and ]Ill)ot the following index sets:

Hpot:{w7E707N7P7JC7JN7JPa67£}7 (315)
and
H%)ot = {'(/JanC7 N7 P} C ]Ipot- (316)

Definition 3.7. Let v > 1 and 1 € (0,0)'° be given. We define

X,=Que ®) xR x R\{0)? : Y millwillo+ > miluil < oo

ieﬂplmt ieﬂpgt\ﬂéot
Moreover for u € (RN)5 x R? x (R\ {0})? we define
ulx, ., = Z nil|ws| | + Z 73| . (3.17)
iell,, i€lpot\IL oy
Remark 3.8. The norm || - ||x, , depends on several parameters: v € (1,+0c) and 1 € (0, +00)'°, which must

be carefully chosen in practice. We refer to Section 5.1 for a more in-depth discussion.
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In the sequel, we will denote every X € &), as
X = (¢7EaCaNaPaJCN]N?JP767£)7

and we will consider that F' acts on the space (X,,|| - ||x,,). Then, Lemma 3.9 summarizes and justifies in a
precise statement all the formal computations and substitutions made previously.

Lemma 3.9. Let v > 1 and n € (0,00)10. Assume that there exists
X = (¢7E707N7P7JC7JN7JP767€) € Xl/a

such that F(X) = 0 and consider as in (3.11) the functions ¢, E, U and Jy for U = C,N,P. Then ¢, E, U
and Jy for U = C,N, P are smooth functions which, together with ¢ and §, solve (2.12)—(2.14).

Proof. First notice that since X € X, with v > 1, the Chebyshev coefficients are decaying geometrically fast
to 0, and thus the functions ¢, F, U and Jy for U = C, N, P are well defined and smooth (in fact analytic),
see Section 8 of [20]. Then, having F(X) = 0 means exactly that the sequences ¥ = (Y1)k>0, £ = (Ek)k>0,
U = (Uk)k>0, Ju for U =C, N, P, § and ¢ solve (3.12) and (3.13), which in turn implies that the functions v,
E, U and Jy for U = C,N, P, § and £ solve (3.9) and (3.10). All the derivatives needed in (3.9) and (3.10) are
legitimate thanks to the geometrical decay of the coefficients. O

3.5. Computation of a numerical solution

From the infinite system of equations F(X) = 0, where F is given by (3.14), we can easily deduce a finite
nonlinear system of equations, just by truncating the Chebyshev modes of order K > 1 and higher, for a given
K. The unknowns of this new system are (¢, Ex, Ck, Nk, Pi)o<k<i -1, Jc, Jn, Jp, £, 6 and the size of the system
is 5K + 5.

Let us denote by mx : £L — RE the finite dimensional projection obtained by truncating the Chebyshev
modes of order K > 1 and higher, i.e. mx(u) = (ug,...,ux_1) for u € £. Then, we extend the definition of
K to T : X, — RPK x RS by

7TK(X) = (7TK('(/J),WK(E>,7TK(C),7TK<N),7TK(P), JCa JN? JPa67£) .
We also denote by 2x the natural injection from R>%+5 to X,. We may now define
FIEl = (g o Foug).

We can compute an approximate solution, X € R?%15 to I’ = 0 by solving numerically the finite dimensional
problem FU) = 0. We refer again to Section 5.1 for more details on the resolution of this finite dimensional
problem. In the sequel, we use the same notation to denote X € R55+5 an approximate solution to FIKI =0
and its injection into A, .

4. TOWARDS A COMPUTER-ASSISTED PROOF OF THE EXISTENCE OF SOLUTIONS

4.1. Presentation of the general strategy

We present in this section the strategy that will be used in order to prove the existence of a solution to (2.12)—
(2.14). In Section 3, we have reformulated the problem as a zero finding problem F(X') = 0 for a suitable operator
F' defined on the space &,. We are now going to introduce a Newton-like operator T' (see (4.6)) whose fixed
points are in one-to-one correspondence with the zeros of F'. The existence and enclosure of the solution then
follow by the contraction mapping theorem, once the operator 7" is proven to be a contraction on some complete
set. The following theorem, very reminiscent of the Newton—Kantorovich theorem, provides us with an efficient
way of finding an explicit neighborhood of the numerical solution X on which the operator is a contraction.
Many similar versions of this theorem have been used in the last decades in computer-assisted proofs (see
e.g. [1,11,16,27] and the references therein).
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Theorem 4.1. Let (X, -||x), (V.- |ly) be Banach spaces and F : X — Y a C* function. Let A : Y — X
and AT : X — Y be linear operators, with A injective. Let r* > 0, X € X and assume that there exist positive
constants Y, Zy, Z1 and Zy such that

|4F (@), <. @)

7 - A4'[, < 2, (42)
llADF @) - A0 < 2 (43)
AP POy < 22 ¥ X~ X, <0 (@9

where for any k-linear (k > 1) operator defined on X we denote by ||| - |||x its operator norm. Define the radii
polynomial P as

