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CONVERGENCE OF A FINITE-VOLUME SCHEME FOR A HEAT EQUATION
WITH A MULTIPLICATIVE LIPSCHITZ NOISE

CAROLINE BAUZET!, FLORE NABET?,
KERSTIN SCHMITZ** AND ALEKSANDRA ZIMMERMANN?

Abstract. We study here the approximation by a finite-volume scheme of a heat equation forced by a
Lipschitz continuous multiplicative noise in the sense of Itd. More precisely, we consider a discretization
which is semi-implicit in time and a two-point flux approximation scheme (TPFA) in space. We adapt
the method based on the theorem of Prokhorov to obtain a convergence in distribution result, then
Skorokhod’s representation theorem yields the convergence of the scheme towards a martingale solution
and the Gydngy-Krylov argument is used to prove convergence in probability of the scheme towards
the unique variational solution of our parabolic problem.
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1. INTRODUCTION

Let A C R? be a bounded, open, connected and polygonal set. Moreover let (2, 4, P) be a probability space
endowed with a right-continuous, complete filtration (F;):>0 and let (W (¢));>0 be a standard one-dimensional
Brownian motion with respect to (F;)i>0 on (2, A, P).

For T > 0, we consider a nonlinear stochastic heat equation under Neumann boundary conditions:

du — Audt = g(u) dW(t), inQx(0,T)x A;
u(0, +) = uo, in Q x A; (1.1)
Vu-n=0, on Q x (0,T) x OA;

where n denotes the unit normal vector to JA outward to A. We assume the following hypotheses on the data:

Hy: ug € L*(Q; HY(A)) is Fo-measurable.
Hy: g:R — R is a Lipschitz continuous function with Lipschitz constant L > 0.
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Remark 1.1. H, implies
lg(r)]> < CL(1+|r?) (12)

for all » € R and a constant C7, > 0 only depending on the Lipschitz constant L > 0 of g and on ¢(0). In
particular, our scheme applies for square integrable, additive noise with appropriate measurability assumptions.

1.1. Concept of solution and main result

The theoretical framework associated with Problem (1.1) is well established in the literature. Indeed, we can
find many existence and uniqueness results for various concepts of solutions associated with this problem such
as mild solutions, variational solutions, pathwise solutions and weak solutions, see e.g. [16] and [32]. In the
present paper we will be interested in the concept of solution as defined below, which we will call a variational
solution:

Definition 1.2. A variational solution to Problem (1.1) is an (F;);>0-adapted stochastic process
u € L(Q;C([0,T); L*(A))) N L*(Q; L*(0, T5 H' (A)))

such that for all ¢ € [0, T,

w(t) — g — /O Au(s) ds = /O g(u(s)) AW (s)

in L2(A) and a.s. in Q.

Existence, uniqueness and regularity of this variational solution is well-known in the literature, see e.g. [31,32,35].
The main result of this paper is to propose a finite-volume scheme for the approximation of such a variational
solution and to show its stochastically strong convergence by passing to the limit with respect to the time and
space discretization parameters. This is stated in the following convergence result:

Theorem 1.3. Assume that hypotheses Hy and Ha hold. Let (T,,)men be a sequence of admissible finite-volume
meshes of A in the sense of Definition 2.1 such that the mesh size hy, tends to 0 and (Np,)men C N* a sequence
of positive numbers which tends to infinity. For a fired m € N, let up, n,, and ulhm,Nm be respectively the right
and left in time finite-volume approzimations defined by (2.2), (2.5)—(2.6) with T = T,, and N = N,,,. Then
(uj,, N, )men and (ul,  n Jmen converge in LP(Q; L2(0,T; L2(A))) for any p € [1,2) to the variational solution

mydVm

of Problem (1.1) in the sense of Definition 1.2.

1.2. State of the art

The study of numerical schemes for stochastic partial differential equations (SPDEs) has attracted a lot of
attention in the last decades and there exists an extensive literature on this topic. A list of references for the
numerical analysis of SPDEs and an overview of the state of the art is given in [2,17] and [34].

Concerning the theoretical and numerical study of stochastic heat equations, semigroup techniques may be
used to construct mild solutions (see, e.g., [16]). However, from the point of view of applications and math-
ematical modeling, it is often interesting to consider first-order perturbations of the stochastic heat equation
and more complicated, nonlinear second order operators, such as the p-Laplacian or the porous medium opera-
tor. For these nonlinear SPDEs, the semigroup approach is not available and variational techniques have been
developed in [31,35] and [32].

In the numerical analysis of variational solutions to parabolic SPDEs, spatial discretizations of finite-element
type have been frequently used (see, e.g., [9,12] and the references therein). On the other hand, for stochastic
scalar conservation laws, finite-volume schemes have been studied in [5-8,21,28,33] and [22]. To the best of
our knowledge, there are only a few results on finite-volume schemes for parabolic SPDEs. Let us mention the
work of [4] where the authors proposed a convergence result of a finite-volume scheme for the approximation of
a stochastic heat equation with linear multiplicative noise.
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1.3. Aim of the study

In this contribution, we want to extend the finite-volume approximation results in the hyperbolic case to
the stochastic heat equation with Lipschitz continuous multiplicative noise. Having applications to nonlinear
operators and also to degenerate parabolic-hyperbolic problems with stochastic force in mind for the future,
we propose a method for the convergence of the scheme which does not rely on mild solutions and results from
semigroup theory. Additionally, we may include a discrete gradient in the right-hand side of our scheme (2.6)
in the future. Hence, further studies may be devoted to the convergence analysis of finite-volume schemes for
equations with multiplicative noise involving first order spatial derivatives of the solution. The main technical
challenge is the nonlinear multiplicative noise. Indeed, from the a priori estimates, we get up to subsequences
weak convergence results in several functional spaces for our finite-volume approximations and this mode of
convergence is not enough to identify the weak limit of the nonlinear term in the stochastic integral. Therefore,
we first show the convergence towards a martingale solution by adapting the stochastic compactness method
based on Skorokhod’s representation theorem. Then, using a famous argument of pathwise uniqueness (see, e.g.,
[30]), we obtain the stochastically strong convergence result stated in Theorem 1.3. In this contribution, we limit
ourselfes to the convergence proof. The study of convergence rates is subject to current research activities and
will be detailed in a forthcoming work.

1.4. Outline

The paper is organized as follows. The next section concerns the introduction of the finite-volume framework:
the definition of an admissible finite-volume mesh on A will be stated and the associated notations of discrete
unknowns will be given. Then the notions of discrete gradient and discrete H'-seminorm will be introduced. In
a last subsection, we will introduce our finite-volume scheme together with the associated finite-volume approx-
imations. The remainder of the paper is then devoted to the proof of the convergence of this approximations
towards the variational solution of (1.1). To do so, we will prove in Section 3 several stability estimates satisfied
by these approximations, but also a boundedness result on the approximation of the stochastic integral. These
estimates will allow us to pass the limit in the numerical scheme in Section 4. More precisely, we apply the
classical stochastic compactness argument (see, e.g., [11]). By the theorem of Prokhorov, we will get conver-
gence in law (up to subsequences) of our finite-volume approximations. At the cost of a change of probability
space, the Skorokhod representation theorem will allow us to obtain almost sure convergence of the proposed
finite-volume scheme. Then, a martingale identification argument will help us in order to recover at the limit the
desired stochastic integral. In this way, we have shown that our finite-volume scheme converges to a martingale
solution of (1.1), i.e., the stochastic basis is not fixed, but enters an unknown in the equation. Next, we show
pathwise uniqueness of solutions to (1.1). This, together with a classical argument of Gyongy and Krylov (see
[30]) allows us to deduce convergence in probability of the scheme with respect to the initial stochastic basis.

2. THE FINITE-VOLUME FRAMEWORK

2.1. Admissible finite-volume meshes and notations

In order to perform a finite-volume approximation of the variational solution of Problem (1.1) on [0,7] x A we
need first of all to set a choice for the temporal and spatial discretization. For the time discretization, let N € N*
be given. We define the fixed time step At = % and divide the interval [0,T] in 0=ty <t; < ... <ty =T
equidistantly with ¢,, = nAt for all n € {0, ..., N —1}. For the space discretization, we refer to [26] and consider

finite-volume admissible meshes in the sense of the following definition.

Definition 2.1. (Admissible finite-volume mesh) An admissible finite-volume mesh 7 of A (see Fig. 1) is given
by a family of open polygonal and convex subsets K, called control volumes of 7T, satisfying the following
properties:

- A=Uger K.
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K dKjL A |

FIGURE 1. Notations of the mesh 7 associated with A.

If K,L € T with K # L then int K Nint L = 0.

If K,L € T, with K # L then either the 1-dimensional Lebesgue measure of K N L is 0 or K N L is the edge
of the mesh denoted o = K|L separating the control volumes K and L.

To each control volume K € T, we associate a point 25 € K (called the center of K) such that: If K,L € T
are two neighbouring control volumes the straight line between the centers zx and x is orthogonal to the
edge 0 = K|L.

Once an admissible finite-volume mesh 7" of A is fixed, we will use the following notations.

Notations.

h = size(T) = sup{diam(K) : K € T}, the mesh size.

dp, € N the number of control volumes K € 7 with h = size(7T).

Ao denotes the two-dimensional Lebesgue measure.

& is the set of the edges of the mesh 7 and we define & := {0 € £ : 0 L OA}, Eex := {0 € E : 0 C A}
For K € T, £k is the set of edges of K and mg := \2(K).

Let K, L € T be two neighbouring control volumes. For 0 = K|L € &y, let m, be the length of o and dg |1,
the distance between zx and zp.

For neighbouring control volumes K, L € 7, we denote the unit vector on the edge ¢ = K|L pointing from
K to L by ngr.

For o0 = K|L € &y, the diamond D, (see Fig. 2) is the open quadrangle whose diagonals are the edge o
and the segment [2f,21]. For 0 € Eexy N Ex, we define D, := K. Then, A = Usee D,.

mp, = A2(D,) is the two-dimensional Lebesgue measure of the diamond D, . Note that for o € iy, we

medg|L
have mp, = ———
2
Using these notations, we introduce a positive number
diam(K
reg(7) = max | N, max diam(X) (2.1)
KeT d(l’K,O')
ceE

(where N is the maximum of edges incident to any vertex) that measures the regularity of a given mesh and is
useful to perform the convergence analysis of finite-volume schemes. This number should be uniformly bounded
when the mesh size tends to 0 for the convergence results to hold.

2.2. Discrete unknowns and piecewise constant functions

From now on and unless otherwise specified, we consider N € N*, At = % and 7 an admissible finite-volume

mesh of A in the sense of Definition 2.1 with a mesh size h. For n € {0,...,N — 1} given, the idea of a
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FIGURE 2. Notations on a diamond cell D, for o € &y

finite-volume scheme for the approximation of Problem (1.1) is to associate to each control volume K € 7 and
time ¢,, a discrete unknown value denoted ul € R, expected to be an approximation of u(t,,xx), where u is
the variational solution of (1.1). Before presenting the numerical scheme satisfied by the discrete unknowns
{uf, K € T,ne{0,...,N —1}}, let us introduce some general notations.

For any arbitrary vector (w})xer € R? we can define the piecewise constant function wp : A — R by

Note that since the mesh 7 is

wp (z) = Z wrlk(z), Yo € A.

fixed, by the continuous mapping defined from R to L?(A) by

(wi)ker — Y Lgwl,
KeT

the space R% can be considered as a finite-dimensional subspace of L?(A) and we may naturally identify the

function and the vector

Then, knowing for all n € {0, .

S r U
in time and space wy, n, wy, y :

wZ’N(t,x) =

l
wh’N(t, .’L’) =

wl = (W) ket € R™.

