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ON THE MIXED REGULARITY OF N-BODY COULOMBIC WAVEFUNCTIONS

LoNnGg MENG*

Abstract. In this paper, we prove a new mixed regularity of Coulombic wavefunction taking into
account the Pauli exclusion principle. We also study the hyperbolic cross space approximation of
eigenfunctions associated with this new regularity, and deduce the corresponding error estimates in
L?-norm and H'-semi-norm. The proofs are based on the study of extended Hardy-type inequalities
for Coulomb-type potentials.

Mathematics Subject Classification. 35J10, 35B65, 41A25, 41A63.

Received February 28, 2022. Accepted June 9, 2023.

1. INTRODUCTION

In most applications of molecular simulation, a molecule is described by an assembly of M static nuclei
equipped with N electrons, with M, N in N,. We assume that the nuclei are fixed, according to the Born-
Oppenheimer approximation, while the electrons are modeled quantum mechanically through a wavefunction
and the N-body Hamiltonian operator:

1
H= —§ZA1-—VM+V€€ (1.1)
i=1
with
N M 7
Vie := —
ne 1;1 ;1 |.’I,',L _ au‘
and v
1 1
Vee := = _
« 21’,]Z=1 |:L‘i—$j|
i#j
where ay,--- ,ap € R? are the positions of nuclei with respective charges Z1,---, Zyr € Ny (in atomic units),
and x1,---,zy € R3 are the coordinates of given N electrons. We denote Z := Zyzl Z, the total nuclear

charge. The right-hand side terms in (1.1) model the kinetic energy, the Coulomb attraction between nuclei and
electrons V,,. and the Coulomb repulsion between electrons V.., respectively.
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Mathematically, the electronic ground — or excited — state problem can be expressed by the Euler—Lagrange
equation of the eigenvalue problem of the operator (1.1):

Hu = \u, (1.2)
where u € H*(R*)™) and [uf z2(gsyv) = 1.
Remark 1.1. It is shown in [18] that any eigenvalue of (1.2) is negative.

The eigenvalue problem (1.2) is well-explored mathematically (see for example [11], as well as the regularity
properties of eigenfunctions of problem (1.2) [3-5,8-10,12]).

In quantum mechanics, in addition to the spatial coordinates, a particle may have internal degrees of freedom,
the most important one being the spin. Electrons, for example, have two kinds of spins ¢ with value 1,2. If a
particle has ¢ kinds of spins, we shall say that the particle has ¢ spin states and we label them by the integer

Fefl, o q).

From the mathematical point of view, it is interesting to consider an arbitrary ¢ spin states in our system. For
this reason, in this article, we will study the wavefunctions of IV identical particles with ¢ spin states instead of
the electronic wavefunctions.

A wavefunction ¥ of identical N particles with ¢ spin states can be written as

v . (}RS)N x {1, 7q}N —-C, (xz,0)— ¥(x,0), (1.3)
where x := (21, -+ ,2y) and 0 := (04, ,on) with 2; e R® and 0; € {1,--- ,q}.
There are two kinds of particles: fermions and bosons. Fermions, among them electrons, satisfy the Pauli

exclusion principle: the sign of the wavefunction W changes sign under an exchange of the space coordinates
x4, x5, and the spins 0y, 0; of two identical fermions ¢, j. More precisely, Pauli exclusion principle writes:

\I,(Pi(;)x’Pi(fj{)J) - —U(z,0) (1.4)

where Pi(;) and Pi(;) the permutation operators which exchange the space coordinates x;, z; and the spins o3, 0;
respectively, i.e.,

Pz(j)( y Ly ﬂzjv"'):: ( s Ljye e 73:2'7"")’ (15)
and
Pz(,(;)( 1y Tyt " ’ajv"'):: ( yOgy e ,O'i,"'). (16)

On the other hand, bosons satisfy the Bose-Einstein statistics in which the particles occupy symmetric
quantum states. Thus the bosonic wavefunctions ¥ satisfies (1.4) when the sign — is replaced by +.

Now we are going to fix the spin ¢, and only consider the antisymmetry of the fermionic wavefunction with
respect to x. As the eigenvalue problem (1.2) does not act upon the spin variables, for every fixed spin o, the
wavefunction ¥(z, o) in (1.3) can be represented by the wavefunction u(z) which is defined by

uw: (RN - C, z— U(z,0). (1.7)
Furthermore, for every fixed spin o, the particles can be categorized into ¢ subsets according to their spin states:

IL={ie{l,--- ,N}yo, =1}, 1=1,---,q, and Z,:={[,---,1,}. (1.8)
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In particular, if o; # [ forany i = 1,--- | N, we set I[; = & and |[;| = 0. If 4,j € I with I € Z, and |I| > 1, then
0; = 0j. Thus
P-(a-)O' —
i,

Therefore, the permutation operator P( ) keeps the spin ¢ invariant if the i-th and j-th electrons have the same
spin. Hence for every fixed o and for any i,7 € I with I € Z, and |I| > 1, equation (1.4) implies the fermionic
wavefunction wu is antisymmetric with respect to z;, x;, i.e.,

u(Pf?x) = —u(x). (1.9)

In particular, if «; = «; then u(x) = 0: thanks to the antisymmetry7 the fermionic wavefunctions can counter-
balance the singularity of the interaction potential W

Relying on this observation, a new regularity result about eigenfunctions of problem (1.2) has been proven in
[17,18] which can help to break the complexity barriers in computational quantum mechanics. More precisely,

it is shown in [17, 18] that, for every fixed spin o, any eigenfunction u, of problem (1.2) satisfies

N
J( . (1 + 22@2) (2 [1(1+ |2m|2)> [ (6 d€ < +o0, (1.10)
R3 i=1

IeZ, kel

where Uy (&) 1= Fu, oo an (Us)(§) = S(Rg)N uy (2)e 27y is the Fourier transform of u with & := (&, -+ ,&n)
and & e R3, 4 =1,---,N. The proof is based on a Hardy-type inequality for the Coulomb system in the scalar
product. Then based on this Hardy-type inequality, a hyperbolic cross space approximation of any eigenfunction
of (1.2) has been studied. The convergence of this approximation is proven in [18]. The hyperbolic cross space
approximation is defined by (2.10) below.

Later, by using r12-methods and interpolation of Sobolev spaces, H.C. Kreusler and H. Yserentant [13] proved
that any eigenfunction u, of problem (1.2) satisfies

f( » <1+ > |27T§1|2> (]‘[ (1 + |27 |? ) [0 (€)]* d€ < +o0, (1.11)
R3 =1

i=1

fors=0andt=1ors=1andt < 3/4. Notice that this regularity is independent of the choice of ¢. It is shown
in [13] that the bound 3/4 is the best possible: it can neither be reached nor surpassed except for the totally
antisymmetric eigenfunctions. However, lacking Hardy-type inequalities associated with the new type of mixed
regularity, they could not prove the convergence of the corresponding hyperbolic cross space approximation of
eigenfunctions.

In this article, we are going to improve the results of [13,18] in two directions: (a) we prove the convergence
of the hyperbolic cross space approximation of eigenfunctions associated with the regularity (1.11); (b) due
to the Pauli exclusion principle, taking the antisymmetry of the wavefunctions into account, we prove a bet-
ter mixed regularity of eigenfunctions and prove the convergence of the corresponding hyperbolic cross space
approximation.

We generalize the concept of the antisymmetric functions such that, under this new definition, non-
antisymmetric functions can also be regarded as special antisymmetric functions.