P(r) = Zr? = (1= (Z1+ Zo))r + Y. (4.5)

Assume that there exists r > 0 such that P(r) < 0 and let v and T denote the two nonnegative roots of P, with
r < 7. Then, provided r < r*, the operator T : X — X defined as

T =1 - AF, (4.6)

has a unique fized point in Bx(X,r) the closed ball of X, centered at X and of radius v for all v in [Fmin, "'max)
where

. (fr+T
Tmin = T and Tmax = INin > )

Moreover since we assume that A is an injective operator, then F has a unique zero in Bx(X,r) for all

e [rminy rmax)'

The proof simply consists in checking that T is a contraction on By (Y, r) for all 7 € [Fmin, Tmax). We refer
to the above-mentioned references for a detailed proof.

Remark 4.2. Let us make a few comments about Theorem 4.1.

— Since P is simply a quadratic polynomial, the existence of an r > 0 such that P(r) < 0 is equivalent to
having

Zi+Zo<1 and  22.Y < (1 —(Z1 + Zo))?, (4.7)

and so these two conditions are sufficient conditions for 7' to map Bx(X,r) into itself. The restriction

r< 2'2” is then enough to ensures that 7T is contracting on this ball. All of this is only valid as long as r < r*

because of (4.4) (in practice, it is convenient to only have to control D?F in a small neighborhood of X).
— We are going to take for A an approximate inverse of DF (X)), and for AT an approximation of DF (X)) itself

(which will in fact be used to construct A). If we could take A = (DF (Y))_l we would get DT (X) =0,

i.e. a very strong contraction near X . However, getting explicit estimates on (DF (f))_l can be very hard,
which is why we introduce these approximations instead. The condition Zy + Z; < 1 tells us how good these
approximations have to be.

— Finally, if this condition Zy + Z; < 1 is satisfied, we only have to get good enough numerical approximation
X, or more precisely a small enough residual error Y, for the second condition 2Z,Y < (1 — (Z1 + Zp))? to
hold.

— In the sequel, we derive formulas for Y, Zy, Z; and Zs satisfying (4.1)—(4.4), which are explicit but cannot
easily be evaluated by hand, since they depend on numerical data (and in particular on X). Therefore, we
evaluate them with a computer, but using interval arithmetic (in our case with Intlab [17]) to ensure that
the rounding errors are controlled.
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Theorem 4.1 is the cornerstone of our computer-assisted proof. In Section 3.4, we have already introduced
the function F* defined on the space (X, || - ||x, ) such that the solutions of F' = 0 correspond to the solutions
of (2.12)—(2.14). Moreover in Section 3.5, we have defined X € R%X x R® (identified with its injection in X;)
as an approximate solution of the finite dimensional problem FII = 0.

Remark 4.3. Because § and ¢ are not allowed to be equal to 0 in &, (F(X) is not defined if § or £ is equal
to 0), (X,,]| - ||x,,) is not quite a Banach space. Nonetheless, any closed ball in &, which does not intersect
the hyperplanes § = 0 and £ = 0 is still a complete metric space, which is all we need to apply the contraction
mapping theorem, so the conclusions of Theorem 4.1 are still valid, for all r such that |§] < r and |[¢| < r.

In order to use Newton—Kantorovich argument to prove Theorem 2.1, it remains:

— to define the linear operators A and AT,
— to define and compute the bounds Y, Z; satistying (4.1)—(4.4),
— to check that P(r) given in (4.5) is negative for some r > 0.

In what follows, we detail each of these steps.

4.2. Definition of the operators A and Af

Recalling that we want Af to be an approximation of DF (Y), we define for every X € X, the operator At
as

Al (X) = DFEN(X) mg(X), 48)
ATXk:Xk:(¢7E707N7P)k7 VkZKa .
where g denotes the finite dimensional projection introduced in Section 3.5.

Then, we consider the operator A as an approximate inverse of At To do so, we define A as a numerically
computed inverse of DFIK] (X ), and we define for every X € X, the operator A as

Arpe(X) = AM e (X)), (4.9)
AX, =X, = (¢,E,C,N,P),, Vk>K. '
4.3. Operator norms

In order to compute the bounds Zy, Z; and Z5 in Theorem 4.1 we need to introduce some operator norms.
First, let us consider a linear operator B : £} — ¢1. We denote by ||| B]||, the operator norm of B, i.e.

1Bl = sup [|Bull,. (4.10)

llll,=1
It will be convenient to think of B as an “infinite dimensional matrix”, written in the canonical Schauder basis

of ¢'. That is, B is characterized by the coefficients (Bg,,,), nen such that, for all u € (L and all k € N,

(Bu)k = Z Bk’nun.
neN

Similarly to the well know formula for matrix norms, we can express the operator norm of B in terms of these
coefficients.

