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FINITE ELEMENT APPROXIMATION OF DIELECTROPHORETIC FORCE
DRIVEN FLOW PROBLEMS

PHILIPP GERSTNER"?* AND VINCENT HEUVELINE!

Abstract. In this paper, we propose a full discretization scheme for the instationary thermal-electro-
hydrodynamic (TEHD) Boussinesq equations. These equations model the dynamics of a non-isothermal,
dielectric fluid under the influence of a dielectrophoretic (DEP) force. Our scheme combines an H'-
conformal finite element method for spatial discretization with a backward differentiation formula
(BDF) for time stepping. The resulting scheme allows for a decoupled solution of the individual parts
of this multi-physics system. Moreover, we derive a priori convergence rates that are of first and second
order in time, depending on how the individual ingredients of the BDF scheme are chosen and of
optimal order in space. In doing so, special care is taken of modeling the DEP force, since its original
form is a cubic term. The obtained error estimates are verified by numerical experiments.
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1. INTRODUCTION

If a non-isothermal, dielectric fluid is exposed to an alternating, external electric field E, then it experiences
the so-called dielectrophoretic (DEP) force. The resulting state of the fluid, given by its velocity u, pressure p,
temperature # and internal electric potential ®, can be modeled by means of the thermal-electro-hydrodynamic
(TEHD) Boussinesq equations in the domain  [28§],

du+ (u-V)u—vAu+ Vp = a.|[VO|*VI — a,0g (1.1)
V-u=0 (1.2)

90+ (u-V)I— kA =0 (1.3)

—V - (e(6)V®) = 0, (1.4)

with kinematic viscosity v, thermal expansion coefficient a4, thermal diffusion coefficient , gravitational field
g, constant in time, mixed Dirichlet—-Neumann boundary conditions #p, ®p, and initial conditions ug, 6g.

u=20 OnaQZFDUFN,FDﬂFN:(D
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0=0p onT'p, VO-n=0on Ty
P=®ponlp, VP -n=0o0n Ty
u(0) = uy
6(0) = bp. (1.5)

System (1.1)—(1.5) is obtained by augmenting the standard Boussinesq equations with Gauss’ law (1.4) and
with the DEP force f%|V(I>|2Ve and by linearizing the temperature dependent dielectric permittivity e around
a given reference temperature 6,. The resulting DEP coeflicient is then given by a, = % with fluid density
p, ¥ = Ope(B,) and dielectric constant e.€q [28].

In recent years, there has been growing interest in the investigation of DEP-driven flows, since the DEP
force can be used to enhance the effectiveness of heat exchanging systems [7]. Moreover, the DEP force can be
considered as artificial gravity and thereby allows to simulate Earth mantle convection in physical experiments
[8]. While many works on this topic are of experimental nature [10, 23, 25,27, 35], or address linear stability
analysis [22, 24, 37, 38, 40, 45], there are also few contributions on the numerical solution of (1.1)—(1.5). For
instance, in [19-21,46] the use of finite volumes in combination with low order time stepping schemes is proposed.
A spectral approach is presented in [42-44] and the finite element method (FEM) is used in [26, 35, 36].

However, to the best of the authors’ knowledge, there is a lack of publications that address the numerical
analysis of any kind of discretization method applied to the TEHD Boussinesq equations. We thus propose a full
discretization scheme, based on H!-conformal FEM and variants of the backward differentiation formula (BDF),
and derive corresponding a priori error estimates in this work. The presented analysis is inspired by Tabata
and Tagami [39], where error estimates for a FEM/backward Euler discretization of the standard Boussinesq
equations with temperature dependent viscosity v and thermal diffusion coefficient x are derived. Further results
on numerical analysis of FEM applied to the standard Boussinesq equations are derived in many works, see for
instance [1,2,4,5,29-31,33] and the references therein.

Compared to the natural convection case, the main difficulty that comes with system (1.1)—(1.5) is due to
the DEP force term. For the typical W' 2-regularity of solutions § and ® of heat equation and Gauss’ law —
involving non-smooth coefficients, Lipschitz domains and mixed boundary conditions — one cannot assume that
|V<I>|2V9 is sufficiently regular to be an element of H~1(£2). Therefore, we propose an approximate DEP force
term, based on a cut-off operator, to obtain a well-defined variational formulation.

The error estimates are derived for this modified DEP term and convergence rates of the form h® + kP
with mesh width h and time step k are obtained. As usual, the spatial order of convergence o depends on
the assumed regularity of the exact solution and the approximation properties of the underlying finite element
spaces. Concerning the temporal order of velocity, temperature and potential error, we obtain § =1 or 8 = 2
for the one-step and two-step BDF scheme, respectively.

All presented error estimates only hold under a small data condition which originates from the DEP force
and which is of the form

. O(t,2)|? < coVrk, 1.
o te[o,r%%,);eﬂ‘v (t,2)|” < cavk (1.6)

with domain dependent constant c. Compared to small data conditions in other situations, see the ones for
the stationary Boussinesq equations for instance [31], equation (1.6) is rather mild though and its validness can
be shown in realistic scenarios, see Section 7 and [12].

The derived convergence rates are validated by numerical experiments and we further discuss in which sense
the obtained results also apply to the original DEP term |VCI>|2V0.

The proposed time stepping schemes treat all nonlinear terms in a semi-implicit fashion, which allows for
solving the incompressible flow equations, heat equation and Gauss’ law in a decoupled way. Moreover, the
approximation of 0; and the extrapolation of u in the arising convection terms are defined in a general manner.
Thus, we are able to cover the aforementioned one- and two-step BDF schemes in a unified analysis.

The outline of this paper is as follows: First, the continuous variational formulation is stated in Section 2.
In Section 3 we present the spatial and temporal discretization scheme and show well-posedness of the discrete
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equations. Corresponding a priori error estimates are derived in Section 4. In Section 5 we address the modeling
of the DEP force. Numerical experiments underlining the theoretical convergence rates are presented in Section 6.
In Section 7 we discuss the relation between the original and modified DEP term. We conclude this work in
Section 8.

Preliminaries

Throughout this work, let Q C R?, d € {2,3} denote a bounded domain with Lipschitz boundary T' := 99,
that is split into disjoint Dirichlet and Neumann parts, i.e. ' = T'p UT'y, I'p NIy = 0. We suppose that I'p
has positive (d — 1)-dimensional Haussdorfl measure.

For k € Ny and p € [1, 00], let WFP(Q) denote the common Sobolev spaces, where WP (Q) := LP(2). The
associated norms and semi-norms are given by |||, o and ||, , o, respectively. If no potential ambiguity may
arise, we skip the subscript € in the norm notation.

For p = 2 we use the abbreviations ||| := ||l .0: I|; = |'[1 2.0, (4, v) := [ uv and HF(Q) .= WF2(Q).

Spaces of vanishing trace are given by the closures of C°(2) := {v € C>*°(Q): supp(v) CC Q} and CF(Q) :=
{v)o: v € C(RY), supp(v) NT'p = 0} in H'(Q) and denoted by H{(Q2) and H}, (), respectively. Friedrich’s
inequality, [lully, < ¢[[Vullg,, is valid for these spaces with corresponding constants ¢ = ¢ and ¢ = cp. We
thus equip Hj(Q2) and Hp () with |-]; ,.

Moreover, L§(Q) := {p € L*(Q): [,p = 0} and spaces of vector-valued functions are indicated by boldface
letters, e.g. LP(2). We write H=1(Q), H™1(Q) for the dual spaces of H5(2) and H}(12), respectively, and denote

their corresponding norms by [|¢[|_; 5 = supycmi(q) W
’ 1,2

For p € [1,00] and a Banach space X let LP(X) := LP(0,T; X) denote the space of Bochner-integrable,
X-valued functions on the interval (0,T'). The associated norm is denoted by |||, -

For integers 0 < m < M and k € (0,00) (time step), a space of Z-valued sequences is defined by
Pm,M;7Z) = {(z"),: n = m,...,M, z* € Z} and equipped with the norm H(z")n||fp(m7M;Z)7k =
ESSM 2% if p e [1,00) and 1" nllise (moarszy = max{[|z"]|z: n = m,...,M} if p = oo. If no poten-
tial ambiguity may arise, we simply write ||-[|;5z) for [[*[l;0 (. ar.2) -

For a given equidistant partition 0 =t < t; < ... <ty =T of [0,T] with k = t; — ¢;—1, and a continuous
function z: [0,T] — Z let 2™ := 2(t,) and ||z ) == ||(z(tn)>n||zp(z)-

Furthermore, we write X* for the dual space of a normed space X and (¢, z) x+ := ¢(z) for p € X*, z € X.
X < Y denotes the continuous injection of X into Y and £(X,Y") denotes the space of bounded linear operators
between the normed spaces X, Y. For r > 0, z € X, let B.(z,X) = {y € X: ||y —z||y < r}. Throughout
this work, ¢ denotes a generic constant that only depends on 2, differentiability and integrability orders via
embedding constants, but not on problem-dependent parameters, such as v or k, and discretization parameters
h and k. Finally, a < b for terms a = a(h, k), b = b(h, k), means that a < Cb for some constant C' that does not
depend on h and k.

2. CONTINUOUS PROBLEM

In this section, we state a continuous variational formulation for the TEHD Boussinesq equations (1.1)-
(1.5). As previously noted, a variational formulation of (1.1) which involves a DEP force of the form |V®[?V6
would imply some problematic consequences. Using W12(Q) — L9(Q), the regularity conditions ® € W1#(Q),
6 € WHi(Q) with 1 = 1 + 2 + § (which is only possible to hold for s > 12) are required to infer, by means of
Holder’s inequality, that (Faep(0, @), vig-1 := ([V®|>V0, v) is well-defined. Similarly, a Lipschitz property of
Faep (needed in the proposed error analysis) relies on the norms [|-[|; , and [|-[|, ;. However, the natural norm
in this analysis for bounding 6, ® is ||-||; , and the conversion between these norms, e.g. by means of inverse
estimates, would introduce negative powe7rs of h, which could not be compensated. For this reason, we replace
Fgcp by a general body force F for now, which is supposed to model the DEP term Fgcp, and also incorporates
additional terms such as gravitation and other source terms. Below, we impose conditions on F that are sufficient
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to perform the error analysis, see Assumption 3.13, and propose a suitable realization for F as an approximation
to the original DEP force Fy., and possible additional terms, see Section 5. At this point, we only require the
following assumption.

Assumption 2.1 (General body force). Let a general body force F: H(2) x HY(Q2) — H™1(Q2) be given.
Assumption 2.2 and 2.3 collect the remaining requirements imposed on the problem data.

Assumption 2.2 (Physical parameters). Let v,k > 0. The permittivity e: R — [e_,ey] as a function of tem-
perature is Lipschitz continuous with constant L, and 0 < e < €4 < 0.

Assumption 2.3 (Boundary and initial conditions). The initial conditions and temporally constant Dirichlet
boundary conditions 0p, ®p posed on I'p satisfy the following conditions:

(i) up € HY(Q) with V -ug =0 and 6y € HL ().
(ii) There exists a boundary lifting ®, € WH>°(Q) of ®p.
(iii) There exists a boundary lifting 6, € W (Q) of Op.

The variational formulation of (1.1)—(1.4) is based on the following function spaces. Velocity test and ansatz
functions are taken from the spaces U := (H}(12),]-|,) and the closure of V(2) = {u € C*(Q?)?: V-u =0} in
H}(Q) and L?(€2), denoted by V and H, respectively. The spaces for pressure, temperature and potential are
given by M := (LZ(Q), ||-]), © := (HL(Q), |-],) and T := (H}(Q), |:],), respectively.

Moreover, we define the following set of bi- and trilinear forms for u,v,w € H(Q), 8,7, ®,3 € H}(Q) and
q € L3(Q):

ay(u,v) :=v(Vu,Vv), ev(u,v,w) = (u-Vv,w),
a-(0,7) :=k(VH,VT), cr(u,0,7):= (u-V0,7),
a’ﬁ(97 P, 6) = (6(9)V@7 vB)v b(ua (]) = (v -, q)' (21)

We now state a definition of a continuous variational formulation and corresponding weak solutions of
(1.1)—(1.5).

