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HOMOGENIZATION OF SOUND-SOFT AND HIGH-CONTRAST ACOUSTIC
METAMATERIALS IN SUBCRITICAL REGIMES

FLORIAN FEPPON*® AND HABIB AMMARI

Abstract. We propose a quantitative effective medium theory for two types of acoustic metama-
terials constituted of a large number N of small heterogeneities of characteristic size s, randomly
and independently distributed in a bounded domain. We first consider a “sound-soft” material, in
which the total wave field satisfies a Dirichlet boundary condition on the acoustic obstacles. In the
“sub-critical” regime sN = O(1), we obtain that the effective medium is governed by a dissipative
Lippmann—Schwinger equation which approximates the total field with a relative mean-square error of

order O(max((sN)QN_%, N_%)). We retrieve the critical size s ~ 1/N of the literature at which the
effects of the obstacles can be modelled by a “strange term” added to the Helmholtz equation. Second,
we consider high-contrast acoustic metamaterials, in which each of the N heterogeneities are packets of
K inclusions filled with a material of density much lower than the one of the background medium. As
the contrast parameter vanishes, 6 — 0, the effective medium admits K resonant characteristic sizes
(si(9))1<i<k and is governed by a Lippmann—Schwinger equation, which is diffusive or dispersive (with
negative refractive index) for frequencies w respectively slightly larger or slightly smaller than the cor-
responding K resonant frequencies (w;(d))1<i<x. These conclusions are obtained under the condition
that (i) the resonance is of monopole type, and (ii) lies in the “subcritical regime” where the contrast
parameter is small enough, i.e. § = o(N~?), while the considered frequency is “not too close” to the

resonance, i.e. N§2 = O(|1 — s/si(9)]). Our mathematical analysis and the current literature allow
us to conjecture that “solidification” phenomena are expected to occur in the “super-critical” regime

N62Z|1— s/3:(6)] " — +oo.
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1. INTRODUCTION

Metamaterials [25,34,46, 53] offer promising perspectives in many applications of wave engineering, such as
sensing [16,28], imaging [5,47,63], focusing [10,52], cloaking [8,49] and guiding [17,18,61]. These are structures
filled with heterogeneities much smaller than the wavelength, which behave, as the size of the heterogeneities
become arbitrarily small, as apparently homogeneous effective media with special properties not found in usual

Keywords and phrases. Non-periodic homogenization, effective medium theory, strange term, subwavelength resonance, high-
contrast medium, holomorphic integral operators.

Department of Mathematics, ETH Ziirich, Ziirich, Switzerland.
*Corresponding author: florian.feppon@sam.math.ethz.ch

© The authors. Published by EDP Sciences, SMAI 2023

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/m2an/2022098
https://www.esaim-m2an.org
https://orcid.org/0000-0003-0122-5220
mailto:florian.feppon@sam.math.ethz.ch
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0

492 F. FEPPON AND H. AMMARI

materials. The mathematical and rigorous derivation of effective models for heterogeneous wave systems is of
primary importance for the analysis, the understanding, and the numerical simulation of the physics of wave
propagation in metamaterials. Various approaches have been proposed in the literature, based on the Foldy-Lax
approximation [6,15,41], on two-scale expansions [23,54,59,64,69], or from physical models [45,56].

In this paper, we propose a quantitative homogenization analysis of two kinds of acoustic structures filling
a bounded domain € of the three-dimensional space R?, based on integral representations and layer potential
techniques. Our motivation is to better understand the arising of effective medium properties for non-periodic
heterogeneous media, which can achieve various dissipative or dispersive effects. A classical additional benefit of
the quantitative homogenization process is to yield explicit homogenized equations whose solutions approximate
the scattered field with clearly identified error bounds, leading to efficient numerical algorithms for estimating
the total wave field.

1.1. General setting

We consider a system Dy s constituted of a total of M = Zf\il K; inclusions which are arranged in N packets
(y; + sD;)1<i<n containing each K; inclusions:

K;
DN,S = U (yz + SDZ) with Dl = U Bija
1<i<N Jj=1

where each resonator B;; with 1 < ¢ < N, 1 < j < K; has a single connected component. Each group of
resonators D; with 1 < i < N is rescaled by a factor s > 0 and is located close to its center y; € R®. The factor
s is taken sufficiently small so that the packets D; do not overlap. In order to derive effective medium theories,
we consider two main uniformity assumptions on the heterogeneities.

(H1) The points (y;)1<i<n are distributed randomly and independently according to a three-dimensional
probability measure o dx with density o € L®(2) in a smooth bounded domain  C R3. In particular,
0>0and fQ odx =1, and the law of large numbers implies the convergence

N
Zéyi — odz as N — o0, (1.1)

i=1

almost surely in (y;)1<i<n and in the sense of distributions.
(H2) The packets of resonators are identical and constituted of K single components (B;)i1<i<k:

K
Di=D:=|JB, VI<i<N.
=1

The background domain R3\Dy ¢ is a homogeneous medium characterized by its constant bulk modulus

k > 0, density p > 0, and speed of sound
K
vi= [ —-
p
An incident wave u;, is coming from the far field and generates a scattered wave by encountering the obstacles
Dy ,s. We assume that the incident field is time-harmonic regime with frequency w, i.e. u;, is solution to the

Helmholtz equation in the background medium:
Aum + k‘2um =0in RS,

where k := w/v is the wave number in the background medium. The resulting total wave field is denoted by
un,s. The overall setting is illustrated in Figure 1.
We then consider two possible types of acoustic obstacles, leading to two kinds of acoustic metamaterials:
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FI1GURE 1. Setting of the homogenization problem. An incoming wave u;,, generates a scattered
wave un,s — Ui by encountering a highly contrasted medium Dy ¢ constituted of many small
inclusions filling a bounded domain 2. Each unit packet D; = U]K:ilBij is rescaled by a small
size factor s and translated in the vicinity of the point y; to form the small acoustic obstacle
y; + sD;. The smallest distance between the centers (y;)i1<i<n is denoted by ey (Eq. (2.1)).

(i) Sound-soft obstacles. In this case, the sound wave is “absorbed” by the obstacles, which corresponds to
saying that uy s is the solution to the Helmholtz equation in R3\ Dy g, with a Dirichlet boundary condition

on 0Dy s:

AUN’S + k2’LLN,S =0

UN,s = 0

O|z|

in R*\ Dy,
on 0Dy s,

(527 1) o) = winl)) = OfJal ) s Ja] = 4

where the last equality is the outgoing Sommerfeld radiation condition for the scattered field;
(ii) High-contrast obstacles. In this configuration, the inclusions of Dy s are filled with a material of different
bulk modulus k; and density p,. The total field un s is then characterized as the solution to the following

system of coupled Helmholtz equations:

1 2
diV<VUN7S) + wf’U,N”S =0
Pb Kb

1 2
div(VuMs) + Uy, =0
p K

UN,S|+ 7UN,S|— =0
iauN,s - lé)uN,s
o, On | p On n

(afﬂ - ik) (.« = win) = O(j2| %)

n DN,sa

in R*\ Dy s,
on 0Dy g,

on 0Dy s,

as |x| — +o0,
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where v|4 and v|_ denote the outer and inner traces of a function v on Dy s and n the outward normal.
We consider the regime where the contrast parameter

Pb
6= — 1.4
P (1.4)

is small: § — 0. Such kind of system is naturally encountered when considering, for instance, air bubbles in
water. The inclusions of Dy s behave as subwavelength “resonators” which significantly affect the acoustic
properties of the background medium at subwavelength scales [11,57].

The goal of this paper is to derive quantitative effective medium theories for both (1.2) and (1.3) when the
size and the contrast of the heterogeneities converge to zero as their number becomes large:

s—0, N—+o0, §—0. (1.5)

We emphasize that in this study, all the physical parameters other than d, s and N (including the illuminating
frequency w) are kept constant (hence, of order O(1)). In both situations and as is classical in the homogenization
of perforated problems, critical scalings for the parameters s, N and § arise, at which the qualitative effective
physical behavior of (1.2) and (1.3) change.

1.2. Effective medium theory for sound-soft obstacles

The analysis of the acoustic problem (1.2) in the context of evenly spaced centers (y;)1<i<ny and identical
obstacles (D; = D for all 1 < i < N) goes back at least to Rauch and Taylor [65,66], who showed that
the asymptotic behavior of the quantity sN determines the effective physical behaviour of the heterogeneous
medium. Their study was restricted to the regimes sN — 0 or sN — +o00 and the rates of convergence are not
established. The intermediate regime where sIN converges to a constant A > 0 was then studied by Chiado Piat
and Codegone [31], still without providing convergence rates. Subsequently, Challa et al. [26,27] proposed an
analysis establishing the convergence of the far field of uy s (away from the obstacles) to either (1.6), (1.7) or
(1.8) for centers (y;)1<i<n distributed according to a counting function with quantitative convergence rates.

In both settings, for evenly distributed obstacles as well as those distributed according to a counting function,
these authors obtained three possible effective regimes which can be summarized as follows:

— if sN — 0, the acoustic obstacles are too small and the scattered field converges to zero as s — 0 and
N — 400, or in other words uy s converges to the solution wu;, of the Helmholtz equation (1.2) without the
obstacles. The effective medium is transparent and is governed by a homogeneous Helmholtz equation:

Au+ku=0 in R3,
(1.6)

a . B 5 )
<8|x| - 1k) (u—wm) =0(|z|7%) as |z| — +o0;

— if sN — A for a positive constant A > 0, then ux s — u where u is the solution to the dissipative Helmholtz
equation
Au + ku — plou =20 in R?,
9] 1.7
—— —ik ) (u — uin) = O(|z|7%)  as |z| — +o0, (L.7)
0|
where pulg is a positive Radon measure supported in  which describes the dissipative effects due to the
obstacles. In [26,27], the authors identify explicitly the measure to be given by p = Acap (D)o, where cap (D)
is the capacity of the set of inclusions D (the definition is recalled in (2.18)) and g is a counting function
playing a role analogous to the random distribution of (H1).
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— If sN — 400, then uy s — u where u is the solution to the Helmholtz equation with a Dirichlet boundary
condition on the whole set Q:

Au+ku=0 in R?,

u=20 on (2, (1.8)

o . _ —9
<8|x| = 1k> (u—uwm) =0(z|7%) as|z| — +oo.

Physically, the obstacles “solidify” and the effective medium §2 is opaque.

These results are comparable to those obtained in two-scale homogenization of the Poisson equation in a
periodically perforated domain with periodicity e: the well-known “strange term” (which is —ulgu in (1.7))
arises when the obstacle size satisfies the critical scaling s oc € [32,35, 36,39, 43, 44], i.e. s % since the
cell-periodicity € is of the order NV =3 for evenly distributed obstacles. The main difference in the study of (1.2)
lies therefore in the treatment of the radiation condition.

In this paper, we improve these results to the case of randomly and independently distributed obstacles, and
we provide quantitative convergence estimates. For the analysis of (1.2), we restrict ourselves, however, to the
“subcritical regime” for which the size factor s is lower or equal to the critical size 1/N:

(H3) There exists a constant ¢ > 0 such that the parameters s and N satisfy
sN <ec. (1.9)

Note that the number K of connected component of D does not play any role in our analysis of (1.2) and
(H2) may be replaced identically by “D is a Lipschitz subset of R3”. Under this set of assumptions, we obtain
in Proposition 3.4 the following main result regarding the convergence of (1.2):

Proposition 1.1. Assume (H1)-(H3) and denote by u the solution to the Lippmann—Schwinger equation

Au+ (k* — sNcap (D)olg)u =0 in R?,
1.10
(881" ik)(uum) =0(|z|?) as |z| — +oo. (1.10)
There exists an event Hy, which holds with large probability P(Hn,) — 1 as Ny — +o0o, independent of s and
d, such that when Hy, is realized, the function u is an approzimation of the solution field un s to (1.2) with the
following error estimates:

(i) on any ball B(0,r) containing the obstacles, Q C B(0,r), there exists a constant ¢ > 0 independent of s
and N such that for any N > Ny:

1

E[HuN’S - u||2LQ(B(O,T))\HNO} f < cstax((sN)QN_%,N_%); (1.11)

(ii) on any bounded open subset A C R3\Q away from the obstacles, there exists a constant ¢ > 0 independent
of s and N such that for any N > Ny:

[N

]E[Hqu’s - vu||2LQ(A)|HNO} < esN max((sN>2N—%,N—%). (1.12)
The relative error is of order O(max((sN)2N~3, N~2)) because the scattered fields un. s — win and u — uy,
are of order O(sN).

These results show that the convergence of the scattered field towards the Helmholtz equations (1.6) and
(1.7) still hold in the non-periodic case, where the mesure p in the critical regime is given by p = sNcap (D)o.
We conjecture that the convergence towards the “solidified equation” (1.8) remains true in the super-critical
regime sN — +00, however we were presently not able to obtain this result from our analysis resting on layer
potential theory. The different regimes of convergence obtained are summarized in Table 1.
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D= Uf; B;

FIGURE 2. The elementary packet of resonators D = UZK:1 B; illustrated with K = 4 connected
elements. The set sD is obtained by rescaling D by the size-factor s.

1.3. Effective medium theory for high-contrast obstacles

The treatment of the high-contrast system (1.3) is more involved due to the arising of (subwavelength)
resonances. A dedicated analysis shows that the elementary system constituted of K connected resonators
sD = UK | sB; admits K “subwavelength” complex resonant frequencies (w;(8))1<;<x, with positive real parts
and negative imaginary parts [4,11, 20, 38]. Since the frequencies (w;(d))1<i<k are close to the real axis, the
scattered field is significantly enhanced for (real) incident frequencies w close to the resonant frequencies. These
resonances are called “subwavelength” because they correspond to incident wavelengths which are larger than
the size of the resonators by several orders of magnitude.

One of the important outcomes of the analysis of [4,11,38] is that the values of the K resonant frequencies
(wi(6)) can be estimated by solving a K x K eigenvalue problem. Let C = (Cjj)1<i,j<k be the “capacitance
matrix” associated with the unit set of obstacles D = UX | B; (illustrated on Fig. 2). The definition of this matrix
is recalled in (4.35) below and its main properties can be found in Section 2 from [38]. Denote by (ax)1<k<x and
0 <A1 < X2 <...< Ak the eigenvectors and eigenvalues of the (symmetric) generalized eigenvalue problem

Ca]‘ = /\jVaj with V := diag(|Bi|)1§i§K. (1.13)

Then the leading order asymptotics of the resonant frequencies read

1

02 1
wi(0) ~ war,; with wyy,; == —2)\5 vy as 0 — 0, (1.14)
s

where v, 1= \/Kp/pp is the speed of sound inside the inclusion, and where the factor 1/s accounts for a rescaling
of the packet of resonator by the arbitrary size factor s. Furthermore, throughough the paper, the notation
a~bmeans a/b— 1as s, —0and N — +oo.

The system (1.3) featuring N resonators (K =1 and D; = By for 1 < ¢ < N) of size s has been studied by
Ammari et al. [6,15] by using a Foldy-Lax approximation method inspired from [39,40]. The main difference
between the two works lie in the fact that [6] assumes technical assumptions on the distribution of the centers
(yi)1<i<n which are difficult to realize in practice (see Rem. 2.2), while [15] assumes that these centers are
distributed according to a counting function. Both authors consider frequencies w lying close to but slightly
away from the resonance: they more precisely assume the regime

w? N
:42’1 ~ sTsh and sNN — 0, (1.15)

1-—
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for a real h € R, and a non-zero constant A € R\{0}. The authors obtain then the following effective behaviors
for the medium constituted of N resonators of size s with N — 400 and s — 0:

— if h < 0, then w is too far from the resonant frequency and the effective medium is transparent [15]: uy,s — u
where u is the solution to (1.6);

— if h = 0, then uy, s converges to the solution u to the Lippmann—Schwinger equation (1.7) with u = Acap (D)o,
where p is a distribution satisfying (1.1) in [6], and a counting function in [15]. An important qualitative
difference with (1.2) lies in the fact that the effective medium is dissipative when w is slightly above the
resonant frequency war1 (A > 0), and dispersive when w is slightly below the resonant frequency w1
(A <0);

—if h > 0 and A > 0, then w is very close to but slightly larger than R(w(d)), and the effective medium
becomes opaque (this result was only obtained in [15]). The total wave field uy s converges to the solution u
of the problem (1.8).

