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FLUX RECOVERY FOR CUT FINITE ELEMENT METHOD AND ITS
APPLICATION IN A POSTERIORI ERROR ESTIMATION

DANIELA CAPATINA! AND Curyu Hg23*

Abstract. In this article, we aim to recover locally conservative and H(div) conforming fluxes for the
linear Cut Finite Element Solution with Nitsche’s method for Poisson problems with Dirichlet bound-
ary condition. The computation of the conservative flux in the Raviart—Thomas space is completely
local and does not require to solve any mixed problem. The L?-norm of the difference between the
numerical flux and the recovered flux can then be used as a posteriori error estimator in the adap-
tive mesh refinement procedure. Theoretically we also prove the global reliability and local efficiency.
The theoretical results are verified in the numerical results. Moreover, in the numerical results we also
observe optimal convergence rate for the flux error.
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1. INTRODUCTION

Cut finite element method (CutFEM) may be regarded as a fictitious domain method. The finite element
fictitious domain method was introduced in [28] as an approach to simplify the meshing problem and then
further improved in [5,8, 14,30, 31]. The challenges for such methods are typically that if the mesh is cut in
an unfavorable way the system can be ill-conditioned and accuracy can be lost. Several approaches have been
proposed to handle this problem, all based on the idea of extending the stability of the solution in the bulk up
to the boundary. In [31], boundary fluxes are evaluated using the gradient extended from internal elements. In
[4,13,32,33], agglomeration of adjacent elements is used. Finally, in [12,15], the weakly consistent ghost penalty
term was proposed that serves purpose.

The purpose of this paper is to design and analyze a locally conservative flux in the Raviart—Thomas space
of order 0 and 1 for the linear CutFEM. We will base our discussion on the approximation of Poisson’s problem
[15] in two dimensions. In addition, the CutFEM uses Nitsche’s method [37] to impose Dirichlet boundary
conditions and a ghost penalty term [12] to enhance stability in the boundary zone.

One important application for the flux recovery is that the L?-norm of the difference between the numerical
flux and the recovered flux can be used in the a posteriori error estimation. The main motivation for studying
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the a posteriori error estimation is the application of adaptive mesh refinement (AMR) procedure. It is well
known that AMR is extremely useful for problems with singularities, discontinuities, sharp derivatives etc.. And
it has been extensively studied in the last several decades, see e.g., [3,40]. In [17], a residual based a posterior
error estimator for the CutFEM method was studied. One drawback of residual based error estimation is that
its reliability constants are unknown and usually not polynomial-robust and problem dependent. On the other
hand, it is well known that the difference between the numerical flux and a locally conservative (equilibrate)
flux automatically yields an upper bound for the true energy error with a reliability constant being exactly 1.

Thanks to the sharp reliability, equilibrate flux recovery has been extensively studied for various finite element
methods on fitted meshes in the last decade. It is well known that for discontinuous Galerkin methods, a locally
element-wise equilibrate flux can be easily obtained thanks to the fact that the test functions are completely
local [1,6,7,11,25]. For nonconforming finite element methods of odd order, a local element-wise construction can
be also easily obtained by taking advantage of the nonconforming local basis functions [20,35]. For second order
nonconforming finite element method, an explicit construction is designed in [34]. However, for nonconforming
methods of general even orders and conforming finite element methods, local element-wise (explicit) flux recovery
is not straightforward and usually local problems on star patches need to be solved [2,7,24]. In [38], a conservative
flux is obtained by adding a piecewise constant correction through minimizing a weighted global L?-norm.

We note that the method introduced in [7] is designed applicable to various finite element methods, and
furthermore, designed in a framework that fully takes advantages of the local basis functions for each method.
For conforming finite elements on fitted meshes, this method only requires solving local problems that do not
involve any hybrid mixed problem which are required e.g., in [10, 18, 24].

In this work, we use a similar approach for CttFEM and we recover a flux which belongs to the classical
Raviart—-Thomas space of order 0 or 1 on the regular mesh. The auxiliary mixed formulation and the local
computation of its dual solution are therefore similar to [7], because the multiplier is still defined on the regular
unfitted mesh. Regarding the conservative numerical flux, its local construction is also similar for the interior
elements not cut by the boundary, although it needs extra treatment for the ghost penalty term.

However, the classical construction is no longer valid for the cut elements due to the fact that the domain cuts
the background mesh in an arbitrary fashion and to the presence of non-standard integral terms in the variational
formulation. In particular, two points require special attention. The first one concerns the distribution of the
irregular integral terms in the weak formulation to the degrees of freedom of the recovered flux. The second one
concerns the local conservation property, since the data only lies on the cut part whereas the flux is defined on
the whole element. To achieve the local conservation, we introduce an appropriate linear extension of the data
to the whole element and we prove local conservation on the whole element, with respect to the extended data.
Note that this extension is only used as a theoretical tool and is not needed in the numerical simulation.

As usual, we employ the difference between the recovered flux and the numerical flux, i.e., the gradient of
the CutFEM solution, as the a posteriori error estimator. Theoretically, we prove that the obtained a posteriori
error estimator is globally reliable and locally efficient. Furthermore, we show that the constants involved in
the a posteriori error analysis are independent of both the mesh size and the mesh-domain intersection. To
achieve this, besides using the classical techniques, the key component in the reliability is the bound of the
oscillation term which involves the extension previously introduced. Meanwhile, the local efficiency is obtained
thanks to the local distribution of the regular and irregular terms to the degrees of freedom of the recovered
flux. Furthermore, we also prove and use a uniform bound of the local multiplier, which is an improved local
inf-sup condition comparing to the global version.

Contrary to the classical approach, we consider the domain with non-polygonal boundary. In order to achieve
the same accuracy as the classical fitted method, boundary geometry and boundary data for CutFEM need to
be approximated to similar accuracy. It is therefore important in this context to derive error estimators that
are able to integrate both the discretization error of the method and the discretization error of the geometry. In
this work, we approximate the physical geometry by a piecewise affine polygonal domain. In [17], a boundary
correction error was separated that particularly estimates the geometry approximation error. The computation
of this term, however, is not trivial and requires the construction of a sub mesh. Nevertheless, numerical results
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have shown that such error is not necessary to compute since the boundary approximation error can already
be captured by the residual based error estimator in [17]. In this paper, we also discard such term and the
numerical results also confirm that our error estimator is able to catch both the boundary approximation errors
and the discretization error due to the numerical method.

Although we herein restrict the discussion to the case of piecewise affine approximation spaces from [15],
we believe that the ideas introduced can be extended for instance to the high order case discussed in [16] as
regards the CutFEM method, and in [7] as regards the flux reconstruction in two dimensions. The extension to
three dimensions is feasible but requires quite technical modifications in the local construction of the auxiliary
solution for the mixed problem, both at the theoretical and the computational level. We consider the three
dimensional case as future work. For other works treating a posteriori error estimation and cut cell techniques
we refer to [26], where a finite volume method was considered, and [22,39] where cut cell methods were applied.

This paper is organized as follows. In Section 2, the model problem and the CutFEM are introduced. In
Section 3, we design the local conservative flux by introducing an auxiliary mixed method and establish its
well-posedness. In Section 4, we apply the conservative flux in the a posteriori error estimation and establish
its reliability and efficiency. Finally, we show the results of several numerical experiments in Section 5.

2. MODEL PROBLEM AND THE CUT FINITE ELEMENT METHOD

2.1. The continuous problem

Let Q be a domain in R? (d = 2) with Lipschitz continuous, piecewise smooth boundary 9§ with exterior
unit normal 7. We consider the problem: find u : £ — R such that

—Au=f in Q,

2.1
u=g on 0, 21)

where f € L?(Q) and g € H'/?(99). For the sake of simplicity, we only consider the model problem of Laplacian
operator with Dirichlet boundary conditions. However, the technique could be generalized to other boundary
conditions and more complex elliptic operators.

Define the spaces

H;(Q) ={ve H'(Q):v=gondN}and Hy(Q) = {ve H(Q):v=0on 0N}
Then the weak formulation for this problem renders to find u € H}(Q) such that
a(u,v) = (f,v)e, Yve Hy(),

where a(u,v) = (Vu, Vv)q. It follows from the Lax—Milgram lemma that there exists a unique solution u €
H,(Q) to this problem.