Problem 2.4 (Instationary TEHD equations). Let T > 0 and source terms f, € C(0,7;U*), f. € C(0,T;6%),
fz € C(0,T;T*) be given.

Find u € L?(0,7;V), 6 € L?(0,T7;0), p € L?(0,T; M) and ® € L%(0,T;Y) with 9,u € L'(0,T;L?) and
9¢0 € L1(0,T;L?), such that for all t € [0,7] and (v,q,7,8) € U x M x © x T:

(Oru, V) + ay(u,v) + cy(u,u,v) = b(v,p) = (F(O+ 0, D + &) + £, v)u-
b(u,q) =0
(0:0,7) +a (0 + 0p,7) + cr (0,0 + 0y, 7) = (fr,T)o~
ag(0 + Oy, © + Py, B) = (f5, B) v
u(0) = ug
6(0) = b,.

Remark 2.5. To simplify presentation, we do not introduce additional notation for the temperature 6 with
homogenous boundary values in Problem 2.4. Thus, 6 + 8, in Problem 2.4 and in the following corresponds to
6 in the strong formulation (1.1)—(1.5). The potential ® is treated analogously.

Remark 2.6. f,, f., fs denote arbitrary source terms, that are independent of the unknown solution and
boundary conditions. The strong formulation (1.1)—(1.5) corresponds to Problem 2.4 for f, = f; = fg = 0.
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Remark 2.7. If  is additionally in H? and the boundary lifting is assumed to be in H? as well, then Green’s
formula can be applied in the usual way on the term a, (0 + 6, 7); first with 7 € C°(Q2) to show that 6 + 6,
solves (1.3); second with 7 € C'%(2) to obtain V(6 + 6,) - n = 0 on I'y. Analogous results hold for &, @y,

Remark 2.8. In [12], existence and stability of solutions of the instationary TEHD equations in solenoidal form
is shown. These solutions, however, are of lower temporal regularity, d;u € L(0,T;V*), 8;0 € L*(0,T;0%),
and the instationary equations only hold in a distributional sense, i.e. in C°((0,T))*. Moreover, the underlying
assumptions on F in [12] differ from those imposed in Section 3. For this existence result it is assumed that weak
convergence of sequences (6,,, ®,,), — (0, ®) in H: x H! should imply pointwise convergence F(0,,, ®,,) — F(0, ®)
in U*, which is not satisfied by the DEP model proposed for the numerical analysis in this work. Corresponding
modelizations of F are based on linearization w.r.t. ® around a given reference potential. To the best of the
authors’ knowledge, this is the only work on well-posedness of the TEHD equations.

3. DISCRETE PROBLEM

In this section, we propose a full discretization of Problem 2.4, leading to the discrete Problem 3.12. After-
wards, unique existence and stability of discrete solutions is shown.

3.1. Spatial discretization

The spatial discretization is given by H'-conformal finite element spaces that satisfy the following conditions.

Assumption 3.1 (Finite element spaces). For some hg > 0 and all h € (0, ho] let finite element spaces Uy, C U,
My, C M, ©p C ©, T, CT with underlying triangulation Ty, of Q0 be given that satisfy

(i) There is 3 > 0, independent of h, such that

. b(V}L7 qh)
inf sup ————
€M v, cuy, [[Vally ollgnll

= p.
(ii) There are operators Iy € L(H?*(Q)NU,Uy), Hy € L(L*(Q), My) and m € N such that for all integers
1<s<mand alu e H"(Q) N U, pe H(Q) N M

[u — Tuul| + hlju — ol 5 < ch*Hully 5,

lp = Marpl| < ch®[|pll; o-

(iii) There are operators Ilx € L(H*(Q) N X, X)), X € {0, Y} and n € N such that for all integers 1 < s < n
and allm € HT1(Q) N X

I = Txnll + hlln = Txlly 5, < ch*Hinll, .

Moreover, the following stability estimate holds: there is cp > 0 such that for all n € H?(Q) N X and
pe{2,3}

Mxnlly < enlnll,s-

(iv) For all s,t € {0,1} with 0 < s <t <1 and q,r € [1,00] with 1 < ¢ < r < oo there holds for all uj, € Uy,
Th S Xh; X e {@aT}a
[unll;, < chS*”d(?*E)HuhHsﬂ’

_ 1_ 1
il < b~ G
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Remark 3.2. The requirements of Assumption 3.1 can be met by choosing U, x M}, as the Taylor—-Hood
element Py x P; and Oy, T} as continuous Lagrange elements P, with & > 1 on a (shape-) regular, quasi-
uniform family of triangulations 7; of the polyhedral domain 2, with all mesh cells being affine-equivalent
simplices or hypercubes. In this case, II. denotes the nodal interpolation operator. See Theorem A.127 in [12]
and the references therein for (i), Theorem 4.4.20 and 4.5.11 in [6] for (ii), (ili) and (iv), respectively. The
stability property in (iii) follows from Lemma A.2 and Section A.2 in [14], saying

In—Tenlly 4 < clnlia  for all n € WH(9), (3.1)
the triangle inequality and L4(Q2) — L3(Q) — L?(Q), H3(Q)) — WH4(Q).

In the upcoming error analysis, we make use of the well-known Stokes projection, e.g. [15], to bound the
approximation error of velocity and pressure. In this way, some terms of the instationary error equation naturally
cancel out.

Definition 3.3 (Stokes projection). For (u,p) € U x M with V- u = 0 let (wy,r,) € Uy x M), denote the
unique solution of

ay(Wh,vp) — b(Vh, ) = ay(u,vy) — b(ve,p)  for all v, € Up,
b(Wh,qh> =0 for all q € Mj,.

The Stokes Projection is defined as
Hs: Ux M — Up x My, (,p) — (Wp,7p).

Lemma 3.4 (Properties of stokes projection). Let Assumption 3.1 (i) and (ii) hold. Then, Ilg is well-defined,
linear and there holds for (wp,rp) = Hg(u,p),

VWl < [Vl + v~ "lpll.

Moreover, there is Cg, independent of h and v, such that for all (u,p) € (Hl“(Q) N U) X (HI(Q) N M) with
1 <1< m and m defined by Assumption 3.1 (i), there holds

Ju=willy o < Csh! (Ially 10+ v ol )

I =7l < Csh! (vullgy o+ o)

If the Stokes problem is regular, i.e. the mapping (u,p) — —vAu+ Vp is an isomorphism from (H2(Q) N V) X
(H'(Q) NL&(Q2)) onto L*(), then

Ju—wi | < Cs0h™ (1l s+ Il2)-
with Cg o > 0, indepenent of h.

Proof. See Lemma 4.42 and 4.43 in [18] for the stability result and h! convergence, and Theorem I11.1.9 in [14]
for the improved L? convergence rates. O

Remark 3.5. According to Theorem 1.5.4 and Remark 1.5.6 in [14], the Stokes problem is regular if I' € C? or
if d =2 and € is a convex polygon.

The full discretization scheme proposed in the next section will lead to a sequence of stationary, spatially
discretized problems of the following form.
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Problem 3.6 (Linearized stationary TEHD equations). Let 6 > 0, source terms f, € U*, f; € ©%, fz € T~
and functions u € U, 0,60 € O be given.
Find (uh,ph,ah,q)h) € Uy x My, x © x YT}, such that for all (Vh,qh,Th,ﬁh) € Up X My, X O x T

d(un, vi) + av(up, vi) + & (0, up, vi) — b(vi, pn)

—(F(0 + 0y, @y + ®p), vi)u- = (fv, Vh)U* (3.2)

b(un, qn) = (3.3)

0(On + Oy, 1) + ar(On + Oy, 1) + - (0, 0p + Oy, ) = <fT;Th> (3.4)
ag(0 + 0y, @5 + D, Br) = (£, Bn) 7 (3.5)

In the spatially discretized equations (3.2) and (3.4), the respective convection terms are replaced by the
skew-symmetrized trilinear forms [41]

v(u,w,v) = i(cv(u,w,v) —cv(u,v,w)),
& (u,0,7) = %(cv(u,om) ~ eo(u,7,0)),

to account for the fact that the discrete continuity equation (3.3), in general, does not imply V - u;, = 0.

Remark 3.7. The functions u, 6, 6 stated in Problem 3.6 account for function values at previous time steps,
resulting from an explicit time discretization of the nonlinear terms, see Problem 3.12.

Lemma 3.8 (Existence and uniqueness of stationary solutions). Let Assumptions 2.1-3.1 hold. Then, Prob-
lem 3.6 is uniquely solvable.

Proof. As 8(-,-) + ar(--) + & (,-,-) and ag(@ + y,-,-) are bounded, coercive bilinear forms on Oy, and T,
respectively, the unique existence of 6y, ®; is a direct consequence of Lax—Milgram. Having these functions
determined, equations (3.2) and (3.3) is just an Oseen system. Thus, unique existence of uy, pp follows from
the discrete inf-sup condition, Assumption 3.1 (i), and Lax—Milgram applied to the bounded, coercive bilinear
form o(+,-) + av(-,+) + &(u, -, ) on Uy,. O

2. Full discretization

To set up the temporal discretization, let 0 =ty < t; < ... < ty =T denote an equidistant partition of the
time interval [0, 7], i.e. t; = ik with k := % and N € N. The approximation of d; and the extrapolation in the
nonlinear terms are described by multi-step difference operators.

Definition 3.9 (g-step difference operator). Let Z denote a vector space, ¢ € N and ¢ € R9"L. The g¢-step
difference operator J., applied to a sequence (2™),, C Z, is defined as

q
no._ Z CiZn i
i=0
Je is called explicit, if cg = 0, and J; denotes the 1-step operator determined by ¢ = (1, —1).

Assumption 3.10 (Difference operators). Let g-step difference operators Je, Ja, Jg, Jg be given with

(i) Je, Jg, Jg are explicit.

(i) i, =2l 9=1



1698 P. GERSTNER AND V. HEUVELINE

(iii) There ezists a constant 6 > 0 such that for each sequence (2"),>0 C Z with Z € {L*(Q),L?(Q)}, there are

sequences (Zn)n>q—1; (Zn)n>q C R with

(Jaz",2"), > 6J1(Hz"||22+ZZ) —|—Zi for all n > ¢

and Z,, only depends on z' for | < n.

The following lemma, see e.g. [9,39], gives two possible choices, for which condition (iii) of Assumption 3.10
is satisfied.

Lemma 3.11 (Stability of difference operators).
(i) Ifd = (1,-1), then Assumption 3.10 (iii) holds with

1 —= 1
6=, Zn=0, Zn=——|Jaz"|,.
T5laz"lz

(i) Ifd = (3,-2,1), then Assumption 3.10 (iii) holds with

0= i’ L = ||22n — Zn71||Z7 Zn = %“szrl — 22" +Zn71HZ'

The full discretization of Problem 2.4 is now given by the following sequence of stationary problems.

Problem 3.12 (Discretized instationary TEHD equations). Let ¢ > 1 and initial conditions {(u%,@i) ;:; -
U,, x Oy, be given which are discretely divergence free, i.e.
b(u,vy) =0 for all vj, € Up,. (3.6)

Assume that the g-step difference operators Jc, Jq, Jg, Jg satisfy Assumption 3.10 and that the source terms are
given by f¥ := fx(t,,), where fx is defined as in Problem 2.4 for X € {v, 7, 8}.

For m € {q,..., N}, find (u}’,pi*, 07", ®7") € Uy, x My, x ©p x T, such that for all (va,qn, 7h, Br) € Up X
M}L X @h X T}L:

(k_leuzn, vh) + av(uy', vp) + év(Jeupt,upt, vp)
=b(vi,pp') = (F(Jeb" + 0b, O + Bp), vi)y- = (£, Vi) -

(3.7)
b(uy' qn) =0 (3.8)

(K a0, 1) + ar (05 + 0y, 1) + & (Tl 07 + 0, 70) = (f7 ™) o (3.9)
ap(Jgbp' + O, @5 + O, Br) = (5", Bn) yu- (3.10)

Due to Assumption 3.10 (i), the nonlinear terms are treated semi-implicitly. In this way, the resulting system
for each time step m is of the same form as Problem 3.6 and can be solved by solving a series of linear systems.
Moreover, the corresponding proof of a priori error estimates does not require a time step restriction when
applying Gronwall’s inequality, see Lemma A.1. Assumption 3.10 (ii) is a consistency condition, that implies
Jexy = Jgxp = xp for the (not time-dependent) boundary liftings x;, € {6, ®p}. The stability condition (iii)
is used to obtain the LZ-norm of the discretization error in the proof of Theorem 4.1. It remains to specify
requirements on the general body force F, that are sufficient for proving a priori error estimates. In particular,
F should satisfy a Lipschitz condition w.r.t. both arguments. Concerning the second argument ®, local Lipschitz
continuity is sufficient, since an [°°(H!) bound on the discrete potential can be derived. For the same reason,
the Lipschitz moduli w.r.t. the first argument 6 may depend on [|®||, ,.

