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3D DIFFEOMORPHIC IMAGE REGISTRATION WITH CAUCHY-RIEMANN
CONSTRAINT AND LOWER BOUNDED DEFORMATION DIVERGENCE

HuAN HAN! AND ZHENGPING WANGZ*

Abstract. In order to eliminate mesh folding in 3D image registration problem, we propose a 3D
diffeomorphic image registration model with Cauchy-Riemann constraint and lower bounded deforma-
tion divergence. This model preserves the local shape and ensures no mesh folding. The existence of
solution for the proposed model is proved. Furthermore, an alternating directional projection 3D image
registration algorithm is presented to solve the proposed model. Moreover, numerical tests show that
the proposed algorithm is competitive compared with the other four algorithms.
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1. INTRODUCTION

Image registration is spatial position calibration of two given data sets. It is an important tool for medical
image analysis, for example, atlas-based image segmentation and shape analysis. Moreover, image registration
is also widely used in remote sensing, astronomy and some other fields in industry. An overview of image
registration problem can be found in [1-3]. Here we focus on mono-modality 3D nonrigid deformable image
registration problem in variational framework. Mathematically, 3D image registration problem can be stated in
the following way. Let Q C R? be an open bounded domain on R3, and let T, D : Q — R be two real functions.
T and D are viewed as two 3D images, for example, T and D are tomography data. In image registration, T’
and D are named the floating image and the target image, respectively. The registration of T" and D is to find
a 3D spatial transformation h :  — € such that the intensity of T' o h(-) looks like D(-) as much as possible.
For example, finding an h such that the sum of squared difference (SSD) [, |T o h(x) — D(x)|? dx reaches its
minimum. Addressing this issue, many variational models [4-7,58-60] are proposed. However, mesh folding is not
taken into consideration in most of these models. In physical view, mesh folding implies the volumetric vanishing
which contradicts physical principle. As a consequence, eliminating mesh folding is an essential technique for
3D image registration. To eliminate mesh folding for 3D image registration, deformation h : Q2 — 2 should be
a local inverse function. In diffeomorphic image registration framework, one should ensure that the Jacobian
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determinant of h is not equal to 0 (see Appendix C in [8] for details). Moreover, Jacobian determinant of h
denotes the volume stretching rate for the transformation. To make deformation physically meaningful and
preserve the orientation, one should ensure that Jacobian determinant of h is greater than 0 for any x € €). For
the purpose of eliminating mesh folding, Beg et al. [9-17] developed a large deformation diffeomorphic metric
mapping (LDDMM) framework. In the LDDMM framework, image registration is formulated as a variational
problem by viewing the solution as a geodesic flow in space of diffeomorphism. In the LDDMM framework,
Dupuis [12] proved that no mesh folding occurred by restricting velocity field to the Sobolev space Wo?’ 2(Q).
Moreover, several numerical tests also showed the efficiency of LDDMM. One can refer to [14-16] for details. In
addition, by giving the hypothesis that h(x) is approximately divided into an identity part x and a displacement
part u(x) (i.e., h(x) = x + u(x)), the 3D image registration problem can be also formulated by the following
framework:

= arg lrlnel’rcl S(u) + R(u), (1)

where R(u) is regularization (see [4-7]) and K is an admissible set of solutions. Here and in what follows,
S(u) = / [T(x + u(x)) — D(x)]* dx. (2)
Q

Many canonical registration models arise from framework (1), for example, Demons model [18], Diffeo Demons
model [19], Vectorical total variation (VTV) model [20,21] and Bounded deformation (BD) model [6]. However,
mesh folding is not taken into consideration in framework (1). Therefore, searching for a framework (1) based
image registration model without mesh folding is a challenging task. To solve this problem, a 3D orientation-
preserving variational model is proposed by Zhang and Chen [22] based on framework (1). There are also
some other relevant works on 2D quasi-conformal or conformal mapping (see [23-32] for details). Particularly,
in [31, 33], authors of this article proposed a 2D diffeomorphic image registration model by constraining the
solution into a 2D conformal set. As an extension, to eliminate mesh folding in 3D image registration, we propose
a 3D diffeomorphic image registration model with Cauchy—Riemann constraint and lower bounded deformation
divergence (see Sect. 2 for details). This model preserves the local shape and ensures no mesh folding. Compared
with 2D diffeomorphic image registration model in [31,33] which is only constrained by two equalities, three
inequalities are additionally added in the proposed model to ensure that Jacobian determinant of h is greater
than 0 for any x € €. In this view, the proposed model is much more technically challenging compared with
the model in [31,33]. Around the proposed model, a relaxed model is proposed for the convenience of numerical
implementation. The existence of solution for the relaxed model is proved. Moreover, an alternating directional
projection 3D image registration algorithm is proposed. Numerical tests show that the proposed algorithm is
competitive compared with the other four algorithms.

The rest of this paper is organized as follows: In Section 2, a 3D diffeomorphic image registration model
without mesh folding is proposed. Based on Section 2, a relaxed model is also proposed and the existence of
its solution is proved in Section 3. In addition, an alternating directional projection algorithm is proposed to
solve the proposed model in Section 3. In Section 4, several numerical tests are performed to show the efficiency
of the proposed projection algorithm. In Section 5, we summarize our work and list some problems for future
research.

2. PROPOSED 3D DIFFEOMORPHIC IMAGE REGISTRATION MODEL

At the beginning of this section, let’s recall the following canonical theorem in Appendix C of [8].

Theorem 2.1 (Inverse function theorem). Suppose Q is a simply connected domain and h € C1(Q), then
h: Q — Q is a local bijection if and only if det(Vh(x)) # 0 for any x € Q.
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il

F1cURE 1. Role of A for producing the diffeomorphic deformation.

In physical view, det(Vh(x)) denotes the volume stretching rate for the transformation h :  — €. Stretching
rate is positive. Hence, the condition det(Vh(x)) # 0 in Theorem 2.1 is replaced by det(Vh(x)) > 0 in this
article. In addition, by additionally giving the boundary condition h(x) = x on 99 and defining h(x) = x if
x € R?*\ Q, then h € C'(R3) with lim x| 4o |[h(x)|| = +00. It follows from the corollary on page 200 in [34]
that h : R? — R3 is a C' global diffeomorphism. That is, the local bijection in Theorem 2.1 can be replaced by
global bijection if the condition h(x) = x on J is added.

By Theorem 2.1, we know that constraint det(Vh(x)) > 0 is necessary to eliminate mesh folding in 3D image
registration models. To achieve det(Vh(x)) > 0 for any x € Q, one can find several recent works which impose
this constraint in direct way [35,36]. However, in 3D space,

14 9w duy Quy

ox1 Oz Ox3

Ouy Qugy Quay

det(Vh(X)) = Bwl 1 + 8$2 8(B3
duz Sug Quz
6£E1 axg 1 + 31‘3

- 8U1 8UQ 8U3 8’LL1 5‘u2 8u1 8u2 611,1 8’11,3
C Oxy  Owy | Oy Owy Oy Owp Oy | Owy Oy
Bul 8u3 8uz 8’&3 5‘1@ 6’&3 3u1 8u2 8u3 87.14 6uQ 8u3
Qw3 dmy | Owydrs  Ovzdry  Ovy Ora Dws Oy s Oy
811,1 (9’&2 8%3 (9U1 81@ 8%3 8’&1 3%2 811,3 6U1 aUQ (9U3
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Directly controlling det(Vh(x)) > 0 seems to be a too complex inequality constraint for 3D image registration
problem. It is also not convenient for numerical implementation. To simplify 3D image registration with direct
inequality constraint det(Vh(x)) > 0, we present a novel 3D diffeomorphic image registration model in this
section. Before giving the proposed model, we define

9 9 9
AL {u: (ur, uz,us)" € [HE Q) - glx(lx) = 151(:) = gz(;‘) >

_]-7 (3)

Oui(x) :_3Uj(x),1§i<j§3 for any xGQ}.
8l‘j 0x;