The derivation of an effective medium theory for frequencies w very close but slightly smaller to the resonant
frequency was,; (h > 0 and A < 0 in (1.15)) remains an open problem and is expected to be difficult since the
medium becomes highly dispersive in this regime.

This paper improves the homogenization analysis of [6,15] in several aspects. First, we consider no further
hypothesis than the randomness and the independence assumptions for the distributions of the centers stated
n (H1). Second, we generalize the above results to the case K > 1 where each packet of resonators has several
connected components (when the resonance is of monopole type, see below). Third, our analysis gives both
a generalization and a clear understanding about the origin of the hypothesis (1.15). We obtain indeed that
the effective properties of the heterogeneous medium close to the resonant frequencies are determined by the
asymptotic behavior of sSNQ(s, d), where Q(s, ) is the quantity defined by

N

K
Q(s,0) ==Y %il(afm)? with s;(8) := 5%% for 1 <i<K, (1.16)
i=1 5;(0)2

where 1 = (1)1<;<x is the vector of ones. Note that since we assume that w is fixed by the size parameter s is
variable, we consider resonant characteristic sizes (s;(0))1<i<x rather than resonant frequencies (was;)1<i<k in
the definition (1.16), which are related by the formula w/was,; = s/s;(§). The reader can then check that, in the
present context with packets made of K > 1 resonators, the regime (1.15) can be rewritten sNQ(s,d) ~ As™"
with s ~ s1(d). The quantity Q(s,d), which blows up as s ~ s;(d), appears somewhat naturally in our analysis;
more precisely in the algebraic calculations of Lemma 4.4. Our methodology based on layer potentials constrains
us, however, to the following “sub-critical” regime assumption:

(H4) s is close to a resonant characteristic size s;(§) with 1 < ¢ < K, whose associated eigenmode a; is not
V-orthogonal to the vector of ones:
J1<i< K, s~s;6) withalV1#0, (1.17)
and there exists a constant ¢ > 0 independent of s, § and N such that

sN|Q(s,0)| <c. (1.18)

We refer to the assumption (1.18) as a “sub-critical” regime because it covers the cases h < 0 and h = 0 in
(1.15), but not the case h > 0 (which would be the super-critical regime). The condition al V1 # 0 of equation
(1.17) means that the resonance of a system of K resonators is of monopole type: the far field generated by
a single resonator is proportional to I'*(z) where I'* is the (outgoing) fundamental solution to the Helmholtz
equation. This happens generically if the packets D = UK | B; does not have too many symmetries (see [38],
Sect. 2). Note that (1.17) implies |Q(s,d)| — 400, and (1.18) implies sN — 0 as in (1.15).

In view of (1.16), assumption (H4) can also be more physically rephrased as
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(H4) The contrast parameter is strictly smaller than O(N ~2):
5= o(N"2),

and there exists a resonant characteristic size s;(§) with 1 < i < K such that s ~ s;(6) with al V1 # 0
at a rate slower than §2 N: there exists a constant ¢ > 0 such that

5:(0)

Then, equation (1.18) is a “subcritical regime” in the sense that the characteristic size s remains slightly
away from s;(d); in other words, the incident frequency is not “too close” to the resonant frequency was,; of
(1.14).

With these assumptions, we obtain the following main result with quantitative error bounds (stated in
Prop. 4.8).

J1<i<K,cdzN <

—1‘—>0as<5—>0.

Proposition 1.2. Assume (H1), (H2) and (H4). Let u be the solution to the following Lippmann—Schwinger
equation:

(A + k2 — sNQ(s, 5)glg)u =0,

9 . B -
<€?Ix| - 1k> (u— ) =O(|z|7?) as |z] — +oo.

(1.19)

There exists an event Hy, which holds with large probability P(Hn,) — 1 as Nyg — +o0, independent of s and
d, such that when Hy, is realized, the function u is an approzimation of the solution field un s to (1.3) with the
following error estimates:

(i) on any ball B(0,r) such that Q C B(0,r), there exists a constant ¢ > 0 independent of s, N and 0 such
that for any N > Ny:

1

E{HUMS - uHi2(B(O,R))|HNO} F < esNQ(s,9) max(ééN,]\F%); (1.20)

(i) on any bounded open subset A C R3\Q away from the resonators, there exists a constant ¢ > 0 independent

of s, N and & such that for any N > Ny:

1

E[HVUN,S - VUHLQ(A)m%VO} < esNQ(s, ) max(ééN,N’%) (1.21)

The rate of convergence is of order O(max(62 N, N~2)) because the scattered fields un, s—.,, and w—uy, are

of order O(sNQ(s,9)).

The bound (1.20) is also an improvement over [6,15] because it shows the convergence of the scattered field
un,s to the homogenized field u in an L? sense even in regions very close to the resonators. In contrast, the
error bounds of [6] apply only to a region slightly away from the resonators, while the analysis of [15] gives a
convergence result only the far field pattern of ux ;. The order of convergence obtained is natural, since N ™2
is the natural rate of convergence coming from the application of the law of large numbers for independent
random variables, while § 2N is the quantity occurring in (H4). From the result of Proposition 4.8, we obtain
the existence of different regimes of convergence depending on the asymptotic behaviour of sNQ(s,d) which are
summarized in Table 1.

Let us finally mention the existence of further works related to the homogenization of resonant high-contrast
wave media. The paper of Bouchitté et al. [22] studied the homogenization of a periodic array of high-contrast
dielectric structures and proved the arising of resonances. However, an important difference with our work is
that they study the high-contrast regime § — oo rather than 6 — 0. Furthermore, they consider resonators
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TABLE 1. Summary of the effective medium theories obtained for for respectively sound-soft
metamaterials (system (1.2)) and high-contrast metamaterials (system (1.3)) with their dif-
ferent regimes of convergence under the assumptions (H1)—(H4). The supercritical regimes
sN — 400 or sN|Q(s,d)] — 400 are not treated in our analysis, hence we are only able to

formulate conjectures.
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system (1.3) Dispersive medium

with § — 0, s ~ s;(d) sNQ(s,
and N — +o0

System Scaling regime Effective physics Effective model
sN —0 Transparent medium  (1.6)
Sound-soft
Syg,;l;ln (S?.Q) sN — A with A >0 Dissipative medium (1.7)
with s = 0and N — +00  sN — +o0 Opaque medium (1.8) (conjecture)
(conjecture)
sNQ(s,6) — 0 Transparent medium  (1.6)
sNQ(s,0) — A with A >0 Dissipative medium (4.52)
High-contrast :
1§ -cortias sNQ(s,8) — A with A <0
(s,9)

— 400 Opaque medium (1.8) (conjecture)

(conjecture)

sNQ(s,d) — —o0 Highly dispersive

medium (conjecture)

Open problem

which have a size s comparable to that of the periodic cell ey; s x ey. In contrast, the assumption (1.18)
shows that subwavelength resonances are triggered for much smaller resonators: indeed, the minimum distance
between two packets of resonators is of the order ey = O(N~3) for randomly distributed centers (see Prop. 2.1)
while our homogenization result is obtained for size ratios smaller than 1/N due to (1.18). The resonances
obtained in [22] and generalized to the full 3D Maxwell system in [24] are therefore not of the same type as
ours. Recently [29,30], developed a mathematical framework for analyzing the arising of resonances for wave
propagating in infinitely periodic high-contrast media and the resulting dispersive effects in the situation 6 — 0.
However, they still assume that the periodic inclusions have a size comparable to the cell periodicity. Finally,
Schweizer and Lamacz [51,67,68] have studied the homogenization of a metamaterial made of a periodic array of
tiny Helmholtz resonators. The authors neglected the radiative effects by assuming that the material is enclosed
by a Dirichlet boundary condition. This system is the closest in spirit to our high-contrast system (1.3), since it
also features subwavelength resonances which lead to a homogenized equation similar to (3.18) for a particular
set of scalings. By using two-scale convergence arguments, the authors obtained the qualitative convergence of
the scattered field to a homogenized field solution to an effective equation analogous to (4.52).

1.4. Outline of the paper

As we shall see, the analysis we propose for the study of both these systems is similar and based on layer
potentials; the system (1.2) may be seen as a simplified version of (1.3) which differs mainly due to the arising of
resonances. Simultaneously, the system (1.2) is interesting in its own rights and we shall obtain original results.

The paper outlines as follows. Section 2 derives holomorphic expansions of the single layer potential and
the Neumann—Poincaré operator associated to the domain Dy s with respect to the parameter s. We establish
error bounds uniform with respect to the parameters s and N for the truncated holomorphic series, which bring
into play the critical quantity sN of (H1), and which are at the basis of our homogenization method for the
scattering problems (1.2) and (1.3).
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The proofs of the homogenization results of Propositions 3.4 and 4.8 are the object of Section 3 for the
sound-soft material, and Section 4 for the high-contrast metamaterial. We follow a common and systematic
methodology for both cases: first, we write an integral reformulation of (1.2) and (1.3) which allows to find an
explicit representation of the solution in terms of layer potentials. Then, we show that the integral equation can
be reduced in the low frequency regime to a linear system with N unknown called “Foldy-Lax” approximation.
Then, the mean-square convergence theory of [37] allows us to establish the convergence of this linear system
to an integral equation. This allows us, in a last step, to read the resulting homogenized equation for uy s and
the corresponding error bounds.

Finally, a few useful technical results arising in the proofs are given in the appendix.

To conclude this introduction, let us mention that the methods developed in this work are quite general and
could be used to study other types of metamaterials. Future investigations could concern metascreens as in
[9,15] in which the centers of the resonators are distributed on a surface rather than in a volume, and high-
contrast metamaterials exhibiting a resonance which is not of monopole type. The condition (1.17) would not
hold and a substantially different analysis is required. A formal study has been proposed in [14] in the case
where the resonators are dimers D = Bj U By constituted of two identical spheres, which suggests that the
effective medium is a double negative metamaterial.

In the whole paper, ¢ > 0 denotes a universal independent constant which can change from line to line, and
(€;)1<i<n is the canonical basis of RY.

2. LAYER POTENTIALS IN DOMAINS FILLED WITH A LARGE NUMBER OF SMALL INCLUSIONS

This section introduces a number of useful preliminary results and notations which are at the basis of the
homogenization procedure of both scattering problems (1.2) and (1.3). We start in Section 2.1 by providing
probabilistic estimates of the minimum distance ey between two centers, and of a critical size ¢y arising in
the expansions of the layer potentials for arbitrary distributions of points ((y;)1<i<n). Section 2.2 introduces a
rescaling operator Py s mapping L?(Dy s) to the product space L?(D;) x - -+ x L?(Dy ). This operator enables,
in Section 2.3, to write the single layer potential and the Neumann-Poincaré operator on 0Dy, in terms
of an operator holomorphic in the characteristic size s, whose holomorphic series yields complete asymptotic
expansions. Finally, Section 2.4 provides uniform estimates of single layer potentials viewed as a complex scalar
field in R?, from the magnitude of the potential on Dy s.

2.1. Critical sizes

In this subsection, we introduce and estimate two parameters ey and ¢y homogeneous to a distance which
play important roles in our analysis:

D=

1
€y := min : — il Iy = _ . 2.1
N 1<i#j<N |yl yj| N IS#ZJ‘SN Iyz - yj|2 @1)

The random variable €y is the minimum distance between the centers of the resonators; it would be the size
of the unit cell if the resonators would be arranged in a periodic manner as in the classical setting of periodic
homogenization [1,32]. The quantity £y arises naturally in the asymptotic expansion of the single layer potential
S}%N’S associated to the inclusions. As we shall see in Proposition 2.3 below, /) is a measure of the typical size
under which it becomes possible to treat the interactions between different groups of resonators separately
from those which takes place between the resonators of a same group. It is also the critical size above which
“solidification” of the group of obstacle occurs (if s > ¢x), or at which the “strange term” appears in (1.7) (if
s ~ Aly for some constant A > 0).
The purpose of this part is to show that ey = O(N_g) and ¢/ = O(N~1!) in some probabilistic sense.
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Proposition 2.1. For any positive constants to,t1 > 0, let Hgg) and Hg) be the random events
HO = {to—lN—% <en < tON—%}, (2.2)
HY = {t7IN <ty <N (2.3)
Assume (H1). The events Hgg) and ’Hgll) are satisfied with arbitrary large probability for sufficiently large con-

stants to,t1 > 0. More precisely, for any ¢ > 0, there exist large enough to,t1 > 0 such that for any N € N large
enough,

P(Hﬁo)) >1-c (2.4)
(Htl)lH ) —¢, (2.5)

where P(A|B) denotes the probability of the event A conditionally to B.

Proof. (1) Equation (2.4) follows from the result recalled in Proposition A.3 of the appendix.
(2) Denote by f(yi,y;) the random variable

‘yz y]‘>t071N 2/3 .
lyi — ;2

(Wi, y5) =

We prove that there exists § > 0 large enough such that E[f(y1,y2)] satisfies

B <E[f(y1,52)] < B (2.6)

Indeed, using an integration in polar coordinates, we find

-2 diam(£2) 1
[y, y2)] // s val>to e L p(y1)e(y2) dyr dyz < loll7~ gy / / / —r?drdf
|y1 Y1 €Q S2 T
< 47 0l[F oo ) |21 dlam(9)~

For the lower bound, we write

o(y2) | <ty "N~ 2
Flyrv2)] / / 5 dy1 dys / / —EEE e p(y1)p(y2) dyr dya,
o ln —y2| |y1 Y2

and we observe that the second integral vanishes as N — 400 due to the bound

ty'NT3

Y1 \<f -3 0 1 - -3

/ / A pln) o) s e < el |9 LI e <iolieng Nt
1= 2

Hence, equation (2.6) holds for N large enough with 3 := max (47r||g||Lm(Q 1] diam (), 2( [, ‘Q|(yy11)£;(2y2)

dy: dya) ) Using similar integrations in polar coordinates, we also find, up to using a larger constant 8 > 0:

]E[f(yhyzf] < BN25 and E[f(y1,92) f(y1.y3)] < B.
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Then, the version of the law of large numbers of Proposition A.2 in the appendix implies, up to selecting a
potentially larger constant 8 > 0:

2
B|lvov—y 2, S ew) - B )
< NQ(N4_ g (N(N — 16)(N — 2)E[f(y17y2)f(y1, y3)| + N(]\;_l)]E[f(yhyz)zD
< g(i\f—1 +N—2N%) < AN~

By using Markov inequality (Prop. A.1), we then find that for any v > 0,

IPJ(‘]\/V(]\/}—UEK/2 —E[f(y1,y2)]| > VE[f(y1,92)] H§0)> <(1—c) 2N

Consequently, setting v = vy := hN /2 with h sufficiently large but independent of N, we find that there
exists a constant ¢ independent of N such that

P(|N2037 ~ Elf (g < hN—F[H”) > 1 - Ch2,

The result follows from (2.6) because the above inequality states that £y = E[f(y1,y2)] 'N~' + O(N~2).
O

Remark 2.1. The quantity {5 ~ 1/N is known to be the critical scaling at which an ensemble of regularly
spaced scattering obstacles “solidifies” (reflects entirely the sound wave), see [65,66], or at which the “strange
term” appears in two-scale homogenization of porous media [32, 35, 36, 39, 43, 44]. In this article, we show
that s ~ 1/N is also the critical size for obstacles randomly distributed in a volume. An analysis similar
to Proposition 2.1 leads us to expect that for centers randomly distributed on a surface, the critical size is
s~ 1/(N|logN|z).

