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EXPONENTIAL CONVERGENCE OF hp-TIME-STEPPING IN SPACE-TIME
DISCRETIZATIONS OF PARABOLIC PDES*

ILARIA PERUGIA!, CHRISTOPH SCHWAB? AND MARCO ZANK**

Abstract. For linear parabolic initial-boundary value problems with self-adjoint, time-homogeneous
elliptic spatial operator in divergence form with Lipschitz-continuous coefficients, and for incompatible,
time-analytic forcing term in polygonal /polyhedral domains D, we prove time-analyticity of solutions.
Temporal analyticity is quantified in terms of weighted, analytic function classes, for data with finite, low
spatial regularity and without boundary compatibility. Leveraging this result, we prove exponential con-
vergence of a conforming, semi-discrete hp-time-stepping approach. We combine this semi-discretization
in time with first-order, so-called “h-version” Lagrangian Finite Elements with corner-refinements in
space into a tensor-product, conforming discretization of a space-time formulation. We prove that, un-
der appropriate corner- and corner-edge mesh-refinement of D, error vs. number of degrees of freedom
in space-time behaves essentially (up to logarithmic terms), to what standard FEM provide for one
elliptic boundary value problem solve in D. We focus on two-dimensional spatial domains and comment
on the one- and the three-dimensional case.
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1. INTRODUCTION

Efficient numerical solution of parabolic evolution problems is required in many applications. In addition to the
plain numerical solution of associated initial-boundary value problems, in recent years the efficient numerical
treatment of optimal control problems and of uncertain input data has been considered. Here, often a large
number of cases needs to be treated, and the (numerical) solution must be stored in a data-compressed format.
Rather than the (trivial) option of a posteriori compressing a numerical solution obtained by a standard scheme,
novel algorithms have emerged featuring some form of space-time compressibility in the numerical solution
process. Ie., the numerical scheme will obtain directly, at runtime, a numerical solution in a compressed format.
As examples, we mention only sparse-grid and wavelet-based methods (e.g., [19]), and wavelet-based compressive
schemes (e.g., [20,31] and the references there). Key to successful compressive space-time discretizations is an
appropriate variational formulation of the evolution problem under consideration. Accordingly, recent years have
seen the development of a variety of, in general nonequivalent, space-time variational formulations of parabolic
initial-boundary value problems. Departing from the classical, Bochner-space perspective used to establish

Keywords and phrases. Parabolic IBVP, space-time methods, hp-FEM, exponential convergence.

1 Faculty of Mathematics, University of Vienna, Vienna, Austria.

2 Seminar for Applied Mathematics, ETH Ziirich, 8092 Ziirich, Switzerland.
*Dedicated to the memory of Dominik Schétzau
**Corresponding author: marco.zank@univie.ac.at

© The authors. Published by EDP Sciences, SMAI 2023

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/m2an/2022081
https://www.esaim-m2an.org
https://orcid.org/0000-0002-4146-1474
mailto:marco.zank@univie.ac.at
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0

30 I. PERUGIA ET AL.

well-posedness, the novel formulations adopt the perspective of treating the parabolic evolution problem as
an operator equation between appropriate function spaces, the primary motivation being accomodation of
efficient, compressive space-time numerical schemes. We mention only [3,9,15, 16, 22,26, 31,33, 35,37] and the
references there. A comprehensive account of the numerical analysis of fized order time-discretizations is provided
in [38] and the references there. In the results given in that volume, the semigroup perspective is adopted, and
the mathematical setting is based on homogeneous Sobolev spaces H #(D), which impose implicit boundary
compatibilities of regular data, see Chapter 19 of [38].

The presently investigated time-discretization approach is based on the space-time variational formulation in
[35]. Tt is of Petrov—Galerkin type, and is based on a fractional order Sobolev space in the temporal direction.
It has been proposed and developed in a series of papers [21,34-36,40]. We briefly recapitulate it here, and
refer to [35] for full development of details. The compressive aspect is here realized by the hp-time discretization
for this formulation. One motivation for considering this formulation is that it was used for the analysis of
the resulting boundary integral operators; see [10]. Thus, conforming discretizations of this variational formu-
lation in fractional order Sobolev spaces are a natural choice for the interior problems of FEM-BEM couplings
for transmission problems. Moreover, when combined with a Hilbert-type transformation in time of the test
functions, this formulation is unconditionally stable for any conforming space-time finite element space, see [35].

Throughout, we denote by D C R¢ a bounded interval (if d = 1), or a bounded polygonal (if d = 2) or
polyhedral (if d = 3) domain, with a Lipschitz boundary I' = 9D consisting of a finite number of plane faces,
and by T" > 0 a finite time horizon. In the space-time cylinder @ = (0,7") x D, we consider the parabolic
initial-boundary value problem (IBVP for short) governed by the partial differential equation

Bu:=0wu+ A0 )u=g¢g in (0,T)xD. (1)

Here, the forcing function g : Q@ — R is assumed to belong to A([0,T]; L?(D)), i.e., it is analytic as a map from
[0,T] into L?(D). The spatial differential operator A(8,) is assumed linear, self-adjoint, in divergence form, i.e.,

A(Dy) = —V, - (A(2)Vs)

with A € L>(D;R%*?) being a symmetric, positive definite matrix function of x € D which does not depend
on the temporal variable ¢. The PDE (1) is completed by initial condition

uli=o = o, (2)
and by mixed boundary conditions

Yu)=up on T'p, y(u)=uy on Ty. (3)

Here, I'p and I' y denote a partitioning of I' = dD into a Dirichlet and a Neumann part, vy denotes the Dirichlet
trace map, and y; denotes the conormal trace operator, given (in strong form) by v, (v) = ng - (A(x)V.0)|r,
with T' = 9D denoting the boundary of D, and n, € L>(I'; R%) the exterior unit normal vector field on T'.

Remark 1.1. In the rest of this paper, the results are formulated for ug = 0, up = 0, and uy = 0. Since the
IBVP (1)—(3) is linear, superposition for a sufficiently regular function U(z,t) in @, which satisfies (2) and (3),
will imply that the function w — U will solve (1)—(3) with ¢ — BU in place of ¢ in (1), and with homogeneous
initial and boundary data in (2) and (3). All regularity hypotheses which we will impose below on the source
term g in (1) (in particular, time-analyticity (39)) entail via U corresponding assumptions on ug, up, and uy.

Exploiting the analytic semigroup property of the parabolic evolution operator, we provide in Section 3.1
sufficient conditions for the time-analyticity of solutions when considered as maps from the time interval [0, T
into a suitable Sobolev space W C L?(D) on the bounded spatial domain D C R<.

Contributions of the present paper are a weighted analytic, temporal regularity analysis based on the analytic
semigroup theory for linear, parabolic evolution equations, for source terms and coefficients of finite spatial
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regularity, and the proof of exponential convergence of a temporal hp-discretization. For polygonal spatial
domain D C R2, and for data without boundary compatibility, we establish a priori convergence rate bounds
for fully discrete, space-time approximations which are based on a fractional order space-time formulation, on
hp-time-stepping and on h-FEM with corner-refined, regular graded triangulations in D. The diffusion coefficient
A(z) is assumed to be independent of ¢, and to belong to W1 (D;R%%2?). We comment on the cases d = 1
(when D is a bounded interval) and d = 3 (when D is a polyhedron).

The layout of this paper is as follows: In Section 2, we introduce notation and function spaces of tensor product
and of Bochner type, which will be used in the following. We also provide the space-time variational formulation
in fractional order spaces and the subspaces used in discretization. Section 3 addresses the solution regularity,
with particular attention to temporal analytic regularity in weighted, analytic Bochner spaces of functions taking
values in corner-weighted, Kondrat’ev type spaces on the domain D. Section 4 then introduces the Galerkin
approximations in space and time that will be used, and their approximation properties. Section 5 contains the
main results on the convergence rate of the discretization. Section 6 describes the numerical realization of the
nonlocal temporal bilinear form, and reports numerical results which are in full agreement with the convergence
rate analysis.

We use standard notation: N = {1,2,...} shall denote the natural numbers, and Ny := NU {0}. For Banach
spaces X and Y, £(X,Y) denotes the space of bounded linear operators from X to Y, and X' := L(X,R)
denotes the dual of X. For ¢ € [1, o0], the usual notation L?(D) is adopted for Lebesgue spaces of g-integrable
functions 4 : D — R over some (bounded) domain D in the Euclidean space R. For nonnegative integers k,
Hilbertian Sobolev spaces (where ¢ = 2) on such domains D are denoted by H*(D). For k = 0, as usual,
H°(D) = L?(D). Hilbertian Sobolev spaces of noninteger order s = k + @ for k € Ny and 0 < 6 < 1 are defined
by interpolation (real method, with fine index 2).

2. FUNCTION SPACES AND SPACE-TIME VARIATIONAL FORMULATION

We introduce several Bochner-type Sobolev spaces in the space-time cylinder @ := J x D, with the finite
time interval J := (0,7 and the bounded spatial domain D C R%.

2.1. Function spaces

Bochner-type function spaces defined on the space-time cylinder Q = J x D are spaces of strongly measurable
maps u: J — H'(D), such that u € H*(J; H (D)) for nonnegative integers k,l. Due to the Hilbertian structure
of H*, these separable Hilbert spaces admit tensor product structure, i.e.,

H*(J;H'(D)) ~ H*(J) ® H'(D) ~ H'(D; H*(J)),

where ~ denotes (isometric) isomorphism and ® the Hilbertian tensor product.

For any integer k > 1, we denote by HJ% the closed subspace of H* of functions with homogeneous boundary
values in the sense of closure of C§° with respect to the norm of H*. For instance, H} denotes the closed
nullspace of the Dirichlet trace operator ~p.

To consider mixed boundary value problems on D, we partition I' = dD into two disjoint pieces I'p and T'y.
Assuming positive (d — 1)-dimensional measure of I'p if d = 2,3, or that I'p contains at least one endpoint of
Difd =1, we set

HE, (D) = {v € H'(D)] 20(v);,, =0}

Evidently, for Tp C T, Hy(D) = Hr(D) € H{ (D) € H'(D).

In the following, we introduce Sobolev spaces for functions defined on an interval (a,b) C R with a < b.
For simplicity, we consider real-valued functions v: (a,b) — R. All results and proofs can be generalized
straightforwardly to X-valued functions v: (a,b) — X for a Hilbert space X, i.e., Bochner—Sobolev spaces. We
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write

Hp (a,b) = H{,(a,b) = {v € H'(a,b)| v(a) =0},

H(a,b) = Hiyy(a,0) = {ve H' ( b)| v(b) = 0}.
In either of these two spaces, the seminorm | o |g1(45) = [|0¢ © || 2(a,p) i @ norm. Thus, | o [g1(4p) is considered
as the norm in Hj (a,b) and Hj(a,b), whereas the space H'(a,b) is endowed with the norm || o ||g1(ap) =

(Ile ||%2(a,b) + 10 0 ||L2(a b))1/2

Fractional order spaces shall be defined by interpolation, via the real method of interpolation (see, e.g., [39],
Chap. 1). We use the fine index ¢ = 2 to preserve the Hilbertian structure. Of particular interest will be the
space

1/2
Hy/?(a,b) := (H3 (a.b), L*(a,0) s

where | o |g1(ap) = |0 © ||L2(a,p) is the norm of the space Hj (a,b). The Sobolev space Hé,/2(a7 b) is a Hilbert
space endowed with the interpolation norm (see [35], Sect. 2.3 for (a,b) = (0,7T)) defined by

1/2

m(2k +1)

H’UHH&/Q(G,;)) = (Z m| k|2 y VE Hé,/Q(a’b)v (4)
' k=0

where the Fourier coefficients vy, are given by vy, = f v(s)Vi(s) ds. Here, we use that any z € L?(a,b) admits a
representation as a Fourier series

oo b
= ZZka(t), 2 = / z(s)Vk(s) ds, k € Ny, (5)
k=0 a

2 2
where V}, denotes an eigenfunction corresponding to eigenvalue A\ = % of

—0uVi(t) = M Vi(t) fort € (a,b), Vi(a) =0Vi(b) =0, |[Villp2ap =1 (6)
In particular for J = (0,T) = (a, b), we have

oo 1/2
Vs 1/2
ol a2y = (2T Z<2k+1>|vk|2> L ve Hy* (),
’ k=0

with the Fourier representation

zgvk@m((gm);), o= [ oo/ Zom( (5 +hr)2) as )

Analogous to Hy/?(.J), the Hilbert space H V2T = (H(J), L*(J))1/2,2 is endowed with the Hilbertian norm
(see [35], Sect. 2 3) defined by

o0

1/2
™
w2, = <2T > 2k + 1)|wk|2> . we HJ(J),
’ =0

where the Fourier coefficients are given by wy = fOT w(s)y/ % cos((Z + km) %) ds.
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To prove exponential convergence of a temporal hp-discretization, we need further investigations of the

! (a,b)”
be endowed with the Slobodetskii norm ([25], p. 74)

Sobolev space Hé/2(a, b) and its norm [ o [[ ;1/2 For this purpose, let the classical Sobolev space H'/?(a,b)
’ 0

1/2
lolsrsr2(a) = (11300 + 191201720 (8)

1/2

b rb 2

v(s) —v(t

|U|H1/2(a,b) = (L /C; |(|st|2)|d5 dt) . (9)

With the Slobodetskii norm (8), we endow H(%)/Q(a7 b) with the norm

for v € HY?(a,b) with

e )
|||U|||H;{2(a,b) = <||U||2L2(a,b) + |U@11/2(a,b) +/a adt> (10)
for v € HS/ *(a,b). We have the following equivalence result for the norms defined in (4) and (10), which is

proven, e.g., in [25] (see the proof in Appendix A for the characterization of the equivalence constants).