.., N} the function w}, we can define the following piecewise constant functions

0,7] x A — R by

N-1
wZJrl(x)]l[tmth)(t) ift €[0,7) and w,Z’N(T, x) = w,JLV(x),

n=0

N1 (2.2)
wﬁ(x)]l[tmtnﬂ)(t) if t € (0,7] and wz’N(O,x) = wg(x).

n=0

Remark 2.2. The superscripts r and [ in (2.2) do not refer to the continuity properties of the associated
functions (which may be chosen either cadlag or caglad). The difference is that wﬁl ~ is adapted whereas wj,

is not adapted.

As for the piecewise constant function in space, since 7 and N are fixed, by the continuous mapping defined
from R4 <N to L2(0,T; L?(A)) by

n n
(wik) KeT — g ]lKﬂ[tn,thrl)wKa
ne{0,...,N—1} KeT
n€{0,...,N—1}
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the space R%*N can be considered as a finite-dimensional subspace of L2(0,T; L?(A)) and we may naturally
identify

l — dp XN
wy N = (Wk)  KeT € R™ =,
{0, N1}
_ 1 dp XN
w,TL’N = (U}TIL(+ ) KeT € R .
{0, N—1}

We can also define the piecewise affine, continuous in time and piecewise constant in space reconstruction
Wp,N : [0,T] x A — R by

= w ™ (z) — wi(x
() = 3 i) (B 1) 4 ). (2.3
n=0

Remark 2.3. Note that in the rest of the paper, when we will consider a time and space function a : [0, T] x A —
R on all the space A (respectively the time interval [0,7]) at a fixed time t € [0,T] (respectively at a fixed
x € A) we will omit the space (respectively time) variable in the notations and write «(t) (respectively a(z))
instead of «(t,-) (respectively a(-,x)).

2.3. Discrete norms and discrete gradient

Fix n € {0,..., N —1} and consider for the remainder of this subsection an arbitrary vector (w%)ger € R
and use its natural identification with the piecewise constant function in space wp = (w)xer. We introduce
in what follows the notions of discrete gradient and discrete norms for such a function wy.

Definition 2.4 (Discrete L?>-norm). We define the L%-norm of w}? € R% as follows

1
2
[wi|L2a) = (Z mK|w?(2> :

KeT

Definition 2.5 (Discrete gradient). We define the gradient operator V that maps scalar fields wp € R% into
vector fields of (R?)¢» (where ej, is the number of edges in the mesh 7), we set V'w} = (VEw}),ce with
LR —
Vi = dr|L
O7 ifoe gext-

ngr, ifJZK‘LEgint;

We remark that Vw! is considered as a piecewise constant function, which is constant on the diamond D,

Definition 2.6 (Discrete H'-seminorm). We define the H'-seminorm of w} € R% as follows

m
it (3 e i i

0€Eint K|L

2

Notation. If not marked otherwise, for an edge o € &,y we denote the neighbouring control volumes by K and
L, i.e., 0 = K|L. In particular we use this notation in sums.

Remark 2.7. Note that in particular,

m
thwZ”%LQ(A))z = Z mDa‘ng;Ll‘2 =2 Z d - |w}l( - U}Z|2 = 2‘wm%,h
0€Eint 0EE&int L

where the constant 2 corresponds to the space dimension d = 2.
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Remark 2.8. If we consider another arbitrary vector wy = (W% )ker € R? , by summing over the edges we
may rearrange the sum on the left-hand side and get the following rule of “discrete partial integration”

me n n\~n Mg n n ~n ~n
E E d (wg —wi)wyg = E (wyg —wi) (W — wf). (2.4)
KeT o€k NEing KL

We have now all the necessary definitions and notations to present the finite-volume scheme studied in this
paper. This is the aim of the next subsection.

2.4. The finite-volume scheme

Firstly, we define the vector u) = (u%)xer € R% by the discretization of the initial condition ug of

Problem (1.1) over each control volume:

1
uly = —/ uo(x)de, VK eT. (2.5)
mg Jk

The finite-volume scheme we propose reads, for this given initial Fy-measurable random vector u?L € Rdr:
For any n € {0,---, N — 1}, knowing u} = (u}%)xker € R% we search for uf ™! = (u;"") ger € R such that,
for almost every w € €2, the vector uﬁ“ is solution to the following random equations

MK, n+1 n Mg n+1 n+1 mg n

- - + -— - =— A, W, VKeT, 2.6

AT ) 3 -t = TR0 Ann (2.6)

0€EMNEK

where A, 11 W denotes the increments of the Brownian motion between t,, 1 and t,:

Ap i Wi=W(typ1) — W(ty,) for n € {0,...,N — 1}.

Remark 2.9. The second term on the left-hand side of (2.6) is the classical two-point flux approximation of
the Laplace operator obtained formally by integrating the Laplace operator on each control volume K € 7, then
applying the Gauss-Green theorem to the term [ 5 Au(ty g1, z)dz and finally combining Taylor expansions of
the function u(t,1,-) at the points 2k and z, together with the orthogonality condition on the mesh (see [26],
Sect. 10) for more details on the two-point flux approximation of the Laplace operator with Neumann boundary
conditions). The time-implicit discretization of the Laplace operator has several analytic advantages: First of
all, calculations in the a-priori estimates are simplified. Secondly, we omit the use of a CFL-condition. Last but
not least, for more general nonlinear operators such as the p-Laplace operator, an implicit time discretization
is more appropriate. However, an explicit time discretization of the noise is crucial and can not be omited due
to the non-anticipative character of the It6 stochastic integral.

We can note that by multiplying equation (2.6) by wg, summing over K € 7 and using equality (2.4), the
numerical scheme can be rewritten as: For any n € {0,..., N — 1}, find uZH € R4 such that for any wy, € R%

D e (uic — ) wc £ A S gt ) (e — )
KeT 0EEm: | KIL

=Y mrg(ui)wr An i W.
Ker

(2.7)

I3

The two formulations are equivalent but this
follow.

‘variational” formulation will be more useful in the analysis to
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Proposition 2.10 (Existence of a discrete solution). Assume that hypotheses Hy and Hy hold. Let T be an
admissible finite-volume mesh of A in the sense of Definition 2.1 with a mesh size h and N € N*. Then, there
exists a unique solution (ul)1<p<n € (RN to Problem (2.6) associated with the initial vector uy defined
by (2.5). Additionally, for any n € {0,...,N}, up is a Fy, -measurable random vector.

The solution (u})i1<n<n € (R)N of the scheme (2.5)-(2.6) is then used to build the right and left finite-
volume approximations uj, n and ulh n defined by (2.2) for the variational solution u of Problem (1.1).

Proof. (Prop. 2.10). Set n € {0,...,N —1}. For K € 7 and a.s. in €, note that (2.7) can be rewritten in the
following way:

Mo n n
D (Wi = fR)w + AL Y S (= up ) (wie - w) =0, (2.8)
KeT 0€Eint KL
where fi = g(uk)An W + ul%. For fI' = (fR)ker € R and ae. w € Q, we can define the functional

JP R — R by

1
Iy (wn) = ia(whawh) - /Awhfz? dx

where the bilinear form a : R% x R%* — R is given by

Mo

(’U,K — ’U,L)(IUK — ’LUL).

a(vh,wh):/vhwhdx—l—At Z
A

o0€Eint KL

From a straightforward calculation it is easy to see that the bilinear form a is symmetric, continuous and
coercive.

Thus from the Theorem of Stampacchia (see e.g. [14], Thm. 5.6), J;' admits a unique minimizer uZ‘H € Ré
and the associated sequence (u})1<n<ny € (R%)Y is the unique solution of (2.8) a.s. in 2. If we assume that
uy is Fy,-measurable, then f;' is F; . -measurable and consequently the random variable w — JJ(wp)(w) is
Ft,.,,-measurable for any wy, € R%. Hence, w — u} ™ (w) = min,, cpa, Jj(wp)(w) is Fy, ,,-measurable. Then,

it follows by iteration, that for a given, Fy-measurable random variable u% € R for any n € {0,...,N — 1}
there exists a F3, ,,-measurable function u} ™' € R% such that (u}})1<,<n € (R%)" is solution to Problem
(2.6) associated with the initial vector u9 which concludes the proof. ]

3. STABILITY ESTIMATES

We will derive in this section several stability estimates satisfied by the discrete solution (u}?);<,<n € (R% )Y
of the scheme (2.5)—(2.6) given by Proposition 2.10, and also by the associated right and left finite-volume
approximations uj y and uj, 5 defined by (2.2).

3.1. Bounds on the finite-volume approximations
We start by giving a bound on the discrete initial data.

Lemma 3.1. Let uy be a given function satisfying assumption Hy. Then, the associated discrete initial data
uy € R defined by (2.5) satisfies P-a.s. in €,

||U2||L2(A) < luollrz(a)-

The proof is a direct consequence of the definition of u) and the Cauchy-Schwarz inequality.

We can now give the bounds on the discrete solutions which is one of the key points of the proof of the
convergence theorem.
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Proposition 3.2 (Bounds on the discrete solutions). There ezists a constant C; > 0, depending only on uo,
Cr, |A| and T such that

n—1 n—1
Eupli3em) +E DIt bz | +200 3 E [ Ea] < G, € (1, N
= k=0

Proof. We fix n € {1,...,N}. For any k € {0,...,n — 1}, choosing w;, = uf™ as test function in (2.7) we
obtain,

MK k+1 k+1 Mo k+1 ukt12
E 7At(ul{ _UK“K + E Uy, |

KeT a-eglm
MK k+1 _ k (3.1)
- Z At (UK)“KAkHWJFZ At gl (ui™ — u) A W
KeT KeT

We consider the terms separately: For the first term on the left-hand side we find
MK (k41 Koy, ki1 L ME (|, k12 k|2 k41 k|2
Z AL (ug ™ — i )utt = Z At( P = e P i = ).
KeT KeT

Taking expectation in (3.1), the first expression on the right-hand side of (3.1) vanishes, since u%- and A1 W
are independent and therefore
E [g(uf)ufe Apy1 W] = 0.

In the second term we apply Young’s inequality in order to keep all necessary terms. Then, taking expectation
and using the It0 isometry we obtain

E [g(ufo) (uid! — uf) Apa W] < E [|g(u) Mg W] + E (g™ = ui ]
< ACE [lg(ak)P] + 7B [kt — k]
for any K € 7. Altogether we find

1
g E L = b de+ i [ B (k™ — ) o+ B [l )

< [ Ellotu)P] d,
A
Summing over k € {0,...,n — 1} and multiplying with 2At¢ we obtain
n—1
E [ lupZa) = I l3za)] + ZE [kt = wkllZen)| + 286> E [luf* ]
- F=0 (3.2)
<20t 3 E [l e -
k=0

Since the second and third term in (3.2) are nonnegative, from Hy and (1.2) it follows that

n—1

E[lupli3ec) < B [lf 1300 ] + 20080 Y E [lubl3aa)| +2CLIAIT.
k=0
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Applying the discrete Gronwall lemma yields

E [lefl3za)] < ((1+2C0T)E [[ufl32s)] +2CLIAIT) 2947
From (3.3) and Lemma 3.1 we may conclude that there exists a constant T > 0 such that

sup E [HUZ”QL?(A)] <.
N}

Applying (3.3), Hs and (1.2) it follows that

n—1 n—1
24t E [||g(u’;)|\izm)} < 20L|AIT +2C.At S E [||u;§||§2w} <201 T(T + |A])
k=0 k=0

for all n € {1,... N}. From (3.2), Lemma 3.1 and (3.4) it now follows that

n—1 n—1
n 1
E[uplifee)] + 5 DB [l = uflifae)] + 288 Y E (™12 ]
k=0 k=0

<E [Huouigw} 20 T(T + [A]) = Oy

forallme {1,...,N}.

O

We are now interested in the bounds on the right and left finite-volume approximations defined by (2.2). As

a direct consequence of Proposition 3.2 we get a L?(Q; L?(0,T; L?(A)))-bound on these approximations.