Assumption 3.13 (Body force Lipschitz continuity). Let F: H'(Q2) x HY(Q) — U* satisfy:
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(i) There are non-decreasing functions Lg)’Hl),L%g’LQ): [0,00) — [0,00) such that for all 01, 62 € H(Q),
® cHY(Q), velU,

0,H! 6,L
[(F(61, ) — F (6, @), v).| < L&) (H<I>II1,2) IV(01 — 02)] [ + L") (||<I>||1,2) 161 = B2 ]Iv]-
(ii) For all R > 0 there is LY > 0 such that for all ®1,®, € Br(0,H(Q)), 6 € W3(Q), v € U,

(F(6,®1) = F(8, @2), V.| < L 011,V (@1 = @) ]l 6-

(iii) F(0,®) =0 for all ® € H'(Q).
Well-posedness of the discrete Problem 3.12 is provided by Lemma 3.14.

Lemma 3.14 (Existence, uniqueness and stability of discrete solutions). Let Assumptions 2.1-3.13 hold and
assume that

qeolfloe LY < 2k (3.11)
with constants
G 1= = (e IV@ + [ Follr- (3.12)
G, = \/1+cHGa + |, 5 (3.13)
Lg) = Lg))Hl)(Gé,«bb)- (3.14)

Here, ¢y, cp denote the constants of Friedrich’s inequality w.r.t. H§(Q) and HY,(Q), respectively. Further, f is
determined by Jg. Moreover, suppose that the q starting values are chosen in such a way, that their respective
norms can be bounded uniformly in h:

qg—1
12 12 12 12
Uz 1+ T2+ (i + Vi |+ 651 + 119637} < G (3.15)
i=0
where Uq_1, Ty—1 are obtained by plugging (u}!, 0} )n=o,... g—1 into Assumption 3.10 (iii), respectively.
Then, there erists a unique sequence of solutions {(u,ﬁ”,p?,@,’f,@hm)}gzq of Problem 3.12. Moreover, this

sequence is stable in the following sense: there exist constants U € (0,v), k € (0,k) (independent of h, k, and
the starting values) and Gy (independent of h, k), such that

H(u;zn)m||loo(071v;1‘2) < Gu,e;
||(9;zn)m||loo(07N;L2) < Gu,e;

||(©Zl)m||loo(q7N7H1D) é Gc},
— 2 _ 2
I/H(UZL)mHL?(o,N;Hé),k + ”||(9hm)m||Lz(07N;H}3)7k < Guyp-

Proof. Unique existence of solutions is a direct consequence of Lemma 3.8 and the fact that J., Je, Jg are
explicit difference operators. It remains to show the existence of stability bounds that are independent of h and
k. To this end, let m € {q,..., N} be arbitrary.

Setting 05, = ®7* in (3.10) and using Assumption 2.2 yields

m 1
IVl < = (e I90oll + I ollocrx- ) = G
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and thus,

195" + @plly 5 < /14 )G + [Poll, o = Gaa,- (3.16)
Setting vy, = u}’, 7, = 67" in (3.7), (3.9) yields

Ly = (Jaup', up') + kv|Vup |

= k(F(Je0)" + O, O + Bp) + £, u) 5. =: Ry, (3.17)
Ly := (Jaby", 07) + kx| VO |?
= —kw(VOy, VOI) — ki, (Jou), 0y, 07) + k{(f, 0" o. = Ro. (3.18)

The respective left-hand sides of (3.17) and (3.18) can be estimated from below by means of Assumption 3.10
(iii),
Ly > oy (| + U2) + Ty, + kol Vag?|, (3.19)
Ly > 5J1(||9,T||2 +T,i) YT+ ke VO, (3.20)

for some real sequences (U,n)m, (Um)my (Ton)ms (Tm)m- Using Assumption 3.13 (iii) and (i) with the upper
bound on || @} + Ppl|; , (3.16), the right-hand side of (3.17) can be estimated from above by

Ry < k(|18 lu- + oL ™ [V0]] 4+ co L1163 ) [ 7|

+ ke £l | Vuf? ||Z{ Cvori + 2@ o §

q
= k||Vup| <G1 +G, Zuvagy—zn + Gy Z||9;n—2||> : (3.21)

i=1 i=1

where Lg)’Hl) = Li}) = Lg’Hl)(ch,(pb) and Lg)’Lz) = Lﬁf’Lz)(G@,@b). Using the Sobolev interpolation estimate,
R5 can be estimated from above via

q
R2wnve:f|(n||veb|+nffnoo;@*+||eb||1,2|c|oozuu T H)
=1
q 1 1
= kv (Gg, + G > [Ju ) vy 2). (3.22)
=1

Combining (3.19) and (3.21) and using Young’s inequality, as well as (> 7_, al) < g> ! a? for a; € [0,00),

yields for arbitrary v € (0, 2),
ol = [Jupe=|* + U2 - Ufn,l)+ﬁi+k5<2—v>||vllm2
2G? 2G q 2q 2
<k 1 2 em z 4 k * vem %
R o [ BEtO WL
kG5+kZ{G6H6m I+ oo } (3.23)
i=1

Analogously, combination of (3.20) and (3.22) yields for arbitrary € € (0,1), o > 0,

o057 = llo " + T2 = T2, ) + T + ki1 = I VO3
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q 4.3
G? v 2 o Giq a2
<k 3+’“Z H;uzn ZH + = 42 Huzl ZH
2ek — Loq ' €2 16KV
i—

q
= kG7+kZ{UVq}|VuZ”‘i||2+Gg||u2”‘i||2}, (3.24)
i=1

Adding (3.23) and (3.24) and summation over m = gq, ..., M for arbitrary M € {q,..., N} yields

(Il + ot +UM—|—TM>+I<;Z{ o +kTm}

+k2{( (2—~ —)VuhH (H(l—e)—}yG**)Hvemz}

M-1 M
<k Z{Gquuh I* + GeqlI07 }+kZ{G5+G7}
m=0 m=q
1 2 1 2
+5<’ug H +‘9§* H +U§_1+Tq2_1>
g 2 G 12
+kz{a|\Vugy| +§||ve;|y } (3.25)
i=0

If G, < 2k, which is equivalent to (3.11), then 7, €, o can be chosen such that

vi=v(dt2-7)-0"") >0,
=k(l—€) =7 'Gu > 0.

Then, application of the discrete Gronwall’s inequality, Lemma A.1, to (3.25) gives

1
(| + [l +UM+TM)+kz{V||Vu;¢| FRIVOR® + 1T, +kTm}
m=q

< exp((T + k)go~ ' max{Gsg, Gs, 1}) (3.26)

e envo( a4 ooz vz

= : Gls 1o pi
ORE e A
=0

The stated estimates now follow from (3.16) and (3.26) in combination with (3.15). O

Remark 3.15. Note that, if the difference operator Jq is given as stated in Lemma 3.11, then U,_;, T,—; do
only depend on (u},6}) for i =0,...,¢ — 1 and can be bounded in terms of Y7 {||uh|| + 1651 }-

Remark 3.16. The norm estimates appearing in Lemma 3.14 and its proof do still depend on the L? and H*
norm of the discrete initial conditions (u,6? )0, 4—1. For ¢ = 1, suitable discrete initial conditions can be
obtained by applying the Stokes operator to (ug,0) and by applying an H'® projection to 6y — 6,. The appearing
norms of (uf,#?) can then be bounded in terms of (ug, 6y — 6,) and uniformly in h.

For ¢ > 1, suitable initial conditions (uj,6?);—1 . ,—1 can be obtained by performing ¢ — 1 steps of a (¢ = 1)-
time steppmg scheme, followed by application of the norm estimates in Lemma 3.14 for ¢ = 1 to uniformly
bound (ut,0%)i—1 41
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Remark 3.17. The need for the small data condition (3.11) imposed by Lemma 3.14 stems from the occurence
of ||V0|| when bounding the U*-norm of the body force term F, see (3.21). For this reason, the right-hand side
in Assumption 3.13 (i) is split into H! and L? terms, where only the first one contributes to (3.11).

4. ERROR ESTIMATE

The main result of this work, Theorem 4.1, provides an a priori error estimate for the numerical scheme
defined by Problem 3.12. The derived upper bounds depend on spatial approximation errors, which can be
bounded in terms of h, errors induced by the initial conditions, and approximation properties of the temporal
difference operators. At this point, no regularity on temporal derivatives of the exact solution is imposed and,
consequently, no convergence rates w.r.t. k are derived. This is done as a separate step in form of Corollaries 4.7
and 4.8 in Section 4.2.

4.1. Main a priori estimate

Before stating Theorem 4.1, some notation has to be introduced. The exact solution at time ¢, is denoted
by (u™,p™, 6™, ®") and corresponding approximations in the underlying finite element spaces are obtained by
using the Stokes projection IIg and projections provided by Assumption 3.1,

(wp,rp) :=g(u™,p"), np =1ed", Ty :=Iy+d". (4.1)
The discretization errors between these projections and the discrete solution of Problem 3.12 are defined as
n

n P n mn P n T mn P n n mn e n n
du,h = Wh T Uy, dp,h =Tp = Ph de,h =Np — Uy Ay p = Uy — 0. (4.2)

When applying the estimate stated in Assumption 3.10 (iii) for 2™ = d; , and 2™ = dgh, respectively, one
further obtains real sequences (Up)n>q—1, (Tn)n>q—1, (Un)n>qs (Tn)n>q such that the following estimates hold
for all n > ¢,

(Jadi i), = 0 ([l +U2) + T, (4.3)
(Jadg o di) , = 01 (|| di | + 72) + T (4.4)

The error will be bounded in terms of the subsequent expressions. The first set of expressions measures the
error contributions by the ¢ initial conditions:

q—1

2 2
Bu(q)? =k { Il = uglF o+ 107 = 050 + [w ™t =g || ot -0 4T (@)
n=0

Es(q) ::maX{Hu"—uZHLQ: n:O,...,q—l}7 (4.6)
E5(q) = max{||0" - 0}||: n=0,...,¢—1}. (4.7)

Error contributions that are purely driven by the temporal discretization are given by

N
E(k)? =k Z{H@tu” — k" au"|” |, + [0 — k*1Jd0"||2_1,2}
n=q

N
b Y = g P " - e, + 6" — T . (4.8)
n=q
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In Section 4.2, E(k) is bounded in terms of k. Contributions by both temporal and spatial discretization are
denoted by

N N
B k)7 = n2 RS g | [ )+ RS e (49

n=q n=q

with constants [, [* that depend on the spatial regularity of the exact solution and the approximation quality
of the finite element spaces. Finally, the term

(4.10)

N
Ea(h, k)? = k™" || Jady,
n=q

which involves the unknown velocity discretization error will be bounded by other terms and is used to bound
the pressure discretization error. The actual error bounds are now composed by the previously defined terms:

Ewolhik,q) = b + (k) + E(h, k) + E1(q), (4.11)
Eo(h,k,q) := Euo(hs K, q) + E3(q), (4.12)
Ep(h,k,q) = E( )+ E(h, k) + Ea(k, h) + Cp(h, k; a)Eu0(h, k, ), (4.13)
Ealh. k) = k™ (B(k) + E(h, k) + Cylh, k. 0) (B + Ea(q) + k™20 (h k), (4.14)
Cylhy i, q) =1+ B+ min{ h™1 k™ }Euo(h, k) + Ba(q). (4.15)

The following theorem states that the errors of velocity and temperature, contributed by the spatial discretiza-
tion and measured in L2(H!), {°°(L?)-norm, converge with rate h! for fixed time step size k. The analogous result
in L2(H') holds for the potential error. Concerning the pressure error, the factor k=2 enters the corresponding
upper bound &, through the term Eq(k,h), thus yielding a reduced temporal convergence rate compared to
velocity, temperature and potential. Here, the term C), denotes a bound on the [°°(H')-norm of discrete velocity
(4.57) and one can show that it stays bounded for h,k — 0, supposed that the exact solution is sufficiently

regular and the initial conditions are chosen appropriately, see Corollaries 4.7, 4.8 and the subsequent remarks.

