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ASYMPTOTIC DERIVATION OF MULTICOMPONENT COMPRESSIBLE
FLOWS WITH HEAT CONDUCTION AND MASS DIFFUSION

1,2,%

STEFANOS GEORGIADIS AND ATHANASIOS E. TZAVARAS!

Abstract. A Type-I model of a multicomponent system of fluids with non-constant temperature is
derived as the high-friction limit of a Type-II model via a Chapman-Enskog expansion. The asymptotic
model is shown to fit into the general theory of hyperbolic-parabolic systems, by exploiting the entropy
structure inherited through the asymptotic procedure. Finally, by deriving the relative entropy identity
for the Type-I model, two convergence results for smooth solutions are presented, from the system with
mass-diffusion and heat conduction to the corresponding system without mass-diffusion but including
heat conduction and to its hyperbolic counterpart.
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1. INTRODUCTION

Multicomponent systems of fluids occur often in nature and in industry: the Earth’s atmosphere consists
of nitrogen, oxygen, argon, carbon dioxide and small amounts of other gases. Natural gas is made of gaseous
hydrocarbons such as methane, ethane, propane. The widespread presence of multicomponent fluids suggests
the importance in understanding their modeling and being able to predict their behavior.

Depending on the phenomenon and the application, models might vary containing more or less modeling
detail. While one might prefer the more detailed model, it is conceivable that modeling detail might not be
available or that it cannot be experimentally measured. There should be a balance: a theory must be detailed
enough to sufficiently describe a phenomenon, but not so detailed that significant phenomena are hard to
comprehend [1]. Modeling of multicomponent fluids is a well-developed subject and the reader is referred to
[1-6] for various approaches.

In a multicomponent theory with primitive variables mass density, velocity and temperature, one distinguishes
among three classes of models: In a Type-I model, each component is described by its own mass density, but the
components move with a common velocity and have a common temperature. In Type-II models, each component
is described by its own mass density and velocity, but the components have a common temperature. Type-II1
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models (which are not considered here) are described via the individual densities, velocities and temperatures
of each component. For information regarding Type-IIT models we refer to [5], while for a short discussion on
motivations and reasons to employ each model we refer to [6].

It is useful to have systematic ways of passing from a detailed theory to a less detailed one, which is mathe-
matically easier to handle and experimentally easier to measure. Previous works trying to pass from a Type-II
to a Type-I model are already known, for example in [6] in which the authors investigate the reduction of a
non-isothermal model using an entropy invariant method, or in [7], in which the reduction is done using asymp-
totic methods, but for the isothermal case and for a simple mixture (see Appendix B). The first objective of this
paper is to derive a Type-I model using the asymptotic method of [7], but for the non-isothermal, non-simple
mixture model treated in [6].

To this end, consider the Type-II system of equations for multicomponent fluids:

. 1 0
O¢(pivi) + div(piv; @ vi) = pibi — piV i — g(mei +pi — pipi) VO — - Z bijpip(ui — uj) (1.2)
A

1 1
O (pe + Z 2pivi2> + div <<pe + Z 2pwi2> v)

1
= div <KV9 — Z(piei +pi + 2pivf)ui> —div(pv) + pb-v + pr + Z pibi - u;.

(1.3)

Equation (1.1) are the partial mass balances and (1.2) the partial momentum balances of the n components
of the fluid, while (1.3) is the balance of total energy of the mixture. The index ¢ € {1,...,n} refers to the
i-th component of the fluid. The prime variables are the mass densities p;, the partial velocities v; and the
temperature of the mixture §. We define the total mass p =), p;, the barycentric velocity of the mixture v :=
% >, pivi and the diffusional velocities u; := v;—v; the latter satisfy >, p;u; = 0. Moreover, we have the following
thermodynamic quantities: the chemical potentials u;, the partial pressures p;, the specific internal energies e;
and we define the total pressure p = >, p; and the thermal energy pe = ). p;e;. Furthermore, b; stands for the
body forces acting on the i-th component and r; for the heat supply due to radiation, where pb = >, p;b; is
the total body force and pr = )", p;r; the total heat supply due to radiation. Finally, K = k(p1,...,pn,0) >0
is the heat conductivity and b;; = b;;(pi, p;,0) are strictly positive and symmetric coefficients that model the
interaction between the ¢-th and j-th components with a strength that is measured by € > 0.
The system is complemented by a set of constitutive relations, which read

o = p(p1,. .., pn,0) (1.4)
P = pe — pno (1.5)
(P¥)p; = i (1.6)
(p¥)e = —pn (1.7)

where p1) is the Helmholtz free-energy and pn the entropy, along with the Gibbs-Duhem relation, for determining
the total pressure:

PP = pitti (1.8)

as explained in the two appendices. The above type-II model is proposed in [6]. The format of equations (1.4)—
(1.7) is motivated by the usual considerations of equilibrium thermodynamics, while the model is consistent
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with the Clausius-Duhem inequality. For the reader’s convenience we present an outline of its thermodynamic
structure in Appendices A and B, while for further elaboration and detail we refer to [1,4,6].
In addition to system (1.1)—(1.3), consider also the system

Opi + div(pv) = —div(ep;u;) (1.9)
O(pv) + div(pv ® v) = pb — Vp (1.10)

1 4 . 1 4 . _
Oy <pe + SPv ) + div ((pe + Pl )v) =div (nV@ — eZ(piei +pi)ui>

i (1.11)
—div(pv) + pr + pb-v + sz‘bi X
where u; = et; is determined by solving the constrained algebraic system of Maxwell-Stefan type
_ pi i 1
— Z bijOpip;i(u; —uj) =€ f;Vp + piﬂvg — 0(pie; +pi)V§
7 (1.12)

The system (1.9)—(1.12) forms a Type-I model, with the same notation as before and the same constitutive
relations. The mathematical structure of multicomponent systems falls into the general realm of hyperbolic-
parabolic systems [8,9] and follows the general framework originated by Kawashima [10]. One objective here is
to study their structure from the perspective of relative entropy identities and the general theory in [11].

Analytical results on multi-component flows extend in various directions. We refer to [12-14] for existence
and uniqueness studies of strong and/or weak solutions for Maxwell-Stefan systems of mass diffusion, situations
that involve no mean flow and pertain to the general area of parabolic systems. By contrast, situations that
involve mean flow lead to questions in the realm of hyperbolic or hyperbolic-parabolic systems. There are
available analyses for isothermal viscous flows of multicomponent systems [15] and even for multicomponent
compressible Euler flows [16-19]. For analyses of non-isothermal multicomponent systems that include effects of
heat-conduction we refer to [20-23]. The above works concern the mathematical structure of multi-component
systems and existence of solutions for steady and dynamic problems. There has been recent interest in the
convergence from compressible multicomponent Euler equations in the high-friction limit to Maxwell-Stefan
systems, a problem pertaining to the subject of relaxation approximations. A number of studies have appeared
regarding isothermal flows [7,9,17,24] achieving in the limit the classical Maxwell-Stefan system [9], or (for
more general chemical potentials) porous media variants or even fourth order diffusions [7,17].

The focus of the present work is on the system (1.9)—(1.12) modeling non-isothermal multi-component flows
that include the effects of mass-diffusion and heat conduction but no viscous effects. As is typical for Maxwell-
Stefan systems, a key difficulty arises from the inversion of (1.12). First, the Chapman-Enskog analysis from
the isothermal case [7,24] is extended to the non-isothermal case thus obtaining an asymptotic derivation
of the Type-I model from the Type-IT model (1.1)—(1.3). Next, system (1.1)—(1.3) is complemented with its
corresponding entropy identity (2.51) and, by performing an asymptotic analysis to the entropy identity, we
obtain the entropy identity (2.57) for the system (1.9)—(1.12). This analysis indicates how the emerging system
inherits the dissipative structure of the original system.

The second step is to verify that (1.9)—(1.12) fits into the general framework of systems of hyperbolic-parabolic
type as introduced in [10] and generalized in [11]. There are two aspects to this question: (i) to address the
connection between the “mathematical entropy” and the thermodynamic structure of the model and (ii) to
identify the dissipative structure of mass-diffusion and heat conduction. The latter connects to the issue of
inversion of the constrained algebraic system (1.12). This is overcome by using the notion of the Bott-Duffin
inverse of a matrix which was brought to the subject of Maxwell-Stefan systems in [14]; the latter provides
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an important ingredient for inverting the algebraic system and comparing the entropic structure of the Type-I
model with the usual entropic structure of hyperbolic-parabolic systems in the format discussed in [10,11].

Third, we derive a relative entropy identity for (1.9)—(1.12) using the methodological approach of relative
entropy [11,25,26]. We compute the relative entropy identity (4.23) which monitors the evolution of (4.18)
and is remarkable in its simplicity. This identity is, in turn, used in order to prove convergence from strong
solutions of the system (1.9)—(1.12) to strong solutions of heat-conducting multicomponent Euler system when
the mass-diffusivity e tends to zero. Also to prove convergence to smooth solutions of multi-component adiabatic
Euler flows when both heat conductivity x and mass diffusivity € tend to zero.

The outline of this work is as follows. In Section 2, we derive (1.9)—(1.12) as the high-friction limit of system
(1.1)-(1.3), by doing a Chapman-Enskog expansion, and present the asymptotic derivation of the entropy
identity (2.57). In Section 3, we verify that (1.9)—(1.12) fits into the general framework of systems of hyperbolic-
parabolic type [10,11] and show that the system without mass diffusion and heat conduction, obtained by
setting e = k = 0, is hyperbolic, by computing its wave speeds. In Section 4, using the methodological approach
of relative entropy [11,25,26], we derive the relative entropy identity (4.23), which is used to prove convergence
from strong solutions of (1.9)—(1.12) to strong solutions of the heat-conducting multicomponent Euler flows as
€ — 0 or to adiabatic multicomponent Euler flows when both ¢, x — 0. We conclude with four appendices: the
first two appendices present the natural modeling framework of multicomponent Type-II models (1.1)—(1.3),
outline its thermodynamical structure and the results of [6] on the consistency of the model with the Clausius-
Duhem inequality; the third appendix provides the computations for deriving the entropy equation of system
(1.1)—(1.3), while the fourth one the computation for the relative entropy identity.

2. CHAPMAN-ENSKOG EXPANSION OF THE TYPE-II MODEL

The goal of the asymptotic procedure is to obtain from (1.1)—(1.3) a Type-I model via a Chapman-Enskog
expansion that will provide an approximation of the initial system of order €2. The resulting system will consist
of n partial momentum balances, a single (total) momentum balance and one total energy balance, thus the
name Type-I. It will also be complemented by the same constraint ., p;u; = 0 (at least up to order O(¢?)) and
a linear system for determining the diffusional velocities u;.