Lemma 3.3. The sequences (uj, y)n,N and (“Z,N)h,N are bounded independently of the discretization parame-

ters N € N* and h in L*(Q; L*(0,T; L2(A))).

Thanks to Proposition 3.2 we can also obtain a L?(£2; L2(0,T; L?(A)))-bound on the discrete gradients of the

finite-volume approximations.

Lemma 3.4. There exist a constant K1 > 0 depending only on ug, Cr, |A| and T and a constant Ky > 0

additionally depending on the mesh regularity reg(7) (defined by (2.1)), such that

T
| Bl aORa 0 < K

and
T
| Bl ] de < Ko
0
Proof.
T N—-1
JRRICANCIAEED D (Tasli ¥
k=0

and therefore (3.5) follows directly from Proposition 3.2. Using the definition of ulh ~ and (3.5), we get

T N-1
| Ellh (0] de < ME [ ] + At 3B [k ] < AR [l ] + Ko
0 k=0



CONVERGENCE OF A FV SCHEME FOR A STOCHASTIC HEAT EQUATION 755

Since wg is assumed to be in L?(Q; H'(A)), from Lemma 9.4 of [26], it follows that there exists Cy > 0 depending
on the mesh regularity reg(7) such that,

E[[uh3,] < CAE [|IVuoll3z(a |
and therefore (3.6) follows. O

We end this section by a bound on the discrete solution which will be useful for obtaining the time translate
estimate and the bounds on the Gagliardo seminorm. Note that the difficulty here is to have the maximum
inside the expectation.

Lemma 3.5. There exists a constant K3 > 0 independent of the discretization parameters N € N* and h, such
that

E |2 < Kj.
o el | < Ko

Proof. For N € N, we choose an arbitrary k& € {0,...,N — 1} and an arbitrary K € 7. Testing the implicit
scheme (2.7) with ukJr1 yields

MK (. k+1 k+1 Mo k+1 WE2 = MKk, k+1
Z E(U’K —ulfui ™ + Z up |t = Z EQ(UK)UK ApaW.
KeT e KeT

This provides by Cauchy-Schwarz and Young inequalities

1
(HukHHLZ(A) ||uh||L2(A)+||uk+l uﬁ”%z(,\))

te41 th41
< ( [ stubyaw )b - uh) n ( / g(u’de(s),u’z)
t L2(A) t L2(A)

1 tht1 2 9 tht1
| sty Sl =+ ([ stabawen )
™ th L2(A)

tr

IN

2 L2<A>

We obtain
2

tet k k
2 ( / g(uh>dw<s>,uh) |
L2(A) th L2(A)

Forn € {1,..., N} fixed, we sum over k = {0,...,n — 1} to obtain

k+1 bt
220y — Ik BBy < H/ ub)dw (s)

fett ’ = s k k 02
220y < sb)aw(s)| w23 ([ s enat) kbl
L2(A) k=0 Ytk L2(A)
From this, taking the maximum over n € {1,..., N} first and then the expectation applying Itd isometry it

follows that

2
B[ max [uf 2]

N—1 trat 2
< | Y| [ stwhawes
k=0 'tk L2(A)
n—1 tk+1
2k n:HllaXNZ </ g(ui)dW(s),uﬁ) +E [”“2”%2(/\)} (3.7)
k=0 ik L2(A)
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N—-1 thot1 o
< / E [||g(uh)||L2(A):| ds
k=0 Ytk
= [k 012
+2E | max Y (g(up), up)L2(a)ydW (s) +]E{||uh||L2(A)}'
n=1,..., ot

We can estimate the second term by the Burkholder-Davis-Gundy inequality

n—1 tht1 N .
2 | s, > / o) )W (9

|

<2E [ sup /Ol(g(ugm,N(S))?UZ,N(S))LZ(A)dW(S)

te[0,T)

2

T
<2CBE (/O |(9(U2,N(8))aUZ,N(S))H(A)FdS)

Now we apply Cauchy-Schwarz and Young inequalities (with o > 0), Hy and (1.2) to estimate

1

T 2
2CBE (/0 I(g(UZ,N(S)%UZ,N(S))L2<A>|2dS>

1

2

te[0,T]

T
< 2CgE (Sup Hulh,N(t)||2L2(A)/0 ||9(U2,N(5))|%2(A)d5>

o 1 T
S s Ol + 57 | |g<uz,N<s>>||%z<A>ds]

t€[0,T)
T
/0 |uz,N<s>|%2<A)dsD-

Plugging the above estimate in (3.7) and again using Hs with (1.2), we arrive at

<2CBE

CgCl,

n|2
< CpaK LﬂllaXN ||uh||L2(A)] + <T|A| +E
ni|2 n |12 0112
E [n_nfaxzv |uhLz(A)} < Cpok L_HfaXN ||Uh||L2(A)] +E [HuhHLQ(A)}
CB T 1 2
+Cr, o +1 ; E |:Huh,N(3)HL2(A)} ds
C
+ CLA|IT (Of‘ + 1) :

Choosing « > 0 such that 1 — Cga > 0, we find a constant C'(«, L) > 0 such that

,,,,,

T
E nrglaanuz%z(A)} < C(a, L) ( / E [luh, v (5)Zaqay] 4 +E [Iuf32c)] +1>-

Now, the assertion follows by Lemmas 3.1 and 3.3.
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3.2. Time and space translate estimates

For the stochastic compactness argument in Subsection 4.2, we need a uniform bound on (ulh ~N)A,N in the
spaces L?(Q; L?(0,T; W*2(A))) and L*(Q; W*2(0,T; L*(A))) for a € (0, 3). In order to prove the bound in
L2(9; L%(0, T; W*2(A))), we establish a uniform estimate on the space translates of (“%LN)hJV in Lemma 3.6.
The proof of the bound in L?(Q; W*2(0,T; L?*(A))) is more complicated. To do this, we introduce the following

intermediate quantity. For any (¢,z) € [0,T] x A, we define

My () = [ gl (o)W ). (38)

Then, Lemma 3.7 is a technical result for the proof of Lemma 3.8, where we show a uniform estimate on time
translates of (uth — Mp, n)n,n- Thanks to Lemma 3.8, we may conclude a uniform bound on (uﬁlN —Mp NN
in L?(Q; W*2(0,T; L*(A))) in Lemma 3.10. Then the desired bound on (ul}“N)h,N is obtained in Lemma 3.11
by using the additional information that (M} x)s n is bounded in L?(Q; W*2(0, T; L?(A))).

We start by giving an estimation of the space translate. We do not give the proof here as it is similar to the
one given in Theorem 10.3 of [26].

Lemma 3.6. Let QZ’N be dP ® dt ® dx-a.s. defined by ﬂﬁhN = uﬁhN on Q x (0,T) x A and ﬂﬁL’N =0 on
Qx (R*\ ((0,T) x A)). Then there exists a constant C > 0, only depending on A, such that for all n € R? and
almost every t € [0,T] and P-a.s in

[ bt ) = )Pk < Clal (b (O + Db Ol )

Lemma 3.7. There exists a constant K4 > 0, independent of the discretization parameters N € N* and h, such
that for all 7 € (0,T) there holds

E

T—71
2
[ M7 = M le47) = C0hel0) = My D dt] < K, (39)
where M}ZL’N is defined for any (t,z) € [0,T] x A by

tn
My (t,z) = / gty (5,2)) AW (3) if £ € [t tusn) withn € {0,..., N —1}.
0

Proof. Let 7 € (0,T) be fixed. In the following, we set ¢l (t,z) := ulh7N(t,m) - M}LN(Lx) fort € [0,T],xz € A.
Note that by definition My := M y(tn, zx) and @ := uj — My forn € {0,...,N},K € T. For t € (0,7 —7)
let ng(t),n1(t) € {0,..., N — 1} be the unique nonnegative integer satisfying

no(t)At <t < (no(t) + DAt and ni(H)At <t+7 < (ni1(t) + 1)At.

There holds IP-a.s in
T—1
/o ||U§L,N(t +7) — M}{L,N(t +7) - (Uil,N(t) - M}L,N(t))”%Z(A)dt

T—T T—1
:/ 3 mileid — e Rat :;/ A(t)dt.
0 0

KeT
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Since T > 0, we necessarily have ng(t) < nq(t). If no(t) = n1(¢) holds, we have A(t) = 0. So we only consider
t € (0,T—7) with ny () > ng(t). Using the notation xp41 (¢, t+7) = 1if (n+1)At € [¢,t+7) and xp41 (¢, t+7) =0

otherwise for n =0,..., N — 1, we get

ny(t no(t ny(t no(t
= 3" m (R — RN — )

KeT
nl(t)—l
ni(t no(t e n
= 3" mr(eRY - D) 3 (R - k)
KeT n=nq(t)
N-1
ni(t no(t n
= 3" mr(@R® = )3 Xt t+ )T - o)
KeT n=0
N-1
ni(t no(t n n
= > Xt t+7) Y (R — @l me (e - k).
n=0 KeT
Using (2.6), we obtain
N-1 m
Alt) = =AY xanlbt+7) 30 (R = o) 3T S -t
n=0 KeT o€&intNEK KIL

Rearranging the sum in the same way as for discrete partial integration (see Rem. 2.8), using the definition of

¢ and the notation u%’l = ’U,th(xK> for K € T one obtains

N—1
Mo n n n n 7, n,

At) = At Z Xn+1(t, t+7) Z T(UK—H - UL+1) (‘pKl(t) - ‘PLl(t) - (SOKO(t) LF’LO(t)))
n=0 cE€Ent K|L
N-1

= —At Z Xn+1(t,t+17) Z %(U%Jrl UZH)[uK 1(t) _ u21(t) no(t) + uno(t)]
n=0 oE€Eint
- Mo 1 1 m® N, N,
FALY Xapa (7)Y (g ) / (9ui) = g(ui™)) aw(s)

n=0 oCEm KIL no(t)At

=: Al(t) + Ag(t),

By Cauchy-Schwarz and Young inequalities we get

At n At n n
At < anﬂ (bt + )R+ 5 anﬂ (t.t+ ) —upe 2,

n=0 n=0
Ar Y= N—1
n 1(t t
=3 > vt 4 P LAY (ot + 0O+ O )
n=0 n=0
Consequently,
T—1
E / Ai)dt| <L+ 1
0
where

T—7 N—-1

1
_ 5/ S Xoa (4 T)E [Athup T ] dt
0 n=0
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and

T-7N-1
I :/ 3 Xnsi(tt+ T)ALE [\uho“)| o 02, } dt.
0 _

Since

Xnt1(t,t+7)=1 & (n+1)At€[t,t+71)
& t—17<(n+DHAt—7<t<(n+1)At,

there arises

T—r (n+1)At
/ Xn+1(t, t+7)dt = / 1dt=r. (3.10)
0 (n4+1)At—7

Using this and (3.5), we have

T
K
L=_E / Jupy n (5)[2 hds] <=2
2 0 ' ' 2
Now we write Iy = Iz ; + I3 2 where,
T—7 N-1
L :/ 3 Xt t+ T)ALE [|u’,j°“)|§h] dt,

n=0

T—7 N-1

Iy _/ Z Xni1(t,t +7)ALE [|u )|§7h] dt.

