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#-FEM: AN OPTIMALLY CONVERGENT AND EASILY IMPLEMENTABLE
IMMERSED BOUNDARY METHOD FOR PARTICULATE FLOWS AND STOKES
EQUATIONS

MicHEL DUPREz!*®, VANESSA LLERAS? AND ALEXEI LOZINSKI®

Abstract. We present an immersed boundary method to simulate the creeping motion of a rigid
particle in a fluid described by the Stokes equations discretized thanks to a finite element strategy on
unfitted meshes, called ¢-FEM, that uses the description of the solid with a level-set function. One
of the advantages of our method is the use of standard finite element spaces and classical integration
tools, while maintaining the optimal convergence (theoretically in the H' norm for the velocity and L?
for pressure; numerically also in the L? norm for the velocity).
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1. INTRODUCTION

The main goal of the present article is to demonstrate that the recently proposed ¢-FEM methodology
[10-12] is suitable for numerical simulation of incompressible viscous fluid flow past moving rigid bodies. This
approach allows us to use simple (Cartesian) computational meshes, not evolving in time and not fitted to
the moving rigid bodies, while achieving the optimal accuracy with classical finite element (FE) spaces of any
order and performing the usual numerical integration on the whole mesh cells and facets, allowing for the use
of standard FEM libraries for the implementation. We consider here only the creeping motion regime (zero
Reynolds number), neglecting all the inertial terms in the equation governing both the fluid and the rigid
bodies.

Numerical simulations of flows around moving rigid or elastic structures using immobile simple grids is a
popular approach in, for instance, biomechanics, starting from the work of Peskin [22]. Different approaches
have emerged since then, such as the Immersed Boundary method [18,21], the Fictitious Domain method [15,16],
the penalty approximation [2], etc. All these classical methods suffer from poor accuracy due to the necessity
to approximate the singularities near the fluid-solid interfaces which arise as the artifact of extending the fluid
velocity field inside the solid domain. More recently, several optimally convergent fictitious domain-type methods
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have been proposed for the Stokes equations, which can also be used to simulate the fluid-solid motions. We
cite in particular [8,17,20] following the CutFEM paradigm, and [1,14] following the X-FEM paradigm. The
common feature of all these methods is that they discretize the variational formulation of the Stokes equation
on the physical fluid domain 2 using the FE spaces defined on the background mesh occupying a domain 2y,
slightly larger than 2. On the one hand, this permits to avoid a non-smooth extension of the solution outside
its natural domain and to retrieve the optimal accuracy of the employed finite elements. On the other hand,
this introduces integrals on the cut cells into the FE scheme, i.e. the numerical integration should be performed
on the portions of mesh cells, cut by the fluid-solid interface, making the methods difficult to implement.

The ¢-FEM approach, which is the subject of the present paper, aims at combining the advantages of both
classical Immersed Boundary /Fictitious Domain methods, and more recent CutFEM/X-FEM. Similarly to the
former, ¢-FEM does not need non-standard numerical integration on the cut cells; similarly to the latter, ¢-
FEM achieves the optimal accuracy of the finite elements employed. The general procedure of ¢-FEM can be
summarized as follows:

— Supposing that the physical domain (2 is given by a level set function Q = {¢ < 0} and that it is embedded
into a simple background mesh, introduce the active computational mesh 7; by getting rid of the mesh
cells lying completely outside 2. The active mesh thus occupies a domain 2; D €2, ¢f. Figure 1, as in
CutFEM /X-FEM.

— Extend the governing equations from €2 to €, and write down a formal variational formulation on Qj without
taking into account the boundary conditions on I' (the relevant part of the boundary of ).

— Impose the boundary conditions on I' using an appropriate ansatz or some additional variables, explicitly
involving the level set ¢ which provides the link to the actual boundary. For instance, the homogeneous
Dirichlet boundary conditions (v = 0 on I') can be imposed by the ansatz u = ¢w thus reformulating the
problem in terms of the new unknown w.

— Add appropriate stabilization, typically combining the ghost penalty [7] with a least square imposition of
the governing equation on the mesh cells intersected by I, to guarantee coerciveness/stability on the discrete
level.

This program has been successfully carried out for elliptic scalar PDEs with Dirichlet boundary conditions
in [11] and for Neumann boundary conditions in [12]. Its feasibility is also demonstrated in [10] for the linear
elasticity with mixed boundary conditions including the cases of internal interfaces between different materials
or cracks, and for the heat equation. However, the adaptation to the equations governing the fluid flow around
the moving particles is not straightforward. In particular, the following challenges are dealt with in the present
article:

— The discrete inf-sup stability theory should be adapted to the case of a non-standard variational formulation
of the Stokes equations posed on 2, rather than on €2, and lacking the saddle-point structure. We shall show
that this is possible by adapting the ghost penalty, which should be taken slightly more complicated than
in the case of scalar elliptic equations [11]. We shall do it here for Taylor-Hood finite elements of any order,
but similar ideas should be also applicable to other classical inf-sup stable FE spaces.

— The motion equations for the solid particles involve the forces exerted on them by the surrounding fluid.
These are defined through the integrals of some functions of fluid velocity and pressure on the particle
boundary. However, the whole point of ¢-FEM is to avoid such integrals. Indeed, the particle boundary is
not resolved by the mesh, and our goal is to provide a method that necessitates the integration on the whole
mesh cells or facets only. The way out of this paradox, pursued in the present paper, lies in providing a weak
formulation of the governing equations, extended to €25, that incorporates in an appropriate way the force
balance equations, without stating them directly. This formulation is similar in spirit but different from that
in [16].

We note that the method of this article shares some similarities to the shifted boundary method (SBM)
proposed in [19] and analysed in [3] in the case of Stokes equations. In particular, SBM also gives an optimal
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FIGURE 1. Left: an example of geometry for the fluid 2 with a solid S inside; Right: the
non-conforming active mesh 73, on € with its internal boundary Gy,.

accurate solution (at least with the lowest order finite elements) without introducing integrals on the cut cells.
It is however not evident how one can deal with the computation of the forces on the particles in the SBM
framework.

The paper is structured as follows. In the next section, we properly introduce the governing equations, develop
an appropriate weak formulation, discretize it (thus introducing our ¢-FEM scheme), and announce the main
theorem about the convergence of the scheme. Section 3 is devoted to the proof of this theorem. As a by-
product, we also introduce a ¢-FEM approach to discretize the Stokes equations alone (on a fixed geometry) on
a non-fitted mesh. The details about this (comparatively simple) particular case are given in Appendix A. In
Section 4, we illustrate our theoretical results with numerical examples both for the Stokes equations and for the
fluid /rigid particle motion problem. ¢-FEM is also compared there with a standard (non isoparametric) FEM
on fitted meshes, demonstrating the superiority of ¢-FEM in terms of the accuracy achieved on comparable
meshes. We end up with the last section giving some conclusions and perspectives.

Various notations for different parts of geometry and triangulation appear throughout the article. For readers’
convenience, they are gathered in Appendix B.

2. CONSTRUCTION OF THE ¢-FEM SCHEME AND MAIN RESULTS

2.1. Governing equations

We consider the motion of a viscous incompressible fluid around a solid (rigid) particle in the regime of
creeping motion, i.e. neglecting all the inertial terms (for simplicity, we restrict ourselves here to the case of
one particle, the extension to multiple particles being straight-forward). The particle is mobile and it moves
under the action of the forces exerted by the surrounding fluid and the external forces (gravity). Let the fluid
occupy (at a given time ¢) the domain  C R (d = 2 or 3), the particle occupy the domain S C R¢, and denote
O =QUS. Let 'y, = 9O be the external boundary of the fluid domain (the immobile wall) where the fluid
velocity is assumed to vanish, I' = 9S be the fluid/solid interface, and assume that T' does not touch T'y,, so
that 0 contains two disjoint components I'y, and I". For simplicity, we assume that the only external body
force is gravitation with the constant acceleration g. Hence, the body force density in the fluid is pyg where py
is the constant fluid density. Let ps be the constant density of the solid. Then, the resultant external force on
the particle is mg where m = p,|S| is the mass of the particle, and the resultant moment of the external force
with respect to the barycenter of the particle is 0. Denoting the constant fluid viscosity by v, the equations
governing the motion of the fluid/particle system can be now given as:

—2vdivD(u) + Vp = pyg, in Q (1a)
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divu =0, in Q (1b)

u=U+¢ xr, onTl (1c)

u=0, on I, (1d)

/(QVD(U) —pl)n =mg (le)
r

/F(QI/D(U) —pinxr=0 (1f)

/Qp =0. (1g)

Here, the unknowns are the fluid velocity u : © — R? and the pressure p : Q — R, the velocity of the particle
barycenter U € R, and the angular velocity of the particle ¢ € RY (d=1ifd=2andd =3ifd=3). In
these equations, D(u) = %(Vu + VuT) denotes the strain tensor, r denotes the vector from the barycenter of
the solid S, and n denotes the unit normal on I' looking into the solid. Equations (1e) and (1f) come from the
balance of forces exerted on the particle (the force exerted by the fluid and the gravitational force).

From a numerical simulation perspective, it is natural to introduce an immobile computational mesh on the
immobile box O containing both the fluid and the particle. On the other hand, the solid S will be moving with
velocities U = U(t), ¥ = ¥(t) at all-time ¢, thus permanently changing the shape of the fluid domain Q. It is
therefore interesting to design numerical methods for the system (la)—(1g) that discretize v and p on a mesh
non fitted to 2.

2.2. A formal derivation of the appropriate weak formulation

Let ’]710 be a regular simplicial mesh on O (the background mesh). Assume that the solid and fluid domains
are given by the level-set function ¢: S = {¢ > 0} and Q@ = O N {¢ < 0}. Introduce the active computational
mesh 7}, as a submesh of ’Z;LO covering (2, i.e. excluding the cells of ’];LO lying completely inside S. Let 0, D Q
be the domain of 7, and G}, be the component of 99y, other than I',,, and thus lying inside S, ¢f. Figure 1'.

Assume (on a formal level, just to derive the scheme) that u and p can be extended from € to 2, as solution
to the Stokes equations so that

—2vdivD(u) 4+ Vp=ppg and dive=0in .