Lemma 4.4. Let B : (L — (1 be a linear operator. Then
1
Bl = sup w—— > |Brn|ék(v), (4.11)
n>0 gn(”) keZN | |

where (B.n)kn>0 @5 the matriz representation of the operator B.
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In particular, we deduce that if the matrix B has a finite number of non zero coefficients, then |||B]||, can
be evaluated on a computer (and using interval arithmetic we can get a rigorous upper bound of this norm).
It will be convenient to introduce the notation B., = (Bgn)r>0 for every n > 0. Notice that we can then
rewrite (4.11) as

1Bl = sup &= Zy Biafes(v) = sup (4.12)

) i & V)

H '7”‘1/'

Now, let B : X, — X, be a linear operator and let us consider the following block-representation of B

B = (B(m')) ,

ivjeﬂpot

where the set I,o; is given by (3.15). Due to the definition of &,,, we note that for instance B/v-/v) : R — R,
BW:Ju) . ¢l — ¢! for U = C,N, P and B9 : R — (1. However, post-composing some blocks of B by 21, the
natural injection from R to /., we can see each of these blocks as some linear operators from /1 or R to £1.
Moreover, this slight modification does not change the value of the operator norm of the blocks. For instance,
for U = C, N, P we have |B(JU7JU)| = H’Zl o B(JU’JU)’HV and we omit to write the composition by 2; in the
sequel.

Now, still considering B : X, — &, we slightly abuse the notation by applying the ¢. operator norm
component wise to B, i.e. we define

V)i,je]lpot ’

where for each block B(i) = (B](j;f)) N for i, j € I,ot, we use formula (4.12) to evaluate its operator norm.
; "

1Bl = (|||B

Let us now introduce for n € (0, 00)!° the following weighted operator norm

1 .
||||BH\ | = max — m‘HB(ZJ)
I€lor M ;&1

Z ’ 71)

= max — 7; Sup
. v j€lhot ’l’}j Z ! n>0 fn
po pot
We recall that the practical choice of 1 will be discussed in Section 5.1. If all the blocks of B have a finite
|, can be evaluated on a computer (and rigorously

upper-bounded using interval arithmetic). Moreover, we notice that

i~y 12,
11BI[lx,.n = ngﬂapim

= max — sup Z Z‘ (m

Jeﬂpot 75 n>0 gn . keN

P

u777

Z

< max — E 7; Sup
JEHpoc ’f}] n>0 gn

that is

1Bl < [llIBIlly],, (4.13)

Therefore, as soon as we can rigorously compute ‘|||B|||V |77’ we get a computable and rigorous upper bound for
1Bl x, .n-
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4.4. Definition of the bounds Y and Z;

In this section, for K > 1 fixed we derive some computable bounds Y, Zy, Z; and Z satisfying the assump-
tions (4.1)—(4.4) of Theorem 4.1. We assume that X € R?(+5 is given (in practice we should choose it so that
FIK] (Y) = (mgoFouik) (Y) ~ 0). In the sequel we identify X with its injection in X,,, with X = (0,0,0,0,0)
forall k > K.

4.4.1. The bound Y
We simply define Y as

Y =[[AF(X)]l4, ,-

Since the vector X has a finite number of non zero coefficients, i.e. X}, = (0,0,0,0,0) for every k > K, we have

FY(X) =0, Vk > K +1,
FP(X) =0, VE > K +1,
FY(X) =0, VE > 2K, for U = C, N, P,

which implies that F' (Y) has a finite number of non zero coefficients. Moreover, since A acts only diagonally
on the tail of the elements of F (X), AF (X) also has a finite number of v non zero coefficients. Thus, the
bound Y can be evaluated on a computer (using interval arithmetic).

4.4.2. The bound Zj

Using the notations and definitions introduced in Section 4.3 we obtain the following result:

Proposition 4.5. Let v > 1 and n € (0,00)1°. Consider A" and A defined in (4.8) and (4.9), the index set
Ipot given by (3.15) and the linear operator B = I — AAT. Then

Zy = IHIBIH l, (4.14)
_ < ’ <w 4.15
= X w3 o) (419
p ot
satisfies
(T = AAD]|[ ., < Zo. (4.16)

We point out that, by construction of AT and A, each block B9 for i, j € Irot has only a finite number of
non zero coefficients (recall that the “tail” parts of AT and A act as the identity), and hence the £. operator
norms |||B(W) | | |V can all be evaluated on a computer (using interval arithmetic).