We note that, for any m € {0,...,N — 1}, if ¢t € [tyn,tm+1) then the definition of ng implies ng(t) = m and
therefore

N-1 tmir IV
La< Y </ Z Xn+1(t,t 4+ 7) dt) ALE [Jup'|? 4] -
m=0

Now, we proceed as in Lemma 6.2 of [29]. For the convenience of the reader we include the derivation of the
formula using the notation of this paper. For all m € {0,..., N — 1} we have

mi1 NV tm41—tnt1
/ Z Xnt1(t,t+7)dt = Z / Xnt1(t +tng1,t +tnyr +7)dt.
—tnt1
Now,
Xn+l(t + tn+1, t+ tn+]_ + 7') =1 (’I’L + 1)At = tn+1 c [t + tn+1,t + tn+1 + T)
& te (-0l
Hence,

N-1

/t'rrz+1 —_
t

m n=0

Xn+1(t,t+7)dt S /R]]-(_T’O](t)dt =7 VYmée€ {0,,N* ].}
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Therefore, thanks to Lemma 3.4 one has

N—1 T
Iy < TAt Z E [lup'is] = T/ E [|ub x(©)]F 4] dt < Ko7
0

m=0

Analogously, for any m € {0,...,N — 1}, if t € [t;, — T, tmy1 — T), then the definition of ny implies ni(t) = m
and therefore

m+1—T N-1

Iy < ZAt]E g2 ] / > Xnalt,t+7)dt < Kot

m=0 tm—T n=0

by Lemma 6.2 of [29] and Lemma 3.4, where x,+1(¢,t + 7) = 0 for ¢ < 0. Combining the previous estimates we

arrive at
T—1
/ Aqp(t)dt
0

Now we consider A,. Applying Young’s inequality we find

E

< <I;1 + 2K2> T. (3.11)

At Mg |, p "
Aq(t) < ZX”“ (t,t+71) Z 7 (uptt —uth)?

n=0 €&y KL
2

At m, | (MO8 NI N,
L SE IR . L (o =) awes

n=0 oc€&int KL
= A271(t) + A272(t).

E[/OT TA21(

By (3.10) and Lemma 3.4 we may conclude

T—T1 T
E l / A271(t)dt] =Tk l / |u2)N(s)|%)hds] <8 (3.12)
0 0

For the study of the term Aj» we recall the notation u%’l = uﬁLN(xK) for K € 7. From the It isometry it
follows that for any t € (0,7 — 7) with ng(t) < n1(¢),

L (o) = gt awte

o(t)At

We have

| X

T—T
2 / Xni1(t t+7)dt] .

E <E

/0 () —g<uf’l>2ds] .

Therefore,

T—1
E [ /0 A272(t)dt]

T—r N—-1

A;/O gxnﬂ(t,wm) Yy g

d
0€E&int K‘L

m (At N, N,
[, (o5 =gy awce

0
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At (TR m r N, N,
<5 [ Txewren) 3 0E | [loaih) - o)) Pas | ar
n=0

0 0€Eint K|L
At T—7 N—1 m T
§L27/0 > Xngatt+7) Y dKTLE /0 [l —ult2ds | dt
n=0 0E€Eint

T—r N—-1

At g
=L~ Z Xnt1(t,t+7)dt | E HUZN(S)ﬁh] ds.
2 0 n=0 0

Because of (3.10) there holds

T—r N—-1

/ an+1tt+7dt ZT*NT
0 n=0 n=0
Therefore from (3.6) it follows
T—1 1
E / AQ’Z(t) §L TTK2 (313)
0
Finally (3.9) holds from (3.11), (3.12) and (3.13). O

Lemma 3.8. There exists a constant K5 > 0, independent of the discretization parameters N € N* and h, such
that for all T € (0,T) there holds

E

T—1
/ l[wh n(t+7) = My n(t+7) — (uh (1) MhVN(t))H%z(A)dt] < KsT. (3.14)
0
Proof. Let 0 < 7 < T. We can write using the fact that for any a,b,c € R, |a + b+ c|?> < 3(|a|? + [b]* + |¢|?)

E

T—1
/0 gy v (4 7) = M (E+7) = (up, o (t) — Mh,N(t))liz(mdt]

T—1
<3E [/0 gy v (4 7) = My, (8 +7) = (up () — Mﬁ,N(t))%(A)dt]

+3E

T—71
/ 1Myt + 1) — Mh,w)%zm)dt]
0

+ 3E

T—1
/0 IMj, 5 (E+7) — M;L,N(t)%z(/\)dt‘|
= 3([1 + Iy + 13).

From Lemma 3.7 we know that I; < Kyu7.
By the It6 isometry, Ha, (1.2) and Lemma 3.5 we get

T—7 pt+7 l
k= /0 / E [”g(uh,N(s))”%ﬁ(A)] dsdt
t

<o [T (MR [l o)) ase
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T—1
<C’L\A|T7'—|—C'L/ / [ max ||uZ||2L2(A)] dsdt
< CLT(IA] + K3)7

For ¢t € [0,T], let ng(t),n1(t) € {0,..., N — 1} be defined as in the proof of Lemma 3.7. From the It6 isometry,
Hs, (1.2) and Lemma 3.5 we get

T—1 nl(t)At l
Iy = / / E [Jlg(esh v (53 )| ds e
0 no(t)At

T—7  pni(t)At
< Cr(|Al + Kg)/ / 1 ds dt.
0 no(t)At

Similarly to the proof of Lemma 3.7, let x,(¢,t + 7) = 1 for n € N if nAt € (¢,t + 7] and 0 otherwise. Taking
(3.10) into account, we can continue the above estimate by

T—7 N-1
Iy < CL(|Al + K3)/ Z Xn+1(t T+ 7)Atdt

‘Al +K3 At Z/ Xn+1 t t+T) dt = CLTOAl +K3>T,

and the assertion follows. O

3.3. Bound on the Gagliardo seminorm

In this subsection we give bounds on the approximate solutions which will be used in the stochastic compact-
ness argument in Subsection 4.2. We denote by [ - Jyya.2(a) the Gagliardo seminorm such that for any function

w : A — R one has,
1
jw(z) —w(y)® ?
[w Jweza) = (/A ooy )

Note that W*2(A) = {w € L*(R?) : [w]yraza) < 0o}

Lemma 3.9. For any fized o € (0,%), the sequences (uj, y)nn and (uj )N are bounded in
L2(; L2(0, T; W*2(A))) independently of the discretization parameters N € N* and h.

Proof. We fix 0 < a < %,
Lemma 3.6

ay () —at t,9)|?
/ / |hN hN( vl dx dy
R2 JR2 |l‘— ‘2—‘,—2(1
_/ / Ty (0 ~ Ttz 40P
[n|>R JR2 \77|2(1+“) n
WZN(t,JU) — aﬁl N(t7x_|_,m2
+/71<R /]1&2 |77|2(1+a) dxdx dn

<l (1)) / il ~20+ ) gy
[n>R

+0 (W O+ IOl [ 20
n<

R > 0 and define uj, 5 as in Lemma 3.6. For almost every ¢t € (0,T), thanks to
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2m
—4HuhN ||L2(A)/ / Ha)rd?“dQO

27 R
0 (o O+ by Ol) [ [ trarag
—: Gl ()22 ) + Calil (B2,

where the constants Cy,Cy > 0 only depend on A and R > 0. Consequently we have

[y, (t, @) — @ (t, )
/0 [t v (D)Ja2a) dt</ /]R2/]R2 o gEte drdydt

< / (Culluh )y + Coluh (D1 )

Therefore thanks to Lemmas 3.4 and 3.5 we get

T
2
E [[[uf, nllL20.75we2(a))) = E /0 (Iluhy ()l 2a) + [h n (B)]wez(ay)” dt

T

T
201 +61) [ B [ldh Ol )] at+200 [ B [uh v
< 2TK3(1 4 Cp) + 205 K.
So (UZ,N)h,N is bounded in L*(€; L*(0, T; W*?(A))) and also (uj, 5 )n,n with similar arguments. O

In order to establish the L%(Q; W*2(0,T; L*(A)))-bound on the discrete solutions we give the following
auxiliary result:

Lemma 3.10. For any fized o € (0,3), the sequence (uhN My, n)n,n defined by (3.8) is bounded in

L2(Q;W*2(0,T; L?>(A))) independently of the discretization parameters N € N* and h.
Proof. For any x € A, let ¢p n(t, x) := uj, y(t,2) — My n(t,2) for t € [0,T] and @p n(t,x) = 0 for t € R\ [0,T7].

We have,
T ||@n,n(s) = Prn (B)ll72()
[ [ — e M) gy

¢ H%N — &nn ()72 (a)
/ / t—s|1+2‘x dsdt

T ||(ph — ©¥h, N( )||%2(A)
+E / / e dsdt
H‘th t_T @hN(t)”%z(A)
/ |7|1+2a drdt
T=t ||@n,n(t+7) — ¢h7N(t)||%2(A)
+E / / BEED drdt| .

Using Fubini’s theorem we obtain

(t—7)— @nn®)]22
/ t|@n,n ( — @n,N (724 detl

|7—‘1+2a
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/ /T tlenn(t+7) = Gnn(O72) det]

|T|1+204

T |@nn(t = 7) = Enn ()1 72(a)
E[/ / s s

/ /T T |@n,n (t +7) = Gr,n (Ol F2 ) dth]

7| 1+2e

T T=r ||¢h,N s)— (ﬁh,N(5+T>||%2(A)
=E [/ / |7|L+2a dsdr

/ /T T |@n,n (t +7) = B, (DT dth]

+E

+E

+E

‘7-|1+20z

:2/0 7|~ 20‘/0 [II%,N(HT)—@h,N(t)HQB(A)} dtdr
T

§2K5/ |7| =2 dr,
0

where estimate (3.14) is used in the last inequality. Thus, the above integral is finite for a € (0, 3).

O

Lemma 3.11. For any fivzed « € (0,3), the sequence (UZ’N)h,N is  bounded in
L2(Q;W*2(0,T; L*(A))) independently of the discretization parameters N € N* and h.

Proof. From Lemma 3.10 we know that (ujy — Mpn)pn is bounded in L*(Q;W*2(0,T;
L?(A))). By Lemma 3.5,

T
| B[l Ol < 78

es[lép ”uhN()H%?(A) <TKj;

hence, by applying Lemma 2.1 of [27] it follows that (M n)nn is bounded in
L2(Q; W2(0,T; L2(A))). Now, since ulh7N = (uth - M}LN) + M}hN, the assertion follows. O

4. CONVERGENCE OF THE FINITE-VOLUME SCHEME

We now have all the necessary material to pass to the limit in the numerical scheme.

In the sequel, for m € N*, let (7;,)m be a sequence of admissible meshes of A in the sense of Definition 2.1 such
that the mesh size h,, tends to 0 when m tends to +oo and let (Ny,), C N be a sequence with lim,,— 1 oo N, =
+o00 and At,, = %

For the sake of simplicity we shall use the notations 7 = T,,,, h = size(7,), At = At,,, and N = N,,, when the
m-~dependency is not useful for the understanding of the reader.

4.1. Weak convergence of finite-volume approximations

First, thanks to the bounds on the discrete solutions, we obtain the following weak convergences.

Lemma 4.1. There exist not relabeled subsequences of (“Z,N)m and of (ulh,N)m respectively and a function
uw € L%(Q; L*(0,T; H(A))) such that

l T
up n = uand up = U

for m — +o0 weakly in L*(Q; L?(0,T; L2(A))).
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Proof. From Lemma 3.3 it follows that the sequences (uj, n)m, (uﬁ1 ~N)m Tespectively are bounded in
L?(Q; L?(0,T; L*(A))), thus, up to a not relabeled subsequence, weakly convergent in L?(Q; L2(0,T; L2(A)))
towards possibly distinct elements u, @ respectively. Moreover, from Lemma 3.4 and Remark 2.7, it follows that

IV 4, N1z 0.7y 8y < 2K

Consequently, there exists x € L2(9; L?(0,T; L?(A))) such that, passing to a not relabeled subsequence if
necessary, th,rLN — x weakly in L2(Q; L2(0,T; L?(A))) for m — +oo. With similar arguments as in Lemma 2
of [25] and Theorem 14.3 of [26] we get the additional regularity w € L?(Q; L?(0,T; H*(A))) and x = Vu. Since,
by Proposition 3.2,

E [HUZN - uiz,NH%?(O,T;L?(A))] = AtE

N-1
Z ™t — UZHQB(A) < C1At, (4.1)
n=0

it follows that (uj, y—uj, y)m converges to 0 strongly in L?(Q; L?(0,T; L*(A))) when m — o0, hence also
weakly and therefore u = 4. O

Our aim is to show that w is the unique solution to (1.1). But weak convergence is not enough to pass to the limit
in the nonlinear diffusion term of our finite-volume scheme. Therefore we will apply the method of stochastic
compactness.