The resulting system should contain no partial velocities. Using the definition of the diffusional velocities
u; = v; — v we perform the change of variables (v1,...,v,) — (v,u1,...,uy,). Then system (1.1)—(1.3) reads:

O¢pi + div(piu; + piv) =0 (2.1)

. 1
O (pi(ui +v)) + div(pi(ui +v) @ (ui +v)) = pibi = piVhi = 5 (piei + pi — pips) VO

2.2
_ gaijpipj(uifuj') ( )
j#i
O (pe + Z %pl(ul + v)2) + div ((pe + Z %pl(ul + v)2)y> = —div(pv) + pb-v
' ‘ (2.3)

) 1 2
+ div (HV@ - Z(piei +pi + §pi(ui + ) )uz‘> + pr+ Z pibi - u;

(3 3

subject to the constraint
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2.1. Hilbert expansion

Observe that, as € — 0, we formally obtain the equation

J#i
In [7] it was proved that the system
— Z Bij(ui —uj)=d;, i=1,...,n subject to Zpiui =0 (2.5)
i i
under the hypotheses:
(i) di,...,dn, € R? satisfy >, d; =0
(ii) p1,.-.spn >0
(ili) (B;;) € R™*™ is a symmetric matrix with B;; > 0 for 4,j =1,...,n and
(iv) all solutions of the homogeneous system Z]# ii(wi —uj) =0,4=1,...,n lie in the space spanned by
(1,...,1) e R™,
has the unique solution
n—1 pipi
pPill; = — Z((S”,OZ— Zp])Tjjfldk, 2217771—1 (26)
Jk=1

n—1
Putin = = Y pjuy
j=1

where (7;;') € R("=D*(=1) s the inverse of a regular submatrix, obtained by reordering the matrix (7;;) € R"*"
of rank n — 1 with coefficients
n
Tij = 0ij Z Bk, — Bij
k=1

Our case is simpler since the coefficients b;; are symmetric and strictly positive. We also require that 8 > 0,
which means that hypotheses (iii) and (iv) are automatically satisfied for p; > 0, i =1,...,n.
Next, introduce the Hilbert expansion

pi = P} +ep; +Epf +O(e%) (2.7)
u; = u + eut + ui + O(e3) (2.8)
v =10+ ev! +0(?) (2.9)
0=0°+e0" + €0% + O(e%) (2.10)

Inserting this into p = >, p; and the constraint (2.4) we obtain
p=p’+ep +0(?) (2.11)

where we set p¥ := > p} and p' = > p; and
D2 €3 (ohu + ) + O(e) =0 (212

Equating terms of the same order gives

Zp u) =0 and szu + pdui) =0 (2.13)
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Next we insert the expansion (2.7)—(2.10) into system (2.1)—(2.3) and identify terms of the same order:
(i) The terms at the order O(1/¢) give:

—0°> by pl S (uf — uf) =0 (2.14)
J#i

For the expansion we assume p > 0 and note that (2.14) is of the form (2.5) with d; = 0 and B;; symmetric
and strictly positive, which implies that the null-space of the homogeneous system is span{(1,...,1)}. This,
along with (2.6), gives u) = 0 for i € {1,...,n}. This is incorporated in the remaining expansions.
For the expansion of % we use the Taylor series H—% =1-—2+ 22+ O(23) and thus
1 1 1 01 (61)% — 626°

z . = — + & + 0 2.15
0 60(1 +€zo +6290 +0) 90 5(90)2 € (69)3 (€”) ( )

For the expansions of the thermodynamic functions we use

ei = (P + epl + O(), ..., P2 + epl + O(?),0° + €0 + O(e?))

2.16
=¥ + eel 4+ 2e2 + O(?) (2.16)
where €?, e}, €2, ... are computed by using the Taylor theorem, for instance
. 861 0é;
6? :el(p 1> apnaeo Z 7---aP91790)P]1‘ 80( 1> 7Pn790)9
n é a/\ - A
6°) 62 6°
Z: )05+ 5 (0%, 0°) 6% + g:l Sprop P 0 phet
~ & Ai 0 0y .1 ¢
91 O 0 2
3 g O PO+ T (0% (01)
k=1
and so on. A similar expansion is used for the entropy
n =1 (P + ep1 + O(?), e, py + epy, + O(2),6° + 0" + O(?)) (2.17)
—® et + 22 + O :
as well as for the functions e;, p; and x all of which only depend on (p1, ..., p,) and 6. We then obtain:
(ii) Terms of order O(1):
Op) + div(pdv?) =0 (2.18)
1
(o) + div(pyv® @ ") = b = p Vi = o5 (pjel + py = i) V"
(2.19)
- 90 Z bl]pzp] ’I,L - ul)
J#i
1 1
0,0 0/, 0\2 . 0,0 07,002 ,0
8t<zpiei "‘Zﬁ/&‘(” ) ) + div ((Zpiei +Z§Pi(v ) > v > 2.20)

= —div(p°°) + Z P+ p0b) - 00 + div (s°V6°)
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(iii) Terms of order O(e):
Api + div(pl (u; +v') +pjv°) =0 (2.21)

De(p}0° + o0 (ul +0")) + div(pivO @0+ p(uf +01) @ 0" + pl” @ (uf + 7))

91
L 1o, o1 1 10 0 1vog0 _ L,00, .0 0,0 1 (2.22)
— golpici tpiei +p; = pipi — pini) VO — o5 (piei +pi — pini) VO
70021)1]{ p’ij +plpj)(u —uj )+pzpj(u 7“ }70121)1]/01/)] U; 7uj1)
J#i VED
3t(2(pzez+pz e +Z ~pi (v +Z 20200 (ut + ! )+dIV<(Zp
1
+Z§p§’(v°)2)vl+(2(mez +pjel) +Z L0200 (ul + v +Z Spi(v )2)00)
i (2.23)

= —div(p®v! + p'°) + Z (P20) - v b0 plbr) - °) + Zpobo u; +Z piri + pird)

1
+ div <n°V91 +x'Ve° — Z {(pge? +p?) + 2P?(v0)2} u}) .

%

Summing (2.19) over ¢ and using the symmetry of b;; we obtain
O( Z pY0°) + div( Z pd0° @ ° Z pbY — (2.24)

The reason behind the simphﬁcatlon of the rlght—hand side comes from the thermodynamics relations of the
problem. More precisely, we have:

1 1
> (Pz i = piVhi = g(piei + pi = pim)w) = b= piVpi — gloe+p— > pin) Ve

i

(1.8)
=" pb—> " piVui — pyVo

=pb+ Z pwiVp; =V (Z Pi#i) — Ve

(1.6)——(1.8)

(2.25)

pb— Vp.

For more details on the thermodynamic relations used in the calculation above, we refer to Appendices A and
B. Expanding both sides of (2.25), we get:

1
> (p?bo = AV — o5 (piel + ) — pind) WO) E piv) — (2.26)
and

61
> (pib? +plb — pi Vil — pdV i + CaE (el + 17 = plug)VE° — (pz e +plei +p;

i (2.27)
1
= pini = pin) VO — o5 (pjel + ) — p?u?)wl) = (pit] + pbj) — Vp'

%




76 S. GEORGIADIS AND A.E. TZAVARAS

where p® =", p? and p' =", pl.
Equation (2.24) along with (2.18) and (2.20) provide a closed system for determining (p9,. .., p%, 0%, 6%). Now,
by (2.19) follows that (ul,...,ul) satisfies the linear system

=Y b0 p)(uf —uj) = df (2.28)
J#i
where d? = 8;(p?v°) 4+ div(p?v? @v°) — P20 + pIV 1l + 55 (Ve + p? — p?u?)V6°. Since uf = 0 the first constraint
of (2.13) is satisfied trivially and the second one becomes

> puj =o0. (2.29)

Moreover, due to (2.24) and (2.26) we see that Y, d) = 0. This guarantees the solvability of system (2.28), since
assumptions (i)-(iv) are satisfied according to the analysis of system (2.5). Hence, there exists a unique solution
(ul,...,ul) to system (2.28).

N

Similarly, summing (2.22) over ¢, using the symmetry of b;;, the identity (2.27) and the constraint (2.29) we
get

(’MZ piv? + p’vt) + div(z piv? @00 + pPv! @00 + pP’ @ v') = Z(p}bg + pVb}) — Vp' (2.30)

which along with (2.21) and (2.23) provide a closed system for determining ({p}}™ ;,v!,0). Note that after
using the constraint (2.29), (2.23) reads

1 1
0.1, 1.0 10,002 , 0,0 1 - 0,0 0(,0\2),1
8t<§ (piei +pi€;) + § 502'(“ )T+ p v ) +d1V<( E pi€; + E 5&'(” ) )U

3

1 .
(Dbl + phed) + ! + 37 2ol (e)?)e’ ) = —div(pv! +p')

) (90 0!+ (pb) + p0b)) - 00) + > p0b) -l + Y (p0r) + piry)

+div (ﬁoV@l +r'VE° — Z(P?6? +P?)u11> )

2.2. Reconstruction of the effective equations

Next, we reconstruct the effective equations that are valid asymptotically up to order O(e?). We add back
(2.18) plus € times (2.21), (2.24) plus € times (2.30) and (2.20) plus € times (2.23) to obtain

0 (P} + epy) + div(pv’ + e(pfo! + pjv°)) = —ediv(pfu;) (2.31)

8t(p0v0 +e(pto® +pOU1)) + div (povo +e(pt® ® 00 + pPul @ w0 + p0uP ®v1))

2.32
ST (00 4 (ot + B} — (Vi eVph) (2.32)
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at(Zp?e?+€Z ple; +pie) +Z (p) + ep})( +ez L0200 )
+dw(Zp (0" + ') e Do (phel + el +Z =)0 (0° + ev?)

1 .
+ GZ 5/)11( v9)%00) + EZ 2p02v (uj + vl)uo) = —div(p®0° + e(p'v® + p%0!) (2.33)

+Z pirl +e(plri + pir? +Z(p°b° o (80 - 0!+ (o0} + plof) - o))

+ eZpObO up + div <(/€OV90> + (k' VO + k'VH%) — Z plel +p))u z>

Now set
pi=pltepi +O(E),  p =) 0 (2.34)
ul = u + eu; + O(?) (2.35)
v =" + ev! + O(?) (2.36)
0° = 0° + e0' + O(?). (2.37)

We also have the expansions obtained via (2.16) and reading
e = el +eel + 2el + O(e®)

v —p,+6pl+62p2+(9( ) (2.38)
kS = KO+ en! + ER1 4+ O(]).