Proof. The proof of the result follows directly from (4.13). O

4.4.8. The bound Zy

We now explain how to define a constant Z; such that

[[ADF (X) = AN[l, , < 21 (4.17)

First, we consider the linear operator G = A(DF (X) — Af) and we denote G for i, j € I, (recall
definition (3.15) of I,.t) the block-representation of G. Then, applying (4.13) we have

16 < HIGHILL, = max Z ||| -
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We are going to bound the £} operator norm of each G(+) independently, using the following splitting:

(4,9) — ‘ (w ’ ’ (w)‘
[[ce2||| = max LKKQK 50 Z 6 (v), sup §z ()] - (4.18)
Then, we define for all 4, j € Lot
(i3) _ 1 ’ Gl .
Fﬁnlte - O<lH§13I)§—1 §I(V) Z gk( )’ 1, S Hpota (419)

keN

(4,9)
where Fﬁmte reduces to

Félr;zt)e Z ‘G(” ‘fk

keN

in the case where the block G(7) admits only one column. Let us notice, due to the structure of DF (Y),
AT and A, that G,(il’j) has a finite number of non zero coefficients, for 0 < [ < 2K — 1, and in particular the

constant T’ gnzt)e

used in (4.18), we are also going to introduce some constants I‘E;ljl) fori, j € ]Ipot = {¢, E,C, N, P}, such that

can be evaluated on a computer (using interval arithmetic). Moreover, following the splitting

Z ‘ ) u(v) <10, (4.20)

l>2K 51 keN

We set those constants to zero if the block G(*7) admits only one column.

Introducing I'»7) = max (Fgr’jt)e, FE;{)) we end up with

G| x,.n < max - Z 109 g,
Tpor 773 1€lLot

Finally, we can define the constant Z; as

1 o
Z; = max — ) g,
J€lpot 1 16211:

which implies that Z; satisfies (4.17). The following result summarizes this approach and gives a precise definition

of the constants Fédll) for i, j € Ipot.

Proposition 4.6. Let v > 1, n € (0,00)'° and X € R38+> (identified with its injection in X, ). Consider F,
AT and A defined by (3.14), (4.8) and (4.9). Define G = A(DF (X) — A") and

(4,5) _ (Z,j) .o
Dhuite = 0<igoR-1 gl Z ’ W), Vi J € oo,
with
i = Y |6 e)

keN
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TABLE 1. Definition of the constants T} for i, j € Il in the potentiostatic case, where | -,

tail,2

is given by (3.8) and e = (1,0,0,...).

1685

(i,4) v E c N =
1 vt v
Y 0 3 [21(71 + 2K+1] 0 0 0
|z |172 p—1 v |z Vﬂ v 1 v |z ‘ZZ vt

E 0 0 86;\2 |:2K71 + 2K+1:| 81\;2 [2K71 + 2K+1] 8};\2 2K—1 + 2K+1

z C —2cE—ecdle/2
¢ o el |eeBcaterd, 0 0

N —2nE—endle/2

v oo ; B ;

z P —z2pE—cpdle/2
P 0 | P2|}‘( |1/ 0 0 %/L/

if the block G"9) admits only one column. Moreover, let us introduce

1—\(1’3) — F( J) + F(Z’j) V’L,j S Hpota

tail tail,1 tail,2?
where
. K-1
(4,9) _ Xﬂrlwt(j) (i,m) (m,7)
Paity = o) 2% | D2 | 2 Ao DF (X)g; ™| &)
k=0 |m€lpot

with I C Lot defined in (3.16) and X, the characteristic function of I} .

given in Table 1 fori, j € Il pot and Ftall 5 = 0 4n all other cases. Finally, introducing

F(i,j) — max (Ff(iznZt)e’ Ft(;;)l]l)> VZ, j € Hpota

and
1 ..
7 = il 7@9) ,
1 Jrélﬂap)o(t ’I’}j ieﬂzpw 77
we have
[[A(DF (X) = AD|||, , < Z1.

1/77_

Moreover, the values of T,

(4.21)

(4.9)

tail,2 are

(4.22)

Proof. Let | > 2K > 1 be fixed. First, by construction of Af, (DF (Y) - AT);W;’j) = 0 for every p > 0 if

j € Thot \Ibot = {Jo, In, Jp, 6, £}. Therefore

(m Z ZA(z m) )_AT);?Z,j)fk(V) 7

keN EEN |melyor p>0
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where we recall that ]Illj ¢ ={¥,E,C,N,P} C I, and XiL,, denotes the characteristic function of Héot Using
the definition of DF ( ) and AT we obtain (DF ( ) AT)(m’]) =0forany 0 <p <2l—K and any m, j € [pot.
In particular, since we only consider here | > 2K, (DF (X) — AT)(m’J) =0 for any 0 < p < K, which yields

‘ (Zj ’&C Z Z A(z m) )_AT)(()T,’lLaj)gk(V)
keN |melpop
Z Do DALY (DF(X) - A6 ()]
gl kEN |mEl,or p>K

Besides, by construction of A, if ¢ # m then A(l ™) = () as soon as k > K or p > K, and if i = m then
A(l - X, (i)d,p as soon as k > K or p > K. Therefore, we get

K 1
t '] i,m m,j
J) gpo Z Z AkO : (DF (X) - AT)((LlJ)ﬁk(V)
2% ( k=0 |mElpor
HEDS Y Y A or () - a6
kEN |mElper p> K
K 1
t ‘7 m,j
Ipo A(” (DF( ) AT)E)JJ)&(V)
k=0 |melpo
XIL,, xT2 (ZJ) £ (:7)
e TN (D (X)) - AN ()]
gl( ) p>K

Moreover, still by construction of DF (X) and AT, we notice that (DF (X) — AT)(m’]) DF (X) (()";’j) for all
1 > 2K and m € I and j € I}, which implies

=

-1

Xﬂéot (J)

(i,m) (m,5)
= fQK( ) Ak,O DF( ) fk( )

0,1

> |el | ew) <

keN

>
Il

0 |mé€lpot

(”) Z — AN, ).