Remark 2.2. In the homogenization analysis of [6], the authors assume both min<;xj<n |y; — y;j| > ¢cN~3
and the ergodicity condition (1.1), which, in view of (2.3), cannot be achieved by randomly and independently
distributed points (y;)1<i<n, and hence can be difficult to realize in practice. This difficulty was also pointed
out by Gerard-Varet [42].

Remark 2.3. The consideration of the events Hiff) and ng) enables one to obtain error bounds without the
need for extra hypotheses on the joint distribution of centers (y;)i1<;<n. This allows to consider conveniently
fully independent random distributions points (y;)1<i<n, in contrast with other possible settings considered in
[2,3,42,62].

It follows from Proposition 2.1 that one can choose sufficiently large constants tg,t; > 0 such that for any
fixed N > 0, the inequalities

to_lN_2/3 <eny < toN_2/3 and t;lN_l <ty < th_l (27)

are satisfied with large probability (independent of N). Therefore, the reader may think of ey as N ~% and of
¢n as N~! when (H1) is realized. We keep the reference to £ and ey in the fully general setting where no
assumption is made on the distribution of points (y;)i<i<n-
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Finally, we denote by 7y the ratio between the distance between the centers ey = O(N~2/3) and the size of
the obstacles s. Throughout the paper, we assume the natural condition that 7y is smaller than a small fixed
constant ¢ > 0, which ensures that the acoustic obstacles do not overlap:

s
NN = - <ec. (2.8)

In other words, this condition states that for arbitrary distributions of points, the natural range for the variations
of the characteristic size is s = O(N~%). The condition (2.8) is of course satisfied in the “subcritical” regimes
of assumptions (H3) and (H4).

2.2. Rescaling operator and product spaces

We now introduce an operator Py s which performs a rescaling around each set of inclusions y;+sD;. The main
motivation lies in the fact that the conjugations of the layer potentials by the operator Py s are holomorphic
in the variable s (Prop. 2.3 below), which allows to determine conveniently their asymptotic expansions.

In all what follows, for any y € R and s > 0, we denote by 7, 5 the affine transformation

Tys(t) =y +st, teR3
The transformations (7, s)1<i;<n enable one to replace the analysis on the whole set of tiny inclusions
Dn.s = Ui<i<n(yi + sD;)

with one on the product domain
D:ZDl Xoeee XDN.

Denoting by L?(0D) and H!(9D) the product spaces
L*(0D) := L*(0D;) x --- x L*(dDy),

HY(0D) := H'(OD) x --- x H'(0Dy),

we introduce the rescaling or pull-back operator

'PN75 : L2(6D) — LQ(BDN’S)

(2.9)
((blv sy ¢N) — (b with ¢\y7¢+58D7~, = d)z o T?J:}S'

Clearly, the inverse of Py s is given by P;}sqﬁ = (Ply,+s0D; © Ty;,s)1<i<n- With a small abuse of notation, we
still denote by Py s the same operator acting from H'(9D) to H*(0Dy ).

By introducing appropriate norms on L?(9D) and H!(9D), we make Py s to be an isometry. The definition
of these norms is motivated by the following lemma.

Lemma 2.1. For any ¢ € L*>(0Dn ) with Dy s = UN (y; + sD;), it holds

2

1
N 2 N
¢lzzopn ) = S(Z ¢OTyi,s||%2(aDi)> » IVréllzzopy..) = (Z |VF(¢°Tyi,s)%2(aDi)> ;

=1 =1

where Vr is the tangential gradient on 0Dy 5.
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Proof. By using a change of variables, we find

T g /w (607y06)2 do,

i=1

and therefore,

N N
IVeolEeomn = 25 [ 1Tr0) o lPdo =3 [ [(Tréor, )P do
i=1 oD; i=1 70D

(I
In view of Lemma 2.1, we define the norm on H*(0Dy ) as follows:
||¢||311(3DN,3) = ||¢||i2(aDN,s) + 32\|VF¢||2L2(6DN,S)- (2.10)
Then it holds conveniently N
1613 opy..) = 5 Z 16 © 7y, s 31 00,)- (2.11)

i=1

Endowing L2(0D) and H!(9D) with the norms

N % N 2
[(¢1,---,N)llL2(op) = 5<Z|¢i||%2(api)> ; (@15, oN)|lE1 (0m) = S<Z|¢i||§{1(am)> (212

i=1 i=1
we infer from (2.11) that Py s is an isometry:
IPNs(P1,- - dn)Iz2 0Dy = (D1, s ON)L20p)s  IPN,s(D1s -5 ON)lHr (0DN ) = (D15 -+ - ON) | 1 (0D) -

We complete this part by stating a few elementary results which enable to estimate the norm of operators
on the product domain D. In all what follows, ||| Al||y— g stands for the operator norm of a bounded operator
AV — H on two given Banach spaces V and H:

Az
zev lzllv

When the context is clear, we sometimes omit the subscript and we write |||.A||| for |||A|llv—#-

Proposition 2.2. The norm of an operator A : L?>(0D) — L?(0D) satisfies the following bound:

2

Al 2(oD)— L2 (8D) < lfgliifgv|||Az'i|||L2(8D7¢)—>L2(8D,:) + Z |||Aij|||%2(8Dj)~>L2(8Di) ) (2.13)
o 1<i#j<N

where A;; : L*(0D;) — L?(0D;) denotes the family of operators satisfying
ol
Al | = Z Aijdj , (2.14)
Jj=1

oN = 1<i<N

i.e. Aijl¢] := e; - Alge;] for any ¢ € L*(0D;).
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Proof. Denoting by ¢ = (¢1,...,dn), we have by using the triangle inequality:

Al 20p) < [(AuldDr<isnllz2omy + || | D Ailoy) : (2.15)

7 1<i<Nll 12 (op)

Then both these terms can be bounded as follows:

N
At e = 2 Mulolion,

L2 E)D
2
5% max |4l Z I6illEcom,) = max, Al 191122 o).

2 N 2
> Aijloy] =52y ZAM[@-] < D MAGIHS I z205)
i 1<i<Nll 2 (op) =l L2(0D;) =LAI#

N
<s2 Y H\Aij|||22|\¢jnmam_Z\HAum 11132 0m)-

1<i#j<N j=1 i

Remark 2.4. The same inequality holds by changing L?(9D) into H'(dD).

With a small abuse of notation, we identify in the next sections an operator A;; : L? (aD ) — L?(0D;) to its
natural extension A” L?(0D) — L*(0D) by 0, i.e. satisfying (A Ugb) A;jp; and ( Zj(b)l =0 for [ # .

2.3. Holomorphic expansions of layer potentials with respect to the size parameter

This part introduces the main results of this section, which are the holomorphic expansions of the single layer
potential and the Neumann—Poincaré operator given in Corollary 2.1.

2.8.1. Definitions and notation conventions

ezk\w\

In all what follows, we denote by I'*(z) := — T the (outgoing) fundamental solution to the Helmholtz
equation with wave number k > 0, i.e.

(A + kTP = 6o,

where 4 is the Dirac distribution. For a smooth bounded open set D C R%, we denote by S E and IC%* respectively
the single layer potential and the adjoint of the Neumann—Poincaré operator on dD: for any ¢ € L?(dD),

Sh[g)(x) = /8 T = )oly) do(y). r RS, (2.16)
K5 6](x) = /8 V.M —y) n()ol)doly).  w € OD, (2.17)

where do is the surface measure of 9D and n is its outward normal. We use the notations SkD” and ICg’* for the
same operators with k replaced with kp, and we use the short-hand notation I' := T, Sp := 8%, and K}, := K%
for the fundamental solution of the Laplace operator, its associated single layer potential and the adjoint of its
Neumann—Poincaré operator. We recall that % is a compact operator on L?(0D) and that S¥ is an invertible
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operator from L?(9D) to H*(dD) when k? is not a Dirichlet eigenvalue of —A on D, whose inverse is denoted
by (S¥)~1: HY(OD) — L%*(9D), see e.g. [7]. Finally, the harmonic capacity of a set D is denoted by cap (D):

cap (D) = — /SD Sy [lap] do. (2.18)

For the analysis in the most general setting where (H1) and (H2) are not necessarily satisfied, we consider
the following uniform boundedness assumptions on the resonator packets D;:

(i) the points (y;)ien belong to a bounded domain  C R?:

S_l;p ly: — y;] < +o0; (2.19)
i#]

(ii) the number of resonators K; per packet D; is bounded: sup;cy K; < +o00;
(iii) the sets D; have uniformly bounded perimeters:

sup |0D;| < +o0. (2.20)
i€EN
This implies that they also have bounded diameters: sup;cy diam(D;) < +o0;
(iv) the sets D; have a “uniformly bounded capacity” in the following sense:

up 1Dz @p—rromy < +oor swp[So) 7Moo < o (2.21)
These assumptions are naturally fulfilled when considering the assumption (H2) in which all the packets D;
are identical.
Throughout the paper, we denote for any p € N and y = (y1,%2,y3) € R® by VPT'*(x) and by y? the p-th
order tensors:
VTR (@) = (9, ., T (@)

Y
Y = WiaVis -+ - Yip )1<in i, <3
]_Sil,,,ipS37 ( 21 J12 Zp) St 1pSo

and we denote by VPT'*(z) - y? the contraction

VITR@) P = Y OF L TR @)y i,

1<iy...ip<d
2.3.2. Holomorphic expansions of the single layer potential and the Neumann—Poincaré operator in the
heterogeneous domain
The next proposition provides a full asymptotic expansion of the single layer potential as s — 0 with

truncation estimates independent of s and V.

Proposition 2.3. The following factorization holds for the single layer potential on Dy s for any N € N and
any distribution of points (y;)1<i<n satisfying (i)-(iv):

+oo N “+o0
SIBN,S =Pn.s Z sPt1 Z k’Sp, p + Z gP+2 Z VPTH (y; — y;) - 15, p, Prss (2.22)
p=0 i—1 p=0 1<i#Aj<N

where Sp, , : L*(0D;) — HY(0D;) and ’Tgi)Dj : L*(0D;) — HY(OD;) are respectively the operators and the p-th
order operator-valued tensors defined by

P

Sp.l6](t) = /BD_ t— P lo(t) do(t), ¢ € L2(AD), t € OD;,

B 47p!
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T5,.p,101(t) :== % /a D_(t —t")Pp(t") do(t), ¢ € L*(OD;), t € OD;.

The series (2.22) converges in operator norm for any s satisfying (2.8). Furthermore, there exist constants ¢ > 0
independent of s and N such that for any p € N:

Pn.s P2 Z V’Tk(yi _ yj) 'Tgi,Dj
1<i#j<N

N
Pn.s <sp+1 > kPSp, ,p> Pl < esPH (2.23)

=1 L?(0DN,s)—H'(0DN,s)
2

P&}S <cs (sﬁfvl)nﬁf. (2.24)

L2(dDn..)—HY(dDx.,)

Proof. Let us denote for 1 <i,j < N by A;j : L? (0D;) — H'(0D;) the operators associated to P&}SSEN.SKPN,S
as in (2.14). We have for ¢ € L*(0D;) and t € 9D;:

Aii[@](t) = Sy 4 op [P o7, ] o7y s(t)
:/ T*(y; + st — ¢ )po L () do(y) = 52/ T*(s(t — #))p(¢) do(¥)
y;+s0D; oD;
= sSi[])(t).

The first part of the expansion follows by using the identity Sf')ki (9] = Z;ﬁg sPkPSp, p[¢]. For i # j, we have
instead for t € dD; and ¢ € L?(0Dy):

Aij[0)(t) = Sy vsp, (@ 0 7y ) 0 Ty, s (1) = 82/ T (yi —y; +s(t —1")e(t') do(t')
aD;

T 24p

- Pk AW () do ('
Z VTR (s — ) /aDj“ Vo) do(t),

from where the second term of the expansion follows. The bound on the operator norm of the diagonal part of
PJT,}SS’B +.Pn,s is obtained by recalling that Py ; is an isometry and by making use of (2.13):

N
‘ ‘ Pn.s (Z kpsDi,,,) Pr

i=1
where the triple norm is bounded by assumption for p = 0 (Eq. (2.21)) and by using (2.20) for p > 1:

N

> kPSp,p

i=1

<
L2(8Dn..)—H' (8D .)

L2(dD)—H(dD)

SKP 152N 18D, plllL2@0D,)—H1(0D)),

EPNISD, plll 220Dy —H1 (0D,) < 4 (|d1am(8D )| —|—( — 1)|diam(9D; )| )\8D |2 for p > 1.

Similarly using (2.13) and the result of Proposition B.1, we obtain the existence of constants ¢, 5 > 0 such that

2
Prs| 877 > VTR —wy) - T, b, | Py
1<i#j<N L2(8Dn.)—H(8Dx.,) (2 25)
) :
<Y VTP NI IF S A7 Y
g J

1<i#j<N 1<i#j<N
D 2p+4 _—2pp)—2 2(.2p—2\,2p
< BPs en Ay <cs (séN)nN,
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where we used the assumption (2.8) on ny. Finally, let us note that the series (2.22) must converge as soon
as (2.8) is satisfied because SEN . as a function of s has no poles on H, and coincides with this series on a
non-trivial neighborhood of 0. (]

Remark 2.5. Formula (2.22) has two terms: the first one features the operators Sp, , which are “diagonal”
terms describing the interactions occuring between each components B; 1, ..., B;  of the resonator packet D;.
The second term involves the extra-diagonal operators TDph D, which account for the interactions occuring in
between the groups D; and D; for i # j. The estimation (2.24) shows that the diagonal term is of order O(s)
while the extra-diagonal interactions are of order O(s(sfy")). The “critical” size ¢y corresponds therefore to
the characteristic size s under which (when s < /) the diagonal interaction is dominant.

In order to study the asymptotic of the resonant problem (1.3), we need a similar holomorphic expansion of
the adjoint of the Neumann—Poincaré operator.

Proposition 2.4. The following factorization holds for the adjoint of the Neumann—Poincaré operator on Dy s,
for any N € N and for any distribution of points (y;)1<i<n satisfying (i)—(iv):

“+o0 N “+o0
Ky = Pra | S0 SO0k, + 37 ST VTG — ) My | PR, (2.26)
p=0 i=1 p=0 1<i#j<N

where K, , + L*(0D;) — L*(9D;) and M%’:}Dj : L*(0D;) — L?*(0D;) are respectively the operators and the
operator-valued tensors defined by

Kboldlt) =~ [ nl@) - Vle— ¢ 0(¢) dote), o€ L2(OD0). ¢ € 0D,
M [6)(1) = ~ / n(t) ® (t— ¢)Po(t') do(t), ¢ € L*(aD,), t € aD,.
o p: Jap;

The series (2.26) converges for any s satisfying the condition (2.8). Furthermore, there exists a constant ¢ > 0
independent of s and N such that for any p € N,

N
| Pn,s (sp > kaCBi,p> Pr < esP, (2.27)
i=1 L2(0DnN,s)—L2%(0Dn,s)
2
Py, | sP12 Z VPRITR (y; — y;) -./\/l%f}Dj 73](,)18 < (st (2.28)
ISiAJ<N L2(8Dx..)—H(0Dx..)
Proof. The proof is analogous to that of Proposition 2.3. O

Equations (2.30) and (2.26) are rewritten in a more usable manner in the following corollary, where we
introduce the operators S¥ (s) and K% (s) holomorphic in the variable s.