Then equations (2.31)—(2.33) read

0ypS + div(psv®) = —div(pfus) + O(€?) (2.39)
0y (pv°) + div(pv® ® v¢) = pb¢ — Vp© + O(e?) (2.40)

1 1
at <peee 4 2[)6(1]6)2) + le <(peee + Qpe(,ue)2> ’U€> — _div(pe,ue) 4 psre 4 pebe . ve

(2.41)
+ Z psb§ - uj + div (fieVGe - Z(pfef- —|—p§)u§> + O(€?).
Finally, we need to construct the formulas determining (u$);. Using (2.28) we deduce that

wa96p2pj ug —uj) = —emeGOprJ ujl) + O(€?)

VE) VE) (242)
=ed? + O(?)



78 S. GEORGIADIS AND A.E. TZAVARAS
where from (2.18), summing (2.18) over ¢ and (2.24):

1
df = 0, (p}0°) + div(pfv® @ v°) — pib] + PV + =5 (pied + b — P} ) Ve°

60
= (0 +0° - Vo) — pPb) + p) Vi) + %(p?eg +p] = piug)VE°
= Zg (0 (p"0°) + div(p°v® ©0°)) — pib7 + pY Vi + 9*10(0?6? +p) — p{ud)Ve° (24
= ”—E (505 = Vb)) — plb + Vil + aio(p?e? +py = VO’
J
This motivates to define
= 5703t = V) = i + iV e+ 9t = k) V" (2.49)
j
which by (2.25)—(2.27) sums up to zero and thus the linear system for determining {u$}?_; is
=3 b0t (uf — ) = eds + O(€) (2.45)

J#i

and is solvable according to the analysis of (2.5). Moreover, the constraint becomes
> pius = O(€?) (2.46)

which means that since the variables p; and u; are defined up to order O(e?) we can set Y, pSu$ = 0 up to that
order.
Therefore, omitting the e-notation and the higher-order terms, we conclude that system (1.1)—(1.8) is approx-
imated within O(€?) by the system:
Orpi + div(p;v) = —div(p;u;) (2.47)

O (pv) + div(pv @ v) = pb— Vp (2.48)

1 1
Oy (pe + 2pv2> + div ((pe + 2p1}2)v> = —div(pv) + pr+pb-v+ Z pib; - u;

3

(2.49)
+ div (&VG — Z(piei + pl)u2>
where u; are determined by solving the constrained linear system:
- Z ij0pipj(ui —uj) =€ ;(—VP + pb) + Pievg — 0(pie +pi)V§ — pibi
i (2.50)

Zpiui =0

Our system (2.47)—(2.50) agrees with the Type-I model obtained in [6] using the entropy invariant method,
in the case of an inviscid, non-reactive mixture with zero thermal diffusivities Section 8 of [6]. We note here
that the present work concerns only the derivation of the corresponding Type-I model in the formal level. For

a validation of the expansion and a proof of the convergence, however valid in the isothermal case, we refer to
[7,9].
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2.3. Asymptotic expansion of the entropy equation
As explained in Appendix C or in Section 5 of [6], given the Type-II system (1.1)—(1.3), one derives the
entropy equation:

0 —> . (pi€i +Di — pili)u; 1
O(pn) + div(pnu) = div <Kv 2q(p €9+p pitti)u ) + 9—2/6|V0|2

1 pr
+ 5 ZZ: Zj:bijpiﬂj(ui —uy)® + 7

There are two approaches for deriving the entropy equation of the asymptotic limit system (2.47)—(2.49): (i)
to derive it by using the system and the constitutive relations as was done in Appendix C to obtain (2.51)
and (ii) to expand the entropy equation of the Type-II model and obtain its €2—approximation the same way
we obtained system (2.47)—(2.49). Here we present the latter way, but it is easy to verify that the two results
coincide.

As in Subsection 2.1, we introduce the same Hilbert expansion, insert it into (2.51) and identify terms of the
same order:

(i) Terms of order O(1/¢):

(2.51)

1
3 Z bijplpf (uf —uf)? =0 (2.52)
5]

which is consistent with u{ = 0 in Subsection 2.1.
Next, using u? = 0, the expansion (2.15) for % and

1 1 201 5 3(01)2 — 62¢°

+e IR + O(e%),

02~ (02~ “(99)3

as well as the expansions (2.17), (2.38) we obtain:
(ii) at order O(1):

. . 1 1 p°r0
0+ (p"n?) 4 div(p’n°v?) = div (GOKOVHO) + @) KO(VE°)? + e (2.53)

(iii) at order O(e):
. 1
A(p'n” + p"n') + div((p'n” + p"n" )’ + pOn ) = le(@(HIWO + RV

KY(V6°)? + KH(V6°)?

1 201 1
B Ogpo _ * 060 1 0 — 50,0y, —
(HO)QH \Y) 00 i (pzez +pz Pi )uz) (90)3 (90)2

1 pl’l“o +p0r1 p0T091
Dm0l 0,00, 1 _ 132
KO2VHOVO! + g%‘bijmpj(ui —w) T T e

(2.54)

T i

1
(6°)?
Moreover, using (2.28) in the entropy expansion, the third last term of (2.54) reads

1 1 1
LS bt — ) = 13l S bt — ) — 23w Y b0t — )
,J i J J (
fiiz 1d°*LZ 140
T 940 uil 200 _uj J
i J

= > uldl
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Thus, in the reconstruction, we add (2.53) plus € times (2.54), to obtain

B (p°n° + e(p'n® + p"n")) + div(p"n v + e((p"n” + "' )0° +p0n°vl))

1
= div —/iOVQO +e <10 K'VE° 4 kOVO) — (9) KOV° — 9—0 (pYe? + p — p?u?)u})]
+ L/fO(VHO)2 +e —71,/60(V90)2 + L/fl(VGO)2 + L k02V0° Vo e
(6°)2 (6°)3 (6°)2 (6°)2
0,.0 1,0 4 0,1 0,.091
€ 1 0. P prt 4+ p°r p°r’o
—ge 2B T +€< o ()2 )
which in turn gives
. €. €, € . eva6 Eez+zizze EV062
9(pn°) + div(pnv) = div <"v 0c Z % z> +r ((96)2
: i (2.56)
pere = € . J€ 2
+ I egzi:uz‘ d; + O(€”)
Omitting the O(€?) correction, the entropy equation for the Type-I system (2.47)—(2.49) reads
3t(ﬂ77) + diV(PW) =div (Kve 9 Z Pi€i +Dpi — pzﬂz) z)
(2.57)

+7+7 |V¢9\2772u1 ;.

We conclude that the order O(e?) expansion of the entropy dissipation structure (2.51) for the Type-II model
yields the entropy dissipation structure (2.57) for the emerging Type-I model.

3. DISSIPATIVE STRUCTURE OF THE LIMITING HYPERBOLIC-PARABOLIC SYSTEM

For simplicity we select the external fields r; and b; to be zero and proceed to study the mathematical
structure of the Type-I model, which can be written as follows:

Opi + div(pv) = div(—p;u;) (3.1)
O (pv) +div(pv @ v+ pl) =0
1 1
O <pe + 2pv2> + div ((pe + 5;)1)2)11 —|—pv> = div (/{V@ - Z(piei —|—pi)ui> (3.3)
where u; are determined by inverting the constrained linear system
Pi g 1
i P
> piui =0. (3.5)

Given the constitutive choices outlined in Section 2 (see also Appendix B) smooth solutions of (3.1)—(3.5) satisfy
the entropy identity

. (1 1 L
9(—pn) + div(—pnv) = div (0 Z(piei +pi — piti)ui — 9KV9> - ﬁf’vwo\ ta Zi:ui ~d; (3.6)

i
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Notice we multiplied the entropy identity by minus one, because we want to study the mathematical entropy,
which is defined as the negative thermodynamic entropy.
Next, setting U = [p1, ..., pn,v,0] " with v = (v1, v2,v3), system (3.1)—(3.3) can be written in the form:

0 (A(U)) + div(F(U)) = div(eB(U)VU) (3.7)
where
[ p1 ] I p1U1 pP1U2 P1V3
Pn PnU1 PnU2 PnU3
AU) = pUY , F(U) = pv% +p PUV pPULV3 (3.8)
P2 pU1V2 pvs +p PU2V3
pU3 pUIV3 pU2V3 pu3 +p
Lpe + 5 pv?] L(pe + 5pv* + p)o1 (pe + 5pv* + p)vg (pe + pv* + pus]
0---00000] Vi
. 0---00000 Von
B*U)=10...00000|> VU= vy,
0---00000 Vg
0---00000 Vs
0---0000 1] | v |
T A e Ain 000 Al nta
: : 000 :
e Anl T Ann 000 An,n+4
B(U) = 0 e 0 000 0
0 0 000 0
0 e 0 000 0
[0 A 30 A 000 307 B A

where we denote h; := p;e; + p; and write

n
—pil; = ZAiijj + Ai7n+4V0, fori=1,...,n

j=1

and in (3.7) we set ¢ = (k,€) and B(U) = (B"(U), B°(U)). We note that the coefficients A;; and A; ;4 are
determined by solving system (3.4)—(3.5), as explained later in this section.

According to [11] system (3.7) fits into the class of hyperbolic-parabolic systems (see also [10]) provided the
following conditions hold:

(i) A is a C? and bijective map from its domain onto its range, with VA(U) non-singular for any U in the
domain of A

(ii) there is an entropy-entropy flux pair (H(U),Q;(U)), i = 1,2,3, generated by a smooth (vector valued)
multiplier G(U), such that

VH=G-VA and VQ;,=G-VF;, fori=1,2,3.