Taking any sufficiently smooth test functions v and ¢ on €2, such that v = 0 on I'y,, an integration by parts
gives

2v D(u) : D(v) —/

Qp Q

pdivv—/ qdivu—/ (QVD(u)—pI)n'v:/ pryg - v. (2)
h Qp Gh Qp

Assuming v = 0 on I'y,, this imposes already the boundary condition (1d) on I',,, which we suppose to fit to
the mesh 7;. On the contrary, this formulation does not take into account any boundary conditions on I'. In
order to incorporate boundary conditions (1c¢) we make the ansatz

u=¢w+ x(U -+ xr) (3)

where ¢ is the level-set for (2 so that ¢ =0 on I', and x is a sufficiently smooth function on O such that y =1
on the solid S and x = 0 on I'y,. This introduces the new vector valued unknown w on €2, that should vanish on

1n practice, the geometrical setting may be slightly more complicated. The rigorous theoretical definitions of 2, and Gy, will
be given in (8) and (9) and will be based on an approximation ¢j to the levelset ¢, rather than on ¢ itself. This may occasionally
result in situations where some tiny portions of Q2 lie outside €2; so that G}, slightly penetrates 2. These technical details are not
important for the forthcoming formal derivation of the FE scheme, while the rigorous proofs will be done assuming definitions (8)
and (9). The actual implementation may introduce yet more geometrical approximations, as mentioned in Remark 1, which are not
covered by our theory.
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I'y (indeed w = 0 on ', implies © = 0 on I, thanks to the choice of x; in fact, the reason for x is to decouple
the boundary conditions on I' and T, from one another).
The test functions v in (2) can be represented in the same way as the solution (3):

v=¢s+x(V+wxr) (4)

for all vector-valued functions s on €, vanishing on I',, and V € R?%, w € RY . In particular, the test functions
of the form x(V 4+ w x r) can be used to take into account the force balance (le) and (1f). To this end, we
introduce By, = Qy \ , i.e. the strip between I' and G}, and use the divergence theorem on Bj, to transfer the
boundary term in (2) from G}, to I where it can be evaluated by (1le) and (1f):

/ 2vD(u) —pn-x(V+wxr) = / (2vD(u) —pI)n- (V +w xr)
Gn Gp

:A(QuD(u)—pI)n~(V+w><r)+/B div(2vD(u) —pI)n - (V +w x r)

:mg'V—/ prg - X(V+wxr)=--. (5)
By,

(the unit normal n on G}, in the first line is exterior with respect to domain €y, whereas n on I' in the second
line is the exterior unit normal with respect to domain €2, so that the exterior normals with respect to B} are
n on Gy, and —n on T'). We now remark B, = Qp, \ (O \ S) to rewrite the above as

-=—/ pfg-X(V+w><r)+/ pfg~x(V+wXr)—/pfg~(V+w><7“)+mg-V
Qp O S

S

:_/ pfg~x(V+w><7‘)+/pfg-x(V+w><7")+<1—pf>mg~V- (6)
Qh O

The last line is justified by observing fs psg- (V+wxr)=mg- -V with ps; being the constant density of the
solid. Indeed, fs ps = m and fs psr = 0 since r = x — xp is the vector pointing from the barycenter of the solid
T = % Js ps to the current position z.

Substituting the ansatzes (3), (4) for v and v into (2) and rewriting the boundary term using (5) and (6)
we arrive at the following formal variational formulation of our problem in terms of the new unknowns w, U, ¥:
find w : ), — R? vanishing on T, U € R%, 1 € R, and p : Q) — R such that

2v A D(¢w—|—x(U+wxr)):D((bs—i—x(V—i—wxr))—/G (2vD(pw + x(U + ¢ x 1)) —p)n - ¢s

- / pdiv(gs + x(V +w x 1)) — / qdiv(pw + x(U + ¢ x 1))
Qh Qh

=/ pfg-¢s+/pfg~x(V+wXT)+( —pf>mg-V (7)
Qp (@)

S
for all s : Q, — R? vanishing on I'y,, V € R%, w € Rd', and ¢q : 5, — R. In addition, the pressure p should
satisfy the constraint (1g).
Note that the formulation above contains only the integrals on €2, G, O which can be easily approximated

by quadrature rules on meshes 73, and ’Tho. We can thus discretize using the usual finite elements for the trial
and test functions.

2.3. The ¢-FEM scheme: discretization with Taylor-Hood finite elements

We fix an integer k& > 2 and introduce the approximations ¢; and xj to the levelset ¢ and to the cut-off
X, given by the standard nodal interpolation to the continuous FE spaces of degree k on the mesh Tho. The
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FIGURE 2. Example of 7, and i with the geometry given in Figure 1 (left).

active computational mesh 7j, its domain ;, and the internal boundary component G}, are actually defined as
follows, cf. Figure 1,

T, ={TeTC :Tn{pp <0} #a}, Q= Urer,D), (8)
Gp = 0O, \ Ty, = {E (boundary facets of 7;,) such that ¢5, > 0 on E}. (9)

Moreover, we shall need the collections of the mesh cells 7, and facets F} near the boundary T, as illustrated
in Figure 2, to include the appropriate stabilization into the FE scheme. More specifically, we introduce the
submesh 7,l' C 7;, and the corresponding subdomain ) C € containing the mesh elements intersected by the
approximate interface

'y = {¢n =0},
i.€e. o
Tr = {TeT,: TNl £ 2}, O .= (UTeThrT> . (10)

Finally, we set F,. as the collection of the interior facets of the mesh 7, either cut by I';, or belonging to a cut
mesh element

F; = {E (an internal facet of 7;,) such that 37 € 7,/ and E € 9T}.

Remark 1. The definitions of 7, and 7,/ above assume an idealized setting where one can check the sign of
¢y, at any point of any given mesh cell 7. In practice, one would rather check this sign only at the vertices of
the mesh or, eventually, at some other well chosen points. In our current implementation, we attribute the cells
to Ty, or T, based on the sign of ¢ (equivalently, the sign of ¢;,) at the vertices only: in 2D, a triangle T' € 7,°
is selected to be in 7}, if ¢ < 0 on at least one vertex of T; a triangle T' € 7}, is then selected to be in ’Z;LF if
¢ > 0 on at least one vertex of T. This deviation from definitions (8) and (9) is not covered by our theory.

We also note that in more advanced applications of »-FEM, ¢ and x, may be given directly on the dis-
crete level, for instance by a discrete level-set equation. This possibility is however outside of the scope of the
present article. We suppose here that the shape of the particle is sufficiently simple so that ¢ and x are known
analytically.

Introduce the FE spaces for velocity and pressure on the mesh 7p:
Vi = {vn € C(O* :vp|r e PHT)? VT €Tp, vp=00nT,}

and

MhZ{QhEC(Q)i%TEPk_I(T) VT € T, /‘tho}-
Q
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Remark 2. Note that the definition of the pressure space involves an integral on 2, which is incompatible
with our ¢-FEM framework since its whole point is to avoid integrals on €2 and I'. In practice, we shall rather
impose th gn, = 0, introducing a mismatch in the additive pressure constant (which, anyway, has no physical
meaning) with respect to the exact solution satisfying (1g). We prefer however to keep the unimplementable
constraint in the definition above to avoid some technical difficulties in theory. In practice, a special care will
have to be taken in the interpretation of the error in pressure. We shall return to this technical point in the
numerical results section.

The stabilized scheme inspired by (7) can be now written as: find wy € Vi, Uy, € R%, 4y, € Rd/, pn € My,
such that

2u D(gf)hwh + Xh(Uh + Yy, X T)) : D(d)hsh + Xh(Vh + wp, X 7’))
Qp

- /G uD(xn(Un + Yn x ) + dpwn) — prl)n - ¢psy — /Q pr div(énsy + xn(Va +wp X 1))

- / qn div(onpwi, + xn(Un + ¥n x 1))
Qp
+ 0uJu(Xn(Un + ¥ x 1) + dpwn, xn(Va + wn X 1) + dnsp)

+oh® )y /T(—VA(@Lwh + X0 (Un + tn x 1) + Vpn) - (=vA(dnsn + xn(Vi + wn X 1)) = Van)
TeTr

to Y / div(gnwn + Xn(Un + P x 7)) div(¢nsn + xn(Va +wn X 1))
T
TeTr

=/ Prg - Gnsn +/ 019 - Xn(Va +wp x7)+ (1 - pf)mg Vi
Qp (@) s

+ oh? Z / prg - (—vA(Snsn + Xn(Va +wn X 1)) = Va) D
T
TeT,

for all s, € Vi, Vi, € R, wy, € Rd,, qn € My,
Here J, is the ghost penalties for the velocity, cf. [7]:

Ju(u,v) =h Z /E[anu] - [Opv] + B3 Z /E[aﬁu} - [02v].

EeFy EcFf

Note that, unlike [7,8], we do not penalize the jumps of all the derivatives of the velocity; only the derivatives
of order up to 2 are included in J,. There is no penalization on the pressure either. This alleviation of the ghost
penalty is possible thanks to the additional least-squares-type stabilization (the terms multiplied by o), cf.
Lemmas 1 and 2. These least-squares terms are also necessary in themselves to control the fictitious extension
of the solution outside 2, c¢f. the proof of Lemma 9. Note that this extension is not present in CwtFEM (this is
indeed the principal difference between CittFEM and ¢-FEM). We also mention that the version of the ghost
penalty in ¢-FEM for Poisson problem in [11] is even more reduced: only the jumps of the first order derivatives
are penalized there. The inclusion of the second order derivatives in J, in the present case of Stokes equations
allows us to control both velocity and pressure in the forthcoming proofs, c¢f. Lemma 1.

2.4. Assumptions on the mesh and main results

Prior to stating our main results on the numerical convergence of our method, we begin with some geometrical
assumptions on 2 and the functions ¢ and x.
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Assumption 1. The boundary I' can be covered by open sets O;, i = 1,...,1 and one can introduce on every
O; local coordinates &1, . .., Eq with &g = ¢ such that all the partial derivatives OPhal/0xPha and OPhax/IEPha
up to order k + 1 are bounded by some Cy > 0. Thus, ¢ is of class C*T1 on O.

Assumption 2. y € H*1(0), x=10on S, x =0 onI,.

We continue with assumptions on the mesh. To this end, we introduce an extended band of mesh elements
near the boundary I', namely the submesh ’Thr’e’(t with 7,l' Thr’eXt C 7y, by adding to 7,' the cells which are
neighbors and neighbors of neighbors of cells in 7,!".

Assumption 3. |Vo| > m, [Vey| > 2 on all the mesh cells in T, ", || > mh on T,\ T, ™", and |Vey| < M
on Qp, with some m, M > 0.