X1t

1
pot pot

Let us now give the explicit value of the first term in the right hand side in the case where i = C and j = F for
instance. Then, we have

= (i,m) _Kil 1r1dao (cy) 4041
Z > ALUDF(X ) D ew)| = (=)™ == Ak 7Ak0 &r(v)
=0 |m€&lpot k=0
= l+14ao (Cw) 4a1 (C.E)
< max Z Al — AP &) ] -
k=
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Writing down the explicit value of the other terms, we observe, as in the former example, that this value only
depends on the parity of £. Thus, we obtain

p‘)t j i,m -\ (m,7)
= Gl 283 | - ALVDE (X)) | &)

Mt 59 .0 > (08 (8) - 4 60
&u(v) i

(w)

kGN =0 [m€lpot

This yields definition (4.21) of FE;’I{)l Now, let us explain how we derive the bounds FEalI)Z given in Table 1. To
this end we need to estimate the second term in the right hand side of the previous mequahty. We consider first

the case ¢ = ¢ and j = E. Then, we notice that

1 — (,E) 1 6F,§w) —
6| 2 7 ) =060 = 5| 2 T (X 60

p>K

Thus, remembering that we only consider here | > 2K,

L TWE) _ 1

p>K

G-1v) &)
20—1)  20+1)

L vt v (4. )
<= =T
_2<2K—1+2K+1) tail,2

Using similar arguments we obtain the different values of Fialig) for U = C, N, P. Let us then consider the case
i=C and j = E. We have

1 - (C,E) 1 6F,§C) —
&) |2, PP =46l = gy | 2 S (K &),

p>K

. . . . OFLD
and a meticulous but rather straightforward analysis of the terms in 55, leads to

L <) _ 41 (CE) _ =l Chpr1-1+ Cpravy | Clp—1-1) + Clp-144)
gy | & (P70, = 5007 | 2 b T )

Then, we recall that Cj, = 0 for all £ > K, which allows us to rewrite the above sum as follows

1 _ 1 I+K
A0) Z (DF (X) — )<OE>§,,( )| < 251(') = Z |Cps1-1) — Clp—1-1| & (v)
p=K p=l—-K
_ _lzc §:|C 1= Cloe1f| & ()
26, (v) Kp_, lp+1] = “Ip-1l] Sp
<

K
z — _
TN NI
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|Zc| éu

Applying similar arguments we obtain the values FE alfg) and FE ail, 2) given in Table 1.

Finally, let us derive the bound FEgﬁUz) for U = C, N, P. To this aim, we notice that

1 — (U,U) 1 6F,§U) —
&) | & (PTX) = A0 o) = g ;( o (X)‘1> &)

p>K

(C,E)

tail 2 leads to

Then, a similar analysis that the one done to derive the bound I

| (07 () - ) 0

p=>K
14K = + =7
1 Epriy = Epry | | vl |:ep+1l| - elplll}
=—1- > [z + V),
2§Z(V) ( v D 2 D 517( )

p=I—-K

where e denotes the first element of the Schauder basis of ¢!, i.e., e = (1,0,0,...). Using [ > 2K > K, shifting
the indices and applying the triangular inequality yields

K
1 (U U) 1 ey ol _
&i(v) 2 (PF(X) - AT) T 2 <S <ZUE M )> (7 +v70).
p=>K p=1 p
Recalling the definition (3.8) of the seminorm |- |,, we get
1 — A% 1 — eydle U,0)
— DF (X — |2y B+ ——— ;
El(’/) Z ( ( ) ) fp( ) 2K U + tail,2
p>K v

which concludes the proof of Proposition 4.6. O

4.4.4. The bound Zs

Proposition 4.7. Let v > 1, n € (0,00)!°, r* > 0 and X € RE+> (identified with its injection in X, ).
Consider F, AT and A defined by (3.14), (4.8) and (4.9) and the index set Lo, given by (3.15) and define

iy

7y = M ’HA“ 1i2) ’ Fl2) (X 423
2 j171;;2$1%0t iy T Njy Nja ie ars Xb|1|lfu ) < (41,d2) (X) 5 ( )
Then,
[[AD*F(X)|||,, , <220 V[ X-X],, <r"

Proof. We first notice that AD?F (X)) is a bilinear operator. Similarly to what we have done in Section 4.3 for
linear operator defined on X, we use a block representation of bilinear operators defined on X, this time with
3 indices:

AD*F(X) = ([ADQF(X)](ivjl7j2))

1,51,92 €lpot
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Its operator norm, still denoted ’HADzF(X) is defined by

|HXL,,7]

2 2
[AD*F(X)][|y,,, = sup[[[AD*F(X) (X1, Xo)[,
1 Xm 2, =1,
m=1,2
and the following inequality holds
1 (i1,71,52)
AD?F(X) < max m AD?F(X)]™ H iy
H’ ( H X jl’jzeﬂfmt 77]1 7732 i1€zﬂpot |: ( )] v '
Then we notice that for i, ji, jo € Lot We have
2 (41,71,52) 11,8 2 7
[AD F(X Z Al Q)Dh”)F(?)(X).
i2€lLot
Applying the triangle inequality we obtain
i 2 ;
AD*F(X) < max M ‘HA(“”?)D Fli2) (X)
|H ||Xn ]E]Ipofzezﬂtn.]ln]2‘ (41.32) v

Finally, we conclude the proof of Proposition 4.7 using the fact that the v-norm is a sub-multiplicative
norm. ([l

Let us notice that the computation of ’||A(i1’i2) | | ’V for i1, ia € I,0¢ requires to take into account the tail part

of At1%2) for iy = iy € {4, E, P,N,C} (recall that by construction the tail part of the other blocks have all
entries equal to zero). However, since it has a diagonal structure we can explicitly compute the operator norm

of these blocks (using interval arithmetic). For instance, using A,Sf;.’w) = 0y, for j > K and k € N, we have

4[] = s 5 3= |k
K-
= max LK]sglp( 5w ];)‘Awd’)‘ﬁk JSBIP;@% );‘ ww)‘gk ]
= max |})ng§ 15]1 )E‘A(w w)‘ fk(l/),l‘| '

Regarding the second derivative of F', most of the terms that appear are actually 0, or very straightforward
to estimate, because the differential equations in the DPCM are merely quadratic in £, C';, N and P. The only
slightly more involved terms are the ones coming from the boundary conditions and the equation for the velocity

0 (i.e. FéU), FUv) and F©®) in (3.14)), which are highly nonlinear, but the corresponding second derivatives can
still be computed explicitly, and the supremum over the X such that HX - X || . < r*isrigorously computed
v,n

using interval arithmetic (in practice r* is small).

5. IMPLEMENTATION, RESULTS AND COMMENTS

5.1. Implementation details

The starting point of our theorem is an approximate solution X to the stationary DPCM. As mentioned
previously, we obtain such an approximate solution by applying Newton’s method to the finite dimensional
projection FIK] of F.
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FIGURE 2. We display here the evolution of the width ¢ of the oxide layer, of the corrosion speed
0 and of the total current Jio (all rescaled back to physical units) in terms of the potential V,
(expressed in Volts and evaluated relatively to the electrode reference NHE), for several values
of pH.

Of course, the initialization of Newton’s method has to be done carefully. In order to get a suitable initial
condition, we use a code from [10] which computes a solution of a simplified version of the stationary DPCM,
where the coupling between the electric potential and the charge carriers is removed in the Poisson equation,
i.e. with 0 in the r.h.s. of (2.13a). Starting from such an approximation, we use numerical continuation to
gradually put the coupling back, until we get an approximate solution of (2.12)—(2.14). This is not the only
option, and one could for instance integrate the time-dependent model for long enough, until we are close to
the pseudo-stationary state, since it seems to be globally attracting.

The only thing that remains to be discussed before we present the results of the computer-assisted proofs is
the important choice of the weights in the norm || - || x, ,, we use on the space X,. Actually, the crucial part for
this problem is the careful choice of n € (0,00)1Y, while v can be chosen a bit more carelessly. Indeed, v must be
strictly larger than 1 because we need terms like (4.21) to be small, and not too large because we do not want
the various || - ||, norms appearing in the bounds to explode (this is related to the domain of analyticity of the
functions ¢, P, N and C'), but we did not have to carefully select it in order for the proof to succeed: for all the
results presented below v = 1.1 is good enough. On the other hand, a naive choice for 7 like n = (1,1,...,1)
never leads to a successful proof, because Z; ends up being way larger than 1 (remember (4.7)), so a deliberate
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FIGURE 3. A pseudo-stationary steady state for pH = 7 and V, = 0.3 Volts (top) and V, =
0.7 Volts (bottom).

choice of 7 is needed. This is linked to the fact that the different components of F' can have rather different

orders of magnitude. The key point to notice is that most of the computations required for the proof, and in

particular the most expensive ones like inverting DF(X) to get AX! or computing 1"%{36 (see Prop. 4.6),

are independent of 7. Therefore, considering Y, Zy, Z; and Z5 as function of 7, where the dependency in 7 is
explicit (see (4.14), (4.22) or (4.23)) it is cheap to numerically optimize for n according to our needs. A possible
optimization criteria, which has been successfully used in the past [6] and amounts to the computation of a
Perron-Frobenius eigenvector, is to take n such that Z; is minimal. However, for our current problem such a
choice often leads to Zs being too large, and thus to the second condition in (4.7) no longer being satisfied.
Therefore, we instead try to optimize for n such that the two roots of P (see (4.5)) are the furthest apart,
under the constraint that Zy+ Z; < 1. The optimization is done using an algorithm from Matlab’s optimization
toolbox. We emphasize that we do not actually care whether the n we obtain is close to a global minimizer or
not, as long as it is good enough for the conditions (4.7) to be satisfied. A slightly different approach to optimize

the choice of the norm is discussed in [24].