4.2. The stochastic compactness argument
For better readability we define V := L?(0,T; L?(A)) and
W = W*2(0,T; L*(A)) N L0, T; W2 (A)).
From Lemmas 3.9 and 3.11 we get immediately the following bound.

Lemma 4.2. For any fized o € (0, %), there exists a constant Kg depending on ug and the mesh regqularity

reg(7) but not depending on the discretization parameter m € N*, such that
l
E [[lup,n ] < Ko

In the following, for a random variable X defined on a probability space (€2, .4, P) the law of X will be denoted
by Po X 1.

Lemma 4.3. The sequence of laws (PP o (uéL’N)_l)m on L?(0,T; L?(A)) is tight.

Proof. By Theorem 2.1 of [27] we know that W is compactly embedded in V. Let € > 0 be arbitrary. For any
R > 0 the ball Byy(0, R) :={v € W: |lv||w < R} is compact in V. There holds

[P o (uh )~ 1(Bw(0,R)) = 1 — [P o (uj, v) ' ](Bw(0,R)) =1~ / LdP.
{llu, nllw>R}
Then by using Markov inequality
1 1 K¢
/| <= [ bl P < 2 [luh 1] < 25
{”uh,N”W>R} {”uh,N”W>R}

In the last inequality we used that (ul}hN)th is, thanks to Lemma 4.2, bounded in L?({; W). It follows

[P o (uj x)~1(Bw(0,R)) > 1 — %'

If we choose an appropriate R, the assertion follows. ([l
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For the next lemmas, we recall that the initial value of Problem (1.1) denoted ug is Fp-measurable and
belongs to L?(Q; H!(A)). Moreover, its spatial discretization denoted u! is defined by (2.5). In the following,
we will write (W (t))i>0 =: W, whenever the ¢-dependence is not relevant for the argumentation.

In order to apply Skorokhod theorem and to prove the almost sure convergence, we begin by proving the
convergence in law.

Lemma 4.4. For m € N* we consider the sequence of random vectors

Ym = ((uilnnNm’uznnNm - uéb’!n)N7ﬂ7W/’ ugnz)
with values in
X = L*(0,T; L*(A)) x L*(0,T; L*(A)) x C([0,T]) x L*(A).

There exists a not relabeled subsequence of (Yi)m convergmg in law, i.e., there exists a probability measure o
on X with marginal laws p,, 60, P o W1, P o (ug)~! such that

B "= [ f e
for all bounded, continuous functions f : X — R.

Proof. We recall that a subsequence of (Y;,,)., is tight if and only if all its components are tight. The tightness
of laws of (ulhm N,,)m Was shown in Lemma 4.3. Then, from Prokhorov theorem (see [10], Thm. 5.1) it follows

that, passing to a not relabeled subsequence if necessary, (uzm Nm)m converges in law towards a probability
measure pl defined on L2(0,T; L%(A)).

Clearly, as a constant sequence, the Brownian motion W converges in law towards P o W~!. Since (u?lm)m
converges to ug in L?(A) for m — +oo as. in Q (see [1], Prop. 3.5), it follows that (uj )m, converges in
law towards P o (ug)~!. From (4.1) it follows that (up N, — uzmme)m converges to 0 for m — +oo in
L2(Q; L?(0,T; L*(A))) and this convergence implies for all bounded, continuous functions f : L?(0, T; L2(A)) —
R

r — r m——+00
/ f d(]P °© (uh’HL7N’77L - uil'nuNm,) 1) = ]:E [f(uhNL:Nm - ué]”"L7N’NL):| - E [f(o)] ?
L2(0,T;L2(A))

hence the convergence in law of (u} — m towards dg. O
Bon s N Ron, N,

Thanks to Lemma 4.4 we may apply the Skorokhod representation Theorem (see [10], Thm. 6.7): There exists
a probability space (£, A’,P’) and random variables

’ 0
Y = (UTTL7Z7naBm7Um)7 uOOaWOO7UO

with
P o(Y,) ' =Po(Y,) ! foralmeN,
P’ o (vg) " =P o (ug) ",
P'o (uw)_l = Moo
Plo(Wy) t=PoW"

and such that
U "5 ue in L2(0,T; L2(A)), P-as. in Q
Zm =50 in L?(0,T; L*(A)), P'-a.s. in €
B, "=5° Wo  in C(]0,T]), P'-a.s. in
(A

o0 in L*(A), P’-a.s. in Q.
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In Lemmas 4.5 and 4.6 we will show that, thanks to equality in law, v,, and z,, are in fact finite-volume functions
with the same piecewise constant structure as uj,  and uj y —uj, 5, respectively.

Lemma 4.5. For m € N* fized, v,, is a step function with respect to time and space in the sense that there
exists v}, € RIm >N such that P'-a.s. in Q' vy, = v}, . Moreover, vj,  (0,z) := vy (x)=vp,(x) for
all z € A and, in particular v0, = vgm is a spatial step function.

Proof. By Lemma A3 of [38] with E = L2(0,7;L*(A)) and F = R%n*Nm it follows that there exists

(v%) KeT,, in R%m *Nm guch that
ne{0,...,N,,,—1}

_ , o,
Um = (Vg) KeT,, P'—a.s. in Q.
n€{0,...,Npy,—1}

In the same manner with F = L?(A) and F = R%m it follows that there exists (?%)xe7,, in R%m such that

0 — (50 / . f
U = (U )ker,, P'-as. in Q.

We recall the notation of Subsection 2.2 and in particular that

—~

ul%)  ker, P—as.in Q.

l
uh'rn7N77L
ne{0,...,Np,, —1}

For any K € 7,, we consider the non-negative, Borel measurable mapping
f?{ . Rdhm X RdthNm — R
((anr)nr, (bljc\/I)M,k) — lag — b(l)(‘-

Since

P o ((uhy)ars (uhg)ark)) ™" =P o (@) (vir)aw) ™

it follows that

0=E [k ((ul)ar, (Whr)arn)] = E [€x ((830)ar, (vhr)arw)] = B [|05 — vic|]
and therefore, for all z € K and all K € 7,,, v,,(0,2) = v% = 0% = v, (x) P’-a.s. in . O

Lemma 4.6. For m € N* fized, z,,(t,x) = v?‘l — v for all (t,x) € (tn,tny1] X K and P'-a.s. in Q' for any

K eT, andn € {0,...,Ny,, — 1}, where (V%) ket is defined as in the proof of Lemma 4.5.
n€e{0,...,N,,, —1}

Proof. With  similar ~ arguments as in  Lemma 4.5 it  follows that  there  exists

(%)  KeT. € R%mm XNm gych that
nef0,..., Ny —1}

Zm = (2K)  KeT, P’'—a.s. in .
nef0,...,Npy—1}

For any fixed K € 7,,, n € {0,..., N, — 1}, the mapping
(I)v;{ - Rm XNm oo R XN _ R, ((G?W)M,Iw (bﬁ/[)M,k) s ‘anK+1 _ av;{ _ br}t{l

is non-negative and Borel measurable. Since

P o ((uly)asm, (uhf™ = uh)are) ™t =P o (Vi) asks (2h)ae) ™",
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it follows that for any K € 7,, and all n € {0,..., N, — 1}
0 =E [@% ((uhy)arpe, (uyf" — uhp)aee)] = E [@5 (Vi) ark, (25r)are)]
=E [Jvpt! — v — 2] .
Therefore, for all K € 7, and all n € {0,..., N,,, — 1} there holds 2} = U}L(Jrl — v Pl-as. in . |

Next we prove that the finite-volume function (v}')i<p<n we have just constructed verifies the following
numerical scheme.

Lemma 4.7. For m € N* fized, any n € {0,...,N,, — 1} and any K € T, v%“ satisfies the semi-implicit
equation

m
At

n Mo n n mK
Wt =)+ Y (Rt - gt - A IWE) A1 By = 0 (4.3)
c€EntNEK
P’-a.s. in ', where Ay11 By, := Bp(tnt1) — Bim(tn).

Proof. From Lemma 4.6 it follows that 2}, = v}?rl —vE, Plas. in Q forall K € 7, and alln € {0, ..., N, —1}.
Then, for arbitrary K € 7,,, n € {0,..., N;, — 1} the mapping

T s R XN o R XN 5 ([0, T]) — R

mg ., Mo 1n n n n
((akr) ns BR) M ks f) Ar UK + E dK|L( K +ak)— (b +af)
oc€E&MNEK

mg

— A Y@k)(f(tag1) = f(ta))
is non-negative and Borel measurable. Since
P o ((ufg)aes (uig " = ulp)nge W)™ =P o (05)ar ks (250)aks Brn) ™,
from Proposition 2.10 it follows that

0=E [®%((uhy)np, (Wit —ulp)ase, W)] =B [ (V5 e, (250) e Bin)]

m n me n n m
= E/ TI;(UK+1 _ UTIL{) + Z (UK+1 _ ,UL+1) _ lg(U?{)An+1Bm

d At
c€€intNEK K|L

Thus, for all K € 7,,,, n € {0,..., N,,, — 1} and P’-a.s. in

mg m m
0= 7At (1}%4*1 _ ’U?{) + Z y o (,U%Jrl _ ,Uerl) _ i g(U?()An+1Bm.
0€EMNEK KL

4.3. Identification of the stochastic integral

In this subsection, we adapt ideas taken from [11,18,34] and adjust the arguments to our specific situation.
We show that each B,, is a Brownian motion with respect to the filtration given in Definition 4.8. With this
result at hand, we may show that (W (¢)):>0 is a Brownian motion with respect to the filtration given in
Definition 4.11. In Lemma 4.13 we prove that u., is admissible for the stochastic 1t6 integral with respect to
(Weo(t))1>0- Finally, in Lemma 4.14 we provide an approximation result for the stochastic It6 integrals.
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Definition 4.8. For t € [0,T] we define F;* to be the smallest sub-o-field of A" generated by v2, and B,,(s)
for 0 < s < t. The right-continuous, P’-augmented filtration of (F{");co,7) denoted by (F7*)¢ejo,7] is defined by

Fr=olFrUN e A P'(W) = 0}]

s>t
for any ¢ € [0, 7).

Remark 4.9. We recall that for the augmented filtration and for given processes (X;)i>0, (Y3)i>0 such that
(Xt)i>0 is adapted and Y; = X; holds a.s. for all ¢, it holds true that (Y;);>¢ is also adapted (see, e.g., [3], p. 35).

Lemma 4.10. (vy,)m is adapted to (}")ieo,r) and (B (t))tcjo,r) i a Brownian motion with respect to
(87" )tepo,1)-

Proof. Since (§7")icjo,1) is a filtration induced by v, and B,,, in particular v2, is F§'-measurable. Thus, applying
the same arguments as in the proof of Proposition 2.10, from (4.3) it follows that v,, is adapted to (37*)¢cjo,77-
Since P’ o (B,,)"! =P o W1, we get the following results:

- E'[|B»(0)]] = E[|[W(0)|] = 0, hence B,,(0) =0 P’-a.s. in .
— By Burkholder-Davis-Gundy inequality there exists a constant C'gz > 0 such that

=E| sup [W()*| <CpT? < . (4.4)

E' l sup | By, (t)?
te[0,T)

te[0,T)

— For all 0 < s <t < T and all bounded, continuous functions 9 : C,(L?(A) x C([0,s])) — R
0=E [(W(t) - W(S))¢(u2ma W|[0,s])] =F [(Bm(t) - BM(S))¢(U?n7 Bm|[0,s]ﬂ 5 (45)

and
0=E[(W(t) = W3(s) — (t — s)v(up,,, Wlpo,¢)]
=E'[(B.(t) = By (s) = (t = )¢ (v, Bmljo,s))]
B,,) for t € [0,T]. The real-valued random variable

QX 5w = (v (@), Biljo,s) (W)

Recalling Definition 4.8, ™ = o4(v0

m’

is FI"-measurable. Using the properties of conditional expectation from (4.5) it follows that
0 =E" [(Bm(t) — B ()¢, Bmljo,5)]
=E' [E/ ((Bm(t) - Bm(s))w(v?m B, [0,s])| F:n)} (4.7)
=FE' [’(/)(U?n, Bm'[O,S])EI (Bm(t) - Bm(5)| f;n)] .