Remark 2.2. There are three remarks on the set A:
(i) Asitis shown on Figure 1, cuboid Ay Ay A3 Ay — By B2 B3 By is transformed into a parallelepiped A} A, A A} —
B\ B4B,B) by h(x) = x + u(x). We define ,, = LA JA1AY — LA4A1Ag, vy = LAYAIB] — LA4AL1 By,
Yy = LAYA| Bl — ZA2A;B,. Note that here and in what follows, ZABC' denotes the included angle of
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edge BA and BC. In elastic mechanics, Vzy, Yoz, Vy- are named shearing strain which represents the angle
changes caused by h. In addition, there holds

_Ow  Oup 0w Ous o Oup | Dus
Yoy = 6.2?2 + 83317 Yoz = axg + 81‘1’ Tyz = 833‘3 t on, 81‘2 (4)

By restricting u into the set A, 74y = V2> = 7y = 0. That is, A produces diffeomorphic mappings h which
locally preserve the angle. Compared with the conformal set which preserves the angle and stretching rate
at the same time, A is a much more relaxed set.
(ii) Define ¢; = g“’ (z = 1,2,3), then ¢; are named strain on z; direction. In physical view, 1 + &; denotes
the stretching rate of A 1A5A3A4 — B1 By B3 By on x; direction. This is the main reason why the inequality
& é)ul(x) Ousg (x) dusz(x)
constraint —1 is given. In addition, by giving the equality constraint e e Ba, s ONe
can ensure that the local stretching rate is the same on three different directions, Wthh preserves the local

shape. Moreover, by restricting u into the set A, one can notice that div(u) = Y37 9w — 32;1 > —3.

That is, the divergence of u is lower bounded. oo

(iii) u € A implies, 8“;1? = gzﬂ and 8“’ = 8“1 L(1 <i < j < 3). Given two fixed 4, j, 3 8“” = gZJ and 8“1 = _gZZ
is a Cauchy-Riemann equation in 2D space. Therefore, g—zi = g—gg = g—zg, g;] = gzz 1 <i< j < 3 can
be viewed as an extension of Cauchy—Riemann equations in 3D space [37]. Throughout this paper, we say
that u satisfies Cauchy-Riemann constraint if 8“: = ggJ and 8’“ = 8% 2(1 <1< j < 3) holds.

Based on these definitions, the proposed 3D diffeomorphic image registration model is formulated by:

u = arg min I(u), (5)
where a > 2.5, u > 0,
I(u) £ S(u) + pRy(w), (6)

and Ry (u) = [, |[V*ul*dx.
Note that throughout this paper, Q@ = (0,a1) x (0,a2) x (0,a3), for x = (x1,22,23) € Q, i = 1,2,3 and
function f: 2 — R, define

0° f(x) N 1 ) [a]+1 /Iz f(i)()g t) & )
or  T(la]+1—a)\ 0z o (w;—t)e-lel 7

9V f(x) & 1 9\ /‘“ FO(x,t) dt (8)

ore*  T([e]+1—a)\ O e, (t—xg)omled
ay, 0%, _ [t 4s—1_—t 1 : (1) _ (2) _
Veu = (810‘) , T(s) = [, t*7le " dt, [] is round down function, fV)(x,t) = f(t,x2,23), fP(x,t) =

i/ 3x3
2

flzi,t,xs), fO(x,t) = f(x1,22,1), |[VOu| = ijzl(%o;ﬁ) and the details of these two fractional-order

derivatives can be founded in [9,38].

Remark 2.3. There are four remarks on model (5):

(i) Here we use the fractional-order regularization [, |[V*ul|? dx because the differential order of the fractional-
order operator can change continuously from zero to some positive number, which makes it possible to
adjust the differential order to give a more accurate and more general image registration model.

(i) u € [H§(Q)]? implies u € [C(Q)]? because of the fact that H§'(Q) — C1(Q)(a > 2.5) (see [39], Thm. 4.58).
That is, deformation h : Q — € is diffeomorphic. This ensures that the first-order derivatives in A are well
defined. Therefore, model (5) can be extended into diffusion tensor imaging (DTI) (7, D : Q@ — SPD(3))
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registration by replacing S(u) with [, |70 h(x) — D(x)||* dx. Note that SPD(3) is a set which contains all
3 x 3 Symmetric Positive Definite real matrixes, and T ¢ h(x) is defined by

1

T oh(x) = rg[T o h(x)]ry with rx = J% (JxJ%) *and Jx = Vxh™'(x). (9)
One can refer to [11,16] for details.

(iii) If u € A, then for any x € Q,

8u1 6’&1 2 8u1 2 8u1 2 8u2 2
det(Vh =1+ — 14+ — — — — > 0. 10
¢ ( (X)) ( + 8:51) l( + al'1> + 81'2 + 8$3 + 8x3 ( )
That is, no mesh folding occurs in proposed model (5). This is the main motivation for us to add constraint
u € A in the proposed model (5).
(iv) By letting gg; = 322 = 0 in A, then A becomes a 3D conformal set A.. In this view, equation (5) is a
much more relaxed model compared with 3D conformal image registration model.

3. NUMERICAL SOLUTION OF PROPOSED MODEL

At the beginning of this section, we introduce some definitions.
Here and in what follows, we define

a Ou;  Ouy 2 ou; % 2
Rw 3 /Q(axﬁaxi \ow " ar,) ¥ (11)

1<i<j<3

and
J(u) £ I(u) + OR(u), (12)

where © > 0 is a large number.
To transform proposed model (5) into a variational problem with less constraints, we make use of the following
approximation procedure:

u = arg min J(u), (13)

ueB,

where B. = {u = (u1,u2,u3)? € [HF(Q)]? : 813171(1’() > —1+4e¢ for any x € Q} and ¢ > 0 is small enough.

Remark 3.1. In fact, the constraint set in (13) should be

B = {u — (u13u27u3)T € [H(()X(Q)]S : 8211'(1)()

> —1 for anyxeﬂ}. (14)

Here we introduce an infinite small variable € > 0 to construct a closed set B. which is necessary in the proof
of Theorem 3.5. Moreover, the solution of (13) approximately satisfies 8“87(") + 6%’775’0 =01 <i<j<3),

Tj
Ou (x) _ Ouz(x) _

RET B 81522") > —1+¢ for any x € Q when O is large enough (see (29) and (30) for details).

Concerning the existence of solution for the relaxed model (13), we have the following results:

Theorem 3.2. Assume that maxyecq |T(x)] < M < 400, maxyeq |D(x)] < M < 400 and Ar = {x :
T(x) is discontinuous at x} is a zero measure set; then (13) admits a solution u € B..
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Proof. Choose a minimizing sequence {u™} C B. of J(u) and let

lim J(u")=m = inf J(w).

n— oo weB.

By the fact J(u™) < J(0) = S(0) < +o00; there exists a constant M; such that
||vaun||[2L2(Q)]3 = /Q|Vaun|2dx S Ml.

On the other hand; by the Lemma 3.3 in [9], we know that for any u™ € [H§()]?, there holds
n| 2 a..nn2
™ lz2)p < ClIVHR|[[12(q)e

for some constant C' = C(«, Q) >0
Therefore,

ny2 a..nl2 ~,
s = [[u"||[p2qys + VU |[[p2(q) < M < +oo,

"}

(5 ()]

for some constant M.

(15)

1
By (17) and (18), we know the semi-norm defined by \u|[Ha @ = (fQ |Veu|?dx)? is equivalent to norm

[ull (g (@2 on space [H (£2)]3. That is, \u\[Ha(Q < ||uH g ()8 < CO‘“‘[HW(Q)] (see [40], Prop. 1.5).

It follows from the fact H$(Q) is compactly embedded into C1(2) ([39], Thm. 4.58) that there exists a

subsequence of {u™} which is still labeled by n and u € [C*(Q)]? such that
||u" — ll||[cl(g)]3 L 0.
Based on these conclusions, now we claim that

J(u) = vgéiéla J(w).

First, by the lower semi continuity of norm (see D4 on page 639 of [8]) and (18), we obtain that

/|Va x)|? dx<hm1nf/|va "(x))? dx,

because |-[(za () is a norm in space [Hg (Q)]°.

