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CONVERGENCE RESULTS OF A HETEROGENEOUS ASYNCHRONOUS
NEWMARK TIME INTEGRATORS

EL1ASS ZAFATI*

Abstract. This paper is concerned with the convergence analysis of the PH heterogeneous asyn-
chronous time integrators algorithm, proposed by Prakash and Hjelmstad [Int. J. Numer. Methods
Eng. 61 (2004) 2183-2204], and devoted to transient dynamic problems for structural analysis. Ac-
cording to PH method, the time discretization is performed using the well-known Newmark schemes,
where the time step ratio, i.e., the ratio of the macro time step to the micro time step, of two sub-
domains separated by an interface is a positive integer. The analysis is restricted to linear problems
with two subdomains for simplification. We show that L°°-uniform convergence of the approximated
solutions is achieved taking into account damping terms and suitable regularities on load terms. We
shall also give some error estimates of the method.
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1. INTRODUCTION

The introduction of the mixed time integration methods with/without different time steps (commonly known
as heterogeneous asynchronous time integrators) for dynamic problems [1-16] are of considerable interest to
many applications involving subdomains decomposition techniques (wave propagation [11,17,18], fluid-structure
interaction problems [19], non-smooth contact problems [14]). The principle of heterogeneous asynchronous
time integrators (HATT), for transient dynamic problems, consists on splitting the global problem into several
subdomains, each one integrated by its own time scheme and/or its own time step. The main advantage of these
methods is to be able to integrate the whole problem with several times steps (with/without heterogeneous
time schemes) instead of a single time step usually controlled by the smallest element in the mesh, especially
for conditionally stable schemes. Among the most popular time schemes currently used for structural dynamic
problems, can be cited Newmark schemes [20], a-schemes [21-23] and the Runge-Kutta schemes [24]. In this
paper, we focus on the convergence analysis of the mixed time integration method developed by Prakash and
Hjelmstad in [25] for structural dynamic problems where the time discretization is performed via the Newmark
schemes family.

To clarify the purpose of the paper, let us consider Q as the set of nodes in R? (d = 1, 2 or 3 in general),
which represent, for instance, the nodes of a mesh or the set of discrete points like particles. Assume a partition
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FIGURE 1. The whole domain 2 splitted into two subdomains €y and Qs (a) where the nodes
at the interface I''? are duplicated (b).

of € into two parts €; and €, such that the intersection € N Qy = I''? represents the interface separating the
two sub-domains (see Fig. 1a). In this paper, we are concerned with the following classical system of equations
which describes the transient dynamic problem for the whole domain = Q1 U9 over the open interval (0,7):

MUy (t) + CL U () + Ky Uy () + LTA(t) = Fi(t)

MyUs(t) + Colla(t) + Ko Us(t) + LEN() = Fy(t)

Ly Uy (t) + Ly Us(t) = Vy(t) (1.1)
U (0) = Vo1 and Uy (0) = Upy

Us(0) = Voo and Us(0) = Upy

where the vector valued functions U;, U; and U;, associated with the subdomain €; with i € {1,2}, stand for
the acceleration, velocity and displacement vectors of length N;, respectively, while the dot symbol stands for
the time derivative. The vector-valued functions ¢t — F;(t) are the applied external forces with length N;. The
two last equations of the previous system represent the initial conditions for suitable real vectors Uy, and Vp;
of length N;. In the context of mechanical engineering, the vector-valued function A of length N, play the role
of the Lagrange multipliers (we conserve this definition in the paper) and ensure the continuity of the interface
forces between the two subdomain. Moreover, we assume the following:

) M; is symmetric positive definite matrix for every i € {1,2}.

) C; is symmetric positive definite matrix (damping matrix) for every ¢ € {1, 2}.
) K; is symmetric positive semi-definite matrix for every i € {1, 2}.

) The real matrix (L1 Lg) € RV X (Ni+N2) §g surjective.

Since the nodes located at the interface are duplicated (Fig. 1b), the continuity of the velocity at the interface
is ensured via the third equation of the system (1.1). Therefore, the operator (L1 Lz) are constructed to ensure
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FIGURE 2. The whole domain € splitted into two subdomains €2; and 25 with non-conformal
meshes.

the continuity of the velocity at the interface I''? but also the Dirichlet conditions imposed in terms of the
velocity for either € or 5. We assume that the Dirichlet conditions are represented by the vector-valued
function ¢ — V(t) mapping (0, T') to R™¥* which includes the zero components corresponding to the continuities
at the interface and satisfies, in addition, the following compatibility condition:

L1Vor + LaVoz2 = V4(0). (1.2)

In the context of this paper, the nodes at the interface does not necessary coincide (Fig. 2) which is of interest
to the problems with non-conformal meshes. However, the only condition we should deal with is the surjectivity
of (L1 L2) which is a necessary for the well-posedness (see for instance Lem. 2.2 in [26]).

The aim of this paper is the analysis of the stability and the convergence of the PH method applied to the
system (1.1) taking into account the assumption (H1). According to PH method, the numerical solution is
computed at each macro time step by solving a generalized saddle-point problem [26], where the unknowns are
the kinematic quantities, related to both subdomains, as well as the Lagrange multipliers. Since the Lagrange
multipliers are only computed at the macro time scales, their approximations on the fine scale is performed
by mean of a linear interpolation. Under some specific regularity conditions on external loads, we shall prove
that the approximated solutions converge uniformly, with respect to the norm L°°, to the exact solution of the
problem. We shall also establish some error estimates under a particular constraint on the Newmark parameters
which is often satisfied in practice. To the best of the author’s knowledge, a rigorous study on the convergence
of the PH method under the assumption (H1) is not available at present. It is important to underline that the
energy stability (see Lem. 3.5 below) has been established for the PH method in [25]. However, it should be
stressed that the latter definition of stability, in the context of PH method, is not generally sufficient to ensure the
global boundedness of the set of solutions. Indeed, the investigation of the non-singularity of the global matrix
generated by the PH method in [26] has shown that the existence and uniqueness of the numerical solution
may fail if the matrix C7 is only positive semi-definite and Lo is not onto, i.e., an example of illustration has
been given in Remark 3.9 in [26] with numerical validations. In this case, the set of the approximated solutions,
assumed not empty, necessary contains an affine subspace. Thus, the set of solutions is unbounded despite the
fact that the energy stability is satisfied. In this paper, we shall proceed differently and more rigorously to study
the global stability and the convergence of the PH method under the hypothesis (H1).

The paper is organized as follows: a brief description of the PH algorithm is given in Section 2. In Section 3,
we shall introduce the definitions of the approximated solutions and establish the boundedness results of the
numerical solutions. Finally, the last section, i.e., Section 4, will be devoted to the discussion of the main results
on the convergence of the PH method.
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2. REVIEW OoF PH METHOD

The application of the PH algorithm on the system (1.1) is performed as follows: First, we choose the micro
time scale hy for the subdomain ; and the coarse time scale hs for the subdomain 5 linked by ho = mhq,
where m € N* is a positive integer called the time step ratio. The equation of motion for the subdomain €2, is
described at the time tg»l) =jhy (j =0,1,2,...), while the equation of motion of the subdomain Qs is described

at the time tgf) = khy (k=0,1,2,...). It is seen that tf) = kho = kmh, = tgn)l for each k € {0,1,2,...}.