(iii) the matrix V2H — G - V2 A is symmetric and positive definite
(iv) smooth solutions of (3.7) satisfy an additional conservation law (the so called entropy identity)

O (H(U)) + div(Q(U)) = div(G(U)eB(U)VU) — VU 'VG(U) "eB(U)VU (3.9)
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with the matrices VG T B inducing entropy dissipation, i.e.
VU'VGU)"eB(U)VU > 0.
Let us check whether these conditions are satisfied in the case of system (3.1)—(3.5). Indeed, setting

HU) :=—pn(p1,...,pn,0), Qi(U):=—pn(p1,...,pn,0)vi, (3.10)

we see that (3.9) is precisely equations (3.6). Concerning (i), if U = [p1, ..., pn,v,0] " and U = [p1, ..., pn, 0,0] "

we have
AU) = A(U) & v )
e(p17"'apn70 = (ﬁla"'7ﬁna9)
where the last equality implies that @ = 0, provided the internal energy is an increasing function of the tem-

perature thus one-to-one. This follows from assuming that ey = ¢, > 0, a property connected to the stability of
equilibrium states (see [27] for more). Hence, if ¢» € C3 and p > 0, A is C? and bijective in its domain, with

[ 1 0 e 0 0 0 0 07
0 1 e 0 0 O
det(VA) = det 0 0 e 1 0 0 0 O
V1 vy ... vy p 0 0 0 (3.11)
(%) V2 NN (%) 0 14 0 0
V3 V3 ce V3 0 0 1% 0
L(0€) py + 507 (p€)p + 507 - (p€)p,, + 507 pu1 pua pu3 pe, |

=plc, >0

For (ii) using the notation p7j = pn(p1, ..., pn,0) and pi7 = pn(p1, ..., pn, pe) and the thermodynamic relations
from Appendix A and B we compute the partial derivatives of the entropy

(P1) i = (P11) pe (PE)p + (P71) i = w

62 0 0

(pi)o = (pe ; plb)e _ [(pe)e — (p1)e]0 — (pe — p¥)) _ Peo _ PCu

By virtue of the relation V(—pn) = G - VA this determines the multiplier G to be

(1 — 5027
n+4 1,2
1 (pn — 350
GUU) = (Gj(U)> = ] v12 (3.12)
j=1
V2
U3
L -1

while relations V(—pnv;) = G - VF; serve as a way of verifying that our calculations are correct; indeed, they
hold for the G we found, using the properties

(10 = (2)n)o = (p)a)y, = (=i, = L2 1Pue (313)
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n+4
Now, for (iii), note that G - VA := ZG U)V2A;(U). One easily sees that V2A; = 0 for j = 1,...,n.

Jj=1
Then a tedious but straightforward calculation, using the thermodynamic relations (1.4)—(1.7) and

1 1
g (Pe)e = (pm)o = @((mﬁ)e +pm) =0
1 1 2
5(Pe)os = (omdao = 5 (p)oo + 5 (om)a = G = Fzeo
implies
C(0V)pipy = () prp, 000 0 7
1 [ (08)pps -+ (0 000 0
V2(—p7l)—GV2A:5 OP P . 0/) P pOO O (314)
0 - 0 0p0 0
0 - 0 00p O
L 0 -~ 0 000 pcy

Clearly, for ¢ € C?, p,6 > 0 and ¢, > 0, the latter will be positive definite provided the matrix (pi)),, p,; 18
positive definite. Indeed, for any £ € R"**\ {(0,...,0)} we see that

(V3 (=pn) — G- V?A)

Qﬁ\»—l

Z Z P) pip; €i&i + (5n+1 +& o+ )+ pegv &y >0

The assumption that (pv),,,, is positive definite is a natural assumption in thermodynamics that is related to
the convexity of the entropy (again we refer to [27] regarding the stability of equilibrium states, or to [6]).

For the last condition, we need to show that VU'VG(U)"eB(U)VU > 0, in other words, the entropy
production is non-negative:

1 1
(= 9—2f<;|V9|2 — EZui ~d; > 0. (3.15)

Clearly the first term is non-negative, since x > 0. For the second term we need to invert system (3.4), in order
to determine p;u;.

Various methods for the inversion of the Maxwell-Stefan system are available in the literature, see for example
[6,7] and Section 7.7 of [4]. In the present work, we invert (3.4) using the Bott-Duffin inverse, following the
analysis of [14]. The advantage of this method is that it provides an explicit formula for the solution of the
linear system (3.4), (3.5), which is helpful to estimate the dissipation.

The need to introduce the Bott-Duffin inverse arises from the fact that the desired inversion has to respect
the constraint ). pju; = 0, i.e. we invert within the appropriate subspace. More precisely, we consider the
solution of the generic system

Mz+y=w, z€L, ycL* (3.16)

where M € R™*™_ for some m € N, is a matrix and L C R™ a subspace. Let Py and Py be the projection
operators onto the subspaces L and L=, respectively. Then, the set of solutions of system (3.16) is the same as
the set of solutions of the system

(MPL + ]P)LL)Z =w (317)

and [z,y] " solves (3.16) if and only if z = Prz and y = Py 1z = w — MPpz. Now, if the matrix MPy + P, . is
invertible, we define the Bott-Duffin inverse of M with respect to L by

MBP =Py (MPy, 4+ P )" (3.18)
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so that the solution of (3.16) is given by

x=MBPd, y=w— Mz (3.19)
In our context, if we introduce the molar fractions

=2 (3.20)

hs

the left-hand side of (3.4) reads:

= bigOpips(us —uj) = —pb { V/pi D bije;(Vpiws) — i Y bigv/ei/e (V/pyuy)

J#i J#i J#i

—pe\/EZ chbik5ij —/€icibij | \/pju;

j=1 \ ki

—pO\/pi ) Mij/pju;
j=1

where we introduce the matrix M = (M;;) given by

X kpicrbin i =]
Mij = { iy (3:21)

and we are interested in the constrained inversion Mx = w, x € L, where w; = _pf)i\/%’ using d; from Section 2,
z; = /piv; and L = {(y1,...,yn) € R" : 31" | \/piy; = 0}. Moreover, the projection matrix P, on L is given
by

N
(Pr)ij = 6ij — p - (3.22)

In [14] it was proven that the matrix M from (3.21) satisfies the relation

2T Mz > plPrz|* ¥z € R" where p = I_I;léinbij (3.23)
i#j

which in turn implies that the Bott-Duffin inverse of M, namely M 2P is well-defined, symmetric and satisfies
-1
2" MPPz > APLzf* Vz € R" where A= [2) (b +1) (3.24)
i#]

Therefore, system (3.4) is written

- Gdi
M /piu; = — 3.25
g WP = = (3.25)

and can be inverted
n

d.
Vpit; = — MBD 4 3.26
pit ; Y pb\/p; (326)



ASYMPTOTIC DERIVATION OF MULTICOMPONENT COMPRESSIBLE FLOWS 85

Plugging (3.26) into the last term of (3.15) we get
1 1 di
~3 % Ui'di:_a % e~

€ d; d;
= — MBD 71
p922i:zj: Y PPy

>0

by (3.24). Hence, (3.15) is satisfied, which means that the matrices VG T B induce entropy dissipation as we
wanted, concluding that system (3.1)—(3.3) along with the linear system (3.4) subject to the constraint (3.5) is
of hyperbolic-parabolic type. In fact, condition (3.15) is the minimum framework inducing entropy dissipation
along the evolution and at the same time allowing for degenerate diffusion matrices (see [11]). In Section 4
we shall show that our problem enjoys a stronger dissipative structure, which allows us to establish some
convergence results.

A particular case of system (3.1)—(3.5) is the system without mass-diffusion and heat-conduction, obtained
by setting kK = € = 0:

Opi + div(p;v) =0 (3.27)
O(pv) +div(pv @ v+ pl) =0 (3.28)
1 1
O (pe + 2pv2> +div ((pe + §pv2)v —|—pv> =0 (3.29)
equipped with the entropy identity
O (—pm) + div(—pnv) = 0. (3.30)

We would like to show that (3.27)—(3.29) is hyperbolic under the assumptions (pi),,,; is positive definite and
ep > 0, as long as the total mass p remains away from zero. To do so, one needs to rewrite system (3.27)—(3.29)
in the form

3
VAU)QU + > VF.(U)dy,U =0

a=1

where A, F,,,U are as in (3.7). Since VA is non-singular, we proceed to find the characteristic speeds of the
system by solving, for any N = (N7, No, N3) on the sphere, the eigenvalue problem

3
> VF.(U)Ny = MU, N)VAU) | r(U,N) =0
a=1
where A, r are the eigenvalues and eigenvectors respectively and

3
> VE.(U)N. — AU, N)VA(U)

[v- N =X 0 p1V1 p1V2 p11V3 0 i
0 v N =X PnN1 pnN2 PnN3 0
| N1 pp. N1 op(v-N =) 0 0 Nipg
Py No -+ pp.No 0 plv-N —X) 0 Nopg
P N3 -+ Pp, N3 0 0 p(v-N =) Nspeg
. 0 e 0 N10pg Nsbpg N3Opy  pey(v-N — )]
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By using the property
AB

det [C D

} = det(A)det(D — CA™'B)

from Section 5 of [28], for any block of matrices A, B, C, D, we determine the characteristic equation:

1 Op?
4 n+2 2 E 0
prev(v- N =) <(v "N =) p = PiPp; &;/02) 0

which yields the wave speeds

1 Op?
A= =Xya=v-N, An+3,n+4=v-Ni\/prippi+C;-

Therefore, system (3.27)—(3.29) is hyperbolic if all eigenvalues are real, which holds under the hypotheses
p,0 >0, ¢, >0 and (p)); ; > 0. The last hypothesis ensures that the term )", p;p,, is positive, since by (D.3)

> 0o =Y pipi(Hi)p, > 0.
7 1,7

In fact, the eigenvectors corresponding to the repeated eigenvalues are given by the formula

N N. 1 —
f - (517627 L a€n7§n+la€n+27 _F;érwrl - Fﬁgn+2a _pie izzlgippi>7 for (517 e ;§n+2) S Rn+2

and thus the dimension of the eigenspace is n + 2.
The reader should notice that hyperbolicity is not valid at p = 0 (as det A vanishes) but strict hyperbolicity
still holds when some of the p;’s vanish provided p # 0.