2.2. The mesh, discrete domain, and finite element spaces

Assume that 99 is composed of a finite number of smooth surfaces I';, such that 9Q = UL';. We let p be the
signed distance function such that '
<0 if z € Q,
p(x)s =0 if x € 09,
>0 if z € Q°,

where ¢ is the complement of the closure of . We define Us(952),d > 0, be the tubular neighborhood {x €
R? : [p(z)| < 6} of ON. Choose Qy C R? be the background domain (see e.g., the square outline of the entire
mesh in Fig. 1) such that it is polygonal,  C Qg and Uy, (02) C Qg where dy is chosen small enough to control
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FIGURE 1. An example for the background mesh 7pp, 0Q and 0. €y is the entire square
domain.

the distance between the computational and physical domain. Let 7 5, be a partition of ¢ into shape regular
triangles (see e.g., the mesh in Fig. 1). Note that this setting allows meshes with local refinements.
Given a subset w of g, let 7, (w) be the sub-mesh defined by

Th(w) = {K € Ty : K Nw # 0}, (2.2)

i.e., the sub-mesh consisting of elements that have non-zero intersection with w, and let

Muw)= |J K, (2.3)

KeTy, (w)

which is the union of all elements in 7 (w).

For each Ty, let Q) (see e.g., Fig. 1) be a polygonal domain approximating 2. We assume that 9, C
Us, (092), i.e., 0y, is within the distance of dy to 9€2. Moreover, we also require that the maximum distance
between the two domains is small enough so that €2, is a sufficiently good approximation to €2. More details
will be given later.

Let the active mesh be defined by

T, = T() (2.4)

i.e., the sub-mesh consisting of elements that intersect €2, and let
Ah = Ah(Qh) (25)

Since 9€2;, cut the active mesh 73 in an arbitrary fashion, we denote by ’Z;Lb the set of elements that are “cut”
by 0Qy,, i.e.,
TP ={K € Top,: KNoQy, # 0} C T

We further assume that ©, is constructed in such a way that for each K € T}, the intersection K N 98, is
a subset of a d — 1 dimensional hyperplane, i.e., a line segment in two dimensions. Under the assumptions on
01), and if we also assume that h is sufficiently small, then for any element K € T,f there exists an element
K' € T, \ T} such that dist(K, K') = O(hk) where O(-) denotes the Landau big-O.

Also we denote by £ the set of all facets of 7, and by & and £y the set of all interior and boundary facets
with respect to 7}, respectively. It is obvious that & U &y = £. For each F € £ denote by np an unit vector
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normal to F' and by hp (or |F|) the diameter of F. If F' € £y, then np is the outward unit normal vector. For
each K € 7, denote by hy the diameter of K and by £k the set of all facets of K.

On the boundary 09, let n, be the outer normal to 9. For each j, we assume that, for Jy small
enough, there exist a vector function vy, : 9Q), — R? |v,| = 1, and gy : 98, — R, such that the function,
p(x,<) := @ + svp(x), is well defined and satisfies py, (x, on(x)) € I for all © € 0Qy,. Here gy, is the distance
from the approximate to the physical boundary in the direction v;. The mapping p;, allows us to impose the
boundary data defined on the physical boundary on the approximate boundary. The existence of the vector-
valued function vy, is known to hold on Lipschitz domains, see Grisvard [29]. We further assume that

py(x,<) € Usy (092), Y € 0y, 0 << < op(x).

For convenience, we will drop the second argument, ¢, of p, below whenever it takes the value g, () and then
p;, denotes the map py, : Q) — 0. Moreover, we assume that the following assumption is satisfied

llonllz=@0,nx) < O(hx) VK €Ty (2.6)
The above assumption immediately implies that 92, N K is within the distance of O(hg) of 99, i.e.,
loll L= (oannr) < O(hk) VK €T (2.7)

This assumption is necessary for the constant in the a posteriori error estimates to be independent of the
geometry/mesh configuration see [17]. It is however not enough to guarantee the optimal a priori error estimates,
which requires ||o|| Lo (90, nK) < O(h%), and ||n o p, — npll L= 90, k) < O(hk), see [16]. We note that based
on our construction of Qy, it is guaranteed that | ol (a0,nK) < O(h%). It is also noted that in theory we
can assume neither Qp C Q nor Q C . However, for simplicity, we assume €2 C . This will help skip the
analysis for the a posteriori error estimation on the part of data approximation error of f, i.e., hx || fll(o\0,)nK -
Such error will be discarded in the algorithm eventually due to computational difficulty on irregular curved
domain. Doing this, however, will not affect the performance of adaptive mesh refinement since the discarded
term is locally of equal order (when ||g|| L= (00,nx) < O(hKk)) or higher order (when ||o|| L (90, k) < O(h%))
comparing to the local error indicator.

2.3. The cut finite element method

In this subsection we recall the CutFEM introduced in [15]. We begin with some necessary notation. For any
Fe&,let K}' and K be those two elements sharing F' as a common facet such that the outer normal of K ?5
coincides with npg. For any discontinuous function v, define the jump of v across the facet F' by

[W]|F = v} —vp and vi(x) = lim+v(:c Fsnp).
s—0

The set of facets associated with cut elements is defined by
gg = {F e€é&r: (K; UK;) N oy, # (Z)}

The index g above refers to the ghost penalization, defined on every F' € &,.
For each K € 7}, we define a sign function sx defined on £k such that

HK(F) =

1 if ’I’LF:’I’LK|F7
-1 if’I’LF:—’I’LK|F.

The conforming linear finite element space is then defined as

CGp, :={ve H' (Ay):v|g €EPI(K) VK €T} (2.8)
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We also define the following forms:

B
ap(w,v) :== (Vw, Vv)a, — (On,w,v)5q, — (W, 0n,0)sq, + Z E@U,Wr[{a
KeT?

Ji(w,0) =7 3 b {[Onp ], [ns sl
Feg, (2.9)

an(w,v) = ag(w,v) + jn(w,v),

lh(v) = (f?v)ﬂh, - <gh78nhv>89h + Z %(ghavh‘I(a

KT

where I'x = K N OOy, Oy, = np -V, v and [ are positive constants, g, is an approximation of g defined
on 99y, A natural choice is that gi(x) = g o p;,. Note that we only assumed that @ C Q. In Qj \ Q where
f is not originally defined, f|q,\q is defined to be an appropriate extension. For instance, if f|q is piecewise
polynomial, it seems natural to extend it to €2, by means of the same polynomials, but one could also employ
the zero extension. More details about the extension can be found in [16]. We also note that in the special case
when 09, coincides with the mesh boundary, (2.9) is the classical Nitsche’s method. The analysis in this paper
remains applicable to this case.

Remark 2.1. The stabilizing term j,(w, v), which is the so-called ghost penalty term, is introduced to extend
the coercivity of an(+,-) to all of Ay, see [12,36]. Thanks to this property, one may prove that the condition
number of the linear system is uniformly bounded regardless of the arbitrary boundary-mesh intersection.

Remark 2.2. In order to guarantee the coercivity of the bilinear form a(-,-) in (2.9), 8 has to be chosen large
enough. Note that both 8 and 7 are chosen independently of the mesh and of the boundary-mesh intersection
[15].

The finite element method is then to find u; € CGy, such that
ap(up,v) =1lp(v) Yv e CGy (2.10)

where aj, and [, are defined in (2.9).
For v € HY(/\}), define its continuous and discrete energy norms respectively by

Il = VOl + 1822 -1/200) + 120130 (2.11)
(82)
and
olll7 = 11Vollg, + Y hllon,vlt, + D> bt lIvlf, + dn(v,v). (2.12)
KeTp KeT?

In (2.11), h denotes the piecewise constant mesh size function. From [12], we have for § sufficiently large the
following coercivity result,
an(v,v) > C|||lv|lIZ Vv € CGy, (2.13)

which, together with the uniform ||| - |||-continuity of ap(-,-) on CGy, implies that (2.10) has a unique solution.
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2.4. Some important inequalities

Below we list the well known trace and inverse inequalities ([21], Sect. 1.4.3),

[vllor < B llvllx + hil* Vol Voe H(K), VK eT, (2.14)
_1
hy? lvrllox + [[Vorllx S h;{luvhnK Vo, € P1(K), VK €T, (2.15)

The following irregular trace inequality can be found in [30]
lonlivi S hiclonllxe + R [Vonlle - Yon € Pu(K), VE €T, (2.16)

where the hidden constant is independent of the boundary-mesh intersection. Here and below we use the notation
< to denote less or equal up to a generic constant that is independent of the mesh-geometry configuration.
In the following lemma, we also provide a Poincaré-type inequality for the boundary elements.