Now, let Z/If , Uf, Uf, Ff and )\{ be the acceleration, the velocity, the displacement, the external force and
the Lagrange multiplier vectors, respectively, related to the subdomain €2; at the time t;l) = jhy. Similarly,
let UL, U, U, FF and A5 be the acceleration, the velocity, the displacement, the external force and the
Lagrange multiplier vectors, respectively, related to the subdomain 5 at the time t,(f) = kho = kmhy. The time
discretization of the system using the GC method within the range {t,(f_)l, t,(f)} (k € N*) is described as follows:

For a fixed j € ((k — 1)m, km], the equilibrium equation for the subdomain ¥; at the time tg»l) writes:

MW +C U + Ky Ul + LT = F. (2.1)

The approximations of the quantities Z/If and Uf using a Newmark scheme, in terms of the parameters v,
and 3, read:

U =+ U] 03 (5= B U+ R B
W=U"+h (1—y) U+ U

2.2
5 _ Uy (2.2)
U0 = Vo
The equilibrium equation for the subdomain Y5 at the time t,(f) writes:
MyUF 4+ CoUly + Koty + LENE = FF. (2.3)

Similarly, the approximations of the quantities 5 and Z/IQI’C using a Newmark scheme, characterized by the
parameters 5 and s, are given by:

5 =Uy + holly ™" 4+ h3 (5 — Ba) Uy~ + 3 Ba Uy
U = US4 hy (1 — ) UE™Y + hoyo Ul
Us = Upy
U3 = Voo

(2.4)

The computation of the Lagrange multiplier at the fine scale, between two coarse time instants (k — 1)hg and
khs, as proposed in the PH method is equivalent to the following interpolation:

)\gk—l)m—&-j _ (1 . %))\gk—l)m + %Allcm + Bék—l)m+j 1<j<m (2.5)
Nkm =\ vk
where
BV — Lo Fy (k= 1)hy + jhy) — <1 - Tzl)LQFQ((k: —1D)hg) — %Lze(khz). (2.6)

In this paper, the term Bg is assumed to be zero which occurs, for instance, when no external loads are applied
to the interface I''?, i.e., LyFJ = 0 for every index j, or when the external force F), are linear or constant with
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time. Thus, equation (2.5) implies:
A?‘”mﬁﬁ_(l;;>A§44;)§ (2.7)

Finally, the remaining equation concerns the continuity of the velocities at the interface as well as the Dirichlet
conditions which are only imposed at the coarse time steps. More precisely,

LiUF™ + Loy = VF  for every integer k > 1 (2.8)
where VI’ is the value of V; at the time t,(f). The computation of the different quantities in (2.2)—(2.7) assumes
the knowledge of the initial values A\ = X9, U and U9 which are arbitrary in the context of this paper. The
only requirement is that the initial values satisfy the equilibrium equations as described in (2.1) and (2.3) which
has a meaning from a physical point of view. In practice, if Vj is sufficiently smooth, these initial values are
generally computed using the following system:

MUY+ C U + KUY + LT = F(0)
MyUY + Co U + Ko U + LT = F,(0)
LiU? + Ly U = V4(0)

AY = A9

U =Ty U =V

U) = Uy U = Vio.

(2.9)

It is more convenient to rewrite the previous time discretized equations in a block matrix representation as
proposed in [25]:

_Ml %L{_ 'ng—l)m,-&-l' _ng_l)m'+1 . legk_l)m_
N; M, %L? [ngfl)T"*? ngfl)erZ
N; M, %L? Ullcm Pllcm
My L3 Us Pk — N,USF Y
L By B, 0 | | )\726 ] i de |

e
mo1 T ALED

m—2 (k—1)
m L{AQ

. ' (2.10)

where for each i € {1,2} and each integer j € [(k — 1)m + 1, km)] for fixed k, we have:

[ M; Ci K; 0 0 0
M; = | —vihiln, In, O |, N; = | (1 =7)hiln, —In, O
| —BihiIn, 0 In, —(3 = Bi)hZ N, —hiIn, —In,

[0 LT
B = |LT], Li=1{0
L 0 0
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"F] 4]

PP=10|, U] = |
L 0] uj

Ps=10 and Uk = |ub|. (2.11)
L O] uk

Furthermore, one may notice that the system (2.10) can be cast in the following form:

A LT] [U* Fy
= 2.12
o)l - ) e
The previous system (2.12) is referred as the global problem in the paper and the involved matrix as the

global operator. Comparing equations (2.12) and (2.10), the representation is unique and it is clear and the
different operators A, I and B are given by:

M 1 LT [0 7]
N M, 2L 0
A= ' ' and LT = and BT = O (2.13)
N; M, mp T BT
i M | [ LT ] B ]

It is important to emphasize that the previous problem (2.12) may be viewed as a particular case of a
generalized saddle-point problem and it is worth noting that similar system appears in other multi-time steps
methods involving other time schemes (see for instance [10,12]). The generalized saddle-point problems have
been investigated by Nicolaides [27] in the context of Hilbert spaces using the inf-sup conditions and then by
Bernardi et al. [28] (see Thm. 2.1 in [28]) by extending the study to Banach spaces using Brezzi’s assumptions
(see Thm. 1.1 in [29]). In the context of PH method, The non-singularity of the global matrix in (2.12) as well as
the strict-positivity of the Schur complement have been studied in [26] depending on the surjectivity of the link
matrix Ly and using a special case of damping matrices (Rayleigh damping). Following the references [25, 26],
we consider the following assumptions on the Newmark parameters:

(H2): For every i € {1,2}, the triple (v, 3;, h;) satisfies:
(1) v >3

3. BOUNDEDNESS OF THE NUMERICAL SOLUTION

In this section, we introduce some definitions of the approximated numerical solutions considered in the
paper. We shall also discuss the existence and the stability of the numerical solutions under the assumptions
(H1), (H2) and (HF) (Hypothesis (HF') is introduced below).

Let us first briefly recall some definitions of classical functional spaces. For every open J C R, we consider
the following spaces:

~ L2 (J, Rl) for 1 < p < oo is the space of square integrable Lebesgue measurable functions defined on J with

1
values in R! and equipped with the norm -2y = (f]HHQ) * where ||.| is the Euclidian norm. We also

endowed the corresponding Hilbert space with the product scalar (-, -)2’ -



CONVERGENCE RESULTS FOR THE HATI PH METHOD 249

- L™ (J, Rl) is the space of Lebesgue measurable functions f bounded almost everywhere on J and equipped
with the norm [|f|[j( ;) =Inf{C 2 0: [f(z)| < C ae.}.

— wk?2 (J, Rl) the space of all Lebesgue measurable functions v : J +— R! such that the ith derivative v(?
is square integrable for every i € 0,...,k, v(¥ € L2(J,R!). The previous space is equipped with norm

1
”v”ka?(J) = (fJ||UH2 + Zf:l fJH”(i)H2> g
— If J is either open or closed the space C*(J,R') is the set of vector-valued functions, together with their clas-
sical derivatives of order lower than or equal to k, continuous on J. The Banach space C* (J, R! ) is endowed
with the norm [|¢]|qr ;) = maxo<i<k sup,e ;|0 (2)]. Moreover, We denote C*°(J,R!) = Nj>oCk(J,R). If
k =0, the norm ||.[o 5y coincides with |[.[|p (5.
For the sake of conciseness, the definitions of the previous norms are independent of the dimension [.

Let T = (0,T) be the open interval and h a positive reel such that T = nh, where n > 1 is a positive integer.
Let (X k) 0<k<n D€ 2 finite sequence of vectors that represent the values of the quantity X computed at the
times tg = 0,t; = h,to = 2h,...,t, = nh. To every vector (Xk) we associate the measurable functions

_ - 0<k<n
XM and X" defined on I by:

Xh,’l"(t) = ZZ;Ol TX]C+1 + (]‘ - T)Xk X[tk,tk+1)(t) re [0? 1]

- 3.1
XMt) =Yy {t_t;f"l (X — Xg—1) + Xk}X[tk,l,tk)(t) (31)

with:
XM (tn) = X (3.2)

The definition (3.1) together with (3.2) imply that X" is continuous over I. Moreover, if = 1, X" is simply
denoted X",

Remark 3.1. As a rule, the (weak) time derivative of X" is denoted X" and should not be confused with the
dot notation on the discrete vector (X*); which refers to the discrete quantities related to the derivative of X.

For instance, L{;” is the time derivative of the interpolation L{th constructed from the sequence (Z/lf)k

Given measurable functions Fy, Fy and V; as described in the problem (1.1), we say that the triple (Uy,Usa, A)
of measurable functions in I is a solution of the problem (1.1) if U; and Uy are twice weakly differentiable and
satisfy (1.1) almost everywhere in I together with the initial conditions. The next result discusses the existence
and the uniqueness of the solution of system (1.1) in the continuous framework. We shall state it under general
assumptions:

Theorem 3.2 (Existence and uniqueness). For every i € {1,2}, consider the hypothesis (H1) but with assump-
tions 2 and 3 replaced by:

(1) C; : RYi i RYi s single-valued and mazimal monotone.