Assumption 4. The approzimate interface Gy, can be covered by element patches {Ig}r=1,. Ny having the
following properties:

— Fach Iy is composed of a mesh element T}, lying inside 1 and some elements cut by I', more precisely
Iy =T U Hl,; where Ty, € Tp,, Ti, C €, HE C ’Thr, and HE contains at most N mesh elements;

— Fach mesh element in a patch I shares at least a facet with another mesh element in the same patch. In
particular, Ty, shares a facet Fy, with an element in Hl,;;

- T, = Ugglng;

— Mg and 11; are disjoint if k # 1.

Assumption 5. Any mesh cell T € T}, has at least d facets not lying on T',.

Remark 3. Assumptions 1, 3, 4 are similar to those made in the previous ¢-FEM publications [11,12], which
contain a more detailed discussion about them and some illustrations. In what concerns the mesh, these assump-
tions are satisfied if the mesh is sufficiently refined and I is sufficiently smooth. In what concerning the level-set
function ¢, we require essentially that it behaves like the signed distance to I near I" and it is bounded away
from zero far from I', while remaining globally smooth. In general, one cannot thus take the signed distance to
I" as ¢ everywhere since it is guaranteed to be smooth only in a vicinity of T'.

Remark 4. The last Assumption 5 is usually required in the theoretical analysis of Taylor-Hood elements for
the Stokes equation in the geometrically conforming setting [13], although it can be significantly relaxed, at least
in the 2D setting [5]. Note that this assumption only affects the mesh near the outer wall T',,, more particularly
in the corners of O, which we treat in the standard geometrically conforming manner anyway. It does not impose
any further restriction on the active mesh 7; near the interface I', where ¢-FEM is effectively employed.

Let us now state our main results:

Theorem 1. Suppose that Assumptions 1-5 hold true and the mesh Ty, is quasi-uniform. Let (u,U,,p) €
HM1(Q)4 x R? x RY x H*(Q) be the solution to (1a)—(1g) and (wp, U, ¥n,pr) € Vi X R x RY x My, be the
solution to (11). Denoting

up = Xn(Un +Yn X 1) + dpwp

it holds for h < hg

1 1
lu—up Lono, T ;Hp — Da 0,000, = Ch¥ (U||k+1,n + UHPHHI) (12)

and

1
0= Ol 416~ 6] < O (s + Slplhn) (13)
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with some C > 0 and hg > 0 depending on the parameters Cy, m, M, N in Assumptions 1-5, on the maximum
of the derivatives of ¢ and x of order up to k + 1, on the mesh regularity, and on the polynomial degree k, but
independent of h, f, and u.

Moreover, supposing  C Qp,

1
= il < CHH2 (ullsra + ol (14)

with a constant C > 0 of the same type as above.

Remark 5. The numerical results in Section 4 suggest that the convergence order for the particle velocity error
and that for the L2-error of the fluid velocity is k + 1. This suggests that both estimates (13) and (14) are not
sharp. This is similar to our previous studies [11,12], in what concerns the L?-error.

3. PROOFS

From now on, we put the viscosity of the fluid to ¥ = 1 to simplify the formulas. The general case can be
easily recovered by dividing the governing equations by v and redefining £ as p. We shall also tacitly suppose
that Assumptions 1-5 holds true.

This section is organized as follows: we start with some technical lemmas in Sections 3.1 and 3.2, essentially
adapting the corresponding results from [11]. Note however that the interpolation error bound in Section 3.2
is sharper than its counterpart in [11]; it is now optimal with respect to the Sobolev norm expected from the
interpolated function. The proofs of Taylor-Hood inf-sup stability, the generalized coercivity of the bilinear
form and finally the a priori error estimates are then given, respectively, in Sections 3.3-3.5, thus establishing
Theorem 1.

3.1. Some technical lemmas.

Lemmas 1, 2, and 4 are adaptions of, respectively, Lemmas 3.2-3.5 from [11]. Lemma 3 is a version of the
well known Korn inequality stating the uniformity of the constant in this inequality for a family of h-dependent
domains €. All these results, most notably Lemma 2, are necessary to prove the inf-sup stability of our scheme.

Lemma 1. Let T be a triangle/tetrahedron, E one of its sides, v a vector-valued polynomial function on T, q
a scalar-valued polynomial function on T such that

ov 0%
v = % = W = O on F (15)
and
—Av+Vg=0 and divv=0 on T. (16)

Then v =0 and q = const on T.

Proof. We shall give the proof only in the two dimensional setting, the generalization to the case d = 3 being
straightforward. Without loss of generality, we can choose the Cartesian coordinates (z,y) such that the edge
E lies on the z-axis. We shall denote the components of the vector-valued function v by (v, v2).

Let us write, for k € {1, 2},
v = Z vfjxiyj and ¢ = Z qi; 'y
§,5>0 ,7>0

We will prove by strong induction on m that

v, =0 Vke{l1,2},i>0, j€{0,...m}. (Sp)
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Using (15), it holds

ki _ ki _ ki _
E Vi —E VT —E Vi’ =0

i>0 i>0 i>0

for all x and k € {1,2}. Hence vk = v¥ = v} =0 for all i > 0, k € {1,2} and we obtain (S2). Assume that for
a given m > 2, (S,,) holds true. Thanks to (16), one has

—(i+2)(+ 1)U(li+2)j -(+2)G+ 1)”1'1(j+2) + (i +1)g(it1); =0, (17)
—(i 4+ 2)(i + Dfiyay; — G+ 2)(G + i) + G+ Dig41) =0 (18)

and
(i 4+ Doy, + (G + Dojjq) = 0. (19)

From (17) and (18), for each ¢, j

: 1 G+3)G+2) 4 ((+3)(i+2) , , 2
CF 2Dviraygen + T Vi T 1 Vs H U DV

The last equality for j = m — 2 combined with (S,,) implies that
Uity =0 Vi>0.

Relation (19) for j = m and (S,,) gives

which leads to (Sp,+1). Thus v = 0. This also implies Vg = 0 on T' thanks to (16). O

Lemma 2. For any 8 > 0 and any integers s,r > 1 there exists 0 < pha < 1 depending only on the mesh
reqularity and s, such that for any continuous vector-valued P* FE function vy, on 7, and any continuous
scalar P" FE function gy it holds

2
ID(vn)llo.ar + (1 = pha)h?|gnl; gr < phalD(wn)llf q,

+ 8| h2=Avn + Vanll§ o + [div o] or + > (h||[anuh]||§,E+h3|y[a;iuh]||§ﬂ) . (20)
EcFy

Proof. Thanks to Assumption 4, the boundary I' can be covered by patches {IIj }x=1,.. ny. Take 5 > 0 and set

pha = max F(Ilg,vp,qn), (21)
k,vn,qn
where
. )nmmmmﬁwmmyvﬂmew
ks Uh,4n) =
ID@AIIG 11, +hlan 7 e
with

G(TTi, v gn) = B — Avn + Vaul]2 e + 1| diven]2 e + Al BwonlllZ, + 5| [020n] |,

The maximum in (21) is taken over all the continuous vector-valued P* FE functions v, on I, all the continuous
scalar P" FE functions g on H};, such that the denominator in the expression for F' does not vanish, and over
all the possible configurations of patches ITj satisfying Assumption 4. The notation Fj stands for the set of
mesh facets inside the patch Il which includes thus Fj separating T} from Hg and the other facets inside Hg.
The norm || - || 7, should be understood as (3 pcz, | - 12.)4/2.
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Since the maximized function F' is invariant with respect to the transformation x — %x, Vp %vh, qn — qn,
we can assume that A = 1 in (21). Furthermore F(Ilj,vp,qn) = F(Il, Advp, Agp) for any A # 0. Hence the
maximum (21) is attained since it can be taken over all admissible patches with & = 1 and all vy, g5, such that
‘|D(vh)||8,ﬂk+h2|qh‘ing = 1, forming the unit sphere in the finite dimensional space of all (vy, ¢5) factored by

rigid body motions on ITj and constants on TIL.
Clearly pha < 1. Let us prove by contradiction that pha < 1. Assume that pha = 1. Consider the patch IIj
(with h = 1) and vy, gn with || D(vp)|[§ 1, +gn|? r = 1 on which the maximum (21) is attained. Then,
’ st

ID@n)II5 7, + BG [, vn, qn) = 0,

since I = T, UIIL. We deduce that v, = 88% = %277;2’1 = 0 on all the facets in F, and —Av, + Vg, = 0,

div(v,) = 0 on all T € IIL. Moreover, vy, is a rigid body motion on T. Let v;°™ be the rigid body motion

velocity on R? coinciding with v, on Tj. Thanks to Lemma 1 applied to vj, — U;me and to qp on the cells in

Hg starting from the cell adjacent in Hg to T, we have vy, = vzbm on II; and g, = const on HE (recall that

qn is continuous). We have thus reached a contradiction with the assumptions ||D(vs)|[3 1, +lgn|? ;r = 1 and

pha = 1.
This proves that there exists pha < 1 such that

1D I2 1p + (1 = pha)2lgn < phal D(ww)I
+ B(h2 = Avn + Vaull? e + 1| divonll3 e + BlOwvall, + 12| [[020n] ][, )
on all the patches I and for all vy, ¢,. Summing this over all II; gives (20). O
Lemma 3. For any v € H'(Q)? vanishing on T,
[vl10, < ClID()]0,04- (22)
Proof. Since v =0 on I',,, we have the following Korn inequality

[vh.e < C[lD(v)

0.2 (23)
with a constant C' > 0 depending only on the shape of €2, ¢f. Theorem 6.3-4 of [9]. This implies

[vl1,05 < CID()]0.0, (24)

where Q¢ denotes the mesh cells inside 2. Now, for any pair of mesh cells 7', 7" sharing a facet E, we can prove

[l <CIDO)lo.r + Clolyar (25)

with a constant C' independent of h. Indeed, combining the Korn inequalities (23) and the trace theorem on
the reference element leads to |v|1, 7 < C||D(v)||o,r + C|v|1/2, 5. Employing again the trace inequality [v|; /2,5 <
Clvly, 1 (see [6], Lem. 7.5.26) leads to (25).