Since (4.7) applies to every bounded and continuous function 1 : Cy(L*(A) x C([0, s])) — R, from the Lemma
of Doob-Dynkin (see, e.g., [36], Prop. 3) it follows that

0=E'[L4E (B (t) — Bm(s)| FI")]

for all F™-measurable subsets A € A’ and for all 0 < s < ¢ < T. From the above equation it now follows that
E" (B (t) — B (s)| FI') = 0 P-a.s. in €' for all 0 < s <t < T and therefore (B, (t)):c[o,7) is a martingale with
respect to (F{")ie(o,r)- Using Page 75 of [19] we may conclude that (B, (t)):c[o, 1) is also a martingale with respect
to the augmented filtration (§7")ic(0,7]- With similar arguments from (4.6) it follows that (B, (t))*—t)¢epo, 17 is a
martingale with respect to (§}"):e[o, 7] and consequently the quadratic variation process ({(B))¢ of (Bm(t))efo0,1)
is given by ¢ for all ¢ € [0, T'] (for the Definition of the quadratic variation of a stochastic process see [9], Def. 2.19).
Summarizing the above results, (B, (t)):cjo,7) is a square integrable martingale with respect to (§}")iefo0,m)
starting in 0 with almost surely continuous paths and quadratic variation ((By,)); = t. From Theorem 3.11 of
[16] (Bm(t))teo, 1) is a Brownian motion with respect to (§}*):eo,77- O
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In the following, we want to show firstly that the stochastic process (W.o(t))tcjo, 1) := Woo is a Brownian
motion and secondly that a filtration may be chosen in order to have compatibility of u., with stochastic
integration in the sense of Itd with respect to W, Since ., is a random variable taking values in L2(0,T; L?(A)),
Uoo(t, -) is only defined for a.e. ¢t € [0, T] and the construction of an appropriate filtration induced by u., becomes
delicate.

Definition 4.11. Fort € [0, 7] let F7° be the smallest sub-o-field of A’ generated by vo, W (s) and [ uoo (1) dr
for 0 < s < t. The right-continuous, P’-augmented filtration of (F¢°);cq0,7) denoted by (§¢°)seo, 1) is defined by

Fo = olFXU{N e A :P'(N) =0}
s>t

for t € [0, T7.

In the following, we will show that W is a Brownian motion with respect to (§§°)icjo,7] and us admits a
(82°)tejo,r)-predictable representative.
Lemma 4.12. There holds By, "= Wy, in L2(Q;C([0,T))) and (Wos(t))iejo,r] is a Brownian motion with
respect to (F5°)iejo,1]-
Proof. Combining (4.4) with P’ o (W4,)™! = P o W1 it follows that

E'| sup [Wa(t)?

te[0,T)

=K

sup |W(t)|21 < oo
t€[0,T)

and consequently Wo, € L?(€'; C([0,T])). Moreover, since P’ o B;,! =P o W™, it follows that

E sup W (t)]*|, Vm e N*

t€[0,T]

sup Bm(t)|2] =F
t€[0,T]

We already know, that, for m — 400, B, converges to W, in C([0,T]) a.s. in Q. Therefore, a version of the
Lemma of Brzis and Lieb (see [38], Lem. A2) provides the desired convergence result in L?(Q'; C([0,7])). From

P’ o (Ugnv By, ’Um>71 =Po (u(})Lma VVvulhm,Nm)il

it follows that for any 0 < s < ¢t < T and every bounded and continuous function v : L?(A) x C([0, s]) x
C([0, s]; L2(A)) — R, we have

o [(Bm(t) — B (s))0 (vﬂw Bunlo,s]s /0 om(r) dr““’sl)] (4.8)

=E (W)~ W) (ud Wi, ‘UZM,Nm(r)dTI[oA :
| (sh. W | )

Now, using the fact that u) is Fo-measurable, by construction fos ngm,Nm (r)dr is Fs-measurable for all m € N
and that (W (t));>0 is a martingale with respect to (F;):>0 one gets that

E W)~ W) (u), Whow, [ wh v, () drlo )| =0. (4.9)
| < / )

We recall that, P’-a.s. in ', v, — vg in L2(A) and B,, — W in C([0,T]), hence also in C([0, s]) for all

m

0 < s <t<T. Moreover, by Cauchy-Schwarz inequality,

‘ /0 o () dr — /0 oo () dr

2 2

= sup
C([0,s];L2(A)) 2€]0,s]

[ ot = o) ar

L2(A)
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z 2 T
< sup]( / |vm<r>um<r>||m)dr) T [ om(r) = e 1) g .
0 0

z€[0,s

Since vy, "5 uqe in L2(0,T; L2(A)) P'-a.s. in €, it follows that

A.vm(r) dr M /0 oo (1) dr

in C([0, s]; L?(A)), P’-a.s. in €'. Using the convergence of B,, towards W, in L?(Q'; C([0,T7])), the convergence
results from above and Lebesgue’s dominated convergence theorem it follows that

lim E [(Bm(t) — Bu(s))¥ (v?mBml[o,s], /0 | vm(ﬂdrl[o,s])]

m—00

8 (W)~ W (w0, Wl | )l ) )

Now, combining (4.8), (4.9) and (4.10) we obtain

E [(Woo(t) W) (vo, W 0.0 /0 oo (1) dr|[07s])] ~0. (4.11)

From (4.11) it follows that
E (Woo(t) — Woo(s)| F°) = 0.

P-a.s. in ' for all 0 < s < ¢ < T. With similar arguments as used for equation (4.11), we also get

B[ (W2 (6) = W2 (5) — (¢ — ) ( Welo [ uee(r) drno,s]ﬂ 0.

Now, using a similar argumentation as in the end of the proof of Lemma 4.10, it follows that (Wuo(t))¢ejo,7] 18
a Brownian motion with respect to (F7°)¢cjo,77- O

By Theorem 2.6.3 of [11] it is always possible to choose (€, A", P") = ([0,1],B([0,1]), A), where B([0,1])
denotes the Borel sets on [0, 1] and A denotes the Lebesgue measure on [0, 1]. We will need this particular choice
of the new probability space in the proof of the following Lemma.

We recall that, for a filtered probability space (2, A, P) with F = (F;)i>0 and T > 0, the predictable o-field
on Q x [0,T] is the o-field generated by the sets

(s,t] x Fs, 0<s<t<T, Fs € Fyand {0} x Fy, Fy € Fo.
For more details on stochastic integration in infinite dimension, we refer to [16].

Lemma 4.13. There exists a (§5°)ic(o,1)-predictable, dP' ® dt-representative of ts.

Proof. For § > 0 we define u®_ : Q' x [0,T] — L*(A) by

]

where the integrals on the right-hand side are understood as Bochner integrals with values in L2(A). Since u?, is
an (Sfo)te[o,T]-adapted stochastic process with a.s. continuous paths, it is predictable with respect to (3',500)te[0,T]-
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For fixed k € N the cut-off function T}, : R — [k, k] defined by Ty (r) := r if |r| < k and Ty(r) := sign(r)k if
|r| > k induces a continuous operator L?(A) 3 v — Ty (v) € L?(A). Hence the stochastic process

Q' % [0,T] > (W, t) — Tp(ul (W, 1) € L*(A)

is (§7°)te[o,r)-predictable. Again we recall that, P’-a.s. in @', vy, 25 U in L2(0,T; L?(A)), hence also in
LY(0,T; L*(A)) and therefore

T T
i [ fom ()2 dt :/ oo (£) 2y .

0 0

m——+o0

P’-a.s. in €. Using Fatou’s lemma, P’ o (v,,)~! = Po (uﬁhml\,m)_l7 and the Cauchy-Schwarz inequality we obtain

T T
&’ [/() ||uoo(t)||L2(A) dt] < ljygriigofE’ [/{) ||'Um(t)||L2(A) dt‘|

= liminf E

m—00

T
/O [, n,. (Dl L2 dt] < ﬁl}ﬂgf||u§1m,1vm||2L2(Q;L2(0,T;L2(A)))~

From Lemma 3.3 it follows that the right-hand side of the equation is uniformly bounded and consequently, us, €
LYY LY(0,T; L3(A))). In particular, us, € LY(Q; LY(0,T; LY(A))). Since (', A, P") = ([0,1],B(]0,1]); \)
according to Remark after Proposition 1.8.1 of [23] we have

LYQSLY0,T; LY (A))) = LN(Q x (0,T); L' (A)) = L0, T; L5 LY (A))).

For almost every t € (0,7") and 0 < § < t we have

Hugo(t) - uoo(t)HLl(Q’;Ll(A)) =

51, ()~ st d

LY(Q5LY(A))

1 t
[tioo (8) = too ()| L1 (07 L1.(a)) dis.

By the generalisation of Lebesgue differentiation theorem for vector-valued functions (see, e.g. [20], Thm. 9,
Chap. II) the right-hand side of the above inequality goes to 0 for § — 0% for almost every ¢t € (0,T), hence

uS,(t) — uoo(t) a.e in L1(Q; LY (A)) for § — 0F. Then, Lebesgue’s dominated convergence theorem provides

Sim Ty (ud.) = Ti(uoo)
in L*(0,T; L' (Y; LY(A))), thus also in L*(Q' x (0,7); L*(A)).
Thus, passing to a not relabeled subsequence if necessary, (Tj(ul, (w',t)))s>0 converges for almost every (w’, )
in Q' x (0,7T) to Tk(uoo(w',t)) inL}(A) as § — 0 and therefore Ty (uq(w’,t)) has a dP’ ® dt representative that
is (37°)¢efo,r1-predictable for every k& € N. Obviously there holds

Uoo (W', 1) = sup Ti (oo (W, 1)) in L*(A) for ae. (', t) in Q' x (0,T),
keN

where the set of measure zero can be chosen independently of k € N. This provides the existence of a dP’ ® d¢
representative of u., that is (F5°).e[o,r)-predictable. O
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Lemma 4.14. Fort € [0,T], x € A and P’'-a.s. in Q' we define the stochastic processes

t
M, (6 2) = / g(vh . (5.2)) dByn(s)

0
t
Mo (t,x) ::/ 9(Uoo (5, 2)) AW ().
0
Then, passing to a not relabeled subsequence if necessary,

M~ "5 Moo in L2(0,T; L*(A)) P-a.s. in €. (4.12)

miVm

Proof. From Lemma 4.12, we know that (B,,),, converges in L?(€2'; C([0,T])) towards W, which is a Brownian
motion with respect to (§5°):cjo, 7). Particularly, this convergence result also holds in probability in C([0,77).
Moreover, from the convergence (4.2) and Lemma 4.5, we know that (vﬁlm, N, )m converges towards s in
L2(0,T; L?(A)), P’-a.s. in €, thus up to a subsequence denoted in the same way, using the Lipschitz property
of g, it follows that (g(vﬁlmme))m converges towards g(uso) in probability in L2(0,T; L?(A)). Now, we can apply
Lemma 2.1 in [18] and conclude that the convergence in (4.12) holds true in probability in L?(0,7; L*(A)) and
therefore, passing to a subsequence if necessary, the assertion follows. O

4.4. Convergence towards a martingale solution

For the sake of simplicity we use the notations 7 = 7,,,, h = hp, At = At and N = Np,. For any
n € {0,...,N} and K € 7, setting M} = My, n(tn, Tx) we can define M, y using Definition (2.3) and we
obtain the following strong convergence result in LP(Q'; L?(0, T; L*(A))).