(2) K;:RNi s RNi js continuous (not necessary linear) and exact, i.e., there exists some Gateau-differentiable
function 1; : RNt — R such that Di; = K;. Moreover, we assume that v; is nonnegative and K; satisfies
the following growth:

[Ki(w] < Ck, [lull - vVu (3-3)

where Ck, is a constant independent of u.

If the maps t — F;(t) are measurable functions with F; € L2 (I,RNi) andt — Vye Wh? (I, RN*). Then, the
problem (1.1) has a solution Uy, Uz, X) in C*(I,RN) x C* (I,RN2) x L2 (I, RN ) n W 2,2 (IL,RM) x W 2.2 (1,RN2)
x L2 (I, RN*). In the special case where K; are linear symmetric and positive semi-definite, the solution is unique.
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Proof. See Appendix A. O

In the following, we consider the following assumptions on the external loads:

(HF):
(1) For every i € {1,2}: F; € WH?(I,RN:).
(2) Vg€ W»?(I,RM).

In the sequel, it is not restrictive to consider V; € C! (1:, RN*) N w22 (L RN*) and F; € CY (f, RN’L') N
W' (I, RN+) by the continuous representative argument. In this case, it is seen from the proof of Theorem 3.2
that (HF) implies that U1, Us and A are continuous on I. Since the initial problem (1.1) may be reduced to a
problem with zero Dirichlet conditions, we will assume in the remainder of the paper that V; = 0. Indeed, using
the condition (HF') (2), we can replace Uy and Us by Uy — U1q and Us — Usy, Tespectively, where the couple
(U1q, Uaq) is smooth of class C2, i.e., more precisely U;q € C? (f, IRNi) N w32 (I,RNi) for ¢« = 1,2, and satisfies
Ly Ura(t) + Ly Uag(t) = Vy(t) for every t € I. In this case, the right hand sides of the two first equations in (1.1)
will contains further terms, each one belongs to w2 (I, RNi), i =1 or 2 (note that the existence of (U4, Usq)
is guaranteed by the surjectivity of the operator (L1 Lg)). For reading convenience, the condition “Vz = 07 will
be systematically recalled.

The two next lemma describe some basic facts on the PH method, necessary to prove the global boundedness
of the numerical solutions in Lemma 3.5. The reader may also refer to [26] for more details.

Lemma 3.3. Assume thatn = hlz > 1 is a positive integer and denote (-,-) the duality bracket of an Fuclidean

space RN (the notation is independent of the dimension for simplification). Under the hypothesis (H1), (H2)
and (HF) with V; = 0, assume that the system (2.12) has a solution for every 1 < k < n, we claim:

%[<u1" L™y + (U, K )] + % [t ity + (Ul Kot )| + 22: Dy
=1

2

Tr/m o . )
<> [0, 2 + (W0, k)] + S e (3.4)
i=1 i=1
where
N 1 I8 . Ciq i i
D =4 Zl<cluf — ol U~ U
i=
1 & , 1) - o
Dj = o Z<02u§ — oY gk — 1>> (3.5)
k=1
and,
1 &5 . e
Wt = S - FL )
1
ot 1w k1) .- -
P =;QZ<F§—F§ g - (3.6)
k=1
Proof. This is too similar to the proof given in [25] see also [26]. O

Lemma 3.4. The matriz A is non-singular and the (i, j)-th block matriz entry of the inverse of A is given by:
()M (M) T i 1< <i<m
A= ¢ Myt if i=j=m+1 (3.7)
0 else.
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Proof. It is enough to check that the multiplication of the block matrix (3.7) with A gives the identity
matrix. (Il

The “energy stability” result as a consequence of Lemma 3.3 has been originally proved in [25], in the case of
zero damping C; = Cy = 0, which implies, under the hypothesis of zero external loads, the uniform boundedness
of some quantities at the macro-time steps. This result does not evidently ensures the uniform boundedness of
all quantities as being highlighted in [26], where it has been proved that the global matrix in equation (2.12)
may be singular when the damping matrix C is only positive semi-definite. Lemma 3.5 below provides a more
complete proof of stability in the case of positive definite damping matrices and under sufficiently smooth
external loads.

Lemma 3.5 (Boundedness result). Under the hypothesis (H1), (H2)-(1) and (HF) with Vg = 0, there exist
some constants hig, hag > 0 for fized m (with hag = mhyg), such that if we define the set Sy, by

T T
Sh = {(hhhz) € (0, h10) x (0, hgg)|he = mhy,ny = 7 € N*,ny = 7 € N*}~ (3.8)
1 2

Then, for fived (hi,h2) € Sh, the problem (2.10) has one unique solution ((U])i<j<n.s (U5)1<k<n,,
(A5)1<k<ny). Moreover,

ihi “hy ~hi
sup ‘Uil —&-‘ e ‘ 0t ) < erv Br 3.9
(h1,h2)€Sh 1_21,2( Lee (1) Lee(T) Lee(I) (3.9)

e
sup | L <erV/Br (3.10)
(h1,h2)E€SK i:ZLQ Lee(I)
In particular:

hi hi “hi
sup ‘Ui" ) v ‘ [ ) <crvB 3.11
(h1,h2)€SH z;2< L2(I) L2(I) L2(I) TV er (8:11)
AP < ery/B 3.12
Sup Z ) ? L2(I) >cer T ( )

(h1,h2)ESH i=1,2

where By = S0 [IUC]1 4 1O |2 + |[LA2]|% + | NO]|% + ”FiHQWl’Q(I)] and the coefficient ey > 0 only depends on the
constants i, Bi, h1o, hao, m, T and the matrices K;, C;, M; and L; (i € {1,2}). The same results hold also for
Z/lzh’, Z/{Zh’, Z;lf“ and 5\?’

Proof of Lemma 3.5. First let us fix hip and hog to be sufficiently small such that the triples (y1, 51, h10o)
and (g, B2, hoo) satisfy the assumption (H2) and we choose arbitrary (hq,hs) € Sp,. Moreover, we keep the
definitions of n; and ng as in the definition of S, (3.8). When no confusion should arise and in order to avoid
useless repetitions, we shall denote ¢ > 0 as an arbitrary constant, independent of hy, ho, and only depends
on the constants v;, G;, h10, hoo, m, T and the matrices K;, C;, M; and L; (i € {1,2}).

First, assume that the system (2.12) has a solution for every 1 < k < ng and for every hy such that
(h1,ha) € Sp. For every i € {1,2}, let 0 < l; < m; be an integer and choose a constant ¢ > 0. By virtue of
Young’s, Jensen’s and Cauchy’s inequalities, the terms W;’Xt’l are bounded by:

l;
Wt = LS (m - E )
{
Jj=1

l;

1 1
S
Jj=1

|2

l;
- F?‘1H2 + L Ze‘
K2 1 hl J:1
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1 L 1 t;i) .\ 2 € Ls . Ciq 2
< =S 2 (F) i+ — (u?—u?— H
_hz/ ) s g o -

Jj= j—1 =
l.

1 N2 € Gl 2
2 (EY @+ & ‘u,ﬂ_u.ﬂ—lu . 3.13

- [(#) 5 2l (313)

In the view of equation (3.4), the previous equation (3.13) and the definitions in equation (3.5), if € > 0
is strictly lower that the smallest eigenvalues of both C; and Cy (these eigenvalues are strictly positive by
assumption (H1)), we infer, for every 1 <1 < ng, that:

oG iy + (g, ] + - St e < o (3.14)
j=1
and
o |G, 3 + (U, )] + o S|t - < err (315)
Jj=1

&SQHLW(I) < erv/Br. Using the Newmark approximation relations (2.4),

which easily yields sup, p,)es,
we have again SuP(hl,hg)eSh||Z"{£L2||L°°(I) < epy/Br. Indeed, using equation (2.4), it is seen that the velocities
(U5 )1<k<n, are bounded by:

us |l = L?S+Zk: ho (1 — o) U™ + hoyo Ul
e >~ ( )

’ Vlgkgng

< HUS‘ + kho max
0<I<ns

u;H < ¢r\/Br. (3.16)

agH < Hag\ +T max
0<I<ns
By analogous arguments, the same result may be obtained for the displacement vector Us.