Let Qf{l be Q¢ plus the cells which are not in Q¢ but have a neighbor in Q¢ . For any such cell T, we take T”
as its neighbor in €, apply the estimate above and sum which gives

|'U|17Q;‘1\Qz < C||D(U)||O7Q;:£1\th,’ + C‘v|1,921

hence, using (24),
ol 1 < CIDW)

|0,Qh'



1122 M. DUPREZ ET AL.

Let Q;jz be Qﬁl’l plus the cells which are not in Qﬁ;l but have a neighbor in QZI. We have similar to above
[vly qi2 < ClID(©)llo,0

and so on. After a finite number of steps, say k, we arrive at Q;k = Q. And

o0, = [oly gix < ClD@)lo,q,-

O
Lemma 4. For any sp € Vi, and any Vi, € R wy, € Rd/,
1/2
Iénsallogr + (D hlonsnl + Vhlgnsnllo.c, < ChID(nsn + xa (Vi +wn x 1)]lo.c,
FeFy
and
V| + |wn| < Cll¢nsn + xn (Vi +wn X 7)|[1,0,- (26)

Proof. Take any s, € Vi, Vi, € R, wy, € R? and denote vj, = dnsn + Xn(Vi + wp, x 7). By Lemma 3.4 of [11]
Iénsullo.op < Chldnsaly ap < Ch(Jonly ap +Ixa(Va+wn x 1)l o)
< Ch(Jonly gr + Ixalh g Vil + lwnl) ). (27)

By equivalence of norms

[Vi| + |wn| < C|| Vi + wp, x 7

0,I- (28)

Denote by Bi the band between I' and I',. Applying the divergence theorem to the vector field |V}, +wy, x r[?V¢
and noting that the normal on I' (resp. I'y) is given by :I:% (resp. i%) gives

/\Vh+whxr\2|w\ g/ Vi + o x r2 V2 VRl
r Ty |V nl

/ div(|Vi + wp x 7|*V)|.
B,

We now note that |V¢| (resp. |[V¢p| and xp) are both positive and bounded away from 0 on I' (resp. on I'y)
uniformly in A for h small enough, and the measure of B}, is of order h¥+1. The inequality above implies thus

Vi + wn x 7l o < CUIxa(Va +wn x 715 r, + BT (Val + lwal)?).
Combining this with (28) gives, for h small enough
[Val + [wn| < Clixn (Vi + wn x 7)llo.r, = Cllvnllo.r,,
and, by the trace inequality, |V,,| + |wi| < Cllunll1,a,, i-e. (26). Substituting this into (27) and combining with

the Korn inequality (22) yields the announced estimate for [[¢nsn|lo.or since |[xa|l1,qr is bounded uniformly in
h. The remaining part of the estimate follows by trace inverse inequalities as in Lemma 3.5 of [11]. O
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3.2. Interpolation by finite elements multiplied with the level set
We recall first a Hardy-type inequality, cf. [11].

E

Lemma 5. For any integer s € [0,k] and any u € H¥1(Qy,) vanishing on T, it holds < Cllulls+1,0,

5,8
with C' > 0 depending only on the constants in Assumption 1 and on s.

This allows us to prove the following bound for interpolation by the products of finite elements with ¢,.

Lemma 6. Let t be an integer 1 <t < k+ 1. For any v € H'(,)? N HE(Q) there exists wy, € V), s.t.
o = gnwnlly o, < CR'™*|[vlla,, s=0,1 (29)
with C > 0 depending only on t,s, the constants in Assumptions 1-3, and the mesh regularity.

Proof. Let v € H'(Qp,)?, v =0 on T, and set w = v/¢. Thanks to Lemma 5, w € H'"*(Q)? and [Jw|],_; o, <
Clv|l¢,,- Consider wy, = Ifw, where I; is a Scott-Zhang interpolation operator. For any T' € 7y, let wr denote
the patch of mesh cells adjacent to T (not necessarily all the adjacent cells) regrouping the cells affected by the
construction of Ifw on T, so that Ifw on T depends on w only through its restriction to wp. The Scott-Zhang
interpolation operator can be constructed so that wr C ’Zf’e’(t forall T € ’Thp’ex‘”, and wr C 7p \ ’Z;IF’eXt for all
TeT, \ThF’CXt. In what follows, we assume that the operator I; enjoys this property together with the usual
interpolation error estimates see for instance [6].

Our first goal is to prove (29) for s = 0. Taking any T' € 7. Recall that ¢ is supposed to be of class (at least)
C" so that [|¢ — ¢plleo. 7 < Ch'. Hence,

(30)

lv—¢
< 9lloo,rllw = whllo,r + 1¢ = Pnlloo,lwhllor
< 1¢lloe.rllw = wallor + Ch* wllowr -
To continue this proof, we distinguish two cases: the cells T' € Thr’eXt close to I'y, and the remaining cells, which
are at the distance of at least order h from T',.
(i) Consider T' € ’TF *_ We have |¢llco, 7 < Ch on these cells since they are at the distance ~ h from I'. Noting
that ||Jw — wh||0 17 < Chi7wl|;—1 0, by the usual interpolation estimate, we derive from (30)

lv = énwnllor < Ch (Jwli—1,0r + [wlowr)- (31)

(ii) Now consider T € 75\ 7, *™*". We note that ¢ does not vanish on wr for such T (recall that wr C T\ 7, "),
so that w € H(wr) and, by (30) and the usual approximation estimates,

)- (32)

In order to bound |w; ., here, we recall the Leibniz rule valid for any multi-index pha € N¢

v = dnwnllor < ChH([|llso,r|wlewr + |

orhay = P (gw) = D C(9%9) (97" Pw)
B enN?
B < pha

with binomial coefficients tha depending only on the multi-indices pha and f (this formula can be easily
proven by induction on the length of pha) 5 < pha means Vi =1,...,d, 8; < pha;. If pha # 0, this can be
rewritten, by separating the term with 8 =0 (note that C’gha = 1) and dividing by ¢, as

o = Lophay  _ Y cfhaa 0 grha=sy, (33)
¢ Pl ¢

B < pha, 3 #0
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Applying (33) to w on wy gives
1

< - . 1 C .
|w|ta T min | ‘(|’U|t7 T ||w||t 1, T)
Hence, by (32),

9l 00,7

ming,, @]

lv = ¢nwnllor < Cht( (loltwr + [[wlle-1,.07) + lelo,w) (34)

Recall that min,,,. |¢| = mh by Assumption 3. The distance between any point on T' and any point on wr
is at most 2h so that

6l _ |, masr g~ ming lo] _ |
ming,.. @] ming,.. @] mh

2Mh 2M
g P
m

with M denoting an upper bound on |V¢|. Substituting this into (34) gives
lv = dnwnllo,r < CR(|0ltwr + llwlli-1,07)- (35)
Summing (31) over all the cells T' € ’ThF’eXt and (35) over all the remaining cells of mesh 7j, gives
v = énwnllog, < Ch ([vleg, + llwlle-1,0,)-

This yields (29) with s = 0 thanks to the estimate ||w|¢—1,0, < |v|+q, given by Lemma 5.
Let us now prove (29) for s = 1. Introduce v;, = I5v so that

v —wnl10, SCh  olia, and [Jv—waloq, < CR' v,

Then, combining the already proven estimate (29) for s = 0, the inverse inequality, and the interpolation
estimates above, we obtain

[v — dnwnli,0, < lvn — drwal1,q, + v —vh|10,

C
< ﬁth = ¢nwhllo,o, +[v—vnl10,

C
< ﬁHU — ¢nwallo,0, + ﬁHv = vnllo,q, + v — v,

< Ch' 7Y v]legy-

3.3. An adaptation of the Taylor-Hood inf-sup stability to ¢-FEM

In this section, we prove some velocity-pressure inf-sup conditions that will be used to establish the generalized
coercivity (inf-sup) for the full bilinear form in the next section. The proofs are inspired by Guzmdn and
Olshanskii [17] and start from an auxiliary inf-sup condition of Lemma 7 with respect to an h-dependent norm
for the pressure. The final result in Lemma 8 is weaker than the usual inf-sup since it does not provide the
control of the L? norm of the pressure over the whole domain . It will be however sufficient for our purposes
since the encumbering term —ChQ|ph|iQF will be controlled by the stabilization present in the scheme, cf.
Lemma 2 for this matter. "

Lemma 7. There exists an h-independent constant C > 0 such that Vp;, € My, Jwy, € Vy, satisfying

RlonR e, ~ Ol g < [ Von- (onwn) and  fonunl, < Chipnlio. (36)
Qp
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Proof. Let us introduce the submesh 7,/ = 7;, \ 7,]' so that ¢;, < 0 on T € 7;. Denote by &} the set of the edges
of the mesh 7;' including those shared with 7,', but excluding those lying on I',. For any edge E € &}, let tp
be the unit tangent vector to E (any of two, but fixed), g be the midpoint of E, w(E) be the set of the mesh
cells sharing E, and ¢ be the piecewise quadratic function such that ¢g(xg) = 1 and g vanishes at all the
other edge midpoints and at all the nodes of 7;,. Moreover, define for all £ € &},

—h if E belongs to a cell from TF ext.
|E| / ¢n, otherwise.

Take any p, € M}, and set wy, € Vy, as

op =

2
wh =Y g Ve(ts - Vpn)te (37)

pegj ' F

We have indeed wy, € Vy, since the pressure tangential derivative tg - Vpy, is a continuous piecewise polynomial
of degree < k —2 on w(E) and ¢ is a continuous piecewise polynomial of degree 2, vanishing outside w(E).
Note also that wy, = 0 on I'y, since Efb does not contain the edges lying on I',.

Take any E € & and any cell T' € w(E) N 7;'. We shall see that

/TzhiﬁEﬁE V10h|2>0/|1ﬁE V. (38)

Here and elsewhere, the constants ¢ > 0 depend only on the polynomial degree k, the shape regularity, and
the parameters of Assumption 3. To prove (38), we set (j)h = i’E and note that ¢h > 0 on T since ¢, < 0 on

T € 7. To derive further properties of én from Assumption 3, we consider 3 following cases with respect to
the placement of T and F in the mesh (we recall that T' € 7;' in any case and E is an edge belonging to T').