Definition 1.2 (Generalized antisymmetric function). Let I < {1,--- ,N}. When |I| > 1, a wavefunction u is
antisymmetric with respect to I if and only if, for any ¢, j € I,

u(PZ(j) ) —u(z),

where Pi(,”;) is defined by (1.5). When |I| = 1, every wavefunction v is antisymmetric with respect to I.
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Remark 1.3. According to (1.8), (1.9) and above definition, wavefunction u defined by (1.7) with ¢ spin states
and the fixed spin ¢ is antisymmetric with respect to I for any I € Z,.

Let uy given by (1.7) with ¢ spin states and the fixed spin o be an eigenfunction of (1.2). The main results
of this paper (Thm. 2.3 and Cor. 2.4) then state that

N ar BI
J (1 + ) |27rgi|2> 3 (H(l + |27rgj|2)> (H (1 + |2wgk|2)> 1 (6) A€ < +o0. (1.12)
(RN i=1

IeZ, \jel kelc

Here and below I¢ = {1,--- ,NY\I, ay € [0,5/4), 8 € [0,3/4) and oy + B < 3/2.

As mentioned above, this result improves the results in [17,18]. Actually, if we take oy = 1 and 8 = 0, then
(1.12) becomes (1.10). Thus the regularity (1.10) is a special case of (1.12). Furthermore, we can choose ay ~ 3
and 87 ~ 1 in (1.12) which are much larger than the ones in (1.10).

If we assume in particular that, for the fixed spin o, there exists [ such that I; = {1,--- , N} with I; given by

(1.8), then uy is totally antisymmetric (i.e., uy is antisymmetric w.r.t. {1,--- ,N}) and (1.12) becomes
N N «
f i (1 + 2|2m|2> (ﬂ(l + |2wsj|2)) [s()F dg <+
(R®) i=1 j=1

with any 0 < a < 2. Then (1.12) is better than (1.10) and (1.11) for the totally antisymmetric case.
Now we choose oy = B;. Then if uy is not totally antisymmetric, the condition on aj and (; shows that
0<a; =0 <2, and (1.12) becomes

N N B
f( g (1 + Z|27T§i|2> (H (1 + |27r§j2)> [ (€)]* d€ < +o0 (1.13)

j=1

with any 0 < 8 < %. This is exactly (1.11) with s = L and ¢ < %, and this regularity is independent of the choice
of the spin ¢ and of the antisymmetry of the eigenfunctions. Thus we provide an alternative proof for (1.11). As
mentioned above and shown in [19], our regularity is optimal in this case except for the totally antisymmetric
eigenfunctions.

The proof of this new mixed regularity is based on a generalization of the Hardy-type inequality for Coulomb
system in [17] (i.e., Thm. 2.2) for any o and 3y as in (1.12). As in [18], from this new Hardy-type inequality, we
can obtain the corresponding hyperbolic cross space approximation (i.e., Thm. 2.5). In particular, concerning
the case ay = 01 < %, we prove the convergence of the hyperbolic cross space approximation of eigenfunctions
associated with the regularity (1.11).

2. SET-UP AND MAIN RESULTS

In this section, we introduce first the operators and functional spaces used in this paper, then we present our
main results and give the main ideas of the proof.

2.1. Operators and functional spaces

For every set I < {1,---, N}, we define the Hilbert spaces LZ((R*)™) and H}((R3)N) of the wavefunctions
which are antisymmetric with respect to I by

L? <(R3)N> = {u e L? ((Rg)N); u is antisymmetric with respect to I}, (2.1)
and

H} ((Rs)N) = {u ed! ((RS)N>; u is antisymmetric with respect to I}, (2.2)
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respectively. It is easy to see that, when [I| = 1, H}((R*)N) = HI((R3)Y) and L2((R3)V) = L2((R*)M).
However when |I| > 1, we have L2((R*)™) ¢ L2((R*)Y) and H} ((R*)V) < HY((R?)YN).

Now we are going to define the new mixed Sobolev space like (1.11) in consideration of the antisymmetry
with respect to I. Before going further, we define some fractional Laplacian-type operators associated with I.
Define the operator L; g by

Lragi= (]‘[(1 + |vj|2)a/2> (1‘[ (1+ |vi|2)6/2>, (2.3)

jel iele

where I¢ = {1,--- , N}\I and V;, is the gradient with respect to the coordinate z; € R3. This operator is defined
with the help of the Fourier transform (see Sect. 3 for details). In particular, when I = {1,--- , N}, then

N o\ a2
Liap :j[[l(u IV, ] )

is indeed independent of the choice of 5.
In addition to the operator L; o 3, the following operators will be useful,

=TT (e TT (e wa®)™)

JeI\{i} iele\{i}

and

. a/2 B8/2

7, 2 2

‘Cg,i,)ﬁ = 1_[ (1 + |V ) H (1 + Vil ) .
Jjel\{i.j} iel\{i,j}
Thus,
2 'Yi/Z i 2 'Yi/2 2 7_7/2 i
Lrag=(1+1V:) L0, 5 Lrap= (14 19:F) (14 1VP) LD, (2.4)

where v, = aif ke I, and v, = g if ke I€.
We next introduce the corresponding functional spaces X . g defined by

XLa,ﬁ = {u (S Hll; HE[)Q7BU/HH1((]R3)N) < -i-OO}7 (25)

endowed with the norm

| La,B = HEI,a”B“HHl((RS)N)- (2.6)

We also define the following norm and semi-norm respectively,

[l

0.1,0,8 = [Lra0ul L2 (msyvys  ulinas = IVLLapul L2 sy vy- (2.7)

Here V := (Vy,---, Vy) is the gradient with respect to x € (R*)N. Obviously, [ul7 o 5 = |ul§ ;.5 + |ul

2
LlLa,B
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2.2. Main results
Before going further, we need some assumptions on « and .

Assumption 2.1. We assume that a € [0,5/4), 5 € [0,3/4) and o + 5 < 3/2.
The key tool to prove the regularity of eigenfunctions is the following.

Theorem 2.2 (Hardy-type inequality for Coulomb system in the scalar product). For every I < {1,---,N},
and under Assumption 2.1 on «, 3, there is a constant Cuix.o,g independent of N, Z such that for any u,v €
Xl,a,[ﬁy

|<£l,a,ﬁ(vne + Vee)u, L1,0,50)| < Cmix,a,ﬁ\/ﬁmax{za N}HUHO,I,Q,BHUH1,1,04ﬁ' (2.8)

It is shown in [17] that (2.8) holds for « = 1 and 3 = 0. Based on this inequality, the regularity of eigenfunction
uy and the corresponding hyperbolic cross space approximation are also proven therein.
Our main result on the new mixed regularity of the wavefunction is the following.

Theorem 2.3 (Mixed regularity of eigenfunctions). Let I < {1,---, N}, and let uy € Hi (R*)Y) be a solution
to the eigenvalue problem (1.2). Then, under Assumption 2.1 on o and 3, usx € X1 o 8.

This proof is postponed until Section 5.
According to Remark 1.3, we know that u given by (1.7) is situated in [z H}((R®)N). Then we have

Corollary 2.4. Let u given by (1.7) be an eigenfunction of the eigenvalue problem (1.2) with q spin states and
a fized spin 0. Then uy € ﬂIeL, Xr,a;,8, Where o and Br satisfy Assumption 2.1.