Lemma 2.1. There are constants Cins,1, Cmt,2 > 0, which are independent of a,b, such that

40— a)?
OInt,l“U||H3(2(a’b) < |||U|||H5/2( b) = C’Int 2 1+ 7(_27“'()”1{1/2 b)

for allv e H&/z(a,b).
The next result is used for the proof of the temporal hp-error estimate in Section 5. It localizes the H'/?(a, b)

norm in a certain sense. We report its proof in Appendix A, and refer to [14] for a more general localization
result.

Lemma 2.2. For a number 7 € (a,b), the estimate

|7}|2 <| |2 4 7—| ()|2dt 4 b| ( )l d
HY/2(ab) = v H1/2(a,r) + p— + 78 — S+ |U|H1/2(‘r b)
holds true for v € Hl/Q(a, b), if all occurring integrals on the right side exist.

2.2. Hilbert transformation Hr

A key role in the space-time variational formulation of IBVP (1) is taken by the nonlocal operator Hr €
L(L?(J), L*(J)), which is defined by

(M) ( ka[cos((g+kﬂ);), ted (11)

Here, v € L?(J) and its Fourier coefficients vy, = fOT U(s)\/%sin((g + k7)) ds are represented as in (7). We
collect some properties of Hr.
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Proposition 2.3 ([35], Sect. 2.4, [36,40]). The modified Hilbert transformation Hy defined in (11) is a linear
1sometry as mapping
Hr: Hy (J) — HH(J) for ve{0,1/2,1} (12)

and is HS,/Q(J)—elliptic, satisfying

1/2
Yo Hy(J) 1 (00, Hrv) o) = . (13)
Additionally, Hr fulfills the following properties:

V’U w € H1/2(J) : <3tw HT’U>L2(J) <HT’LU, 3tv>L2(J) = <w, v>H3/2(J)7 (14)
Yw € HO,(J)VVU S L2(J) : <a HTU) v>L2(J) <H;latwa U>L2(J)’ (]‘5)
Yo, w € L*(J) : (Hrv,w) 25y = <U,H}1w>L2(J), (16)
Yo e L*(J): (v, Hrv) 2 gy 2 0, (17)
VVE{]./Q,].},VUGH&(J),U#O <'U HTU>L2(J) >0 (18)

Remark 2.4. We remark that (12)—(18) are valid for all 7' > 0. In particular, these identities remain stable
under passage to the limit T — oo, with appropriate modifications of spaces. We refer to [12] for a space-time
variational formulation and a discussion of a Petrov—Galerkin discretization for the resulting limiting problems.

2.3. Model scalar initial value problem

In J = (0,T), for a given right-hand side f, consider the scalar IVP to find a function « : J — R such that
Owu = fin J, u(0)=0.
A weak formulation relevant for treatment of IBVP (1) is to find u € H&{Q(J) such that
1/2

for given f € [Hl/z( J)|'. Here, (0,0) 2 denotes the inner product in L?(J) and as continuous extension of it,

also the duality pairing with respect to [H Y () and H ’10/ *(J). The continuous bilinear form on the left side
of (19) is inf-sup stable:

Oy, w
inf sup (9 >L2(J)

> 1. (20)
0zue (1) ogwen’y () 1l i o 10l gz )

This is shown in Remark 2.10 of [35] by observing that, for every u € H, % 2(J ),

(Ovu, Hrw) 2 ) (Opu, w) 2 gy
- - Y sup T TEE—

Hu||H1/2 n -
0, (J) ”HTUHH}O/Q(J) 0#u;€H1/2(J) ||w||H,10/2(J)

For every f € [H 1/2(J)}’, IVP (19) then admits a unique solution u € Hé’/Q(J).
For the derivation of a space-time variational formulation of (1), it is useful to consider a parametric IVP:

for a given parameter 1 > 0 (eventually in the spectrum of the spatial operator of (1)) and for f € [H 1/ 2(] ),
find v € Hé,/z(J) such that Oyu + pu = f in [H,IO/Q(J)]’. A Petrov-Galerkin variational form of this problem is
to find v € Hé,/Q(J) such that

Vw € Hy*(J) : (Ovu, w) 2 gy + plw, w) 2y = (W) L2 g (21)
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A Bubnov-Galerkin variational form with equal trial and test function spaces is to find u € Hé)/Q(J) such that

Yo € Hy/?(J) : (O, Hav) oy + i, Hrv) o gy = (F HI) o - (22)
Both formulations (21) and (22) admit unique solutions due to (20) and (17).

2.4. Temporal hp-discretization

To discretize (22), we use some space V,M C Hol,/z(J) of finite dimension M = dim(V,™). In the hp-time
discretization, we build VM as follows: on a partition G = {I;}7-, of J into m time intervals I; := (t;_1,1;),
where 0 =: tg < t; < --+ < t;, := T, we choose VM as a space of continuous, piecewise polynomials of degrees
pj > 1, which we collect in the degree vector p := (p;)jL; € N™. We define

VM = SPY(J;G) = {v € Hy(J): v, €PP, Ic g}. (23)

Here, continuity between adjacent time-intervals is required to ensure Sg, ’1(J;g) C Hé/ 2(J). Then M =

dim(SE(736)) = (L7 (s + 1)) = m = X7y
We restrict (22) to VM to obtain the temporal hp-approximation: find u} € VM such that

Vo € VM (Opu Hro) o o)+ iudt, Hrw) ) = (L HE0) 2y (24)

Due to the inf-sup stability (20) and p > 0, the discretization (24) is well-posed with inf-sup constant indepen-
dent of G and of p. Its numerical implementation will require, similar to [12,35], the efficient evaluation of Hrv
for v € VM. We shall address this in Section 6.1 below.

2.5. Space-time variational formulation

We counsider the source problem corresponding to the spatial part of (1). Its variational form reads: given a
source term f € L%(D), find

w € HE (D) such that Vv € Hi (D) : a(w,v) = (f,0) 2y (25)
Here, a(w,v) = [ A(z)Vyw(x) - Vyo(x) de. We assume uniform positive definiteness of A:

-
Amin := essinf inf ¢ Aw@)e

——>0. 26
z€D 0£¢erd 1€ ~ (26)

With assumption (26), we have
Yw € Hp, (D) a(w,w) > amin||Vowl|72p) > amncllwli )

due to [Tp| >0ifd=2,30or I'p # 0 if d =1, and the Poincaré inequality.
The spectral theorem and the symmetry a(w,v) = a(v,w) for all v,w € H*(D) ensure that the corresponding
eigenvalue problem to find

0#¢ € Hp,(D), peR: VYoe Hp, (D) : a(p,v) = (¢, v) 12p) (27)

admits a sequence of eigenpairs {(ug, ¢r)}r>1 enumerated in increasing order of the real eigenvalues uy > 0,
repeated according to multiplicity, with the eigenfunctions ¢ orthonormal in L?(D) and orthogonal in H%D (D),
and with p accumulating only at co. In view of the forthcoming analysis, in what follows, we endow H, %D (D) with
the “energy” norm a(o,0)'/2. We remark that, for v € H. (D), a(v,v) = Y ;2 ps|vi|?, where v; = (v, Di)r2(p)-
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The space-time variational formulation of (1) is based on the intersection space
1,1/2 1/2
HEYG Q) = (12() @ HE, (D) 0 (Hy* () @ 12(D)),

which we equip with the corresponding sum norm. The space HIEDl/ % (@) is defined analogously. Proceeding as

in Theorem 3.2 of [35], the initial-boundary value problem (1)—(3) is set as a well-posed operator equation.

Theorem 2.5. Consider (1)—(3) with homogeneous data ug = 0 in (2) and up,uny = 0in (3). Assume |[I'p| > 0
ifd=2,3 orTp #0 if d =1, and that the coefficient A € L>(D;RX%) satisfies (26).

sym
Then, the space-time variational formulation of (1) to find u € HI{;/OQ (Q) such that

Yo € HM0(Q) + (0u,0) 10y + (AVatt, Vo) 1) = (9:0) 120 (28)
induces an isomorphism

B =00+ A0:) € o 5@ [HE5(@] ).

In particular, for every g € [HIE;/%(Q)]', IBVP Bu = g in (1) admits a unique solution u € H%Dl/OQ (Q).

We remark that (0,0);, ¢ denotes the inner product in L?(Q) and as continuous extension of it, also the
duality pairing with respect to [H;;/%(Q)]’ and HE;/%(Q) The space-time discretization of (28) is straight-
forward: for any conforming, spatial finite element subspace VN C H%D (D) of finite dimension N, and for the

temporal hp-subspace VM C Hé / 2(J ) introduced in (23), we restrict (28) to the space-time approximation space
M N 1,1/2
VM e vy c BYE(Q). (29)
That is, we seek an approximate solution u™" € VM @ V.V such that

(0™, 0) 1 ) + (AVU™Y Vov) 1 ) = (9,0) 12 (30)

holds true for all v € (HrVM) @ VN C H%;/%(Q)

For these choices of test function spaces and for any subspace V.Y C V of finite dimension N, as in Section 3
of [35], existence and uniqueness of the discrete solution u™~ € VM @ V.N H%Dl/OZ (Q) of (30) follow from the
continuous inf-sup condition

O, w + (AVu, Vow 1
o “up (G, w) 2 (g) + 2@ o 1
0£uEHT 3 (Q) 0we HL V2 (Q) ”“”H;g{; @ “w”Hé’;{%(Q) 2

With Hy. (D) endowed with the a(o, 0)'/2 norm, the proof of this condition with constant independent of A
follows verbatim that of Theorem 3.2, Corollary 3.3 of [35] for the case A = I. Evidently, the stability of the
discrete problem is a consequence of the choice of the test function space HrV,M, whose efficient numerical
realization will be discussed in Section 6.

3. REGULARITY

To obtain convergence rate bounds, we address the regularity of the solution u € H%DI/OQ (Q). We consider

separately the temporal and spatial regularity. The solution operator to the parabolic equation (1) being an
analytic semigroup, for time-analytic forcing g in (1) we expect time-analyticity of u. This, in turn, is well-known
to imply exponential convergence of hp-time-stepping as shown, e.g., in [12,28] and the references there. We
shall verify this in Sections 4 and 5 below.
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3.1. Time-analyticity

We quantify the temporal analyticity of the solution u : ¢ — wu(t) with u(t) := u(t, o) € L*(D). To this end, we
recall the eigenvalue problem (27). Setting H := L?(D) and thus denoting by (o,0), the L?(D) inner product,
the solution w(t) of (1) at time ¢ > 0 for g = 0, up = uy = 0, and for initial data ug € H may be written as

u(t) = E(t)ug := Y _ exp(—pit)(uo, ¢:) b (31)
i=1
with convergence of the series in H. The operators { E(t)}+>0 satisfy the semigroup property in H, i.e.,

Vs,t>0: E(s+t)=E(s)E(t), E(0)=1Id.