4. THE ZERO-DIFFUSION LIMIT TO MULTICOMPONENT NON-ISOTHERMAL FLOWS

As in Section 3, we consider the hyperbolic-parabolic system

Opi + div(p;v) = div(—p;u;) (4.1)

O(pv) +div(pv @ v+ pl) =0

1 5 . 1 5 .
Ot | pe + 1l +div | (pe + Plad Yo+pv | =div | kVO — Z(piei +pi)u; |, (4.3)

where u; are determined by solving
00 (1 — ws) = pi A vasd 4T
- Z bijOpip; (u; — UJ) =e|——Vp+ Pzgv? —0(pie; +pz)va (4.4)
i#i p

and which is endowed with the dissipation structure

. 1 5 1
O¢(—pn) + div(—pnv) + 9—2/£|V9| ~ 3 ;ul -d; (4.6)

7

(1 1
= div <9 > (piei+ pi — pipi)ui — 0/@V9> .
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Moreover, consider the system obtained when neglecting the mass diffusive effects (e = 0) but including heat
conduction:

Opi + div(p;v) =0 (4.7
O (pv) +div(pv @ v+ pl) =0 (4.8)
1 1
O <pe + 2pv2) + div ((pe + §pv2)v —i—pv) = div (kV0) (4.9)
endowed with the limiting dissipation structure
. . 1 1 5
O (—pm) + div(—pnv) = div —gnVH - 9—2/-£|V0| . (4.10)

Local existence results for smooth solutions are available for multicomponent systems (see [8] and [4, Ch.
8]). For hyperbolic-parabolic systems like the ones above with general initial data one can expect existence of
a unique smooth solution, which however can break down at finite time and the time of existence in general
depends on the diffusion constants € and x. More precisely, under sufficient conditions on the initial data, the
diffusion coefficients and the free energy function, if Qr = Q x (0,7T), where Q is bounded and T > 0, there
exists a 7 € (0,7 such that the above problem possesses a unique solution

(Ph s 7Pn) € Wpl(QT7Ri)7 v E W§71(QT;R3)3 e WQ’l(QT;R+)
where the spaces above are defined as follows:

W2H(Qr) = {u € LP(Qr) : 07 9%u € LP(Qr) for all 0 < 23 + || < 2}

W, %(Qr) ={u € LP(Qr) : 9u € LP(Qr) for all |o| = 1}.

For more details we refer to [29].

In this section, we show that smooth solutions of (4.1)—(4.5) converge to solutions of (4.7)—(4.10) as € tends
to zero, so long as the solutions of the latter remain in the smooth regime and the theory developed should be
understood as indicating conditions for convergence of thermomechanical theories in the smooth regime.

In order to show the convergence from (3.7) as € — 0 we use the following ingredients:

(a) The method of relative entropy introduced in [25], here employed in the form proposed in [11] :

H(U|T) = H({U) — H({U) — G(U) - (A[U) — A(T)). (4.11)

By Appendix A from [11], whenever conditions (i)-(iv) for (3.9) hold, the relative entropy can be written as
H(U|U) = H(A(U)|A(U)), where H(V) is a strictly convex function. Hence, H(U|U) vanishes if and only if
A(U) = A(U) (and by (i) if U = U) and it can serve to measure the distance between two solutions.

(b) A second ingredient is the control of diffusion by dissipation (see [11], [30], Sect. 4.6), that is a hypothesis
that there exist constants v; > 0 and v5 > 0 such that

> VGU)UBL5(U)0U =1 > Y BEg(U)dsU (4.12)
a,f & B

> VGU)UBL(U)0U > 2> | Bog(U)dsU (4.13)
a,f &3 B
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Next, we list hypotheses used on the thermodynamic functions. For the internal energy, when expressed in
the form pe = pé(p1, ..., pn, pN), We require

d(pe) 9 (pe)
om0 aeme (H)
v%pl ----- pn,pn)(pé) >0 (Hz)

Hypothesis (H;) is natural in thermodynamics stating that the temperature § > 0 and ensuring convexity of
the energy as a function of entropy. Hypothesis (Hs) implies that the system (3.27)—(3.29) is hyperbolic and
excludes various interesting models related to pressure laws of Van-der-Waals type.

Using (H;) one may invert the equation 6 = 3552 and define the inverse function pn = (pn)*(p1, ..., pn,0).
This yields the Legendre transform Section 5 of [27]

~ * * d(pe *
pp = pe(p1, .-, pn, (pn)*) — 0(pn)"  where 8(50) (p1s- - pns (p)™) =0 (4.14)
A computation shows that (Hp), (Hg) imply
Vs (P) >0, (p)g0 < 0. (4.15)

The latter should be compared to (3.14) and property (iii).
An alternative is to define the Legendre transform through the direct formula

(PT/’)(Pl, <oy Py 0) = 0<}JI71]£oo {pe(l)l, <oy Pns ,077) - 9!”7} (416)
Under (H;) and
im 9(pe) =0, lim LA (4.17)
pn—09(pn) pn—oe i)

this problem has at most one solution computed via (4.16). An advantage of this approach is that the convexity
conditions (4.15) follow directly from the minimization formula (4.16). On the other hand to solve (4.16) requires
the assumption (4.17). This formulation and (4.17) is consistent with the third law of thermodynamics (that the
entropy vanishes at the state of zero-temperature, see [27], Sect. 1.10) but the popular model of the ideal gas
(with constant heat capacity) violates the third law and presents negative entropies. Nevertheless, the relation
(4.14) between internal energy pe and Helmholtz free energy pt is still valid.

The adaptation of the general framework to the system (4.1)—(4.5) requires some computations, and it is
remarkable that such a complicated system hides a simple structure. Let U = (p1,..., pn,v,0) " be a solution
of (4.1)~(4.6) and U = (py, ..., pn,v,0)" of (4.7)-(4.10). Using (3.10), (3.12) and (1.4)—(1.7) we arrive at

i

1 10?1
+0- pe+ 5pv° — pe pv

HU|U) = —pn + pi pj — ;) — 7 - (pv — pv)

%H —_
[\.‘J\)—A
CDH S]]

(4.18)

= ol =2+ 5[0~ 20 = e~ )+ 5900~ 9) + (0~ )om - 70

1 ) o
= §< p|v—v2—|—J(pl,...,pn,9|p1,...,pn,0)>
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where we set w = (p1,...,pn,0), @ = (p1,...,pn,0) and use (1.5) to write

J(w|@) = pip — pp — Zm pi — i) + pii(0 — 0) + (0 — 0)(pn — pif) (4.19)
= pe — pe — Z,Ufz Pi G(PW Pn)
I(U|U) :=0HU|U) = §p|v—@|2+J(w|@). (4.20)

Due to hypothesis (Hz) and (A.11), the quantity J(w|®) will serve as a measure of the distance between the
states w and @, in analogy to the situation in single component fluids [25]. This suggests to calculate the
evolution of the quantity (4.20).

Subtracting the entropy identities (4.10) from (4.6) and multiplying by @, we obtain

- , (g g
Oc(—6pn + 6p1) + div(—pnud + pijod) = div | 5 > (hy = pimg)u; — gi Ve
J

— 0u0(pn — pn) + VO - (—pnv + piv) ~3 Z — pip)uj - VO + HHVG vo (4.21)

0 _ - 1 - - 0 _
—k|VO|? + Zuj -d; + div <0_RVG> - ?zvo VO + ﬁmveﬁ

Likewise, subtracting system (4.7)-(4.9) from system (4.1)—(4.3) and multiplying the result by —0G(U), where
G is the multiplier from (3.12), we obtain:

1 1 )
Oy (Z (21;2 _ ﬁz) (pi — pi) — O(pv — pU) + (pe + 5p1]2 _pe— 2ﬁ52)>

i

: 1, - o _
+ le( § (2v - uz-) (piv — piv) = V(v @ v — pU @D+ (p — P)I)
1 2 _ 1772 _\ _ 1,2 _ —
+ pe+§pv +p|v— pe+§pv +p v) = E O SV~ Hi (pi — pi) (4.22)
1, _ 1, _\ . ~ __
+ E v (21) - ui> - (piv — piv) — E (21) - ui> div(p;u;) — 040 - (pv — po)

%

—poVo v+ poVo -0 — (p— p)divo + div | KV — Z hjuj | — div(kV0)
J

where we used the abbreviation h; := p;e; + p;.
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Next, we add equations (4.21) and (4.22) and perform a series of calculations detailed in Appendix D to
re-organize the terms in the right hand side. The resulting relative entropy identity reads:

O (UI0) + div [oI(U]0) + (p = P)(v =) + D pruuyoty = )

o\ 2
—(0-0) (éwe - ;_,aw) + %(9 = 0) S~ pyns)us | + O <V99 - V{f)
- g > uj-dj = (80 + - VO)(—pn)(w|w) — p(w|@)dive — (n — 7)p(v - v) - VO (4.23)

where

(—pm)(w|w) = —pn + pn + Z(ﬁﬁ)m (pj — pj) + (p)o (6 — 0).

In the sequel, let 4 C (RT)"*! be a set in the positive cone (R*)"*! with & compact, and suppose that
states w,w € U satisfy

0< pj,ﬁj <M (424)
0<6<pp<M (4.25)
0<6<6,0<M (4.26)

for some 9§, M > 0.

Lemma 4.1. Let w,&0 € U satisfy (4.24)—(4.26) and suppose that V¥(py, ..., pn,0) € C3(U) satisfies the thermo-
dynamic relations (1.4)—(1.8) and the hypotheses (Hy),(Hs) (and thus (4.15)). There exist constants c1, ¢z, c3 > 0
depending on 6, M, such that for w,w € U we have

ci|w — @)? < J(w|@) (4.27)
p(w|w)| < c2J (w]w) (4.28)
[(=pm) (w|®)] < e3J (w]@). (4.29)

Proof. Consider the form (4.19) and use (A.11) and the convexity of pe = pé(p1,...,pn,pn) in the variables
(p1,- -+ pns ) to obtain

J(w|w) = pé — pé — zl: (gﬁf) (pi = pi) — (gﬁf})(pn — p1)

>c (Z lpi — pil* + lom — ﬁﬁl2>

K2

(4.30)
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where ¢ = inf(ph___,pmpn)eaV%phm,pmpn)pé > 0, for 0 < § < p < M. Next, the map (p1,...,pn,0) —
(p1,---,pn,pn) defined by n(p1,...,pn,0) = —1py can be inverted on the set U and since ag;en) = pcv > 0, for
p,0 > 0, the inverse map is Lipschitz and
0=+ Sl < ¢ (1m- lt+ Clo- (1)
where C' depends on mlnu 39 (4.30) with (4.31) gives (4.27).
The bounds (4.28)—(4.29) follow from the Taylor theorem, which provides
1 s
p(wl@) = (w—-a)" (/ / V2p(rw + (1 — T)w)des) (w—w) (4.32)
o Jo
1 s
(—pn)(w]@) = (w—@) " (/ / V2(—pn)(Tw + (1 — T)w)des) (w—m) (4.33)
o Jo
and the regularity of v implies that p, pn € C2(U) O

Let T3 = (R/27Z)3 be the three-dimensional torus. We have the following convergence result:

Theorem 4.2. Let U be a classical solution of (4.7)~(4.9) and let U" be a family of classical solutions of
(4.1)~(4.3) defined on T2 x [0, T for some T < T*, which emanate from smooth data UY, Us", respectively, and
satisfy the uniform bounds (4.24)—(4.26) for 6, M > 0. Moreover, assume that ¢ € C*>(U) satisfies (Hy), (Hs),
that )
hj = pjn;
Vi
for some a > 0 and that 0 < k(p1,...,pn,0) < M. Then, there exist constants ¢,C > 0 depending on 6, M, «
but otherwise independent of € such that

< ape+1) (4.34)

/ HUS*|0%) dz < ¢ / HUS™TE) de + eC (4.35)
T3 T3
In particular, if [ I({US"|U§)dz — 0 as € — 0, then
sup / I({U"U%)dz — 0 as e — 0. (4.36)
te(0,T) JT3

Proof. We first integrate the relative entropy identity (4.23) to obtain
d

4 TSI(U5|U)dx+/TS€_n<v99—) -3 Zuj d; da
/T (040 + 0 VO)(—pn) (U0 d / (U |0)dive da
+/(n )p(v — ) - VHdJ;—/TBZV ( p’>p(v—v>dx
—/Tsp(v—a)w-(v—@)dx—/TBZv,zj-pjujda;
—/T(Vf—vf) w0 [ 1 30X oo

:Il++l8

(4.37)
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Our strategy is to control terms I; to I by the integral of I(U|U) and terms I to Iz by the dissipation on
the left-hand side. In particular, to control I; and I, we use (4.29) and (4.28) respectively. For I3, using the
regularity of v, and thus 1, we have

(n—mn)plv—12)-VE8 < c(pln— 7>+ plv —9]?)
> o =il +10 = 01 + plv — o
7

Regarding 14, we have

> Vi (p/jppj)p(vﬂ)gc pgj(’foj’jjfm(v@)?