Corollary 2.1. The single layer and the Neumann—Poincaré operators can be expressed in terms of holomorphic
operators on the cartesian product D = Dy X --- X Dy through the following factorizations:

Shy. = PNsSp(s)Prl: Kby = Pr.sKp )Py (2.29)

(i) The operator Sk (s) is given by

+o0o
Sp(s) = sSpo + *Sp, + > _ s"TISE (2.30)

p=2
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where the operators S%,p are defined by

N
Spo = 850 = ZSDDO and S%p Zk Sp,p+ Z VPR (g — ;) - TP:];J' for any p > 1.
i=1 1<i#j<N

Moreover, the terms of the series of (2.30) decay geometrically in the operator norm:
1 if p=0,
157SP plll L2(oD)— 1 (90) < € % S sl ifp=1, (2.31)
56;\7177’1'(;1 if p> 2.
(i) The operator K& (s) is given by

Kk (s) = K + Z sPKCK . (2.32)

where K3, and K%fp are the operators defined by

N N
* * * * — —1
Ky = ZKDN K%)p = Z K'KD, , + Z VPR (y; — ) 'M%i,Dj for any p > 2. (2.33)
j i=1 1<i#j<N
Moreover, the terms of the series of (2.32) decay geometrically in the operator norm:

|||splClgipH| < c(sé&l)nf’v_l for p > 2. (2.34)

Remark 2.6. We shall use below the following identity
Sb [Pnsl6] Z / P — g — st)ou(t) do(t),  © RS, 6= (dhrcicn € L2(OD),  (2.35)
aD

which implies in particular that the operator Sf)(s) reads explicitly

(SE[g]). () = &2 Z/ —yi+st—t))e; () do(t),  tedD;, (d)r<icn € LA(OD).  (2.36)

aD;

We obtain a norm estimate of the inverse of the single layer potential in the subcritical regime s = O(Ej\,l)
(corresponding to (H3) if (H1) holds).

Corollary 2.2. The following norm estimate holds for the inverse of the single layer potential in the subcritical
regime s = O({ ")

st 7]
' H(0D)—L2(8D)
for a constant ¢ > 0 independent of s and N.
Proof. From (2.30) and (2.31), the Neumann series
- -1 -1 -1 -1
s7! SD 0 + Zsp Z Z (850) Sg,il (8715,0) (350) 8715,1‘]- (S%,o) (2.37)

1<iy...i;<p
i1t =p
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is convergent (and equal to (SK(s))™') as soon as sy’ = O(1) and the condition (2.8) is satisfied with a
sufficiently small constant c. This implies ||[(S5) |||z (op)—r2(0m) = O(s7') and the result, recalling that
Pn,s is an isometry. O

We complete this part by stating a few useful properties which relate the holomorphic expansions (2.22) and
(2.26).

Lemma 2.2. The following identities hold for any 1 <i < N, 1< j < K; and ¢ € L*(0D;):
(i) Kp, 0] =n - ViSp, p[8] for any p > 1;

(ii) [op,, Kb, [0l do = 5 [55, ddo;
(iii) faB” D, p[¢] do = —fB Sp, p—2[¢] dx for any p > 2.

Moreover, the following identities hold for any 1 <iy #1iy < N, 1 < j; < K;, ¢ € L*(0D;,) and p > 0:
(iv) Mo [9](8) = n(t) © Th b, [¢](t) and

10 i1
|l o= [ aTp p Weadi= [ 1075 olde
9B, j, Biyjy Biii '

In particular,

/ Mbp, b, ,[¢]do =0 and / M5, p, ,0ldo = < ¢da>|Bi1j1|I for any 1 < j; < K;,.
oB oB aDs,

i1 i1

i171 i131

Proof. The points (i)—(iii) are classical, see e.g. [12,14]. For the point (iv), we use the identity 9;y?®e; = py?~1®I,
which holds in the space of symmetric tensors. O

2.4. Uniform norm estimates in a heterogeneous medium

Throughout the paper, we denote by r > 0 a sufficiently large, fixed positive number such that Dy s C B(0,7)
for any N € N and s satisfying the condition (2.8). The following proposition establishes uniform norm estimates
for the single layer potential and its gradient on 9Dy ¢ or on bounded subdomains of R3.

Proposition 2.5. There exists a constant ¢ independent of N,s and ¢ € L2(5‘DN,S) such that
(i) HSI[C)N Dl 0Dy < es(L+ st Dl 20Dy )

(i) 1Spy. [@lllz2(B0m) < 0N28||¢|\L2<aDNS>,
(iit) [|[VSH, [8lll2(or) < cs3(1+s2ly )H¢||L2(3DN,S),
(iv) S5, (01l L2(Dy..) < es2(1+ sty )”¢”L2(6DN5);

V) IVSEy @2 (D) < es7 (1 + 57 Ly NOl8lz20Dn.-

Furthermore, on any bounded open set A such that AN Dy s =0,
(i) 185, (@)l L2y < eNZsl|gll 20D,
1
(i) IVSHy . [8lllL2(a) < eN2s(¢llL2(Dy .-

Proof. (i) This result is a consequence of the inequalities (2.23) and (2.24) of Proposition 2.3.

(i) We write for z € B(0,r)\0Dn s,
k 2 ,
< ( / . =) da(w) ( / . o) da@))

1
2 2

Sha @] =|[ T pet) oty
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Computing the square of this expression and integrating over B(0, ), we find

/B(O,r)

2 2
Shl6]] 4o < 10lsopysy [ [ PHa =y dedoty
B(0,r) JODN,s

y/ 6R3

2
< ||¢Hi2(aDN,s>/ ( sup / T (z — o) dx) do(y) < eNs?(|9l1720py .
DN .« B(0,r)

by using (2.20).
The function v := S kDN _[¢] is the solution to the following Helmholtz equation:

Au+ k*u=0 in ]RS\@'DN,S,

ou
|[8nﬂ =¢ on 0Dy s, (2.38)

Ou _ iku=0(|z|™") as |z] — +oo,

el

where [0u/0n] is the jump of the normal derivative accross 0Dy ;. Hence, we can evaluate its gradient
on B(0,r) thanks to the following integration by parts:

o:/ (7|Vu|2+k2|u|2)dsc+/ a—uﬁdaf/ Hauﬂuda.
B(0,r) 8B(0,r) on 8Dy, s on

Therefore, we find

0
’ B(0,r) DN s dB(0,r) on

We now evaluate the three terms. The first term can be bounded by ¢Ns? according to the point (ii). The
third term satisfies the same bound, since the following majorations hold for y € 9B(0,7):

2
lu(y)| < / IT*(y — y)o(y')| do(y') < / sup |y —)|” do(¥)l|¢ll 2 o0n.)
0Dy, s aDN,s y/EB(OaT/)
< eNZ (|9l L2 (oD )
and
2
Vuly)| < / VT (y — o/ )é(y)| doy) < / sup  [VI*(y — o) do )1l xom
8DN,S aDN,s ’y/GB(O,T‘/)
<c¢Nzs |6l L20Dx )5

where 7' > 0 is a characteristic size such that we have the strict inclusions Dy s € B(0,r') € B(0,r).
Finally, we use point (i) to bound the second term of (2.39):

/ oudo
ODnN,s

Hence, we have obtained ||VS*[¢] ||2L2(B(0’T)) < cs(l—l—sN—l—sE;,l)||¢H%2(8DN,S). The estimate follows because
N = O(¢y") in view of (2.1) and assumption (2.19).

< 6llz200n. ) ISDy (Bl 20Dy ) < es(1+ Ly ) 0117200 .- (2.40)
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(iv) If z € y; + sD;, we find the following inequalities:

sk o)) = /8 TR =)ol do(y)

- jZ#i(/yj-Fs@Dj‘Fkb (== ) < oD, (y)IQda(y)f
+ (/yﬁsaDi‘Fkb(x— )| do(y ) ( o, |TF (@ — )| |¢(y)|2d0(y)>;

<X T

1

1 2

el +est ([ e -l ast)
yi+s90D;

j#l |y’L
2 1
1 1 2
<es|Y g |¢||L2(8DN,S)+082</ 0% (2 — y) |6 (y)] dU(y))
= v — 5l YyitsOD;

Computing the square and integrating over Dy s yields then

2
She qS’ < 205352€ 2 10} + 2cs sup sup / ke y)| dx||¢ 2
H DN’S[ ] L2(Dn,s) ” ”LZ(BDN ) 1<i<N y€y;+sD; yi+3Di| )| ” ”LZ(BDN’S)
1
< 20" 3210l op )+ 20557 s swp [ Ao @0l

The estimate follows by using the assumption (2.20) to bound the second term of the above inequality.
(v) From the jump identities on the normal derivative of the single layer potential, the function v = S%b [¢]
solves the following Helmholtz equation in Dy s:

Au—&—k‘fu:O in Dy s,

d 1 .
a% =0+ Ki* (6] on dDy .

From the expansion of IC]B’;S of Proposition 2.4, we have the inequality WC]B);SMHLZ(BDN,S) <

cl|¢llz2(apy ,)- Therefore, using again an integration by parts with the results of the items (i) and (iv), we
find

Ou _ _
IVullZe oy = ki lullZzpy.) + /aD a—nuda <es® (14 8205 16l172opy ) + cs(1+ s 0172005 .-
N.s
(vi) The proof of (ii) is unchanged if B(0,r) is replaced by A.
(vii) In the proof of (iii), the integral on dDy s is not present in (2.39) if B(0,r) is replaced with A, yielding
an upper bound proportional to sN 3,
O

3. HOMOGENIZATION OF A SOUND-SOFT METAMATERIAL

In this section, we use the holomorphic expansion (2.30) in order to establish a quantitative effective medium
theory for the sound-soft material (1.2) in the subcritical regime sN = O(1). Our analysis relies on the following
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single layer potential representation of the solution:
k k -t
UN,s = Uin — Spy | (SDN,S) [tin)

= Uin — SgN,s |:PN,s (Slkj)_lp];’ls[uln]} .

(3.1)

We proceed in two parts. In Section 3.1, we reduce, for arbitrary distributions of centers (y;)i<i<n, the
inversion of the single layer potential 81’% in (3.1) to the invertibility of an algebraic linear system. Following
[26], we call this algebraic system the Foldy-Lax approximation of (3.1) since the coefficients of the solution
determine the far field expansion of uy . Using the theory of [37], we show the convergence of the algebraic
system to an effective integral equation in Section 3.2. Then, we derive in Section 3.3 an effective medium theory
in the setting where the packets of resonators (D;)1<i<n are identical and in the subcritical regime sN = O(1)
(assumptions (H1)—(H3)). Our main result is given in Proposition 3.4, which states the quantitative convergence
of the total field to the solution of a dissipative Lippmann—Schwinger equation.

3.1. The Foldy—Lax approximation for an arbitrary distribution of small obstacles

Formula (3.1) allows to compute asymptotic expansions of uy s from an asymptotic expansion of (Sk)~1
From (2.31), it is clear that sSp o + s*Sf ; is the leading order term in the series expansion (2.30) of Sp. It
turns out that this operator has an almost explicit inverse as outlined in the next lemma.

Lemma 3.1. The operator 5%70 + 58%11 : L?(0D) — HY(0D) is invertible if and only for any right-hand side

f = (fi)i<i<n € HY(OD), there exists a unique solution zN = (zN)1<i<n to the following N-dimensional linear
system:
ik
1+ Bcap (D;) ) 2Y — cap (D E TH(y; —y;)2 =/ Sy fido, 1<i<N. (3.2)
A7 vy J 9D, !
Ea K

When it is the case, the solution ¢ = (¢;)1<i<n € L*(0D) to the problem

(S%,o + 351]%,1) 6] = f (3.3)
1s explicitly given by the formula
_ iks _
o3} :SDilfi—‘r- TZN sZFk SDil[lBDi]
J# (3.4)

N

-1 1 —1 —1 7 —1 .
(SDi fz + cap (DL) ( b, SDi fz dO’)SDi []—8D1]> cap (Dl)SD"‘ [laDJ, 1<i< N

Proof. Equation (3.3) can be written as
iks
Sp, i - / 6:d0Lop, + 5 T wi~w) [ 0;dolop, =i, LZi<N.
J#i oD;
which is equivalent to
iks _ _
bi — / ¢i doSp [1ap,] + sZFk —y;) / ¢;doSp lap,] = Sp! fi- (3.5)
Ve 0D;

Integrating on dD; and denoting zfv =/ op, ¢ido, we find that (3.3) admits a solution given by (3.4) if and
only if (3.2) is invertible. Then, substituting [,,, ¢;do by z¥ back in (3.5) yields the formula (3.4). O
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The invertibility of the linear system (3.4) is not clear for arbitrary distribution of points (y;)1<i<ny and
packets of obstacles (D;)1<i<n. However, we shall obtain it under the randomness assumption on the centers and
the uniformity assumption that the packets of resonators are identical and constituted of K single components
(B1)1<i<k- In the remainder of this section, we therefore assume (H1) and (H2).

In the context of the asymptotic expansion based on the representation (3.1), the right-hand side of (3.3) is
given by f = 77](,715 [win], whose leading order expansion is given by

,PJT/,ls [win] = (tin © Tyns)gigN

) 3.6
= (win (i) 1o, + O(5)) = (tin (1) 1001 <ix + Ol oy (2N 0

Substituting the leading order term into (3.2) and using (H2) yields the following linear system for the coeffi-
cients (ZzN)lgigN:

ik
(1 + ﬁcap (D))zzN —cap (D)s Z T (y; — yj)zJN = —cap (D)uin(yi), 1<i<N. (3.7)
1<j#i<N

The finite dimensional system (3.7) turns to be exactly the so-called the Foldy—Lax system associated to the
scattering problem (1.2); the obstacles Dy s behave as IV point sources with intensity —sz/Y [26,27], as retrieved
in the next proposition.

Proposition 3.1. The following expansion holds for a fized x € R*\Q away from the resonators:

N
un,s(T) — uin(x) = — Z 52NT*(z — ;) + O(s(sN)), (3.8)
i=1
where (z1N) is the solution to the algebraic system (3.7).

Proof. First, for x € R¥3\ Dy s and ¢ = (¢;)1<i<y € L*(9D), a Taylor expansion in (2.35) yields

N

Sb [Praldllr) = 35 (rk(x L)+ (d(MDN)» e (39)

i=1

Let us then consider the function ¢ € L?(9D) given by
—-1__ —1 1
¢ = (S%c)) PN,ls [uin] = (S%) {(uin(yi)laDi)lgiSN} + O(5N2>

“1_N
= ¢o — (wspj[lﬁDi]) + O(sN%>

cap (D;) 1<i<N £2(oD)

L2(9D)

where (z;)" is the solution to (3.7) and ¢g a function whose coordinates ¢g = (¢o,i)1<i<N) satisfy faDi ¢o,ido =
0 for 1 < < N. Using (3.9), we find that the scattered field is given by

un,o(€) = win(z) = =Sp, . [PN,S(S%)APX,}S [Um]} (z) = =Sp, . [Pn.s[9]]

=_ Zs(Fk(m — ;) +0(s))z + O(s(sN)).

i=1

[N

The result follows by using the result of Proposition 3.3 belows which states that (Zf\il B |2) =
O(Nz). 0
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Remark 3.1. The Foldy-Lax approximation (3.8) holds even for arbitrary obstacles as soon as the system (3.2)
is invertible and well-conditioned. This has been partially obtained in Lemma 2.22 of [26] under the natural
condition (2.8) and miny<;x;<n cos(k|y; —y;|) > t with ¢ > 0, however the proof features a mistake at the end
of page 103 of this reference.

3.2. Convergence of the Foldy—Lax system to an integral equation

As N — 400 and under the randomness assumption (H1) of the centers (y;)1<i<n, it can be expected that
the Foldy—Lax system (3.7) can be approximated by the following Lippmann—Schwinger equation:

(1+ e (D)) - cap D) [ P00 = 1):)ol) ' = —cap (D). weR (10)

where the discrete Monte-Carlo sum in (3.7) has been replaced with the expectation with respect to the measure
odz. The object of this part is to give a precise statement justifying the invertibility of the Foldy—Lax system
and its convergence towards (3.10). We rely on the theory of our recent work [37] for this purpose.

To start with, the well-posedness of the Lippmann—Schwinger equation (3.10) is a classical result, see e.g.
[33,50]. It follows from the following statement on the spectrum of the volume potential.

Proposition 3.2. Let us denote by V¥ the volume potential
Vhe L2(Q H%(Q
) - (k> , (3.11)
2 [o TP =y)2(y)ely) dy'.

(i) VEe: L2(Q) — L3(Q) is a compact operator, hence its essential spectrum is the set {0};
(ii) the point spectrum of V¥:¢ belongs to the negative complex plane C_ = {\ € C|¥(A\) < 0}:

sp(VF¢) c C_ u{o}.