Lemma 4.15. Passing to a not relabeled subsequence if necessary, we have the following convergence results
for any p € [1,2):

vy vp oy and Ty "5 g in LP(SY; L?(0,T; L*(A))),
Mon and My, xy =5 Mo in LP(Q'; L2(0, T; L*(A)))

and
o) "5 g in LP(QY; L2 (A)).
Moreover, un, € L*(Y; L2(0,T; H (A))) and My € L?(Q;C([0,T]; L*(A))).

Proof. We recall that thanks to convergence (4.2), (v}, x)m converges to us for m — oo in L?(0,T; L*(A))

P’-a.s. in ©'. Since P’ o (vfl’N)’l =Po (ulh’N)*l, from Lemma 3.3 it follows that there exists a constant C' > 0
such that

E' [llvh w132 02:22ay | <€ (4.13)

for all m € N and from Fatou’s lemma we obtain u € L*(Q'; L?(0,T; L?(A))). The convergence of (v}, y)m
towards us, in LP(Q; L?(0,T; L*(A))) is a consequence of (4.13) and of the theorem of Vitali (see, e.g., [23],
Cor. 1.3.3). Now, using (4.1) we get
r r m—-+00
E' [th,N - UﬁL,N”%%O,T;LZ(A))} =K {HU}L,N - uiz,N”%%O,T;LZ(A))] — 0,
hence (v v — v, y) — 0 in L*Q;L%(0,T;L%(A))) as m — +oo and, thanks to the
continuous  embedding of  L*(Q;L?(0,T;L*(A))) into LP(Q;L%(0,T;L%*(A))), also in LP(Q;
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L2(0,T;L*(A))) for all 1 < p < 2. Therefore, VhN T U @S m  —  +4oo in LP(Q;
L2(0,T; L*(A))) for all 1 < p < 2. Now we apply a similar argumentation to (0, n)m. We have

N-1

+1 o2 ettt
- 2 — ) At
St =l [ ()

n=0

N—-1

Z ||UZ+1 - Uﬁ”%z(/\)] ‘
n=0

Repeating the arguments of Proposition 3.2 on (4.3) it follows that there exists a constant C] > 0 such that

T
2
/0 [vh N T, dt

Combining (4.14) with (4.15) it follows that (v}, y —0n,n) — 0 in L*('; L?(0,T; L?(A))) and we may conclude
that Op n — us in LP(Q; L2(0,T; L%(A))) for all 1 < p < 2. Using (4.15) and the same arguments as in
the proof of Lemma 4.1 on the discrete gradient th}; n of vy it follows that, passing to a not relabeled
subsequence if necessary, (V"v} y)m converges weakly in L?(€; L?(0,T; L*(A)?)) towards Ve, hence uq €
L2(Q; L2(0,T; HY(A))).

We recall that, according to Lemma 4.14, Mj v — M for m — +oo in L*(0,T; L?*(A)) P'-a.s. in . Using
H,, (1.2), the Burkholder-Davis-Gundy inequality with constant Cz > 0 and Lemma 3.5 it follows that

E’ [lle,N - 6h,N||2L2(0,T;L2(A))} =K

A (4.14)

t

= 7E/
3

N-1
Z ||'U;7LLJrl - U}TLLH%Z(A)

n=0

E’ +E <. (4.15)

E' | sup [Mun(®)l7200)| < CE

te[0,T]

T
| lateh sl dt}

T
/0 vk ()12 a) dt]) (4.16)

T
/0 et (12200 dtD

Now, the convergence of (M, n)m towards Mo in LP(€'; L(0,T; L?(A))) for all 1 < p < 2 follows from (4.16)
and the theorem of Vitali (see, e.g., [23], Cor. 1.3.3). Using the It6 isometry, Hs, (1.2) and Lemma 3.5 it follows
that there exists C's > 0 such that

< CpCy <|A|T +E

= CpCyL <|A|T +E

= CpCLT(|A| + K3).

T
B[ |Mh,N<t>—Mh,N<t>||iz<A)dt]
0
N-1 it,44 t t—t tnt1 2
=2 | Y [ [ o) Bt - 5 [ alehn(9) dBa(s) dt]
n=0 'tn tn tn L2 (M)
< 2F’

N—-1 trt1 t l t_t 2 tot1 .
> ( [ttt as+ (5) [ ||g<vh,N<s>>||i2<A>ds> dt]
=0 Jtn tn tn
L2 e s 1ot <o (¢~ 1)
<2y [ Cutt—t) (A1 E | swp foh (9| ) (14 F5r )
n—o “tn s€[0,T

<2NZI/W Colt—t) [ A+ E | sup [l v (s)]2 (1+ “‘t”)> dt
I sel0,7] L24) At




CONVERGENCE OF A FV SCHEME FOR A STOCHASTIC HEAT EQUATION 775

m— 00
< SCOLT(|A| 4+ K3)At — 0 .

w| o
Q

Hence, My, v — ./\//\thv — 0 for m — +o0 in L?(Q; L2(0,T; L*(A))) and therefore ./T/l\hyN — M for m — 40
in LP(Q; L?(0,T; L*(A))) for all 1 < p < 2. Recalling that M, is a stochastic It6 integral with respect to the
Brownian motion (Wa(t)):>0, we may conclude that M, has P’-a.s. continuous paths in L?(A). From (4.16)
and Fatou’s lemma it now follows that Mo, € L*(Q'; C([0,T]; L?(A))). Since P’ o ()1 = P o (u?)~!, from
Lemma 3.1 it follows that

E' [lefl3e)] = B [l 1320)] < E [luolZaqn] -

Together with the P’-a.s. convergence of vf) T in L?(A) from the convergence result (4.2), the last assertion
follows again from the theorem of Vitali (see, e.g., [23], Cor. 1.3.3). O

We now have all the necessary tools to pass to the limit in the scheme.

Proposition 4.16. There exists a subsequence of (Un,n)m, still denoted by (Vp,N)m, converging in
LP(Q; L2(0,T; L2(A))) (for any p € [1,2)) as m — +oo towards a (F°)iepo,r)-adapted stochastic process oo
with values in L*(A) and having P’-a.s. continuous paths. Moreover, us, € L*(Q; L*(0,T; H*(A))) and satisfies
for all t €10,T),

¢ ¢
Uoo () — v — / Auso ds = / 9(Uoo) dWoo in L*(A) and P'-a.s. in €.
0 0

Proof. Let A € A, £ € D(R) with £(T) = 0 and ¢ € D(R?) with Vo - n = 0 on A, where we denote
D(D) := C(D) for any open subset D C R’ j € N. Moreover we define the piecewise constant function
on(x) =prg)forz e K, KeT.

For KeT,ne{0,...,N—1} and t € [t,,, tnt+1) we multiply (4.3) with 14£(¢)¢(x k) to obtain

Mo  pn n
T vk~ g0k e Baleler) + 1480 Y i v e(en) <0, (417
o€€mtNEK

]lAf() At

First we sum (4.17) over each control volume K € 7, then we integrate over each time interval [t,,t,1] for
fixed n =0,..., N — 1, then we sum over n =0,..., N — 1 and finally we take the expectation to obtain

0=F

Z / nt1 Z mrla&(t At[ ot v — g(VE) A1 Brle(x k) dt]

tn KeT

Z / R TOD DI DA A (xK)dtl

KeT c€&niNEK K|L

(4.18)

= Tl,m + T2,m-

In the following, we will pass to the limit with m — 400 on the right-hand side of (4.18). Using partial
integration we obtain

Ty = E lnA/ /at (B — Mo ]t 2)E() o (& )dxdt]

]lA/ / Up,N — M Nt 2)E () pn(z) dedt

- {]IA/AU?L(QJ)S(O)SDh(x)dx :
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Thanks to the convergence results of Lemma 4.15, passing to a not relabeled subsequence if necessary, we can
pass to the limit and obtain

—E |14 /OT/A[@h,N _/\//\lh,N](t7$)§l(t)90h(x) dedt | —E []1,4/1\02(@5(0)8%(37) dx]
motoo g g /O ' /A oo — Moo](t, 2)€ (Do) da dt| — B {M /A vo(2)E(0)p(x) dx].

Now our aim is to show the following convergence result:

T
Ty =5 —F lnA / /A () Ap()uos (t, ) dxdt] .
0

First, we note that by rearranging the sum in (4.18) the term T ,,, can be written as

NZ /:“mt)zvyl 5 mg<¢(fﬂx)¢(%)>dt1‘

Tom = E 4
KeT E€EMNEK K|L

Then, since V¢ - n = 0 on JA, thanks to the Stokes formula one has,

/K Ap(z)dr = - Ve(z) -ndo(z) = Z Vo(x) - ngpdo(x).

o€EnNEK ¥ 7

Thus, we have

T2,m =
N-—1 Lot
— Z/ 1a8(t) Y ot (/ Ap(x)dz — > w(x)-nKLda(x)> dt]
n=0 *tn KeT K oEEMNEK "7
LE Nzl/t”“ Lag(t) Z ] Z m <<P($K)—80(30L)) dt}
n=0 Ytn KeT " 0EENEK L
T
=-F / ]lAg(t)/v,TL’N(t, z)Ap(z) dxdt]
0 A
N-—1 Lot
LR Z/ LaE(t) 3 mo(ot — ot RE At
n=0 7tn 0€Eint

with

Ry = mia/vw(x) ‘ngr do(z) — w(xLzllef(mK).

Using Lemma 4.15 and passing to a not relabeled subsequence if necessary, one gets

.

T T
I/ 1A€(t)UZ,N(t7x)AﬁP(x)dxdt] e | [ ] gt bl dode
0 A 0 A

Concerning the second term in T5 ,, for any 0 = K|L € &y, the orthogonality condition implies x;, — xx =
dgrngr, thus thanks to the Taylor formula for any = € o one has,

+O(h),
it (h)

V() ngp =
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that gives,
RZ < Cyh.

Therefore, thanks to the Cauchy-Schwarz inequality and inequality (4.15) the second term in T ,, satisfies,

ntl
Z / 14E(0) 32 mo (0 —vp RS

Ueglnt

N-1 tnt1 |vn+1 n+1|2 1
<ce |3 [T ol X mogr) 32 m P
n=0 “tn

d
0EE&int oE€Eint KL

. T
< V2C,|A|2 hE' VO ﬂA|§(t)|UZ,N(t)|1,h]

-

T 2
< V2C,|A[Z hlighall 2o x 01 <]E' V [N (O dtD "=,
0
Thus, we have shown that

[ (et [ stantssan v € praza - [ wi@eioe)an (4.19)

/()T/Auoo(t,x)Ago( )E(t) dar dt = / /Vuoo (t,2) - Vip(2)E(t) da dt.