We first recall the definition of the hyperbolic cross space approximation. Let € be a scaling parameter which
will be given in Theorem 2.5. Let Hy o 5(R,2) be a region defined by

2>ajle_[lc(1+ 3}2>B<R2}. (2.9)

Note that this region can be considered as cartesian product of hyperboloid-like regions, from which the notion
hyperbolic cross space approximation originates. Then we define the projector

(Priatsu) @) = J@W 2 (€)a(€) exp (2mi€ - 2) d (2.10)

H],a”g(R, Q) := {(Wl,'“ L wy) € (RB)N9H<1 n ‘%
el

where x?ézﬁ is the characteristic function of the domain Hy o g(R, 2). The approximation (2.10) of u is called
the hyperbolic cross space approrimation.

n [18], based on the mixed regularity (1.10), the convergence of hyperbolic cross space approximation of
eigenfunctions is proven. Now we are going to prove the convergence of the hyperbolic cross space approximation
of eigenfunctions associated with the regularity proven in Theorem 2.3.

Based on Theorem 2.2, we get the following.

Theorem 2.5 (Hyperbolic cross space approximation). Let I < {1,---, N}. For any eigenfunction uy € H} of
(1.2), and every Q = %C’nnx’a,g\/NmaX{Z, N}, under Assumption 2.1 on «, 3, we have

‘ _ \2red/8

L L (O
R,Q
HV(u* - P17a76u*)

Here the constant Chix,a,g 5 defined in Theorem 2.2.

R,Q
s = PLagtx

and

2\/§7re5/8
L2((R3)N) s TQHU*HL2((R3)N)~

This proof is provided in Section 6.
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2.3. Main ideas of the proof of Theorem 2.2

As mentioned in Introduction, the extension of the results in [17-19] is based on Theorem 2.2. Once Theo-
rem 2.2 is proven, following the proofs in [17,18] line by line, we can prove Theorems 2.3 and 2.5, respectively.
Thus this paper is devoted mainly to the proof of Theorem 2.2. As the proof of Theorem 2.2 is quite technical,
before entering the details, let us try to explain the main ideas and the main improvements with respect to the
existing results.

Let

Li=QV;, V= ® v, and L= ® Vi
Jel Jel\{i} kel\{i,j}

The Hardy-type inequality used in [17,18] can be expressed in the following way.

Theorem 2.6 ([17,18]). For every I < {1,---,N}, there is a constant Cy independent of N, Z such that for
any u,v € X110,

KL (Vie + Vee)u, Liv)y| < C’I\/Nmax{Z, NYullo.r,a,81v]1,1,0,8- (2.11)

One can essentially recover Theorem 2.2 with our Theorem 2.6 by setting & = 1 and § = 0.

Remark 2.7. Actually, Theorem 2.2 is optimal at least for the case o = ([ if the wavefunction u is not
totally antisymmetric. Otherwise, if (2.8) holds for some a = 3 > %, then following the proofs in [17,18] as in
Section 5 in this paper, Theorem 2.3 and Corollary 2.4 will also hold for these a and 3. This means that for any
eigenfunction wu, which is not totally antisymmetric, uy € X7 ,g with some oo = 3 > %. However, Yserentant
[19] (see also (1.11) and (1.13) in this paper) shows that a = 3 < 3 is optimal. Then we reach a contradiction.

Thus (2.8) is optimal for the case a = § if the wavefunction u is not totally antisymmetric.

Now we compare these two inequalities technically. We first give a glimpse into the formulae on the left-hand
side of (2.8) and (2.11):

L 2 i/2 Z, (2)
LrapVacn =Y 3 (1+ Vi) (£17a75u>, (2.12)
imlv=1 i — a
N M 7 '
LiVaeu= Y Vi(”Lﬁ’)u), (2.13)
i=1v=1 i — ay|
1 2 ’Yi/2 2 A/j/2 1 (Z )
LrapVee = 5 3 (1494 1+ V] 2D ), (2.14)
0w ) (s
and
1 ! ~ 1 (i,5)
LiVeeu = = TRV —— L 2.15
P J<|xi—xj| ) (2.15)

where vy, =, v, =1if ke l;and v, = 3, v, =0 if ke I°

Notice that by the Leibniz rule, Vy(ﬁf(y)) = e fy) + ﬁvyf. Then from (2.13), (2.15) and by using

Hardy inequality and its antisymmetric version (see e.g., Cor. 3.8 with s = 1), one can deduce (2.11) directly.
We can not prove Theorem 2.2 as for Theorem 2.6 since the Leibniz rule fails for fractional Laplacian
operators. In addition, the optimality of Theorem 2.2 for the case @ = f and the singularity of the Coulomb
potential make the proof of (2.8) in Theorem 2.2 much more delicate than the one of (2.11) in Theorem 2.6.
To prove Theorem 2.2, we need first to study the relationship between the fractional operator (1 + |V¢|2)%’/ 2
and the Coulomb type potentials. In this paper, this is equivalent to the study of the relationship between
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|V;|"* and the Coulomb type potentials by introducing a bounded operator Ks , := (1 + |V, [?)¥2(1 + |V, |*)~?
in Section 3.1.
The main tool of this paper is the following Hardy-type inequality (i.e., Thm. 3.3):

H|y‘_s|vy|_sf”L2(R3) Ss HfHLQ(]R3)> 0<s< 57

and its dual form:

s 3
H|vy| ly|~*f Ss |1fz2(msys 0<8<§~

This is the most important inequality used in this paper and this gives the tool to study the electron-nucleus
term V,,. immediately (see (2.12)).

Concerning the electron-electron term Vg, in (2.14), we need a corresponding version of Hardy-type inequality
for two particles. From the above Hardy-type inequality, one can deduce the following (see Lem. 3.6):

L2 (R?)

—s—t|7 (TS| 3
lly = 27719, 7*19.17"] ot Iflpsxes), 5,820, 5+1< 3

L2(R3 xR3)

This gives the condition that g < % and a+ [ < % in Assumption 2.1.

Thanks to antisymmetry, we can also generalize the standard Hardy inequality for two particles since the
antisymmetry will counterbalance the singularity of the potential ﬁ More precisely, for any function
g € CF(R3xR3) satisfying g(z,y) = —g(y, x), it is easy to see that g(z,y) = 0 for z = y. Thus |g(z,y)| < Clz—vy|
in any compact neighborhood of the set {x = y}. As a result,

5
< +00, O<S<Z

=
ly — z[?¢ L2(R3 xR3)

Then arguing as for the standard Hardy inequality, we show in Corollary 3.8 and Lemma 3.9 the following
inequalities with antisymmetry:
V,V.g

Ss ‘ 25—2
L2(R3xR3) ly — 2|

| Ot

s H|vy|8‘VZ|SQHL2(R3XR3)7 1<s<
L2(R3 xR3)

9
ly — 2>

Returning back to (2.8) and (2.14), we will use the following extension of the Hardy-type inequality for two
particles with antisymmetry in Lemma 4.5:

IV, 7219, 7 2y — 27

Loz <s H|Vy|S|VZ|59HLz(R3X]RS)7 0<s< 1
This gives the condition a < % in Assumption 2.1. In addition, this estimate shows that spatial antisymmetry
implies regularity.

Once the fractional Laplacian operator is defined and the above inequalities and their extensions are estab-
lished, we can obtain Theorem 2.2 immediately.
This paper is organised as follows. As mentioned above, we will use the fractional Laplacian operator. Thus in
Section 3, we will first study the fractional Laplacian. Then based on Hardy-type inequalities, we will deduce the
above inequalities. In Section 4, we will use the above inequalities to prove Theorem 2.2. Then in Sections 5 and 6,

following the proofs in [18], we will prove Theorems 2.3 and 2.5, respectively.