Therefore,
u/ [Veu(x)|? dx < lim infu/ |Veu” (x)|* dx.
Q n—toon Jo
Furthermore, by (19), we obtain that,
[S(u") = S(u)| < K/ IT(x +u"(x)) = T(x + u(x))| dx
Q

=K IT(x +u™(x)) — T(x + u(x))|dx = 0,
Q\Ar

(19)

(20)

(21)

(22)

(23)

because of the fact that T'(x) is continuous on 2\ A7 and T'(x) is bounded on 2. Note that here h(x) = x4 u(x)
maps 2\ Ar into some set Q \ Ap (also for h™(x) = x + u”(x)), where Az is also a zero measure set. For

simplicity, here we still write Ag as Arp.
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That is,
lim S(u") = S(u). (24)

n—-+oo

ou; (x) n, Bul(x)

Moreover, it follows from (19) that for 4,7 =1,2,3 and any x € Q. This implies u € 5. and

hrf R(u ) = R(u). (25)
By (22), (24) and (25), we know that
m= liminf J(u") > J(u). (26)

On the other hand, it follows from (15) that

J(u) > m, (27)

because of the fact that u € B..
By (26) and (27), we conclude the claim (20). Moreover, by using the Sobolev embedding theorem Hg () —
CY(Q) ([39], Thm. 4.58), u € B. implies u € C*(£2). This concludes Theorem 3.2. O

Now, we give the reason to let © be a large number in the relaxed model (13). Let u® = (u9,u9,u$)? be

the solution of (13); then there holds,

0<OR(u®) <J(u®) <JO)=I0002M V ©>0. (28)
By (28), we obtain that
@EIEOOR(H ) =0. (29)

Concerning the asymptotic analysis of R(u®), one can also refer to Appendix C for details.
By (29), we know that three components of u® approximately satisfy

Qup(x) _ 0ug(x) _ du3(x) HWO(x)  OuO(x)

frng frng > —]_ 2 = —
o, P oz = T T oz, 9z, (30)
for 1 <i < j <3 when © > 0 is large enough.
Therefore,
ou ou S\’ S\ S\’
det(Vh® 1+ L —L —L —L —Z 0 31
¢ (V (X)) ( + 81’1) ( + (9581) + (8:132 + (3'133 + 8:173 - ( )

for any x € Q.
This ensures no mesh folding. It is also the main reason to let © be large enough in model (13).
Next, we give some results on numerical implementation of problem (13).

Theorem 3.3. Let u € B be the solution of (13), then u satisfies the following variational inequality

/]—'(u)-(w—u)deO for all w € B, (32)
where F(u) = [T(x+ u(x)) — D(x)] T(x + u(x)) + pdiv?*(Vou) + OW, W = (e1(u) + ni(u), ex(u) +
ne(u),es(u) + nz(u)?, e(u) = %(ggi —g—x) - %(%—%ﬁ); e(u) = ai(%—%ﬁ) -
o (o 0 0 0 0 0 o (ouy | @ o (ou | @
52 (G2 - g2), elw) = (52 - 92) + am(a:z — 92, mu) = -2 (3u + 32) - & (3= + ),
9 ([ duy Ou 9 [ du Ous _ o [ dw Ou 9 ([ ou Qus:
772(11):—371(3@ +Tf>—T(T ) = 69:1(813 +87f)—672<572 aTS)-
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Proof. Note that B. is a convex set. Fix w € B,, then
u+r(w—u)=(1-71)u+71w € B 0<7<1. (33)

Set j(7) £ J(u+ 7(w — u)), by the fact j(0) < j(7)(0 < 7 < 1), we know that

j'(0) > 0. (34)
Therefore,
{(F) (0
j'(0) = 111€+M :/T(u)~(w—u)dX20 for all w € B.. (35)
T— T Q
Note that for any g € H§ () implies, 9 9(x) lxcon = 0, (k =0,1,2,--- ,[a];i = 1,2,3) (¢f Sobolev space in

é)zf
[8,9,39]). That is, any function on H§(2) satisfies the homogeneous boundary conditions. By giving homoge-
neous boundary conditions, the following two important properties of fractional-order derivatives are used when
deriving (35):

(i) Riemann-Liouville derivatives, Grunwald-Letnikov derivatives and Caputo derivatives are equivalent [38];
(ii) The following integration by parts formula holds

b; aaf
ICR

b; oo*
;X) dwi:/a (9;;()']‘(X)dmi i=123. (36)

O

Now, we discuss the problem of how to find numerical solution of variational inequality (32). Before we give
our results, let’s recall an important lemma [41] which is necessary in our proof.

Lemma 3.4. Suppose C is a closed, convex set, A: C — R3 is monotone, then u is the solution of variational
iequality

(Au,w —u) >0 VweC, (37)
if and only if u solves the fixed point equation
u = Pclu— pAu], (38)
for an arbitrary positive constant p.
For technical demand in later proof, we define BY = {u = (u1,uz,u3)” € [HF(Q)® : [ulljme@p <

M, 37317(") > —1+4¢ for any x € Q}, where M is a very large number. Note that the solution of (13) is

1

bounded on [H (3 (i.e., J(u) < J(0) = ||T(-) — D(~)||2L2(Q)), BM contains all the solutions of (13) when M is
large enough. Hence, throughout this paper, we do not distinguish BM and B. except for the following theorem.
Moreover, we assume that T'(-) and VT'(+) are Lipschitz continuous on € with Lipschitz constant L.

Theorem 3.5. Let sup,cq |T(x)| < M < 400, supyeq |D(x)| < M < 400, supyeq |VT(x)] < M < 400, and
p > 3CML for some C = C(Q, ) > 0, then the function u € BM is a solution of (32) if and only if u € BM
satisfies

w= Pyyfu— pF(u), (39)

where p > 0 is a small number and Pgu (v) is projection of v on convex set BM.
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Proof. Firstly, we claim that
F is a monotone operator. (40)

Define F(u) = Fi(u) + Fz(u) + F5(u), where Fi(u) = [T(x+u(x)) — D(x)|VT(x + u(x)), Fa(u) =
pdiv®* (Veu) and Fs(u) = OW, then for u,w € BM,

/Q [F(u) - F(w)] - (u— w) dx
- /Q {Fy(0) + Fa(u) + Fs(u) — [Fy(w) + Fa(w) + Fs(w)]} - (u - w) dx

- / {(Fi(w) - Fu(w)} - (u— w)dx + / {Fa(w) + Fy(u) — [Fa(w) + F(w)]} - (u — w) dx. (41)
Q Q

Since Fy(u) and F3(u) are linear operators on u, by using the integration by parts formula, one can easily
check that

/Q{F2(u) + Fa(u) = [Fa(w) + Fy(w)]} - (u = w) dx = ]|V (u = W)||72(q) + OR(u - w). (42)
On the other hand,
[ Fiw = B} (a - wydx = [ {Fi(w) = Fi(w)} - (u w) dx
Q Q
= /Q[T(X +u) - DX)VT(x+u)— [T(x+w)—DX)|VT(x+w)} (u—w)dx
= /Q[T(x +u) - DX)|][VT(x+u)—VT(x+w)]: (u—w)dx

+ / T(x4+u) —Tx+w)|VT(x+w): (u—w)dx
Q

Note that here we use the assumption that 7'(-) and VT'(+) are Lipschitz continuous on  with Lipschitz constant
L.
It follows from (42) and (43) that

/Q (Flu) = F(w)] - (w— w)dx > 1|V (u = w) |20 + OR(u—w) — 3MLJu— w20y (44)

By the Lemma 3.3 in [9], there exists a C = C(Q,«) > 0 such that ||lu — W||2L2(Q) < C|V*(u - W)H%z(g).
Therefore,

(45)

/Q[]-"(u) — F(w)] - (u—w)dx > (% - 3ML) lu— w22y + OR(u — w) > 0.

Note that here we use the assumption p > 3CML to ensure % —3ML > 0.

This concludes the claim (40).