For r > 0, we define the scale of spaces X, C H = Xj

X, = {v e H: H’UHXT Z:,ul|vl|2 < oo} (32)

Here, v; = (v, ¢;) denotes the i-th coefficient in the eigenfunction expansion of v (recall from (27) that the
sequence {¢;};>1 was assumed to be an orthonormal basis of H = X). We remark that the norm || o||x, is the
energy-norm on the space V = H%D (D), due to

YoeV: ||k, =alv,v) = Zum}z

For Tp|>0ifd=230r'p #0ifd=1, | o|x, is equivalent to the H(D) norm on V and the norm bounds
vl x, < c||v]|x,, for v > r follow from (32) and the assumed enumeration of the real eigenvalues p; > 0 with
w; T oo as i oo:

o0
Il = Dot < (s ™) Sl <57 I 3
m i=1

For 0,r > 0 and for any ¢ > 0, E(¢) in (31) belongs to £(Xy, X,-). In fact, for any ¢ > 0 and v € Xy, we have

IE®)o%, —Zuz exp(—2p;t)|v|* Zu’“ % exp(—2pit)f i |*. (34)
=1

For 6 > r > 0, identity (34) implies

o0
—(0—r —(0—r
1E@wlk, < 677 exp(=2t) S @llvil* = 5y 7 exp(—2mt) o]k,
=1

for all v € Xy, i.e., E(t) € L(Xy, X,) for any t > 0 with
Vo> r >0, V>0 [|E@®| %, x) < 1T exp(—2umt). (35)

For r > 6 > 0, for any t > 0 and v € Xy, identity (34) implies

IE(t)vll%, <Sup{u7" ? exp(—2u;t }z:uzlvzl2 =: Grog(t)|vl%,- (36)

1=1
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To provide an upper bound for G,._y(t), we observe that, for fixed ¢, > 0, the function 0 < p +— %% exp(—2put)
takes its maximum at u. := o/t whence

V00 Goolt) < Ga(ot) = [ exp(-uat)]* = (2) 7 (37)

Inserting (37) with o = (r — #)/2 > 0 into (36), we arrive at

r—0
9 r—0
The exponential decay of the Fourier coefficients for ¢ > 0 implied by the exponential weighting exp(—pu;t) entails
time-analyticity of the solution ¢ — w(t) for t > 0. To prove exponential convergence rates of hp-approximation
in J = (0,T), we quantify the time-regularity of the solution u of (1) for ug = 0 and up = uy = 0 with the
Duhamel representation (see, e.g., [27])

(1) = /OtE(t—s)g(s) ds, 0<t<T. (38)

We work under the following time-analyticity assumption on the forcing g in (1): There exist constants C' > 0
and § > 1 such that, for some € € (0,1), we have

VIieNy: sup Hg(l) ‘
0<t<T X.

< O8'T(1+ 1), (39)

where I'(o) denotes the gamma function fulfilling I'(l) = (l - 1)' for all I € N. Formally differentiating (38)

[-times with respect to ¢, upon writing it equivalently as (¢ fo g(t — s) ds, gives
dl -1
- () (¢ (l 1- ) (l) _
@u(t)—Z;EZ( ‘ / E(s)gV(t —s)ds, leN,t>0. (40)

The right limits at ¢ = 0 of the time-derivatives of the forcing g in (1) contribute to the time-regularity. We
estimate the norm of the operators E(®)(t) in £(Xg, X,.).

Lemma 3.1. Forr > 60 > 0, we have
1 1 21+7‘ 0
VeNo, ¥t >0: |[EO@ H < () T(21+1 41— )12 (=0, 4
’ £(Xe,Xr) — /21 \ 2 ( ) (41)

Proof. For v € H = Xy, with v; = (v, ¢;), the time-derivative of order [ € N applied to v(t) = E(t)v
represented as in (31) yields (with formal, term-by-term differentiation)

d S
0= D (=) exp(—pit)vids
i=1

with convergence in H for arbitrary, fixed ¢ > 0. Therefore

w0s o)

Z/ﬂ“ % exp(—2puit) ;|
It follows from (37) that for every ¢t > 0

2
WO = Caurr-am Ok, < Gl +r = 0)/2, 00l
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Therefore, for every v € Xy and every r > 6 > 0, we have

2 o +r— 0 2l4+r—0 1 2l+r—0 o0 +r— 0 2l+r—0 -
. (1) < 2 _ (= aTr—v —2l—(r—0) 2
MeNt>0: | (t)HX,,. = ( oo ) Iolx, = { 3 o t o,

For z € R, the Stirling’s formula (C.1) states v/27 2%~ /2¢=* < T'(x), which implies (z/e)* < ﬁx_l/QF(x—i—l).

With 2 = 21 + r — 6, this gives the claimed bound, as (21 47 — )~%/2 < 1. a

Lemma 3.2. Assume (39) with some € € (0,1) and some 6 > 1. For r € [0,2], there exists a constant C' > 0
(independent of 0, , t) such that, for everyl € Ny and t > 0, we have

|«

r

-1
< C(sll—\(l + 1) <t(2r+min{r,a})/2 + Ztir/2+s/2> ) (42)
=0

For 1 =0, this bound is valid without the sum.

Proof. From (40), we estimate for every 0 <t < T

ds.
Xe

gt - 8)‘

-1 t
o0y, <ZNE0]y O+ [1E
[, = XJ200] o ld O+ L IEO e

To estimate the sum, we use (41) with 6 = & and assumption (39) and obtain

-1 ‘ ‘ -1 1 it+r/2—e/2 ) ‘
ZHE(” (t)H g“*’*”(O)‘ < c(> D(2 4+ 141 — )24 imr/2+e/2g=1=ip( )
P £(Xe,X) X,

-1 i+r/2—€/2
1 )
<oty () (2 + 1 41— ) /2T(1 — i) ¢~ir/2+e/2

=0 2
-1
SOOI T+ 1+7/2— /201 — i)t /A
=0
-1
< Cél_ll“(l + 1) Zt—i—r/2+a/2,
=0

where in the third inequality we have used the duplication formula I'(2)['(z + 1/2) = 21722/7['(22) with
z = (2i +1+4+r —¢€)/2, and the fourth inequality follows from maxo<;<;—1I'(i + 1+ /2 —¢/2)T(l — i) <
maxp<i<i—1 F(’L + Q)F(l — ’L) S F(l + 1)

To estimate the integral term for ¢ < r < 2, we use assumption (39) with ¢ € (0,1) and (41) with [ = 0,
0 =e>0and e <r <2, and obtain, for every | € Ny,

t
/0 1B ex.x

with C. = 2/(2 — r + ). It remains to estimate the integral term for 0 < r < . In this case, for every [ € Ny,
we have

t
/0 1B 2x.x

where the bound (35) is used (6'5 = MI(E#H)/Q). This completes the proof of the assertion. O

t
g0~ S)‘ o s < COT(+ 1)/ 592 ds = COST (1 + 1)t27+e)/2
N 0

gt - 8)‘

t
L ds < OO+ 1)/ iy T2 exp(—pys) ds < COS'T(1 + 1)t,
€ 0
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Remark 3.3. For 0 < r < 2, the preceding result is valid under hypothesis (39) with e = 0, as used, e.g., in
[28], but with C(r) T oo as r 1 2.

Lemma 3.4. Assume (39) with some ¢ € (0,1) and some § > 1. Let u be the solution of (28). For T > b >

a > 1, the estimate
b
Vvl e Ny : /

holds true with a constant C(g,a,b) > 0 independent of I and §. Furthermore, for J = (0,T), we have u €
H&y(J; H) with

u® (t)‘

1/2
2
N dt) < O'T(1 +2)C(e,a,b) (43)

2

T 1/2 T 1/
(/ ||u<t>|zdt> < o, (/ u'<t>||§,dt> < 8 (1'% + 77112 (44)

and u € L*(J; Xs) with
lull 2,5,y < CT?H2, (45)

where the constant C > 0 is independent of €, § and T.

Proof. The bound (43) follows from (42). For the estimates (44) and (45), we use (42) for r = 0 with I =0 or
=1, and r = 2 with | = 0, respectively. O

Proposition 3.5. Assume (39) with some € € (0,1) and some 6 > 1. For r € [0,2], there exists a constant
C > 0 (independent of I, §, a, b, t, q) such that the solution u of (28) satisfies

Vi € N, Vt € (0, min{1,T}] : Hu(l)(t)‘ L S OST2res, (46)
and, for 0 < a <b < min{1,T},
b ) 1/2
VieN1>2: uD(t)||  dt < CO'T(1 4 2)a=H3/271/2+2/2) (47)
u X,
and, for arbitrary q > 2,
[ull o ((a.pyex,) < COUT(q + B)a=a3/27r/2He/2, (48)

Proof. The bound (46) follows from (42). Estimate (47) is obtained by integrating the pointwise bound (46).
The Sobolev bound (48) follows by interpolation. O

For the proof of the exponential convergence rate of the space-time discretization proposed in this work, we
need the following regularity result, which is proven in Appendix B.

Lemma 3.6. Assume (39) with some ¢ € (0,1) and some 6 > 1 for 1 =0,1. Then, for b € (0,T], the solution
u of (28) belongs to Hé’/Q((O,b);Xg) and the estimate

51 . 5 e 1/2
< al 4 71)5/2 _ _ S
|||U\‘|H(}f2((o,b);x2) = \/;5 <1 +e + € + (e + 1)(€+2)> Cs

Cy = llgllwr.0.0):x.) =maX{ sup [|g(t)[|x_, sup ||9/(t)||xs}‘ (49)
0<t<b 0<t<b

holds true, with
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Remark 3.7. The assertion of Lemma 3.6 can be generalized. For this purpose, define the interpolation space
H{ (a,b) := (H{ (a,b), L*(a,b))g,2 for 6 € [1/2,1] with the usual Slobodetskii norm llell 76 (q,p) as in [25], p. 74,
where a < b, a,b € R. Then, under the assumption of Lemma 3.6, we have

|||u|||Hg,((0,b);X2) < C(b,e,0,9)
for 6 € [1/2,1/2+¢) N [1/2,1] with a constant C(b, €, 6, g) > 0.

3.2. Spatial regularity

We elaborate here on the regularity of the solution with respect to the spatial variable z € D. For (1), this
regularity is, of course, dependent on the temporal variable ¢, and the spaces X,. defined in (32) via eigensystems,
which are intrinsic to the spatial operator (25) with (26), play a prominent role. In order to leverage spatial
approximation results, we relate these spaces to standard (d = 1) or corner-weighted (d > 2) Sobolev spaces.
As we shall consider in detail only P'-Lagrangian FEM approximation in D, for the ensuing convergence rate
analysis in Section 4 we are mainly interested in the spaces X, for r = 0,1,2 as defined in (32). The cases
0 < r <1 coincide with standard Sobolev spaces endowed with equivalent norms.

Proposition 3.8. For space dimension d > 2, assume that D C R? is a bounded Lipschitz domain. Assume
Jfurther that A € L>(D; RE<Y) is uniformly positive definite in the sense that (26) is satisfied. Then, Xo = L*(D)

and X1 ~ H} (D) and for 0 <r <1, X, ~ (L*(D), H} (D))r2.

Consider next 1 < r < 2. Once we characterize X, for 1 < r < 2, X, is characterized by real interpolation.
To characterize X5, we consider the source diffusion problem (25), with assumption (26) in place. In addition,
we assurme

feL*D), AeW">(D;RLY). (50)

sym

Then, eigenfunction expansions of f € L?(D) imply that the unique solution u € X; of (25) belongs to Xo.
Furthermore, the solution operator is bijective, since from (32) and (50) it follows that

oo

lal%, = S il = 14@)ul? = S 1Al = 1122 m)- (51)
k=1

k=1

It remains to relate the space X5, which is defined in terms of the spatial operator A(9,), to an intrinsic function
space in D. Due to (51), X2 = (A(9,)) 'L?(D). To characterize elements in X, we use the elliptic regularity
of the BVP (25) with time-independent data f € L?(D) in standard (if d = 1) or corner-weighted (if d > 2)
Sobolev spaces in D C R¢.

3.2.1. Cased=1

The spatial domain D is an open, bounded and connected interval, and, by (50), the diffusion coefficient is a
scalar a € W1°°(D) such that (26) is satisfied.

Standard elliptic regularity results imply that there exists a constant ¢ > 0 such that, for every f € L?(D),
the solution u = A(9,)~1f belongs to H?(D) and satisfies vl r2py < ellfllz2(p)- This, combined with (51),
gives that Xy C H?(D) and

VoeXa: [ollgapy < clily,. (52)

Remark 3.9. For d = 1, a continuous embedding of X5 into a nonintrinsic function space can be easily
established also for transmission problems. Assume D to be partitioned into ngyp, disjoint, open and connected
subintervals D = {D;}!*%" and denote the corresponding broken Sobolev spaces W*°(D) = {a € L>=(D) :
ay, € Wh(Dy), i = 1,...,ngp} and H*(D) := {v € H'(D) : v, € H*(D;), i = 1,...,nqu}. We set

D;
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Msub

HU||§12(D) = Hv||§{1(D) + > v|%,2(Di). We assume that the diffusion coefficient a belongs to W1°°(D) and
satisfies (26). In this case, standard elliptic regularity results imply that there exists a constant ¢ > 0 such
that, for every f € L*(D), u = A(9,)"'f € H?(D) and [0l zr2(py < ell fllp2py- This, combined with (51), gives
X, C H?(D) and (52) is valid with [v[| g2 (py on the left side.