Now, it remains to prove the boundedness of the quantities at the micro time steps, associated with the
subdomain €21, as well as the Lagrange multipliers. This can be achieved in several steps:

Step 1. We claim sup(hth)eSh||ZZ{’1||Lm(1) < erv/Br.
Indeed, for every 1 < j < nj, combining equation (3.14) and the Cauchy—Schwarz inequality gives:

J
sup maxHUfH = sup max||U + ZM{ —ul-!
(hi,h2)€Sn 7 (h1,h2)€Sp 7 -1
" R INTIT
< sup maxHL{l H +4— ZHL{{ - U H <erv/Br. (3.17)
(h1,h2)€Sn 7 hy =1

Step 2. (HUlf" H)z is uniformly bounded, i.e., the displacement, the velocity and the acceleration vectors of the
subdomain 21, computed at the macro time steps, are uniformly bounded.
Using assumption (H2) and equation (3.14), it is clear that the acceleration components computed at the
macro time steps are uniformly bounded:

sup max
(h1,ha)€S), 0SI<n2

zZ{mH < er\/Br. (3.18)
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To prove the same result for the displacement vector, pick up an integer 0 < ! < ng. By virtue of equation
(2.2), we have:

Im—1 lm
. 1 .
UM =u +hy > U+ 01 [(2—&)2/{{ 1+ﬁluf]

=0 j=1
94 by Mf uf + ;[ (1=l ]+ ub (G — ) — St (G 019
_%+Jﬁv E;Wém1ﬂme4m—bﬁ@ﬁ%®. 519

Thus, combining step 1 and equation (3.18), we end up with:

3T - .
Im hi Y1 Im
sup  max ||| < |||+ = sup ||U 2(51 + —) sup  max h? HL{ H
(h1,h2)€SH 1slsn, || ' H H ! H (h1,h2)€ESH ! 2 (h1,h2)€ESH 0<I<nj ! !

< cTJFT. (3.20)

As a consequence, we conclude:

Lee (1)

Im ST
(hhshl;?es og}g}ﬁanl | < ervBr. (3:21)

Step 3. Boundedness of the Lagrange multipliers:
At each macro time step kho, we have:

Mlafm + Clufm + Klu{“m + L?)\k = Flkm
Mo U + Oyl + Koy U + LY = FF (3.22)

where the equality A\{™ = A has been used (see Eq. (2.5)). Since (L1 Lz) is surjective and F; € W2 (I, RM:)
is bounded on I, we have for every 1 < k < no:

1 . .
I < ([ (2atd + £and) ™ (Lantati + LaCoth + Lottt — Lo1%)|
]| o+ ) (Mg + o + Lt - L)

< max (
~ 0<k<na

‘Z)ﬁ“”+HZI§H+||M§H+|\F2’“||)+ max (

0<k<ny
S CcT\/ BT (323)

where the uniform boundedness of the quantities at the macro time steps has been used as well as the
continuous embedding W?(I, RN:) ¢ L°(I,RN+) for i = 1,2. Hence, SuP(hl,hg)esh||;\gz||L°°(I) < cr/Br.
By the interpolation relation (2.7), it is clear that (A{); is uniformly bounded, i.e., supy, n,)es, [ AR llree(r) <
crvV/Br.

Step 4. The kinematic quantities related to €21, computed at the micro time steps are uniformly bounded.
In the view of the explicit expression of A~! in Lemma 3.4 and equation (2.10), the expression of the

quantities at the fine time step related to the subdomain Q; can be written, for every (k — 1)m+1 < i < km,
as:

|+ et |+ et + )

U= Y (07N M (B - LT o+ (— DR ) T (3.24)
I=(k—1)m+1
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Recall that A(F =D+ = LA+ mﬁ_l)\gkfl) for 1 <1 < m. Moreover, it is not difficult to prove that M; ! and
N; are uniformly bounded when the step hy varies in the compact [0, h1p]. Thus, combining steps 1-3 and again
the continuous embedding W2 (I, RNl) C L (I, RNl), one may conclude that:

U{H < ¢r\/Br. (3.25)

sup max
(h1,ho)€Sy, 0S7<m1

The uniform boundedness related to the L2-norm is simply a consequence of the continuous embedding
Lee (I, Rl) cL? (I, Rl) for every integer .

Now it remains to prove the existence and the uniqueness of the solution. For this purpose, it is sufficient to
T

show that the null-space of the matrix {% ]LO } in equation (2.12) is zero. Indeed, taking into consideration the

preceding boundedness results, one may infer that the null-space of A is necessary bounded, hence it is reduced
to the single element {0}. This completes the proof. O

Remark 3.6. If V; # 0, we can still obtain the uniform boundedness of the numerical solutions, without
t"ransformi?g the problem as described in the paragraph before Lemma 3.5, but with the additional assumption:
Va e BV(I,RN*) (see Appendix B).

4. CONVERGENCE RESULTS

This section is focused on the main results of the paper, namely Theorems 4.1, 4.3 and 4.4, which discuss the
uniform convergence of the approximated numerical solutions to the solution of the main problem in equation
(1.1) as well as the error estimates. For this purpose, we assume, throughout this section, that the hypotheses
of Lemma 3.5 are satisfied with Vy = 0. Moreover, we choose a sequence (hy, h2,),5, € Sp converging to 0 (the
set Sy, is the same defined in Lem. 3.5 by (3.8)) where the time step ratio m being constant, and we define, for
1=1,2,m;; = % € N*. Moreover, for sake of simplification, the discrete times are still denoted by tz(f) = phi;
for every i = 1,2 '(see the first paragraph of Sect. 2). According to Lemma 3.5 and by a compactness argument,
we may assume the following weak convergences in L? (I RN 1) and L2 (I RN A) for every i € {1,2}:

uihi,l w A’L Z:{;li,l w ‘/;
Z;{Zh” X Ul S\?i’l i )\i- (41)

Theorem 4.1. Define A = X\y. The triple (Uy,Us, ) is uniquely represented by a triple in S = C* (f, RNl) X
CH(I,RN2) x L2(I,RM ) n W22 (I, RN ) x W2 (I,RN2) x L2(I, RN which is the unique solution of the problem
(1.1) in S. Moreover, we have:

(1) )\1 = )\2 a.e.

(2) U =V; and V;, = A; a.e.

(3) The following uniform convergences hold for i =1,2:

lim ‘z)j”v’ ~ull =0
hi —0Il ~ L“(I)

I ‘ g, —0 4.2
hi,,llrgo ¢ Lee (1) (4.2)

with U;(0) = Up; and U;(0) = Vy;. Moreover, the convergences in (4.2) and (4.1) hold for every sequence
(h1,4,h2.1);50 € S converging to 0.

Remark 4.2. Henceforth, we assume, without loss of generality, that (Uy,Us) € CH(I,RNt) x CH(I,RN?).
Moreover, to be consistent with the notations in equation (1.1), the solution (Uj,Us, A) in Theorem 4.1 is
henceforth denoted (Uy,Us, ).
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Theorem 4.1 only shows that the convergence of the acceleration and the Lagrange multipliers are in the
weak sense. However, one may notice that the L strong convergence of either the acceleration field or the
Lagrange multipliers necessary imply the strong convergence of the second quantity with the same norm. Given
the assumption of Theorem 4.1, we can still obtain a strong convergence using an alternative definition of the
approximate solution, piecewise constant on each macro time interval of length hy; as follows: If X; and X»
stand for one of the following fields: displacement, velocity, acceleration and the Lagrange multipliers, related
to the subdomains € and 29, respectively, we define the sequence of the piecewise constant functions (X'f >0,

and (X;Lz'l)l by:

A~ h n A
X7 =k Xfx[tﬁfjl,tf)) (t)

4.3)
o A (
X2 (t) = 22 X§X[t<2> t<2>)(t)
k—1""k
where, for every 1 < k < ng, the averages )A(f and X§ are defined by:
X{C = % |:,>/1X{cm + (1 - ’yl)X{k_l)m + le;zl Xl(k_l)m+l:| (4 4)

N b

XE = X5+ (1 —y2) XY,

It is clear from the definition (4.3), that X;“ = X;”’T:W (see the definitions in Eq. (3.1)). The following
Theorem states a strong convergence of the acceleration and the Lagrange multipliers vectors,

Theorem 4.3. If vy = my, — mT’l then:

lim ‘ 5\?2” — /\H =0
ha,;—0 Loo(I)
lim ’ = =0. (4.5)
ha—0ll " Leoo (1)

For every sequence (h11,ha1),~q € SE converging to 0. In particular the previous result holds for every m > 1
when y1 = o = %
Note that the particular choice y; = 72 = % is usually used in practice since it does not introduce artificial

damping to the solution. We end this part by the following theorem which establishes some error estimates of
the PH method with respect to the macro time step.