On the other hand, BM is a convex and closed set. By Lemma 3.4, we conclude that u € BM is a solution of
(32) if and only if u € BM satisfies

w = Pyyr[u— pF (). (46)
([l
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Algorithm 1. Projection algorithm for 3D Diffeomorphic image registration.

Initialization: Given u® € B. (e.g., u’ = 0), p > 0, 1,0, a, compute u™™* by the following procedure.
Set n = 0, norm=1, accuracy=0.001 and K = 50.

While norm> accuracy and n < K

do: Compute u"* = Pg_[u” — pF(u™)] (see Algorithm 2 for details);

Set norm=maxxeq [[u” —u"!|| and n = n + 1.

EndWhile

Return: image T(x + u”°(x)) for some Ky < K.

Motivated by Theorem 3.5 and Chapter 5 in [42], variational inequality (32) can be solved by iteration formula
u"tl = Pg_[u" — pF(u™)](n =0,1,2,---). Based on this formula, we give the following 3D image registration
algorithm (Algorithm 1).

Remark 3.6. The discretization of F(u™) can be found in Appendix A. The convergence of Algorithm 1 is out
of the scope of this paper. Perhaps, we will give some results on this topic in forthcoming work.

This arises a problem of how to compute the projection Pg_(v) for any given 3D vector field v. In fact,

P, (v) = arg min Ju—v[3. (47)

Equation (47) is essentially a functional minimization problem. It’s a nonlocal problem because of the inequality
0 .
7317(1") > —14c¢in B..

Now, we give a method to compute Pg_(v).

Q is discretized in following way: For N1, No, N3 € NT, define hy = ﬁ, hy = ﬁ, hs = ﬁ, Zp =S T1p =
phla Yq £ X2,q = qh27 Zy = T3, r = Th3 and Xp,q,r = (xl,p; T2.q5 xS,r) for p= 07 1a t 7N1 +1a q= Oa 1; t aN2 + 17
r =0,1,---, N3 + 1. Define By,(8 = 1,2,3) to be the standard two-point finite difference approximation to

9_ for example, the central difference operator

Dy
0 0.5 0
—0.5 0 0.5
1 0 —-05 0
By, = — . ) . . . . 48
o hs : : o : : (48)
0 e 0 0.5
0 <o —0.5 0
NgXNB
Let up®" (3 = 1,2,3) denote the value ug(Xp,q,-) and u; = (up Bt udtt NN T
up = (u%’l’l,u§’2’1,~~- ,uévl’Nz’M‘)%Xl, us = (ué ’1,u§’1’2, e ,uévl’N“”NS)%xl, where N = N; Ny N;3. Based on
these notations, the constraint Gvgx (1") = agi(zx) = 6739;(3") > —1+4 ¢ in B, can be rewritten as:
B,ﬁ‘u,ﬁ > 705 ﬂ = 172333 (49)
By, 0 -+ 0

0 By, O
where Bg is an N x N block diagonal matrix with Bg = . L
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Remark 3.7. The constraint in B, is % > —1+e¢. To divide the calculation of Pg_(v) into three independent

subproblems, we add constraints 1;5 > —1 + (8 = 2,3) because of the constraints gz = gz; (1<i<j<3)

in the proposed model (5).

Based on (49), the projection Pg_(v) for any given v € R*Y can be formulated as

N1 N2z Ns

Pg,(v) = arg min ZZZZ( ik _ vﬂ’“)z, st. Bgug+C. >0  3=1,2,3. (50)

R3N
WERTT B0 =1 =1 k=1

Because there is no coupled term of uj bk (8 =1,2,3) in (50), equation (50) is equivalent to the following
three independent subproblems:

N1 N2 Ns

2
= L,k 7] k _
ug = argungnrgN ; 1 Jg 1 kg 1( ) , s.t. Bgug+C: > 0 8=1,23. (51)

These are three convex optimization problems with inequality constraints. Note that here Bg is a block
diagonal matrix. Motivated by Han [9,43], we hope to divide 3D problem (50) into several parallel 1D problems.
For this purpose, equation (51) is divided into the following 3 parallel 1D subproblems:

(i) For fixed j, k, solving (u;”*)"+1 by

ik n+l 1.1 x
(") =arg win o Xt X+ S0 X5 k0 (52)

with constraints By, X; r+Chn, - > 0, where here and in what follows, X ;. is a N1 X 1 vector, I is identity
matrix of order K, ff, = —2(@}’]’k,vf’3’k, e ,U{VI’J’k), H,=2In,,Cne=(1—e1—¢-- ,1—e)] n,-
(i) For fixed i, k, solving (ub ")+ by

i) lyr
(u2’ ’ ) = arg min *Y; kH Y; L+ f k}/; k> (53)
Y; kER 2 ’

- _ By o < b Vi N y Lk 2k i Nak
with constraints Bn,Y; x + Cn,, > 0, where Y; . is a Na X 1 vector, fi,k —2(vg ", g7, V2 ),
Hy:2IN27CN26:(17€ 1- 7175)?><N2‘

(iii) For fixed 4, j, solving (usj Iyt by
(us’J’ ) =arg min *Zi_szZi,j + [ %4 (54)
Z; ;ERNs ’ ’
with constraints Bn,Z; ; + Cn,,e > 0, where Z; j is a N3 x 1 vector, f7, = —2(u§7jal,v§,jv2, e ,j,N3)7

HZ = 2[]\[37 CN?,,E = (1 _571 — &, 71 _E){XN,?,'

Remark 3.8. By ignoring the constant term in objective function, equations (52)—(54) are equivalent to

N1

) n+1 . . 2
(u'l’j’k> = arg min Z(u’ljk - vi’]’k> . st Byupt 4+ COn, e >0, (55)
J k N
R4
N2
) n+1 . . 2
(uék) =arg min Z(uéjk - v;’J’k) . st Byyubt 4+ Cnye >0, (56)

u2 ERN2 j=



310 H. HAN AND Z. WANG

and
N3
..\ n+1 . . 2 .
(u§j> =arg min E (ug’j’k — vé’j’k) , st Byyug” +Cny e >0, (57)
wbd eRN3 : 27
3 k=1
respectively.

Based on previous discussion, the algorithm to compute Pp_(v) can be summarized as the following
Algorithm 2.

Algorithm 2. Alternating directional algorithm for Projection Pg_(v).
Input: 3D vector field v and € > 0.

(i). For fixed j, k, solving (uy?*)"*! by (52) (see Algorithm 3 for details);
(ii). For fixed 4, k, solving (u*)"*! by (53) (see Algorithm 3 for details);
(iii). For fixed i, 7, solving (u%?")"*! by (54) (see Algorithm 3 for details).
Return: Ps_(v) = u £ (u1, ua,us)”.

Subproblems (i)—(iii) are quadratic programming problems of the following form:

1
X =arg min —XTHX + fTX, st. AX >0, (58)
XERN 2

where A = MMXN(R>7 b= MMXI(R)a f = Mle(R), H = 2IN
Concerning the numerical implementation of (58), we apply customized Proximal Point Algorithm (PPA)
(see [44-47] for details) to general convex optimization problem:

X = argmin{0(X) : AX > b}, (59)

where 6(X) is a convex function.
The Lagrange function of associated (59) is

L(X,\) = 0(X) — M\'(AX —b) (X,)\) € RY x RM, (60)

For given (X%, A\*), PPA produces a pair of (X*T1 \F+1) by

S 2
AR [arggﬂ%ﬁ{L(Xk,)\) — o x =2 }L (61)
and
k41 _ : E+1 Kk r _ yvk|2
X = arngrelglN{L(Xﬂ/\ M) + 2”X X5 } (62)

Note that for any M x 1 vector K = (K1, Ko, -+, Kar)T, [K]y = ([K1]4, [Ka] 4, -, [Kn)s )T is defined by

K, if K;>0,
[Kil+ = {O, otherwise. (63)

If r,s > 0 and they satisfy rs > ||[ATA|, the results of [44-46] show that the sequence W* = (X% \F)
generated by PPA satisfies

et e | e e (64)
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where W* = (X*, A*) and X* is the solution of (59).
Equation (64) ensures the convergence of PPA.
Apply PPA to the problem (58) by letting

9(X) = %XTHX +fTX. (65)

Both (61) and (62) are unconstrained optimization problems, which implies the gradient of objective functions
equal to 0 at optimal points. Based on this conclusion, the following solution can be easily obtained:

1
ML — Ik —(AXE —b)|
o : (66)
k k k
Xt = T—H‘(PZ T fi+rX)),
where PF+1 = (P PFHL ... pEFLy — (2Xk+1 AT A and i =1,2,---, N.
Based on previous discussion, PPA for the quadratic programming problem (58) can be summarized as the
following Algorithm 3.