3.2.2. Cased =2

Under (50), for polygonal domains D C R?, weak solutions of the source problem (25) are known to belong
to a weighted Sobolev space of Kondrat’ev type which is defined as follows.

Definition 3.10 (Kondrat’ev Spaces in dimension d = 2). Assume that D C R? is a bounded polygonal domain
with > 3 corners and straight sides, whose boundary 0D is Lipschitz.

Denote by rp : D — R a smooth function that locally, in a (sufficiently small) open neighborhood of each
corner of D, coincides with the Euclidean distance to that corner. Then, for m € Ny and for some constant
a € R, the Kondrat’ev corner-weighted Sobolev space K7*(D) is defined as

K'(D) := {v: D—R: Vo <m: Tlglfaﬁo‘v € LQ(D)}, (53)

with [0z ) = (X ja<m 715~ 0% 0] 22(p)) /2.

The regularity result in question is a special case of Corollary 4.5 from [8], which we state here for definiteness
in the form required by us.

Proposition 3.11. Assume that D C R? is a bounded polygon with boundary OD consisting of a finite number
of straight sides. Consider the elliptic source problem (25) with assumptions (26) and (50) in place.

Then, there exist ¢ > 0 and a constant a > 0 such that, for every f € L?(D), the weak solution u € X; =
H} (D) of (25) belongs to K7, (D) and satisfies the a priori estimate

||u||}C2+1(D) < C||fHL2(D)' (54)
In particular, therefore, Xo C K2, 1(D) and there exists ¢ > 0 such that
Vv € Xy : ||v||K§+1(D) <[], - (55)

Proof. Assumption (50) implies that A € W1>°(D) as defined in equation (5) of [8], and that ||A||W1,OQ(D) <
C(D)||A||W1,OO(D). We may then use Corollary 4.5 of [8] with b, = ¢ = 0, m = 1, to conclude the a priori
estimate

lullicz, oy < ellfllce_, o)

for all |a| < n for some (sufficiently small) n > 0. We assume, without loss of generality, that 0 < n < 1. Then,
definition (53) states that f € KY_;(D) means rg(afl)f € L?(D). As —(a—1) > 0, 7"5(‘%1) € L*>°(D), so that
Hf||,c071(D) < c(a,D)[|fll z2(p)- The a priori estimate implies then (54). Since || f|;2p) = [lullx, (see (51)), the

a priori estimate also implies (55). O

Remark 3.12. For transmission problems in a polygonal domain D, with piecewise constant, isotropic coeffi-
cients in materials occupying a finite number ngy, of polygonal subdomains D; C D, regularity in the weighted
spaces K2 (D) with radial weights also at multi-material intersection points in D are stated in Theorem 4.7
of [23]. The assumptions in [23] on A are more restrictive than just (26) and A € Wh*°(D;R%<d) with
D = {D;};=%". The regularity result in Theorem 4.7 of [23] with m = 1 will imply for v € X, a splitting
U = Ureg +Ws, With the bound (54) for ureg|Di on each subdomain D;, and with w, in a finite-dimensional space
W, see Section 4.2 of [23].
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3.2.3. Cased =3

Proposition 3.11 remains valid in space dimension d = 3. To detail a precise statement, we still assume (50).
Then, Theorem 1.1 of [2] implies (54) and (55) in bounded, polyhedral domains D C R? with Lipschitz boundary
0D consisting of a finite number of plane faces. Similar results are shown in [24] and, for the Poisson equation
with I' = T'p, in Theorem 1.2 of [6] (with x = 1 in the statement of that theorem).

4. APPROXIMATION

We introduce the spatial and temporal (quasi-) interpolation operators that shall allow us to deduce conver-
gence rates of the space-time variational approximation of formulation (28). In order to use the tensor product
construction of subspaces in (29), we specify the choice of temporal subspaces V;" C HS,/ 2(] ) for the temporal
domain J = (0,7). In the spatial domain D, V.,V € H}\_(D) will be specified in Section 4.2 below.

4.1. hp-approximation in J = [0, T

To specify the hp-subspace V," C Hé / 2(J ) in (29), we fix the geometric subdivision parameter o € (0,1) and

the number of elements m := my + mo € N with given 2 < m; € N, mg € Ng. We set T} := min{1,7}. Then,
we define the time steps by

0, 7=0,
t; = Tyg™—J jed{l,...,m}, (56)
Lol (f—m)+ T, je{m+1,...,mi+mo}, ifmg>0,

where the last line is omitted in the case T} = T, i.e., we assume mo = 0 whenever 17 = T. Furthermore, we
denote by I; = (tj_1,t;) C J the corresponding time intervals of lengths k; := |I;| = t; — t;_1, fulfilling

T10m1717 ]: ]-7
kj =< Tio™ (1 —0), je{2,...,m}, (57)
kT::%’ je{m1+1,...7m1+m2}7 1fm2>0

Note that the splitting of J = [0, 7] into the parts [0, T1] and [T}, T] is necessary for the proofs of the hp-error
estimate in Section 5, since Proposition 3.5 states estimates for b < 77 = min{1,T} only. In other words, we
apply the temporal hp-FEM in [0, T1], whereas in [T}, T] we use a temporal p-FEM in the case T > 1. With this
notation, we define a geometric partition G;* = {I;}7L; of J = (0,7). On G*, we introduce the distribution

o

P = (p1,...,pm) € N of polynomial degrees as follows: For a given slope parameter un, € R, pnp, > 1, we set
L, J=1
pj = \_Mhpjja ,7 € {2a e am1}7 (58)

pr o= LMhpm1J7 j € {m1+1,...,m1 +m2}, if mo > 0,

where |o| denotes the floor function. Again, in the case ms = 0, the last line is omitted. Thus, we set
SPL(J;G™) = {v e C°%J) : vy, € PPi}, and the temporal subspace V;* in (29) is defined as

SP (TG = {v € SPH(T;G™) 1 w(0) = 0} € Hy*(J). (59)

Due to the continuity requirement at t; for j = 1,...,m — 1, which is mandated by the H'/2-conformity, and
the zero trace at t = 0, it holds that

M = dim(Sg,’l(J; g;”)) = ipj.
j=1
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We introduce the temporal quasi-interpolant H v for a sufficiently smooth function v: [0,7] — R by

(H”’lv> (1) = (t1)t/t1, tely (60)
o) T oty + (0 )€ d8, te T, jeq2,.. m),

where HLQ(I ) denotes the L?(I;) projection onto PPi~1. As (60) uses point values of the interpolated function,

H’g’m is only defined on a subspace of the continuous functions C°(.J). Note that the nodal property

Vi€ {0,...,m}: (ng;v) (t;) = v(t)) (61)

holds true for a sufficiently smooth function v with v(0) = 0. Our approach to convergence rate bounds in the
fractional Sobolev norms is to first obtain estimates in the additive integer order L? and H' norms in the usual
fashion by scaling estimates on unit size reference domains, then to interpolate the global L? and H' norm error
bounds. For j > 2, the error bounds in I; are standard hp-interpolation error estimates as can be found, e.g.,
in Chapter 3 of [30]. We recall the error bound on I = (—1,1), with the estimates on I; following by scaling.

Lemma 4.1. On I = (=1,1), for every p € N, a projector 12[11’: Hl(f) — IP’p(f) exists such that, for all
v € H™(I) with some r € N,

_ <].2.[11)U)/ S LH (S+1 ’ (62)
L2 (1) (p+s) L2(f)
and ) )
o= mtto]]. ;) < rrr| Kl (63)
L2~ plp+1) (p+s) L2(f)

are valid for every integer s with 0 < s < min{r, p}. Furthermore,
(ﬂ%{u) (£1) = v(£1).

We remark that the projectors II? for p > 1 are given by
t

(i) = o0+ [ B 0H© e tel
-1

with f[gil denoting the LQ(f) projection onto PP~!,

For I; € G with j > 2, the global quasi-interpolation projectors 115 ,i are obtained by transporting ﬁzly from
I to I; € G7' via affine transformations 7 : I— I;, resulting in local projections IT} Jj

We scale the projection error bounds (62) and (63) to I, and apply them to strongly measurable maps
v: I; — X for separable Hilbert space X by Hilbertian tensorizatlon of Bochner spaces. We denote by PP(I;; X)
the linear space of polynomial maps of degree p with coefficients in X. We obtain the following result.

Lemma 4.2. For every I; € G' with j > 2 with time-step size kj = |I;|, and for every p € N, there exists a
projector Hﬁ),j : HY(I;; X) — PP(1;; X) such that, for every v € H™(I;; X) with some r € N, the error bounds

(=) (ki \ ") fesr 2
o0 =00 ol < (7)1 livcnim
and 2(s+1)
1 (p—98) [k \"° o 2
HU — UHL2(I X) S pg(p_i_ 1) (p+8)' <2j> ||at+1UHL2(Ij;X)

are valid for every integer s with 0 < s < min{r,p}. Furthermore,

(I} ;0) (1) = v(t) in X for t € dl; = {t;1,t;}.
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4.2. PL-FEM approximation in D

We consider the choice of subspaces VY C H{ (D) in (29) as standard, conforming P'-Lagrangian finite
elements on simplicial meshes 7 of D. We denote by S*(D;7) the space of continuous, piecewise linear functions
on 7, and further, we define the closed subspace

St (D;T):=S'(D;T)N Hy, (D) C HE, (D). (64)

4.2.1. Cased=1

For any finite partition 7 of the open, bounded and connected interval D into N open subintervals that is
quasi-uniform with mesh width h := max{[l;| : [; € 7} > 0, there exists a constant ¢ > 0 independent of
N = O(h™!) such that the nodal interpolant IV : C°(D) — SY(D;7) satisfies

Yo e Xo: HU—INUHLZ(D)—l—N_lHU—IN

“HHI(D) < eN72|[v]| g2 - (65)

With (52), for any f € L?(D), we also have that the solution u = A(9,)~! f satisfies

e = Tl 2y + N7 o= | ) < N2 £l 2y

Remark 4.3. For transmission problems with diffusion coefficient a € W1°°(D) as in Remark 3.9, assuming
that 7 is compatible with the partition D (i.e., the set of nodes of 7 includes all interfaces in D), the nodal
interpolant IV : C°(D) — SY(D;7) satisfies (65) with [Vl g72(py instead of [[v]|2(p) on the right side. The
subsequent estimate for u = A(0;)~'f, f € L*(D), follows from (52) with [[v]|2(py on the left side (see
Remark 3.9).

4.2.2. Cased =2

D C R? is a polygon with a finite number of corners and straight sides. We assume furthermore that each
entire side I'; has either the Dirichlet or the Neumann boundary condition (this is possible by subdividing sides
of D with changing boundary conditions and by increasing M appropriately; points where boundary conditions
change become then “corner points”).

As it is well-known (e.g., [1,4,5] and the references there), functions v € K2, (D) allow for rate-optimal
approximation in H'(D) and L?(D) norms in terms of continuous, piecewise linear nodal Lagrangian FEM in
D, on regular, simplicial partitions TﬂN (see, e.g., [1,4,5] and the references there for constructions) of D with
O(N) triangles and algebraic corner-refinement towards the vertices of D. The subscript 8 € (0, 1] denotes the
corner-refinement parameter, with 3 = 1 corresponding to quasi-uniform meshes. As K2,,(D) C C(D) (see,
e.g., [5]), the nodal interpolation operator Iév is well-defined for u € K2, (D). Also, for u € K2, ;(D)N H}. (D),
the interpolants év u satisfy exactly the homogeneous Dirichlet boundary conditions on I'p. Furthermore, for
suitably strong mesh grading as expressed by the parameter 8 (depending on D, and the corner angles at the
vertices of D), the interpolants I év u of u € K2 1+1(D) converge at optimal rates under mesh refinement: there
exists a constant ¢ > 0 such that, for all N = dim(St._ (D;73Y)) € N,

e = 15| 2y + N 72w = 15| 1 ) < N lullia oy < eNTHIS 2oy (66)

Here, we used (54) in the last step.

Remark 4.4. The interpolation error bound (66) is based on the graded mesh family {’THN }n>1. The bound
(66) also holds on families of bisection tree meshes, as shown in Theorem 2.2 of [17]. Such families are typically
generated by adaptive algorithms, and will also be used in the ensuing numerical experiments in Section 6
below.
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Remark 4.5. For transmission problems in D, with A as in (26), piecewise smooth on a finite partition {D;};=3
of D in straight-sided polygons D;, the results in Theorem 4.7 of [23] imply that with graded meshes in each D;
with grading towards multimaterial intersection points, the interpolation error bound (66) is based on the graded
mesh family {TﬁN }n>1 still remains true by approximating e and w, in the decomposition of Theorem 4.7
from [23] separately.