Case 1. T ¢ ’];LF’EXt. We have then ¢ = —h so that
én >0 and h‘véh] > 2 onT. (39)

Case 2. T ¢ ’ThF’CXt, E is not shared with any cell from ’ThF’CXt. Then ¢5, = ¢n(zg) for some point 25 € E and

we have for any z € T
o _ bn(rE) 71+¢h($E)*¢h(I) 14 Von(c) - (g — ) < 1+ﬁ: m+ M

on(x)  on(z) én(x) B on(x) - mh m

where ¢ € T' is a point on the segment connecting zg with x. This implies

¢~>h2 o 0
m+ M

nT. (40)

Case 3. T ¢ ’Thr’e"t, E is shared with a cell from Thr’eXt. Then ¢ = —h and ﬁ Jz &n < —c1h with some
¢1 > 0 depending only on the constants in Assumption 3 (since the distance between E and T'j, where ¢y,
vanishes, is of order h and |V¢y| is bounded away from 0 on ThF’eXt). Combining this with the arguments of
the previous case, we arrive at

AM_ on T (41)

o> A on T,

Moreover, in all of the 3 cases above, ~
|pn| < C on T. (42)



1126 M. DUPREZ ET AL.

with some C' > 0 depending only on the constants in Assumption 3. In case 1, this follows from the bound
|[Von| < M and the fact that the maximal distance between T and T’ is of order h. In cases 2 and 3, equation
(42) can be proven in the same way as (40) and (41).
Inequality (38) can be now proven setting
fT ¢h1/)th

c= (43)
T ¢h an fT qh

where the minimum is taken over all the simplexes T permitted by the mesh regularity, all the polynomials
bn, = % of degree k satisfying (42) and either of (39)—(40)—(41), and all the polynomials g5, :=tg - Vpn, # 0
of degree k — 2. By homogeneity and rescaling, one can safely assume that h =1 and ||gs|lo,r = 1. The sets of
possible T', q@h, gn, are bounded and closed, so that the minimum in (43) is indeed attained and ¢ > 0. Indeed,
either of (39)-(40)(41) excludes the possibility of ¢, vanishing everywhere on T'. This concludes the proof of
(38).

Thanks to (38), we have, setting Qf = Q5 \ ], and denoting by £(T') the set of edges of a cell T' excluding
the edges on I'y,,

[, v Vo= 3 N = YD SR Dl R

ot w(B)NQi PE Ter: Bea(m)

Taking into account Assumption 5, we have by scaling and the equivalence of norms on all T' € 7}/

/ It - Vpul* > clpnlf o
EcE&(T)

Hence,

dnw, - Vpp = ch?|pp|3 Q- (44)
Q’L

Now, on a mesh cell T € 7,/ having common edges with cells of 77, definition (37) clearly gives

> h [ owntts V| < Ol

Ec&(T)NE]

hWh - VDp| =

since ¢y, is of order h on such cells. Combining this with (44) gives
Ch2|ph|3x9h S / Pnwh - Vpn — /F onwy - Vpp + Ch2|ph|igl’:
Q or

< | dnwn - Vpn + CR?[pulf or- (45)
Qp

We also have

rnl g, = / |(Vén)wn + én(Vaon)
Qp

coy y w [ (0lgyp % L0+ SO
A\ o

TeTn E€E(T)NE],

<cy h2/|v;n 2= Rl g, (46)

TETH



¢-FEM FOR PARTICULATE FLOWS AND STOKES EQUATIONS 1127

We have used here the finite element inverse estimates on ¢y, ¥ g, pn, and the uniform upper bound (42) on
|pn| = ||:§;;|‘ :
Redefining wy, as wyp,/c with the constant ¢ from (45) shows (36) as a combination of (45) and (46). O

Lemma 8. There exists an h-independent constant C' > 0 such that Vp, € My, ds, € Vy,

lpnll5 0, = CP?lpnli or < | Von - (dnsn) and  |¢nsnlie, < Clpnlo..- (47)

Qp

Proof. Taking pj, € M},. By continuous velocity-pressure inf-sup (recall that [, p, = 0), there exists v € Hg(Q)
s.t.

divo = —pp, on Q, and |[v]1,0 < C||prlo.a-

Let © € H'(Q,) be the extension of v by 0 outside Q. Lemma 6 with ¢t = 1 implies Jv;, € V}, s.t.

[0 = ¢nvnllo., < Chlolio, < Chlprlloq, and |ppvnliq, < Clolla, < Clpnllog, -

Thus,

Ipallt.0 = —/ prdive = / Vpp -0 = Vpn - (dnvn) + Vpn - (0 — ¢nvn)
Q Q Q;L Qh

< / Vpn - (¢nvn) + Chlps e, [lPallo, - (48)
Qp

We have

2 2 21, |2
[pnll6,0, < Cl(”phnog +h |ph|1,9£)'
This can be proven by an argument similar to that in Lemma 2: one can consider the maximum of
llpn I3 1,
[P0 113 7, +h*Ipn]

3 taken over all the admissible patches Ilg, as in Assumption 4, and piecewise polynomials
1,n£

Ph, observe that this maximum is attained and takes the value C; > 0, and sum up over all the patches covering
or
We can thus pass from the norm on 2 to that on € in (48):

Ipnllf .0, < Ch Vpn - (¢nvn) + Chlpp|i,a,

Pnllo,0, + Clh2|ph|ig}"-
Qp v

Hence, by Young inequality,
1
3 lIPrlls.a, < Cl/ Von - (9nvn) + Col®lpnlt g, + C1h®|pnl? or
Qp
< Ch Von - (dnvn) + Co Von - (pnwp) + Ch? |ph‘ig}:
Qh Qh

with wy, given by Lemma 7. Thus,

1
§th||g,gh - Ch2|ph|igg < / Vpn - ¢n(Crvp + Cowy)  and [, (Cron + Cown) 1,0, < Cllpallo.e,
Qp

since |ppwn 1,0, < Chlprlio, < Cllpnllo.q, by inverse finite element estimates.
Setting sp = 2(Chvp, + Cowy,) proves (47). O
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3.4. The generalized coercivity (the inf-sup condition) for the bilinear form.
To ease the forthcoming calculations, let us introduce the finite element space of velocities combining the
rigid body motion on the approximate boundary and the contributions involving the level set:

yrbm {Xh(vh +wh X 1)+ dnsp with s, € Vp, Vi € R%, wy, € Rd’}. (49)

In the scheme (11), we shall now combine the test functions s, Vi, wy, into vy € V};bm as in the definition above.
Similarly, we shall combine the trial functions wy,, Uy, 1, into up € V,:bm setting up, = xn(Un + ¥n X r) + dpwp,).
Scheme (11) can be then rewritten in the compact form: find uy € V,:bm and pp € My, such that

cn(Un, Pri vy an) = Lu(vn, qn),  Yon € ViP™, qn € My, (50)

where the bilinear form ¢y, is given by

(2D(uh) — phI)TL . ¢hsh — /

enCumpnsoman) =2 [ D(un) : D(og) — /
Q

dn div Up — / Ph div (A
Qp Gh h Qp

1 oh? Z A(—Auh+vPh) (=Avy, —Vaqn) +o Z /T(divuh)(divvh)

TeTr TeT,
+ouh Z /[anuh] [Onvn] + ouh® Z /[8£uh] . [851};1]
perr ' E Berr ' E

and the linear form L is given by

L (vn, qn) Z/ Prg - PnSh +/ P9 Xn(Va +wn x 1) + (1 - Zf>mg “Vh
Qp (@] s
+ah® Z / prg - (—Avy — Vay). (51)
Tery T
In both expressions above, sy, V3, and wy, are related to vy, € ngm as in (49).
Lemma 9. Introduce the norm on Vi*™ x M,,
1/2
llon, anllln == | vnlf .0, + lanlld.a, +2° D I = Ave + Vaullg  + Ju(vs, vn)
TeTr
The following inf-sup condition holds provided o and o, are sufficiently large:
V(Uh,ph) S V}Tme x My, El(vh,qh) S V}:bm x My,
such that
Ch\Uh,PhsVh,qn
LD ) 3 )4,y (52)

|||Uh, Qh|||h

with a constant 0 > 0 depending only on the mesh reqularity.

Proof. Let us take py, € My, and up, = xn(Up + ¥n X 1) + ¢ppwy, € ViP™ with wy, € Vi, Uy, € R and ¢y, € R?.
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Step 1: controlling the velocity. By choosing (u, pr) as the trial function and (up, —pp) as the test function
in the bilinear form ¢, we obtained:

cn(un, prsun, —pn) =2 [ |D(up)]? — / (2D(up) — prI)n - ppwp
Qh, Gh

+ ouh Z /\auh| + o b’ Z /‘ 82uh

EeFT EeFT
+ oh? Z /|—Auh+Vph\ +o Z /|d1vuh|2 (53)
TeTr TeTr
Let By, be the strip between ', = {¢r, =0} and Gy, i.e. By, = {én > 0} N Q. Since ppwy =0 on Ty,
D(uh)n . ¢>hwh = ~ D(uh)n . (;Shwh

Z /8(1§mT) D(up)ng - dpwp, — Z Z /EsmE D(up)nr - dnwn,

TeTr TeT! EeF(T)

where 7} is defined in (10), F£'*(T)) regroups the facets of a mesh element T" cut by I'y,, and nr is the unit
normal pointing outside of 7" on the boundary of a mesh cell T Applying the divergence theorem to the
integrals on G(Bh NT) and regrouping the integrals on the facets gives

D(up)n hwh—/ D(up) : D(gpwn) + /B div D(up) - pnwp — Y /E 5 [D(un)n] - drwn
NBn

Gn rey / Br0T BeFT

:/Bh (up)|? + Z / div D(up) - prwp — Z /EOE}IV[D(W)”]'%“%

re7r” BT BeFT

since up — ¢pwy, is the velocity of a rigid motion on Bh.
Similarly (and simpler)

/ pm”t'(bhum:/~ phn‘¢hwh:/ prdivup + [ Vpp - gppwp.
Gh 0By By By,

Substituting this into (53) and rewriting 2div D(up) — Vpr, = Aup, — Vpp, + Vdivuy, on the cells T € ’];LF
yields

cn(tn, o tn, —pn) =2 [ [D(un)[* — 2/ ID(up)” = > / (Aup — Vpg) - dpwp
Qp Bn TGT}F BNT

Young with e

+2 ) / ~ [D(U}L)”]'¢ILW}L+/ prdivu, — > / (Vdivup) - ¢rwp
FNBy, By, BrNT
~——_— ———

FeF) TeTr
Young with e3
Young with e2 Young with 4
+ ouh g /\auh| + o h? E /|8uh
EeF} EeF}