Theorem 4.4. Let (h1,h2;) € Sh. If y1 = mrys — mT_l and F; € L>® (LRN") fori=1,2, then:

’Z:{Z“ —U; _ <crhay
Le=(I)
’Z:{Zhl — U Lo (7 < crha;
Ch2[ .
’L{i U, ‘ < crhg,
o< (1)
5\?2’[ - A ‘ < crhay. (4.6)
Lee (1)

For every i € {1,2}, where cr is a constant independent of ha .

Remark 4.5. It is interesting to point out that numerical investigations of the convergence of PH method
have been conducted on split-oscillators (without damping) in [12], which show that the order of convergence
is nearly preserved even with time step ratios close to 20.

Now, we shall give seperatly the proofs of the previous results.
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4.1. Proof of Theorem 4.1
The proof is divided into several steps:
Claim 1. We claim: .
oA w12, (4.7)
In particular, we have Uz =V, a.e. and W = A; a.c.
Proof of Claim 1. We restrict ourselves with the case Z:{zh vt A; in L2, the remaining case may be proved by
analogous arguments.

Let i € {1,2} and ¢ € C= (I_ RN ) Using the definitions of the approximate solutions introduced in equation
(3.1) and the Newmark relations equations (2.2) and (2.4), we have:

a8 [ )

k=0
hig , . ni 1 hil -
—-) [ @) [ 0,
0 < > hi,l(ni,l_1)< >
(TL,LJ 1)}”’1 ﬁh»
+ / <Ul- "o+ (I =)o+ hi,l)> dt. (4.8)
0

Using the Boundedness result in Lemma 3.5 and the continuity of the function ¢, it is not difficult to see:

lim /1 <u’”¢>> dt = /1 (A;, $) dt. (4.9)

According to Lemma 3.5, we have (Z:llh ') is uniformly bounded in L2 norm. By density of C>°(I,R"¢) in
L2(I,RN), we dedueeu WA in L2 O
Claim 2. We claim:

)\1 = )\2 a.e. (410)
Proof of Claim 2. The arguments are similar to those of Claim 1. Indeed, let ¢ € C"O( I,RN *) and define:
3 na,
"1 (t) = D(kha.1) X((k=1)ha1 ke (£) (4.11)
k=1

using the interpolation relation in equation (2.7), we obtain:

ng,l—l

/1< X gty at = ; $((k + 1)hay) (m; S m; 1A§“>hu
= T a2+ L TN g
+/OT_h2’l<m“¢hﬂ TR b B ), (4.12)
By the continuity of ¢ and the uniform boundedness of (5\?“ ); and (5\3”)1, it is not difficult to observe that:
/<A1, ) dt = 1ilm/<X§“=’,¢3hw > dt = /(Ag, &) dt. (4.13)
I I I

Hence, A\ = A2 (a.e.). O
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Claim 3. For every i € {1,2}, U; and U; may be selected to be continuous over I with Ui(0) = Uy; and
U;(0) = Vi; and up to a subsequence, we claim:

. “hit 77 _ . hzl T _
il O gy =0 e -] =0 41
Furthermore, we have:
fim ’ v, —0 and lim ‘ o, —0. (4.15)
hi —0 Lo= (1) R —0 Lo (1)

Henceforth, U; and U; may be assumed to be continuous on 1.

Proof of Claim 3. We choose i = 1 or 2 and we restrict ourselves with the first convergences in equations (4.14)

and (4.15) since the same argument may be applied to the second case. By Claim 1, it is clear that Z/{ RNy 8
in WH2(I,RN¢). The first equation in (4.14) is then an immediate consequence of the compact embeddlng

wt2 (I, RN?) — CO(1,RN) [30] and noticing the following continuity at 0: lim;_,o+ Z;{lh”(t) = Z;{Z”'l(()) = Uyp;
and lim,_ o+ U () = UM (0) = V.

The first equation in (4.15) is immediately obtained from the following triangle inequality:

R I U -,

K2

|

L Loo(I)

L>=(7)

< Chiy + U = U (4.16)

Lo (1)

where C' is independent of h;;. In equation (4.16), the inequality ||Z;llh” - Z;llhi’lHLx(I) < Ch;, is justified by
Lemma 3.5, equations (2.2) and (2.4). O

Next, we prove that the triple (Uy,Us, A) is the solution of the problem and the constraint relation in (1.1)
is satisfied by (U1, Uy).

As mentioned before, the constraint relation in equation (1.1) is only enforced at the coarse time step via
equation (2.8). Taking into account the compatibility condition (1.2), it follows:

Lt ¢ Lo = (4.17)
or -
L™+ Ll = (4.18)
By Claim 3, and using the same subsequence, we also have:
lim Huh“ - 1” —0. (4.19)
ha,1—0 Lee (1)

Using Claims 1 3, equations (4.19) and (4.1), we infer (for the same subsequence in Eq. (4.19)):
I Ay AT
AR S VY (4.20)
where the weak convergences are in the L? sense. Moreover, one may notice that:
My U™ 4 CoUly™ + Ky Uy () + LTINS = By

M, uhzz + 02u221 JrKQuhzz + LT/\hzz _ Flhz,z (4.21)

L™ + Lot =0
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where the discrete terms related to the external forces F;“’l are defined by:
niﬁl—l
_ps.
E ) = Y F X (). (4.22)
k=0

First, using the linearity of the problem and equation (4.20), it is seen that the terms M; Z)Zh“, Ciulhi’l,
K; Z;llh” and LiTXi”’l converge (weakly) to M; U;, C; Uy, K; U; and LT\, respectively. The uniform convergence
in equation (4.19) shows that the constraint relation in equation (1.1) is also satisfied, namely, L, Uy + LoUs = 0.
The convergence of the terms related to the external forces is a direct consequence of the regularity assumed in

As a consequence, it follows that the triple (Uy, U, A) € C* (I, RN) x C (I, RN?) x L2(I, RN ) NnW>2 (I, RM) x
W22(I,RN?) x L2(I,RN*) satisfies the system (1.1).

Finally, by the uniqueness of the solution according to Theorem 3.2, one may infer that the claims of Theo-
rem 4.1 are satisfied for every sequence (hi;, he)i>0 € S}If converging to 0, in particular, the convergences in
(4.2) and (4.1). This completes the proof. O

4.2. Proof of Theorem 4.3
Using the second relation in equation (2.2), we have for every integer 0 < k < ng:

m—1

U™ =y 4 > by (1= ) UF™H 4 gy U
=0
™ 4 Uk (4.23)
and
USEHD Uk 4 By (1 — 7o) T+ homo UF Y = U 4 noUE+1, (4.24)

Taking into account the compatibility condition (1.2) and the relation (2.8), we have for every integer 0 <
k S UPRE

LiUF™ + Lol = 0. (4.25)

Thus, for every integer 0 < k < ng:
Ly U 4 Lyt = o, (4.26)

Using the sequence (hg;),, we infer:
L™ (t) + Lyt (1) = 0 Wt el (4.27)

Moreover, using the linearity of the problem (1.1), we end up with:

MU (1) + Cy uh2 N+ KUy () + LA () = B (1)
Mol (1) + Co U™ (8) + K U™ (1) + LT (1) = P> (1) (4.28)
L™ (t) + Ly Z/{h“(t) = 0.