Lemma 2.3. Letv € HY(Q). Then for any K such that KNOQ # 0 or KNy, # (0, there exists a local convex
neighborhood Sk of K such that v vanishes on a non-empty subset of Sk and

vl S hrlVollsg, (2.17)

where we defined v outside ) using the trivial extension v|gn\q = 0.

The proof of the lemma can be found in [17].

3. MIXED FORMULATION

In this section, we introduce an auxiliary mixed formulation for the cut finite element method. The aim is
not to solve the global mixed problem. Instead, our goal is to establish the connections between the mixed
and CutFEM formulation, and, with the help of those connections, to locally recover a conservative flux in the
H(div) space. The idea generates from [7] in which classical finite element methods with fitted meshes were
studied.

Define the discontinuous finite element space on A, by

DGy, := {v € L*(&p) :v|x € P1(K) VK € Ty }. (3.1)

Also define the average operator:

+ —
(w) = 0.5(wh +wg), Feér,
w, FGga.

We also denote by N the set of all vertices in 7, and by A; and Np the sets of all interior and boundary
vertices on 7. Obviously, we have N7 NNy = N. For each N € N, define 7y and £y be the sets of all elements
and all facets sharing N as a vertex, respectively. For each N € N, we define a signed function sy on £y
such that sy (F) = 1 if ng is oriented counter-clockwise in 7y, otherwise sy (F) = —1. We further define the
following space:

My, = {M S L2(g[) : ,U,|F S Pl(F)VF €&y, Z sN(F)hF,u|F(N) =0VN EN[}.
Fe&En

Here P (F') is the space of linear functions defined on F' € £. For the sake of brevity, we use the following
notations for piecewise integration,
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L= Z e LX)

KeTy,

where £ is a subset of £. We now define semi-norms and norms on the discrete spaces defined above:

1/2
[v|1,n = (/ Vv|2) ; Yo € DGy,
Th

1/2
lolloe = ([l 3 (uaclomvll, + 0ol + [ B Bl2ds) . e DGy,
KeTP &
1/2
unM,L:(ghFqus) , Ve M.
I

The auxiliary mixed formulation is defined as follows: find (up,0) € DGy, x M}, such that

an(un, wp) + b(0n, wr) = lp(wp), Vwy, € DGy,
b(/’[’hvuh) = 07 V,uh S Mh.
where

an(v,w) = ap(v, w) — <{6nFU}7 [[w]]>51mﬂh - <{8an}7 [[U]Dglmghv

o) = X Y pe RO ~ [ plelds,

Feé&r NeNNF

(3.3)

(3.4)

where pup = u|p and N'NF is the set of vertices of F. It is easy to check that the discrete kernel of b(-) coincides

exactly with the CutFEM space, i.e.,

ker(b) = {wh : b(uh,wh) =0 V,uh S Mh} = CGy,.

Indeed, any function wy, in CGy, satisfies Jwy]|r = 0 for any F € &;, and hence belongs to ker(b). Reciprocally,
for any wy, in ker(b), we can choose yj, € Mj, defined by (up)r = hp'[wp]|r for any F € &, which yields
[wr]lF = 0 and hence, wy, € CGy,. It is then obvious to see that the solution uy, for (2.10) coincides with the

solution for (3.3) if it is well defined.

3.1. Well-posedness of the mixed finite element approximation

Lemma 3.1 (Continuity). We have the following continuity results for the bilinear forms:

b(p, v) S Nl an [0l Vi € My, Vv € DGy,
an(v,w) S l[ollln«lllwllln,« Vv, w € DGy,.

Proof. The proof here is similar to that in [7]. The difference for the unfitted CutFEM is the norms introduced

in (3.2) which vary from the classical fitted case. For self-completeness, we sketch a proof here.
The proof of the first assertion is trivial by Cauchy—-Schwartz and the definitions of the norms:

2 —1/2
b(iv) £ 3 Ih 2 ullellbe [0l < llelias o/,
Fe&r
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As regards the second one, we first note that jj(v,v) < fT} |Vov|? for any v € DGy, so we clearly have that

e S -k, on DGy, hence the continuity of ay (-, -). The remaining terms of @y (-, -) are bounded as follows:
1/2 1/2
[{Onsv}: [w] gm0, < (Z hFll{anFU}|%> (Z hﬁll[hl}]]l%)
Fe&r Fe&r
1/2 1/2
< (/ |Vv|2) </ h;l[[w]]Q) Yu,w € DGy,
Th ‘SI
which ensures the continuity of a(-,-). O

Lemma 3.2 (inf-sup condition). We also have the inf-sup result for the bilinear form:

b
inf  sup ) > (3.5)
neMy venay, [[0[lln,« [l 1l 2z,

where the constant is independent of the mesh size and domain-mesh intersection.

Proof. We prove by construction. To define a linear function v € DGy, it suffices to define vg (V) := v|g (N)
for all K € 7;, and for all N € N. For each N € N, we let {K;}"Y, be the clockwise oriented elements in Tn
where ny > 1 is the number of elements in Ty. We also let F; = K;_1NK;,i=1,--- ,ny(Ko = K,, ). We let
vi, (N) = 0. The rest are defined such that

vk, (N) = vk, (N) = hp sy (Fi)pr (N),  i=2,---,nn. (3.6)
It is easy to check that (3.6) is compatible. Moreover, it is easy to check that
[[v]]lFi(N):hFi/’[’Fi(N)’ i=1,---,nN. (3'7)

For N € Ny such that Ex NE; # 0, we define vg,,i = 1,--- ,ny in the same way (where we assume that K
has a boundary facet). Note that there are only ny — 1 interior facets in this case. And we also have

[v]|F (N) = hppr, (N), =2, ,nN. (3.8)

Finally, for N € Ny such that Ey N E; = 0, we simply put vg (N) = 0. Combining (3.7) and (3.8) gives that

[[U]HF:}LF,UF VF €& (39)

We then have that 2
bpv) =Y > 7FMF(N)2 2 i, - (3.10)

Fe&r NENNF

The last inequality follows from the equivalence of norms in a finite dimensional space. Immediately from (3.8),
we also have the following bound:

ny

Su(NPS S hdus(N)2 (3.11)
i=1 FeENNEr

By a direct computation, (3.11), and norm equivalence in a finite dimensional space, we have

Svelk £ Y e Y0 ok =Y Y hrvg(N)?

KeT, KeT, NeNk NeN KeTn

S>> hher(N) <,

NeN FeEnNEr

(3.12)
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Immediately, we also have, by using (2.16) for the last estimate,

[ ol ds = /5 hppdds = |2,

(3.13)
S [ s Y e Y o Sl
KeT? Tx KeT? NeNk
We also have, thanks to (2.16),
hic|On,0lF, ds S IVolE, VK €Ty (3.14)

Note that the involved constants do not depend on the interface-mesh intersection. Combing (3.12)—(3.14) yields

[ollln < el ags - (3.15)
Equation (3.5) is then the direct consequence of (3.10) and (3.15). This completes the proof of the lemma. O

By (2.13), we also have the uniform coercivity of a(-,-) on ker(b) = CGy, with respect to the norm ||| - |-

Lemma 3.3. The mized formulation (3.3) is well posed. Moreover, the solution up, in (3.3) coincides with the
CutFEM solution of (2.10).

Proof. The proof is standard and follows from the Babuska—Brezzi theorem. We sketch the proof of the existence
and uniqueness of the solution for the convenience of the readers. It is enough to show the uniqueness of the
solution of the linear square system. We prove by contradiction. Assume both (u}b, H}L) and (u,%, 9%) are solutions
to (3.3). From the second equation in (3.3), we have that (u} —u?) € CGy,. Then we have

ap(uy, —ui,wp) =0 Vwy, € CGy,.