Algorithm 3. PPA for quadratic programming problem (58).

Input: r,s, A, b, f, \°, X°

Set k = 0, norm=1, accuracy=0.001 and K = 50.
While norm> accuracy and k < K
do:Compute \**' = [\ — L(AX* —b)]
Compute PFT!1 = (201 — \W)T 4;
Compute X! ﬁ(Pﬁ“ —fi-i-er-k) fori=1,2,---,N;
Set norm=|| X"* — X**!|| and k =k + 1.

EndWhile

Return: X = X¥° for some Ky < K.

o

Remark 3.9. One can also use MATLAB code “x=quadrog (H,f,-A,-b)” to solve the quadratic programming
problem (58). The numerical techniques for quadrog function in MATLAB can be found in Section 3 of [48].
However, quadrog function converges much slower than Algorithm 3. For example, considering the following
quadratic programming problem:

X = arg min {(ml 12 4 (w2 +3)7 4 (23 447 AgX > b3}, (67)
XeR3
0 05 0
where A3 = [ —0.5 0 0.5 |, b = (—0.99, —0.99, —0.99)7".
0 —-050

Both MATLAB quadrog function and Algorithm 3 achieve the optimal solution X = (—0.51, —1.98, —2.49)7".
However, it takes 0.321356s for MATLAB quadrog function to converge to the optimal solution while Algo-
rithm 3 costs only 0.018727s. In fact, in numerical tests which will be introduced in Section 4, we have noticed
that Algorithm 1 converges much slower when Algorithm 3 is replaced by quadrog function in MATLAB.

4. NUMERICAL TEST

In this section, two numerical tests are performed to show the efficiency of the proposed Algorithm 1. The
aim of Test 1 is to show the sensitivity of Algorithm 1 with respect to the parameters p, ©, € and «. In addition,
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for the purpose of showing the efficiency of Algorithm 1, in Test 2, four numerical tests are performed using a 3D
synthetic image pair (see Test 2 for details) and three 3D medical image pairs, where the 3D medical images in
Test 2 can be downloaded from [49-51]. All the numerical tests are performed under Windows 7 and MATLAB
R2012b with Intel core i7-6700 CPU @3.40 GHz and 8 GB memory. In these four tests, the proposed algorithm is
compared with Diffeomorphic Log Demons Image Registration (DLDIR for short) algorithm [19,52], MIRT3D
algorithm [53], 3D conformal model (One can refer to Appendix B or [54] for details) and MATLAB image
registration function “imregister”, where the open MATLAB code of DLDIR algorithm and MIRT3D algorithm
can be downloaded from [52] and [53], respectively. For quantitative comparison, we compare the following four
indexes:

— Relative sum of squared difference (Re-SSD for short) which is defined by

Re-SSD(T, D, u) = SSDS(;S(‘; ;))’D), (68)

where SSD(T, D) = %Zi,j7k(ﬂ7j7k - Di,j,k)2~
— Mesh folding number (MFN for short) which is defined by

MFN(u) = t(det J(u) < 0) Vx € Q, (69)
1+ % % %
1 x T3
where det J(u) = %Lf 1+ % % and for any set A, #(A) denotes the number of elements in A.
Qug Qus 1 4 Qus
oz Oxo Ox3

— Structural similarity (SSIM for short) [55] which is defined by

2urpp + C1)(20rop + Co)(orp + Cs)

SSIM(T,, D) = , 70

TD) = (212 T O (o2 + 0% + Ca)(orop + Cs) (70)

where N = NiNoNs, pr = £330 50 S0 Tijks 0 = % 2omy Yoy Yoy Dijrs 01 =
1 1
N- N. N: 2 N N. N 2

(P S S S Tn — wr?) s op = (F5 S S S (D — o)) orp =

T Zf\]:ll Z;V:zl kNi1(Ti,j,k — pr)(Di jx — pp). Note that Cy = (KL)%, Cy = (K>L)? and in this paper,
we set L = 255, K1 = 0.06, Ko = 0.08 and C3 = 0.5C%.
— Mutual information (MI for short) [56] which is defined by

255 T D -
.. PG )
MI(T, D) = 3§70 (i, ) log £ UoT)

o) i

i,j=1

where pT"P (i, j) is the joint intensity distribution of image 7'(-) and D(-); p* (i) and p”(j) are the marginal
intensity distribution of image T'(-) and D(-), respectively.

Remark 4.1. Theoretically, MFN(u) = 0 implies no mesh folding. In addition, the smaller Re-SSD and the
larger SSIM and MI, the better registration result.

Test 1. The aim of this test is to show the sensitivity of Algorithm 1 with respect to the parameters p, ©, € and
«a. For this purpose, numerical tests are performed on a 3D synthetic image pair (data I) with size 80 x 80 x 80.
In data I, the floating image T'(-) and target image D(-) are defined by

T(X> = 255X91 (X>7 D(X) = 255X92 (X)a
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FIGURE 2. Sensitivity of i, 0, ¢, a.

TABLE 1. Quantitative comparison between registration results of five different 3D registration
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(a) 11/Re-SSD. (b) ©/Re-SSD. (c¢) €/Re-SSD. (d) a/Re-SSD.

05 /

01 02 03 04 05 06 07 08 09 1

algorithms.

Data Algorithm Re-SSD (%) MFN SSIM  MI CPU
MIRT3D 75.5 2756  0.2243 0.1008 135.6s
Log-Demons 91.26 1821  0.0606 0.0483 83.4s

Data II MATLAB 99.16 0 0.0159 0.16 3.6s
3D conformal model 9.18 0 0.9381 0.4481 412.1s
Algorithm 1 3.36 0 0.9916 0.6689 651.3s
MIRT3D 18.54 0 0.9796 1.8372 509.3s
Log-Demons 5.5 111 0.9937 1.6774 3.57h

Data IIT MATLAB 83.85 0 0.885 1.0723 84.9s
3D conformal model  16.32 0 0.978 1.8377 2631.7s
Algorithm 1 2.43 0 0.9928 1.8885 1494.3s
MIRT3D 25.23 234 0.9695 1.3405 326.2s

Data IV~ Log-Demons 5.67 215 0.9912 1.62 2.65 h
MATLAB 90.7 0 0.9196 1.0681 33.1s
3D conformal model  12.26 0 0.9895 1.5164 3516.6s
Algorithm 1 5.17 0 0.9933 1.67 1552.8s
MIRT3D 15.86 1023 0.9623 1.3592 68.8s

Data V. Log-Demons 18.95 0 0.9613 1.3509 1983.2s
MATLAB 28.79 0 0.9339 1.1678 14.7s
3D conformal model  19.05 0 0.9653 1.3583 1613.6s
Algorithm 1 9.68 0 0.9701 1.4271 738.1s
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FIGURE 3. Registered images for data II; Row I is the middlemost slice of T'(-) on x1,x9, x3
direction, respectively; Row II is the middlemost slice of D(-) on 1,9, z3 direction, respec-
tively; Row III is the middlemost slice of T'oh(-) produced by Algorithm 1 on x4, x5, 23 direction,
respectively.

30
(“27040)2 + (”27040)2 < 1}. Here and in what follows, xqo(x) =1 if x € Q and xq(x) = 0 if x is not in .