Theorem 4.1 (Error of numerical scheme). In the framework of Problem 3.12, let a solution of Problem 2.4 be
given that satisfies the following additional reqularity requirements for some | > 1: u € L= (H™*Y), p € L>°(H!),
6 € L*(H") and ® € L>®(H*) N L®(WH>). Moreover, the exact solution should be pointwise well-defined
for allt €10,T).

Suppose that Assumption 3.1 holds with m = n = 1. Moreover, let I* = 1 if the underlying Stokes problem is
reqular and I* = 0, otherwise. Let further the assumptions of Lemma 3.14 hold; in particular, assume that F
satisfies Assumption 3.13 and the small data conditions

co/alf|2 L) < V2 (4.16)

with U := v k=K and cg, cp denoting the respective constants from Friedrich’s inequality w.r.t.

1 1
2(1+c2)’ 2(1+c%)

H{ and HY. Moreover,

1@ .= 08 )(max{||<1>||oo;Hhcn||<I>m;Hz,\/Hc%G@}+||<I>b||1,2),

with crp given by Assumption 3.1 and G given by Lemma 3.14. Then,

H(un - uZ)n||loo(q7N;L2) + ||<9n - eﬁ)nnloo(q,]v;Lg) S guﬁ(ha ka)7



1704 P. GERSTNER AND V. HEUVELINE

”(un - uZ)n||L2(q7N;H1)7k + H(Gn - QZ)nHLﬂ(q,N;Hl)’k S gu’g(h, k,q),
”((I)n - (bZ)an(q,N;Hl)’k S &p(h, k, Q)»
(" _pZ)n||L2(q,N;L2)7k S Ep(hsk,q),
Ea(h, k) < Ea(h,k, q).

The underlying principle of the corresponding proof is inspired by comparable results on the error of fully
discretized flow problems, see e.g. [39] for the Boussinesq problem with temperature-dependent coefficients.

Proof. The error of the respective variables is decomposed into approximation and discretization contributions:

Cup =0 —uy =u" —wy +wy —up =z, +dy g,
e;’)h =p" —py=p" —ry +rp —Dpp = z;h + d;h,
g =0" =0 =0" —my + oy — O =: 24, + dy p,
en g = O B = " — W WP — B = 2R, dl

Error equation

Subtracting the discrete equations, Problem 3.12, from the continuous ones, Problem 2.4, at each time ¢,
n € {q,...,N} yields the following error equation for all (vs, g, 7h, Br) € Up X Mj, X ©p, X Tp:

k= (Jady py va) +av(d pvi) = b(va,dy ) = 24: Vi), (4.17)
i=1
b(dy s an) = (R5.an), (4.18)
k= (Jadg ) + ar (dy ) = ZS: ™), (4.19)
ag(0™ + 0y, D" + @y, B) — ag(Jgbp + b, @) + Py, Bn) = (l)T6 (4.20)

with residuals

(RY,vp) = —(Opu" — 1deh,vh)

(Ry,vp) = (av( Zouhs Vi) b(vh, Zp h))

(Ry,vp) = —(&(u™,u",vp) — & (Jeup,up, vy)),

(RY,vp) = (F(0™ + 05, 9" + ®p) — F(J0) + 0y, D + Dp), vp),
(Rg 514 qn) = — (uh7Qh)7

(RE, ) = — (00" — k™ Janp, ),

(RY,mh) = —ar (24 1 Th),

(Rg,mh) = —(&;(u", 0™ + O, 1) — - (Jeuy, 0p + 0, 71)).

By definition of (w}, r}) and the Stokes projection, there holds (R%,v;) = 0 and (RY,gn) = 0 and for residual
R7 one obtains

[(Rr.dj )| < ”||25’,h||1,2Hd3,h||1,2~ (4.21)

In the following, the introduced constants {C; ;} do not depend on the discrete solution, the discretization
parameters h, k and the diffusion constants v, k. However, they may include norms of the exact solution.
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Estimation of potential error
Setting (), = dg ;, in Gauss’ law in (4.20) gives
0=ag(0" + 0p, ®" + @y, dy ;) — ag(Jgb" + 0, 2" + By, dg ;)
+ ag(Jgh" 4 0y, ®" + Oy, diy 1,) — ap(Jgb + Op, " + @y, dy 1)
+ag (Tl + 0y, @™ + Oy, di ) — ag(Jgbp + Oy, U + Oy, df 1)
+ ag (Jgbp + 0p, Vi + @y, dg ) — ag(Jgl) + O, B} + By, d3 )
=Ji+Jo+J3+ Jy.
Using Holder’s inequality and Assumption 2.2 on € gives
|1 = [((e(6™ + 0y) — €(Jg0" + 6,)) V(D" + Dp), Vdg ;)|
< Le[|0™ — g0 12" + Dol oo [[VlG 1|
| J2| = |((e(Jg0" + 6) — e(Jgbp + 6,)) V(@™ + @), Vdi 1) |
< Lel| Jg (8" = 001197 + @y, oo | Vi
T3] = |(e(Jeby + )V (" — U}), Vdi )]
= €+||Z$,hH1,2||Vdg,hH
i = (e(Jgth + 00V (¥}, — @7), Vdy, )
> e[V,
Combining these estimates yields
IV ull < Con (10" = 0" | + [Tzl + | Tedinll) + Cozllzdnll, o

According to Lemma 3.14 and Assumption 3.1 (iii),

Hq)n||12 \/1+CDG<1>’
| P} ||12 \/1+CZDG<I”

i1l 2 < cnll0™llz,z < cnllfll oz

Ikl s < enll0™ll < enllfllome
||\DZ||1,2 < CHH(I)RHQQ < CHH‘I)HOO;H?'

Estimation of body force residual

(R, vi) = (F(0" + 0, 2" + ©p) — F(Je0" + 6, 2" + D), Vi),
+ (F(Jg0" + 60p, @™ + @p,) — F(Je0" + 0y, U + @p), vi)
+ (F(Je0™ + 0,, U} + @) — F(Jgnyy + 0p, O + Byp), vp)
+ (F(Jeny + 0b, Uy + @) — F(Jenpy + O, P + P1), Vi)
+ (F(Jenp, + b, @p + Pp) — F(Jeby + 0, Ph + D), Vi)

1705
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Then, by using the Lipschitz continuity of F as given by Assumption 3.13,

6,H* n n 0,12 n n
|<L17vh><co(L(F 1w — gy + 28 o — oo |)||vh|1,2,
(Lo, vi)| < LY Je0™ + 041, 5] V2 1| [vallo.g

P n
< L (clfly 10wz + 160 ]1,3) V2.0 1Vl
(by (427) H2(Q) — W3(Q )andﬁlmeG(ﬂ))

|(L3,vn)| <COL HVsze hHHVh||12+COL Hsze hHHVhHl 2
(L, vi)| < LS|

<1>7hH||Vh||0,6
[} n
< L (18] sz + 10611,3) |V a1Vl o
(by (4 24, 4.27, 4.26), and H'(Q) — L°(Q))

(Ls, v)| < coLd” ||wfdzhr|||vhum+cOL<“ [ Tedi |1l -

In the previous estimates, we used the uniform boundedness of ([|n; ||, 5)n, (12"[l1 9)ns ([R5, 2)ns ([PHI1 2)n
(4.23)—(4.27), to infer maximal values of the Lipschitz moduli of F w.r.t. 6, i.e.

LX) . 0 (max{||<1>||oo;Hhcn||<I>|OO;HZ, Jit c%Gé} n ||<I>b||1,2),

for X € {H',L?} and and, similarly, w.r.t. ®.
Using (4.22) to substitute [[Vdg ||, the force residual norm can be estimated from above via

(B, vn)|

< Caall0" = Je8" 1y 2 + Caa ([ Jeiall, o + 28l )
th”Lz ) )

+Can(Cor(10 — Tt + [zl + i)
+ CanCoall Bl + Cusll e + ol dediall, (4.29)

1
with Oy = co L), Cpii = COL(9 ).

Estimation of convection residual

’<R37 ﬁh>| = ‘év(u",un d; h) — cv(J uy,uy,dy h)‘
< ‘EV( —Jeu™ u ,d&h)‘ + ’Ev(chih,u",dﬁ’h)‘
+ |ev (Jedl o u™, Al ) | + |ev (Jeud, 20, di )| (4.29)
|(Rs,dj )| = |- (u™, 6" +9b,d9h) r (Jeuy, 05 + 6y, dy 1) |
< e (u = Jeu”, 0" + 0y, dy ) | + |ér (Jezin . 07 + On,dy ) |
+ |&r (Jedh . 0" + Oy, dy 1) | + |Er (Jeuf, 24, df 1) |- (4.30)

Further, by standard estimates for &, &, [39] and H2(Q2) — C°(Q), H2(Q2) — W13(Q), H}(Q) — L6(Q) as well
as the Sobolev interpolation estimates and 6, € W1>°(Q),
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() o
(AN (A (||un — Jet” || + || ezl + [ Jedl | |\chgﬁh||;’2) + Ca ol Jewt | o|2i a5 (4.31)

‘dﬁ’h 1,2
‘<R8’dg’h>‘ n n n n % n % n n
T < 08,1(||u = Jeu | + || Jezg u|, , + [[Jedi | ||chu,h||1,2) + CsallJeuplly ol|25nl, - (4:32)
0,h 12

Estimation of difference quotient residual

[t v < [lora™ = k7 au" ||y, + B[ Jazg ]l (4.33)
||VhH1,2 7 ’ )
et < oo — k1000 |y + 7 bl o (434

||ThH1,2

Left-hand sides

By using Assumption 3.10 (iii) and the definition of w} by means of the Stokes projection, the left-hand
sides of (4.17), (4.19) can be estimated from below,

Y (Jad 2 ) + ay (A7, d2 ) = b(dD,, d2 ) > 0k~ (Hdﬁyhﬂz + Ug)
+ T+ (1+a) " vllduall; 5 (4.35)
K (Jadg s d3) + an (0,5 ) > ok U (|| l* 4+ T2) + K717,
+ (14 b)) wldgall} (4.36)

Application of discrete Gronwall inequality
Combining the error equations (4.17)—(4.20) and inequalities (4.21), (4.28)-(4.36) with v;, = d}, ;, and 7, =
dg 1, yields for n > ¢:
wp < c(wy +wy) (4.37)

with ¢ depending only on constants obtained by application of Young’s inequality ab < iaQ + §b2 for all
a,b€R, ¢>0and of (X7, a;)> <m>™, a?. Here,

=1 """

1
wy = € (H@tu” - k—leu"H:’Q + k_QHJdZn’hHQ—LQ)

T u

1 1
+ €31 (C??JHU-n - qu"||2 + CI?,IHJCzE,hH? 2 + C:?,zHqumﬁ,szﬁ,hHi 2) T 2705?,1”‘16(13&||2
3,1 ’ ’ €3,1€3,2

1
= (Challo = 7075 + CRa ezl + 125011 2))

2
’

1 1
+ 202 (107~ P + gl + [ edhall”) + CRall=gall?,) + —=C3 g

Wr 1= ;(H@,ﬁ — k™ Jaf ”71,2 tk QHJdZG,hH_l,z) + ;HZG,hHLQ

1 1
(Gl = Jow P+ G| ey}, + CRal i 25l ) + s Gl e
8,1 ’ ’ €5,1€8,2
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and
wr = ok ™V (|| + gl + U2+ T2) + 57 (T, + )
+ (20 = 27 e+ g+ eat eni + ea)) [ R4, = 27 (e + es0) || Tl
+ (27— 27 e + et es.1)) [diall;, — 27 Chuer ill Tediall; -

If q|f3C3 ;; < 217/?; holds which is equivalent to the small data condition (4.16), then there exists €4 ;;

such that C’4 i€t i < Qe Thus, the last term in w; can be bounded from below,

qlf

2
il
0.0 ||y o

-2" 1047,7,6411“de9 hH12 > -27 "{q_lz

Choosing the remaining factors e. appropriately, one obtains from (4.37), (4.38)

ok~ ([l + g ul* + U2+ T2) + 671 (T, + T)

~ ~ q
_ 2 N 2 1% R i
+ I/Hdﬁ,hHl,Q + K/HdgvhHLQ o 27(] p - 27(] ; dgﬂhl 1,2
4 12 112
§Z{au dpi i+ agl|dg }+a"+ﬂ"+7"+5”,

i=1
with factors

Oy = 6(17305171 + 572V710§71)|C|i0
ag = cv O[5 + v CF 507 gl%

and sequences {(a™, 8",7™,0") }n>, that satisfy

— < v H|gu" — k:_leu"HiL2 + (V03 + kTGS ) " - Jou"|?