3. FRACTIONAL LAPLACIAN OPERATORS AND RELATED INEQUALITIES

In the following, we denote the gradients V,, and V, corresponding to the variables y and z in R?, respectively.

In the next subsection, we study the fractional Laplacian operator (1 + |Vy|2)s/ 2 on R3. Actually, we rather
study the fractional Laplacian operator |V, |*. The relationship between |V, |* and (1+|V,|?)%? will be studied
equally. Then, for some s,t > 0, we will study some Hardy-type inequalities associated with the operators
19,1731yl and [V, =5[] |y - 2|~
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3.1. Fractional Laplacian

First of all, we define our convention for the Fourier transform. Let f € L2?(R3%),g € L?*(R® x R3) and
u e L2((R3)N), then the Fourier transforms of f, g and u are respectively

fy(f)(fy) = JR3 f(y)ei%mfy'y dy, fy#(!])(fy»fz) =F, Ofy(Q)(ﬁyvﬁZ)a

and
Faro oy W)(&) :=Fpy 0 0 Fp, (w)(€), &:= (&, ,En) with &g € R3, k=1,---,N.

For s > 0, a function f € L?(R?) is said to be in H*(R?) if and only if
e = [, (14 16) IA(DE gy < +20.

The fractional Laplacian |V, |* (or (—A,)*/?) is defined on functions f € H*(R?) by the Fourier representation:

fy(|vy|bf)(§y) = |27T€y‘b]:y(f)(§y)

Similarly, (1 + |V,|?)*/? is defined by

9 s/2 9 s/2
F((1+19,7) ) @) = (141276, ) A (D).
The operator L; g which is defined on functions v € X7, g can be regarded as a composition of fractional

Laplacian operators on R? in the following manner:

o\ 11/2 2\ TN /2
Lrapu:= (1+|V1| ) O~--O(1+|VN| ) u,

where v, = a if ke I, and vy, = B if k € I¢.
Applying the Fourier transform to solve the Poisson equation

IVy"fi(y) = foly) in R?

we find that |27, |°F, (f1)(&y) = Fy(f2)(&y). The inverse of the fractional Laplacian, or negative power of the
Laplacian |V, |~* with s > 0 is defined on functions f in the Schwartz space S(R?) by

Fo(IV7°F) (&) = 27| F (&) for & #0.

In principle, we need the restriction 0 < s < 3 because when s > 3 the multiplier |£,|™® does not define a
tempered distribution (for more details, see e.g., [16]).

On the other hand, the term ‘yl‘s is a tempered distribution for 0 < s < 3 with Fourier transform

0oy (117°)(6) = baoley 2% by = 7720(s/2), (3.1)

where I' is the Gamma function. For the detail, see e.g., equation (3.3) of [6] (the difference of the definition
of b, therein is because of the different definition of the Fourier transform) or Theorem 5.9 of [14] by using the
fact that F,(fg) = Fy(f) = Fy(g). Hence, if 0 < s < 3, the operator |V,|~® can be rewritten as

b3—s

|Vy|—8f(y) _ @n)h ng |z — y|—3+sf(z) dz, fe S(Rg), (3.2)
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Suppose that 0 < s < 3, then |V, |*|y|~" is an L]

loc

(R?)-function for 0 < t < 3 — s and, using (3.1),

S| |- — s — (27r)gb — _ _ s (271')8(73 bs_ e
|Vy| ] t:fyl(‘2775y| '7:1/(|‘ t))szfylﬁ" e ):ﬁ‘m " (3.3)

This equation can also be found in equations (3.4) and (3.5) from [6]. Also, |V,|~*|y|~" is a L] (R3)-function

loc
for0<s<t<3and
bt—sbS—t

=T |5 3.4
B (3.4)

IVl = (e F (1 17Y) =
We end this subsection by studying the relationship between (1 + |V, |?)¥? and |V,|*, then in the next
subsections we will study Hardy-type inequalities associated with the fractional Laplacian operator |V, |*.
Let

2 5/2 sy—1

Kowi= (1+19,17) 0+ 1V, 7, (3.5)

which is defined by the Fourier transform:
s/2
(1 + [2m)?)
Fy(Ksy (&) == ny(f)(fy)-
By the Fourier transform, it is easy to see that
Ksy =Ky (3.6)
Then we have the following.
Lemma 3.1. For any 0 < s <2,
H’Cs,y |L2(R3)—>L2(R3) <1

Proof. For any 0 < s < 2, f(y) € L*(R3?),

s/2 o
e flisgen = |(1+ )™ @+ 2mg, 1) 00 .
L2(R3

As0<s/2<1, (1+[2m&]?)*% < (1 + |27, |*). Thus,
H’Cs,yf”Lz(RS) < H]:y(f)”Lz(RS) = Hf”L"‘(R3)~
Hence the lemma.

Remark 3.2. Actually, the operator K , is also bounded from below. One can use the inequalities (a? +b7) <
(a +b)P < 2P(aP + bP) for a,b = 0. (We thank one of the referees for this remark.)

3.2. Hardy-type inequalities for a single particle

We now consider the term |V, |~*|y|=*f(y) with f € L*(R3). Actually, |V,|~*|y|=* is the adjoint of the
operator |y|~*|V,|~® which has been well studied in [7] (see equally [2], Thm. 1.7.1). The following holds.

L= 1. Suppose s >0 and 3s~* > p > 1. Then

< Cspl fllrrs) (3.7)

Theorem 3.3 (Hardy-type inequality [7]). Let p~* + ¢~

ol =191

‘LP(RL")

where

Copi=27°

Ifp=3s—t orp=1, then Cs,, is unbounded.
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Remark 3.4. It is shown in [7] that the constant C , is optimal. When p = 2, equation (3.7) is equally proven
in Theorem 2.58 of [1] but without the optimal constant C .

Remark 3.5. Replacing f(y) by |V,|°g(y) in (3.7), then (3.7) can be rewritten as:

||vy|ngLp(R3)- (3.8)

H‘yrSQHLrJ(RS) <Cop

When p = 2 and s = 1, (3.7) is indeed the Hardy inequality with the optimal constant C; o = 2. When p = 2

1 V7T

and s = 3, (3.7) is the Kato inequality with the optimal constant C , = Vel (see e.g., [2], Formula (1.7.7)).

In this paper, we only use the case p = 2. By duality, we also have the following: for 0 < s < %

Hlvyl’ W17 2 oy < Colf ey
Notice that [V |*[f(y + a)] = [|[Vy|* f](y + a). Then from Theorem 3.3, for any a € R® and 0 < s < 3,
H\- —al°f g S Oe2 IVl 1l 2 g3 (3.9)

By Fubini’s Theorem and for any h(y, z) € L*(R?® x R?), we have

H|y —z|"*h(y, Z)HL2(R3XR3) < Cs 2 |vy|shHL2(R3 xR3)" (3.10)

The dual version of (3.9) and (3.10) can be represented respectively as follows: for a € R? and 0 < s < 3/2,

9317 = a7 1], ) < ozl flzces (3.11)
and
9017l = 2171, ey < Ol g (3.12)

3.3. Hardy-type inequalities for two particles

The rest of this section is devoted to Hardy-type inequalities for |V,|~%|V.|7*|z — y|=** terms for some
s,t = 0. By using Theorem 3.3, we have the following.