By giving different p,©, ¢, o, we use Algorithm 1 to perform the registration on data I. Final registration
results are recorded for each given u,®, e and «. One can see Figure 2 for details.

where 0 = {x = (w1, 22,23)T : (wli)40)2 + (m22540)2 + (m32640)2 < 1}, Qy = {x = (z1,29,23)7 : (7“*40)2 +

By Figure 2a, the change of p nearly has no obvious effect on final Re-SSD. This is mainly caused by the fact
that R(u) plays a dominant role in cost functional J(u), because © is a very large number. For this reason, the
role of [, [V*u|?dx is very limited compared with R(u). By Figure 2b, we know that Re-SSD is also decreased
when © becomes smaller. However, though we can get a much smaller Re-SSD when © is smaller, mesh folding
occurs. Hence, O is greater than 5000 in our numerical tests. By Figure 2c¢, we know that smaller ¢ leads to
smaller Re-SSD. In addition, Re-SSD changes only a little when £ € (0,0.5). Especially, there is no obvious
change on Re-SSD as ¢ € (0,0.01). In fact, B., D Be,(e1 < €2). This implies that J(u) achieves a much smaller
minimum on B, . Therefore, our numerical results coincide with qualitative analysis. At last, we emphasize that
e should not be too large (In our test, e = 0.01). As it is shown on Figure 2¢, final Re-SSD = 46.2% as ¢ = 1.
This is a very bad registration result. Concerning the sensitivity of «, one can notice from Figure 2d that the
proposed algorithm is not sensitive to the fractional order . This is mainly caused by the fact that © is a large
number which weakens the role of fractional regularization fQ |Veul? dx.

Remark 4.2. In Theorem 3.5, a sufficient technical condition p > 3CML (a not small number) is given to
ensure that F is a monotone operator. By Figure 2a, one can notice that the proposed Algorithm 1 is not
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ojojo

F1GURE 4. Difference for data II; Row I is difference |T'() — D(-)| for the middlemost slice on
x1, T2, x3 direction, respectively; Row IIis [T o h(-) — D(-)| of Algorithm 1 for the middlemost
slice on 1,29, x5 direction, respectively; Row III is |T o h(-) — D(:)| of MATLAB for the
middlemost slice on z1,x2, 3 direction, respectively; Row IV is [T o h(-) — D(+)| of MIRT3D
for the middlemost slice on x1, 25, x3 direction, respectively; Row V is [T o h(-) — D(-)| of Log-
Demons for the middlemost slice on 1, z2, 23 direction, respectively; Row VI is |[Toh(-)— D(-)]
of 3D conformal model for the middlemost slice on x1, xs, z3 direction, respectively.
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FIGURE 5. Registered images for data III; Row I is the middlemost slice of T'(-) on x1,x9, x3
direction, respectively; Row II is the middlemost slice of D(-) on 1,9,z direction, respec-
tively; Row IIT is the middlemost slice of T'oh(+) produced by Algorithm 1 on x4, 2, x5 direction,
respectively.

sensitive to the parameter p. Therefore, in practice, one can also set a small g which may not satisfy the
technical condition g > 3CML but may help to get a more accurate result.

Test 2. In this test, we perform registration on a synthetic 3D image pair (data II) and three 3D medical pairs:
brain image (data III), liver (data IV) image, lung image (data V). Data II is of the size 80 x 80 x 80. The
floating image T'(-) and target image D(-) of data II are defined by

T (x) = 255xgq, (%), D(x) = 255xaq, (%),

where Q) = {X = (w1, 22,73)7 + (2520)" + (2529)° + (252)° < 1}, Q= {x — (21,0, 25)7 + (2520)° 4
(9;23—040)2 + (w33540)2 < 1}.

Data III is a 3D brain image pair of size 181 x 217 x 165. The original data can be downloaded from [49].
Data IV is a 3D liver image pairs of size 512 x 512 x 122. The original data can be downloaded from [50]. Data
V is a 3D lung image pairs of size 128 x 128 x 64. The original data can be downloaded from [51]. To verify the
efficiency of Algorithm 1, we make a quantitative comparison among five different image registration algorithms:
DLDIR algorithm, MIRT3D algorithm, MATLAB, 3D conformal model [54] and proposed Algorithm 1. For this
purpose, these five algorithms are used to perform the registration on data II-V, respectively. The registration
results are listed on Table 1. Note that here the key parameters in the Algorithm 1 are set as a = 2.85,
© = 7500, it = 5 x 1076 and the parameters used in DLDIR, MIRT3D and MATLAB are default values of the
code. In addition, to show the 3D data clearly, for each 3D data pair and its registration result, the middlemost
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F1GURrE 6. Difference for data III; Row I is difference |T'(-) — D(-)| for the middlemost slice on
x1, T2, x3 direction, respectively; Row Il is [T o h(-) — D(-)| of Algorithm 1 for the middlemost
slice on 1,292,z direction, respectively; Row III is |T o h(-) — D(:)| of MATLAB for the
middlemost slice on 1, x9, x3 direction, respectively; Row IV is |T o h(-) — D(-)| of MIRT3D
for the middlemost slice on z1, 22, x3 direction, respectively; Row V is [T o h(-) — D(+)| of Log-
Demons for the middlemost slice on 1, x4, x3 direction, respectively. Row VIis [T oh(-) — D(-)]
of 3D conformal model for the middlemost slice on 1, z2,x3 direction, respectively.
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FIGURE 7. Registered images for data IV; Row I is the middlemost slice of T'(-) on x1,x9, x3
direction, respectively; Row II is the middlemost slice of D(-) on x1,xs,z3 direction, respec-
tively; Row III is the middlemost slice of T'oh(-) produced by Algorithm 1 on x4, 22, x3 direction,
respectively.

slices on three directions are displayed. One can see Figures 3—10 for details. Moreover, in order to evaluate the
complexity of five algorithms, the CPU consumption of each different resolution for data II-V is also recorded,
one can see Table 2 for details.

Firstly, by Figures 3 and 4, we can notice that Algorithm 1 and 3D conformal model perform much better
than the other three algorithms. Besides, by Table 1, one can notice that Algorithm 1 achieves the smallest
Re-SSD among the five compared algorithms. This shows that Algorithm 1 is competitive to deal with this kind
of synthetic 3D images. Moreover, there is large deformation in data II, this implies that the proposed algorithm
is efficient for 3D larger deformation image registration.

Secondly, by Figure 5, we can notice that Toh(-) produced by Algorithm 1 looks nearly the same to the target
image D(-). Furthermore, the final difference |T o h(-) — D(-)| shown on Figure 6 indicates that MIRT3D and
MATLAB perform worse than Algorithm 1, 3D conformal model and Log-Demons. Moreover, by Table 1, one
can notice that though Log-Demons achieves a satisfactory Re-SSD, mesh folding occurs. In fact, Algorithm 1
can achieve a much smaller Re-SSD than 2.43% listed on Table 1, if © is a very small number. In this case, mesh
folding also occurs. In this paper, we care more about mesh folding elimination, rather than smaller Re-SSD.
Therefore, we don’t list these registration results with mesh folding for Algorithm 1.

Thirdly, by Figures 7 and 8, one can see that Algorithm 1 gives a satisfactory registration result for data I'V.
Furthermore, by Table 1, one can also notice that mesh folding occurs for MIRT3D and Log-Demons. Though
no mesh folding for MATLAB, Re-SSD is 90.7%, which is a very bad registration result. Therefore, Re-SSD and
its associated MFN for data IV confirm that Algorithm 1 is the best as it has non-physical mesh folding.
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F1cure 8. Difference for data IV; Row I is difference |T'(-) — D(-)| for the middlemost slice on
x1, T2, x3 direction, respectively; Row IIis [T o h(-) — D(-)| of Algorithm 1 for the middlemost
slice on 1,29, x5 direction, respectively; Row III is |T o h(-) — D(:)| of MATLAB for the
middlemost slice on z1,x2, 3 direction, respectively; Row IV is [T o h(-) — D(+)| of MIRT3D
for the middlemost slice on x1, 25, x3 direction, respectively; Row V is [T o h(-) — D(-)| of Log-
Demons for the middlemost slice on 1, x2, x3 direction, respectively. Row VI is [T oh(-) — D(-)]
of 3D conformal model for the middlemost slice on x1, xs, z3 direction, respectively.
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FIGURE 9. Registered images for data V; Row I is the middlemost slice of T'(-) on 1, x2, x3
direction, respectively; Row II is the middlemost slice of D(-) on 1, xq, x3 direction, respec-
tively; Row III is the middlemost slice of Toh(-) produced by Algorithm 1 on 1, 22, x3 direction,

respectively.
TABLE 2. CPU consumption for different resolutions.