+ k7H[00™ — k*ljdonnz’_m +v71CE 0™ — Jf0”||i2 + v 05034 ]10™ — Tg0m|,
n
P < v O w D emtanl v CRall el + sl

T PR RTe e B O e We N AN

)

n
< a1 T e
5: 2 (12 |0 |2 —12 [|n |2
< | Jeuy \\1,2(’/ CS,2HZu,hH172+K 08,2HZOJLH1,2)'

Multiplication of (4.39) by k6~! and summation over n = g, ..., M for arbitrary M € {q,..., N} gives
—92 —2 K no (|2
o+ 8+ U+ 7 S (0 72) + Sl S0l

M — M
1
<k Z %{auudﬁ,hHQ +aolldgal*} + 1D {o" + 5" 97" 40"}
n=0

n=q

€ (0,20)

(4.38)

(4.39)
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qg—1 ~ ~
1(v, .. 2 Ky n2
w3 S Sl + Sl | +]

Application of the discrete Gronwall’s inequality, Lemma A.1, finally yields

2 2
i+ [l + vz + T (4.42)

M ~ ~
1 5
a2+ bl + U3+ 284030 20 (T2 )+ Dl + g}
n=q

N
1 —
< exp(Tqo™ ' max{ay, ap}) - (k Z g{a" +8" A"+ 0"+ Cj_1> , (4.43)

n=q

with C',_; denoting those terms in (4.42) that correspond to time steps i < ¢ — 1 only, i.e. the last two rows in
(4.42).
Finite element approzimation error

The finite element approximation errors can be bounded by means of Assumption 3.1, Lemma 3.4, and the
imposed regularity of the exact solution:

Iz nll, o < Csh! (Illocigzisn + 07 1Pl st ) (4.44)

Izl < O (vlull i + IPllcyar ) (4.45)
25 nll, 5 < ' 10ll o, i (4.46)
128l 5 < Rl aeyprisa- (4.47)

By using the linearity of Ilg, Ilg, IIy, Assumption 3.1 and Lemma 3.4, one obtains for an arbitrary g-step
difference operator Jy,

[Tazinl ;= /a0 = s (Jau™, Jup™)ll; 5 < C (HJhunHl+1,2 + V_lll‘]hpn||l,2)7 (4.48)

HJhZ;L,th,Q = ||Jh$" - HXJhanj,Q < Cth‘]hanlJrl,w (4'49)

for x € {6,2}, X € {©,T} and j € {0,1}. Here, I* =1, C* = Cg if the underlying Stokes problem is regular
and j = 0. Otherwise, [* =0, C* = Cg.

Final error estimation for velocity, temperature and potential
Using (4.44)—(4.49) with h = d and the discrete stability result, Lemma 3.14, the following estimate follows:

N
k
- > {a" + 8"+ 4"+ 8" S E(k)? + 1 + E(h, k). (4.50)

n=q

Squaring and multiplying (4.22) by k, summing over n =g, ..., N and using (4.46), (4.47) gives
N , N N ,
n n n||2 n
EY (Vg a|” S EDI6" = Jg"1° + > _||dg s + h*
n=q n=q n=0

N
S B(k)? + Bs(@)? + k|| dau||” + h?. (4.51)

n=q



1710 P. GERSTNER AND V. HEUVELINE

Using (4.50), the right-hand side in (4.43) is equal to Eu¢(h, k,q)?, up to a multiplicative constant that is
independent of h and k. In this way, the estimates

H ) L2(H1) H(dg’h) L2(H1) wo(hs k. q), (4.52)
@) gy + 1) ) S R0 (4.53)
1(Un) ey + 1(Tn) g e (ry S Euio(hs ks q), (4.54)
1)l ey + 1Tl oy < Ewoho b @) (4.55)

follow. Similarly, the square root of the right-hand side in (4.51) can be estimated from above by E¢(h, k, q)
(under the use of (4.52)). Thus,
|3,

is obtained. The stated assertions on the complete error of velocity, temperature and potential now follow by
the decomposition e, = 27, +d”;,, (4.52), (4.53), (4.56), estimation (4.44)—(4.47) for 27, and the triangle
inequality.

< Ea(h k. q) (4.56)

~

L2(H')

Pressure error es2timation

As next step, the pressure error dy j, 1s considered, following the approach proposed in [39]. To this end, note

that there holds
i all, , < minfen=lai . laial, . }

oo 0
_mln{c ( u,h)n lm(q,N;Lz)JC
min{h_l,k_%}guﬂ(hakaQ)

= D(h7k7Q)

by the inverse estimate, Assumption 3.1 (iv), and (4.52), (4.53). Thus,

@z,

k3

(din),

LQ(q7N;H1)7k}

A

< Inax{D(h k,q), ||d h”mz n:(),...7q—1}

=: D(h, k, q).

1= (0,N;H1)

leading to
il o < ™l + (|28 4], 2T il 2
< 1l + Csh! (Iallcippies + 2 Wplloc,pne ) + Dl )
S1+hb+ min{h’l,k’%}&l,g(h, k,q) + max{||u” —ully ot n=0,...,9— 1}
— Cy(h k. q). (4.57)

Now, by the discrete inf-sup condition, Assumption 3.1 (i), and the error equation (4.17),

b(vha dnh)
i < _~ PR
Bldgall < sup =

< k7 Jadgull +vlldGnll, , + IR o: + 1RSIl + 1RE |l (4.58)
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HR?HU)* and ||RZf||UZ can be estimated from above by (4.33) and (4.28) respectively,

IR Iy, < [|oeu™ — k= Jau™||_ , + k7| Jazdul] (4.59)
IR g S 10" = Te0™ |l o + 16" = Teb" || + (| Tezgnll + Tzl o + 2800, o + [ Jedsnl
+ ||deg,hy|1)2 + || Ted 1]|- (4.60)

To estimate ||Rg||UZ’ use H2(Q) — C°(Q), H2(Q)) — W3(Q2) and the bound (4.57) to obtain

RTL
15, = sup 10l
P vieU, th”Lz

(v (0" = Jeu", u", vp)[ + [y (Je(u" —up), u™, va)| + |&y (Jeuy, 0" — uy, vi)|)

+ |lans

Squaring and multiplication by & of (4.58), summing over n = ¢, ..., N, using the estimates on the residual norms
(4.59)—(4.61), the estimate of the approximation errors (4.44)—(4.49) and the estimates of the discretization errors
(4.52), (4.53) yields

sup
vreUp ||Vh||1,2

q
< o g+ 3 ot
=1

o Gkl + latal,,) o

n—i
u,h 1.2

kZH 2ol S Bk + E(h k) + Ba(h,k)? + Cp(h k,q)2(h? + E1(0)? + Euo(h, k. q)?)

S Ep(hskyq)*. (4.62)

The stated assertion on ey ;, now follows from (4.62) and the triangle inequality.

Bound on temporal variation of estimation error

It remains to derive an upper bound for Eq(h, k). Setting vy, = Jady, in (4.17), using b(wj,vp) =
b(uj,vy) =0 for all vi, n > 0, and using Young’s inequality yields

a 12
e adtal* < 5 S s vl + [+ eIt + i, + 1Rz,
=0

Summing this inequality from n = ¢,..., N and using the previously derived bounds on HR{LHUZ, ||R§HUZ’
HRZHUZ, (4.59)—(4.61), the approximation estimates (4.44)-(4.49) and the error estimates for velocity and
temperature, (4.52), (4.53), yields

Ea(h,k)? =k~ 1Z||Jdd al’

n=q
< Colh, by @) (k™ Eup(hy k@)% + 12 + Ea(q)?) + kE*(h, k) + k™ E*(k)
< Ea(h,k,q)° (4.63)

d

Remark 4.2. We required that C7,; < 20k|f|; 2¢~1. However, this assumption could be relaxed to Cii <
4vk|f|5 2¢71, to the expense of a slightly more technical presentation.
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Remark 4.3. The small data conditions (3.11) of Lemma 3.14 and (4.16) of Theorem 4.1 are of similar
structure:

2 1

) A S 7 4.64
F q\f|oo o ( )
@) 1 1

< il 4.65
F V2(1+ ) (1 + c%)qlf|2 co (4.65)

In particular, they depend on the typically small physical constants v, x in the same way and on the diameter of

the domain by virtue of Friedrich’s inequality. The DEP model presented in the next section is globally Lipschitz
continuous w.r.t. # with a constant independent of ®. In this case, Lg) = Lg).

Remark 4.4. A time step size restriction when applying Grénwall’s inequality could be avoided, since the
right-hand side in (4.42) only contains terms [|dy |, [|dj 5, || for n < M. For this reason, it is assumed that J,
Jg, Jg are explicit difference operators.

One drawback of the presented proof lies in the exponential factor that arises due to the application of
Gronwall’s inequality. This exponent is proportional to negative powers of viscosity and thermal diffusion and
may thus take very large values for typical fluids. Strictly speaking, one obtains an exponent Ceyp, with

Cexp x Tmax{ay, ag} T(Vf“o’ +r207 4 1/71). (4.66)

The term v=3+k 2! comes from the estimation of the convection terms ¢y, ¢,, see (4.40), (4.31) and (4.32). In
[34], an approach is shown that avoids the explicit occurrence of v in the exponential factor when deriving error
estimates for the instationary incompressible Navier—Stokes equations. This is achieved by the use of H(div)-
conforming elements that yield exactly divergence free discrete velocities in combination with Vu € L(0, T’; L)
and a Wh>_stability assumption on the Stokes projection. Conditions for this stability are given in [15], for
instance.

The remaining factor v 1

arises due to the body force and is multiplied by the constant

L LY
€

2
0.12)\ 2
€3+ C3aC8, o (a0l +< (wnm;m+||0b||1,3)||<1>+<1>b|m;W1,m> :

Thus, large values of »~! could be compensated if the domain has a small diameter, i.e. small co, and if the
spatial variations of temperature and potential are rather low.

4.2. Temporal convergence rates

We now consider two concrete realizations of the temporal discretization by setting the difference operators
introduced in Problem 3.12. The resulting schemes are given by a 1-step BDF (similar to semi-implicit Euler)
and a 2-step BDF method.

Definition 4.5 (BDF1 scheme). The 1-step BDF scheme is given by d := (1,-1), c =f =g := (0, 1).
Definition 4.6 (BDF2 scheme). The 2-step BDF scheme is given by d := (%, -2, %), c=f=g:=(0,2,-1).

Both schemes are widely used for discretizing viscous flow problems, see e.g. [39] for the use of BDF1 for the
Boussinesq equations and [9, 13] for the use of BDF2 for the incompressible Navier—-Stokes equations.

It is easy to verify that difference operators given by Definition 4.5 and 4.6 satisfy Assumption 3.10 (i) and
(ii). The stability condition (iii) is stated by Lemma 3.11.

For both schemes, the k-dependent error contributions in Theorem 4.1, E(k), E(h,k) and Eq(h,k), are
bounded from above in order to derive convergence rates w.r.t. k by employing Taylor series, see Corollar-
ies 4.7 and 4.8. In doing so, one has to impose temporal regularity conditions on the solution which imply
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non-local compatibility conditions on the initial data which may be uncheckable in practice [16]. Among others,
these critical conditions include the finiteness of the following quantities [16]: [[ul| ;s [|0pull o.gg1s (02|, py2
|0 | 5.2 In this work, however, we do not address this issue and impose temporal regularity that is sufficient
to obtain optimal convergence rates. We refer to [12] for a more detailled consideration on this topic, where
reduced convergence rates for weaker regularity conditions are derived.