Lemma 3.6. For s,t >0, s+t <3/2, and f € L>(R® x R3), we have

V7519 ly = 217

L2R* xR?) < 2cs+tHfHL2(R3><]R3) (313)

and

lly = 2171V, IV < 260t £l 2o i), (3.14)

L2(R3xR3)
with cg :=1 and, for 0 < s < 3/2, ¢; := Cs o where Cs o is defined in Theorem 3.3.

Proof. For simplicity, we use the shorthand || f|z2 for | f[ z2(gs xrs). We prove first

91190 = 27| < 2e0dl e

‘Lz

If s =1t =0, then | f|p2(rsxrs) < 2co|f|L2(r3xr3) Where co = 1.
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Now we assume s = 0 and ¢t # 0. Thanks to (3.12), we have

9.7y = =7t < el < 2l e

L2

The case t = 0 and s # 0 can be treated in the same manner. Now we only need to consider the case s, > 0.

For any function u(y, z) € L?(R? x R3), by Fourier transform on R x R3, we have

A AT e

Notice that |7]* < |7|*T* + 1 for 7 € R. Then for 7 = [¢,|/|¢.|, we have
[ I S N (M A
Thus,
el 1 Fove (ly = 27 ) (60 8)|
< H|€y|_s_t~7:y,2r(|y - z|_s_tf) (fy,fz)

As 0 < s+t <3/2, by (3.12), we have

IV =217

2 < Cs+t||f||L2a

and

< syt fllz2-

—s—t —s—t
AT i

Consequently, we deduce

< 2¢s4¢| fl L2

—s —t —s—t
I A EE i

By duality, equation (3.14) follows.

, = @l e T F s (= 27 ) (6 )

R [ (TR e TN

_ (Q,IT)ertH|vy|fsft‘y _ Z|fsftfHL2 + (271_)s+tH|vz|fsft|y _ Z|fsftf‘

O

For the wavefunction wu, the antisymmetry with respect to I will counterbalance the singularities of the
potential between electrons. Based on this observation, Lemma 3.6 can be extended in consideration of the

antisymmetry. In Theorem 2.2, we only focus on the case t = s. The extension is based on the following.

Lemma 3.7. Let a€ R3 and k€ [1,3/2) U (3/2,5/2). If f € CF(R3) for k € [1,3/2), or if f € CF(R3\{a}) for

ke (3/2,5/2), we have

dy < 4+00. Then by integration by parts, we obtain

= Sl
|- —al* L2(R3) 12k = 3[|[|- —al*! L2(R3)
The proof is inspired by Lemma 2 of [17].
Proof. We have the relationship:
1 1

% 1) =V .Vly—a

e
Under the assumption on f, we have {g, \g—(?\fk

@k—nj‘ His dy=f Yy - (If/I°Vly - af)
Es [y —al? rs |y —al?P!
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Using Aly —a| = ﬁ on the right-hand side, then
f1? J IVyf-Viy—a f |f1?
2k — 1 ———dy =2} — ——d 2 ———d
R N R R e A e

by the Cauchy—Schwarz inequality, we obtain

2 2 1/2 . 2 1/2
f | f] dy < <J | f] _ dy) U [Vly al%V2f| dy) _
s |y — al s |y — al gs |y —al?*~

As |V]y —a| - V| < |V]y — al||[Vf| < |Vf|, we finally get the conclusion:

BkMQJ Ik f IV £[2
dy < —
4 e y—aPF VS Ly —api2 Y

This ends the proof. O

2k -3
2

Using Fubini’s theorem and Lemma 3.7, the following holds for antisymmetric functions.
Corollary 3.8. For s€ [1,5/4) and f € C(R3 x R3) with f(y,2) = —f(z,y), we have

4 V,V.f
ly — 22

— <
‘y_z|28 L2(R3 xR3) |4s — 5]|4s — 3|

L2(R3 xR3)

Proof. This is a generalization of equation (3.9) from [17]. We first fix z € R3, and let g.(y) = f(y,2). As
fly,2) = —f(z,9) and f € C(R3 x R3), we know that g, € CL(R?\{z}). Thus Lemma 3.7 shows that for any

zeR3
2 Vy9-:

Lo®) |45,3‘ PR

9z
=

L (R3)
Taking L?-norm with respect to z in the above inequality, we get

' 2) 2 | Vyf(y.2)
5 2 | aggomsy ~ 5 = 31| Ty — o2

L2(R3 xR3)

Now 1 <2s—1< 3 and V,f(y, ) € C*(R3) for any fixed y € R®. Arguing as above, fixing y € R?, and using
Lemma 3.7 again, we infer

< 4 ' Vyvzf(yvz)
rarexpsy |45 —5[|ds =3[ |y — z[**2

I ly — ZI
This ends the proof. (Il

L2(R3 xR3)

Combining Lemma 3.6 with Corollary 3.8, we have the following.
Lemma 3.9. For s [1,5/4) and f € CF(R® x R?) with f(y,2) = —f(2,y), we have

< CQSH|vy|s‘vz|sf”L2(R3xR3) (315)

‘ ly — z[* L2(R3xR3)

8cos—2

where cas 1= (5—4s)(45s—3)

and cas_g = 02572,2'
Remark 3.10. Denote the functional space Yapngi s(R? x R3) by
Yanti,s (R® x R?) := {f € L*(R* x R®); f(y,2) = —f(2,), [Vy|’| V.| f € L*(R® x R®) }.

Then Yanti s(R® x R?) is a completion of C°(R?* x R3) with the antisymmetry f(y,z) = —f(z,y). Thus by
density, equation (3.15) still holds for f € Yang s(R3 x R3).
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4. HARDY-TYPE INEQUALITIES FOR THE COULOMB SYSTEM

Now, we are going to use these inequalities to prove Theorem 2.2. We will study separately the contribution
of the potential V,,. in Section 4.1 and the potential V.. in Section 4.2. Theorem 2.2 follows immediately
from Lemmas 4.1 and 4.3 with Chix,a,8 = C1,mix,a,3 + C2 mix,a,8 Where Ci mix,a,3 and Co mix.o,8 are given in
Lemmas 4.1 and 4.3 respectively.

Before going further, we recall that Z = 254:1 7, and that the constant cj is defined by : ¢o = 1, ¢, = Cj 2
for k € (0,3/2) with Cy, defined in Theorem 3.3, and ¢;, = (5728,:)"% for k € [2,5/2).

4.1. Contribution of the electrons—nuclei interaction

In this subsection, we are going to prove the following.

Lemma 4.1 (Contribution of V,,.). Let I < {1,--- ,N}. For any «, 3 € [0,3/2), there is a constant C1 mix,a,8
independent of N, Z such that for any u,v € Xj 4 g,

KL 0,8Vnet, L1,0,80) < C1 mix,a a8 (4.1)

It is an immediate result of the following.

Lemma 4.2. For se [—1,1/2), a€ R3, and f € H***(R3), we have
19,11 =al™ ] sy < Call V1 Floges,

where Cs = (c145 + ¢s)c1—s if $ >0, Co=c1 =2, Cs =c_sc145 if =1 < s <0.