By (2.13), we have (uj — u3) = 0. Then we have b(6} — 67, wy,) = 0 for all w, € DGy,. Finally by the inf-sup
condition (3.5), we obtain 6} — 6% = 0. Since the solution for (3.3) is unique, then the solution uy in (3.3) must
coincide with the CutFEM solution of (2.10). This completes the proof of the lemma. O

3.2. Local construction of 6y,

In this subsection, we aim to compute the solution 6;, to (3.3) based on the solution u; of (2.10) through
solving local problems, following [7]. Firstly note that

b0, w) = r(w) := lp(w) — ap(up, w) Vw € DGy, (3.16)

Note that r(w) = 0 for any w € CGy,.
Let N € N such that Ey NE; # 0. We define O € My, on Ex N Er such that, for each K € Ty,

b(On, ANXK) = T(ANXK)
b(9N7/\MXK):O ifMENK andM;éN, (317)

where Aj; denotes the barycentric basis function corresponding to the vertex M. On &1 \ €, we impose that
0 is null.

Recall from the definition of M}, that the condition 85 € M), means that 6y has to satisfy a constraint at
any interior node. The last equation of (3.17) gives that Ox|p(M) =0 for all F € Ey and M € F, M # N, so
the constraint is obviously satisfied at the node M, for M € Nj. Hence, 0n only has to satisfy the constraint
equation at the node N, for N € N7.
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Also note that ) 7(AnXK) = r(Ay) = 0. It is then easy to check that the system introduced by (3.17)
is compatible.

In the next two lemmas, Lemmas 3.4 and 3.5, we prove the well-posedness of the local system for 6y and
its equivalence to the global solution 6. The proofs are similar to [7], we sketch them here for the sake of
completeness.

Lemma 3.4. For any N € N, the system (3.17) has a unique solution 0 in M.

Proof. We first assume that N € N7. Because of the compatibility condition, the system (3.17) a one-dimensional
kernel. Indeed, let Uy defined on any F' € Ey by Un|p € P1(F) and

Un|p(N) =hp'sn(F),
—0, VM € F, M # N,

Un|p(M)

whereas on F' € &1\ En, we set ¥y |p = 0. It is then easy to check that for all K € Ty,

(YN, Anxr) =0,

3.18
b(Un, A\yrxk) =0 if M € Nk and M # N. (3.18)

Thus span{ ¥y} is the kernel of the system (3.17). However, it is obvious that ¥ does not satisfy the constraint
equation ) pce SN (F)hpu|p(N) = 0 for N € Nj. Thus (3.17) has a unique solution fy € M), under the
constraint for N € N7. For N € N3, note that there are ny — 1 interior facets. The solution is then unique since
there are ny — 1 unknowns with ny — 1 independent equations. This completes the proof of the lemma. O

Lemma 3.5. Let O be defined in (3.17) and 0y, be the solution of (3.3). Then we have that

O =Y On. (3.19)
NeN
Proof. From (3.16), it suffices to prove that
Z b(ej\],)\]\/[XK):7"()\]\4)([()7 VMEN, VK € Ty. (320)
NeN
By (3.17), we have that
Z b(On, A XxK) = Z b(On, Arxx) = b0, Avrxx) = r(Am XK )- (3.21)
NeN NeNgk
This completes the proof of the lemma. O

3.3. Computation of Oy for N € N/

For each N € N, recall that we let {K; N};LZNl be the clockwise oriented elements in 7y and ny > 1 is
the number of elements in 7y. When N € N7, we let F; = K;_y vy N K; n,i =1, ,ny(Ko = K,y ). When
N € Njp, note that there are ny — 1 interior facets in Ey. Also let M; denotes the other vertices of Fj.

We firstly deal with the case N € A7. From the second equation in (3.17), it is easy to see that O (M;) =0
fori=1,--- ,ny. We then let

Oin =0n|p(N), rin:=r(Anxk,), ain:=5sy(F)hg.
From the first equation in (3.17), a straight computation gives that

ai,NHi’N — ai+1¢9i+1,N = 27‘2"]\[7 1= 1, e ,NN — 1. (3.22)
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Note that we only used ny — 1 equations since the last one is linearly dependent. The constraint provides the
last equation if N € N;:

nN
> ainbin =0. (3.23)
i=1

Combining (3.22) and (3.23) yields a ny x ny non-singular local system. It is helpful to denote the unknowns
by 91 ~N = a;,n0; v, such that the matrix of the previous local system has constant coefficients and depends
only on ny.

If N € Ny, note that Oy |r(N) =0 for F € &, i.e., g n = Ony, v = 0. Hence we can explicitly compute 6; n
fori=1,--- ,ny — 1. Thus no local ny X ny problem is required to solve for boundary elements.

By a simple calculation, we also have the following estimate:

nN nN
> B sy iy = [{on}] s 1y, (3.24)
i=1 =1

where {ry} and {0~N} are the vectors in R™ formed by (r; v); and (6; n);, respectively. Here || - || denotes the
Euclidean 2-norm.

We also obtain the following estimate for {rx } which will be used later. From the definition of r; v, integration
by parts, (2.16), [un]|e, = 0 and direct computations on norms of Ay xk,, we have

ri,N = T(ANXK;)
= (£, ANXE)q, — (Vun, VANXK,))q, — (9n — Uns On, (ANXK)) 50,
+ <)‘NXKmanh,uh>th + <{anpuh}v ﬂ)‘NXKiH>£,th

+ Y BhiMon —un Anxkre =7 Y he([0ne Avx)], [Onpunl) o

KeT? Feg,
= (f,ANXK ) k00, — (90— Uy On, ANXE))ry, + Bl (gh = uns ANXE )1,

= > AOnpunl, IANXE ) prg,

Fe&Nék,
-7 Z hF([[a‘nF ()‘NXKi)]]a [[anpuh]DF
FEENEK,
< i I fllinen + b Plgn —unliee, + Y 2 M 0nrunlll . (3.25)
FEEIHEKi
Immediately, we also have for any node N that
{on}]|stowiis Y wlI0acwdlie+ Y (Axlifllxne, + i 2lon = unllee ). (326)
FenEnNEr KeTn

3.4. Flux reconstruction

In this subsection, we locally recover a flux for each element K € 7;. The element-wise construction is
completely explicit and based on the computation of u and ;. We note that for the interior elements, its local
flux recovery remains almost the same as in the fitted FEM, although it needs extra treatment for the ghost
penalty term. For cut elements, the typical method used for the fitted cases is no longer directly applicable due
to non-standard terms in the variational formulation. Therefore, new techniques need to be carefully designed
to avoid artificial error and, therefore, to obtain the desired properties, i.e., global reliability, local efficiency
and local conservation (see (3.27) for the detailed construction).
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Denote the H(div; Ay) conforming Raviart—Thomas (RT) space of order 1 with respect to 7, by
RT, = {7 € H(div; Ay) : 7|k € RTY(K), VK € T},
where RT(K) = P (K)% 4 P, (K).

On a triangular element K € 7}, a vector-valued function 7 in RTl(K ) is characterized by the following
degrees of freedom (see [9], Prop. 2.3.4):

/ Tcdxa VCGPO(K>(17
K

and

/(T~np)wds, Vw e P (F) and VF € k.
F

For each element K € 7, we define o € RTl(K) such that for all ¢ € Py(K)? and for all F € £k and
w € P (F) it satisfies:

0k, Q) = Vun, O +v Y. hel[Onpunl, [ nrl)p + (g — un, § - mn)p,

Féggﬂgk
<0'K~np7w>F: ({GnFuth)F—bF(@h,w) ifFEgj,
(ox -np,w)p = (Onpln, W) g if Feé&y\Ilk,
(ok -np,w)p = (Onptn, W) p + %(gh — Up, W), it F=Tg, (3.27)

where

bF(ah,w):% Z Onp(N)w(N).
NeNNF

Remark 3.6. One can also reconstruct the flux in the Raviart—Thomas space of order 0 similarly to (3.27).
Note that there are now no interior degrees of freedom thus the first equation in (3.27) is not needed, whereas
the edge degrees of freedom are tested with w € Py(F).

Remark 3.7. Note that if F'=T'ix € £k, we then have that

O Np = Oppup + ﬂ(gh — up).
hk

Remark 3.8. The extension of the present flux reconstruction to the three dimensional case is possible but
much more technical. The main difficulty is related to the ordering of the cells around a given node, which
is a key tool in the definition of the space My, in the proof of the discrete inf-sup condition and in the local
computation of the multiplier. Although the ordering of the cells remains feasible in three dimensions, it is far
from being as natural as in two dimensions and leads to a more complicated definition of M} and implicitly, to
more complicated local systems.