4.2.8. Cased =3

Only partial extensions of (66) to space dimension d = 3 are available. We indicate the argument in one
particular case. Specifically, we assume (26), (50) and, in addition, that A(z) = a(z)I, with a € WH*(D).
Furthermore, we assume that I'p = T, i.e., we consider homogeneous Dirichlet boundary conditions on the
entire I'. The temporal (analytic) regularity in Section 3.1 is then still valid and, as outlined in Section 3.2.3,
the space X5 is continuously embedded into a weighted Kondrat’ev space in D with corner- and edge-weights.
A convergence estimate analogous to the H' bound in (66) (with rate N~/ instead of N~/2) is stated
in Theorem 2.1 of [6] with m = 1, and proven in [7], for standard, first-order Langrangian FEM in D on regular
triangulations of D into simplices, with anisotropic edge refinements.

5. CONVERGENCE RATE OF THE SPACE-TIME DISCRETIZATION

We are in a position to establish the convergence rate of the space-time Galerkin discretization (30) with
VM = SPH(J;G) as defined in (59) and with V¥ = SL_(D;7}") as given in (64), where 8 = 1 in the case
d=1.

We will require the temporal HSV/Z(J) projector Qi/Q onto VM and the spatial H%D (D) “Ritz” projector QL

1/2 .
' “HH;% < oll ey 1Qavllx, < Mol

into VIN . Being orthogonal projections, they are stable, i.e.,

and optimal in the respective spaces, i.e.,

1/2
U=,

o . . N 1 _ . B
sy = i 0 =l and o= Qiolly, = min o - wily,

Here, we recall that X; = H_(D) denotes the “energy” space with norm given by ||v||y, := a(v,v)"/2. Hence,
we may write (for sufficiently regular arguments v)

||U_leanX1 §CH”_IL]1V”HH1(D) (67)

with a constant ¢ > 0 depending on D and on the coefficient A. Assuming a sufficiently strong corner-mesh
refinement in D in the case d = 2, an Aubin—Nitsche duality argument, together with (65) and (52) if d = 1,
or (66) and (55) if d = 2, implies that there exists a constant ¢ > 0 such that, for all N = dim(St  (D; TBN))
and all w € X5 (see, e.g., [5], Thm. 5.2),

o = Qhw]| oy < N, (63)

The optimality of the temporal projection Qi /% in H017/ 2(J ) also implies

1/2

p,1

v Hg;,,v (69)

<
UHH&P(J) - H HH&M(J)

for a sufficiently regular v: J — R. Here, Hg;}b is the temporal quasi-interpolant of Section 4.1. Proceeding as
in the proof of Theorem 3.4 from [35], we obtain the following estimate (see [35], p. 175 bottom).
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Lemma 5.1. Let u and uM¥ be the solutions to (28) and (30), respectively. We have

[ —u? HH”Q (J;L2(D)) = H 1/2 H 12
(J;L2(D))

o= @3l a2y + || (T = QAT = Q1

Hy/?(J;L2(D)) (70)

e ) /2
+ Hu Qzu”Hé,”(J;W(D)) * HA(&)I)(u t U)H[Hlo/z(,I;Lz(D))]"

We combine (67)—(70) with the preceding regularity, proven in Section 3, and the approximation properties
of the projections Qi / 2, Q! to obtain our main convergence rate bound. For this purpose, we address Term1
through Termb5 in the upper bound (70). To this end, we use that the solution u to (28) belongs to H&/Q(J; Xs),
which was proven in Lemma 3.6.

We start by deriving upper bounds for Term1 and Term5. We have L?(Q) ~ [L?(Q)]’ — [Hylo/z(J; L*(D))Y
and Hé,/Q(J; Xs) — L*(J; X3) with continuous and dense injections. This, together with (51), gives the following
bound for Termb5:

00— <O 0], - -
[4@w =0 ey ey S EDAGI@= Q0 = aDu-@i]
< D)=,
Using estimate (33) yields that Term1 can be bounded by
_ l/2 H < _ Al/2 H
Hu t HY?(1:02(D)) © N HY/?(J5X2)
with a constant ¢ > 0, i.e., for both Term1 and Term5, we need an estimate of the term Hu — tl/QuH g .
HY?(J;Xo

For this purpose, we use the temporal quasi-interpolant IT% i+ of Section 4.1 and the inequality (69). First, note
that Hg’,,llu is well-defined since u: [0,7] — X3 is continuous, see estimate (46) for [ = 0, r = 2, and since
u: [0,T] — X5 is smooth for ¢ > 0 due to Lemma 3.2. Second, we have u € Hl/g(J X5) because of Lemma 3.6,

hence u — Hg;iu € Hé/Q(J; X5). Thus, it remains to estimate Hu — Hg’m , which is done in the

H o 2 (J:X2)
following lemmas.

Lemma 5.2. Let a > 0 and m € Ny be given. For p > 1 with u > «, there exist a constant Ct > 0, depending
on a, p, but independent of m such that

2j —Jj+1.. 2
E a —I‘ +3)* < Cr.
+ + ) (.7 ) >~ Lur
Proof. The proof is based on Lemma 3.4 of [12], see Appendix C. (]

Lemma 5.3. Assume (39) with some € € (0,1) and some 6 > 1. Let the subdivision parameter o € (0,1) be
gwen. Choose the slope parameter pinp, > 1 such that

(1-0)d

o > 5 e (7D

and fix the number of elements mo € Ny such that

=0, T<1, )
m _ _lfe
2 > T— T1 . 0c  2lenp] ; T > 1,
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where Ty = min{l,T}. Then, for every m; € N with m; > max{3,ms} and m = my + mqy, the geometric
partition GI' of J = (0,T), which is given by the time steps t; in (56) with time-step sizes k; in (57), and the
temporal order distribution p € N™ defined by (58), lead to the error bound

2
1

u—T1E,u H < Cogt™

H gt o2 (42,1 X2) ’

with to = Tio™ =2 and a constant C > 0 independent of m1.

Proof. Set w = u — Hp u. Since w € H0 ((t2,T); X2), see the nodal property (61), the interpolation estimate
(Lem. A.2) yields

2
‘|w||H3/2((t2,T);X2) < ||8tw||L2((t2,T);X2)||w||L2((t2,T);X2)‘

We estimate both factors on the right side using Proposition 3.5, which states estimates for b < min{1,7} =T
only. Thus, we split [0, T] into the two intervals [0, 73] and [T1,T] for the case T > 1. Without loss of generality,
let us assume that 7' > 1, i.e., T1 = 1 (otherwise we examine only [0, 7] C [0, 1] and omit the considerations for
the second interval [T7,T]). We investigate the intervals [0, T3] and [T}, T] separately.

Interval [0, T1]: with A = 2=2, the time-step size fulfills k; =¢; —t;_1 =t;_1A for j =2,...,m;. Lemma 4.2
with p; = |pnpj], s; = j and estimate (47) in Proposition 3.5 yield

my 27
Limpg ] = )V (AN 2 j+1)+1+
0001y = D101 < Z T T () £8P0 (4 3)% 2T
= — (Lumps] + 7))
. 2j
(56) 27 1+5 o (mi+1)(=1+e) Lpnpd] —J+1) Ad . 2 my (—14€)
Co°T 1 T 3)* < Cio™

stmuhpjﬁjﬂ) 2oCrra ) TUHIS Go ’
where, in the last step, L 5.2 i lied f = Uzo)d 5 (o) A0 ith d
, p, Lemma 5.2 is applied for pun, > o = 5om757m > 5oma2 = sycaro72 With (71) an

the constant C; > 0 is independent of m;. In the same way, we get from Lemma 5.2 for py, > o = 2&;%)‘;2 =

oot with (71) that

2j
2 ) (| pnpj) —J+ 1) AJ . .
[l 70):52) = Z”“’”L?(axz < Com+e) Z Luhzy T+j+1) <2a<1+e>/2 L(j+3)° < Coo™ 9

with a constant Co > 0 independent of m;.

Interval [T7,T] in the case T' > 1: first, note that 77 = 1. From Lemma 4.2 with the choices p; = s; = pr :=
Lihpma ] and kj = kr, estimate (43) in Lemma 3.4, and the Stirling’s formula v27n(2)" < n! < v 27m(%)neﬁ
with esn < 2, we get

m

2 2 1 kr\ 27T & +1
oty = 2 Wl < Ogpmr () 2 o,

Jj=mi+1 2pT) j=mi+1

L2(1;;X2)

||6(PT+1) H
L2((1,T);X3)

p 1 krd wr 2 2
SO Gl ) Tler+37°CE L)



HP-TIME-STEPPING IN SPACE-TIME METHODS FOR PARABOLIC PDES 49
2 2 (
< Co C(‘EvlaT) (pT+2)

krd\ T
e ()
2PT( ~)

2pr
= C2/76%C(e,1,T)*(pr + 2)4\/;;(]?) < Cyom(ite)

with a constant C'5 > 0 independent of m;. In the last step, due to (72), we use that a constant ¢ € (0,1) exists
such that

T — Tl 4 mq (14+e) 4 mq (14e) 4 mi(+e)
= g—o?tMmplm qgo'r"“*hpmli =450 2T

kT - mo )

and therefore, (pr + 2)*\/prq*** — 0 as pr — 0o. Analogously, we obtain

||w||L2((1 T)xs) < o™i (1+e)

with a constant Cy > 0 independent of my.
With all estimates above, we conclude that

2
Hw”Hé,/z((tz,T);XQ) < H8tw||L2((t2,T);X2) ||wHL2((t2,T);X2)

< \/Cloml(flJre) + C3Um1(1+a) \/020m1(1+e) + C4am1(1+5) < Cestaeml

where Cqst > 0 is independent of m;. O

Lemma 5.4. Under the assumptions of Lemma 5.3, the estimate

< Cexp(—bm)

1/2

-
7 Ho, (J§X2)

holds true with a constant C > 0 independent of b and M, where b = —elno/\/S8unp > 0 and M =
dim (S8 (73 G)) < 2pmpmi < 2pnpm?.

Proof. Set w = u— H L w. Then, for X»-valued functions, the norm equivalence in Lemma 2.1 and the localization
1nLemma22fora—0 b=T, T =ty yield

2 [lw(t)]3
2 2 2 X
(Clnml)QHw”Hé,/z(J;XQ) < ‘Hw|||Hé/2(JX2 < HU)HL2 (J;X2) + |w|?{1/2((0,t2);X2) + 4/0 to —t = dt

T w(s)|% T w(t)|x
=L RO e

2
= lw(t)]3
2 X 2
< \\\w|||H3{2((0,t2);X2) + 4/0 ty —t = dt + 5|||w||‘H3(2((t27T);Xz)’

where we used the definition (10) of the triple norm and the bound fT oot t)HXQ dt < fT % ds. Next, we
estimate the three terms on the right side.

First term: the triangle inequality, Lemmas 2.1, 3.6, the Poincaré inequality (Lem. A.1), definition (60), and
estimates (46), (47) yield

2
2
Mol 2 oy S 2l + 2| TB e, HY/((0.42):)

€ 4t2 p,1 2
<Ct5+ Q(Clnm) 1 + —= HHQZTU‘ o

2
<2(ty—0 ||6 e,k ||
S7 =00 Tgn e 5 0 i ixs)

o2 ((0,82);X2)
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ty
< CTfo *0"™ + Cty 7“ ult)l, dt + dt| < Cio®™,
1 0 t

1

olf,

L21)

<ctyttE <||8sull? <csztyttE

L2(Iy;Xq)—
with a constant C7 > 0 independent of my, where we used

t2t1—1+€ — T10_m1—2T1—1+60_(—1+5)(m1—1) — Tlao_—l—eo_em,l ]

Second term: with the bound (46), the nodal property (61) and k; = t; = Tyo™ =} ky = Tyo™ ~2(1 — o),
we find

(LIS o 01 O T
0 t 0 ¢

to—t L et

2
ta
([ e —u)tl, o |07 rw(€) def|
=4 dt + 4 at
0 ta =1 2 to — 1

2
o [ 100w, dg
k/Wmn&w+f/\mnmwg o —

<

_k2 k2k2 b L R
< le-: 1—¢ Eml 2 Emy
20270 + 4k 0|21y x,) < Co0

with a constant Cy > 0 independent of my, where in the last step we have used the estimate (47). This yields

— —14e¢ 1—0o m
Ak | Opull7 2 1y, < CTO™ (1 = o)t = CT o™

€

Third term: Lemmas 2.1 and 5.3 give
2 / em
5”|w”|Hé/2((t2 T); X2) C(Ca2)"V1+ e Hw”Hl/Q((t%T) iX2) — < Cyo™™,

with a constant C3 > 0 independent of m;.