J

<c Z(Pj —p;)* + plv —v)?

J

since the map f; : (p1,...,pn) — lerf’_iﬂ_'ern, for j € {1,...,n} is Lipschitz under the assumption 0 < § < p.
Indeed
of; _ [~ i#
8pz L 2Pj y U= ,7
hence
‘afj <f<C
dpi p- 0
As for I

p(v —0)Vo - (v—10) < cplv — 3%

Now, if we set pju; = ep;u; we have, by Young’s inequality and for u = min;; b;; > 0:

<] Z”JIV |2 da +—/ PX el ds
< C’_|_7/ Z|\//T]u_/| dz =: 161+162

Likewise, using assumption (4.34), we have that

p] M
VP

vo | €uo .
’9’ dx + 4/T$P;|\//Tj“j|2dx

’JI‘3P

S eC + 4/Tsp;|\/p7ﬁ]|2d:c = ISl +I82

Finally
1 [ - (V8 V) Vo, -
I;<= | 6s|———=| dz 6—0)%d
72/Tsﬁ<9 9) +2/Ts“e?)( )
AN 2
gl/ g (V0 _ V0 dx—|—c/ (0 — 8)? da =: Iy + T,
2']1‘3 9 0 ']1‘3
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Using (4.27) we conclude that

i+ 4 I+ Ipo gc/ I(U¢|U) dx.
T3

The error terms Ig2, I71 and Iso are controlled by the dissipation on the left-hand side of (4.37). This is due
to the assumption that § < 6 and the following estimate, in which we use (3.25) and (3.23):

1 _ i
~3 Y ouj-di=epy Mijy/pilis - /5
i i
> epplPLy/pul?

where |/pt is the vector with components /p;ti;, whose projection is computed as
Pr/pt = Z(]PL)ik\//Tkﬁk

k
- Pi -
= Vi - Y
P
= /pit;.
Putting everything together we obtain:

2\ 2
4 I(U‘E|U)dx+é/ K(w—w> dx—&-@ pZ|\/p7ﬂj\2dx
dt T3 2 T3 0 9 2 T3 ] (4 38)

Sc/ I(U¢|U)dz + eC
T3

for appropriate constants ¢,C' > 0 independent of e. The dissipation terms are neglected and we obtain the
differential inequality

€
d“’dt(t> < e (1) + €C (4.39)
for
#(t) = [ TS0, 1) da.
T3
Then, (4.35) follows by Gronwall’s Lemma. O

A vparticular case of the above analysis is the convergence to the adiabatic theory, i.e. when also k = 0.
Consider the hyperbolic-parabolic system (4.1)—(4.6) with the linear system (4.4) and the constraint (4.5) and
its hyperbolic counterpart (3.27)—(3.30). Then, following the same process as before, we can obtain that the
hyperbolic-parabolic system (4.1)—(4.6) converges as €, — 0 to the hyperbolic system without diffusion and
heat conduction (3.27)—(3.30):

Theorem 4.3. Let U be a classical solution of (3.27)—(3.29) defined on a maximal interval of existence T x
[0,T%) and let US be a family of classical solutions of (4.1)—(4.3) defined on T?x [0, T, for T < T*, emanating
from smooth data Uy, US"™ respectively. Under the hypotheses of theorem 4.2, there exist constants ¢, Cy,Coy > 0
independent of € and k such that

/ I(US|T) dz < c/ LU T) da + ||| 0o Ct + €C. (4.40)
T3 T3

In particular, if [3s I(Ug"™|Ug)dz — 0 as e,k — 0, then

sup / I(US*|U)dx — 0 as e,k — 0. (4.41)
te(0,7) JT3
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Proof. The proof is identical to the proof of Theorem 4.2, with the only difference that & = 0 (whereas in the
previous case k = k) and thus I is controlled by:

Vo Vo -
1_/H<_>.w
’ s\ 0 9
(ST e L[ LT
211‘3’(‘: 9 é v 211‘3/4/ é .

1 — \Y4) Vo 2
< Z - - .
2/11‘3 9&( 0 7 ) dx+||/£||0001

IN
I

O

Next, we present a commentary on the hypotheses for Theorems 4.2 and 4.3. The goal here is to discuss aspects
of the theory of smooth solutions; the situation for weak solutions presents serious challenges. The hypotheses on
the bounds (4.25), (4.26) reflect the loss of strict hyperbolicity (and even hyperbolicity) of the model at p = 0.
Also, we would expect that such continuum models are not valid for very large temperatures or temperature
near zero.

The hypothesis ¢ € C3(U) is a drawback as it does not hold at p; = 0 for realistic models and at the same
time one would insist on the range (4.24) that guarantees some of the components may disappear as an outcome
of interactions. The main problematic term is I5. Realistic models are discussed in Section 5 dealing with the
multicomponent ideal gas. The reader will notice that ¢ € C3(U) holds on the restricted range

and gives convergence for solutions taking values in that range (4.42), (4.25), (4.26).

The need concerning (4.34) originates from a deficiency of the models discussed here. For the general model,
the partial energies e;, pressures p; and enthalpies h; are not determined from the total free energy piy wvia
(A.19), yet they enter the balance equations (1.9)-(1.12) and thus extra constitutive relations have to be
supplied. Hypothesis (4.34) concerns these extra constitutive relations. For the case of simple mixtures, py) =
> Pivi(pi, 0), the need for extra constitutive relations does not arise; one computes using (B.11)-(B.14) that

%(h]— —pil) = 79\//)783? and the terms are bounded from (4.24)—(4.26).

5. MULTICOMPONENT IDEAL GASES

We present the constitutive model of an ideal multicomponent gas and compute the relative constitutive
functions that appear in the relative entropy formula (4.23). We refer to Callen Section 13 of [27] and Giovangigli
Section 6 of [4] for details on the multicomponent ideal gas laws. Here, we outline a constitutive model defined
in terms of densities p; and temperature f. The model is a simple mixture of ideal gases where the free energy
of each component is given by p;1; = R;0p;log p; — c;p;0log 8, where R; > 0 is the engineering gas constant
and ¢; > 0 the constant heat capacity of the i-th component, and the mixture free energy is

pY = Zpﬂ/h‘ = Z R;0p;log p; — Z c;piflogh. (5.1)
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We then have

0

Wi = ((;nl;) = R;(1+1logp;)0 — c;jflogb

Pj

_0(py) _

50 Z Ripilog pi + Z cipi(1+1log6)

(5.2)
pe = Z cipif
p=—pb+Y pjn;=> Ripb.
J J
The relative quantities are computed as follows: Using (4.19), we have
J(wlw) = 92&' (Pi log pi — pilog pi — (1 + log pi)(pi — ﬁz’))
+02qpi( log 6 + log 6 + 9(9 0)) (5.3)

792R (zlogx) Pv|P7 +ZCsz —logy)(0]6)

where (zlogx)(p;|p;) is the quadratic part of the Taylor expansion of zlogz and ditto for (—logy)(6|). Due
to the convexity of (zlogx) and (—logy) both terms are positive.
Similarly, we compute

p(w|w) = Z R;( —0) (5.4)
and
_ __ 0 N 0 _
() = 7+ 5 ) )+ 200 )
- Pj a0
(5.5)
C; _ —
= ZR (zlogz) (pilpi) + Zczpz log y)(0]6) = 7 i = pi)(0 = 0).
Finally observe that the relatwe entropy (4.20) takes the form
IU|T) = 3plv— o> + 0 Ri(zlogz)(pilp:) + 0 cipi( —logy)(019). (5.6)

Using the explicit formulas (5.3), (5.4) and (5.5) the facts (zlogz)” = 1 and (—logz)” = 2 we obtain an

analog of Lemma 4.1 for the ideal gas:
Lemma 5.1. Let w, & € U satisfy (4.24)—(4.26) and let py be given in (5.1). There exist constants c¢i,co > 0
depending on 6, M, such that
cilw — @) < J(w|@) (5.7)
Ip(w]@)] + [(=pn) (W) < c2J (w]w). (5-8)

The missing element to conclude the proof of an analog of Theorem 4.2 for the multicomponent ideal gas is
an estimate of the type

(= plw — ) - V8] < (Gl — o> + T (1))

However, such an estimate is not valid for solutions that take value on the range (4.24)—(4.26).
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APPENDIX A. EQUILIBRIUM THERMODYNAMICS

Following Sections 2,3,5 of [27] we describe some elements of the thermodynamic theory in equilibrium, known
as thermostatics, which seeks to describe the equilibrium states to which systems eventually evolve. It is assumed
that there exist equilibrium states of simple systems and that they are characterized by the internal energy of the
system F, the volume V and the mole number of the components of the system My, ..., M,. These quantities
are called extensive parameters. It is postulated that there exists a function H of the extensive parameters,
called entropy, defined for all equilibrium states, so that the values assumed by the extensive parameters in the
absence of internal constraints, are those that maximize the entropy over the manifold of constrained equilibria.
We refer to Section 2 of [27] for the precise statements and details. Note that the existence of the entropy
is postulated only for equilibrium states, that the entropy of the system is postulated to be provided by an
extremum principle and to be known as a function of the extensive parameters,

H=H(E,V,M,...,M,). (A.1)

This function, known as the fundamental relation, contains all thermodynamic information about the system.
As the entropy of a composite system is additive over the constituent subsystem, this function has to be
homogeneous of first order,

HAE,\V,\M,, ..., \M,) = AH(E,V,M,...,M,), YA > 0, (A.2)

it is assumed to be differentiable, and is postulated to be an increasing function of the internal energy. As a
result, the fundamental relation can be inverted with respect to the energy leading to a differentiable function
of H'V,My,..., M, and an alternative form of the fundamental relation

E=E(H,V,M,,..., M), (A.3)

for which homogeneity of first order still holds.