—|—0’h2 /|Auh—Vph| +o Z /\dlvuh|

TeTr TeTr
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Several terms above are marked with “Young with ¢;” meaning that we are going to apply the Young
inequality with some weights e1,...,e4 > 0 (multiplied by the appropriate powers of h) to these terms. We
recall that Lemma 4 implies

1 1
> ﬁll%wh”%hw <CIDwn) G, Y, ﬁ”mwhuiméh < C|D(un)ll.q,
TeTr FeFy

which allows us to absorb the norms of ¢pwy, into the first term with || D(us)||o,q,. We also use the inverse
inequality A[|V divusl|gor < C| divup o or. This yields

E1+¢extéy
2

2 2 €3
cn(Un, P Un, —ph) = (2 -C 1D Cun)llo, g, — 21D (un)llo,0p — = Ipnllo.qr

. e
2 2 i 0
+h (U - 2»31) Z |Aup, — Vpnllor + (J 2 54) Idivunlo.op

TeTr
1
th(on= 50 ) 3 NownllEe +oun® 3 [oku g
2 EeF} EeF};

Thanks to Lemma 2, this can be further bounded as

E1t+E2+€
e (un, prs un, —pr) > (2(1 — pha) — 02) 1D (un) |13 g, + 2(1 — pha)h?|ply qr

€ 1
- Llnloy +12(o - 55 ~25) 3 18w~ Innlis
' TeTT
1 C . 2 1 2
(050 = = -2 livunl g+ (o= 5 -28) T Il
EeF}
2
+ 030y —28) Y ||[02un] 0.5 (54)
EeF}

with some 8 > 0 and pha € (0, 1).
Step 2: controlling the pressure. Let now s, € Vj, be the function given by Lemma 8 and set v} = ¢, sp,.
Noting that

[ mwdivep+ [ gl = [ Voo > Il - CHll o
Qpn Gp, Qn "

we get

cn o i1} 0) > onl, = CPlonE g +2 | Dun): D) =2 [ Dlunjn-of
h

G
+ oh? Z /(Auh—Vph)~AvZ+U Z /(divuh)(diva)
TeT! T TeTr T
+ ou.h Z /[anuh] . [&L"L;]Z]Jrauh3 Z /[831”1] . [6‘21}2]
gerr 7 F gerr 7 E

Recalling that v} |1,0, < C||pllo,,, remarking that ||v} [|o,q, < %h}zh)ﬂ}:, and applying Young and inverse
inequalities allows us to conclude

1
on(un, P v7,0) = S lIpnllg g, = CR2Ipalt or = ClID(un) 5.0,
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—C| P Y = Bun+ Vpnllgr + 0 Y Il divun|f
TeTr TeTr

x o2h > Owunlly o+ 020 D |[[02un] s 4 |- (55)

EcF} EcF}
Step 3: combining the estimates. Multiply (55) by A > 0 and add it to (54). This gives

A —

€1+ €E2+ ¢4 €3 2
areate A SR,

cnluns i+ M <) > (201~ pha) - 05

- CA) 1D ()3 0, +
1
+ (2(1 — pha) — C)\)hz‘ph‘%’ﬂ}: + h? (a ~ e T 20 — C)\oz)

1 C .
X > | Aup = Vpallsr + (0 % 5 - C/\‘72> | civunllG o

TeTr
1
+ h(au “ 26 — C’)\ai) > 0nunlll§ g + (0w — 28 — Crol) b
EcF}
2
x> [l107un]llg,5-
EcF}

Taking A, e1,€9,e4 small enough, e5 = A/2 and o, 0, big enough, and recalling Korn inequality (22), this
amounts to
Ch(uhaph; Wh, + )‘vfn _ph) 2 & |H uh7ph|H%L

with some ¢ > 0. We also have easily
llwn + Ay, =pallln < C Il wh, palln,

hence the inf-sup estimate (52) with vy = up, + A0}, g, = —pp.

3.5. A priori error estimates

In this section, we will prove Theorem 1 following the argumentation of [11], which is ameliorated since we
require only the optimal regularity H*+1(Q)% x H*(Q) for the velocity-pressure pair (u,p) given by (1a)-(1g).

Proof of the H' a priori error estimate (12): let (u,p) € H*1(Q)? x H*(Q) withu =U +v¢ xr on T be
the solution to the continuous problem (1a)—(1g) and (up,pn) € ViP™ x My, with up = ¢pwp, + xn(Un +n X 1)
be the solution to the discrete problem (11). Choose sufficiently smooth extension @ and p of u and p on €y,
such that &« =u, p=p on 2, and

[@lle+1,00 < Cllullisro,  1Plk00 < Cllples-

Applying Lemma 6 to & — x(U 4+ ¢ X r), which vanishes on I and on T'y,, we see that there exists wy, € V), such
that
17— x(U + 4 x7) = opinlre, < Ch*la—x(U +¢ x7)llkt10,-

This allows us to introduce @, = ¢y, + xn(U + 1 x r) € ViP™ satisfying

12— anlly o, <la=xU+¢x7)=dniwnly g, + 10— xn) U+ ¢ x7)l g,
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< O (|1, + X0, (U] + [0D)
< Ol p1 0, < OR*ullisr e, (56)

thanks to the standard interpolation of xy € H**1(£2),) and to the bounds |U|, [¢)| < C||ul|1,q valid by the trace
inequality (recall that u =U + ¢ x r on I').

Similarly, ||@ — @nllo.q, < Ch* | ullks1,0. We define moreover p, € M, by the standard FE nodal interpo-
lation p, = Ipp such that

15— Brllo.cn < CR*|pllr.- (57)
Thanks to Lemma 9, 3(vp, gn) € Vi™ x My, such that

(Un — uh; P — Ph;Vh, )
llvn, gnllln

~ ~ C,
lan — wn, pn — pallln < C= (58)

We should now substitute (&, p) into the form c,. To this end, we introduce the fictitious right-hand sides F
and @ on €2, so that

—2divD(i) + Vp = F and divi = Q in Q.
We observe then, taking any vy, = ¢psp + xn(Vi, +wp, X 1) € V,:bm, qn € My,

2 D(ﬂ):D(vh)—/h;ﬁdivvh—/Gh@D(ﬂ)—ﬁ[)nwh:/ﬂhF-vh

o Q
and, recalling B, = Qp \ Q,

/Gh(ZD(a)—ﬁj)n.(Vh+wh «7) :/

[(2D(@) — oD (Vi 1) + / div(2D(@) — p)n - (Vi + wn x 7)

By,

:mg~Vh—/ F~(Vh+wh><r).
By,

Hence,

ch(ﬂ,ﬁ;vh,qh):/ F oy — F-(Vh+whxr)+mg~Vh—/ qn div @
Qn By, Qn

+ oh? Z /TF (—Avy, — V) +0/Q (div @) (div vp,).

T
TeT! h

Also note that the RHS (51) of the scheme (50) can be rewritten as

Ly (vn, qn) =/

pfg-vh—/ psg- (Vo +wn x 1) +mg- Vi +oh® Y /pfg-(—Avh—th)-
Qp Bp, T

TeTr
This allows us to establish the following Galerkin orthogonality relation, valid for all vy, € ngm, qn € My,
cn (@ — un, D — Pr; Vh, qn) = Riu(vn, qn), (59)

where

Ry (vn, qn) :/ (F*Pfg)'éf)hsh*/ gn diva

By, By,
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+oh? Y /T(F—pfg) : (—Avh—th)+o/ (div @) (div vp,).

T
TeTr Q,

The integrals of F — prg and divu on €, have been rewritten as integrals on B), since both F— prg and diva
vanish on 2.
Combination of (58) and (59) entails

n — s 5n — pulln < CCh(th — @, pn — PV, qn) + Bn(vn, an)
B lvn anllln

We can now use interpolation inequalities as in Section 3.4 of [11]. In particular, the term with ¢; in the
nominator of the fraction above is bounded by Ch*(||u||xr1.0 + [|pllx.0)lllvn, gull|n thanks to (56), (57) and to
the estimates of Lemma 4. To bound Ry, (vs, qn) we recall that F — p rg and div @ vanish on Q. Thus, thanks to
Lemma 3.6 of [11]

Fpyg| < OB —pp < Chht
|7~ e o = p19, o < CP T elisso + o)

and
Idivilly gr < Ch¥|[divl, gr < Ch*[lufien - (60)

This, combined with the estimates of Lemma 4, in particular [|¢nsnllo,or < Chlvp|y qr, leads to [Ry(va, qn)| <
Ch*(|ullsr.e + Ipllee)llvn, anlln and

Win — un, Bn = plln < ChF(Jullisr,0 + [Pllko)- (61)

Recalling again the interpolation estimates (56) and (57), we obtain the error estimates for u and p, announced
by (12).

Proof of the a priori error estimate (13) on the velocity of the solid: we have by the construction of
the interpolant @y = ¢pwp + xn(U + 9 X r) and thanks to (26)

|U = Un| + [ — ¥n| < Cllén(wn —wn) + xn(U = Up + (¥ — 1) x 7)l1,0, = Cllin — un

1,Qn

which proves (13) thanks to (61).
Proof of the L? a priori error estimate (14): let (v,q,V,w) € H2(Q)% x H'(Q) x R? x R? the solution to

—2divD(w)+Vg=u—up, inQ,

dive =0, in Q,
v=V+4+wxr, on T,
v =0, on 'y,

fF(ZD(”) —ql)n =0,
Jr@2D(v) —qI)n x r =0,

Joa=0.

An integration by parts gives
Ju =l = [ (= wn)(-2div D(w) + Vo)

:2Q/QD(u—uh):D(v)—/quiv(u—uh)—/g(p—ph)divv
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+ / (6 — @)wn + (xn — X)(Un + én X 1)) - 2D() — D). (62)

Note that the boundary term fr (2D(v) — gI)n vanishes since u is a rigid body motion on I'. For the same
reason, [..(¢wn + x(Un + ¢n x 1) - (2D(v) — ¢I)n vanishes.