P’-a.s. in Q' for all £ € D(R) with £(T') = 0 and all p € D(R?) such that Vi -n =0 on JA. By Theorem 1.1 of
[24] the set {¢ € D(R?) | V¢ -n =0 on dA} is dense in H'(A) and therefore (4.19) applies to all ¢ € H*(A).
In the following, we denote the dual space of H'(A) by H'(A)*, recall that

HY(A) = L*(A) = H'(A)"

with continuous and dense embeddings and we will denote the H'(A)-H!(A)* duality bracket by (-,-) and the
L?(A) scalar product by (-,-). With the additional information

Use € L*(V; L7(0,T; H'(A)))

from Lemma 4.15, it follows that
Aus, € L*(V; L*(0,T; HY (A)*))

and

—/ / Vo (t,x) - Vo(x)E(t) de dt :/ (Aun(t,-), p)E(t) dt. (4.20)
0o Ja 0

P’-a.s. in €, for all £ € D(R) such that £(T) = 0 and all ¢ € H!(A). Combining (4.19) with (4.20) and with

the identity
—/ o(x)e( dx—/ /vo t)dxdt (4.21)
A

(see, [37], Lem. 7.3), from Fubini’s theorem it follows that

<_ / ' (w0~ [ gl W ) €00 dw> - < / " Aunc ()€ dw> -
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P’-a.s. in Q' for all £ € D(R) such that £(T) = 0 and all ¢ € H'(A). Therefore

-/ : <um<t> -/ o) AW ) ear= [ " Bu (et e

in H'(A)*, for all £ € D(R) such that £(T) = 0, P’-a.s. in Q' since, by a separablity argument, the exceptional
set in £’ may be chosen independently of ¢. Consequently, (see, e.g. [13], Prop. A6)

Uso — / G(toe) AWoo —vg € WH2(0,T; HY(A)*)  P’-a.s. in O
0

and

d

e (uoo(t) — /0 9(too) dWeo — vo) = Auy, in L2(Q; L2(0,T; HY(A)*). (4.22)

Since ¢ is Lipschitz continuous, from the chain rule for Sobolev functions it follows that g¢(us) €
L2(QY; L2(0,T; HY(A))) and
t t
\Y (/ 9(uo) dWoo) :/ g/(uoo)vuoo AW,
0 0

hence o — [y 9(ucs) dWoo € L*(V;L*(0,T;H'(A))). From Lemma 7.3 of [37] we obtain wu. €
L2(QY;C([0,T); L?(A)) and together with (4.22) the following rule of partial integration for all 0 < t < T,
P’-a.s. in :

(um@) - [ tum) W~ cm) (e (0) — 0, C(0))
(4.23)

= [ tdune o) ast [ (o)~ [ gl ai o ) ds
for all ¢ € L2(0,T; HY(A)) with ¢’ € L*(0,T; H'(A)*)). Choosing ((t,z) = £(t)p(x) with ¢ € HY(A), € € D(R)
with £(T) = 0 in (4.23), we get

(um(t) - /0 9(too) dWoso — w0, ‘P) £(t) — (uoo(0) — vo, 9)€(0)
(4.24)

-/ E(s) (i (), ) s + / “es) (uOO(s) -/  glutoe) AW — w) ds.

P’-a.s. in . The particular choice of t =T and £ € D(R) with £(T) = 0 and £(0) = 1 in (4.24) combined with
(4.19), (4.20) and (4.21) yields

(oo (0) —vg, ) =0 for all p € H*(A), P'-as. in '

and therefore us(0) = vg P’-a.s. in .
Now, we fix t € [0,T") and choose £ € D(R) with {(T) = 0 and £(s) =1 for all s € [0,¢]. With this choice, from
(4.24) we obtain

t t
(00~ [ gty @~ una0)0) = [ (@) s (1.25)
0 0
P’-a.s. in Q' for all ¢ € HY(A). Since, for fixed ¢ € H'(A),

t— (uoo(t) — /Otg(uoo) AW — uoo(()),cp> and t— /Ot (Auso(s), p) ds
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are continuous in [0, 7], P’-a.s. in €, the exceptional set in ' in (4.25) may be chosen independently of ¢ € [0,T)
and (4.25) also holds for ¢ = T'. This yields

t t
Uoo (t) — U (0) — / (o) dWeo = / Augo(s)ds in H*(A)* and P’-a.s. in
0 0

and, since the left-hand side of the above equation is in L?(A), the equation holds also in L?(A). O

Remark 4.17. Applying the chain rule in (4.23) for t = T and ( = ¥ € D(R x R?) such that ¥(T,-) = 0 we
immediately get that u, is a weak solution, i.e.,

/ /uoo (t,2)0,0(t, x)dxdt—/ /Vuoo (t,2) - V(L x)dasdt+/Au0( )0(0, ) da

/ // (Uoo(8,)) dWio(8)0p VY (L, ) do dt

IP’-a.s. in €. In particular convergence in distribution has been achieved.

4.5. Strong convergence of finite-volume approximations

In the previous subsections, we have shown that our finite-volume approximations converge towards a mar-
tingale solution of (1.1), i.e., the stochastic basis

(Q/a Al? ]P/a (&?o)tE[O,TM (WOO (t))tG[O,T])

is not a-priori given, but part of the solution. In this subsection, we want to show convergence of our finite-volume
approximations with respect to the initially given stochastic basis

(AP, (Fi)e>0, (W(t))e0)-

To do so, we will proceed in several steps. First, pathwise uniqueness of the heat equation with multiplicative
Lipschitz noise is a consequence of Proposition 4.18: Roughly speaking, martingale solutions of (1.1) on a joint
stochastic basis and with respect to the same initial datum coincide. In the proof of Proposition 4.20, we
construct two convergent finite-volume approximations with respect to a joint stochastic basis, namely (vlyk)
and (v pk) from the function (ulh ) of our original finite-volume scheme using the theorems of Prokhorov and
Skorokhod. Then, as a consequence of pathwise uniqueness, the limits coincide and we may apply Lemma 1.1 of
[30] in order to obtain the convergence in probability of (ulh ~)- Thanks to our previous result we can improve
the convergence and pass to the limit in the originally given finite-volume scheme (see Lem. 4.21).

Proposition 4.18. Let (Q, AP, (F;)i>0,(W(t))i>0) be a stochastic basis and ui, up be solutions to
(1.1) with respect to the Fo-measurable initial values uy and w3 in L*(Q; L%(A)) respectively on
(Q, AP, (Fi)i>0, (W(t))i>0). Then, there exists a constant C' > 0 such that

E llur (1) = w2l zn)| < CE [Jlud = wdl3aqa
for all t €10,T).
Proof. We apply the It6 formula ([32], Thm. 4.2.5) to the process u; — us, discard the nonnegative term on

the left-hand side of the resulting equation and take expectation. Then, the assertion is a straightforward
consequence of Gronwall’s inequality, see Prop. 2.4.10 of [32]. O



780 C. BAUZET ET AL.

Remark 4.19. If u;, us are solutions to (1.1) on (2, A, P, (F;)i>0, (W(t))i>0) with respect to the same initial
value ug, from Proposition 4.18 it follows that ui(t) = ua(t) in L?(A) for all ¢ € [0,T], P-a.s. in . Since u,
us have continuous paths in L?(A), the exceptional set in £ may be chosen independently of ¢ € [0,7] and it
follows that u; = ug in L?(0,T; L?(A)) P-a.s. in €.

Proposition 4.20. Let (u%vN)m be given by Proposition 2.10. Then, there exists a subsequence of (uﬁL’N)m, still
denoted by (uﬁl,N)m, converging for m — +oo in LP(Q; L*(0,T; L*(A))) for any p € [1,2) towards the stochastic
process u with values in L?(A) introduced in Lemma 4.1. Moreover, u has P-a.s. continuous paths and belongs
to L2(; L?(0,T; HY(A)).

Proof. For the sake of simplicity, we will write u!, := uﬁlm’ N, and up, :=wup - in the following. We consider
l

v

Ju, (uh), of (ul,)m. Our aim is to apply Lemma 1.1 of [30], therefore

we show that there exists a joint subsequence (u! ,u! )i converging in law to a probability measure 1 on

Vi’ TPk
L?(0,T; L?(A))? such that

an arbitrary pair of subsequences (u

n({(z,y) € L*(0, T L*(A))* | x = y}) = 1.
We define the random vector-valued sequence (Y, )., by

Yu,p = (ufn ulpa (UZ - ulu)a (u; - ulp)a W7 Ug, ugv (ug - “2))

for any v, p € N* and extract a joint subsequence

N A - l - 1 0o ,0 0 0

Yk T (uuwupw (u:’k: - qu)’ (u;k - upk,)7 VV’ qu7qu7 (u - uﬂk)>
for any k € N that converges in law towards a probability measure 7., with marginals n% ,n2,, d, 6o, Po W1
Po(ug)~t, Po(ug)™t, 6y, where we include the difference of the random initial data into the vector to ensure that
ugk and U[O)k converge to the same limit. With straightforward modifications of the arguments of Subsections 4.2—
4.4, we can find random elements ul_, u2 v,

y Woos
Y = (v 0! z,,k,zpk,Wk,vgk,vo (2 _ng))

Vi UpK? PrI\VE

such that

(
P’ o(vg) ' =Po(up) ",
P’ o (uclxz)il = "7;07
Po(u) " =n3

and a joint stochastic basis (', A", P, (§5°)sejo,r), (Woo(t))icpo,r1) such that ul, and uZ, are both solutions
of (1.1) with initial value vy on (', A", P’, (F5°)icio,1), Woo(t))ico,r1)- Thus, from Proposition 4.18 and
Remark 4.19 it follows for n = (nt ,7%)

1 =P ({uge = ude}) = P’ o (ug,us) " ({(w,y) € L*(0, T3 L*(A))* | = = y})
=n({(z,y) € L*(0,T; L*(A))* | = = y}).

Then from [30] (Lem. 1.1) we get the convergence of (u!)),, in probability to a random element @ in
L?(0,T, L*(A)). Obviously by Lemma 4.1, u = 4. This convergence in probability allows us to extract a not
relabeled subsequence of (u!,),, that converges P a.s in L2(0,T; L?(A)) towards u. Combining this with the
boundedness results on (ul, )., in L2(€; L%(0,T; L?(A))) given by Lemma 3.3, the application of Vitali’s theo-

rem leads us to the announced strong convergence result in LP(; L2(0,T; L?(A))), for any 1 < p < 2. O
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At last, to conclude the proof of Theorem 1.3 which states the convergence of the finite-volume scheme
defined by (2.5)—(2.6) towards the variational solution of the multiplicative stochastic heat equation studied in
this paper, it remains to show that the obtained limit u is solution of Problem (1.1) in the sense of Definition 1.2.
This is the aim of the following last lemma:

Lemma 4.21. The stochastic process u introduced in Lemma 4.1 is the unique solution of Problem (1.1) in the
sense of Definition 1.2.

Proof. Let p € [1,2). With similar arguments as in the proof of in Proposition 4.20 it follows that up N

m—00

and Wy n converge to u in LP(Q; L?(0,T; L*(A))) for m — oco. Moreover there holds g(ulh,N) — g(u) in
LP(; L2(0,T; L?(A))). Therefore

Mpn = / g(up, ) AW =52 [ g(u)dW o in LP(Q; C([0, T); L2(A))).
0 0

As shown in Lemma 4.15 it follows J\/Zh’N "5 [y 9(w) dW in LP(; L2(0, T; L*(A))). Now we consider the

semi-implicit finite-volume scheme (2.6), multiply it w1th 14&p, where A € A, £ € D(R) with &£(T) = 0 and

¢ € D(R?) with Vi - n = 0, then we sum over K € 7, integrate over [t,,t,+1) and sum over n =0,...,N — 1

to get

Z / nt1 Z mK]lAf At[ n+1 — unK — g(u"K)AnHW]SO(xK) dt]

n=0 KeT
mo’ n n
X [T 0T X et
KeT KeT oc&inNEx KIL
=T +Tom.

If we define ¢ (2) := p(x k) for x € K, K € T, there holds

Tym=E

nA/ / Ouliinn — My (t, 2)EE)on (& >dxdt]

:_Elh/ /uhN M) (£ 2)€ () pn(x) d

-E [m [ @eoene)as

From Proposition 3.5 of [1] we know that u$ "2 in L?(A), P-a.s. in €, and thanks to Lemma 3.1 we can
apply Lebesgue’s dominated convergence theorem. The passage to the limit is analogous to that on . O
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