Before proving Lemma 4.2, we use it to prove Lemma 4.1 first.
Proof of Lemma 4.1. Recall that s, = (1 + |V, [2)¥2(1 + |V, |*)*

Following (2.12), (3.6) and the formal identity |V;||V;|~ = 1, we have

N M
LoVt Lrast) = 33 32 2 (1 19) o =l 20 g L)

1v

M
Z LIV 19 = a7, s Vil L1 v )

ﬁMz ﬂMz

M
23 25 219 o = a7 s V4l L)
N
i —1 (i
+ ) 2 Z, <|v "y — a7, |vi|icwi.£,,a’ﬁv>
i=1lv=1

where v, = a if k € I, and v = 8 if k € I°. By definition (2.7),

N
HUH%IQB = Z |\Viu\|(2)71,a,ﬁ- (4.2)

i=1
Thus by Lemma 3.1,
9 1/2

N
[KL1,0,8Vaett; L1,0,50)] < Z EZ Vil™ 1|xz —ay|” 151(”3“ lvl1,1,0,8

2((]R3)N)
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9 1/2

S 2V s - a] T LY, s

lvl1,1,0,8-

N
i=1

2((]R3)N)

By Lemma 4.2, we have

i s —an|” 1[:1 gl

< D2Vl s — a7 L), gl oy
2((R3)N) v
< cs_lzu|vi|sc§{1¥ﬁu||L2((R3)N) < Cy1Z|u

0,1,a,35

where s = 0 or s = ; = 0 and the last inequality holds since |27&;|* < (1 + |27&;|?)"/2. Using (4.2) again, we
finally get

L1 0,8Vneths L1,0,50)] < Chmix,a,8VNZ|to.1,0,8]v
with C1 mix.a.8 := Co + max{Cy_1,Cs_1} independent of N, Z. This ends the proof. O

a8

Now, we turn back to prove Lemma 4.2.

Proof of Lemma 4.2. When s = 0, it is just the Hardy inequality and Cy = ¢; = 2.
When s € [—1,0), by (3.11), we have

V311 =al ™ | o sy < sl =al ™7 flla (o) < cosemsmt IV 77 2oy,

Hence Lemma 4.2 for s € [-1,0) with Cs = c_s¢1 4.
When 0 < s < 1/2, we use the formal identity |V|* = |V||V|*~1. Thus,

[1¥71°ly = al ™ F ) 2 oy = IIVu1* Vuly = al = f @) o sy

<|IVyI* Hy —al 7'V, f(y) + IVl Hy —al 2y — a) f(y)

) oy + |12 es)-

Using (3.11) again, we get

IV y = al 'V £ )

L2( Rd) C1— s”|y - a’| SV f HLZ(RS) < clfscsH|vy|1+sfHL2(R3)‘

Analogously, as 0 < s < 1/2, we have

IV y = al (g — )£ ()

L2(R3) < C1- SHly—a’| - Sf HL2(]R3) C1— 861+SH|V |1+Sf”L2(R3)

We conclude now that, for s € (0,1/2), Lemma 4.2 holds with Cs = ¢1_5(cs + ¢145), i-€.,
H‘Vym : _a"_lf”Lz(RS) < CS‘|‘Vy‘1+SfHL2(R3)7
This ends the proof. O
2. Contribution of the electron-electron interaction

In this subsection, we are going to prove the following.

Lemma 4.3 (Contribution of V,.). Let I < {1,---,N}. Under Assumption 2.1 on «, (3, there is a constant
C mix,a,p ndependent of N, Z such that for any v,v € X1 o g,

KLr.a,8Veelts L1,0.59)] < Comixa,sN*?[to.1.0,610]1.1,0.5- (4.3)
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Recall that by = 7~%/2T'(s/2) where I'(-) is the Gamma function and recall that
Yanti,s (R? x R?) := {f € L*(R® x R®); f(y,2) = —f(2,9), [Vy "IV [°f € L*(R® x R%) }.

To prove Lemma 4.3, we need the followings.

Lemma 4.4. Define Y (R3 x R3) := {g e L*(R3 x R3); |V, |*|V.|tlg € L*(R3 x R3)}. Let 0 <t <s, s+t < 3/2
and f € Y +(R3 x R3). Then,

/
<

—1 _
[V y = 27

L2(R3xR3) )’
Qs+t st—2p

b3_s—t

where C , := stCatt 4 9¢c1 ) if l <s+t<3/2, and C, 1= 2c1_s_tCoqs if 0 < 5+t < 1.
s,t s,t

Lemma 4.5. Let 0 < s <5/4 and f € Yanti s(R3 x R3). Then,

< Canti,s

s—1/2 s—1/2 1
(9= 2191720 = 27 e e

o . . 1—s
where Canti,O = 2017 Cdntl s = 4C3 25C25—2 +4C3 25C25—1 +403 25C2s Zf I<s< 5/4 and Cantl s - Cantl ()antl 1
if0<s<1.

We prove Lemma 4.3 first. The proof of Lemmas 4.4 and 4.5 are postponed to Sections 4.2.1 and 4.2.2
respectively.

Proof of Lemma 4.3. Recall that Ky, := (1 +|V,[?)*/2(1 +|V,|*)~!. Following (2.14) and (3.6), we have

(L10,8Veetl; L1,0,80) = = §]< (1 + |V 21+ |V;]*)52 | —x|1£1a6u£me>

t,j=1
i#E]

72<1+W

1#]

YY1+ V) s — x| 1£(m 5ty Ky 2Ky, 2, L1, a,gv>

where 7, = aif k € I, and v, = (3 if k € I°. Then by using the formal identity |V |7 = |V |"* 71|V for k =i
or k=7, we get

<’CI a,g%eu Ly Oé’ﬁv> = 2<[’gl(i s ‘xz - xj‘_llc%wsz"C’Yjﬂﬂj »Cl,a,,é"U>
Z#J

3 SV s =y L 950K, L0 )

z;é]
45 SV o = s LD 0 IVl Ky, L)
7,;&]
Vi Vi — =1 p3.)
+ 5 Z:<|v v| | $J| ‘Claﬁ 7K71x1]C’Yva]LIO(7ﬁ’U> (4.4)
z;éj

For the first term on the right-hand side of (4.4), it follows from (3.7), Lemma 3.1 and the fact 1 < (1 +
|27, |2)7* for k =i or k = j that

)<£(Ilg e |lzi — j|71’C%,IIICvJ’mJ Lra ﬁ”>‘ HC

-1
” |$Z xj' IC%,IJC%ZL’J'

L2 ()N L2 (&)™)
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C1
< Dulo.ras (IVilLrasVlo r 0 + Vi £r0,5000 1.005):

Thus, according to (4.2), we get

YLD fos = 5] 7 KoKy Lt )| < AN fulo,g 10l 1.0 (4.5)

1#]

For the second term, it follows from Lemmas 3.1, 4.2 and the fact 7, € [0, 3/2) that

IV s = | L5520, 19510 Koy, L0

j (m)
H|V |’Y ‘x 755]‘ Ia,ﬁu Lz((RS)N)H|vj‘IC’W,,:M’CVJ,xjﬁl,a,ﬁvHLz((R3)N)
i p3d)
REj |v]‘ Elvaaﬁ ‘Lz((Ra)N)‘HvJ v ., < C’Yj 0,87
where the last inequality holds since [2&;|% < (1 + |27&;]2)%/2. Thus,
1,
<|V 97 g = | LY, |V 5K 0Ky, L, a,ﬂv> < CapN*2[lullo, 10,601,100 (4.6)
i#]
with Cy, 3 := max{C,, Cs}. Analogously, for the third term,
DIV s = | LD Vil Ky, L0 )| < CagN 2 los gl o (47)
i#j

Finally, we deal with the last term on the right-hand side of (4.4). It is the most delicate term in (4.4) and
Assumption 2.1 on «, § is necessary. Before going further, we assume that v; < 7;. The case 7; < ; can be
treated in the same manner.