5.2. Results
The set of parameters we use as test case is given in Appendix A. For three different values of pH, namely 7,
8.5 and 10, we numerically compute approximate solutions of (2.12)—(2.14) for 50 different values of the applied
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FIGURE 4. A pseudo-stationary steady state for pH = 10 and V, = 0.3 Volts (top) and V,, =
0.7 Volts (bottom).

potential V, regularly spaced between V, = 0 Volts and V, = 0.7 Volts. All these solutions are then rigorously
validated using the procedure described in the paper, that is by evaluating the estimates derived in Section 4.4,
and checking that the assumptions of Theorem 4.1 are satisfied. In Figure 2, we show the validated values of
the width ¢ of the oxide layer, the velocity ¢ at which both interfaces move, and the total current Jyo (recall
definition (2.11)), all scaled back to physical units. While we can (and did) compute and validate solutions up
to V, = 0Volts also when the pH is equal to 7 or 8.5, but the physical meaning of the obtained solutions is
unclear, since the width of the oxide layer becomes smaller than 1 nanometer, and this is why the curves are
truncated in these cases.

In Figures 3 and 4, we show some of the corresponding densities ¥, C, N and P (see also Fig. 1). Notice that,
while the qualitative behavior of the profiles does not change much with V,, the interfaces get sharper when V,
increases. We point out that our results match those obtained via the code CALIPSO [3].

The Matlab code used for this paper, including the implementation of all the bounds needed for the validation,

can be found at [8].

Remark 5.1. While the setup presented in this paper only allows for the validation of solutions for a given set
of parameters, we mention that a slight generalization of these techniques could be used to rigorously validate
curves of solutions, when for instance all but one parameter is fixed (say all but V), and V, is varying, see

e.g. [2,7,12,23,25,26].
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APPENDIX A. ABOUT THE TEST CASE: SCALING, DEFINITION OF THE BOUNDARY
CONDITIONS AND VALUES OF THE PARAMETERS

A.1. Scaling leading to the Poisson equation (2.2)

The DPCM system in physical variables has been introduced in [4]. The original densities of electrons, Fe®*
cations and oxygen vacancies can be denoted C., Cr, and Cyy. The associate current densities will be denoted
by Je, Jre and Jox. The last unknowns are the electric potential ® and the position of the interfaces X (t) and
X1(t).

Table A.1 gives the universal constants involved in the model, while Table A.2 gives parameters describing
the oxide. Let us note that A®})*“ depends on the pH and on v = BT

R denotes the universal gas constant and 7" denotes the temperature.
F
The factor v = BT (in V1) is used for the scaling of the potentials ®, A®H*“, A®Y* and V,,, leading to the

scaled quantities ¥, AYF®®, AyP*® and V. The scale factor for the different densities is Qox and the reference
length is set to Lo = 1nm. It is the scale factor for , Xy, X;. This scaling leads to the Poisson equation (2.2)
with the dimensionless parameters given in Table A.3.

, where F' denotes the Faraday constant,

A.2. Scaling leading to the drift-diffusion equations (2.1)

We give in Table A.4 the diffusion coefficients of the different species in the oxide. As the current densities
in the original variables have the generic form

Js = —Ds(0,Cs — 2,7C50,P) for s = e, Fe, ox,

the scaling on the densities and the potential implies that

_ L(]Qox o L()Qox LOQOX

JC DC DN J87 JP: DP

L]oxa JN

JFe.

For the time, we use the scaling relative to the characteristic time of the cations. It means that the scale
factor for the time is L3/Dp. This yields finally the convection-diffusion equations (2.1a) for the scaled densities
U=C,N,P.

Let us now focus on the boundary conditions for the densities in order to define the boundary functions
(rY, ) for U = C, P, N involved in (2.8). These boundary conditions are prescribed by the kinetics of the
electrochemical reactions at the interfaces. At the interface oxide/solution, x = X, the electrochemical reactions
are the ferric release for the cations, the ferrous release and the proton reduction for the electrons and the oxygen
exchange for the oxygen vacancies. At the interface oxide/metal, © = X, they are the iron oxydation for the

TABLE A.1. Universal constants.