We then define the global recovered flux by

gp = Z OKg-. (328)

KeTy
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Recall that on a cut element K € Thb, f is only defined on K N ;. We next introduce an extension of f to
the whole cut element K. For each K € 7;{’ and K ¢ Qp, we extend f to K N§ such that f|Ksz is linear and
also satisfies that for all w € P1(K),

1
(fsw)kno; = Bhic (gn — Up, W)p . + Z §<5K(F)[[anpuh]]7 [[w]]>FmQ;~ (3.29)
FeExN&r

Note that if the right-hand side is 0, this represents a zero extension. It is important to note that, contrarily to
the extension of f from  to €; which is used in order to obtain the discrete solution, the new extension from
Qp, to Ty is only a theoretical tool necessary to carry out the analysis. We do not compute it in the numerical
simulation.

Let II; be the L? projection operator onto the space DGy, defined on 7j,.

Lemma 3.9. Let o}, be defined in (3.28). Then we have that o, € RT), and
-V .o, =1I1i(f) VK eT,. (3.30)
Proof. By its definition, it is easy to see that o € RT},. Firstly, we note that for all w € DG}, we have

b(ahv U}) = lh(w) - dh(uh, w)
= (frw)a, — (Vun, Vw)g, = (gn = un, O, w) g, + (W, On, tn)og,
+ Z %(gh — Up, W), — Z b ([Onpw], [Onpun]) g
KeT? Feeg,
* UOnpunk Lebeira, (3.31)

since [up] = 0. To prove (3.30), we first consider the case of K € 7™, i.e., K C Qp, K N9y, = 0. Let
w € DGy, such that w|g € P1(K) and w vanishes elsewhere. By integration by parts, (3.27), the fact that
b(On, w) = Y pee, b (On, [w]), and (3.31), we have

(Voonw)e = —(on V)i +{on - ng,w)e, = —(on, V) + (on -1, [w])e,
= = (Vun, Vo) =7 > he{[Onpun], [Onpw])
FeE,NEx
+ ({Onpunt, [w])e, —0(0h,w) = —(f,w)k, (3.32)

which yields (3.30) for all interior elements.

We note that the proof for the interior elements is almost the same as that in [7] only with the difference of
handling the ghost penalty term. However, for the boundary elements, classical techniques no longer work due
to irregular integration terms.

Now consider the second case when K € T}, Again, let w € DGy, such that w|x € P;(K) and w vanishes
elsewhere. From (3.31) we now have

b(eha U)) = (f7w)KﬁQh - (Vuha Vw)Kr‘]Qh - <gh - uh78’nhw>FK + <w7 8”1huh>I‘K

+ﬁh}_(1<gh_uh7w>r‘;< -7 Z h’F<[[8an]]’[[6nFuh]]>F

Fe&,NEx
+ {Onpun}, [wl)e,ne,na,- (3.33)

Applying integration by parts on K N QY gives

(w, 3nhuh>FK = — (Vup, Vw)KnQ;L + <anKuh’w>8(KﬁQ;CL)\FK
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= — (Vup, Vw)KnQ; + (Onpun, [[w]]>5m£;m§z; + (Onytn, We, e, (3.34)

which, combining with the following equation,

1
<anpuh7 [[wﬂ>glmgKmQ% = <{8npuh}7 [[w]]>£,m£KmQ§L + §<5K(F)[[anpuh]]a [[w]]>£,mgKana

implies

(w, O, un)p,. == (Vun, Vw)knog + ({Onpunt, [wl)e,nenas
1 (3.35)

+ §<5K(F)ﬂanpuh]], ﬂw]]>gmg,(ng;’ + <anxuhvw>gnga-

Note that the previous relation also holds in the case 'y = Ex N Ey.
Combining all above with the definitions in (3.29) and (3.27) gives

b(ehvw) = (.f:w)K - (VU}“ V’LU)K - <gh — Up, 8nhw>FK
-7 Z hF<[[6an]]v [[a’nFuh]DF + <{8nFuh}’ [[w]]>£K

Fe&EyNEk
= (f,w)k = (on, V)i + {Onpunt; [w])e, - (3-36)

Again, we have b(0, w) = > pce. br(0n, [w]). By using (3.27), the previous equality gives
0= (f,w)k — (o, Vw)k + (oh - nr, [w])e, (3.37)
so we obtain (3.30) thanks to the integration by parts formula. This completes the proof of the lemma. O

Remark 3.10. For the cut elements, it is not obvious to construct a flux that is both locally conservative
in the cut part K N Qy and, at the same time, maintains continuous normal flux. The technique of applying
integration by parts in (3.35), together with the extension (3.29) of f, renders the problem to be a more regular
problem and completes partial elements to full elements. In each cut element K, we thus proved that —V - o,
equals IT; (f)|x and not fixnq,-

4. APPLICATION IN THE a posteriori ERROR ESTIMATION

For the sake of simplicity, we assume in this section that f|x € P1(K) on any K € 7, \ 7;. In the adaptive
procedure, we define the following local error indicators

nxa = lon = Vunllx, nx2=|on—Vunllkna, YK €T, (4.1)

m = Z 77%,1, M2 = Z 77?(72- (4.2)
KeTy, KeT,
4.1. Reliability

Let ¢ € H'(2) be the lifting such that é = e :== u — uy, on 9 and

and the corresponding estimators:

€[l 1) = llell gz (a0)-



2774 D. CAPATINA AND C. HE

Lemma 4.1. Let oy, be given by (3.28) and up, be the CutFEM solution in (2.10). We have the following
estimate:
IV(u—wun)lla < llon = Vunlla +2[[Vellq + Ce,

where the constant C is independent of the mesh size and mesh-domain intersection, and

S B3 - () e (4.3)

KeTy

Remark 4.2. Thanks to the assumption that 2 C €, we have that
lon = Vunlla < llon = Vunle, < llon = Vunla,.
Therefore both n; and 7 could serve as the error estimator in the AMR procedure.
Proof. By triangle inequality, we firstly have the following bound:
IVella < V(e —é)lla + [IVéla

(V(e—2¢),Vv) 8
sup ———=———>+||Ve|la
e A
Ve, Vv .
< sup ( ) +2||Vé|lq. (4.4)

vEHL(Q) ||VU||
To bound (Ve, Vv)q we have
|(Ve, Vv)a| = [(Vu — o, Vu)a + (o, — Vup, Vo)g|
< 0 =), v)knel + [(oh = Vun, Vool

KeT?
S O -m(Hllrnellvlx + lon — VunlalVolle
KeTp
< Cel|Vullo + [lon — Vun[|ol[Vlla (4.5)
where we used (2.17) for the last inequality. This completes the lemma’s proof. O

Lemma 4.3. Let € be defined in (4.3). We have the following estimate:
Y <h§<|f”%m§zh+h1_<2|FK|gh —unlf Y |FQQZ|||[[3nFUh]]||%nQ;>- (4.6)
KEThI/) Fe&nék
Proof. Let any K € T}f’. We write that

If =T (Nllxne < IIf = Ta(Hllxnen < [1flxne, + ()l (4.7)

and we next note that

I ()l S |K|72 /K I (48)

Indeed, denoting by (a;)1<i<3 the values taken by II;(f) at the vertices of K and by A; the corresponding nodal
basis functions on K, we have using that 0 < \; <1,

3 3
|K|Za Ly (f ||K—/Kf<2am> ,s/K|f(Z|ai|) SIKH/QIIHl(f)|\K/K\f|,
=1 =1
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which yields (4.8). Furthermore, we have:
KIS [ 1S 1K 0021 i, + 1K 095121

which together with (4.7) leads to:

hicllf = T (f)lkne < bl flxna, + 1K 0 Q512 fllknes (4.9)

By the definition of f in (3.29), f |Q’CL can be bounded as follows using Cauchy—Schwarz inequality:

(£, w)kneg] S Bhitlgn — unllrecllwle,e + Y- NBnpundllirnog lwlleaog

Fe&nék
B |FK|1/2 ‘FQQCP/Q
S (ﬁhxlwﬂgh —un|r, + Z WHH%FWMMQ; [l kneg
h Fe&nék h

for any w € P1(K NQE). It follows that

K02 fllnas S B8R Tkl llgn — unlve + 1F Q%12 [0npun]ll g - (4.10)

Fe&néxk

From (4.9) and (4.10), we obtain the desired bound (4.6) for e. O

Remark 4.4. From the above estimate, we observe that ¢ can be bounded by the residual based error estimator
given in [17]. Moreover, the constants are uniformly bounded and independent of the domain-mesh intersection.
We further note that ¢ can be further bounded by n with an additional higher order oscillation term,

oscy = \/h%Hf — o, ke, kg, + i Txlllgn — un = Mor, (gn — un)l3, - (4.11)

Indeed, we could prove by equivalence of norms on finite dimensional space. Firstly note that n = 0 implies
o, = Vuy,. Therefore, based on the properties of o, we have that [Vuy -ng] =0 for all F € £ and that f =0
in 7, \ 7;*. Moreover, from the first equation in (3.27), we immediately have o, (gn — up) = 0 on 'k for
K € T. From the second equation in (3.27), we have 6, = 0 and thus, from (3.16), {ry} = 0 for each N € N.
Finally, the second equation in (3.25) implies Il g, f = 0 on K € 7,*. Eventually, we have that 1 + osc; = 0
implies € = 0, and, therefore, ¢ < 1 + osc;. However, the constant here might depend on the mesh-domain
intersection. In the numerical computation, we discard the term 2||Vé||q + Ce. || VEé||q is the so-called boundary
correction error which we have thoroughly discussed in [17]. It was shown that adding such error does not affect
the overall convergence rate as well as the final meshes when the mesh is fine enough.

Theorem 4.5 (Reliability). Let o, be given by (3.28) and up, be the CutFEM solution in (2.10). We have the
following estimate:

IV(u—up)a < |lon — Vuplla + 2||Vé|q + CE (4.12)

where the constant C is independent of the mesh size and mesh-domain intersection and

€= <h?<|f||§m9h+h?<2lFKIgh—UhII%KJr > IFﬂQZIII[[(?nFUh]]II%mQ;) (4.13)

KeTh? Fe&néx

Proof. Equation (4.12) is a direct consequence of Lemmas 4.1 and 4.3. O
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4.2. Efficiency

Lemma 4.6. Let K be a given element in T,. Then the following local efficiency result holds:
lon = Vunl|kno, < llon = Vurllx S IV(u—un)la,

+ 30 Y r0neunllle + D hrellfline, + b llgn = unllrg |

NeNk \FEENNE, K'eTnNT}
(4.14)

where A is a local neighborhood of K that does not contain elements in T and the efficiency constant does
not depend on the mesh size nor the domain-mesh intersection.

Proof. By the degrees of freedom for RTl(K ) space, we have the following bound:

lon = Vunllx <> hl?l(en — Vun) - nplr + [Ho(on — Vur)| x, (4.15)
Felk

where Il is the L? projection onto the piecewise constant space on 7. Let F' € £k and p € P (F) arbitrary,
then from (3.27) we have:

((on = Vup) - np,p)p = {Onpun} — Vup - np,p)p — br(h,p)

< NonpunlllrllplF — br(0n, p) if F eé,
((o‘h—Vuh)-np,p>F:0 ifFGga\FK,
((onh —Vup) -np,p)p = %(gh — Un, D) if F=Tk. (4.16)

Then applying Cauchy—Schwartz inequality and (3.26) gives, for F' € &,

be(Onp) = > br(Ox.p) sh;”2< > H{éw}H)nqu

NeNr NeNF
1/2 _
s S 0npwlle+ Y (W1 ke, + At llgn = unliv ) [Iplle. (417)
Fre U é&nnér Ke U 7w
NeNp NeNFEp

Combining (4.16) and (4.17) gives, for any F € &,

H(U’h—th).nF”F S sup <(0'h_vuh)-np,p>F

pEPy (F) Il F
1/2 _
S Y A@awlle+ X (R kng, + R lgn = unlivy ) (4.18)
F'e U EnNEr Ke U 7n
NeNp NeNE

By the definition of o, in (3.27) and Cauchy—Schwartz inequality, we also have

(on — Vun, Vp)k

[To(on — Vup)||x = sup
peP; (K) Vol x

1/2 —1/2
< N P 0nrundllF + Ry llgn — unllr.- (4.19)
Fe&ynEx



FLUX RECOVERY FOR CUTFEM 2777

Combining (4.15), (4.18) and (4.19) , we have

lon = Vunllx S ) ( S P on e+ > hK'||f|K/mQh+h}%/2gh—UhFK/) (4.20)

NeNkg \FeEnNEr K'eTn

For regular facets and elements, there holds the following classical local efficiency results (see [19,40]):

B npunllle S IV = u)lcins + Ml ~ Tl YF €&\ &y
hicllfllx S IV (w—un)llx + ki llf =L ()l x VK € T, \ Ty (4.21)
Equation (4.14) is then a direct consequence of (4.20), (4.21) and of the hypothesis f = II;(f) on any K € T\ 7 .
This completes the proof of the lemma. O

The following lemma, which follows from Theorem 4.5 in [17], gives the efficiency result for the irregular error

terms. Define
1/2

ose(f) = | D2 (I = 2 na + 1 o) |

KeTt
where w is the union of all elements sharing a common vertex with K and fx = argmin.cp hi || f — ¢[lwina, -
Lemma 4.7. We have the best approximation result for the irregular terms

gnun,un) + Y Wil fllkna, + > bt lun — gnlif
Kezp Kezp

<Ce inf | flu—onll>+5wn,vn) + > Bt llon — gnllt,, +ose(£)? |, (4.22)
vp, €CGy, Kexh
[

where the constant C, does not depend on the mesh size nor the domain-mesh intersection and osc(f) can be
regarded as a higher order oscillation term.

Thanks to the previous result, we can easily deduce an error bound for the flux error ||o — o} |lq, where
o = Vu.

Theorem 4.8 (Efficiency). Assume u € H*(Q2). Then one has:
lo—onlla < |u—unli o+ hlul2o
+Ceinf | llu—onllP +(vn,on) + D bt llon — gnlf, +ose(f)? |- (4.23)
v, €CGy
KeTy
Proof. We have, using that 2 C Qj, that
lo —onlla < [Vu—Vunlo + [lon = Vunlle,-

Tt is therefore sufficient to bound ||oy, — Vuy ||k for any K € 7. For this purpose, we use (4.20). The triangle
inequality together with norm equivalence in a discrete space and standard interpolation results give, for any
Feé&r\ &y, that:

1/2 1/2
i1 (u = w)ll e S B (1[0 (u = Raw)]l|p + [Rite = unly g =
S lu— Uh|1,K;uK; + |u — Rh“‘LK;uK; + h‘u|2,K;EUK; (4.24)

S lu—unly grorg +hluly ok
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where Ry, is the continuous, piecewise linear Lagrange interpolation operator. Together with (4.20), the second
estimate of (4.21) and (4.7), this gives (4.23) which completes the proof of the lemma. Note that in the proof,
we do not need the requirement that f is piecewise linear. (I

Remark 4.9. When Q = Qy,, we refer to [15] for the a priori error estimate of ||V(u — up)|la S hlul2,o. In the
case when ) # Qy,, the same order can be achieved but with some additional inconsistency error of higher order
regarding the geometry approximation, which can be bounded using similar techniques to [17].

5. NUMERICAL RESULTS

In this section, we present several numerical examples to validate the performance of the a posteriori error
estimator in the adaptive mesh refinement procedure. The adaptive mesh refinement procedure is set as follows:

Solve — Estimate — Mark — Refine — Solve.

For the penalty parameters in the finite element method, we set § = 10 and v = 0.1. For the refinement strategy,
we use the Dorfler marking strategy [23] and the refinement rate is set to be ten percent. Regarding the domain
approximation, let p be the level set function that satisfies p = 0 on 9Q and negative (positive) inside (outside)
the domain 2. Let pj, be the nodal interpolation of p with respect to 7j ;. Then we define

0 = {x : pu(x) = 0} (5.1)

We can easily check that (2.6) holds.
In the adaptive procedure, we compare the error estimators 77 and 17, defined in (4.2) with the residual based
error estimator (see [17]) defined as follows,

_ hp
icres = | W5l f o, + Rt Blon —unllp, + 5 1 [Onp un]ll%- (5.2)
FeExgNEr

The global residual based error estimator is then defined by

1/2
Thes = < Z n%{,res> . (5.3)

KeT,

Example 5.1. In this example, we test a problem with a strong interior peak. The exact solution has the
following representation:

u(z,y) = exp(—lOO((x — 0.5+ (y — 0.5)2)).
This function has a strong peak at the point (0.5,0.5).