Proof. Points (i) is classical, see [55,58]. For the point (ii), we prove that A\I— V%€ : L2(Q) — L2(Q) is invertible
if A\ € C\{0} with &(A\) > 0. From the Fredholm alternative, it is sufficient to show that Al — V¥:¢ has a trivial
kernel.

Let ¢ € L?(2) be an element of this kernel; V*:¢[¢] = A¢. The function u := V¥:¢[¢] satisfies

1 .
Au+ k*u = oplg = XQUIQ in R?,
6‘$‘ufiku:0(|x|72) as |z| — +oo.

Multiplying by w and integrating by parts in the ball B(0, R) for a sufficiently large R yields

1
/ (=|Vul® + & |ul?) dz + / %Eda = —/ olul? dz. (3.12)
B(0,R) dB(0,R) on AJa

Taking the imaginary part, we find that the radiated flux at infinity is given by

ou 1
R / —udo =$<>/gu2dz.
<6B(0,R) on > A Ja o

Since S(A) > 0, it follows that J(4+) < 0 and the above flux is non-positive, which entails u = 0 in R*\Q, and
then u = A\¢ = 0 in R? by the unique continuation principle [33,50]. |
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In the remainder of this section, we assume (H3): we consider the setting where the quantity sN multiplying
the compact operator in (3.10) is bounded. We denote by A% the matrix

k —1(1k
AR = N i = 43) 1oy (3.13)
occuring in the system (3.7), and by ||| - |||2 is the triple norm defined for a matrix A by
Az ’
IA]llz ;==  max |4z=]]2 where ||z||2 := Z ||

z=(zih<icn |22 1<i<N

By using the upper-boundedness with respect to the Frobenius norm and Proposition 2.1, we infer the existence
of a constant ¢ > 0 independent of NV such that

4% > < e, (3.14)
almost surely with respect to the distribution of the points (y;)ien.
The theory of [37] yields the convergence of the linear system (3.7) towards the integral equation (3.10).

Proposition 3.3. Assume (H1)-(H3). There exists an event Hy,, independent of s and &, which holds with
probability P(Hy,) — 1 as Ng — 400 such that, conditionally to Hy, and with a constant ¢ > 0 independent of
s and N:

(i) the linear system (3.7) is invertible for N > Ny, and well-conditioned:

<g (3.15)
2

||| (<1 i %fcap (D)>1 — sNcap (D)A?v> -

(ii) the operator Sp,o + 5851 is invertible for N > Ny, and its inverse satisfies

k E 1
m(SD’O +55p,1) ’HHl(BD)HLZ(SD) s (3.16)

Consequently, the inverse of S§ admits the following asymptotic expansion:

(85) " =5 (Spo+S51) T +O(s (st )nw);

(iii) the solution (z¥

-V) to the linear system (3.7) can be approximated by the solution z to the Lippmann—
Schwinger equation (3.10) in the following mean-square senses:
1 & :
2 1
(a) E[NZW — 2(y,)| |HNO] < N~ E 5N [uin]| 22 (c);
i=1
1

(b) E[”ZN - Z||i2(ﬂ)|HNo:| ’ < CN_%SNHuinHLQ(Q)y VN > No,
where 2N the Nystrom interpolating function of the system (3.7) defined by

ZN( ).__ cap(D) ws ( )—Sﬁ:rk( _ )ZN (317)
y L 1 + ifiscap (D) m y — y yl (] N N

T

Proof. (i) Let w be the open subset

wim {)\EC|§R(A)>CC3;@},
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where ¢ is the constant of (H3) such that sN < ¢. Since 0 ¢ w, w contains only a finite number of eigenvalues
of V%€ with negative imaginary part. Therefore, up to selecting a larger constant ¢, we can assume that w
is a subset of the resolvent set of V*:¢: w C C\sp(V*¢). According to Proposition 2.8 of [37], there exists
an event Hp, satisfying P(Hy,) — 1 as Ng — +oo such that w is also contained in the resolvent set of the
matrix A% for N > Ny. Denote by Ay s the quantity

1+ %scap (D)
AN, 1= ———— =
sNcap (D)

Since Ay,s € w, the matrix Ay I — A’f\, is invertible for N > Ny, which is equivalent to the invertibility
of (3.7). Furthermore, since w is included in the resolvent set of A%, the distance of 1/(sNcap (D)) to the
spectrum of A%; is bounded from below:

1 k /
— s >
d(chap (D)’bp(AN)) =€

for a constant ¢’ > 0 independent of s and N. By using the inequality of Proposition C.1 in the appendix,
this implies the existence of a constant ¢’ > 0 such that

-1
IH(As NI —ARK) 2 < ¢,

from where (3.15) follows easily.

(ii) The invertibility of Sp o + 58%71 and the conditioning is obtained from Lemma 3.1 and the formula (3.4).
The expansion for the inverse follows from computing the Neumann series of (2.30) with the estimates of
(2.31).

(iii) These bounds follow from the previous points and by applying respectively the Corollary 3.2 and the
Proposition 3.6 of [37].

O

3.3. Effective medium theory for sound-soft metametarials up to the critical regime

In this final subsection, we use the result of Proposition 3.3 to obtain that the solution uy s to (1.2), repre-
sented by (3.1), can be approximated by un s(z) >~ —cap (D)z(x) where z is the solution to the integral equation
(3.10). From there, an few additional steps yield the following homogenization theorem.

Proposition 3.4. Assume (H1)-(H3) and denote by u the solution to the Lippmann—Schwinger equation
Au + (k2 — sNcap (D)glg)u =0 in R?,

o . B 5
(69:E| - 1k) (u—umn) =0(z]7%) as |z] — +oo.

(3.18)

There ezists an event Hy,, independent of s and §, which holds with large probability P(Hy,) — 1 as Ng — +00
such that when Hy, is realized, the function w is an approzimation of the solution field un s to (1.2) with the
following error estimates:

(i) on any ball B(0,r) containing the obstacles, Q C B(0,r), there exists a constant ¢ > 0 independent of s
and N such that for any N > Ny:

Nl=

E[HUN,S — 320 Hre|* < esN max((sN)QN—%,N—%); (3.19)
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(ii) on any bounded open subset A C R3\Q away from the obstacles, there exists a constant ¢ > 0 independent
of s and N such that for any N > Ny:

1
E|[|Vuy.s — vu||iz(A)|HN0} ? <esN max((sN)QN’%,N’%). (3.20)

The relative error is of order O(max((sN)2N~3,N~2)) because the scattered fields un. s — win and u — 1w,
are of order O(sN).

Remark 3.2. It can be shown by adapting the arguments below that the effective medium is not changed at
first order if the resonators are rotated according to a rotation field y — R(y), but we keep this setting for
simplicity.

Remark 3.3. The convergence rate max((sN)2N~3, N~2) is a competition of two terms: N~z is a natural
rate associated to the convergence of Monte-Carlo estimators, while (sN)2N~1/3 = (sN)sey' brings into play
the ratio ny = s/en between the size of a resonator and the minimum distance between the centers (y;)i1<i<n-

The remainding part of the section is dedicated to the proof of this proposition, which is based on the
representation formula (3.1) and is divided in several steps. First, we establish an asymptotic expansion based
on the asymptotic expansion of layer potentials obtained in Section 2.3 which involves the solution (2 Ji<i<n
to the Foldy-Lax system (3.7).

Lemma 3.2. The following approzimation holds for the scattered field:

UN,s = Uin — SgN’S |:PN,S (81%)_17)];’15 [uin]i|

ks g
=vot oy <1 T u%(D) N st) i (- — sw) Spillanl(t)dolt)  (321)

+ O (max(s0y'nv, 5)sN) 12 o)

recalling the definition (3.17) for the Nystrom interpolating function 2. This approzimation is also valid by
replacing the norm of L*(B(0,7)) with the one of H'(A) for A any bounded open set outside the obstacles
(A CR3\Q).

Proof. We assume that the highly probable events Hg) and Hy, are realized. First, the conditioning bound
(3.16) enables to compute the asymptotic expansion of the inverse of the single layer potential: the expansion
(2.30) can be rewritten as

+oo
Sp = 5(Sp,o +55p ) (1 +(Spo+5851) Y spsgp> =5(Sp.o+s5p 1) 1+ O(sly'nn)),
p=2
where sy is bounded under the event HS). Using a Neumann-Series, we infer
(S5) ' =57 (Spo +55h,) 1+ O0(stytnn)) = s (Spo +556,) +O(s  stytny).
Inserting now (3.6) in this expansion, we obtain
(85) 7 P4 [uin] = (S5) ™ [(win(w)100, )y <o ] + O(5NF)

= 3*1 (SD70 —+ 38%71)71 {(uin(yi)laDi)lgiSN} —+ O(SflsgﬁlnNsN%>

L2(9D)

L2(9D) +0 (SNE ) L2(8D)
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Using the expression (3.4) of the inverse (Sp 5 + 8%71)’1, we arrive at

cap (D) -1 Zz]\] -1
cap (D) "in9)5p [ton] = Ty 60 “”Q@-SN

+O(max(s€N nn,s)s tsN2 )

(S%)ilpﬁ,ls[u’bn] = 871 (uln(yz)SDl[].aD]

1<i<N

N
= —sl< i gl 1s > + O(max(slx'ny, s s1sNz
cap (D) " o] 1<i<N ( ( NN ) )

1<i<N

Using the bound (ii) of Proposition 2.5, the fact that Py s is an isometry, and formula (2.35), we obtain

UN,s = Uin — Sf)N |:’PN,S (S%)_lprls [uzn]]
cap Z 8z; / — Yy — St)SBl [lop](t) do(t) + O(max(sﬁ},lmv, s) sN) L2(B(0.r))’

which leads to the the approximation formula (3.21) after using (3.17). Note that in virtue of the points (vi)
and (vii) of Proposition 2.5, the same estimate is also valid by replacing the norm of L?(B(0,r)) with the one
of H(A) for A any bounded open set outside the obstacles (A C R3\(Q). O

Taking the limit s — 0 and N — 400 in the above expression, we expect the convergence

1 1 1
s X Ujp + ——F— Sy d in | ¥ ————— 0 and N , 3.22
s i+ ey (85" anlao) (Gpye ) = gy 0~ O N = oo 82)

which would imply the result of Proposition 3.4 because —z/cap (D) is (up to an error of order O(s)) the
solution to (3.18). This asymptotic behavior is justified by the next three technical lemmas. The first one is an
improvement of the point (iii)b of Proposition 3.3.

Lemma 3.3. For any r > 0, there exists a constant ¢ > 0 independent of N and s such that

1

E[HZN - ZHiQ(B(O,r))] P <esNNTh (3.23)

For any bounded open set A C R3\Q which does not contain the obstacles, it also holds

1

E||V2Y = V[ y| < esVNE, (3.24)

Proof. Let ry be the discrepancy

rN<y>:—1jaiscap<NZ (v =w)2) =~ [ TH= )20ty >dy>

By the law of large number and using the fact that T'* € L2(B(0,7)) and VI'* € L2(A), we have the estimates
1 1
E HrNHiz(B(O’r))} > < csNN-3%, E{HVTNHQLQ(A)} * < esNN-%, (3.25)
Then, subtracting (3.7) from (3.10) yields

N(y) - 2(y) = Hf;(’”pf(v) ( ~ Zrk v 00 i - z(y»)) ().
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Hence, equation (3.25) and the point (iii)a of Proposition 3.3 imply the bound

1
1 1 N 2 1 N 2
IEMZN — Z||iZ(B(O,r)):| F < CSN<N ZE[HF’“( — yi)Hi?(B(om)}) (N Z]E|:|Z7,N - Z(?Jz)ﬂ)
i=1 i=1

1

+ ]E[”TNH%Q(B(O,T))] © <2esNN7%,
from where (3.23) follows. The result of (3.24) is obtained similarly. O

We then need uniform estimates of convolution integrals of the form [, v(- — st)¢(t) do(t) , which occur
in (3.21).

Lemma 3.4. Let A C A’ C R3 be bounded open subsets such that
A—st:={x—st|lze A} Cc A (3.26)

for anyt € OD and s sufficiently small. The following uniform bound holds for any ¢ € L*(0D) and v € L*(A’):

Proof. This is a direct consequence of the Cauchy—Schwartz inequality:

/

Our third lemma establishes the convergence of [, v(- — st)¢(t) do(t) to the function (f,,, ¢ do)v as s — 0.

< |0D||[vllLzcan 9l L20D)- (3.27)
L2(A)

[ ot~ sttt aote)
oD

2

/ o(z — st)(t) do (1)
oD

dz < /aD [0]122(a—st) do(O)I¢l| L2ap) < 10D [[v]lz2an |l L2 (o)

O

Lemma 3.5. Let A C A’ C R? be bounded open subsets satisfying (3.27). The following convergence holds for

any v € HL(A'):
’ /aD o(- — st)(t) do(t) — (/aD d)da)v

Proof. The following inequality holds for any x € A,

< es|| Vo[ 2 (ar). (3.28)
L2(A)

2 2

_ ’_ /8 ) /0 Vol — ut) - to(t) dudo(t)

/8 (ol = st) = () (t) dor ()

s 2 s
< /6 D( / Vv(x—uﬂ-tdu) do ()16 1aom) < /a ) / V(e — ut) ? du(s/tP) do (1) |63 o

Integrating on A, we therefore obtain

‘ /ODU(. — st)p(t) do(t) — (/OD c;bda)v

The result follows because the supremum can be bounded by ||Vv||%2(A/). O

2

< sup HVUH%Z(A—ut)SQ/ t|* do (8)[| 6]l L2 o)
L2(A) tedD,0<u<s oD
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Proof of Proposition 3.4. We start by proving the convergence (3.22). Consider 0 < r < 7’ such that Q C
B(0,7) C B(0,7"). Using (3.23) and (3.27) with A = B(0,7), A’ = B(0,7), v = z — 2V, we can write the
asymptotic expansion

/@D N(-—st)Sp [Lap](t) do(t) = /

(- — st)S5 [Lop](t) do(t) + o(sNN-%)
oD

1.
12 2
E[” HLz(B(O,T))]

Then, the result of Lemma 3.5 yields

LHReapD) s i
/,91)( cap (D) ( £) + win( t)>SD [1ap](t) do(t)

1+ %scap (D)

s

=) D)

z — cap (D)uin + Orz(p(0,r) (8)- (3:29)

Coming back to (3.21) and remembering that ny = sey' = O(sN 3), we obtain the following asymptotic
expansion for upy s:

1
UN,s = — z+O(max(stNg,s,N_%,N_l)sN) 1
cap (D) E[I125 50,0 (3.30)

= _capl(D)Z + O(max((sN)zN_%,N_%)sN

[N

12
]E[” ”L2(B<0,r>>]

Finally, it remains to observe that

z
—m =u+ Or2(B(0,r))(5),

where u is the solution to the exterior problem (3.18). The convergence estimate (3.19) follows. The same proof

applies by replacing B(0,7) with a subset A C R*\Q and Vuy s instead of uy s, yielding the convergence
estimate (3.24). O

Remark 3.4. The above arguments cannot be easily adapted to treat the “supercritical” regime sN — +oo
due to several deep mathematical reasons. First, one cannot expect a better estimate than (3.16) for the inverse
of Slk)’o + sS%)l. Then the geometric series associated to the inverse of (2.30) would feature remainder terms of
order O(n%;) which are of order O(1) when s ~ key even for a small constant .

4. HOMOGENIZATION OF A HIGH-CONTRAST ACOUSTIC METAMATERIAL

In this section, we consider the scattering problem (1.3) in the high-contrast medium. We apply the same
method as in the previous sections to show the convergence to an effective medium and to obtain quantitative
convergence estimates. The main difference with the previous section lies in the need to account for resonances.