Conclusion of the proof: as the temporal number of degrees of freedom M fulfills

ml(ml + ].)

B + Mhpm% < 2Mhpm% (73)

mi
M < [pnpd) + [pmpmama < g
J=1

with mo < mjq, using all the estimates above, we conclude
Hw||fv{é/2(J;X2) < Cuo™ < C4exp(—2b\/ M)7

with a constant Cy > 0 independent of mq, M and b= —elno/\/8un, > 0, i.e., the assertion follows. (|

Remark 5.5. Regarding the possibility of optimizing the choice of o and p,p, in order to improve the exponent
b > 0 in the estimate of Lemma 5.4, assume that € € (0,1) and § > 1 are given. Then, one has to maximize
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b=0(0, thp) = —€lno/\/8unp > 0, with o € (0,1) and pnp > 1, under the constraint given by (71). Choosing
the smallest possible upn, = 1 and maximizing b with respect to o € (0, 1) lead to a violation of (71). Thus, one

~ _(1=0)s S
can choose pnp ~ Se@FIT and maximize
—elno
b~
8 (1—0)d
35(3F2)/2

with respect to o € (0, 1), which gives the optimal exponent b.

As Lemma 5.4 implies exponential convergence bounds on Term1 and Termb, it remains to treat Terms2—4
in (70). Term2 and Term4 are identical. We focus on Term3. Using that Qi % s a projector in the Hilbert
1/2 . . . .
space H,'"(J), the triangle inequality gives

(=) -ann

ey = 20~ @l emy:

Thus, Term3 can be estimated in the same way as Term2 and Term4. Using
Hy/* (0,75 L*(D)) =~ Hy/*(J) © L3(D) = L*(D) & Hy/*(J) = L*(Ds H/* (1)),

we may use the L(D) error bound (68) on the Ritz projection Q! and the regularity result in Lemma 3.6 for
b =T, in connection with the norm equivalence in Lemma 2.1 for a =0, b =T, to arrive at
1 —2/d —2/d
|u— QwuHHOUz(J;LQ(D)) <eN~% lull 1725, x,y < CN /4, (74)
with a constants ¢ > 0, C' > 0 independent of N.
We combine the previous estimates to obtain the main result of this paper.

Theorem 5.6. Let the space dimension d be either d = 1 or d = 2. Assume that the diffusion coefficient
A e Wl*m(D;ngXIff) is uniformly positive definite, i.e., that (26) is satisfied, and that the forcing g in (1)
satisfies the temporal analytic reqularity (39). Furthermore, assume that the assumptions of Lemma 5.3 on the
temporal mesh GI' in (56) with pnp > 1 and me € Ny fulfilling (71) and (72), respectively, and the temporal
order distribution p € N™ in (58) are satisfied.

Then the space-time Galerkin approzimation (30) admits a unique solution u™M¥Y ¢ S&’l(J; Q;")@S%D (D; TﬁN)
with the temporal hp-FE space Sg,’l(J;g;”) of dimension M = dim(S’&’l(J; G™)) as defined in (59), and with
the spatial FE space S%D (D; 7'5N) of continuous, piecewise linear FEM on a sequence of suitably graded, regular
triangulations {TBN}N inD (B =1, i.e., quasi-uniform partitions, if d = 1) of dimension N = dim(S%D (D; TBN))

Moreover, a constant C > 0 (independent of M and N ) exists such that the space-time discretization (30)
based on these spaces satisfies the error bound

=™ | a2y < € (exp(=bVAT) + N727) (75)

with b= —elno/\/8un, > 0.

Proof. Existence and uniqueness of the solution u™* were established at the end of Section 2.5. Estimate (75)
follows from Lemma 5.1, taking into account Lemma 5.4, and estimate (74). O

Balancing the terms in the upper bound (75) results in

M ~O((logN)?) or my=~O(logN),
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where M < 2unpym? < 2un,m?, see (73). Then, the number of degrees of freedom for the space-time discretization

behaves, as N — oo, as
MN ~ O(N(log N)?), (76)

i.e., it is essentially (up to the (log N)? factor) equal to the number of degrees of freedom for the discretization
of one spatial problem. Importantly, in the solution algorithms of [21], M ~ O((log N)?) will reduce time and
memory requirements.

Remark 5.7. Theorem 5.6 remains valid for solutions u (¢, o) which depend analytically on ¢t € [0, T]. Classical
results on exponential rates of convergence for polynomial approximation of analytic functions in [0, 7] (e.g., [11],
Chap. 12) imply that for any constant number of temporal elements m € N (e.g., m = 1) with temporal
polynomial degrees p = (p,...,p) € N™ with p € N, temporal exponential convergence follows when p — oo
(p-method). Under the otherwise exact same assumptions as in Theorem 5.6, one obtains in place of (75) the
error bound

[ UMNHHS,”(J;L%D)) = C(eXp(_bp) + N_Q/d) (77)
with M = mp and constants b > 0, C' > 0 independent of p and N. This allows to improve (76) to
MN ~ O(NlogN). (78)

6. NUMERICAL EXPERIMENTS

In this section, we present numerical examples for the space-time Galerkin approximation (30) of the heat
equation with homogeneous Dirichlet conditions

Ou—Ayu=g inQ, uft=0=0, 7(u)=0 on 9D, (79)

i.e., A(0z) = —A, in (1), up = 0 in (2) and up = 0 with T'p = T' = 9D in (3). We use globally continuous
functions, which are piecewise linear in space and piecewise polynomials of higher-order in time, see Theorem 5.6.
We start by deriving the algebraic linear system associated with (30), and by describing the realization of the
operator Hrp for a temporal hp-FEM.
For (79), we solve the discrete space-time variational formulation to find u™¥ € S&’I(J; Gr) ® St (D; TBN)
such that
<3tuM N v>

vacuMN7 V$U>L2(Q) = <HMNg7 U>L2(Q) (80)

is satisfied for all v € (HTSg’l(J; Gr) ® St (D; T5Y). Here, we use the notation of Section 4 with

g ¢

SEN(T; Gy = VM = span{p }, (81)

and
SllD (DéTﬁN) =: V,fv = span{¢i}£\[:1,

where the functions ¢; are basis functions in time, and the functions 1; are the usual nodal basis functions in
space. The total number of degrees of freedom is

MN = dim(Sg’l(J; gm) @ St (D; 7;{\’))

In addition, for an easier implementation, we approximate the right-hand side g € L?(Q) by g ~ IM~ g, where
YN L2(Q) — SP1(J;G7) @ S'(D; TY) is the space-time L?(Q) projection, namely ITMNg e SP1(J;G7") @

S1(D; TBN) is such that

Yw € SPHJ; G @ S* (D;TﬁN) : <HMNg,w>L2(Q) = (9, W) 2 (@) (82)
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Note that the spaces S*(D; TBN ) and SP-!(J;G™) do not necessarily satisfy the homogeneous Dirichlet and initial
conditions, respectively; see beginning of Sections 4.1 and 4.2. We denote the temporal mesh width (i.e., the
maximal time-step size) by kmax = max;=1,.._m k;, the spatial mesh width by h,, and the space-time mesh width

by hyt = max{kmax, hs}. The space-time error Hu — “MN‘|H(§f2(J;L2(D)) mandates the numerical evaluation of

the fractional order norm |[ol| ,1/2 In order to overcome this problem, we introduce the quantity
0,

(J;L2(D))"

W22y = \/H””L?(Q) 0l gy,
which is defined for v € Hj (J; L?(D)), and observe that, provided that u € Hj (J; L*(D)),

[ u— “MNHHS,/Z(J;L"‘(D)) < [u—u?] Hy/? (73L2(D))?

due to the interpolation estimate (Lem. A.2). Therefore, in the experiments below, instead of the space-time

MN . . MN . .
error Hu —u HH&?(J;L?(D)V we consider its upper bound [u — u ]Héfz(.];Lz(D))’ which can be numerically
evaluated wia local integration.

The fully discrete, space-time variational formulation (80) is equivalent to the global linear system
BMNy = @G, (83)

with the system matrix
BMN _ AZ‘(T ® M, +MtHT ®A, € 1RM~N><M-N7

where ® is the Kronecker product, M, € RV*¥ and A, € R¥*Y denote the spatial mass and stiffness matrices
given by
Mm[z,j] = <¢jﬂ/}i>Lz(D), Am[i»j] = <Vm7/}j7vm1/)i>L2(D)

fori,j=1,...,N, and MtHT € RMXM and AZ"T € RMXM are defined by
M [k, 1) = (o1, Hrow) 2y ALT k1) == (Oepr, Hoor) 2 (84)

for k,1 =1,..., M. Note that, due to the nonlocality of H, the matrices MtHT and AZ"T are densely populated.
Furthermore, the temporal stiffness matrix A’‘” is symmetric (due to (14)) and positive definite (due to (13)),
whereas M]'" is nonsymmetric and positive definite (due to (18)). The assembling of the matrices M;'" and
AZ{T is described in Section 6.1 below. For the right-hand side G, the integrals for computing the projection
IMNg in (82) are calculated by using high-order quadrature rules. The global linear system (83) is solved
in MATLAB by using the Bartels—Stewart method with real-Schur decomposition, see Algorithm 4.1 of [21].
All calculations presented in this section were performed on a PC with two Intel Xeon E5-2687W v4 CPUs
3.00 GHz, i.e., in sum 24 cores and 512 GB main memory.

6.1. Numerical implementation of Hr

We describe the assembling of the matrices MtHT and AZ"T in (84). The crucial point is the realization of
the modified Hilbert transformation Hr, for which different possibilities exist, see [36,40]. In particular, for
a uniform degree vector p := (p,p,...,p) with a fixed, low polynomial degree p € N, e.g., p = 1 or p = 2,
the matrices M;'" and Al'" in (84) can be calculated using a series expansion based on the Legendre chi
function, which converges very fast, independently of the temporal mesh widths; see Section 2.2 of [40]. As for
the temporal hp-FEM the degree vector p is not uniform, it is convenient to apply numerical quadrature rules
to approximate the matrix entries.

From the integral representation of Hr,

T p—
(Hro)(t) = —EU(O) In tan o l/ In {tan ms+4) tan mlt ~ Oy (s) ds,
™ 0

_|_
4T« 4T 4T
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te J,ve HY(J), as a weakly singular integral, see Lemma 2.1 of [36], we have

s+t t—s
Al = Qoo Hrond = [ a0 [ wftan "D o M ppuisyasar (s
and ’ -
1 m(s+t wt— s
Mk, 1] = (v, Hrer) 20 = —;/0 <pl(t)/o In [tan (4T ) tan ‘4T q Ovpr(s)dsde (86)

for k,1 = 1,..., M, with the temporal basis functions ¢; in (81). In the following, we only describe how to
compute the matrix entries M, [k, ] in (86), since the matrix entries A7*" [k, 1] in (85) can be computed in the
same way.

The matrix entries M, [k, 1] in (86) are computed element-wise for the partition G7* = {I; }ity of J into

time intervals I; = (t;—1,t;) C J, j = 1,...,m. Fix two time intervals I; = (t;—1,t;), I; = (t] 1,t;) with
indices 7,7 € {1,...,m} and related local polynomial degrees p;,p; € N. We define the local matrix MtHT’ =
RPi+1)x(pi+1) by
i 1[4 b (s +t) |t — s|
Hr,i, _
M [k 0] = —W/tj1 Pa(e,)(t) /til In [tan AT tan 1T }@g@a(m)(s) dsdt (87)

fork=1,...,pi+1and £ =1,...,p; + 1. Here, a(k, i) € {0,1,..., M} is the global index related to the local
index k for the time interval I;; similarly for «(¥, j). Notice that the function ¢, corresponding to the vertex
t = 0, does not contribute to the global matrix MtHT. On the reference interval (—1,1), we use the Lobatto
polynomials (or integrated Legendre polynomials) as hierarchical shape functions, i.e., we set

1-¢

2 )

1+¢

Ni(§) = 5

13
Na©) = LS Ny = / Leos(€) d¢C  for €23,

¢ € [-1,1], where L, denotes the ¢-th Legendre polynomial on [—1,1], see Chapter 3 of [30]. With these shape
functions and the affine transformation 7,: [-1,1] — [t,—1,t,] for ¢ € {1,...,m}, the entries (87) of the local
matrix M1 are

M ] = / N / o tan T DD 1, IO TN vy agan - (s9

for k =1,...,pi+1and ¢ = 1,...,p; + 1, where k; = |t; —t;_1| is the length of the time interval I,;. To
compute the integrals in (88), we split these integrals into regular and singular parts, see Section 3.1 of [36].
For the regular parts, a tensor Gauss quadrature is applied. In Section 3.1 of [36], it is proposed to calculate
the singular parts analytically or with an adapted numerical integration. As the polynomial degrees p;, p; may
be high, we use the latter. The singularity of the singular parts is of logarithmic type. Thus, we apply so-called
classical and nonclassical Gauss—Jacobi quadrature rules of order adapted to p;, p;, see equations (1.6), (1.7) of
[18], to the singular parts. These adapted integration rules allow us to calculate the singular parts exactly. In
summary, the matrix entries of the matrices MtHT and Az{T in (84) are computable to high float point accuracy
efficiently.