Data Resolutions MIRT3D Log-Demons MATLAB 3D conformal model Algorithm 1
80 x 80 x 80 135.6s 83.4s 3.6s 412.1s 651.3s

Data IT 40 x 40 x 40 13.5s 35.3s 1.3s 75.1s 83.1s
20 x 20 x 20 1.9s 32.1s 0.81s 8.3s 10.5s
181 x 217 x 165 509.3s 3.57h 84.9s 2631.7s 1494.3s

Data IIT 90 x 108 x 82 44.8s 1328.7s 36.7s 472.9s 712.1s
45 x 54 x 41 16.1s 24.3s 6.2s 85.6s 82.3s
512 x 512 x 122  326.2s 2.65h 33.1s 3516.6s 1552.8s

Data IV~ 256 x 256 x 61 48.1s 1.23h 8.1s 416.2s 316.9s
128 x 128 x 30  11.7s 619.4s 2.3s 129.5s 71.3s
128 x 128 x 64 68.8s 1983.2s 14.7s 1613.6s 738.1s

Data V. 64 x 64 x 32 8.0s 125.6 4.1s 231.5 131.7s

32x32x16 0.58s 12.8s 2.6s 32.1s 61.9s
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F1cure 10. Difference for data V; Row I is difference |T'(-) — D(+)| for the middlemost slice on
x1, T2, x3 direction, respectively; Row ITis [T o h(-) — D(-)| of Algorithm 1 for the middlemost
slice on 1,29, x5 direction, respectively; Row III is |T o h(-) — D(:)| of MATLAB for the
middlemost slice on z1,x2, 3 direction, respectively; Row IV is [T o h(-) — D(+)| of MIRT3D
for the middlemost slice on z1, 25, x3 direction, respectively; Row V is [T o h(-) — D(-)| of Log-
Demons for the middlemost slice on 1, ©2, x3 direction, respectively. Row VI is [T oh(-) — D(-)]
of 3D conformal model for the middlemost slice on x1, xs, z3 direction, respectively.
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At last, by Figures 9, 10 and Table 1, we see that only MIRT3D produces mesh folding. Algorithm 1 achieves
the smallest Re-SSD without mesh folding. This confirms that Algorithm 1 is competitive among the five
compared algorithms.

5. CONCLUSION

In this paper, a 3D diffeomorphic image registration model is presented. In addition, a relaxed model is also
proposed and the existence of its solution is proved. Moreover, a 3D projection image registration algorithm is
also proposed. Numerical tests show that the proposed algorithm is effective. For further research, we may focus
on the acceleration of proposed algorithm (e.g., multi grid method) and landmark based 3D image registration
model without mesh folding.

APPENDIX A. FINITE DIFFERENCE DISCRETIZATION OF F(u)

For the convenience of description, here and in what follows, we define the gradient of a 3D scalar matrix
F= (fi,j,k)(N1+2)><(N2+2)><(N3+2) by

[f*,fY £*] &£ VF, (A1)

where £2 = (f7; 1) (N +2)x (Not2)x(Na42)s £ = (L) (V42 x (Var2) x (Na12)s £7 = (FFj.0) (V1 +2) % (N 42) x (N3 +2)
are all 3D matrixes with

gk = J‘HLM’ 1<i< N
) {0’ j=0,Ny+1
ik ) Juapik_fiaik ) < G <N,
igk = W, 1<k<N; °

Let hy jr = Xk +u(Xi k), r = (T(hijr)) (v +2)x (Na42) x (Na+2)> dije = D(X jx) and
T,,T,,T.] = Vr, (A.2)

where Ty = (T3 1) (N, +2) x (N2 +2) x (N3 +2)» Ty = (ﬂ-lfj,k)(N1+2)x(N2+2)x(N3+2)’ To= (T7; 1) (N1 +2)x (N2 +2) x (N35+2) -
Furthermore, we define

v = ( i k)(N1+2 (N2+2) x (N3+2)° (A.3)
Y wl,j k)(N1+2)><(N2+2)><(N3+2) ( )
T = (i, ’“)(N1+2)x N2+2)x (N3+2)’ (A.5)
where ¢ = (T(hy k) = dij k)T s 0F 50 = (T g) — di )T 0 V750 = (T(igk) — i) T7 k-
Therefore,
T
{7+ u(x)) = DEIVTx+ 0} = (V8000000 ) (A.6)
where ¢ =1,2,--- |Ny;7=1,2,--- ,Noy k=1,2,--- , N3.
In a similar way, let
Us = (050) (v 2) (Vo 2) < (Na2)° (A7)
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U, = ( v ) : A8
v = Mgk (N142) % (N242) x (N3 +2) (A-8)
U = (4556) (v, 12)x (N2 +2)x (N 2 (A.9)

where uf ; ; = w1 (Xijk), uf]k = ua(Xi j k) uf = us(Xijk)-

Define
X% x", x*] = VU,, [k kY, k*] =VU,, W% w’ w’]=VU,, (A.10)
and

E = x" — kY = (€ij,k) (N1 4+2) x (N2 +2) x (N5 +2)> (A.11)
F = X" —w* = (fij,k) (N142) x (N242) x (N5 +2)> (A.12)
G = KY — w* = (Gijk) (N1 +2)x (N2 +2) x (N3+2) (A.13)
H = XY + 5% = (Hi j k) (Ny+2) x (N242) x (N3+2) (A.14)
I= X" 4w = (Lijk)(N1+2)x (Na+2) x (Na+2) (A.15)
J = F 4+ w¥ = (i) k) (N +2) % (Na+2) x (N3+2)» (A.16)

o — (Qur _ Oug o — (OQuy _ Ous o — (Quz _ Ous o — [OQur 4 Oua
then €i g,k = (Bm axz)i,j,k, fz,],k = (axl x5 i,j,k’ Gijk = \ Bz D23 i,j,k’ Hz,],k = 2 + 1 i]k7

Ik:(aul_’_@ue,) Jk:(auz+aU3> .
75 axg axl i,j,k’ 75 Bmg 31’2 i,j,k?

Furthermore, we define

[Kw, Ky,Kz] = VE, [Lw, L,, Lz] = VF, [Mm,My,MZ] = VG, (A.17)

IN,,N,,N.] = VH, [0,,0,,0.] =VI, [P, P, P.]=VJ, (A.18)

and Q = K, — L, — Ny, — O, = (Qijr)(N+2)x(Not2)x(Ns42), B = K, = M, — N, — P, =
(Ri,j,k)(N1+2)><(N2+2)><(N3+2), S=L.,-M; -0, — Py = (S1 7, k)(N1+2)><(N2+2)><(N3+2), then

Qije ={e1(0) +m(w)}, ; p Rije = {e2(0) + m2(w)}; 4o Sigk = {es(a) + m3(w)}; s (A.19)

where i =1,2,--- |Ny;5=1,2,--- /No; k=1,2,--- , Ns.
Now, we focus on the discretization of fractional-order term div®*(V®u). Using Grunwald approximation
[10,23,38,43], 88,;55) 9 f(x)( 1,2, 3) can be approximated by:

0% f(X, o 0 f(Xp,g,r
M = 6% f(Xpqr) + O(hy), M =68 f(Xp.qr) + O(hy) (A.20)
ox i
o s Ni—p+2 (« (e
where 0 f( Xpagr) = LZ??PZ fo—i+1,0 014 f(Xpgr) = % =1 o Pz( )fPJrl*l,qry 05 f( par) =
1 Na—q+2 (a o r+1
hls ;H1 Pz fp,q 1, 054 f(Xpgr) = h% =1 " ( )fP,qul Ly 08 f(Xpgr) = %Zﬁl pl fp"” b