Corollary 4.7 (Convergence rates of BDF1 scheme). Let the assumptions of Theorem 4.1 hold and suppose
that the exact solution satisfies the following, additional regularity conditions:

e L2(HT), Opu e L2(H ™),
o € L?(HY),
0 € L2(H'™), 040 € L2(Hp').

Let the difference operators in Problem 3.12 be given according to Definition 4.5 and h,k < 1. Then,

Eao(h, k) S B+ k+ Ei(q),
Eo(h,k,q) S h' +k+ Ei(q) + Es(q),
Ep(hokyq) < WE2 + k% + k2 Ey(q) + Cp(hy k. q) (k + bt + Ei(q)),
Cplh,k,q) S 1+ Ea2(q) + min{h_l, kj_%}El(q).

Proof. Application of Lemma A.2 (i), (iii), with § = 0, yields
B(k)? < k(10311 + 190015 5150 ) + K (10030 + 10015105 + 1100011512 )-
Moreover, by Lemma A.2 (i) with 8 =0,
E(h 1) < 022 (1100l g + 1000350 ) + B2 100013,
Thus,
Euolh b q) S W+ k+ AT 4+ Ei(g).
Further, by Lemma 3.11 (i) and (4.55),

N N
Balh,k)? = k3 adial]? =267 D208 =262 (O0) [y S B Eus )
n=1

n=1
and
Ep(hk,q) S k4 b+ (k72 + Cylh, b, q)) (W' + k + Ex(q))
Cp(hk,q) S 1+min{h™ ' k™2 } (b + k + Er(q)) + Ea(q).
O

Corollary 4.8 (Convergence rates of BDF2 scheme). Let the assumptions of Theorem 4.1 hold and suppose
that the exact solution satisfies the following, additional reqularity conditions:

dpu € L2(H™), Oyu e L*(L%) nLY(H),
tOyu € L? (Hl+1), Opu € L? (H_l),
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opel*H"Y,  OupeL'(H'), toupeL?(H'),
9,0 € L>(H'""), 0u0 € L*(H") NL'(H'™Y),
toud € L2(H'TY), 0 € L*(Hp").

Let the difference operators in Problem 3.12 be given according to Definition 4.6 and h,k < 1. Then,

Ewo(h,kyq) S K2+ b+ Ei(q),
Eo(h,k,q) < k*> 4+ h' + E1(q) + Fs(q),

(
(
Ex(hk,a) 5 Colhikoq) (K3 + K™2H + k™3 B1() + Ealq) ).
Cp(h,k,q) < 1+E2(q)+min{h*1,k*%}E1(q).
Proof. Application of Lemma A.2 (ii), (iv) with 8 = 0 yields

E(k)® < K (10l + 100131 ) + K (10uul e + 100013 0 + 190613 .2 )
and by Lemma A.2 (v) with 3 =0, v =1,
B(hk)? $ b2 (1003 ggees + 19613, + [0s0l3 s + 1E0uepll3 0 ) + 52 (100613 prvss + 00605 50 )-
Plugging these estimates into the definitions of the indiviudal error terms yields

Eao(h,k,q) S B+ K + 1+ En(g),
Ea(h.k)® S k™M (K" + 1) + Cplh, k,@)* (B + Ea(q)* + k(K" + 1 + Er(a)?)),
Ep(hk) S K2+ B+ kY + k™ + Gy, b q) (W + Ba(a) + K™ (K2 4 B + Er ()

+ Cp(h, k, q) (hl +E2 4 pT 4 El(q)>.

|
Remark 4.9. For the BDF1 scheme, there holds Z,, = 0 according to Lemma 3.11. Thus, the terms U,_1, T
in the error bound Fj(q) vanish. In the BDF2 case, we have Z,, = HQZ” . HZ and therefore
Ul ||t || +[|az?|

q—1 _ .q—1

R o R

with an analogous estimate holding for |T,_;|. In summary, if the initial conditions (u},#})% ,, are chosen
appropriately, for instance by applying the projection operators of Assumption 3.1 to the continuous initial con-
ditions (u®, 6°) and by computing (u}, 0} )%, by means of BDF1 with time step size k?, then the corresponding
error contributions E;(g) are of order O(hl) (BDF1) and O(h! + k?) (BDF2).

Remark 4.10. Under the assumptions imposed by Corollaries 4.7, 4.8 and under the use of Remark 4.9, there
holds C(h,k,q) < 1.

Corollaries 4.7, 4.8 and Remarks 4.9, 4.10 show that the proposed BDF1 and BDF2 methods are indeed
of first and second order w.r.t. the temporal discretization. To be precise, the error of velocity, temperature
and potential, as defined by Theorem 4.1, is of order O(h! + k°) with 3 = 1 for BDF1 and 3 = 2 for BDF2.
Regarding the pressure error, a factor k% is lost, similar to the estimates derived in [39].
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5. MODELING OF DEP FORCE

We now propose a modification of the standard DEP and buoyancy force term
F.(0,®) = a.|VO|*V — a,0g, (5.1)

that satisfies Assumption 3.13. The critical term Fgep, = |V®|2V6 contains the squared magnitude of the electric
field [V®|? which is only in L'(£2), since the natural space for the solution ® of Gauss’ law is H*(Q). In order
to increase the integrability of this term, we thus replace it by |mg o V®|?, where my denotes a suitable
cut-off function. In this way, L>°(Q2) integrability is obtained and Assumption 3.13 is satisfied, as shown in the
subsequent Definition 5.1 and Lemma 5.2.

Definition 5.1 (Cut-off DEP force). For K > 0 let my € L>°(R?) denote a Lipschitz continuous function with
Lipschitz constant Lx and ||mgl|, ., < K. Define

Fi: HY(Q) x H(Q) — U*
(0,®) = ac(lmg o VOV, ) — ay(fg, ).

Lemma 5.2 (Properties of cut-off DEP force term). The force term Fy satisfies Assumption 3.13 with

1
1O ok, [ agllglon and Ly =20 K Ly

Proof. Let 01,05, ® € HY(Q) and v € U. Then, (i) follows from

|<FK(91,(P) — FK(QQ, (I)>7V>U*| < e

im0 VOF|| V(01 — 8 IV + gl o 161 — Bl 1]
< K2V (01 = 02) V]| + g gl oc 161 = G2l vl
Moreover, for § € W13(Q), &1, &5 € HY(Q) there holds

‘<FK(9,@1) — FK(Q, (1)2)7V>U*

< @e|mg o V& + mg o V(I)2||0,oo |lmg 0o V&, — mg o VOs|
: ||V9||0,3||VH0,6
< a 2K Lg[[V(®1 = @2)[|[[VO]o 5[ vllo 6-
Thus, (ii) is satisfied and (iii) follows trivially. O

An example of a suitable cut-off function my is given by the metric projection of a vector w € R? onto the
ball {x € R%: |x| < K}.

Definition 5.3 (Metric projection). For K > 0 the metric projection is defined by
my: RY - RY, WH{Wv |w| < K

K|lw|™'w, |w|> K.

The following Lemma 5.4 states that the previously defined cut-off function satisfies the required properties
as stated in Definition 5.1.

Lemma 5.4 (Properties of cut-off function). Let mg be given by Definition 5.3. Then, |mkl|, ., = K and
my s Lipschitz continuous with constant Ly = 1.

Proof. The stated assertion |[mp||, ., = K is clear and the Lipschitz continuity follows from the fact, that mx
can be written as mg (w) = wg where wq is the unique solution of the minimization minyep |w — r|, with the
compact and convex set B = {x € R%: |x| < K}, see e.g. [3]. O
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Concerning the choice of K, note that Lemma 3.14 and Theorem 4.1 require a small data condition of the

form
0.H")

L(F " < caVuk, (5.2)

1
with domain-dependent constant cq, see (4.64), (4.65). Following Lemma 5.2, there holds Lég’H ) = o K? which
yields an upper bound on K, given by

K? < C—Q\/Vﬁz. (5.3)

Qe
6. NUMERICAL EXPERIMENTS

In this section we consider a 2D test case to underline the theoretically derived error estimates of Section 4.2
by numerical experiments. To this end, let T = 1, Q = (0, 1)? with Dirichlet boundary I'p := {0, 1} x [0, 1] and
Neumann boundary I'y := [0, 1] x {0, 1}. The Dirichlet boundary conditions for temperature and potential are
given by Op(z,y) = 1 — 2 and ®p(z,y) = (1 — )V, V > 0, respectively. All physical parameters are listed in
Figure 1. We further assume that the permittivity depends linearly on the temperature [28] and set for § = 102,
v€ (0,671

1+ ’yé, s < -0
eR—=[1—70,1+~0], e(s)=¢-{1—~s, sc(=0,0), (6.1)
1— ’yé, s>0
to meet the requirements of Assumption 2.2.
The right-hand side terms fy, f, fg are chosen such that
W, (t, 2, y) = sin(7z)? sin(27ry) g (t)
W,y (t,2,y) = —sin(2rz) sin(ry)? g (1)
p(t,,y) = — sin(mz) sin(ry) g (t)
0.(t,z,y) =1—a+ (1—4(z—0.5)%) g? (1)
D, (t,x,y) = (1 — x)V + Vsin(xz) g (1), (6.2)

solves the TEHD Boussinesq equations in strong form (1.1) to (1.5) with those source terms added. The temporal
factors g1, g are either chosen as gbe (t) 1= sin(27t), gbar(t) = cos(2mt)+1 or as g( )( t) = gilg)( ) = Gag(t) =

t1-51 to cover different temporal regularities of the exact solution. In particular, gI(,e,r € C>=([0,T]) and
/ o0 . 1 1 2 . " 2 .
Galgs Juig € L(0,T5R), ghe, tgne € L7(0,T5R), gay & L7(0,T5R). (6.3)

Thus, for g = gper the exact solution satisfies the regularity conditions for both, BDF1 and BDF2, assumed by
Corollaries 4.7 and 4.8, respectively. On the other hand, for g§ = gaig the regularity conditions for BDF1 are still
satisfied, whereas the conditions for BDF2 do not hold.

The initial condition is set to the exact solution at ¢t = 0 and for BDF2, the approximate solution for the first
time step is set to the exact solution at ¢ = k. Thus, errors induced by the initial conditions, given by E;(g),
can be neglected.

The spatial discretization is based on a mesh consisting of quadrilaterals with finite element spaces given
by Taylor—Hood elements for velocity and pressure (Q2/Q;), and continuous quadratic Lagrange elements for
temperature and potential (Q3). The arising linear systems are solved by a preconditioned GMRES method [32].
We use a block Jacobi method as preconditioner whereat the inverse of each diagonal block is approximated by
an incomplete LU factorization. The implementation is based on the open-source, general purpose FEM package
HiFlow? [11].
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v 5.0 1073
k [ 1.0 1074
p |10 -10%
€ | 2.7 .10~ 11
v 10 1073
ag | 1.0 1073
a. | 1.3 1077
g, | 1.0 -10

FIGURE 1. Left: streamlines of exact flow field with colors indicating the velocity magnitude.
Right: physical parameters.

Concerning the modified DEP force Fg, the cut-off threshold K should be small enough such that the
requirements imposed by Lemma 3.14 and Theorem 4.1 are satisfied. As pointed out in Section 5, these conditions
are of the form

aeK? < cqV/Uk, (6.4)
with domain dependent constant
1
co = e min{ (20(1+ ) (14 b)) FIflz", 207161 - (6.5)

As g, cp denote the respective constants in Friedrich’s inequalities for H}, H}, on a square domain, they can
be bounded as ¢y < 1 and ¢p < 1, see [12] for instance. Concerning the time stepping contributions, we have

BDFl:g=1,[fla =1, |[flo=1
BDF2: ¢ = 2, |f]z = V5, [fe = 2. (6.6)

In summary, equations (6.5), (6.6) and a, = % imply that K < K, with

_1
K, = (4\/5%) ?(vk)% = 5.5 x 10° (6.7)

is sufficient for (6.4) to hold. On the other hand, the exact potential solution is chosen such that
IV (B)lg.0e = V(1 + )| (1) (6.8)

Using max;ep, 1] lg®(t)] < 2, there holds Mg := max;e(0,1][[ VP« (?)[lg o < 10V. Setting K > 10V thus implies
that the modified DEP force reduces to the original version for the exact potential. Therefore, as long as
V < 5.5 x 10°, it is possible to define K such that both F (0., ®.) = Fx (0., ®.) and K < K, do hold.