Our analysis is again divided into three parts. In Section 4.1, we reduce the scattering problem (1.3) to an
integral equation of the form

A(s,0)[®] = F, (4.1)
where A is an integral operator holomorphic in s and § over L?(9D) x L?(9D). Following the analysis of our
previous work [38], we reduce (4.1) to a M dimensional linear system

A(s,0)x = F, (4.2)

which is singular at exactly 2M complex resonant values of the characteristic size s. We call the system (2.31)
the Foldy-Lax approximation of (1.3) because the solution & determines the far field expansion of uy s similarly
as in the Proposition 4.3 for the dissipative medium of (1.2).

In Section 4.2, we assume (H1)-(H4) and we show that the solution & of the algebraic system (4.2) can be
approximated in terms of the solution of a limit integral equation. Finally, these results are used to establish in
Section 4.3 a quantitative effective medium theory and the homogenization result of Proposition 4.8.
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4.1. The Foldy—Lax system for an arbitrary system of many tiny resonators

Following [10,11], the solution uy s of (1.3) can be represented as

Spy. @) if 2 € Dys,

(4.3)
uin(z) +8p W) if 2 € R\Dys,

uns(x) =

where the functions (¢, 1) € L?(0Dn.s) x L*(0Dy ) solve the system of integral equations

By [#] = by, [¥] = tin,
1 kp* 1 kx* 6uin (44)
~1 b B — :
Using the factorization (2.29), we can rewrite (4.4) as an equation for (’PX[}S [, 77;,’15 [¢]) € L*(8D) x L?(9D) in
terms of the holomorphic operators Sk (s), Sk (s), Kk (s) and K5*(s):

Pyl P [Uin
A(s, ) ivf[@] = f’S[au‘] (4.5)
Pr.s[V] Px.s [6%:=],
where the operator A(s, d) is given by
Sk (s ~Sk (s
Als, ) = o (s) p(s) . (4.6)

LK) 03T+ K (s)

Equation (4.6) has the exact same structure as the resonance problem studied for resonators with fixed size in
[38], where the parameter s plays here the role of the subwavelength frequency w considered in [38], and where
the operators act on the cartesian product space L?(9D) (defined in Sect. 2.2) with D = dD; x Dg X ...0DNy.
The same analysis would yield M = Zfil K; pairs of complex resonant sizes s (d) of order O(J z), defined as
the poles of A(s,8) ! or equivalently the values of s for which A(s,d) has a non-trivial kernel. In what follows,
we follow the steps of [38] to analyze the invertibility of (4.6).

By using a Schur complement, the integral equation (4.5) can be rewritten as the following system of two
equations for (’PX,}S [, 73]?,718 [¥]):

PRLI] = (S5) 7 SHPRLIp) — (85) PrLluil,

ooty s(bres ) o5 sk it = amst [ 2] oSk ) ish) et
Therefore, the invertibility of A(s,d) is equivalent to that of the operator
£(5,0) 1= 5T+ KE"(5) - 5(;1 + /c;g*(s)) (S (5) "85 (s).
Using the asymptotic expansions (2.30) and (2.32), L(s,d) can be rewritten as
L(s,08) = —%1 + K + 2B (s) + 0Ba(s) (4.8)

where B;(s) and Ba(s) are the holomorphic and compact operators defined by

+oo
$*Bi(s) ==Y sPKpr,  Ba(s) = — <;1 + /c’,g*(s)> (Sk(s)) 'Sk (s). (4.9)
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For the derivation of quantitative error bounds for the homogenization of (1.3) in the regime s — 0 and
N — 400, it is important to derive estimates uniform in s and N. Anticipating the analysis of Section 4.3
which considers the subregime of (H4) whereby sN is smaller than the deviation to the resonance, we assume
in the remainder of this section that

sN —0ass— 0and N — +o0. (4.10)

Remark 4.1. We note that, if sINV ~ A for some constant A > 0, there can be resonance phenomena due to the
interactions between the resonators independently of the value of the contrast parameter §. For instance when
K =1 and § = 0, replacing formally (4.38) below with its continuous limit leads us to expect a resonance when
there is a non-zero solution ¢ to

cap (D) "'é(y) — sN / N (y — ' )b(y) dyf =0,

i.e. when sN is close to 1/(cap (D)u) for 1 an eigenvalue of the volume potential V*o-2.
Under the assumption (4.10), we have the following operator norm estimates for By (s) and Ba(s).

Lemma 4.1. The following norm estimates hold for the operators s2B1(s) and §Bs(s) independently of s and N :

HISQBl(S)WLz(aD)HLz(aD) = O(SEJ_VlnN)a |H562(3)|||L2(8D)HL2(6D) = 0(5)~ (4~11)

Furthermore, there exists a constant ¢ > 0 independent of s and N such that the following inequality holds for
any ¢ € L*(9D):

1

2
2

/BB , ((8*Bi(s) + 0Ba(s))[¢]),, do < c(s*+0) |9l L2 (op)- (4.12)

1<i1 <N

1<5, <K,

Proof. The estimate (4.11) results from (2.31) and (2.34). Let us prove (4.12). Since |||Bz(s)||| = O(1), it is

clear from the Cauchy—Schwarz inequality and the definition (2.12) of the L?(9D) norm that it is sufficient to

prove only the bound on the term involving B;(s). We have, due to Lemma 2.2 for a given 1 < i; < N and
1 S j1 S Ki1:

/ 2(B,()[8]);, do
0B

171

+oo —+oo
=) / KD, plonldo+ > Y VPR (g, — ) - / 10T °p, (6] do
p=2 9Biy 5, 1<iz#i1 <N p=2 Biyjy

+oo
< s%cll¢i |2 om,,,,) + Z Zspw‘?’(AFk")(yil — i) - /B 752‘1% [¢7,] dz

1<ia#i <N p=3 171

+oo
< 320||¢i1 HL2(aBi1j1) + Z Z st?Vp—?)I‘kb (s, — i) - /B Tglei2 [f;,] dx

1<igo#i1 <N p=3 i1J1

P2
< cs?|gi, 208, + ¢ Z Z m”@%”m(aa2
11

1<iz#i1 <N p=1
(4.13)
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where we used Proposition B.1 at the last line. Then observe that

)R DA Py PP S

— L | PEITY I
1<is iy <N p=1 Iy“ y”|p 1<isi <N p=1 |Yin ’ylz| N -

) (4.14)

“+oo 3
e v Y pltuleeny et 3 g | I9lon)-
p Yy Yiy = Yin|

1<is#i1 <N [Yir = i 1<is#i1 <N

This implies by using the Cauchy—Schwarz inequality and the definition (2.12) of the norm:

Y

2

< es*(|9lF2(ap) + e N 101172 0m)

/ (s*Bi(s)[4]), do
OB

1<i; <N i1J1
1<, <K,
< 054(1 + (SEX,I)Z).
The result follows because sf&l is bounded by the assumption (4.10). g

The next step is to characterize the kernel of —(1/2)I+ K%, which is the zero-th order part of £(s,d) in (4.8).

Lemma 4.2. The kernel of the operator f%I + K% is of dimension M = Zil K; and is given by

1
Ker(—I—i—IC}k)): X span(y;),
2 1<i<N
1<G<K;

where for any 1 <i < N, the functions (Y;;)1<j<k, form a basis of Ker(K7,,) and are defined by:
¥5 = (Sp,) 'llos,], 1<j<K,.
The range of the operator —%I—!—IC% is the space of functions ¢ = (¢;)1<i<n with zero averages on the group of
resonators D;:
Ran (—;I + /C;;) = L3(dD) := L3(dDy) x --- x LE(dDy),
where L3(OD;) = {¢ € D | faDi ¢pdo = 0}. It is of codimension M. Furthermore, we have the direct sum

decomposition

L*(0D) = Ker(—;l + K%) ® L3(0D),

and —11 + K3, is invertible as an operator LE(0D) — LE(0D).

In order to compute the inverse of the operator £(s,d) of (4.8) we introduce a constant finite range operator
‘H such that f%I + K5 + H is invertible. In what follows, we denote by (C;)1<;<n the capacitance matrices
associated to each group of resonators D; = Ui<,<k, B;j, which are defined by the following identity:

Ci,jl = — ”(/J;}do’, 1§Z§N,1 S],ngl (415)
8Bij
We recall that C; is a symmetric positive definite matrix for 1 < ¢ < N (see e.g. [38], Sect. 2 for a list of
properties of the capacitance matrix). In order to define the operator H, we introduce the basis of functions
(¢5)1<j<k, of Ker(—3I+ K},) which satisfy the property

QSZ‘j do =4 for any 1 <1 < K. (4.16)
OBy
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These functions are explicitly given by

K;

¢5 == (C7h)uy, forany 1<i< N, 1<j<K;. (4.17)
=1

Each function ¢j; of the above definition belongs to L?(0D;) for any 1 < j < K;. Then, in what follows and
with a slight abuse of notation, we still denote by ¢;; = (0,...,0,¢5;,0,...,0) € L?(D) the function with N
coordinates whose coordinate i is given by (4.17) and which is zero on the other coordinates.

Definition 4.1. We denote by H : L?(0D) — L?(0D) the finite range projection operator satisfying Ran(H) =
Ker(—1I+ K%) and Ker(H) = £L3(9D). The operator H reads explicitly

K;
Higl = Z( L ® da) 9% with ¢ = (¢3)1<i<n € L*(OD).

i=1 1<i<N

Proposition 4.1. The operator L(s,d) defined in (4.8) can be decomposed as
L(s,6) = Lo —H + 5*By(s) + 6Ba(s), (4.18)

where Ly := —%I + K} + H is an invertible Fredholm operator. The inverse of Lo reads explicitly

£l = (~314K5) o~ Mol + Mgl

where (—31+ K3) ™! is the inverse of the operator (—31+K3,) : LE(0D) — LE(0D). Furthermore, the following
properties hold true:

~ Hop;] = Lolos;] = o35 for any 1 <i < N and 1 < j < K;.
= Jom, (Lo [¢])ido = Jom,, ®ido for any ¢ = (¢i)1<icn € L*(0D), 1 <i< N and 1 < j < K;
~ ¢ = (¢ —H[p]) + H[¢] is the direct sum decomposition of ¢ on LZ(ID) & Ker(—31+K5).

The decomposition (4.18) reads
‘C(Sa 6) - g(sv 5) - H, (419)

where G(s,6) is the operator
G(s,0) = Lo + s*Bi(5) 4+ 6Ba(s).

Since Ly is invertible, G(s, ¢) is a holomorphic Fredholm operator whose inverse can easily be computed thanks
to a Neumann series.

Lemma 4.3. The operator G(s,0) is invertible for sufficiently small s and 6 and it holds
G(s,0) ' =Lyt —C(s,6),
where C(s,0) is the compact operator of order O(sﬁfvlmv +0) defined by the following Neumann series:

+oo
C(s,0) = > (—1)PT Ly ((s*Buls) + 0Ba(s)) L 1)".
p=1
The decomposition (4.19) “invertible+finite range” enables to reduce the problem (4.5) to the inversion of a
finite dimensional holomorphic M x M matrix A(s,d).
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Proposition 4.2. The operator A(s, ) is invertible if and only if the M x M matriz

A(5,6) = (A(850)i1j1i2gs )1<ir <N, 1<) <Ky 5
1<iz<N,1<j2< K5,

defined by

A(576)i1j1,i2j2 = / (6(875) [¢;2j2])i1 dO’, 1 § i177:2 < Nal S jl § Kip]- S j2 S Kjg
0B

171

is invertible. When it is the case, the solution (Py[p], PyL[¥]) to (4.4) reads

Paklel= > alG7'(s,0)[¢;] + G (s,9)[f],

1<i<N
1<G<K;
-1 N/ck\—1cky—1 * ey~ 1 ky r—1 =11 (420)
Pl = Y aN(Sh)iSEG T s 0)lep] + (Sh) T SEG (s, 0] — (Sh) T PxLlunl,
1<i<N
1<G<K;
where f € L2(dD) is the function
- auzn 1 * -1___
f= WN,IS[ 5 } - 5<21+’C%>(3§5) Pk tin], (4.21)

e Rt

A(s,0)xN = F with F := (/a (gl(s,é)[f])id0> . (4.22)

Bij 1<i<N,1<<K;

Proof. The proof is identical to the one of Proposition 2.4 in [38]. O
The next result justifies that (4.22) can be called the “Foldy—Lax” approximation of the high-contrast system

(1.3).

Proposition 4.3. The following point-wise expansion holds for any x € R3\Q:

N
(@)~ win(@) = —2(1+ON) Y[ S0 @ | TH@ — ) + 0(s),

i=1 \1<j<K,
which shows that Dy s behaves outside the medium as a system of point-source scatterers located at the points

. . . . oy _ 2 N
(yi)1<i<n with intensities ( 87D <<k, xij>1<z'<N'

Proof. We proceed as in the proof of Proposition 3.1. A Taylor expansion yields:
uns(@) = uin(@) = Sh,, [Prs[PRLII]] = 3 /d Ty = st)(PallL) (0 do(t)

tsisN (4.23)

S (I‘k(wfyi)JrO(s))/a (PxL) 1do.

1<i<N D;
Then (4.20) and the analysis below reveals that
/ (P&}s[wD do= > a(1+0(sN)+0(s7").
oD: ' 1<K,

The result is obtained by inserting this expansion into (4.23). (]
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In the next proposition, we compute the asymptotic of A(s,d) at the order O(nx(s®> + 9)). For a M x M
matrix A = (Ai jy injs )1<is,ia<N, We denote by [||A[||2 the triple norm defined by
1

<ji1<Kiy
1<j2<Kj,
| Az]|2
Al = max SERE where lela= DT 3 il (424)
#=(%igj2) 1<iy<N 2 1<i SN 1<51 <K

1<) <Ky

We write in a block-wise sense A = Zfil Aii + D1 <i i Ainia With Ay, € CHKiu*Kis to mean that
Ailjlﬂéjz = (Ailil )j1j26i1i2 —+ (AiliQ)jljélh;ﬁiz fOI' any 1 S il,ig S N and 1 S jl S Ki1 and 1 S j2 S KiQ.

Proposition 4.4. The following asymptotic holds true for small s and §:

A(s,0) = > (SPkpViCit = 61k, xx,)

1<i<N

- Z ( 3k2rkb yll yiz)vvthz'l 1;{12 + 6S(Fk(yi1 - yiz) —Th (yi1 - yiz))cillKil 11}212) (425)
917102
+O((s*+6) (sty'nn +9)),

where C; is the K; x K; capacitance matriz defined by (4.15) and
Vi = diag(|Bul)i<i<k,s  Ik;xk;, = (Gim)1i<im<k;s 1k, = (D)1<i<k, forany 1 <i <N, (4.26)
and where the O((s% + 8)(sty'ny + 8)) remainder is estimated with the norm (4.24).

Proof. Let us consider an arbitrary complex vector z = (2i,j,)1<i, <N,1<jo<N aNd @5 1= D 1<ir <N Zigjs @5, -
1<j2<N

The norm of ¢, satisfies

lp=llz2opy = || Y. 2iaja®ia, =s| . > zupdi,

1<io<N 1<ia<N||1<j2 <K,

1<j2<N 12(6D) L2(0Dsy)
) (4.27)
<s sup > 19552200,y | N121l2
1si25N \ 1 <j,<k,,
< csllz||2-
Then, by using (4.12), we have
A(Sv(s)iljhizjz :/ (C(S 6) [(’blzjz]) do
9Biy 5,
= /aB (Lo ' (s?Bi(s) +0Ba(5)) [07,5.]),, do + R(s,0)iyju i (4.28)

1171

- / ((5281(3) + 582(5)) [@232}) do + R(s, 5)1131 g2
OB

191
where the remainder R(s,d) satisfies

1R (s, 8)lll2 = O((s + 8) (s¢5" + ). (4.29)
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Indeed, we have by using (4.12):

IR(s.8)zl2= | >

1<i;<N
1<j1<N

/33 | ((s*Bui(s) + 662(5))R(s,6)[¢z])i1 do <esTH(s? 4+ 0)||R(s, 6)[@}HL2(3D)

where R(s,4) is an operator satisfying [||R(s,d)|||z2(om)—r2(am) = O(sly nn + 6). The estimate (4.29) follows
from (4.27). We then compute each term By(s) in (4.28). Repeating the arguments of Lemma 4.1 and using
Lemma 2.2, we find that:

| B, 4
0By,

B Szkl?/a K:*Du 2 [(blljz] dU(S’Ll’Lz + S3vrkb (yll yiQ) ’ / MD D; [¢zz]2] dUlZl?'sz + O( (Sgli\/l)nN)
B

9 i1
1171 By

= _Sng/B SDil |:¢7,1j2] dyéhlz - 83]{/,51"7% (yil - yiz)lBiljl |1i175i2 + 0(82 (351?1771\7))
i1J1

= 5%k3| By, j, [(Ci)) .5 0iviy — SSKET™ (yi, — yia) | Bija | + O(s (st ),

J1J2

(4.30)

where the quantity O(s?(sfy)~1ny) is estimated here and in the next lines with the ||| - ||| norm as in (4.29).