Let (9,4) € H?(,)® x H'(Q,) coincide with (v, q) on Q. They can be constructed by a bounded extension
operator in H? x H' so that

) < Cllu—upllo,o- (63)

12ll2,0, + 1ll1,0, < C(llv

We now further rewrite (62) using Galerkin orthogonality (59) with the test functions v, = ¢rsn + xn (Vi +
wp XTr)E VTbm and g € My, and recalling B, = Q,\€,

\|u—uh||gﬂ=/g 2D(ﬂ—uh):D(ﬁ—vh)—/Q (q—qh)div(a—uh)—/Q (5 — pn) div(s — vn)

I

_ (/B 9D (i — up) : D(7) /B Gdiv(i — up) — /B (5 — pn) div u)

II

+ /Gh (2D(@ — up) — (P — pu)I)n - nsh

II1

—oh Y /{ U_Uh} {avh} ouh® /{aﬁ )]'[ffﬂ

EeFf BeFL
v

— oh? Z / =A@ —up) + V(P —pn) - (—Avy, — Vap)

Ters

Y
-0 Z / div(a — up) div oy, + Ry (vn, qn)
TeTr T
VI

+ [ (@ = 6)un+ (v =0V + 61 x 7)) - (2D() = D (64)

VIII

We now take V}, = V,w;, = w and set s, € Vj, so that ¢p,sy, is an optimal interpolant of v — xp(V 4+ w X 1),
as guaranteed by Lemma 6. We also set ¢, = I, nq using an appropriate Clément interpolation I;,. We can now
estimate all the terms of (64) using the already proven estimate (61) and the interpolation estimates for o — vy,
and p — pp, . This gives

= wil3 e < CH Y2 (ulisr.0 + Ipllko) (15120, + 1l 0, ) (63)

In particular, term I is completely standard and gives in fact a contribution of the optimal order h*+!. Rather
than go to the details of the tedious calculations leading to the bounds of the remaining terms, we prefer here to
refer to the similar arguments used in [11] to estimate the terms in equation (3.24). Indeed, the terms II-III in
(64) can be treated as the terms II-11I in equation (3.24) of [11]. Terms IV-V in (64) can be treated as term IV in
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equation (3.24) of [11]. Terms VI in (64) is also similar to the latter (note, in particular, || divollg.or < Chljv[l2,0
similarly to (60)). Finally, term VII in (64) can be treated as term V in equation (3.24) of [11]. As in [11], all
these terms result in the sub-optimal estimate of order O(h¥*+'/2). The origin of this sub-optimality lies in the
lack of adjoint consistency in formulation (50): the adjoint discrete problem cannot be interpreted as a consistent
discretization of a meaningful continuous problem.

The only term in (64), which does not have a direct analogue in [11], is term VIII. To bound it, we apply
Cauchy-Schwarz inequality together with the interpolation estimates on ¢ — ¢ and x — xp, recalling the
hypotheses ¢ € C*+1(Qy,) and x € H*¥1(Qy,):

VI < CR** (Jlwnlor + 1Us] + lon) (1D (0) o,r + llal

or)-

Then, to bound wy, in L?*(T), we start by a trace inverse inequality |wp|lor < %H’U}hHO’Qh and apply Hardy

inequality of Lemma 5 to wy, = ‘ﬂ%:

lwnllo.cw, < Clidwnle, < (1@ = dn)wnll g, + Ionwnly g, )-

Noting that, by interpolation and inverse inequalities,

16 = dnywnlly 0, < C(16 = nll oyl 0, + 196 = Vonllpoe gy lonlo.0, ) < CH

|079h

we conclude
(1 - C’hk) [whllo,0n < Cllgnwnllr,0,-

Hence, for h small enough,

1
VI < O (- onunl, + 103+ l0n]) (1D o -+ el

Recalling that up = ¢pwp + xpn(Un + ¢n X ), we conclude by Lemma 4 that ||¢rwy
bounded by ||up||1,0,. Applying the trace inequalities to v and g, we arrive at

l1.0,, |Url, || can be all

V| < CRMH Y2 lup 1.0, (0]l + llg

1,Q)-

Since we know that ||up||1,q, is bounded by the norms of u and p thanks to the already proven error estimates
for the velocity in H' norm, we conclude that term VIII contributes to (65) in the same manner as all the other
terms.

Combining (65) with (63) proves (14).

4. NUMERICAL TESTS

In this section, we present numerical results, first in the particular case of a fixed particle, i.e. for the Stokes
equations aone in a fixed domain (¢f. Appendix A and the ¢-FEM scheme (A.2)), and second in the case of the
particulate flows (Egs. (1a)—(1g) and the ¢-FEM scheme (11)). These schemes will be compared with standard
FEM on fitted triangular meshes as on Figure 3 left (we do not introduce higher order approximations of the
curvilinear boundary of the domain, as would be the case in the isoparametric FEM for example). In the case
of Stokes equations, the error is measured with respect to a manufactured solution, while a reference solution
obtained by standard FEM on a fitted fine mesh is used in the case of particulate flows. We have implemented
#-FEM in multiphenics [4]. The implementation scripts can be consulted on GitHub?.

%https://github.com/michelduprez/phi-FEM-particulate-flows-Stokes.git or https://doi.org/10.5281/zenodo.6817135.


https://github.com/michelduprez/phi-FEM-particulate-flows-Stokes.git
https://doi.org/10.5281/zenodo.6817135
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FIGURE 3. Mesh used for the standard FEM formulation (left) and mesh used in the ¢-FEM
schemes (right).

The fluid/solid domain in both our test cases is O = (0,1)? C R? and we take the particle S as a disk of
radius R = 0.21 centered at a point (0.5,0.5). Then Q = [0, 1]*\S. The geometry is presented in Figure 1 (left).
In ¢-FEM, we use the following level-set function, well defined and smooth for all (z,y) € R?,

¢(z,y) = R* — (z — 0.5)* = (y — 0.5)%. (66)

We present only the results with the lowest order Taylor-Hood elements, i.e. setting £ = 2 and thus using P,
elements for wy, ¢p, xp (the approximation ¢y, for ¢ is exact in this case). The tests with elements of higher
order would lead to essentially the same observations. The stabilization parameters are set to o = o, = 20 (as
in [11]).

4.1. Particular case of a fixed particle: Stokes equations

We start by Stokes equations (A.1) in the domain 2, as above, with the right-hand side such that the exact
solution is as follows, cf. [14],

u(x,y) = (cos(mzx) sin(my), — sin(rx) cos(my)),
p(z,y) = (y — 0.5) cos(2mx) + (x — 0.5) sin(27y),
taking v = 1.

We shall test the ¢-FEM scheme given by (A.2) in Appendix A and compare it with a standard Taylor-Hood
FEM on a fitted mesh. To this end, we introduce a quasi-uniform triangular mesh 7,2t fitted to €, in the sense
that the boundary nodes of the mesh lie on I' UT',,. The domain occupied by this mesh, denoted by Qf‘Lt, is

a polygonal approximation of €2, since the interface I" is curvilinear and cannot be represented exactly by the
straight edges. We introduce then the FE spaces

viter = {on € C() " onlr € PAT)! YT € T, o = Tyup on Ty NTH | (67)
Mm{%ecm%;%hewa)VTeﬁﬁ / %o} (68)
Qe

where I‘Et is the part of the boundary of Qgt approximating I'. A standard fitted Taylor-Hood FEM can be
written as: find (un, pn) € VE""P x Mt such that

/ 2D(uh):D(Uh)—/ phdivvh—/ qhdivuh:/fvh, (69)
Qfit Qfit Qfit Q
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e fu = unlly g /[[ullg g st-FEM

e |lu = up|ly gpie/|[ully gpie st-FEM
—— |lu— upllog, /Ilufog, ¢-FEM

' ( 4[5 = plly gpie /17 pllg g 5t-FEM
= lu—wnllr,/llulli0, ¢-FEM

—— |5 —pnlloq,/lIBllog, ¢-FEM

10-!

1072

10-6 1073

1077 10-*

102 10! 1072 10! 102 101
h h h

FIGURE 4. Rates of convergence for the standard Taylor-Hood FEM scheme (69) and the
¢-FEM scheme (A.2) in the case of Stokes equations. The L? relative error of the velocity
(left), the H' relative error of the velocity (middle) and the L? relative error of the pressure
(right).

for all (vp,,qr) € VE° x M.

Examples of meshes for the standard FEM formulation and the ¢-FEM scheme are given in Figure 3 (left) and
(right), respectively. In Figure 4, we report convergence results for the standard fitted Taylor-Hood FEM (69)
and for ¢-FEM (A.2) in the case of Stokes equations. We recover the theoretical rates of convergence of ¢-FEM
stated in Theorem 2: 2nd order in & for both the H!-error in velocity and the L2-error in pressure. The L?-error
in velocity is actually better than theoretically predicted: it is of order 3 instead of theoretically expected 2.5.
We observe thus that ¢-FEM is fully optimal in practice: it demonstrates the same convergence rates in all
the aforementioned norms as the standard FEM would demonstrate in the ideal situation of a fitted mesh on a
convex polygonal domain. Actually, our setting is not ideal, € is neither convex, not polygonal. It is thus not
surprising that the standard Taylor-Hood FEM underperforms (we recall that the mesh 'Thﬁt is triangular with
straight edges and no higher order geometrical approximation is introduced there). Experimentally observed
convergence rates for this scheme are =2 for the L2-error in velocity, ~1.5 for the H'-error in velocity, and
slightly smaller than 2 for the L2-error in pressure (the error in pressure is thus the only one for which the
optimal convergence order seems to be retained in practice). Moreover, all the errors on all the considered
meshes are systematically smaller for ¢-FEM than for the fitted FEM.

Remark 6. As already noted in Remark 2, in ¢-FEM, it is impossible to impose fQ pn, = 0. In our implemen-
tation, we rather impose th pr, = 0 with the help of a Lagrange multiplier, i.e. we add Ap, th Dh + fn th an
(with A, pun € R) to the formulation. To compute the relative L2-error for the pressure, we should compare py,
with the exact pressure whose integral vanishes over €2, (recall that the pressure is physically defined up to an
additive constant any way). We thus introduce p = p — ¢cq, with cq, = ﬁ th p and compute the errors with
respect to p. Similarly, in the case of standard fitted FEM, we impose foj“ pr, = 0 by a Lagrange multiplier and

compute the relative error against p = p — Copit with Cafiv = ﬁ me p.
L v h h

4.2. Particulate flows

We now turn to the creeping particulate flow equations (1a)—(1g) in the same geometry as before. The level-
set ¢ is again defined by (66). The vertical gravity is assumed to be equal to 10. The density of the fluid and the
solid are equal to py = 1 and p, = 2, respectively, and the viscosity v = 1. We deduce that the mass of the solid
is equal to m = pym2R2. For the cut-off y, we consider the radial polynomial of degree 5 on the interval (rg, ;)
with 7¢ = R and r; = 0.45 such that x(ro) = 1 and x'(ro) = X" (r0) = x(r1) = xX'(r1) = x”(r1) = 0 so that,
setting xy = 1 for r < R and x = 0 for » > R, the resulting y is two times differentiable and thus y € H?(O) as
required by Assumption 2:
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FIGURE 5. Velocity obtained with the standard Taylor-Hood FEM scheme (70).