With the aforementioned postulates we are ready to proceed to the thermodynamic analysis. Since the energy
is a quantity that is easier to understand intuitively and also to measure in experiments, we prefer to use the
energy representation of the fundamental relation, instead of the entropy one. In this case, the extremum
principle is no longer the maximization of the entropy in equilibrium, but rather the minimization of the energy.
The condition that guarantees the equivalence between the two principles is the fact that the entropy is an
increasing function of the energy.

Now, the differential of the internal energy E is:

0E OE " OF
dE = odH + =2dV + ; TdeMj' (A.4)

The partial derivatives in (A.4) are called intensive parameters and occur so frequently that we introduce special

symbols for them:
oF

9 - 0, the temperature (A.5)
oF .
=P the negative (total) pressure (A.6)
OF . . )
L i, the chemical potential of the i-th component (A7)

With this notation, (A.4) reads:
dE = 0dH —pdV + > pjdM;. (A.8)

J
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We briefly mention here that in the (equivalent) entropy representation the intensive parameters are

OH 1 O0H p 8H__&.

OE 0’ 9V 0 oM; 6

The first-order homogeneity of the fundamental equation (A.3) provides an essential relation that will be
used later in Appendix B. Differentiating

E(AH,\V,\My,...,\M,) = AE(H,V,M,,...,M,)
with respect to A and then taking A = 1 gives
E=0H—pV+Y ;M. (A.9)
J

Equation (A.9) is known as Euler equation, some authors refer to it as Gibbs-Duhem relation and we will retain
this name here.

Back to the homogeneity of the fundamental relation, we can choose A = % and by introducing the partial
mass densities p; = J\él and the total mass density p = % (normalizing the total mass Y, M; = 1), the
fundamental relation reads

pe = pe(pn, p1;-- -, Pn) (A.10)
where pe is the specific internal energy and pn the specific entropy. Then (A.5)—(A.7) read
0 0
(pe) _ 4 7 (pe) _ » (A1)
a(pm) Ip;
and the Gibbs-Duhem relation takes the form
pe=pnd —p+ Y pit;. (A.12)

J

In thermodynamics, we often need to pass from a set of variables that contains only extensive parameters
to another that contains some intensive parameters as well. For instance, throughout this paper, we select the
temperature is one of the prime variables and we need to express the equations of state through this variable.
To this end, we use partial Legendre transforms of the internal energy replacing some extensive variables by
the corresponding intensive ones. These partial Legendre transforms are called thermodynamic potentials. A
well-known example is the enthalpy: the enthalpy is the partial Legendre transform of the internal energy F
that replaces the volume V by the pressure p as an independent variable. Thus, the enthalpy h is a function of
H,p,My, ..., M,, defined by

h=E+pV (A.13)

where the replacement is achieved by first solving the relation

oE _
av ~ P

with respect to V' and then eliminating V from (A.13). In our case, we are interested in passing from the set
{H,V,My,...,Mp} to{0,V,M,...,M,}, i.e. to replace the entropy by the temperature. The thermodynamic
potential that allows us to do so is the Helmholtz free energy defined by

U = E — Ho. (A.14)

The replacement is achieved by solving
oF

o !
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with respect to H and eliminating H from (A.14). Using the notation of (A.10), we have

p = p(0,p1,. ..\ pn) (A.15)
P = pe — pnod (A.16)
e(evpla"'apn) = 702 <w> (A17)
0/
and the Gibbs-Duhem relation reads
o= piny. (A.18)
J

Furthermore, one can use the relations (A.11) to obtain

opp) _ — 0(py)

- Al
oo M Tog o1 (A.19)

Finally, we note that the first postulate states that the entropy attains its maximum in equilibrium. This
is translated as follows: the first variation of the entropy functional must vanish and the second one must be
negative. The second condition in particular determines the stability of the predicted equilibrium states and
suggests that the entropy is a concave function. A byproduct of this, is that the specific heat at constant volume
¢y :=ep(0,p1,...,p2) is positive. Should we reformulate the stability criteria in the energy representation, we
see that the energy attains its minimum in equilibrium, hence it is a convex function. These conditions can
be extended to the thermodynamic potentials, as well. In particular, the Helmholtz free energy is a concave
function of the temperature.

APPENDIX B. CONSISTENCY WITH THE CLAUSIUS-DUHEM INEQUALITY

In this appendix we outline the derivation of the Type-II model (1.1)—(1.3) for multicomponent flows,
employed in this work, and derived in [6]. The framework is that of continuum mechanics, in which bodies
are modeled as continuous media and their behavior is governed by (i) balance laws and (ii) constitutive rela-
tions that connect the various quantities and characterize the material response. For more details on modeling
multicomponent fluids we refer to [1,4].

The emphasis of this presentation and the development in [6] is on the thermodynamic structure of the model
so that consistency is guaranteed with the Clausius-Duhem inequality. The model is using as primitive variables
the mass densities, the velocities of the constituents and the temperature of the mixture. (The model in [6] uses
the specific entropy instead of the temperature but this minor deviation does not cause major differences.) A
Type-II model is considered employing the following list of equations for the partial mass, partial momentum
and (total) energy balance respectively:

Opi + div(p;v;) = m; (B.1)

8t(pi’lji) + diV(pﬂ)i (9 ’Ui) = le(Sﬁ ~+ pib; + fi (BQ)

- 2
¢ (B.3)
—div(pv) + div(v; - o) + pb-v + pr + z pib; - u;

K2

1 . 1 . 1
I (pe + Z 5/%'%2) + div((pe + Z 502’”?)”) = div(qg — Z(Piei + pi + 5 piv] ui)

where p; is the mass density of the i-th component, m; the production of mass, v; the velocity, S; the partial
stress tensor, b; the body force on the i-th component, f; the momentum production, e; the specific internal



ASYMPTOTIC DERIVATION OF MULTICOMPONENT COMPRESSIBLE FLOWS 99

energy, ¢; the heat flux, r; the radiative heat supply and ¢; the internal energy production. Moreover, we define
the total mass p := )", p;, the barycentric velocity of the mixture v such that pv = ", p;v;. In (B.3) we have
also introduced the diffusional velocities u; := v; — v, the thermal energy pe := ), p;e;, the total pressure
p =), Di, total heat flux ¢ := ", ¢;, the net force applied to the mixture pb := ). p;b; and the total radiative
heat supply pr:= >, piri.

Some remarks on the model:

(a) There is a single temperature # common to all components that is positive. For the thermodynamic
quantities internal energy e, entropy 7, and pressures p; we employ the relations (A.15), (A.16), (A.18) and
(A.19).

(b) The production of mass is often due to chemical reactions; here, we consider non-reactive fluids, i.e. we
take m; = 0. For a treatment of the same model with chemical reactions we refer to [4, 6].

(¢) The momentum productions f; model binary interactions between the species, e.g. due to friction. Like-
wise, the energy production /¢; is neglected due to (d), as we consider only the total energy equation (B.3),
which is obtained by summing up all partial energy equations.

(d) Even though we allow for mass, momentum and energy production, we require that the total mass, total
momentum and total energy be conserved, thus having the constraints

n

n n
ZmiZZfiZZ@:O (B.4)
i=1 i=1 i=1
where n € N is the number of constituents.

(e) The consideration of the terms b; and r; is not essential, since both are external factors and can be
modified accordingly (e.g. they can be taken equal to zero).

(f) The partial stresses are decomposed as S; = —p;1+ o;, where —p;1 is the elastic part of the stress tensor,
with p; the partial pressures and I the identity tensor and o; the viscous part. Here, for simplicity, we take
o; = 0 and thus div(S;) reduces to —Vp;. For the treatment of the theory with viscosity we refer to [6].

In order for our system to be thermodynamically complete, it needs to be consistent with the second law of
thermodynamics expressed in the form of the Clausius-Duhem inequality:

B (pn) + div(pnu) > divd + % (B.5)

where pn stands for the specific entropy, ® for the entropy flux and 6 for the temperature. The fact that we
have an inequality signifies that there is an entropy production ¢ that balances the two sides in (B.5). The
entropy production is not a-priori specified. Instead, the only information available is that according to the
second law of thermodynamics, the entropy production must be non-negative. As opposed to the balance laws
of mass, momentum and energy, which determine the thermodynamic process from the assigned body force b,
heat supply r, boundary and initial conditions, the Clausius-Duhem inequality plays the role of an admissibility
criterion for thermodynamic processes that already comply with the balance laws. In the case of one species
the entropy flux is the heat flux divided by the temperature, however there is no available information for
the multicomponent case, and ® is determined along with the entropy production, by the process of checking
consistency with the Clausius-Duhem inequality.