The key of the proof is the following equality:

Nty = 82t vee I (4.29)
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Equation (4.29) is a direct consequence of elementary computations taking into account the assumption

Y1 = mrys — mTl as stated in Theorem 4.3. By the uniform convergence in Theorem 4.1 and the regularity of

external loads in assumption (HF), we have:

lim ‘ Zflih“ — Z/[i =
ha,1—0 Leo (1)
lim \ayw —u; =
ha—0 Loo(I)
. ~h
1 ‘F 2R = 0. 4.30
plm JF il 1y (4.30)
Indeed, restricting our focus on the displacements, the triangular inequality entails:
[ [y eul| (4.31)
Lee (1) Lee(I) Lee(I)
Moreover, using Lemma 3.5 and equation (2.2), we write for i = 1 and on each micro interval Ji, =
[tkm+ps thmtp+1) (0 <p <m and k < nq,):
1 m—1 1 m—1
(uhz ] ulhl L) - ’Yl ukm-‘rl-‘rl _ uf?m-‘rl) 4+ = Z (Z/{{wn-‘rl _ uftm-i—p-i—l)
ey~ 1=0 g
1 m—1
S<vihi+— l—p—1lh1; <erh 4.32
~ Y1l m%' p |h1y < crhay ( )

where cr is independent of k, p and ho ;. Following the same argument, the same may be obtained for i = 2.
Thus: A
uh2 1

%

—u H —0. (4.33)

lim ‘
Lee (1)

h2,1—>0

The same reasoning may be used to prove the remaining equations in (4.30).
Now, by virtue of equations (4.28) and (4.29), we have for every t € I:

(M U™ — M2 U =0 ) + (Mp U™ — Mo T, U™ —Thy)
+ <Cl Zjllhz’L -4 Z/'ll,L'}lhz” —a1> + <CQZ:[£L2’I — CQZ/.{Q,Z);Z’Z —Z/?2>

<K1L{h“ KUy, U — L'Z1>+< KU —

Ko Uy, U —L'ZQ>
:<F’m FLute - L’ll>+<ﬁ2"“ Fy, Uil — u2> (4.34)

Combining the strict non-negativity of the mass matrices and the Cauchy—Schwartz inequality, we get:

i (-
Loo (1 Loo (I) Lo Lee(T)
+H“h“ ), U)*H“h“ ],
h ~h
e g H HF 2 _ R H 4.35
JrH ! Loc(l)+ 2 2L (1) (4.35)

where ¢; is independent of ho ;. As a consequence, using (4.30), we deduce:

h2l

h .
2Lt H =0 and hhm
Leo (1) 2,1—0

~lb| =0 (4.36)
L (1)

lim
hzwlﬂo

By the linearity of the system (4.28), we get the same result for the Lagrange multipliers and this completes
the proof. 0
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4.3. Proof of Theorem 4.4:

If i = 1 or 2, we define the piecewise twice continuously differentiable function Q?l by:

Urit(t) = S [Z/{p ( t,(,i))b'{f + 7(t_t§)) (%az-p“ +(1- %)Uzpﬂ X[e0 )

t
p+1)()
(1) =2 byl M (i (L=l ).

4.37
" (4.37)

K2

K3

In this proof, we shall frequently use the notation O to mean that the equality A = O(B(h2,)), where A is a
vector possibly depends on the time ¢ € I and the scalar B depends on hs , is equivalent to the existence of a
constant C' independent of the time step ho; and ¢ € I such that ||A|| < CB(hg,) for all ¢. In order to establish
the estimates (4.6), it is sufficient to prove, for every 0 < ¢ < T, that:

L 2 t L 2 ¢ Y .
UM () —th(t) =A1(h2>l)+2/ ¢1i(8)(gi” _Z/{i) +Z/ Yu(s) (U, — Ui ) ds
i=170 i=1"0
2 t 2 t
%Wwﬂm:@%wﬂzﬂm@@%f@+24wmuﬁJ
=1 =

07 (0) = talt) = Aathas) + 3 [ outo) (U - Z/w

where the time dependant quantities A; satisfy A;(ho;) = O(h2,;). The maps ¢;; and 1);; are continuous,
mapping I to the space of square matrices and independent of the time step hs ;. Notice that the conclusions
of the Theorem follow if equation (4.38) holds. Indeed, a direct application of Jones inequality [31] (see also
Thm. 1.2.1 in [32]), a generalized form of the Gronwall inequality for piecewise continuous functions, shows that
fori=1,2:

(
(
ha _ 2 ¢ hi g 2 - hi .
uh ()—uz(t)_Ag(th)jLZ/o ¢3i(3)(gi —%)+Z/O wgi(s)(gi —U;
(@

P u) ds (4.38)

= O(h2,). (4.39)

?

o

:O(hgﬁl) and th”—uz

L=(1) L (1)

Moreover, using equations (2.2), (2.4) and Lemma 3.5, it is not difficult to prove:

“h - hy . :

Thus, taking into account the equality L[Z-h = U, "' we get the desired result for the displacement and the
velocities vectors in equation (4.6). Moreover, using equations (4.35) and (4.39) together with the following
estimates:

dhu B Uhi,l

% =1

’LM(I_) = O(hz,). (4.40)

= —gi|| = 0he)
Lo (1)
U — QZ” = O(h2,1)
L (1)
Fha
|E: poisy = Ol12) (4.41)

The estimates for the acceleration and the Lagrange multipliers vectors follow immediately, where the

Lagrange multipliers are expressed directly using equation (4.28). The proof of the first equality in (4.41) is sim-

~ha Uhl . t(l) t(l)

ple. Indeed, restricting to ¢ = 1, U km+p> km+p+1)

can be written, on each fine time interval Jj , = [
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as:

1 m m m
(ulhzz _ Q?U)‘Jk — <7 u(k+1) (1— ) Z/l Z uk +z> k Py O(hy)

1 m—1 1 m—1
o (et — ) 4 ; (et =™ 7)) + O(hny). (442)

Using the Newmark relations (2.2) and (2.4) and Lemma 3.5, the first sum in (4.42) is O(hq,;) and the second
sum is O(+ "ot p = Ulhiy) = O(hay), we deduce that Z/lh” Uh” = O(hy;). The case i = 2 and the
second equality in (4.41) follows from similar arguments. The third equality is a consequence of the regularity
assumption on external loads.

Now, we take only the two first formula in (4.38), the proof of the remaining ones being analogous. In the
case of the displacement vector, it is sufficient to observe:

UL () — U (1) = Ay (hay) + /Ot (Qim - Ul> ds (4.43)

where

—~

Ai(hay) = Y h12,z) (11 —2p1) [afH —dﬂ = O(h2,) (4.44)
p<[h1J

where |z ] is the greatest integer less than or equal to x. This completes the proof for the displacements.

h
Now, focusing on the velocities vectors and using the fact that U e

O )~ (1) - / (0 i) as

t _ h
/ M lKl (uhl LT=71 Uhl 1) ds — / Mflcl (uthz,r:'yl _ Qill,z) ds
0

t
,/ Ml—lL?(j\;n,L,T:’Yl 7)\?2,[) +/ Ml—l(FthL,?":’h 7F1) ds
0
t
N Ty S ey Rt

hi

“he,
=U" T we get:

LA LI+ I, — M 1K1(Uh” u1 ds—/ M[ 101<U —ul)ds

i
—/ ML (A’f“ - )\) ds. (4.45)
0

In the second equality of equation (4.45), only the equilibrium equation in (1.1) have been used as well as
the definitions of the approximate solutions, i.e., equations (3.1) and (4.3), noticing that:

M, Z,{fbl o= o uhl L= K, Z/—[lhu,r:'n —i—L{;\’fl’l’T:’n _ Flhl,z,r:’n. (4.46)

Now, we shall estimate Iy, Is, I3 and I,. We start I; by omitting the constant multiplicative terms:

t _ _ p+1 .
/ (ufh”““ — g?”) ds= Y /(1) UPTE 4 (1=~ UP —UP — (s — t;”)u{’
0 t
<
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L m)?
_ (s;fp)(%upﬂ +(1 _%)z,'zf) ds. (4.47)