For the first test series we set V = K = 103 < K,, i.e. the small data condition is satisfied and F, (0., ®,) #
Fx (0., ®,). Tables 1 (BDF1) and 2 (BDF2) list the corresponding errors and convergence rates

B(k) = 1og<e”°r(k°)) log<]2:0) 71, ko = 0.05. (6.9)

error(k)
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TABLE 1. BDF1, g = gper, V = K = 103, h = 1.25k.

leallye ) llenllL2 (L2 lleallp2 ) el 2y
k Error Jé] Error I6] Error I¢] Error

500x 1072 79x107' 00 55x10' 0.0 76x10"! 0.0 3.9x10° 0.0
250%x 1072 40x107' 1.0 28x10' 1.0 39x107' 09 98x107' 20
125x1072 2.0x107! 1.0 1.4x10' 1.0 20x107' 1.0 25x107% 20
6.25x 1072 99x1072 1.0 7.0x10° 1.0 1.0x107' 1.0 6.6x1072 20
3.13x107% 50x1072 1.0 35x10° 1.0 52x1072 1.0 20x107%2 19

TABLE 2. BDF2, g = gper, V = K = 10%, h = 1.25k.

leallpe @) llenllL2 L2 lleally2 ) el 2t
k Error Ié] Error Jé] Error Jéj Error I6]

5001072 1.1x107' 0.0 6.3x10° 00 16x107' 0.0 39x10° 0.0
250x1072 27x1072 2.0 1.5x10° 20 46x1072 1.8 98x107! 20
1.25x1072 6.7x107% 2.0 3.8x107' 20 1.1x1072 2.0 24x107! 20
6.25x107% 1.7x107% 2.0 93x1072 20 23x107% 20 6.1x107%2 2.0
313x107% 42x107* 2.0 23x107%2 20 55x107% 20 15x107%2 2.0

for decreasing k and h o k in case of full temporal regularity of the exact solution. Since h o k, the h! terms
in the error estimates given by Corollaries 4.7, 4.8 are transformed to k. We obtain [ = 2 due to the spatial
regularity of the exact solution and due to the polynomial order of the underlying finite element space. Thus,
the temporal contributions in the derived error estimates dominate the spatial contributions h! o< k' and the
observed errors should resemble the temporal convergence order. This is indeed the case for velocity, temperature
and potential whose corresponding error rates are inline with Corollaries 4.7, 4.8, see Tables 1 and 2.

Tables 3 and 4 illustrate the errors for g = ga1. As pointed out by (6.3), the exact solution does not satisfy the
regularity requirements of Corollary 4.8 any more, whereas the weaker assumptions supposed by Corollary 4.7
do still hold. In practice, one can observe = 1 for the BDF1 scheme, in accordance with Corollary 4.7 and
B = 1.6 for the velocity error when BDF2 is employed. Thus, the regularity condition that is supposed for second
order convergence appears not only sufficient, but also necessary. Since the condition dysu, € L2(0,7; H™1) in
Corollary 4.8 is violated, but not dyu, € L2(0,T;H'*!), we conclude that the overall convergence is reduced
due to the purely temporal contributions E(k), but not due to the mixed contributions F(h, k).

Next, we consider the case when all conditions imposed by Theorem 4.1 and Corollaries 4.7, 4.8 are satisfied,
except of the small data condition. To this end, we set V = 107 and K = 10'2. With this choice, equation (6.4)
is violated since K > K,. Moreover, the modified DEP force Fx reduces to the original version Fg, because
the Euclidean norm of the potential gradients of the exact and discrete solution (both are of order O(10V))
are way below K. Tables 5 and 6 list the corresponding errors. Apparently, the respective convergence orders
are almost identical to those obtained for V' = K = 103. These results indicate that the small data condition
imposed by Theorem 4.1 might not be a necessary condition for the stated error estimates to hold.

In all considered cases, the pressure error converges faster than predicted by the theory. In fact, it converges
with the same order as the velocity error in the high temporal regularity case g = gper. In the low regularity case
g = alg the pressure convergence rate is slightly higher (BDF1) and lower (BDF2) than its velocity counterpart.
Overall, one cannot observe a rate that is reduced by % In the proof of Theorem 4.1, the factor k=2 stems from
estimating the term Fq(h, k), (4.63), which basically measures the temporal variation of the discretization error
(dy 4)n- The similar quantity F(h, k), which measures the temporal variation of the exact solution (u"),, does
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TABLE 3. BDF1, g = gais, V = K = 103, h = 1.25k.

Heu||L2(H1) H%”L?(L?) H69||L2(H1) He‘1’||L2(H1)
k Error Jé] Error Jé] Error I6] Error I6]
500x 1072 9.7x1072 0.0 24x10° 0.0 95x1072 0.0 1.7x10° 0.0
250x1072 49%x1072 1.0 1.0x10° 1.3 41x1072 12 41x107' 20
1.25x1072 25x1072 1.0 45x107' 1.2 19x1072 1.2 10x107! 20
6.25x107% 1.3x1072 1.0 21x107! 12 93x107% 1.1 25x1072 2.0
313x107% 6.4x107% 1.0 9.7x107%2 12 46x107% 1.1 64x107% 2.0
TABLE 4. BDF2, g = ga1s, V = K = 103, h = 1.25k.
H€u||L2(H1) H6P||L2(L2) H€9||L2(H1) H€<I>||L2(H1)
k Error Jéj Error Jé] Error Jéj Error I§]
500x1072 1.8x1072 0.0 1.0x10° 0.0 59x1072 0.0 1.7x10° 0.0
250x1072 51x107% 1.8 34x107!' 16 1.8x1072 1.7 41x107' 2.0
1.25x1072 1.6x107% 1.7 1.1x107' 1.6 39x107% 20 1.0x1072 20
6.25x107% 56x%x107% 1.7 38x107%2 16 7.3x107%* 21 25x1072 2.0
3.13x107% 20x107* 16 13x1072 1.6 19x107* 21 6.2x1073% 20
TABLE 5. BDF1, g = gper, V = 107, K = 102, h = 1.25k.
Heu||L2(H1) Hep||L2(L2) H69||L2(H1) He<1>||L2(H1)
k Error Jé] Error Jo] Error Jo] Error 5]
500x1072  7.9%x107" 00 55x10° 0.0 75x107" 0.0 39x10° 0.0
250x1072 4.0x107' 1.0 2.8x10' 1.0 39x107' 09 98x10® 20
1.25x 1072 20x107! 1.0 14x10* 1.0 20x10"!' 1.0 25x10® 2.0
6.25x107% 99%x1072 1.0 7.0x10° 1.0 1.0x107' 1.0 6.6x10%> 2.0
313x107% 50x1072 1.0 35x10° 1.0 51x1072 1.0 20x10%® 1.9
TABLE 6. BDF2, g = gper, V = 107, K = 10'2, h = 1.25k.
HeUI|L2(H1) H€p||L2<L2) H€9||L2(H1) H€<I>||L2(H1)
k Error Error Error Error 1]
500x1072 1.1x107Y 0.0 6.2x10° 00 1.6x107' 0.0 3.9x10* 0.0
250%x 1072 2.7x1072 20 1.5x10° 20 46x1072 1.8 9.8x10° 2.0
1.25x 1072 6.7x1072 2.0 3.7x107' 20 1.1x107%2 20 24x10® 20
6.25x107% 1.7x107% 2.0 93x1072 2.0 23x107® 20 6.1x10%2 2.0
3.13x107% 42x107* 2.0 23x1072 20 55x107* 20 15x10%2 2.0

1719

not cause the occurrence of k_%, since the temporal regularity of u could be exploited. From a theoretical point
of view, this temporal regularity could not be derived for (d? ,),. In the underlying test problem, however, this
discretization error might have a similar temporal smoothness as the exact solution, resulting in comparable
k-convergence rates for pressure and velocity.
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Relative error evolution

109 —— 9 = Yalyg

107!

1072

0=} .

E ! ! ! ! ! ! ! ! ! 5

0 1 2 3 4 5 6 7 8 9 10

ts]
FIGURE 2. Relative velocity error E(t) over time for BDF1, V = K = 103, h = 1.25k.
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FIGURE 3. Velocity error E(t) over time for BDF2, V = K = 10%, h = 1.25k. For t > 5 the
employed algebraic solver failed to converge for g = ga,.

Finally, Figures 2 and 3 visualize the long-term error evolution for the BDF1 and BDF2 scheme, respectively.
To this end, the normalized velocity error

ks jen?

E(t) := ; 5
Jolg®(s)]" ds

(6.10)

is plotted over time for the different temporal functions g = gper (black curve) and g = gaiz (red curve). Note
that ¢! is just the temporal factor in the exact solution. Thus, E(t) equals the relative velocity error, up to
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a time-independent constant. Apparently, the actual error does not exhibit the exponential growth that enters
the estimates by means of Gréowall’s inequality, see (4.43). Instead, E(t) stabilizes on a fairly constant level.
However, the lack of temporal regularity of gaz at ¢ = 0 can be observed through high relative errors in the
beginning of the simulation.

7. DISCUSSION ON THE CONSTRUCTED DEP FORCE

Summing up the previous sections, we derived a discrete well-posedness result and error estimates for the
TEHD Boussinesq equations, provided a DEP force F satisfying Assumption 3.13. Since these conditions are
not fulfilled by the original force Fg, we constructed a family of modified forces {Fgx, K > 0}, based on a
cut-off function applied to the gradient of the potential, see Section 5. With this choice, the theoretical results
of Section 3 and 4 do hold for F = F, as long the cut-off threshold K satisfies

1
3
K< (C”> (vr)
Qe
Note that (7.1) implies both previously used small data conditions, (3.11) and (4.16), when cq is defined as in
(6.5).

The domain-dependent constant cq depends on the constants in Friedrich’s inequality and time-stepping
parameters and can be explicitly computed or estimated. This is done in Section 6 for an hypercube and below
for a vertical annulus that is commonly used in physical experiments. In these cases, the upper bound K can
be calculated and one can draw the following conclusions on the error between the discrete solution obtained
for F = Fg and the exact solution for F = F if the initially stated small data condition (1.6) does hold:

= K. (7.1)

[

Corollary 7.1 (Convergence rates for F = F). Suppose that the exact solution of Problem 2.4 with F = Fy,
denoted by (U, p«, 0y, Py, satisfies the regularity conditions stated by Theorem 4.1 and Corollary 4.7 (case 1)
or Corollary 4.8 (case II). In addition, assume that

Further suppose that the physical parameters and discretization fulfill Assumptions 2.2-3.10 and that the q
starting values are chosen to fulfill condition (3.15). Let the discrete solution (uj,py, 07, @) be obtained by
solving Problem 3.12 with cut-off DEP force F = F.

Then, the error estimates stated by Corollary 4.7 (case I) and Corollary 4.8 (case II) remain valid for
(u,p,0,®) = (uy,p«, 0s, Dy).

Proof. Since (7.2) implies |[V®,(t,z)| < K for almost all (¢, z), we conclude that mz o V&, = VO, a.e. by the
definition of the metric projection my, see Definition 5.3. Thus, Fz (6., ®.) = F4(6,, ®.), which implies that
(Ws, ps, 04, @4) solves Problem 2.4 with F = F4.

The stated assertion now follows by the fact that F satisfies Assumption 3.13 and the validness of the small
data conditions supposed by Lemma 3.14 and Theorem 4.1 through the definition of K and cq, see (6.5). O

Corollary 7.1 creates the link between the original DEP formulation and the modified version, under the
assumption that the exact electric field E = —V® satisfies (7.2).