We first consider the case {7,j} ¢ I. Then as v; < ~;, we have v; = 5 € [0,3/4). Thus by using Lemma 3.1
and the formal identity |V;|Y = |V, [+ =1V, |1=75,

‘<|vi|’w |Vj |9 a; — zj ‘_1£§€g’)ﬁu7 IC%MICW,IJ.EI,%BUN

[

Yi+y;—1 |l,Z _ xj|71£(li,aj7)ﬂu’ |V _|’Yj |Vi|17’7j IC%‘,II‘IC’YJ’JJ' L:I,a,ﬁv>‘

Jvitvi=Ly,. (m 1Y 1=
< |19 s = g ] 919 T
Notice that |7]% <1+ |7| for any 7 € R and 0 < v; < 3/4. For 7 = ‘I J_'“, we have
. 1—rs
&1 161 < 1651+ 16l
Thus,
) 1—nr.s
H|vjpg|vi| iy \Omﬁ < [IVslv lo.1 .o

On the other hand, thanks to Lemma 4.4, Assumption 2.1 and the fact |27&,|7 < (1 + |27&,]?)"/? with k = i
or k = j, we have
vityi—1 (1 7)

| e

Iiv. C4 i ltlo g0 (1.8)

<
L2((R3)N)
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We conclude that, if {i,j} ¢ I, then

I oras (117 os)

Now we consider the case {i,j} < I. Then v; = 7; = « with a € [0,5/4). Besides, the function u is
antisymmetric with respect to {i,j}. We fix the variables (7x)ref1,... N}\(ij}, and let f(zs,x;) = u(r) with
&= (x1, - ,xn). Thus f(z;,2;) € Yansi (RS x jo), and by Lemma 4.5,

Yi

v |’Y] |‘T7« - ‘T]| 1‘CI g)ﬁu IC"YHmtIC'YJ ‘/EJEI 0‘7[3'U>‘ ’)’1 Yi H'LL

ja—1/2)g je—=1/2) -1
[ gy < ey

Finally, for 4, j € I, by the formal identity |V;|%|V;|* = |V;|*~V2|V;|*1/2|V,|V2|V,|1/2, we get

(Va9 s = a5 7 £ 0, Ko Ko L1 0|
= (Tl IV 2y = | L [ IV 0, K, L0 )|

< o s o [,
< antlaHv v E ‘ ( )
Vi1V L] oy T
Canla
< 0 o 1 (| Vel .6+ V500, 1,0,0)- (4.9)

Let Cy, 5 := max{ “““ *,Cy, 5, Cp 5} For the last term on the right-hand side of (4.4), under Assumption 2.1
on «, ﬁ, we conclude

SVl IV s = | LS D0, K K, L )| < G N2 o, 0110, (4.10)
i#]j
Combining (4.5)—(4.7) and (4.10), we finally get
(L1 ,0,8Vects £1,0,60)] < Comixa s N [ullo,1.0,510]1,1,0.6,
with C2 mix,a,6 1= (€1 + 2Ca,g + Cf 5)/2 independent of Z, N. This ends the proof. O

4.2.1. Proof of Lemma 4.4
We split the condition 0 < s+t < 3/2 into two cases: 0 < s+t < 1and 1 < s+ ¢ < 3/2. For the case
0<s+t<1, by Lemma 3.6, we have

s+t—1 —5— E t
H|vy|s’+ ly — 2|~ 1f‘ < Cl—s—tH|y —2|7° tfHL2(R3X]R3) < 2cl—s—tcs+tH|vy|g|vz| f

L2(R3x L2(R3xR3)
Thus, CF ; :=2c1 s 4514 if0< s+t < 1.

Now, we turn to prove the case 1 < s+t < 3/2. It is based on the study of the fractional Laplacian in
Section 3.1.

We consider first the Fourier transform of ‘J; (y;|2' For any function g(y,z) € L*(R® x R®), we have
by_r e—2imzEy

Fy.2(9) &y, &) = Fo 0 Fy(g)(&y, &2 ). Besides, thanks to (3.1), we have F, (|- —z|77)(&) = 5 e Thus,

b —T 1 —2imz-
fy,z(w _fZT>(fyvfz) = 5277 JRs |l|37_7‘7:2 (e Fy ()& —1,2)) dl
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bs_r 1
=B [ e - L+ D (1.11)
Thus for s + ¢ > 1, by Plancherel’s Theorem,
H|V |S+t—1| | 1f 25-&-t—17_rs+t—2 |£y‘s+t_1]:y,z(f)(§y — l7€z + l) dl
v v L2(R3 xR3) RS |72
L2(R3 xR3)

For any k€ R® and 1 < s + ¢ < 3/2, we have |¢,|*T171 < [¢, — k[*T'! + |k|*TI=1. Let k = [, thus

- 2 1,6 +1
H|vy|s+t 1|y ‘ 1f (27_‘_)9+t 171_—1 J |*7:y, (f)(€§,S,t§ + )| di (4.12)
' L2(R3 xR3) RS |1] L2 (B3 xR3)
s+t—1
+ (27_‘_)s+t—1ﬂ_—1 J |€’ll — l| |-7:y,z(f)(§y _ l7£z + l)| di
R? U
L2(R3 xR3)
Using (4.11) and Plancherel’s Theorem again, we get
Fy(f) (& — L& +1) bs+t et
[ ettty —te £l Dy (D] e
R3 | ‘ L2(R3 xR3) 3—s—t
By Lemma 3.6, we finally deduce
Iy = 2177 F 2 0F = (D s oy < 2ot [Vl IV F 2 OF (D] e
_ s+t s t
= 2¢54+4(2m) H|§y| &1 Fy.2 (f) L2(R9 xR3)
-9 < H s ; t )
Csrt| [Vyl VL] f L2 (RS xR9)
On the other hand, for the second term on the right-hand side of (4.12), we have
J ‘gy — l|s+t71|-7:y,z(f)(§y — l,fz + l)l dl
2
RS U L2(R3 xR3)
s+t—1
B T (A A (T N
= (2m) 2 dl
R? U
L2(R3xR3)
—5— —5— — — s+t—1
=2 tH|y —AT A ( Fue ('Vy| ! f)D L2(R3xR3)’
As0<t<sandt+s<3/2 wehave t < 3/4. Thus by Lemma 3.6,
o -lp—1 s+t—1 < H 1-t tr—1 s+t—1 ’
HIy 7l ]:W( ’“('vy' f)D L2(ROxR3) 2a1][Vyl IV fy’z(]:"’z(W?" f) ) L2(RS xR3)
_ I—typ |t s+t—1
= dmer &' el o (9677 L e
— 21|V, | V-
AR -
Consequently, for 0 <t < sand 1 < s+t < 3/2, we deduce
985+t ps+t—=2p c
s+t—1 -1 < sttCstt o H v 5|V [ .
H|Vy| =271 L2(R3 xR3) b3—s—t + 2 IV IV S L2(R3xR3)

b37sft

Thus Cf , := (Lm + 2c1> if 1 <s+t<3/2and 0 <t < s. This ends the proof.