6.2. Numerical examples in 1D

We present a numerical example in the one-dimensional spatial domain D = (0,1) C R with final time T = 2,
ie., @ =J xD=(0,2) x (0,1) C R%. We choose the constant right-hand side g; = 1, for which the solution to
problem (79) is given by the Fourier series

ef’ﬂ' 2(2n—1)2t o
wn(t,z) = Z 4 7:; S (= o). () € Q. (89)

n=1
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TABLE 1. Numerical results with the space-time Galerkin approximation (80) for the 1D exam-
ple with the right-hand side g1 = 1 and solution wu; in (89), for a uniform mesh refinement
strategy and piecewise linear polynomials both in space and time.

MN hy kmax [ur — u{\/[N]Héfz(J;LQ(D)) eoc
12 0.25000 0.50000 7.330e—02 -
56 0.12500 0.25000 3.423e—02 0.99
240 0.06250 0.12500 1.355e—02 1.27
992 0.03125 0.06250 5.396e—03 1.30
4032 0.01562 0.03125 2.267e—03 1.24
16 256 0.00781 0.01562 9.531e—04 1.24
65 280 0.00391 0.00781 4.004e—04 1.25
261632 0.00195 0.00391 1.682e—04 1.25
1047552 0.00098 0.00195 7.070e—05 1.25
4192256 0.00049 0.00098 2.971e—05 1.25

In the calculation of the errors of the space-time Galerkin approximation (80), we truncate the series (89) at
n = 1000. For the spatial discretization, we choose a uniform initial mesh with mesh width h, and apply a
uniform refinement strategy.

In the first test, we use a temporal mesh with mesh width k.« = k1 = -+ = k,,, and linear polynomials,
i.e., p=(1,...,1) € N™. The errors and the estimated orders of convergence (eoc) are reported in Table 1. We
observe a reduced order of convergence, as the compatibility condition between the right-hand side g; = 1 and
the homogeneous initial condition is not satisfied. Note that the forcing g; = 1 satisfies the temporal analytic
regularity (39) for any e € (0,1/2) with § = 1 and a constant C' = C(e) depending on ¢.

In the second test, we use the temporal hp-approximation of Section 4.1. For this purpose, we apply a
uniform refinement strategy for the spatial discretization, i.e., the number N of degrees of freedom in the spatial
discretization doubles with each uniform refinement. Then, corresponding to a given spatial discretization with
parameter N, we choose the temporal mesh as in (56) with subdivision parameter ¢ = 0.31, slope parameter
tnp = 2.0, numbers of elements m; = [1.4-InN|, my = 1, and temporal polynomial degrees p € N™ as in

(58). This choice of the discretization parameters fulfills condition (71) with uy, = 2.0 > 313\4/% ~ 1.99883 and

condition (72) with mgy =1 > 25% ~ 0.45. In addition, this choice balances the terms of the error bound (75),

i.e., the total number of degrees of freedom M N behaves like in (76). The numerical results reported in Figure 1
confirm Theorem 5.6.

6.3. Numerical examples in 2D

We present numerical examples in the two-dimensional spatial L-shaped domain
D= (-1,1)2\[0,1)* c R?,
and final time T' =2, d.e., @ = J x D = (0,2) x D C R3.

6.3.1. Spatial meshes

For the spatial discretization, we consider uniformly refined meshes, see Figure 2, or meshes with corner-
refinements towards the origin, where in both cases, the mesh width h, decreases by a factor 2 with each
refinement.

As pointed out in Section 3.2.2, spatial meshes with corner-refinements towards the origin are needed to ensure
second-order convergence in L?(D) for P1-FEM approximations in D. For a given maximal mesh width h, > 0,
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FIGURE 1. Numerical results with the space-time Galerkin approximation (80) for the 1D exam-
ple with the right-hand side g; = 1 and solution u; in (89), for a spatial uniform mesh refinement
and temporal P'-FEM approximations with uniform mesh refinement or with temporal hp-FEM
with geometric partition of J with subdivision parameter ¢ = 0.31, slope parameter p,, = 2.0,
numbers of elements m; = [1.4-In N |, my = 1, and temporal polynomial degrees p € N™ as

in (58).
< Level 0 <" Level 1
1 1
05 05
0 0
05 0.5
-1 1
1 0.5 0 05 1 X4 -1 0.5 0 05 1 X4

FIGURE 2. Spatial meshes with uniform refinement strategy: starting mesh and mesh after one
refinement step.

we construct spatial meshes TﬁN with corner-refinements towards the origin fulfilling the grading condition

he”, dist (w, 0) = 0,
Vw €Tt hgw ~ ] hy -dist(w,0)'7, 0 < dist(w,0) < R, (90)
ha, dist(w,0) > R,

where the mesh grading parameters 5 € (0,1] and R > 0 are fixed. Here, hy,, is the spatial mesh width of the
triangle w € TBN , and dist(w, 0) is the distance of the triangle w € ’TﬁN from the origin 0. To get a sequence of
these graded spatial meshes, we halve the maximal mesh width h, and use the newest vertex bisection for the
refinement, see Remark 4.4. Figure 3 shows the spatial graded meshes for the first four levels of refinement with
mesh grading parameters § = 0.6 and R = 0.25, which are used in the remainder of this section.
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" Level 0 . Level 1 " Level 2
1 1 1
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0 0 0
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1 0.5 0 0.5 1 Xy 1 0.5 0 0.5 1 Xy 1 0.5 0 0.5 1 Xy

0.5

FIGURE 3. Spatial meshes with corner-refinements towards the origin fulfilling the grading
condition (90) with parameters 8 = 0.6 and R = 0.25.

6.3.2. Spatially singular solution

We consider the manufactured solution

_ . (2 71'
U (t, 21, T2) = Ueg(t, 21, T2) + te (w1, 22) - 1z, 22) %> ~sm<3 (arg(xla ) — 2)) 1)
for (t,z1,22) € Q with the smooth part
1 1)2 1\2 —
Ureg (L, T1,22) = —t sin(mzl)sin(ﬂmg)e_t(wl_Z) ~t(r2t3) , (t,z1,22) € Q, (92)

100

where r(z1,22) € [0,00) is the radial coordinate, arg(z1,z2) € (0,27] is the angular coordinate, and the cutoff
function n € C?(R?) is given by

1, r(xy,x2) < 1/4,
(21, 39) 1= % — %r(xl,xg) + 1807 (21, 2)? (93)
1,52 5= — 4407 (21, 22)3 + 4807 (w1, 22)* — 1927 (21, 22)°, 1/4 < r(w1,22) < 3/4,
0, 3/4 < r(zy1,x2).

Note that the solution wus is smooth in time but has a corner singularity in space, which leads to reduced
convergence rates, when the spatial meshes are refined uniformly. Hence, we use the spatial graded meshes as
in Figure 3 in order to recover maximal convergence rates. We point out that, in numerical tests not reported
here, we have verified that, for a Poisson problem with a solution of regularity as the regularity in space of us
in (91), one obtains for the L?(D) error convergence rates N~2/3 ~ he/® with uniform meshes, and N~! ~ h?2
with the considered graded meshes.

For the temporal discretizations, we use P'-FEM approximation on uniformly refined meshes, or p-FEM for
a fixed number m = 4 of elements. In connection with the spatial uniform or graded meshes as in Figures 2, 3,
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FIGURE 4. Numerical results with the space-time Galerkin approximation (80) for the 2D
example with the singular-in-space solution ug in (91), for all combinations of uniform mesh
refinement or graded meshes in space (with grading parameter 8 = 0.6), and PL-FEM with
uniform mesh refinement or p-FEM in time. For the p-FEM in time, for a spatial discretization
of parameter N, we use a fixed mesh with m = 4 elements and polynomial degrees p = (p, p, p, p)

with p = | 2N

respectively, we investigate four possibilities: (i) uniform mesh refinement both in space and in time, (ii) uniform
mesh refinement in space and p-FEM in time, (iii) graded meshes in space and uniform mesh refinement in time,
(iv) graded meshes in space and p-FEM in time. For all four cases, the numerical results for the space-time
Galerkin approximation (80) of the solution uy are reported in Figure 4. For a given spatial discretization
parameter N and m = 4 temporal elements, we choose the temporal polynomial degrees p = (p,p,p,p) with
p = LH‘QN |. This choice of the discretization parameters balances the terms of the error bound (77). Hence,
the total number of degrees of freedom M N behaves like in (78). The numerical results in Figure 4 confirm
Remark 5.7.

6.3.3. Singular solution

We consider the singular solution

™

_ (2
uz(t, 1, T2) = Ureg(t, 21, T2) + t3/%e (w1, z2) - 7‘($1,$2)2/3 'Slﬂ(3 (afg(xh T2) — 2)) (94)

for (t,z1,22) € @ with the smooth part u. in (92), the radial coordinate 7(z1,z2) € [0,00), the angular
coordinate arg(xy,r2) € (0,27], and the cutoff function n € C%(R?) in (93). This solution has a temporal
singularity at ¢ = 0. We observe that the corresponding right-hand side g3 does not fulfill the temporal analytic
regularity (39). On the other hand, solutions with a singular behavior as us are possible even for sources g, which
satisfy the condition (39). As closed-form representations of such singular solutions do not seem to be available,
we perform our numerical tests with the manufactured solution us in (94). Furthermore, the solution us has
the same spatial singularity as ug in (91). Thus, in order to get the full convergence rates, we use the graded
meshes in Figure 3 for the spatial discretization, and a temporal hp-FEM. We investigate four possibilities: (i)
uniform mesh refinement both in space and in time, (ii) uniform mesh refinement in space and hp-FEM in time,
(iii) graded meshes in space and uniform mesh refinement in time, (iv) graded meshes in space and hp-FEM in
time. For all four cases, the numerical results for the space-time Galerkin approximation (80) of the solution
ug are reported in Figure 5. For a given spatial discretization parameter N, we choose the temporal mesh as in
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FIGURE 5. Numerical results with the space-time Galerkin approximation (80) for the 2D
example with the singular solution ug in (94), for all combinations of uniform mesh refinement
or graded meshes in space (with grading parameter 3 = 0.6), and P'-FEM with uniform mesh
refinement or Ap-FEM in time. For the hp-FEM in time, for a spatial discretization of parameter
N, we use a geometric temporal mesh with subdivision parameter o = 0.17, slope parameter
php = 1.0, numbers of elements my = [2.2-In N |, ma = 1, and temporal polynomial degrees
p € N™ ag in (58).

(56) with subdivision parameter o = 0.17, slope parameter p,, = 1.0, numbers of elements m; = [2.2-In N,
me = 1, and temporal polynomial degrees p € N™ as in (58). This choice of the discretization parameters
balances the terms of the error bound (75). Hence, the total number of degrees of freedom M N behaves like
in (76). The numerical results in Figure 5 are in accordance with Theorem 5.6, when the temporal analytic
regularity condition (39), and hence, the conditions on parameters pnp, me, i.e., (71), (72), are ignored.

7. CONCLUSION

Based on a variational space-time formulation of the IBVP (1)—(3), we analyzed tensorized discretization
consisting of an exponentially convergent time-discretization of hp-type, combined with a first-order Lagrangian
FEM in the spatial domain, with corner-mesh refinement to account for the presence of spatial singularities.
Stability of the considered discretization scheme is achieved by Hilbert-transforming the temporal hp-trial spaces.
Details on the efficient, exponentially accurate, numerical realization of this transformation were presented.
Several numerical examples in space dimension d = 2 in nonconvex polygonal domains confirmed the asymptotic
error bounds. In effect, the overall number of degrees of freedom scales essentially as those for one instance of
the spatial problem.

The presented proof of time-analyticity via eigenfunction expansions is limited to self-adjoint, elliptic spatial
differential operators. Nonselfadjoint spatial operators which are t-independent allow similar analytic regularity
results via semigroup theory (see, e.g., [29]).