Note that the boundary of the domain is regular, thus we have that nx 1 = nx,2. Moreover, the function
value is very smooth and almost vanishes on the boundary. The purpose of this example is to test the efficacy
of our adaptive algorithm for Nitsche’s method on a regular domain.

In the numerical scheme, g and f are approximated by their interpolations into the continuous piecewise
linear space. We firstly test the convergence of the method on uniform meshes. The results are plotted in
Figure 2e which show optimal convergence rates (order 1) for both the true error ||V (u—uy)|| and the flux error
IVu - o]l

In the adaptive mesh refinement (AMR) procedure, we start with a 5 X 5 initial mesh. The marking percent
is set to be 25%, i.e., the ordered elements (from the one with largest error indicator) that account for the
first 25% of the total error estimator get refined. With the stopping criteria that the total number of degree
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FIGURE 2. Example 5.1. Final meshes and convergence of error estimators. (a) Mesh by n1 k.
(b) Mesh by 7yes, k- (¢) Errors by n1 k. (d) Errors by nyes. (¢) On uniform meshes.

of freedoms (DOF's) be not greater than 5000, the final meshes generated by 71 x and 7es, x are provided in
Figures 2a and 2b.
From Figures 2c and 2d, we observe optimal convergence rates for both estimators. However, the efficiency

index, which is defined by m,
— Uh

ures 2c and 2d, respectively, comparing to that of 7, with mean values 5.75 and 5.10 for Figures 2c and 2d,
respectively.

of n; is more accurate with mean values 1.42 and 1.68 for Fig-

Example 5.2. In this example, we test the Franke function [27] on the unit square domain,

u(z,y) = %exp (—(93@ —2)%/4— (9y — 2)2/4) + Zexp <—(9x +1)2/49 — (9y + 1)/10)

4 %exp (~(02 — 72/4— (99— 3?/4) - %exp (~(00 4> (9w~ 7).
This function has two peaks at (2/9,2/9) and (7/9,1/3) and one sink at (4/9,7/9). Since the boundary of
the domain is regular, the purpose of this example is again to test the efficacy of our algorithm for Nitsche’s
method on regular domain. However, the solution on the boundary is more volatile than in Example 5.1 and
our numerical results show that this boundary volatility potentially causes extra challenges for the efficiency of
Nitsche’s method that imposes the Dirichlet boundary condition weakly.

The optimal convergence results on uniform meshes for the errors ||V(u — up)|| and || — || are verified in
Figure 3e. With the same initial mesh and marking strategy as in Example 5.1, and with the stopping criteria
that the total number of DOFs be not greater than 7500, the final meshes generated using 1 x and 7yes, i are
provided respectively in Figures 3a and 3b. Both meshes are similar with DOFs centered around the peaks and
sinks. Since the solution is more volatile on some parts of the boundary, we also observe dense refinements on
some right and upper parts of the boundary. However, the mesh in Figure 3a puts relatively more DOFs on the
boundary comparing to Figure 3b on the boundary.
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F1GURE 3. Example 5.2. Final meshes and convergence of error estimators. (a) Mesh by 71 k.
(b) Mesh by 7res, k- (¢) Errors by n1. (d) Errors by nees. (€) On uniform meshes.

From Figures 3c and 3d, we observe optimal convergence for both the true error and the estimators in the
overall pattern, however, with occasional oscillations, for both cases. Such oscillation is uniquely caused by the
Nitsche method since it imposes the Dirichlet boundary condition weakly. Again, we observe that n; is more
accurate than 7, for most regular (non-oscillating) iterations. Nevertheless, it seems that n; has a stronger
magnifying effect for the oscillation.

Example 5.3. In this example, we test our algorithm on an irregular domain. The level set of the problem has
a flower shape (see e.g., Fig. 4a) that has the following representation:

p = min(po, p1,- -, pg)

with
po(z,y) = a* +y* —r?, =2
pi(z,y) = (x—2) + (y—y:)* =12, 1i=/2r(sin(r/8) + cos(n/8)) sin(r/8)

fori=1,---,8, and
x; = r(cos(mw/8) + sin(w/8)) cos(in/4), y; = r(cos(n/8) + sin(n/8)) cos(in/4).

The domain boundary is defined to be the zero level set, i.e., Q = {x € R? : p(x) < 0}. The data are given such
that ¢ = 0 on 092 and

CJ10 if(m—x)?+ (y—w)? <ri/2,
flz,y) = {O otherwise.

In the numerical scheme, we take g, = 0 and f is approximated by its L? projection into the discontinuous
piecewise constant space. We start with a 8 x 8 crossed mesh on the rectangular domain (—4,4) x (—4,4). With
the stopping criteria that the total number of DOF's be not greater than 7000 and marking percent set to be
15%, the final meshes obtained by 71, 72 and 7, are given in Figure 4a, 4b and 4c, respectively. We observe
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similar meshes for the three cases and DOF's are centered around the heat source. From Figure 4c—4e, we observe
optimal convergence rate for all error estimators. In this example, 77 is very close to 73 since there are no dense
refinement on the boundary, and 7. is relatively bigger.

Example 5.4. In this example, we consider the reentrant problem whose solution has the following polar
representation:
u(r,0) = r*sin(ab),

with @ = m/w and w being the angle of the reentrant corner. In this example, we take w = 3/27. The domain is
set to be Q = ([-1,1]?\ [0,1] x [~1,0]) N B(0.95), where B(0.95) is the ball with center (0,0) and radius 0.95.
It is easy to check that f =0 in .

In the numerical scheme, we extend f outside of {2 by 0 and take g to be the conforming linear interpolation
of u with respect to 7. The optimal convergence results on uniform meshes for the errors |V(u — up)|| and
|lo — o] are verified in Figure 5e.

In the AMR procedure, we choose to use the initial mesh 10 x 10 on the regular domain (—1,1) x (—1,1).
With the marking percent set to be 10% and the stopping criteria set such that the maximal number of degrees
of freedom does not exceed 5000, the final meshes generated by 72 x and n,s are given in Figures 5a and 5b. The
corresponding convergence rate of the estimators are presented in Figures 5¢ and 5d. We again observe optimal
convergence for both AMR procedures. This again indicates that the estimators work equivalently effective for
problems with reentrant singularity on the boundary. However, 1y is more accurate than n..s. For Figure 5c,
the mean ratio for ny.es/||V(u —up)||q is 4.1, whereas the mean ratio for 71 /||V(u —up)||q and n2/[|V (v — up)||o
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4 and 1.5, respectively. The corresponding ratios for Figure 5d are similar. We note that for this example,
g m1, K generates almost the same mesh as 12 x. However, 77, is more accurate than 7, in both cases.

Acknowledgements. This work was funded by the EPSRC grant EP/P01576X/1.

(1]
2]

(3]
(4]

(5]
]

[7]

6

8

(9]

REFERENCES

M. Ainsworth, A posteriori error estimation for discontinuous Galerkin finite element approximation. SIAM J. Numer. Anal.
45 (2007) 1777-1798.

M. Ainsworth and R. Rankin, Fully computable bounds for the error in nonconforming finite element approximations of
arbitrary order on triangular elements. SIAM J. Numer. Anal. 46 (2008) 3207-3232.

M. Ainsworth and O.J. Tinsley, A Posteriori Error Estimation in Finite Element Analysis, Vol. 37. John Wiley & Sons (2011).
S. Badia, F. Verdugo and A. F. Martin, The aggregated unfitted finite element method for elliptic problems. Comput. Methods
Appl. Mech. Eng. 336 (2018) 533-553.

J.W. Barrett and C.M. Elliott, A finite-element method for solving elliptic equations with Neumann data on a curved boundary
using unfitted meshes. IMA J. Numer. Anal. 4 (1984) 309-325.