For the thermodynamic reduction, one introduces the Helmholtz free energy pi, which inherits the relations
(A.15)—(A.19) as if we were in equilibrium and using the entropy inequality (B.5) and the balance laws (B.1)—
(B.3), one constructs an inequality known as dissipation inequality. Then, by controlling the body forces b; and
heat supplies r; we can construct smooth processes that satisfy the mass, momentum and energy balances but
attain at some point (z,t) arbitrarily prescribed values for the primitive variables and their derivatives. Hence,
the dissipation inequality is violated unless certain relations hold (see [6]). From this process, one determines
the entropy flux and entropy production

_a_ 1 o — o
o= 00 zi:(pzez + i Pz,uz)uz (B~6)



100 S. GEORGIADIS AND A.E. TZAVARAS

1 1 1
¢= g4 Vo — 3 Zuz : (fi = Vpi+piVii + 5(/’1‘61' +pi — piﬂi)vg) : (B.7)

Equation (B.7) is too complicated to allow for investigating necessary and sufficient conditions so that ¢ > 0
holds everywhere. However, following Onsager’s reciprocal relations, one decouples the entropy production
terms that correspond to different dissipative mechanisms and asks for linear dependence with a symmetric and
positive semi-definite matrix of phenomenological coefficients, According to this, a sufficient condition for the
heat conduction term to be nonnegative is

q=rVH (B.8)

with K = k(p1,...,pn,0) > 0, which is the standard Fourier’s law. Following a more sophisticated argument
(originally due to Truesdell), one obtains the form for the momentum production
1
fi =Vp;i — piVi; — 5(piei +pi — piti) VO — 9Zbijpipj(vi —v5), (B.9)
J#i

where b;; = b;;(pi, p;,0) are symmetric, nonnegative binary-type interactions. For the full derivation we refer
to [6] Section 7. After plugging the two closures in (B.7) and using the symmetry of b;; the entropy production
reads:

1 1 n
C: 975|V9|2+522bijpipj‘ui —Uj|2. (B.lO)
i=1 j#i

An interesting comment is that even after determining the constitutive relations wvia the thermodynamic
reduction, our model is not fully closed. Indeed, although we can compute the thermal energy from (A.17) and
the total pressure from the Gibbs-Duhem relation (A.18), it turns out that if we are just given the free energy
density 1 there is no way to determine the partial pressures p; and partial internal energies e;. In other words,
for a Type-II model it is not sufficient to be given solely the Helmholtz free energy, as it is for a Type-I model
[6]. Therefore, we require some more information: a first approach is to set up constitutive functions at the
level of the components for (e;); and (p;);. Since the total pressure and energy can be computed only n — 1
constitutive functions need to be specified. Another approach that is often used is the so-called simple mixture
theory. In this simplification each component is assumed to have its own thermodynamical structure (as if it
were on its own), that is, it is described by its own free energy density ¢; = ¥;(p;,0) and the thermodynamic
functions of the component are determined via the relations:

€, = el(pz,Q) = 792 (1/;1)9

wi = pi(pi, 0) = (pivi) p,
=i = (Yi)o
pi = pi(pi, 0) = —pithi + pipsi.

This also has the implication that py» = >, pstb; and pn = >, p;n;. For an extensive discussion on simple
mixtures we refer to [2], while for special cases of simple mixtures to Section 15 of [6].

APPENDIX C. DERIVATION OF THE ENTROPY EQUATION FOR THE TYPE-II SYSTEM

For the derivation of equation (2.51), one multiplies the mass equations (1.1) by %vf — p;, the momentum

equations (1.2) by —v; and the energy equation (1.3) by 1 and sums them up to obtain, by making use of the
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definition u; = v; — v and noticing that u; — u; = v; — v; the following:
. . (1 .
Ot (pnd) — Orp + div(pnbv) — div (2} Pz’ﬂﬂh’) —div (2 zz: piv?ui> — div(pv)

0
= — Zpiat,ui - ZPH&' -V — Zpibi “v; + Zpivﬂi “v; + % Z(piei + pi — pifti)vi

0 . . . 1 2
+ - sz: bijpip;(vi — vj)v; + div(kVE) — div (Z(pzez + pz)uz> — div <2 Zi:pwi Uz>

%

—div(pv) + pb-v+ pr+ Zpibi Uy

K2

Now doing the necessary simplifications and using the Gibbs-Duhem relation, one obtains

. . \Yj
O (pnB) + div(pnbv) = div (nVG — Z(piei +pi — pi,ui)ui> + e Z(Piei + i — pithi)ui

3

0
0 —E i Ot L -V fE biipipi (Vi — vi)v; .
+ Oip : POt + pno + ¢ & iPip;(vi — vj)vi + pr

If we differentiate the Gibbs-Duhem relation with respect to time we get

Oip = pnded + > _ pidisi

thus, we divide by 6 to obtain

. (1 1
9 (pn) + div(pnv) = div <9“V9 ) zi:(piei +pi — piMi)“i)

pr

1 5 1
+ 97H|V9‘ + z Zbijpil)j(vi — vj)vi + ?

4,9

Finally, note that due to the symmetry of b;; and the fact that u; — u; = v; — v; we find that
1 1 , 1 )
- > bijpips(vi — vj)vi = % > bigpips(vi —vj)* = % > bijpip; (ui — uy)
() 4,J 4,J

which concludes the computation.

APPENDIX D. RELATIVE ENTROPY IDENTITY

In this appendix we present the computations leading to the derivation of (4.23). We first add (4.21) and
(4.22) and use the formula (4.18) and

_ _ _ 1
QUIT) = —pnob + piod + » _ (21)2 - m) (piv — piv) — vp*

2 2
=vI(U|U) + (p—p)(v — D)

1 1 D.1
—|—11p112—11(p—p)—|—<pe—|—pv2+p)v—<pe—|—pv2—|—p)v (D-1)
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to arrive at

OIU|U) +divQUIU) =Ty + To + T3 + Ty (D.2)
where
=Y (57 - 5) (0 = 5 = 0i0- (oo = )~ 08l — p)
Ty = ZV (217 — ﬂi) (piv — piv) — poVo - v+ poVo - o — (p — p)divo + VO - (—pnv + pijo)
Ty :=di 0 Vo) + 2+ ve-vé—é |VO|* + di vaé _Live.ve
3 = v 0/*6 0,% 02% v éH éK
gﬂ |VO|? + div (kV6) — div(&V0)
and
[0 0
Ty = div 5Z(h = pj;)u Z = pjlj)u VOJF@ZUJ' ~dj
J J J
_ Z <11_;2 /j) div(p;u;) + div ( Zh U ) .
. ) [ 7 ¥
Now

Ty =—

p(v = 0)9,0 + 8:0(—pn)(U|U) — (pi)e (0 — 0)8:0 — Z Z(Hy)m(

P?)atpj
7 7
=T +Tis+Ti3+ T4

where we have used the fact that (u;)s = —(pn),, and introduced the relative quantity

(=em)(UIU) = —pn+pi+ Y (5, (pj — pi) + (P0)e (0 — 0).
J

Using the entropy balance (4.10) we get

Ty3 = 9, (—pi) (0 — ) + Z(ﬁﬁ)pj Oyp; (0 —0)

= div(piv) (0 — ) + div ( ;KLVO) (6 —0)
= (P, V ;- 0(0 = 0) = > (PN, p;dive(0 — )
j J

=:T131 + T132 + T133 + T134 + T35
where

Ti31 = V(pn) - v(0 — 0) + pndive() — 0)
:Ti311 + Thsiz-
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Furthermore

Ty = ZZ([M)P; = P vﬂj v+ ZZ ,uz pJ = pi pjdlvi)
7 i
= Zvﬂz : ’D(pi — Pi ) Z(ﬂz)@vg v pz pz + ZZ ,uz pJ — Pi pjdlvv

=: Tha1 + Thao + Thas.

Introducing the relative pressure

PUI0) =p— =350, (0s — )~ 2o(6 — B)
J
we get
Ty = —pv—0)Vo- (v—10) Z Vi - (piv — piv) — p(U]U)divo — pr]‘ (pj — pj)divo
J
—po(0 — 0)dive + 0 - VO(—pn) (U|T) = 0- V8 Y (), (p; — p3) — 0 - VO(pN)a(6 — 6)
J

+VO(—pn) - (v—1) — poVo - (v — D)

=T+ + 120
where

Tzz:*ZVﬂi'(Pi*ﬁi U*ZVﬂi'ﬁi(U*@)
== Vi (pi—pi)(v—10) Zw —pi)0+ (v —0)pn - VO — (v — D) - Vp

=: Tho1 + Thoo + Tooz + Too4.

Now, T5g and T34 cancel with Ti311 and the same holds for Ti4; with To99 and Ti40 with To7. Moreover

Tag + Tozz = —(pn — pi)(v —v) - VO
and by the momentum balance (4.8)

1
Toos = =(p = P)(v =9)- VP~ %(v—@)-Vﬁ

1
= E(p—ﬁ)(v—f;)~Vp—p(v—17)-8t@+pz7w)~(v—@)
=: Tho41 + Th242 + Thoa3

where Tho4o cancels with T71 and Too43 with Thg.
Differentiation of the Gibbs-Duhem relation (1.8) with respect to mass density and temperature, respectively,
gives
Poe =2 0i(i)p s Po=pm+ > pi(1;)e (D.3)
J J
Hence Tb5,T1312 cancel with T35 and To4 with T143. Finally, taking the gradient of the Gibbs-Duhem relation
and using (D.3), we obtain the following identity

Vp=pmV0+ > pjVu

J
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which allows us to write
__ _ = _ _ _ 1 _ _ _
—(pn—pn)(v—0)-VO—>_ Vi; - (p; =P) (v =0)+ ~(p=p)(v~7)- VP
J

—(n—=m)p(v—1)- V0 - ZV (p—pﬁ])-p(v—v).

Therefore

Ty + Ty = (0,0 + v - VO)(—pn)(w|©) — p(w|@)divo — (n — 7)p(v —v) - VO

— ZV[LJ <P; — ppj> -p('U —’D) —p(v —@)V’T} . (’U —17) + T30 + Thss.
J

Regarding T3, we have
T3 = —div <§;/@V9 - éé_wé) + div (kV8 — EV6)
7] 2 —1v7|2
+ Vo (emVH — 9/@V0> ( k|VO|* — 2/{|V9| )
and thus
= 2
Ts + Tige + T3 = div [(9 —0) (;nve — ;ﬁvéﬂ — 0k (ve — v_9>

0 0
Ve VO\ Vo
(9_9) 5 (O = 0).

As for Ty, we have

Ty = fdiv[ZﬂjUj(uj — )+ %(9 —60)> (h; = piny uy} Zuy

J
— > Vi - pju; — —WZ — piky)u
J

Then, by (D.1)-(D.2) and (D.4)—(D.6) we obtain the relative entropy identity (4.23).
A more elegant, however not more advantageous way of writing (4.23) is by noting that

(=p)(w|@)7 - VO = (n = @)p(v — D) - VO = (—pnu)(U|U) - VO + 71(p — p) (v — 7) - V.

Indeed,

(—pn)(U0) +1i(p = p) (v — 0) = —pnpo + piv + > _(p0) . 0(pi — pi) + pil(v — )

i

+ (p7)o0(0 — 0) + fvp — Tvp — 7jop + Top
= (—pn)(w|@)v + pno — pr + piv — pio
= (—pn)(wlw)v — (n —N)p(v — V)

in which case the right-hand side RHS of (4.23) reads
RHS = 9,0(—pn)(w|@) — p(v — ) V(v — D) — p(w|@)dive + (—pnv)(U|U) - VO

il =)= 50~ 3 Vi (—) o) = Y Vs - i

PP

Ve Vo\ Vo
_ <9—9> (9&—9%)—ivoz h _pzﬂz) Uy

(D.6)

(D.7)
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