1, for r < rg
x(r)=141+ 7({(:3;21))5, for ro <r <mr
0, for r > ry

where

f(ro,m) = (—67"5 +15(rg 4+ r1)rt — 10(7’(2) + 4rory + r%)r‘o’ + 3077y (ro + 71)72
— 30rgrir + 15 (1§ — 5rire +10r7)).

Let us introduce a Taylor-Hood scheme which will be compared with our ¢-FEM scheme. We introduce first
the fitting mesh Thﬁt on domain Qﬁt as in the preceding section, cf. Figure 3 (left), and adapt the Taylor-Hood
FE space velocity space, cf. (67), as

Vit — {vh € C(Qﬁt)d cuplT € ]P’Q(T)d VT € 'Z}lﬁt, vp =0 on Fw},

while keeping the pressure space (68) as before. Note that the velocity FE space does no longer contain any
restrictions on the boundary part I‘Et approximating I'. We shall impose the boundary conditions there with
the help of Lagrange multipliers, introducing the space

AR = Ly, € C(QFY) : punlr € PA(F) VF € Fit},

where ]-"}jt is the set of the boundary facets on F%t. A fitted Taylor-Hood FE formulation is then written as:
find (un, Py Ay Uny n) € VEE 5 MEE x A x RY x R such that

/‘ 2D(uh):D(vh)—/A phdiV’Uh—/A qhdivuh
Qfit Qfit Qfit

+/ )\h'(Uh—Vh—thT)+/ Nh‘(uh_Uh_thT):/ prgvn +mg - Vi, (70)
rit riit ot

for all (vn, qn, ptn, Vi, wp) € VI x M8 5 Afit 5 RE 5 RY. We present in Figure 5 the velocity obtained with
the standard Taylor-Hood FEM scheme (70). Such a velocity and the accompanying pressure, computed on a
very fine fitted grid, will be used as the reference solution in the subsequent numerical experiments and will be
denoted as u,p in what follows.

A comparison between the standard Taylor-Hood FEM (70) and ¢-FEM (11) is presented in Figures 6 and 7
(we do not report the error in the particle rotation velocity whose exact value is 0 and which is accurately
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e[t — tup g qurine [ tllg gorime SE-FEM e [t — up | qyrine /1 al]y gprone SE-FEM
—= lJu—upfl,arine/|[ullggrine $-FEM == |lu = unlly qrine /|Jully grine ¢-FEM
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FIGURE 6. Rates of convergence for the standard Taylor-Hood FEM scheme (70) and the ¢-
FEM scheme (11) in the case of particulate flows. The L? relative error of the velocity (left)
and the H' relative error of the velocity (right).

4 [U — Uy |/|U] st-FEM
—— |U — Up|/|U| ¢-FEM

@ [|p = pullo,asine/|Pllo,arine st-FEM
—— llp = pullo.qrine/lIpllo @rine ¢-FEM

10-1
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104
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h h

FIGURE 7. Rates of convergence for the standard Taylor-Hood FEM scheme (69) and the ¢-
FEM scheme (A.2) in the case of particulate flows. The L? relative error of the pressure (left)
and relative error of the displacement of the solid (right).

predicted by all the schemes up to machine precision; this can be attributed to the symmetry of our test case).
Since the error is computed with respect to a fine reference solution solution living on a fine fitted mesh, the
numerical solution computed by either (70) or (11) should be projected to this fine mesh in order to compute the
errors. This is reflected in the legends of the convergence curves: /"¢ stands for the fine fitted approximation
there. Similarly to Remark 6, we impose the pressure mean by a Lagrange multiplier in both schemes, and
adjust the additive constants properly when computing the errors in pressure.

The conclusions are essentially the same as in the previous test case (Stokes equations alone): ¢-FEM exhibits
optimal convergence rates, while the fitted standard FEM is suboptimal (with the exception of the L? error in
pressure). It seems again that our theoretical estimates for the L2-error of the fluid velocity is not sharp: the
experimental convergence rate is k + 1 rather than k + % The same observation can be made about the particle
velocity: the experimental convergence rate is k + 1 rather than theoretically predicted k.

5. CONCLUSIONS AND PERSPECTIVES

The main goal of the ¢-FEM approach is to avoid the non standard quadrature on the cut mesh cells inherent
to CutFEM. Some of the attractive features of ¢-FEM are:

— ¢-FEM is readily available for finite elements of any order (without the need of any additional higher order
approximation of the geometry).
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— (corollary of the previous point) ¢-FEM outperforms the standard fitted FEM on polygonal meshes if the
order of piecewise polynomials is >1 (unless one implements more complicated versions of FEM in order to
treat properly the curvilinear boundary, such as the isoparametric FEM).

— ¢-FEM uses standard FE spaces and is based on a variational formulation of the problem, so that it can
be easily implemented in existing general-purpose FEM libraries, provided they allow one to compute the
jumps on selected facets and the second derivatives on selected cells.

To counter-balance the last point, we should mention that the variational formulation at the base of ¢-FEM
can be rather complicated. Typically, it contains more terms than a fitted FEM or a CutFEM scheme for
the same problem. The implementation, although straightforward, may thus require some extra programming
efforts. As a reward, one easily gets a good description of the geometry which may result in smaller computing
times than those for standard FEM, as highlighted in [10].

In the present article we have adapted ¢-FEM to the Stokes equations and to the combination of the Stokes
equations with the motion of a rigid particle inside the fluid, providing a first brick in future applications of
this technology to fluid structure interaction problems.

Of course, there remains a lot of open questions. To conclude, we list some of those (not necessarily related
to the particular case of Stokes equations or flows with particles) and envisage potential solutions:

— Theoretical suboptimality of ¢-FEM in the L?-norm. However, all the numerical experiments show the
optimal convergence in this norm, which gives us hope that a sharper theoretical estimate could be found.

— A mismatch between the theoretical construction of the active mesh 7, and its practical implementation,
cf. Remark 1. The theoretical construction of 7} is crucial for the current proof of coercivity, ¢f. Lemma 9.
An alternative proof should be found.

— A practical construction of the levelset function, which should satisfy some assumptions summarized in
Remark 3. In the present article, ¢ was given analytically, but in more realistic applications one will have to
construct an appropriate ¢, on the discrete level directly. A good candidate, in the vicinity of I' would be
the signed distance to I', for which there exist efficient libraries, but it will remain to extend it in a smooth
way (again directly on the discrete level) far from I'. As an alternative, we note that in other versions of
¢-FEM, ¢y, may be required only on mesh cells near T', ¢f. [10,12].

— The current construction of stabilization in ¢-FEM relies heavily on the linearity of the governing equations.
Indeed, the terms with prefactor ¢ in (11) reproduce the governing equations for both trial and test functions.
If the equations are non-linear, one cannot do this since the formulation should remain linear in the test
functions. Thus, going from Stokes to Navier-Stokes, for example, is not straightforward. Various options of
linearization of the stabilization terms should be yet tested numerically and theoretically.

APPENDIX A. ¢-FEM FOR STOKES EQUATIONS IN A FIXED DOMAIN

In this section, we propose a ¢-FEM scheme for the simpler case of a fixed solid in the fluid. The governing
equations are the non-homogeneous Stokes equations given by

—2div(D(u))+Vp=f, inQ,
divu = 0, in Q, (A1)
u=up, on"UT,,.

Assume that up and f are defined in the whole discrete domain €2,. Inspired by the ¢-FEM scheme for
particulate flow given in (11), we can derive the following ¢-FEM scheme for the non-homogeneous Stokes
equations (A.1): find wy, € Vp, pp € My, satisfying

/ 2D(up + ¢nwn) = D(¢nsn) — / (2D(up + ¢rwn) — prl)n - Prsy
Qpn Gh

- / prdiv(ensy) — / qn div(up + ¢pwp) + oy Ju(Up + Orwh, PrSK)
Qh, Qh
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+ oh? Z /T(_A(UD + dnwn) + Von) - (=A(énsn) — Van)

TeTl

to > /T div(up + dpwy) div(opon)

=

= /Qh fonsn+oh® Y /Tf(—A(UD + énsn) = Van), (A2)

TeTl

for all s, € Vy, qn € My,.
We now state our second main result for the Stokes equations:

Theorem 2. Suppose that Assumptions 1, 3, 4 and 5 hold true, the mesh Ty, is quasi-uniform. Let (u,p) €
HETLHQ)E x H*(Q) be the solution to (A.1) and (wpn,pn) € Vi x My be the solution to (A.2). Denoting
Up = Gpwy, it holds

1 1
= s, + 519 = rlnson, < O (il + 2ol

with a constant C > 0 depending on the Cy, m, M in Assumptions 1, 4, on the mazimum of the derivatives of
¢, on the mesh regularity, and on the polynomial degree k, but independent of h, f, and u.
Moreover, supposing @ C Qp

1
w= o < 002 (ullnn + ol

with a constant C > 0 of the same type.

The proof of Theorem 2 can be adapted from the proof of Theorem 1. It is even more simple.

APPENDIX B. A GLOSSARY OF GEOMETRICAL NOTATIONS
Iy the approximate interface: I'y, = {¢p, = 0}
Th the active mesh: 7, = {T € 7,C : T N {¢;, < 0} £ &}
7' intersection of 7, with ', 7V ={T € T;, : TNT), # &}
ZLF"M 7.l and the cells which are neighbors and neighbors of neighbors of cells of Z,l' in 7,
7, T\ T,
Fr FF ={F (an internal facet of 7) such that 3T € 7,/ and E € 0T}

Gy, the internal component of 92y, corresponding to the interface I': Gy, = 9Qp, \ Ty
By, the strip between I' and Gj,: B, = Qp, \

B}: the strip between I' and I'y,

By, the strip between Ty, = {¢5, = 0} and Gp: B, = {¢n > 0} N,

We also recall that the domain occupied by the active mesh 7}, is denoted by 2y, i.e. Qp := (UTeThT)O. The
same convention is applied to the submeshes 7,/ and 7/, giving respectively Q] and .
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