Moreover, using the boundedness results in Lemma 3.5, one may notice that for every p:
’71Uf+1 +(1-— *yl)L{f - Uf = 71h17lb'{{’ + O((hLl)Q). (4.48)

Combining equations (4.47) and (4.48), we conclude that I; = O(ha,). Using the same approach, we prove
that IQ = O(hQJ).
It remains to establish that I3 = O(hg,;). Using equations (2.7) and (4.3), we compute |

,(Clr,l+p,t,(€2+p+l) (0<p<mandk < ng;) as follows:

h =" th
1,1 1 )\ 2,1
eaCh miCI'O inlerval Jk:,p - [t

m—1
N r= E\ m m 1 m m m
()\flll,h "o )\fll2,z) _ 'Yl)\]f +p+1 + (1 N 71))\116 +p E |:71>\§k+1) + (1 _ ’Vl))‘llq + Z )\llc +l‘|

‘Jk,p =1

2p —m+ 1 k+1)m m
I we— {)\g m_ )\]f ] . (4.49)
Taking into account the previous equation (4.49), we write:
t e R m 1 2 1
/ ()\’111,1, =71 A’fz,z) _ Z <)\(k+1) )\km (Z /( P — :‘1' ds)
0 k<{}l;,l p= 0 km+p
i Shi,r= Lh
+/ (A;”‘“ -\ l) ds. (4.50)
Lhz LJh2 !

By the boundedness results in Lemma 3.5, we have:

‘/ h1 LTEYL ;\ibz,z) ds| < (t \‘h th2l> = O(ha,). (4.51)
2

R )
km—+p+1 km-+p

(1)
2 1 km+4p+1
Z poml / ( 1ds = 0. (4.52)

2m 1)
p=0 thm +p

= hy and the fact that 327" ' 2p-mtl _ () we have:

Moreover, using the equality ¢ S

Combining equations (4.49) to (4.52), we deduce that I3 = O(hg,;). With the focus on the remaining term,

i.e., Iy, it is easy to see that Iy = O(hg;) using the strong assumptions on the regularity of external loads in

Theorem 4.4. In fact, for every ¢ € [té )7t§;+)1](p <myy):

i i .
Flhl,l,?”—’}’l (t) —_ Fl(t) =7 / Fl(s) dS —+ (]. — ’)/1) /(1) Fl(S) dS
t ip
Syihag + (1 =y1)hig = O(hay). (4.53)

Now, using equation (4.28), let us rewrite the last term in equation (4.45) as follows:

t t
/ M;lLlT(A’fJ _ A) ds = — M{'LTH </ LMK, (uh‘“ B l) ds
0 0
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oo [ i i)

[ it - ao- [ (8 -5

—/OtL2M21(F2hQ”—F2) ds+/ LMy 1K1( U ul)

+/t 1(;1( h”_z,'{l)der/ LoMy 1K2(U’”l—u2)ds
0

t
h2l .
+/ Mt —U. ds>
0 (0~ th)
Z—Ml1L1TH_1<15+16+I7+18+19+110
t
+/ LM 1K1(U’”Lu1) ds+/ 101(Uh”—u1>
0
t t
+/ LoM; 1K2(Uh“ u2) ds+/ 102( e 512) ds) (4.54)
0

where H = Ly M, 'LT + LyMy ' LY. As previously, we show that I; = O(hay) (i € {5,6,7,8,9,10}). We start
with I5 and we write by omitting the useless constant terms:

Heb)

(k+1)m ] m m

/ (uhzl g;n,l)ds _ Z /(1) ~ (Wlul(kﬂ) (1 =y )Ubm 4 Z uk +z>
0 twn

k< Lhz 1 J ’

mel (_t;n )2
m+p L km+p ( (1) ) k?m‘i‘P m+p
Z e * km-+p 2

= km-+p

t

X <71L'Z{”"+p“ +(1— )Ukm“’) ds —|—/ (Z/A{{w’l — Q}f“) ds

hZZthl
m—1
(k+1)ml
= X || ) s
=\ Jto m
h< | L7 |
2
(1 ey )
et Ukm+p t(l L[karp (S tkmﬂ”
o - Vkmp 2
t

km-+4p

( ukm+p+1+( )ukm+p) ds +/t

hzz

Jhm(uh“ gl ds.  (455)
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Again, it is not difficult to see that thLth l (Z]lhz,z _ U’f”)ds = O(hay). Moreover, for k < LﬁJ, we have:

h2,l ~

(1) (1)
t t
(k+1)m | km+ km—+p+1 h
p+1 km+p km+p _ 12,0, km+p km+p 2
/(1) - (712,{1 + (1 —7)Uy ) - /. U™ = =UTP — by U+ O(R)
t m t( ) m
km km+p

= 0O(h3,). (4.56)

Since the remaining terms in (4.55) are of order at least h ;, we infer that f(f (Z;{f'” - Q’fl’l>ds = O(hg,) or

I5 = O(hg,). Similarly, elementary calculations by combining Lemma 3.5, the regularity assumption on external
loads and the Newmark relations (2.2) and (2.4), show that I, = O(ha,) (i € {6,7,8,9,10}).
Combining (4.45) and (4.54), we can finally write:

UM (1) — Uy (t) = Ag(hay) + Z /0 ons) (T @ - ) + Z /0 (s) (Tr ~ k) as (4.57)

where As(ha) = O(ha,). The functions ¢o; and 1)9; are continuous which map I to the space of square matrices.
The proof is complete. O

5. CONCLUSIONS

In this paper, the convergence analysis of the PH heterogeneous asynchronous Newark time integrators has
been studied, i.e., more precisely in Theorems 4.1, 4.3 and 4.4, using suitable definitions of the approximate
solutions. The analysis is mainly based on the uniform boundedness results of the numerical solutions established
Lemma 3.5. It turns out that for sufficiently regular external loads, uniform convergence with respect to the norm
L°° is achieved. Moreover, the estimates furnished in Theorem 4.4, under particular conditions on Newmark
parameters and external loads, show that the error convergence is at least of the first order with respect to the
macro time step. All the results in this work are obtained under the assumptions of damped domains and linear
framework; it would be interesting to generalize these results by considering non-linearities or weakening the
damping assumptions.

APPENDIX A. PROOF OF THEOREM 3.2

It is not restrictive to replace the problem in Theorem 3.2 by:
MU(t)+ CUL) + KU(t) + LTA(t) = F(t) Vtel
LU(t) = Vy(t) Vtel (A1)
UW0) = Vo and U(0) = Uy with LV, = Vy4(0)

where the operators M, C' and K fulfills the same requirements as M;, C; and K; by taking M = [Agl ]\22},
K= [Igl I(()vzil’ C = [C(;l C(')z] and L = [Ll LQ]. K will therefore satisfies the estimate:
K (u)]l < Celfull (A2)

The operator L is onto and we may assume, up to a change of coordinates, that all entries of L are zeros except
the diagonal entries which are equal to 1. Instead of considering the unknown U, we consider V(t) = U(t) —Uy(t),
where Uy € W*?(I,RY) (N is the length of the vector i) satisfying LUy = Vy(t) vt € T with Uy(0) = Vp. The
system (A.1) becomes:

MY(t) + CV(t) + f{(u I Vdu) FLTAY) =F(t) Vel

LY({t)=0 Vtel (A3)
V(0) =0
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where C, K and F' are defined by:

C(t,u) = c(u + ud)
@QM:K@+ﬁm+%) (A4)
F=F— MU,

Since Uy is square integrable, it follows that F is square integrable. Let P be the projection operator on
the vector space Er, = ker(L). The system (A.1) shows that we need to prove the existence of a solution
V € WH2(1, Ep) of the problem:

{ P, MPL V() + PLC(LPT V() + PLf((t, ety du) —PLR(t) Vel (A5)
V(0) = 0. ’

Observe that P, MPT is linear and non-singular. Moreover, the operators C and K are both Carathéodory
since C' is single valued and maximal monotone on a finite dimensional space and K is continuous by hypothesis.
Applying the Carathéodory theorem (see (A61) in [33]), the problem (A.5) admits a continuous solution V in
some interval [0,) C I where V exists a.e. in J = (0,8). Now, we prove that we may choose § = T.