Summing up, condition (3.11) and (4.16) have their origin in the fact that there is a force term in the
momentum equation, that is an element of U* and depends on V#. Bounding this term from above yields
the product ||V9||172||Vu\|172 before applying Young’s inequality. After this step, the small data conditions are

needed to ensure positive factors when collecting all ||V¢9||? 9 ||Vu||§ 5 terms on the left-hand side. Thus, (3.11)
and (4.16) are induced by the applied proof technique. On the other hand, condition (7.2) stems from the fact
that F, also depends on |[V®|2, which cannot be handled properly if ® is only in H'. We introduced the cut-off
based modification Fy to circumvent this issue. With the chosen construction, equations (3.11) and (4.16) are
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v | 5.0 1076 [m?s7! Y 7 [ K]
k| 774 1078 [m?s7! §®e | 07,7 10> [V]
p |9.23 102 [ kg m—3 [ 0 m s~ 2
6 2391 1071 [kg m_SJ g, |0 m s~
v | 1.065 1073 [K'] g. | —9.81 m s~
ag | 108 107% [ K| T 5.0 1072 [m]
o | 1379 10717 [Asm?(kg K V)] To 1.0 1072 [m]
6, | 29815 -102 K| H 1.0 1071 [m]

FIGURE 4. Experiment parameters.

summarized by condition (7.1) which can actually always be met (if K is made sufficiently small). Also by the
way F is constructed, the additional condition (7.2) onto the exact potential implies that the modified force
term reduces to the original one. The higher the critical value K, the more likely it is that we find a K that
satisfies (7.1) and Fx (6, ®) = F;(6, ) for the exact solution; thus solving the original, unmodified equations.

We now present experiments for a realistic scenario, for which (7.2) is indeed fulfilled (for the numerical
solution). To this end, we consider the DEP-driven flow inside the vertical annulus Q := {(z1,2z2,23): r; <
22 + 2% <71, x3 € (0,H)} of height H and inner / outer radii 0 < r; < r,. The top and bottom endplates
Iy =00N{xs =0}, Ty = 00N {x5 = H} are supposed to be thermally and electrically insulating, i.e. there
holds VO -n = V® - n = 0 with n denoting the unit outward normal. We further apply a temperature and
potential difference between the inner and outer wall I'; = 9Q N {2? + 23 = r;}, T, = 0Q N {2? + 23 = r,} by
imposing Dirichlet boundary conditions

0, — 160, xer 0 TET;
0 — T 2 ) K2 @ — k) 1
p(z) {Gr + 160, wer, p(@) {5@, xETr,

for some temperature difference 60 > 0 and potential difference §® > 0.

Suitable boundary liftings 6y, ®; can easily be obtained by using cylinder coordinates and linear interpolation
in the radius e, direction. Here, we will vary the potential difference §® in the interval [700 V,7000 V] and the
initial conditions are given by ug, 8y as stationary solution of the TEHD equations with a. = 0 (i.e. the standard
Boussinesq equations for natural convection) and @ is defined as solution of (1.4) with 6(z) = 0, = const (i.e.
the standard Gauss’ law with constant permittivity, evaluated at room temperature). The considered fluid is
the silicone oil AK5 with properties listed in Table 4.

The simulations are performed for F = Fg , K, = 2.4 x 10°, k = 0.05s and on a rectangular grid of
60 x 16 x 100 cells in ¢,r, z direction, respectively, as discretization for Q = [0,2x] X [r;, 7] x [0, H] (using
cylinder coordinates).

The proposed scenario is often used in physical experiments to investigate the influence of DEP force onto
heat transfer enhancement between inner and outer wall, see [35] and the references therein, for instance.
Corresponding experiments are conducted under laboratory conditions (with standard gravitational acceleration
g), as well as under microgravity conditions obtained during parabolic flights (g & 0), see e.g. [27].

Here, we present numerical experiments for the laboratory case as done in chapter 6.3 of the first author’s
Ph.D. thesis [12]. In this scenario, the fluid flow undergoes a rapid change from the initial unicellular, natural
convection-like, pattern to a final, stationary state which is made up by multiple, axially aligned vortices. See
Figure 5 for a prototypical flow evolution.

The flow behaviour can be best understood by looking at the strength of axial vorticity plotted over time
for different values of 6@, see Figure 6. The previously described transition from unicellular pattern to multiple
vortices manifests itself in an exponential increase of axial vorticity from 0 to a certain, fixed final value. Both,
exponential growth rate and final value, are monotonically increasing w.r.t. ®. However, one can also observe
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t=50s t=60s t=70s t=80s t=90s

axial velocity
-1.8e-03 0 2.7e-03

-

t=100s

FI1GURE 5. Velocity field for 66 = 7 K, 6® = 7000 V at multiple time instances on a vertical and
horizontal cut plane through the domain. The color map indicates axial velocity with red/blue

denoting rising/falling fluid.
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FIGURE 6. Temporal evolution of discrete axial vorticity [[(V x uj).||, , for different potential

differences.
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FiGURE 7. Norm of discrete potential gradient for different potential differences.

that for values of 6® below some critical threshold (here for & € {2800V, 3500 V}), axial vorticity stays around
0 and the flow pattern does not significantly deviate from the natural convection base state. This behaviour can
also be observed experimentally [35] and can be explained by linear stability analysis [45].

Coming back to the small data condition, we note that the corresponding domain dependent constant cq
can be calculated in a similar way as in Section 6, where the constants of Friedrich’s inequality for the annular
shaped cylinder can be estimated from above by ¢y, cp < ¢, with

1

2

Cp = (;(ln(ro) —1In(ry))(r2 — rf)) , (7.3)

see Lemma A.107 in [12]. Using (6.5), (7.1), (7.3) the critical value can now be calculated:

(7.4)

—  J25x 109 for BDF1
1.41 x 106  for BDF2.

In Figure 7 we plot minimal and maximal values of the discrete electrical field magnitude |V®7| over different
applied potential differences §®. The critical values K are marked as dotted lines for both time stepping schemes.
Apparently, the discrete potential satisfies (7.2) in case of BDF1 for all considered potential differences, whereas
(7.2) is satisfied for BDF2 as long as 6® <~ 5000V.

We thus showed that our crucial small data assumption (7.2) is fulfilled by the numerically obtained solution
in an application relevant scenario over a parameter range of physical interest (note that the previously described
transition of flow pattern can be observed for 6® > 4200V).

We finally provide some data that underlines the derived discrete energy estimates of Lemma 3.14.
Figures 8 and 9 plot kinetic energy and energy dissipation over time for BDF1 and BDF2 and different time
step sizes. The spatial resolution is kept fixed and 6@ = 7000 V. Except of the case BDF2, k = 0.1, only small
differences between the different energy courses can be observed during the transition phase from unicellular
to multi vortex flow pattern. In particular, the respective final states hardly differ and k-independent energy
bounds are observed, as predicted by Lemma 3.14. Only in case of BDF2, a time step size of k = 0.1 appears
to be too coarse to obtain an accurate solution, while the energy still stays within reasonable bounds.

Recall that we set F = Fg,, with K, = 2.4 x 10 < K(BDF1) for the presented simulation data, i.e. this
choice for F fulfills the small data conditions (3.11) and (4.16) which are imposed by the stability and error
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—— BDFI1, k = 0.10
—— BDFI1, k = 0.05
BDF1, k = 0.025
—— BDF2, k = 0.10
—— BDF2, k = 0.05
—— BDF2, k = 0.025

| | | |
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FIGURE 8. Temporal evolution of discrete kinetic energy %Hu}f”g , for different time step sizes
and schemes for ¢ = 7.0kV.
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FIGURE 9. Temporal evolution of discrete energy dissipation 1/||VuZ||(2) , for different time step
sizes and schemes for & = 7.0kV.

estimate results when BDF'1 is used. In case of BDF2, however, Fg, does not satisfy the required assumptions.
It remains an open question, whether this is the reason for the observed behaviour for £ = 0.1.

Our choice of K, also means that we de facto used F since, according to Figure 7, we have max,—, . n
[IVOL g o < K for 6@ = 7000V, and therefore, F,(0},, ®},) = Fr, (6}, ®}) by construction.

Summing up, we have presented an application relevant scenario, for which the numerical potential indeed
fulfills the required small data condition over a parameter range of physical interest. Further, we want to point
out that if the sensitivity of the potential solution w.r.t. temperature is rather low for a given dielectric fluid
(here v = O(107?)), then the potential obtained by solving the TEHD equations only modestly deviates from
the one obtained by setting e = €(6,) = const. In case of constant e, however, it is often possible to derive
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analytical expressions for ® if the considered geometry takes the form of typical condensators which are often
considered when investigating DEP driven flow, e.g. spherical gaps [46] and infinitely long cylindrical gaps
[45]. For such an analytical form of ®, one can easily determine a parameter range, over which the small data
condition (7.2) holds. Regarding the previously investigated scenario for instance, it was shown in [12], that the
relative difference between ®7 and the analytical solution ® for Gauss’ law with constant € in an infinitely long
cylinder is only of order O(107?) at each time instance, measured in |||, , norm. This ideal potential ® fulfills
(7.2) for 6@ < 8620V (BDF1) and §® < 4860V (BDF2), respectively. 7

8. CONCLUSION

In this paper, we proposed an H!-conformal FEM/BDF discretization for the instationary TEHD Boussinesq
equations and showed well-posedness of the discrete equations. Moreover, we derived a priori error estimates
in a general framework, that allows some freedom in the selection of the temporal discretization components.
Based on this framework we defined a semi-implicit 1- and 2-step method and showed that the resulting schemes
are first and second order accurate in time, respectively. In doing so, the main difficulty lied in the modeling of
the cubic DEP term. Here, we proposed a modification of the original term by means of a cut-off operator. The
theoretically obtained convergence rates for velocity, temperature and potential could be verified by numerical
experiments in a 2D test case, whereas the pressure error converged faster than predicted. The experiments also
demonstrated that a reduced convergence rate is obtained if the exact solutions lacks temporal regularity.

The presented error analysis relies on a small data condition that involves the maximal value of the electric
field. The validness of this condition was shown for the presented test case and for a realistic scenario. However,
the conducted experiments indicate that this might be not a necessary condition and further research has to
be done to relax or even remove this condition by a more sophisticated analysis or a modification of the spatial
discretization scheme. We further showed that the derived error estimates do also hold for the original DEP
term, if the norm of the exact electric field is below a computable threshold.

APPENDIX A.
Lemma A.1 (Discrete Gronwall’s inequality). Let k, B > 0 and (a;)i, (bi)i, (c1)1, (7)1 C [0,00) such that
anJrkZbl < k'z'nal Jrchl + B forn>0.
1=0 1=0 1=0

Suppose that kv, < 1 for all | and set oy := (1 — kry,)~t. Then,

an —l—kZbl < exp(k:Zamq) . (chl —|—B> for n > 0.
1=0 1=0 1=0

If > o miar can be replaced by 272_01 Yia;, then the restriction ky; < 1 is not necessary and o; can be set to 1.
Proof. See Lemma 5.1 and subsequent remark in [17]. O

Lemma A.2 (Temporal approximation). Let difference operators be given by a) = (0,1), a®® = (0,2, -1),
bW = (1,-1), b® = (3,-2,1). Let Z denote a Hilbert space, z € L*(0,T; Z) with 2’ € L1(0,T;Z), 2" = z(t,,)
forn=0,...,N. Then

(i) IftP2' € L*(0,T;Z) for some B € [0,3):

N
EY (12" = Jaw2ly < KPP,

n=1



FINITE ELEMENT APPROXIMATION OF DEP FORCE DRIVEN FLOW PROBLEMS 1727

N
k ZHk*lJb(l)z”HQZ < K28

n=1

2
||2;Z'

(ii) If 2" € LY(0,T; Z), t°2" € L*(0,T; Z) for some B € [0,3):

N
kZHz" - a(z)ZnHZZ S k2(27ﬁ)”tﬁz”||i;z'
n=2

(iii) If z” € L}(0,T; Z), t°2" € L2(0,T; Z) for some 3 € [0,3):

N
kY ||ow" — k_lJb<1>Z"H22 < kQ(l‘ﬁ)Htﬁz”H;Z.
n=1

(iv) If 2, 2" € LY(0,T; Z), t°2" € L*(0,T; Z) for some 3 € [0,3):

N
b0~k 2 < B2,
n=2

(v) If 2" € LY(0,T; 2), t°2, t72" € L*(0,T; Z) for some B € [0,%),7 € [0,2):

N
kS | S K2, 4 RO

n=2

Proof. Follows by application of Taylor expansion, see [12] for details. |
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