Using the hypothesis (4.10), the term dBs(s) is then developed as follows:

1 _
Bs(s) = 5(1 + /c’;,*) (k) 'Sk
_ 5( L+ Kp + O(st3! nN)) (Spo+ 581 +O(st3'nn)) " (Spo+ sSf, + O(sty'ny) )

(4.31)

_ 5( I+ ICD) (S — 55565b.1Sp%) (Sp.o + S8, ) + O (st nx )

- _5<21 + /c;g) + 55( I+ /CD)SD}O (s;g,l —~ s;gﬁl) + O(sty'nno).

We then use the identity Sgil[ Tj») = —1/4m1lap, , which implies
. Ky Kiy
_ 1 _
/ Sp, b, al#7,5,)do = y= > (Ciy)ju and Spi Ib,, D,y 9] do = — > (Cii
9B = 9Biyj 1=1

Hence if 47 = i5:

[ aasian,,), do = (mcD ) (615, k= 1S5 S, [67,1]) o+ O(st5 o)
OB OB

1141 141

N

i1

= —00,4, + k ko) > (Ci)iui + O(sty'nn6) = —66;,5, + O(sly'nno), (4.32)
=1
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and if il 7& 7:2:

| a(Eaee),, a0
oB

i1J1

1
6s(T™ (i, — ia) — T* (ys, — vin)) /@B (21 + /CE“)SDSI T/gil,Di2 [$F5,] do + O(sty' 77N5)

i1J1
K
= —0s(P*(yi, — yiz) = T (i, — ¥in)) Z(Cil)jll +O(sly N ).
=1
Therefore we find finally
C(5,0)irjn.ings = (87K | Binji [(Ciy)5, 5, — 00515,) iy

53k5|Bi1j1 |Fkh (yll - yZQ) + 55 (Fk (y’Ll - y’LQ) - F yll yZQ 11 ]ll 11#1'2 (433)
=1

+O((s2 +8) (st +9)).
which is the result to obtain. O

Remark 4.2. The nonlinear eigenvalue problem A(s,d)x = 0 is substantially different from the one character-
izing scattering resonances in the non-dilute regime of [19, 38] featuring a single packet of resonators, because
the matrix (4.25) takes into account the interactions I'*(y; — y;) which are of order O((s? + §)sly'). As we
see below in Remark 4.6, this predicts that a shift in the scattering resonance may be observed due to the
interactions.

Remark 4.3. Tt seems complicated to analyze the KN characteristic values of the full operator A(s,d) of
(4.22), i.e. the exact values of s such that A(s,d)x has a non-trivial solution, from where an explicit analysis
could be inferred as in our previous work [38]. Indeed, A(s,d) is a non-Hermitian perturbation in ¢ of the
operator A(s,0), which has s = 0 as a characteristic value with geometric multiplicity 2K N. In the present
approach, we find an approximation of A(s,d)~! at radii s slightly away from the resonance s;(d), which does
not require to characterize explicitly the splitting of the KN characteristic values.

In the next proposition, we compute the asymptotic expansion of the right-hand sides f and F of (4.21) and
(4.22).

Proposition 4.5. The right-hand side f = (fi)i<i<n of (4.21) admits the following asymptotic expansion:

f = _8715 uzn(yl) + s Zrk y])cap uin yj szl
JF 1<i<N
—1 -1 1
+O(55 max (sl nN,s)sN2)L2(8D),

where the relative error is of order O(max(sly'nx,s)). Then the right-hand side F = (F;j)1<i<n of (4.22)
1<G<K;
reads:

F=|s'§ um(yi)—kszrk —y;)cap (Dj)uin(y;) | (Cilk,);

i 1<i<N
i# 1S5Sk (4.34)

+0(5s7! (max(sf},lrm, s)N%) L
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Proof. We expand (4.21), recalling 7)];,15 [win] = (win(yi)lop, ) 1<i<n + O(SQN%)Lz(D):

f= o(asN%) g5 (;I K+ O(séﬁm))

L2(dD)

[N

X (851 — 88518%,1851 + 0(85;71771\/)) [(um(yt)lan)lgng + O(S2N

)L2(8D):|

_ 1 * _ _ _ _ _ 1 1
= 057" (2 + ICD) (Sp' = 585'8p18p") (Win(yi) oD, )1<icn + 0(55 1S£N177N3N2) + 0(55N2)L2(8D)

Wk

isk
= s (5 ) || (1 Seam (D) i)+ 5T = wp)ean (D)) | S0

J#i 1<i<N

N
Il
_

+ O<68_1 (max(séfvlmv, S))Lz(aD)SN%>7

where the first result follows by using the fact that Kp, [¢]] = 17;/2. Then we use the identity

Fa= [, @ o= [ faro((ajase)

BBi]‘ ”HZ

_ —152/ O do | win (ys +SZI‘]“ —y;)cap (Dj)uin(y;) ‘I‘O( maX(SEN 1IN )N%)”.“

JFi
K;
=0+s19 um(yi)+sZFk —y;)cap (Dj)uwin (y;) Z(C )JI+O(5 max(séN N, )NE)IH\ .
j#i =1 2

4.2. Convergence of the Foldy—Lax system to an integral equation

In what follows, we consider the setting of (H1) and (H2) whereby the packets (D;)1<i<n are identical
(D; = D for 1 < i < N) and constituted of K resonators (B,)i1<;j<k, and whose centers (y;)1<;<n are

distributed randomly and independently in Q. We denote by C := C; = --- = Cy € RE*X the common
capacitance matrix:
C = (— Sp'las,] da> : (4.35)
0B; 1<i,j<K
by V:=V; = ... = Vy = diag(| Bj|)1<j<x the common volume matrix (Eq. (4.26)), and by ¢ := ¢7; =
Yy, and ¢ = ¢7; = -+ = P, the functions
1/’; = SD [los,], Z i 7/’1

We also consider ¢* the function of L?(0D) given by:

W 18D Zwl = Z Clk¢7-

1<Lk<K

We denote by (ar)i<k<ix and 0 < A\ < Ay < ... < Ak the eigenvectors and eigenvalues of the symmetric
eigenvalue problem
Caj = )\jVaj, (436)
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and by (s;(9))1<i<x the K “resonant” values

1<i<K, (4.37)

such that the matrix 52k§VC*1 — 0l x K is not invertible when s = s;(d). Finally, as anticipated in the
introduction, we introduce the quantities Q(s, d) and Q(s,d) defined by

K
Qs,6) =Y %(a?vnvfzi, Qs,0) =17Q(5,5) = 3 %(a?vn?.
=1 Si(5)2 - =1 Si((;)z -

The values s;(0) correspond to the leading order of the resonant characteristic sizes s at which the scattering
operator A(s, ) is not invertible. The quantity Q(s,d) appears naturally in the analysis and is a measure of the
inverse of the deviation from s to a resonant characteristic size s;(§) when al V1 # 0.

For convenience, we denote by
N _ ( N

K .
i—xij)lngKe(C, 1<i<N,

xTr

the N x K components of the solution & = (2} )1<i<n to (4.22). The purpose of this part is to show that the
155K

algebraic solution v can be approximated by
Va;
N o , i .
wi _w(yl)lTVaia 1§Z§N7

where w is the solution to an integral equation (given in (4.46) hereafter). This convergence is established in
Proposition 4.7 below.

Neglecting error terms, the finite dimensional problem (4.22) can be rewritten as the following approximate
N-dimensional linear systems for the K-dimensional vectors (z1¥)1<i<n:

(SREVCT = Slr)m — Y ($PRETM (g — y) VI + 65T (i — ;) — TF (y; — y)) C117 )&
1<j#i<N

=057 | win(ys) + s Z T*(y; — y;)cap (D)uin (y;) C1, 1<i<N, (4.38)

1<j#i<N 1<i<N
where we have denoted 1 = 1 since the context is clear. Equation (4.38) can be reduced to a linear system of
N equations after some algebraic manipulations.

Lemma 4.4. Assume that s is not equal to any of the resonant scalings s;(0) for 1 <i < N. Let us denote by
bN (y;) the quantity

WY (y;) := win(y;) + scap (D) Z T* (y; — yj)uwin(y;), 1<i<N. (4.39)
1<j#i<N
The linear system (4.38) admits a solution if and only if the linear system
2N —5Q(s,0) Z I‘k(yi—yj)zjv—scap (D) Z ke (yl—yj)sz =s51Q(s,0)b" (y5), 1<i<N (4.40)
1<jAI<N 1<jAI<N

has a solution. When it is the case, the solution (z¥) to (4.38) is given by

zN =5 Z T (y; — y])z]N Q(s,0)+s Z T (y; — yj)sz C1+ sV (y:)Q(s,6), 1<i<N,
1<j#<N 1<j#<N
(4.41)
and we have further le = lTwiv for1<i<N.
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Proof. Equation (4.38) can be rewritten as

(s2kZVC™! = Slgrc )l s > TMyi—yyzc
1<j#i<N
—s Y TRy -y (SPRVCT = 61k )C1 = 657N (1) C1. (4.42)
1<j<#i<N

For s # s;(§) with 1 <4 < K, this equation is equivalent to

xN — s Z Fk(yifyj)sz(SQkEVC*1 féleK)_lc’lfs Z Fk”(yifyj)zij1
1<j#i<N 1<j£i<N (4.43)
= 550N (1) (s*k2V O™ — STk ) 1O

Since

K

(82k2VO™ — 0Igxi) 1C1 = Z As

K
T T
AT 0 5(1 Va;)Va; = § , (1"Va;)Va; = Q(s,9),

i=1

we obtain the linear system (4.40) for the coefficients (2/V)1<;<n after taking the inner product of (4.43) with
the vector 1. Then (4.43) implies that = is given by the formula (4.41). O

In the non-resonant setting of Section 3, the analogous algebraic system (3.7) was obtained with sNQ(s, 9)
instead of sN. In what follows, we therefore assume (H4) which is the natural subcritical regime associated to
(1.3): the characteristic size s converges to one of the resonant values s;(8), 17Va; # 0 and sNQ(s,§) remains
bounded.

Remark 4.4. If s — s;(6) while 17Va; = 0, the analysis becomes substantially different because Q(s,d)
remains bounded, and the natural subcritical regime becomes sN = O(1). Due to a Perron—Frobenius type
theorem for the capacitance matrix [38], this cannot happen for the first resonant value s1(8). However, 17Va; =
0 can happen in presence of strong symmetries of the packet of resonators D, for instance if D is a dimer
constituted of two symmetrical spheres. Then a different analysis must be performed to capture the right
effective medium in the regime sN = O(1), set aside for a future work. The reader is referred to [14] for a formal
approach based on a Foldy—Lax approximation.

Since (H4) implies sQ(s,d)N = O(1) and sN = o(1), equation (4.40) is a perturbed version of the following
linear system

N—sQ(s,8) Y Ty —ypwl =s7'Q(s, 0)uin(ys),  1<i<N. (4.44)
1<j#i<N
Reasoning as in Section 3.3, we obtain the following approximation theorem.

Proposition 4.6. Assume (H1)-(H4). There exists an event Hy,, independent of s and &, which holds with
probability P(Hy,) — 1 as Ng — +oo such that, when Hy, is realized:

(i) the linear system (4.44) is invertible for N > Ny and

2

N
E ;;WN - w(yi)|2|HN0] < o(NEsQ(s, )N ) 571 Q(s,0), (4.45)

where w is the solution to the Lippmann—Schwinger equation

w=sNQ(s.) | T = y)uu)als) dy = 5~ Qs O (4.46)
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We also have the convergence of the Nystrom interpolant

N
wN(y) = 3_1Q(5’ 5)uzn(y) + SQ(Sa 5) Z Fk(y - yj>wj’va ye RS? (447)

i=1

in the following mean-square sense:

1

B[ —w|}a M) * < (N ENQ(s, )5~ Qs.0);

(ii) the matriz associated to the linear system (4.44) is well-conditioned: there exists a constant ¢ > 0 independent
of s, 8 and N such that

= v 0457, < e (149

where AX; is the matriz defined in (3.13).

Using a standard perturbation argument, we obtain the following result for the solution (zfv ) to (4.40).

Corollary 4.1. Assume (H1)-(H}). The solution z¥ = (2N

 )i<i<n to the linear system (4.40) can be approxi-
mated by w up to a relative error of order O(sN):

1
— Z |2V —wN PP <esNs™'Q(s,0). (4.49)
1<i<N

Consequently, 2V can also be approvimated by the solution w to the Lippmann—Schwinger equation (4.46):

N 2

E ;Z|zfv—w(yi)|2|HNO] Scmax<N_%sNQ(s,5),3N)3_1Q(3,6). (4.50)

i=1

Remark 4.5. We could technically write explicitly the asymptotic satisfied by (zzN )i<i<n by using a Neumann
series, or to state an approximation theorem similar to Proposition 4.6 by considering the continuous limit
equation to (4.40):

2~ sNQ(s,0) / I*(- — y)z(y)aly) dy — sNeap (D) /2 I (-~ g)z(y)ely) dy = s~ Q(s, B (1),

However, we restrict our analysis to the approximation provided by the simplest model (4.46) for the sake of
simplicity.

We infer an approximation formula for the solution =V to the discrete problem (4.22).

Proposition 4.7. Assume (H1)-(H{) and the event Hy, to be realized. The linear system (4.22) is invertible
and the solution x¥ admits the following asymptotic expansion:

z = wj 853 " 0(3N<3_1Q(3’5)N%))n~n2
= w! 1;/5(1 - O<Q(S’5)71(Sil@(s’a)N%))M;
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Proof. Denote by A(s,d) the matrix of the linear system (4.38). Recall that due to (2.7) and the inequality
(2.13), the matrices A% = N=Y(T*(y; — yj))i<izjcn, AR = N=HT* (y; — y;))1<izj<n have bounded norm
with large probability:

kp
[l

<c

<o 4kl <e

From the formula (4.41) and the norm estimate result (4.48), we infer that the conditioning of the matrix A(s, &)
satisfies

Jlaes 877, < e5™t e

By left-multiplying (4.22) with A(s,d)~! and using (4.25) (recall from (2.7) that {3’ = O(N) with large
probability), we obtain R
I+ 0(Q(s,0)(sNnn +6)))xY = A(s,0)"'F,

which implies, since § = o(sNny) and by using a Neumann series:
N = A(s,6)"'F + 0(5_1Q<S7 5)N% (sNQ(s, (5)77N)> "

Finally, recall from (4.34) that
F =651 (y;)C1 + 0(5571 max(sNny, S)N%)

)
lI-ll2

and that the quantity A(s,d)~(8s~'bN (y;)C1) is exactly given by the formula (4.41). Furthermore, the vector
(N (yi))1<i<n of (4.39) can be approximated by

1
(¥ 50) ien = (in ) 1cizn +O(sNNE)
Then, equation (4.49) enables to substitute 2V with the vector w" = (

All in all, we obtain

wN)1<i<n up to an error of order sN.