R(J-K-mol) F (C-mol™) kg (J-K™!) x0(F-m?)
8.314 0.6485 x 10*  1.38 x 10723  8.854 x 1072

TABLE A.2. Parameters of the oxide.

T (K) Qox (m®-mol™) x To,I'1 (F-m™?) ADH* (V) ADY* (V)

] H
298 4474%x107° 10 0.5, 1.0 0.190302 —ln(lo)p7 ~0.105302
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TABLE A.3. Dimensionless parameters involved in the Poisson equation.

A2 Phl Qg [e31
XxXoRTQox XX0 XXo
F2L2 FoLo Thalo

TABLE A.4. Diffusion coefficients of the species in the oxide, in m? - s~!.

Oxygen vacancies: Dc  Electrons: Dy Cations: Dp

10720 107 10723

cations, the electron exchange for the electrons and oxide host lattice growth for the oxygen vacancies. These
boundary conditions can be written in the generic form, for s = e, Fe, ox,

—Js (Xo) + Cs (Xo) X = 85 (@ (X0)) Cs (Xo) — 77 (2 (Xo)) ,
Js (X1) + Cs (X1) X7 = 55 (7 (Va = @ (X1))) Cs (X1) =75 (v (Vo = @ (X1))) -
For the oxygen vacancies, we have:

QOX
4 )

0 0 10—"ox PH —2b2 0 2a? 0 0 10—nox PH _—2b2
(l‘) = (moxlo Tox P o¥ +/€0X€ acx) ’}/OX(LZ') :moxlo o Ple Cx’

ox
Qox

ox, Tonl) = b7,

1 _ 1 _—3bLx 1 3abw
ox(‘r) - (Wl’oxe c© +k0xe c )

The kinetics of the interface reactions for the cations are given by Butler—Volmer laws, which lead to:
0 0 0
ﬂg‘e(aj) = <77ﬂ['g‘ea’Fe3+eiabpm + k2663ap71) ) Vg‘e(x) = m%eaFe3+673meOF77‘év
Obel) = (mbee™™Fe + khetere), () = ke CR..
Let us mention here that apes+ is the activity of the ferric cations and Cg! is the maximum occupancy for

octahedral iron in cations in the oxide layer.
For the electrons, the kinetics of the interface reactions yields:

01n—nepH —a%z 0 —b0z
ko107 e PRe™ N 4 klapare” rT,

09n—"ne PH _ —vE}ea %z 0 alz
o 107 e PReT V Fredox ofNY 4 apeat e,
1

e’

m
m

with ape2+ the activity of the ferrous cations, Fieqox the redox potential in the solution, npos the density of
state of electrons in the metal.
Applying the scaling, we obtain that the functions 3%, 3%, 7% and v/, are defined by

1 1
B8 () = 7 (mee 67 4 kgeees) B(y) = 7 (mbe™™ev + kbeioe),
—20%x at
Ve () = mge~?be, V& (y) = kLedeey,

_ 40 _ 10
B (@) = K™ 4 ple ™, () = mk,
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TABLE A.5. Scaling of the kinetics coefficients.

md K me ke
LOQOX 0 —n H L()Qox 0 LOQOX 1 LOQox 1
o 10 ox P kox 4 ox. 4 kox
Do D¢ Dc " Dc
i K% PN niy
Tl - - Lo e Lo LoQox
e mSlO PH  —7Eredox Dingl() pH mk?apezw Dn mg Fe2+
m}\] kj]l\] Nmetal P
L() L(J
mmi Dizvk; QoxksTnpos QoxCre
o k5, mp kp
&mo Oped Lo kp Lo my Lo ki
DP FeOFe3+ DP Fe DP Fe DP Fe

TABLE A.6. Parameters involved in the moving boundary equations.

I K kY

Qox QFe QoxLO
QFC 4S‘Zox DP

k910~ maPH

W (z) = m(z)veb?vw + N?Vea?w, Y& () = kX Nuetar log(1 + e7Y),
B%(x) = mBbe P 4 kY eBaPT, Bh(y) = mbe 3P 4 kLedary,
Y3 (x) = mp e e, vh(y) = kbPme ey,

with the scaled kinetics coefficients defined in Table A.5.

A.3. Scaling of the moving boundary equations

Let us now finish with the parameters involved in the moving boundary equations (2.10). The Pilling—
Bedworth ratio IT and the parameter x depend on the molar volume of the metal Qg,. The dissolution kinetics
contant kg involved in the dissolution speed vg is obtained after the scaling of the corresponding physical value
k910~mePH These parameters are presented in Table A.6.

A.4. Definition of the test case

All the numerical simulations have been done with the set of parameters already presented in Tables A.1,
A.2, A.4 and the last ones given now in Table A.7. These parameters values are the ones currently used in the
code CALIPSO [3]. The only parameters that we let vary for the moment are the pH (which influences the
parameters Ayh*, kg, mQ, m% and kY, appearing in the model) and the potential V, (which influences the

non-dimensional potential V' appearing in the model).
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