The adopted space-time formulation and its operator perspective and the error analysis extend wverbatim
to self-adjoint, elliptic spatial operators of positive order. Also, certain nonlinear evolution equations allow for
corresponding formulations (see, e.g., [32]). Moreover, transmission problems with piecewise Lipschitz coefficients
in the spatial operators can be covered (with the local mesh refinement also at multi-material interface points).

The present error analysis with the same convergence rates is readily extended to a coefficient in the temporal
derivative that is time-dependent and analytic in [0, 7.
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We finally remark that the presently adopted space-time variational formulation will also allow for a posteriori
time-discretization error estimation, which is reliable and robust uniformly with respect to p. Details shall be
developed elsewhere.

APPENDIX A. SOME PROPERTIES OF H&ﬂ(a, b)

In this appendix, we provide proof of Lemmas 2.1 and 2.2 of Section 2.1 concerning the Sobolev space
Hé,m (a,b), and state Poincaré and interpolation inequalities in H&/Z (a,b).

This result of Lemma 2.1 is well-known, but we need to make explicit the dependency of the involved
constants on the interval (a,b), which is essential for the derivation of the temporal hp-error estimates in
Section 5. For simplicity, we restrict to the case of real-valued functions v: (a,b) — R. All results and proofs
can be generalized straightforwardly to X-valued functions v: (a,b) — X for a Hilbert space X. We introduce
the following notation. For the classical Sobolev space

H'2(R) = (H'(R), *(R)), , .
where H'(R) is equipped with the norm ol g1 gy = (”O”iZ(R) + ||8toHiz(R))1/2, we consider the interpolation
norm ||o|[ z1/2(z)y and the Slobodetskii norm

9 ) 1/2
ol 2qgy = (I013aqe) + [0 /20my)

oo oo /2
[0(s) — (1) ]? !
0| g2 (m) = (/_Oo /_OO 7|s—t|2 dsdt )

Proof of Lemma 2.1. The equivalence of norms is proven in, e.g., [25]. We give more details about the norm

equivalence constants. For this purpose, we introduce an extension operator and establish bounds on its norm.
Define €;: Hg (a,b) — H'(R),

for v € H/?(R), with

u(t), t € [a,b],
Sro(t) =< v(2b—1t), te (b,2b—al,
0, otherwise

for v € Hj (a,b). The mapping &: L*(a,b) — L*(R) is defined for v € L*(a,b) as

u(t), t € (a,b),
Eou(t) == v(2b—t), te (b,2b—a),
0. otherwise

Evidently, &1v = Eyv for v € H&(a7 b). Next, for v € L?(a,b),
2 b 2 2o 2 2
leoolEa = [ o®F e+ [ o2 =0 dt = 20l ey
and, for v € Hj (a,b),

b 2b—a
Jrueltey = [ ro®F e+ [ 1002~ 0 dt = 21000l
b

a
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Hence, for v € Hj (a,b), it holds true that

4(b — a)2 2
lEvol g = 2ol <2(1+ 2252 ) o,

where the Poincare inequality (see Lem. A.1 below) is used in the last step. Interpolation yields an operator
E1y2: Hy' (a b) — H'Y?(R) with E1jov = Eu forveH *(a,b) and

4(b — a)?

vo € Ho/*(a,b) 1 [[E1/00][3/em) < 20/1+ (A1)

2
HUHHéP(a,b)'

Next, we estimate H|51/2v|HH1/2(R) for v € Hé,/2(a, b). For this purpose, we compute

2 oo o oo a a a
el = [ [ 0wz [ o+ [0
|€120(8)]*
‘51/27} |(a°°)|H1/2(aoo)+ / / |57t‘2 ddt+0

2 |51/2’U t |2
= |(€1/20)1(a00) [ 11172 (0,00) T2 / o, & (A.2)

for v € Hé/z(a, b), where the seminorm | o |g1/2(4 ) is defined by (9) with b = co. The integral in the bound
(A.2) is finite due to v € Hé’/Q(a, b), cf. (10). Thus, we get

00 2
|51/2U ’ dt
t—a

o0 b & 2
2 2 1 QU(t)
:2HU||L2((1,b)+|U|H1/2(a,b)+2/b / / / +2/ ‘ t/_a ‘ dt

The third term on the right side is bounded by

2b—a b
—u(2b— 1)
// —2/ /'“ U ddt+2/ /'“ dsdt
|s —t[2 2b—ada 15—t
b

- " Jo(s) — v(t)? GO 2 * u(s)[?
72\/(1 i mdsdt+2 . mdSS2|U‘H1/2(a7b)+2 j dS’

>|s—t]2 2s—a

€1 /2005712 g = 210z 208y + 11720100 130 00y + 2/

the fourth term is

[ o= o] 2“<>+/2§° A

2b—a 2b—a 2b—a
(2b — s) —v(2b — (2b —
/ / [v(2b — 5) — v ddt+2/ / [@b = 9P (410
|s —t[? 2b—a S*tIQ

2b—a
: o(2b— 5)P
=y +2 [ e ds = ol +2 [

whereas for the fifth term, we have

£ 2b—a 2% — 2
2/ eyl 5, _ / lo®I" dt+2/ @ = 4
o t—a t—a

| v

ds7
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b 2 b 2 b 2
o [ gy [ OP gy [,
. t—a o 2b—a—t . t—a
——

>t—a

Using the above estimates gives for all v € Hé/z (a,b)

[l
161 /20113712y < 2101220y + A0l /20 0y + 8 / dt < 8lloll%1 0y

With these properties, we have for all v € Hé’/ 2 (a,b) the lower bound in the norm equivalence:

2V2

1
||”||H3f2(a,b) S Hgl/QUHHl/?(R) < Cra H|51/2”|HH1/2(R) < Cra |||”|||H3{2(a,b)'
Here, the first inequality is proven by interpolation, the second estimate follows from
Vz e Hl/Q(R) : CR,1||2||H1/2(R) < |HZ|||H1/2(]R) < CR72||z||H1/2(R)

with constants Cr 1, Cr2 > 0, see Theorem B.7 of [25] and Lemma 4.1 of [13].
For the upper bound, relations (A.2), (A.3) and (A.1) yield

< 1& u(t)]?
|Hf1}H|H1/2(a by = H51/2v||L2(]R) + ’ 51/20 I(a, oo)‘H1/2 (a,00) +A Wdt

2 1 2
= H51/2”||L2(R) }(51/2”) (avoo)|H1/2(a,oo) + §|51/2”|H1/2(R)

4(b — a)?
< 1€ 20llPp gy < (Co €0l ey < (Crap?2yf1+ 2522

i.e., the assertion is proven.

The following proof of Lemma 2.2 restricts the argument of [14] to our particular case.

V]| 3172
Hy/*(a,b)’

(A.3)

Proof of Lemma 2.2. Let v € H'?(a,b) and 7 € (a,b) be given. Then, we split the integral in the definition (9)

as follows:

|v|H1/2(ab) // dsdt+// dsdt
// dsdt+2// dsdt+// dsdt

— o220 +2/ / s dtt ol1nry.

For the integral on the right side, we get

Mo [ [ [ [
<
// |S_t|2 "dsdr < 4 _t|2d sdt +4 _t|2d s dt

:4/ fo(s) (s — )t — <s—a>*11ds+4/ (t)Pl(r — 1)

b 2 T 2
<4 \M$I®+4/\Mﬂlﬁ
sS—T o Tt

T

Thus, the assertion follows.

—(b-1)"

at
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Lemma A.1. For a,b € R, a < b, the Poincaré inequalities

1/2 2(b —a)
Vo € Ho,/ (a,0) : vl 2(a) < \/ 7”’0”H1/2(ab )
Vv € H&(aab) : Hv||H1/2(a b) \/—Hatv|LZ(G b)’

Vo€ Hy(a,b) 1 [[vllpagay < Tllf)tvllm(a b)

hold true, where the constants are sharp.

Proof. By interpolation, we have the Fourier series representations

o0 o0 o0
2 2 2
ol = D10y 0200 = Do VAcvlPs 100l 72 = Y Aol (A4)
k=0 k=0 k=0
with coefficients vy, as in (5) and eigenvalues A, = % of the eigenvalue problem (6). Hence, all Poincaré
inequalities follow from these representations. The constants are sharp since for v with vy # 0 and vy = 0 for
k € N, equality holds true. a

Lemma A.2. For a,b € R with a < b, the interpolation estimate

Vo€ HY (0,0) 1ol gor2a sy < /10 o 1060l o

holds true, where |[o| ,;1/2

(a.b) denotes the interpolation norm (4).
0, ’

Proof. Using the Cauchy—Schwarz inequality, the assertion follows immediately from the Fourier representa-
tions (A.4). O

APPENDIX B. PROOF OoF LEMMA 3.6

Let b € (0,T] be fixed. According to (41) for [ = 0, the estimate

2—e
1 1 _
V> 0: B2 x, xa) < or (2) (3 — e)t=2+e.

holds true. The logarithmic convexity of the gamma function gives I'(3—¢) = I'(2e + 3(1 — ¢)) < T'(2)°T(3)!~¢ =
21=¢ and we obtain
1 1+e/2
V> 0: |EM) £x. xa) < 5 t= rt /2, (B.1)

The solution v admits the representation

see (38), and for ¢ € [0,b], it follows that

t
lu(®)ll, < / IE(r)glt - 7)x, dr < / 1B px e 9t — 7). dr

t
< Lo [reras Lo ter 2o, e
~ Vs 7 Var Ye T Ye
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We estimate the three terms of [[ul]| /2 ) expressed as in (10).
0,

((0,6); X2

First term: from the previous bound for [lu(t)||x,, we derive

1
2 £ 1+e
il o.500) = /||u )%, dt<\/’0 /tdt \/; % oyt

Third term: similarly, we obtain

b ()] 2 .1 [ 2 1
/H)”XZdtg,/ch/ t=hdt =/ = C2 b
0 t T g% Jo U 15

Second term: recalling (9), we need to estimate fo b % dsdt.

For b > s>t >0, we have

lu(s) — u(®)]| 5, =

(s—71 dT—/E gt —71)dr
X2

t E(T)g(S*T)dT+/O E(r )g(sz)de/O E(r)g(t —7)dr

X2

T)g(s —7)dT T)g(s —7) =gt —7)]dr

X2

s t
< /t IE 2x. xa) l9(s = Tl x, d7 + /0 IE(T 2ix. x)llg(s =7) —g(t = 7)llx_dr

(B.1) 1 /s L t s—T
< T2 g(s — 1) dT+/ rite/2 / g (rydr|| dr
\4/87r< ¢ X 0 t—r X,
(49) 1 2
< “ e/2 _ 4e/2 e/2 _ )
— 4 ] Cg c ((S t ) +1 (S t))

Analogously, for b >t > s > 0, the estimate

1

v/ 81

[\)

[u(s) — u(®)llx, <

Cy - ((t5/2 — s/ 452 (t s))

)

holds true. We conclude that

//b [[u(s) |s—t|2 ngd & — // [[u(s) |s_t‘2 ||x20‘l dt+// [[u(s) s—t(|2)|X2 dt ds
R (G
_\/?212@(/ Silﬁ/ ﬁdrds+(5+ii+2)>
B ([ [ e i)

b bs+2
5 (5+1)(5+2)>'

+
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Conclusion of the proof: by combining the bounds of the three terms, we arrive at the a priori estimate

21 b 3 4p? 2
< /= = b5/2 - — R — C
il omoen < V2 2\ T2 Y 2 Eonery) @

which gives the assertion.

APPENDIX C. PROOF OF LEMMA 5.2

This proof is a slight modification of the proof of Lemma 3.4 from [12]. We use Stirling’s inequalities

Vo >0: V2ra® Y2 T < I(z) < Vorg®1/2e emw (C.1)
For j > 1, (C.1) yields
<pjas i1 Z0uest 2
e . TN — G A 12— (ui— 1) 1/ (12— 1)) ; 2j
P(lpil =g +1) _T(wj—5+1) _ Vor(uj—j+ D —J e WImIHD) o /TR <2m<e>
C(lpil +5+1) = D(ui+j) — V2m (g + §)i+i—1/2e—(1i+i) T oe \w
——
>pj

and
T(j+3)2 = (j +2)%(j + 1)%%0(j)% < j° - 72mj e ¥ 37 < 144mj®j%e %,
M~ =

<3j <2j

¢

Thus, we have

oy D(pi] =G+ 1) e 288mp (¥
Mgl v+ @3 <=7 (u)

VieN: «

Hence, we conclude that

o~ 2 D] =+ 1) _ W2 D) =G+ 1) e 28T (@)Y
I i R AR “]Zl (TR AR B (5) <=

since the ratio test gives
o (6%
(j+1 (;

o 2
lim = <) <1,
J— a H
(z)

)2(J+1)
27

i.e., the assertion is proven.
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