N3—r+2 (« a a [}
05 f(Xpqr) = hla =1 " ( fp,qr+1—1 and p(() ) = =1, p( ) = =(1- 1%)91(7)1

Here and in What follows, we use the notations:

foar =T Xpgr): (A.21)
Let Uyr = (fr.g0 fo.qrs s fNy.qr) T, then it follows from (A.20) that
0°Uy, 0**U,
"~ BN, Ug,r L% ~ B Uq,y A.22
axl Nz Yq,rs 8:1/,?* N>~ q,r> ( )
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T T
0% U N aaf, N aaf, ,T 8afN ,q,T 9" U, T aa*f, \T aoMf, T aa*fN ,q,T _
where =5 —( 8zl‘fq ) 0;;5 R ) ' “gw —( az%*q ; azéf S T ) and By, =
Péa; P%a; (0) v
p?a> p%a) p?a) B
« « «
1 P3 P2 pr 0 00

o) Ny o) pé"‘; ﬂé’li
PN, PNy—1 PN —2 """ P2

That is,
0% (0%Ug,r T N
L) =BL By U,, 2 AN U, . A.23
al’ ( 81,1 ) N, N.Yq, N.Yq, ( )
Similarly, there holds
0% (0Vpr
—_— BL B Vor L2 ANV, A.24
Ozs™ ( axQ ) Ny 2Ny Ny Vp, ( )
and
9% (0" Wy T
— : =BL ByW, ., 2 A A.25
5‘1‘%* ( axg ) N,©PN.VVpyq N p,q7 ( )

where Vy, o = (fp, 1,05 fp2,ms afp,Nz,r)T Wpa = (fpats fpa2 s fp,q,Ng)T~
Based on (A.23), (A.24) and (A.25), we define

e T Y — v
IT* = (HZJ;IC)(N1+2)X(N2+2)><(N3+2), II (H27]5k) (N1+2)X(N2+2)><(N3+2),

I* = (Hf,j,k)(N1+2)x(N2+2)x(N3+2)’

9™ [(9%uy 0%y 9wy
e .
i,5.k — { ( axl ) + ( 8x2 ) + * ( 8‘%% >}i,j,k7
m ., = 3a* O%us 9% uy 0%uy
i3,k o™ \ D 0z oxg z‘,j,k7
- B 804* 8(¥u3 8()‘”3 aau3
igk — e \ 9x¢ 0z oxg i,j,k.

Define T% = (%7 1) (v, +2)x (Na+2)x (N3+2)s LY = (0] 1) (N1 42) x (N 42) x (N3 +2)
T2 = (V1) (N1 42)x (N2 +2)x (Ng +2), Where Y% = W, +uI1* 4+ 0Q, TV = ¥, + ull¥ + OR, T = ¥ + ull* + 68,
It follows from (A.6), (A.19) and (A.26) that

(A.26)

where

T
(Ve W Vign) = (FO) e (A.27)

where ¢ = 1,2,--- ,Ny; 7 = 1,2,--- | No; kK = 1,2,---, N3. Note that here the value of elements in matrixes
whose formulas are not given in Appendix A is zero, i.e., (F(u))ojr =0for j=1,2,--- ,No; k=1,2,--- | Ns.
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APPENDIX B. 3D CONFORMAL IMAGE REGISTRATION MODEL

By [22], we know that for any nD deformation h, a condition for mapping h to be conformal is

1 2
VhVh” = Vh’Vh = E||Vh||%1 = (det(Vh))"1, (B.1)

2
where Vh is Jacobian matrix of h, |[Vh||% = > =1 (g:b) and I is an n x n identity matrix.
) J

Based on (B.1), we define a bounded 3D conformal set

A= {u=(u,uz,u3)" € [HF(Q) : det(Vh) > 0, [ Vhi (x)[3 = [|[Vh2(x)[[3 = [[Vhs(x)3,
Vh;(x) - Vhj(x) =0, fori#j and Vx € Q}, (B.2)

where h(x) = (h1(x), h2(x), h3(x))T = x + u(x).
By restricting the solution into a 3D conformal set A, 3D conformal image registration model is formulated
by

u = arg H}C_lﬂ S(u) + pR(u), (B.3)

where 11 > 0 and R(u) = [, [V*u?dx(« > 2.5). Concerning the details of 3D conformal model (B.3) and its
numerical implementation, one can see [54] for details.

Remark B.1. Though 3D conformal (B.3) is not competitive to the proposed algorithm, one can notice that
(B.3) based 3D multi scale approach achieves a much more accurate result than the proposed algorithm in this
article with much more CPU consumption.

APPENDIX C. ASYMPTOTIC ANALYSIS OF R(u®) As © — +o0

For this purpose, we give a simple asymptotic analysis [57] for the solution of (13) as ® — 4o00. Note that
u = 0 is the unique minimizer of J(u) if T'(x) = D(x) for any x € Q. There is no need for registration in this
case. Therefore, u = 0 is ruled out from the solution set B.. That is, we search for a solution in the function
set D={u € B, :u#0}.

For the convenience of asymptotic analysis, let’s introduce some notations.

First, we define supp(T) = {x : T'(x) # 0} and assume supp(7) C Q. Furthermore, we define T'(x) = 0 if
x € R3\ €, then T : R?® — R is continuous on R?\ Ar. Similarly, we define u(x) = 0 if x € R3\ Q. Then u € B
implies u € [H$(R3)]® and

J(u) = /R (T -+ u(x) ~ D)) dx -+ pa(u) + OR(w), (1)

2 2
L, Ouy . Ouy
here R;i(u) = f]Rg |V@u|? dx and R(u) = Zl§i<j§3 fRs (ggﬂ + BZZ) + (gz — %) dx.
Based on these notations, we define u”(x) = n_%u(%) for some 7 > 0, then u(x) = n2u”(nx). By simple
calculation, one can notice that

Jw) = = [ L (r(%4ntwe) - D(jj))QdH Ry (u) + O R(u)

which indicates that (C.1) is equivalent to minimize the following functional:

: (C.2)

= [ (r(Z4riwe) - D(’;))de o Ra (u") + O R(u). (©3)
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under the constraint u” € D. Note that u € D implies [[ul|jc1() < Cllull{gg @)z < +oo because of the fact

that HZ(Q) — CY(Q) ([39], Thm. 4.58). That is, u(x) = n2u”(nx) is bounded. Therefore equation (13) is
equivalent to minimize the functional (C.3) on the constraint u” € G = {u”? € D : n2 u"(nx) < +00}.

Based on these discussions, one can notice that the first term of (C.3) converges to 0 as n — 0. By giving the
assumption § < 1 and letting n = ©~5 and  — 0(© — 400), one can notice that J7(u")/(61°) converges to
the functional R(u). That is, u” is a minimizing sequence of the functional R(u) as n — 0.

Let u” € G be a minimizer of J7(u"), then J7(u”) is bounded. There exists a subsequence which is still
labeled by u” converges to some u*™ € [C1(Q2)]? (similar to (19)) as n — 0. By the similar discussion of (25),
one can note that R(u”) — R(u*).

We claim that

oo

u® = argmin R(u). (C.4)

ueg

Note that here minyeg R(u) = 0.
Suppose (C.4) does not hold and let u = arg mirgl R(u), then there exists a ¢ > 0 such that R(u®) > c. Define
ue

a’ = n%ﬁ(%), then one can use the similar way of (C.2) and (C.3) to know that

JWu%::A;(T<;+4ﬁuﬂx0-—D(?))de+uﬁﬁﬁ0ﬂ)+@nﬂuu®. (C.5)

By letting 7 = ©5 and  — 0(© — +00), one can notice that J"(@" ) — R(ﬁ) = 0, which contradicts the
fact u” is the minimizer of J"(u") as n — 0 (i.e, J"(0") — R(u) =0 < R(u™) < J"(u"), where u” is a
minimizer of functional J"(u")).

By claim (C.4), we know that limg_. ;o R(u®) = 0.
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