N = sNAXRwNQ(s,6) + s uim (y:)Q(5,9) + O(max(sN, sNQ(s,0)nn)s 1 Q(s, 5)N%)
Q(s,9)
where we have used the characterization (4.44) at the last line. The result follows from

géig - 1;/1(/111 +0(Q(s,9)7), (4.51)

lI-ll2

+ O(max(sN, sNQ(s,0)nn)s Q(s, 5)N%)

’
lI-1l2

and by noticing that sN = O(Q(s,d)™ 1) and sNQ(s,8)nn = sNQ(s,0)sNN~3 = o(sN) = o(Q(s,5) ™). O

Remark 4.6. We can infer an important physical consequence from the limit equation (4.46) which models the
leading order effects of the interactions between the acoustic obstacles. It allows to formally derive the leading
order effective damping and effective shifts of the resonant characteristic size s;(d) from the effective equation
(4.46). Let us consider a complex characteristic size ser ;(0) € C such that

¢ — sNQ(s,0)V*2[¢] = 0

has a non-trivial solution ¢ € L*(Q) for s = seg,i(8). This is possible if seg,i (0) NQ(sef,i(6),8) = i, for p being
a (complex) eigenvalue of the volume potential V*+¢. To the leading order, we obtain

Ni(1TVa;)?se i (6)N ~ 1 St -1
i % eff)i L 81(5)2 )
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which yields an effective resonant characteristic size
I T 2
Seft.i(0) =~ si(é)(l + EX(ATVa) s (0)N).

If one considers a material with fized scaling characteristic size s (as in [6]), and one is interested in effective
resonant frequencies wer ;(0), inverting the relation

N|=

s~0

3 U By T 25343 U
A2 1+ 22,17V, 52A3N>
weﬂ,xa)( ML Va) A T

yields the effective resonant frequency

1 1
S2N? 52 N7 3
Wert.i(8) ~ T”b (1 n gxi(ﬂvm)%N) ~ 2 . Y gAE w(1TVa;)2N6%.

This analysis predicts that the multiple scattering interactions induce a damping and an effective shift of the
Minnaert resonance by a factor of order sN = O(N4§2) (on respectively the real and imaginary parts). This
is significantly different from the situation with a single system of K resonators of size s, where the leading
order correction for the Minnaert resonance is of order O(82 /s) (corresponding to a factor §), and the damping
is of order O(8/s) (corresponding to a factor 62) (see [6,38]). This particularly emphasizes that interactions
between the N groups of K resonators generate attenuation effects which cannot be predicted by the leading
order corrections of a single system of K resonators.

We note that this discussion could be correlated to the study of [64], where the authors also come to the
conclusion, by resorting to a different modelling, that an acoustic bubble within an array has a much larger
radiative damping than a single bubble.

4.3. Effective medium theory for a monopole-type resonant system up to a critical scale
This third and final subsection is dedicated to the proof of the following homogenization theorem.

Proposition 4.8. Assume (H1)-(Hj). Let u be the solution to the following Lippmann—Schwinger equation:
(A + k% — sNQ(s, 5)919)11 =0,

9 . B 5
<8|x| - 1k:> (u— i) = O(|z|7?) as || — +oo.

(4.52)

There exists an event Hy,, independent of s and &, which holds with large probability P(Hy,) — 1 as Ny — 400
such that when Hy, is realized, the function w is an approzimation of the solution field un s to (1.3) with the
following error estimates:

(i) on any ball B(0,r) such that Q C B(0,r), there exists a constant ¢ > 0 independent of s, N and 6 such
that for any N > Ny:

1

E{HUN,S - UHiZ(B(O,R))|HNo} " < esNQ(s, ) maX<5%N,N_%>;

(ii) on any bounded open subset A C R3\Q away from the resonators, there exists a constant ¢ > 0 independent
of s, N and ¢ such that for any N > Ny:

1
2

E[HWN,S - quLZ(A)m?VO} < esNQ(s, ) max(aéN,N—%).

We can conclude several important results from (4.52):
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(i) in the (strictly) subcritical regime sNQ(s,d0) — 0, i.e.

L—>Oas§—>07]\f—>0andi—>1,
-1 5i(0)

the effective medium is transparent at first order, and we have the convergence u — u;, in L?(B(0,7));
(ii) in the critical regime, i.e. sSNQ(s,d) ~ A for some constant A € R or

62N , s
—— = MNasd—-0,N—+ooand —= — 1
si(z;)_l 81(5)

for a related constant A’ which can be inferred from Q(s,d), then ux s — u where u is the solution to the
effective equation

FA+k* —Aolg)u=0
9 _ —2
(a|m| 1k>( —uin) = O(|z]7?) as |z] — +oo.

We note that the constant A can be negative and (4.53) may exhibit dispersive effects;

(iii) in the subcritical regime sNQ(s,d) — 400, we expect some solidification effects to arise as in the sound-soft
problem (1.2). A different analysis of this regime is required and is left for a future work, referring to [13,15]
for a different but related analysis.

(4.53)

Remark 4.7. Due to resonances, the setting of (1.3) is fundamentally different than the one of (1.2), although
the homogenized equation for the latter is obtained by simply replacing cap (D) by Q(s,d). The coefficient
Q(s,0) is indeed variable and has different asymptotic behaviours depending on how s compares to the resonant
size s;(0), while still satisfying s — 0. This shows that the limits § — 0 and s — 0 cannot be inverted, and one
must consider suitable scaling regimes to obtain nontrivial effective behaviours. More physically said, the regime
0 — 0 requires the scattered field uy, s — uin to be constant in every inclusion, but these constants are different
from zero. The capacitance matrix analysis (and in particular equation (4.58) below together with (4.51)) shows
that the constants are proportional to the eigenvectors of the capacitance eigenvalue problem (1.13).

The proof relies on the expression (4.20) for the derivation of the homogenized resonant scattered field.
Lemma 4.5. We have the following asymptotic expansions with the norm of L?(0D) defined in (2.12):

(i) G71(s,0) = Ly + O(sNyN) L2 (9D)—L2(9D)>

“1(5,0)[f] = O(ON?) r2(ap),

)L G(s,0) = L5 + O(sN) 12 (9p)—12(0D)

)L G (s, 0)[f] = O((SN%)L%BD),

(v) (85) 7 Prbluin] = (57 in ()67 < + O™ 8NN ) 29p) = O(N

N|=

>L2(3D)'

Proof. (i) is a consequence of Lemma 4.3.
(i1) This 1dent1ty comes from || f| z29p) = O(ON z), see Proposition 4.5.

(i) (55)785G1(s,5) = (1+ O(sN))(E5" + O(sNaw) = £5 + O(sNV).
(iv) Is obtained identically as (4.5).
)

(V) (85) T Prtluim] = 571 (Spl + O(sN))[(win (yi)1op) + O(ssN %) 12(5p)]
= 5 (win (yi) V" )1<i<n + O(s‘lstN%)Lz(aD) + O(s‘lssN%)Lz(aD).

Consequently, we obtain the following approximations for the solution (”Ple [¢], Py, L [¥]) of (4.20).
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Lemma 4.6. The following asymptotic formulas hold for the solution (P&}S [@],P&}S [¥]) of (4.5):

e/ Q(s,9) )
—1 = N N2
Paeldl = 3wl g% +o((sM)Qs o)
253
1<j<K TQ( . (4.54)
-1 Nej ) * 1
= N T + O (sN 0)N=
,PN,s[w] Z w; Q(575) ¢z]+ ((8 )Q(S7 ) )LQ(aD)7
1<i<N
152K
where (e;)1_j<rk stands for the canonical basis of RE and O(sN) is the relative error.
Proof. First, the result of Proposition 4.7 yields
T
N % N€j Q(Saé) —1 1 %
Z RIS Z (wi w—&-O(SNs Q(s,é)N?)H.” ox
1<i<N 1<i<N ’ 2
155K 155K
T
€ Q(s,0) 1
= wy ———————0¢7;, + O((sN)Q(s,0)N 2 .
12;\[ Q(s,0) Pij <( )Q(s,9) )L?(aD)
1<K
Consequently, by using (i) and (ii) of Lemma 4.5, we obtain
Q(S 5) 1 1 1
-1 _ N Nz N Nz N2
Prelel = 3wl gr gy % FO(sNuv Qs ONE) ) O(sNQUs,NE) L4 O(NY)
1<G<K
T
Nej Q(S’(S) * —1 1
= w; —————¢; + 0 Q(s,6 $,0) N2 .
PIRLE TN (@G0 0N?) |
155K
Similarly, we find
-1 _ (kY lokyo—1 N g * -1 * 1 -1 1
Pyt = (Sp)  SpG'(s,9) I;N% R CR (AL )ISiSN+O(5N )+O(S sNsN )LZ(BD)
1<j<K
,0) 1 1 1
= O(sN d)Nz O(sN 0)N2 O(Nz=
1<12<Nw ) ¢U+ (S = Q(& ) )L2(317)+ (S Qs,0) )LQ(BD)+ ( )LQ(BD)7
1<G<K
from where the result follows. O

We infer the following approximations for the potentials S’B’N ] and SF | [¥].

Proposition 4.9. The following asymptotic expansions hold on Dy s, on the ball B(0,r) containing the inclu-
sions, and on any open set A C R3\B(0,r) outside the inclusions:

eTQ(575) 3 1
Spolel= > swN Lt Sp 6] ory ks + O(sNQ(s, 6)s2 N
Sy Q(s,0) P ( )LQ(DN,S)
1<I<K
= O(Q(S76)52N2>L2(DN,5)’ (4.55)
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(8:0) corring -
SgN vl = sszWSDk[d)l] °© Tyi,ls + O(SNQ(375)3N)L2(B(0,T))’ (4.56)
1<i<N 5, )
1<I<K
€] Q(5,0) _ opr o
VSDN,SWJ] = Swfvﬁ SDk[éf’z] Tys, Q+O(5NQ(5 5)5N)L2(A)7 (4.57)
2N (s,0)
1<ISK

where sN s the relative error.

Proof. These estimates are obtained by applying the bounds of Proposition 2.5 and by using the identity
Sk i+sD [¢zl © T ] SSD [¢l] y,,
For (4.55), we recall that sN — 0 due to (1.18) in (H4) and |Q(s,d)| — +o0. O

Proof of Proposition 4.8. From the previous estimates (4.55) and (4.56), we obtain the following asymptotic
expansion for uy s in the ball B(0,r):

uns = Uin + Sy [Ps [PNS[w | +0(Qs 0)sin?)
= wjp + Z s2wlN e (3(; %) / IF(- —y; — st)¢3(t) do(t) + O((sN)Q(s, 6)sN) 12 (B(0.r)
1<i<N Qs:0) Jop
152K (4.58)
Q 576 < S N *
= Uip + el w™ (- — st) — uin (- — st)>¢-(t) do(t)

+O((s )Q(376)5N)L2(B(O,r))a

where w” is the Nystrom interpolant (4.47). Using the same methodology as in Section 3.3, we read the following
convergences:

UNs =Uin+ Y € QEE:?/ ( (57) (._St)—um(._st))@(t)da(t)

1<j<K )
+ O(( max(sN N_f)) ” e T))]%
_ T 3,5)( s _ >
= Ujn + 1<]Z<K e] S, 5) Q(S 6) — Uin
—i—O(max( N,N~ %)SNQ(S 6)) [H . ]% + O(s)
L2(B(0,r))

E [”'”izww,r»} :

=g O (max(sN. N 73, N71Q(5,0) " ) sNQ(s,9))

The result follows because s/Q(s,d)w is the solution to (4.52). O

L2(B(0,r)

Remark 4.8. When the packet of obstacles D is constituted of a single resonator D = B (K = 1), we have

(see [11,38]):

cap (D)
D

AL = a; = |D|_%, V= |D|
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Therefore,

A D D) 63
Q(s,0) = ———(alV1)? = Caf( ), with wy == vy cap )—2,
—— | D s

“M
and the effective equation reads, as w — wys in the subcritical regime (H4):

A+ K-

N
wf 1cap (D)olg |lu=0

R
Wm

(0] — ik)u = O(|z|7?) as |z| — +oc.

We retrieve therefore the result of the seminal paper [6]

APPENDIX A. MARKOV INEQUALITY AND LAW OF LARGE NUMBERS
We used the following result in Proposition 2.1.

Proposition A.1. Let X be a square integrable real random variable (E[X?] < +00) and a € R. The following
Markov inequality holds:

E[ X ]
P 25142 < .
(X 2 1af) < S

Proposition A.2. Let (y;)ien be a sequence of independent real random variables and f : RP — R be a square
integrable function:

Blf (Y1, yp)?] < +o0.
Let S denote the set of pair of increasing indices ((i1,

evip), (s - -

1<4 <+ <ip <N,
S = ((ilv--~7ip)7(j1a'

... Jp)) € NP x NP 1<jii<---<jp <N

J1 < k,l < p such that iy, = j;
The following law of large numbers holds: for N sufficiently large,

2
E Iw Z f(yh,...,yip)_E[f(yla

i1 <i2<...ip

"7yp)]

p/(N —p)!

B > (B[ (-

((ilr"'vip)v(jlv"a.jp))es

<

Nl

i) W3] —E[f(yl,---vyp)]Q)

< 2N EE||f (- ) ~Elf (s 9]

Proof. The number of elements of S is

B NI > N (N —p)!
51= ((N—p)!p!> PN —p)! p!(N — 2p)!

(o5w) (1 5t 22)

[N

,Jp)) with at least one element in common

. (A.2)
( ivzlv)!p!> (ﬁv +O<NI>>
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Then by independence, we have

E w Z FWirs-swiy) —Elf (1, -, )]

11 <t2<...ip

= (PTE) S Bl ) Bl ) 35) B

1<iy <-<ip<N
1<) < <jp<N

= (p' NI ) > (ELF Wi 5,) F Was 5 03)] = Elf (o))

((21,58p),(J1se-,Gp)) ES

= <p' N ) \SI( [\f(yl,...,yp)lz]—E[f(yl,...,yp)f)
%E{(f(yl,...,yp)—E[f(yl,...,yp)])z],

IA

where we used the Cauchy—Schwartz inequality at the fourth line and (A.2) for N sufficiently large at the last
line. (]

Remark A.1. The second inequality in (A.1) yields more precise estimates than the second one.

Finally we recall the limit of the probability distribution of the minimum distance between independently
distributed random points.

Proposition A.3 ([48,60]). Let (y;)ien be independent random points distributed according to a probability

measure odu with support of dimension d (e.g. duy = dz ifd =3, du = do ifd =2, du = dl if d = 1).
Assume that o is square integrable. Then

. o ,% N—+o0 o _ld 2
P(lggg;]ngvlyl Yyl <tN *>—>1 eXp< 5t Cd/Q du),

where cq = 7%2T(1 + d/2) is the volume of the d-dimensional unit ball. As a consequence, for any ¢ > 0, there
exists t > 0 such that for any N € N,

-1n-2/d ; oy < tNT2/d —
IP’(t N 71;21]1%]\]\% y;i| <tN )>1 c.

APPENDIX B. HIGHER ORDER DERIVATIVES OF THE HELMHOLTZ FUNDAMENTAL
SOLUTION

We recall the following result which was used in Proposition 2.3.
Proposition B.1 ([38], Lem. 5.1). There exists a constant ¢ > 0 independent of k such that for any p € N,
Ve e R, VPHITH(z) < c6Ppl|z| "t (Jz 77 + kP). (B.1)

APPENDIX C. RESOLVENT ESTIMATES OF SCHATTEN OPERATORS

The proof of Proposition 3.3 is based on the following result from Bandtlow [21] which bounds the norm of
the resolvent of a possibly nonnormal Hilbert—Schmidt operator in terms of the distance to the spectrum o(A).
We denote by p(A) the resolvent set of an operator A.
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Proposition C.1. Let A be a Hilbert—Schmidt operator. For any A € p(A), the following inequality holds:

_ 1 1[ Tr(ATA)
M—A) Y € s | ——5+1 1
I0T= 2l < e 5 i 1) ) (©1)
where d(\,0(A)) is the distance of X to the spectrum of A:
d(X,o(A)):= inf |A—pl
(vo(4) = if Al
Proof. See Theorem 4.1 in [21]. O
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