P. Bastian and B. Riviere, Superconvergence and H(div) projection for discontinuous Galerkin methods. Int. J. Numer.
Methods Fluids 42 (2003) 1043-1057.

R. Becker, D. Capatina and R. Luce, Local flux reconstructions for standard finite element methods on triangular meshes.
SIAM J. Numer. Anal. 54 (2016) 2684-2706.

S. Bertoluzza, M. Ismail and B. Maury, The fat boundary method: semi-discrete scheme and some numerical experiments. In:
Domain Decomposition Methods in Science and Engineering. Vol. 40 of Lect. Notes Comput. Sci. Eng. Springer, Berlin (2005)
513-520.

D. Boffi, F. Brezzi and M. Fortin, Mixed Finite Element Methods and Applications, Vol. 44. Springer (2013).



(10]
(11]

(12]
(13]

(14]
(15]
[16]
(17]
(18]
(19]
20]
(21]
(22]

23]
(24]

25]
[26]
27]
28]
(29]
(30]
(31]
(32]
(33]
(34]
(35]
(36]

(37]

(38]

FLUX RECOVERY FOR CUTFEM 2783

D. Braess, V. Pillwein and J. Schoberl, Equilibrated residual error estimates are p-robust. Comput. Methods Appl. Mech. Eng.
198 (2009) 1189-1197.

D. Braess, T. Fraunholz and R.H. Hoppe, An equilibrated a posteriori error estimator for the interior penalty discontinuous
Galerkin method. STAM J. Numer. Anal. 52 (2014) 2121-2136.

E. Burman, Ghost penalty. C. R. Math. Acad. Sci. Paris 348 (2010) 1217-1220.

E. Burman and A. Ern, An unfitted hybrid high-order method for elliptic interface problems. STAM J. Numer. Anal. 56 (2018)
1525-1546.

E. Burman and P. Hansbo, Fictitious domain finite element methods using cut elements: I. A stabilized Lagrange multiplier
method. Comput. Methods Appl. Mech. Eng. 199 (2010) 2680-2686.

E. Burman and P. Hansbo, Fictitious domain finite element methods using cut elements: II. A stabilized Nitsche method. Appl.
Numer. Math. 62 (2012) 328-341.

E. Burman, P. Hansbo and M.G. Larson, A cut finite element method with boundary value correction. Math. Comput. 87
(2018) 633-657.

E. Burman, C. He and M.G. Larson, A posteriori error estimates with boundary correction for a cut finite element method.
IMA J. Numer. Anal. (2020) draa085.

Z. Cai and S. Zhang, Robust equilibrated residual error estimator for diffusion problems: conforming elements. STAM J. Numer.
Anal. 50 (2012) 151-170.

Z. Cai, C. He and S. Zhang, Residual-based a posteriori error estimate for interface problems: nonconforming linear elements.
Math. Comput. 86 (2017) 617-636.

Z. Cai, C. He and S. Zhang, Generalized Prager-Synge identity and robust equilibrated error estimators for discontinuous
elements. J. Comput. Appl. Math. 398 (2021) 11673.

D.A. Di Pietro and A. Ern, Mathematical aspects of discontinuous Galerkin methods. In: Vol. 69 of Mathématiques & Appli-
cations (Berlin) [Mathematics & Applications]. Springer, Heidelberg (2012).

P. Di Stolfo, A. Rademacher and A. Schréder, Dual weighted residual error estimation for the finite cell method. J. Numer.
Math. 27 (2019) 101-122.

W. Dorfler, A convergent adaptive algorithm for Poisson’s equation. SIAM J. Numer. Anal. 33 (1996) 1106-1124.

A. Ern and M. Vohralik, Polynomial-degree-robust a posteriori estimates in a unified setting for conforming, nonconforming,
discontinuous Galerkin, and mixed discretizations. SIAM J. Numer. Anal. 53 (2015) 1058-1081.

A. Ern, S. Nicaise and M. Vohralik, An accurate H(div) flux reconstruction for discontinuous Galerkin approximations of
elliptic problems. C. R. Math. 345 (2007) 709-712.

D. Estep, M. Pernice, S. Tavener and H. Wang, A posteriori error analysis for a cut cell finite volume method. Comput. Methods
Appl. Mech. Eng. 200 (2011) 2768-2781.

R. Franke, A critical comparison of some methods for interpolation of scattered data. Tech. Report, Navel Postgraduate School,
Monterey, CA (1979).

R. Glowinski and T.-W. Pan, Error estimates for fictitious domain/penalty /finite element methods. Calcolo 29 (1992) 125-141.
P. Grisvard, Elliptic problems in nonsmooth domains. In: Vol. 69 of Classics in Applied Mathematics. Reprint of the 1985
original [ MRO775683], With a foreword by Susanne C. Brenner. Society for Industrial and Applied Mathematics (SIAM),
Philadelphia, PA (2011).

A. Hansbo and P. Hansbo, An unfitted finite element method, based on Nitsche’s method, for elliptic interface problems.
Comput. Methods Appl. Mech. Eng. 191 (2002) 5537-5552.

J. Haslinger and Y. Renard, A new fictitious domain approach inspired by the extended finite element method. SIAM J.
Numer. Anal. 47 (2009) 1474-1499.

P. Huang, H. Wu and Y. Xiao, An unfitted interface penalty finite element method for elliptic interface problems. Comput.
Methods Appl. Mech. Eng. 323 (2017) 439-460.

A. Johansson and M.G. Larson, A high order discontinuous Galerkin Nitsche method for elliptic problems with fictitious
boundary. Numer. Math. 123 (2013) 607-628.

K.-Y. Kim, Flux reconstruction for the p2 nonconforming finite element method with application to a posteriori error estima-
tion. Appl. Numer. Math. 62 (2012) 1701-1717.

L.D. Marini, An inexpensive method for the evaluation of the solution of the lowest order Raviart-Thomas mixed method.
SIAM J. Numer. Anal. 22 (1985) 493-496.

A. Massing, M.G. Larson, A. Logg and M.E. Rognes, A stabilized Nitsche fictitious domain method for the Stokes problem.
J. Sci. Comput. 61 (2014) 604-628.

J. Nitsche, Uber ein Variationsprinzip zur Losung von Dirichlet-Problemen bei Verwendung von Teilrdumen, die keinen
Randbedingungen unterworfen sind. Abh. Math. Sem. Univ. Hamburg 36 (1971) 9-15. Collection of articles dedicated to
Lothar Collatz on his sixtieth birthday.

L.H. Odsater, M.F. Wheeler, T. Kvamsdal and M.G. Larson, Postprocessing of non-conservative flux for compatibility with
transport in heterogeneous media. Comput. Methods Appl. Mech. Eng. 315 (2017) 799-830.



2784 D. CAPATINA AND C. HE

[39] H. Sun, D. Schillinger and S. Yuan, Implicit a posteriori error estimation in cut finite elements. Comput. Mech. 65 (2020)
967-988.

[40] R. Verfurth, A posteriori error estimation and adaptive mesh-refinement techniques. J. Comput. Appl. Math. 50 (1994)
67-83.

Subscribe to Open (S20)

A fair and sustainable open access model

This journal is currently published in open access under a Subscribe-to-Open model (S20). S20 is a transformative
model that aims to move subscription journals to open access. Open access is the free, immediate, online availability of
research articles combined with the rights to use these articles fully in the digital environment. We are thankful to our
subscribers and sponsors for making it possible to publish this journal in open access, free of charge for authors.

Please help to maintain this journal in open access!

Check that your library subscribes to the journal, or make a personal donation to the S20 programme, by contacting
subscribers@edpsciences.org

More information, including a list of sponsors and a financial transparency report, available at: https://www.
edpsciences.org/en/maths-s2o-programme



mailto:subscribers@edpsciences.org
https://www.edpsciences.org/en/maths-s2o-programme
https://www.edpsciences.org/en/maths-s2o-programme

	Introduction
	Model problem and the cut finite element method
	The continuous problem
	The mesh, discrete domain, and finite element spaces
	The cut finite element method
	Some important inequalities

	Mixed formulation
	Well-posedness of the mixed finite element approximation
	Local construction of h
	Computation of N for N N
	Flux reconstruction

	Application in the a posteriori error estimation
	Reliability
	Efficiency

	Numerical results
	References