Multiplying each side of the first equation (A.5) by V. Using the monotonicity of C, we obtain for ¢ < 4:

t t
cmvam2+w(/"P?vmw+/za+c@)<¢m%>+(PMWP£uv)
0 0 2,(0,¢)

+(PLC(HPELO——PLCQ,onyv)zmw

+ (PLR<.,/ P{Vdu>,v+ud>
0 2,(0,t)

= (PLF,V) +¢)(U0)+ PLIN( -,/.Pdeu ,Z}ld
2,(0,t) 0 2,(0,t)

~ T
—(PLC(HPLO%V)ZQM (A.6)

where ¢; only depends on M. Define the continuous function ¢ by ¢(t) = maxg 4||V(s) |2. Since 1) is nonnegative,
combining the estimate equation (3.3) and the previous inequality equation (A.6) and using Cauchy’s and
Young’s inequalities it is not difficult to prove:

Cﬂ,ﬁ(t) §02T+ HF’

2 t

U T d A7
oy F OO T [ o) du (A7)
where ¢ > 0 and c3 > 0 constants independent of ¢ in J and depends on Uy, C'x and the vector PLC’PE 0. By
Gronwall lemma, a constant ¢4 (independent of ¢ € J and §) exists such that:

sup ||[V(s)]] < eq. (A.8)
s€(0,t)

Combining equation (A.8) and the properties of the operators involved in equation (A.5), we have V €
L2((0,6), EL) and V has a limit at 6~ (the solution may be extended to §), hence, the parameter § may be
chosen equal to T'. Moreover, V may be extended by continuity to 7" with V(T') = lim,_,p- V(t) and V € L2(I, Ep)
by equation (A.5).

Now, let L, be the space defined by:

Ly ={ucl?(JRY)|[Lu=0 ae.}. (A.9)



266 E. ZAFATI

It is clear that Li coincides with {L7v|v € L?(.J,R™*)}. Moreover, we have:
MPIV+C(PLV) +R(-,/O'P{Vdu) ~Feclt. (A.10)
Thus, there exists A € L? (J, ]RNA) such that:
MPLV 4+ C (-, PLY) +f<<.,/O’P{Vdu) _F=_L"\ (A.11)

Finally, if K7 and K5 are linear symmetric and positive semi-definite, then K satisfies the same properties.
The uniqueness of the solution is ensured. Indeed, if (U1, A1) and (Uz, A2) are two solutions. Using the notations
of (A.5), we obtain:

(le _ M)')Q,Vl _ V2)2 + (C’(-7V1) — C’(~,V2)aV1 — V2)2I

) i

+(K/.V1du—K/VV2du,V1—V2> =0. (A.12)
0 0 2.7

By the monotoniciy of C and the fact that M is positive definite, we have:
Vi = Vall2¢py <0 (A.13)
As consequence, by the continuity on I, we have V; = V,. Since LT is one-to-one, we conclude A\; = Ay (a.e.).

APPENDIX B. UNIFORM BOUNDEDNESS WHEN V; # 0

The purpose is to give some elements of the proof of the boundedness results as described in Lemma 3.5
under the hypothesis Vg € W*?(I,RN) and V; € BV (I,RM). First we consider (Uyg, Usg) as defined in the
paragraph before Lemma 3.5. Notice that we can choose (Uld7 Usq) such that ;4 € BV (I,RY¢) for each i = 1,2.
Now, we define the vectors (Uld)0<1<n1, (Uzd)0<1<"z and (U,)o<j<n;, with ¢ = 1,2, by:

UL =U"" 4 b U 402 (L= 6) UL+ 02 3, U,

(2

Ul =07 4 hy (1 =) Ut 4 hyy, U,

Uy =Uia(t)") vO<j<n, (B.1)
Uy = Uia(0)
U = Uia(0).
We also define for every 0 < j < n;:
Vi =t = Ui
Vi =uj - Uj, (B.2)
Vf :uzj - Uzjd

with ¢ € {1,2}. Hence, we end up with the following system:

M; VI + C VI + KV + LTN = FI — MU, — U3, — KU,
vg:v$4+h1ﬂ—ﬂ+ﬁ(g—ﬁ)vf4+h3mvg

VI=VIT b (1= ) V™ "4 Ry \Z4 (B.3)
V0 = Uy; — Uia(0)

VP = Voi — Uia(0).
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The constraint relation (2.8) becomes:
LiVE™ £ LyVE =0 for every integer k > 0. (B.4)

Taking the right hand side of the first equation (B.3) as F7, i.e., F/ = FJ — MZde - CZUZd - KiUijd and
taking into account the proof of Lemma 3.5, it is sufficient to establish, for every i = 1,2, that:

n;
sup —

K2
(h1,h2)€ES) hy j=1

- ~ 2
. Fg—lH < O(F;,Uig) (B.5)

where C'(F;,U;q) is a constant depending only on F; and U;q. For this purpose, we have to estimate the error
of U2, — Ua(t').

J
Using the second equation in (B.1) and taking into account U, = U;4(0), we obtain for i € {1,2} and every

integer j € [1,n;]:

s () 1=t 1= !
Ul - Uid(tj ) =5 > (-1 (v) Mi(j-1) (B.6)
" 1=0 v
ith:
b Nij = h%(Uid (tf)) — Ui (75;21)) —7iUia (tﬁ“) — (1= 7i)Uia (tgz,)l) (B.7)

Next, we have to look for an upper bound of 7;;. The term 7;; can be written, for every j € [1,n;], as:

Nij = hi v Uia(t) dt — U (t;i)) — (1 =) Ui (ty,)l)

i (@)
i e

Yi t§i) to. 11— t;izl to
:h—l/ / Uid(s)dsdt—i—Tz/_ / Uia(s)dsdt
i i, S i S S,
(i) (i)

t'i t
v YL ) _1—77/ ( B ()) .
I, /t‘-”1<t t;21 ) Uia dt o, t—t;")Uiadt. (B.8)

J— i

We have to distinguish two cases: v; > % and y; = % In the first case, it is seen that 0 < H;i%l <1and U
is bounded (since J;q € BV (I, R"")). Thus:

i | < e, 1= ) [ D allgoogyhi V1< 5 < (B.9)
Combining with (B.6), we obtain:

max (i, |1 — il

il -0, (t@ Hg il he V1< 5 < e B.10
|02 = )| < =2 Wl j (8.10)

Now, if v; = %, using (B.6) and the Riemann—Stieltjes integral we have:

@ @
1 tj () ]_ tj ()
il = Hth /tu (t a tjz_l)U"d di = 2h; /tm (t -t )Uid di
j j—1

i)
-1

L ) (- ) a
i1
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<=V o, (Uia)hi (B.11)
[t5215t57]

N —

where V;(f) is the total variation of a function f defined on the interval J. Combining once again with (B.6),
we obtain:

H .zd< l))H <Vi(Uia)hi V1 <j<n, (B.12)

Moreover, by virtue of (B.10) and (B.12):

L \ o I Gu(t)] + ZHUM( ") - (i)
Ug‘dfl B “id<t;i_)1) Hz
< oo |1ullws) + Vili® + ([ 07 at) | (B.13)

where cr is a constant depending only on +; and 7'. In addition, since (Uzd)0<J<n1 and (Uld)0<g<nz are uniformly
bounded using the regularity of U;q and the equations (B.1), (B.10) and (B.12), we obtain similar estimates for
(Ul o<jn, and (UZ))o<j<n, -

As a consequence, the proof of Lemma 3.5 shows that HVh ||Loo([ )s HVh llLoe (1) |V |10 (1) and || \b |00 (1) are
uniformly bounded. Again, from the uniform boundedness of (Uld)0<J<m, (Ud)0<a<m and (Uzd)0<ﬂ<nz using
the regularity of Ujy and the equations (B.1), (B.10) and (B.12), we conclude that |4} (2
(74 [l Lo (r) and ([ \De llLe (1) are uniformly bounded. This completes the proof.

|L°°Ia
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