2276 L. MENG

4.2.2. Proof of Lemma 4.5
When s = 0, by Lemma 3.6, we have

V72V 7y = 27 < 201 f 2o xre)-

L2(R3 xR3)

Thus, Cantio := 2¢1
Now, we assume 1 < s < 5/4. By the formal identity

s—1/2 s—1/2 s—3/2 s—3/2
v el A v e A A i v AR
we have

I A

‘vy ® Vzlvy|5_3/2|Vz|s_3/2|y _ Zl_lf

L2(R3 xR3) ‘

L2(R3xR3)
< H|Vy|873/2|vz‘s_3/2|1‘/ —A7V, @V L2(R3 xR3)
VTR Py =) @V
|19y = 2 e - ) @ o f L2(RoxR?)
|1V (9, @ Valy - 27 1 J—

As —1/2 < s —3/2 < —1/4, by Lemma 3.6, we have

IV, 2192 — 2

L2(R3 xR?) < 2 C23—3H|y gHLQ(R:} xR3)"
Besides, it is not difficult to see that

Vy®Vely — 2|7 <6y — 277
Thus,

I A e R

L2(R3 xR3)
< 2c3-04fly — 27V, ® vZfHL2(JR3 xR3) T 2c3-2sly — Z|172SvZfHL2(]R3 xR3)
+ 203—23”|y - Z‘l_stnyLz(Rsxﬂga) + 1263—25 H|y - Z|_2Sf”L2(R3XR3)'
By Lemma 3.6, we have
H|y - Z|2725Vy ® vZfHL2(R3><]R3) < 2025—2H|vy|S|VZ|SfHL2(R3 xR3)?

and, as 1 <2s —1 < 3/2,

Iy - Z|1725VZfHL2(R3><R3) s 2625—1”|Vy|S|VZ|571VZfHL2(R3XR3)
= 20251 [[[Vy | V2 I® fll 12 (g3 xroy-

Analogously, we have

= #1727 ey < 2eneca I3V sy

(4.13)

(4.14)
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Finally, by Lemma 3.9 and Remark 3.10, we get
|}|y - ZF%JCHLQ(R:’ «R3) S C2s H‘vy|8|vz|8f”L2(R3xR3)'

Thus, when 1 < s < 5/4, we have

< C1aLnti,s

s—1/2 s—1/2y,, _ -1
s A A VR )

IV, 1921 ] o)

with Canti,s 1= 4€3_2sC25—2 + 4C3_25Cps—1 + 24c3_24Cos.
Finally, by using the interpolation theory between the cases s = 0 and s = 1, we immediately obtain the
conclusion: for 0 < s < 1,

< C(anti,s|
L2(R3xR3)

IV, =122y — 2 RARCAI -

where Canti,s = C;n_tis’ngnti’l. This ends the proof.

5. APPLICATION TO MIXED REGULARITY OF EIGENFUNCTIONS

This section is devoted to the proof of Theorem 2.3.
Let I < {1,---, N}. Imitating the proof in [18], we split the eigenfunction u, € H; ((R3)") of (1.2) into the
high-frequency part and the low-frequency part. Denote the projector Py to the high-frequency part by

frl,“wﬂ?N(PQu)(g) = lHZQ(E)fIl,-“,IN(U)(g)v u € L%((RB)N)a §= (517 T 7§N)a (51)

where () is a constant such that

Q

A\

2
—Cmix7a75\/ﬁmax{N,Z}. (5.2)
s

For any function u € L? ((R3)N), let
ug = Pou, ur :=(1— Po)u.
Given a functional space Y, the subspaces PoY and (1 — Pq)Y are formally defined by
PoY :={ug;ueY} and (1—Pq)Y :={ur;ueY}.

Then, under Assumption 2.1 on «,, the low-frequency part uz € Xrop for any u € HE((R3)Y). Hence
Uy, = (1 — Po)uy € X1 o g. Thus to prove uy € X143, it suffices to prove uy g 1= Pouy € X1 o 8.
To prove uy g € X1,a,3, we consider the following variational problem in u for the eigenvalue problem (1.2):

<£1,aﬂH’UJ, El,a,,@UH> — A<£17a75u, El,a,ﬂvH> =0 for any vy € PQXLQﬂ, (53)
from which, using the fact that u = ug + uy, we deduce
<£[,Q’Q(H - )\)uH7£1,a’3vH> = — <£1,Q’Q(Vne + Vee)ubﬁl’aﬁvH) for any vy € PQX[’Q”Q. (5.4)

Obviously, when o = 8 =0, L1,0,5 = 1 and X 45 = H}. Thus for « = 3 = 0, u, solves (5.3), then uy g solves
(54) with Uy, = U, -
Before going further, we study the properties of the variational problem (5.4).

Lemma 5.1. Under Assumption 2.1 on «, 3, for any given uy, € (1 — Pq)X1.q,8, the variational problem (5.4)
admits a unique solution Yy o s(ur) € PaXr -
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Proof. We will prove this lemma by using Lions—Lax—Milgram’s Theorem (see e.g., [15], Thm. 2.1, Chap. I11.2).
Thanks to Theorem 2.2 and (5.2), for any ug, vy € PoXJ 4.8, we have

1
o.raslvlires < Jlunliraslvmliras,

)
|<El,a,ﬂ(vne + %e)uH; EI,a,BUH>‘ < THU

since [up p2(reynvy < (20Q) 7| Vup| p2(rs)~). Then, according to Remark 1.1, A < 0, and we have

2 1 2
LIa8 = ZHUH”LI,a,ﬁ

1 1
|<£1’Q’Q(H — )\)UH,EI’QHQUHN = <<—2A — )\) EI,Q”QUH, £17a,ﬁvH> — ZH’UH|

1 2
> gloalt s

Thus we get the weak coercivity: for ug, vy € PoXr1.0.8,

. . 1
inf sup ‘<LI,a,5(H — )\)UH,L[@’[;UHN = inf |<£[7a75(H — )\)vHaEI,a,BUH>| = —, (55)
lvalra.8=1 |uy| .o <1 lvelr,a,p=1 8
the continuity:
KLra,8(H — Nun, Lr,a,5vm)| < |ublr o glvelr g (5.6)
and the continuity of the right-hand side term in (5.4):
I{L1,a,8(Vae + Vee)ur, L1,a,8vm)| < |url; o glvel; o p- (5.7)

Thus by Lions—Lax—Milgram’s Theorem, under Assumption 2.1 on «, 3, for any given uy € (1 — Po)X/ o8,
equation (5.4) admits a unique solution ¥y o 5(ur) € PoX7a,3- O

Theorem 2.3 can be immediately obtained by the following.

Lemma 5.2. For any o, (8 satisfying Assumption 2.1 and for u, = U1, VH,a,8(Ux,L) = Usx g is the unique
solution to the variational problem (5.4). Thus us g € X1,0,3-

Proof of Lemma 5.2. Let ur, = ug r in (5.4). When o« = § = 0, by Lemma 5.1, ¢¥57,0,0(us ) is the unique
solution to (5.4). On the other hand, for &« = 8 = 0, w4 g solves equally (5.4) with uj, = us . Thus by the
uniqueness of solution to (5.4), Y,0,0(Us,1.) = Us,H.

To end the proof, it suffices to prove ¥y o 5(tus,) = us g for any «, 3 satisfying Assumption 2.1. As the
operator L5 o g is invertible, we denote the functional space X7 _,_g by

X —a,—p = {u; E;}Lﬂu € HII ((Rg)N) }

Thus for any vy € PoXr,q,3, we have L%’Q’B’UH € Po X1 _a,—p. On the other hand, for any ¢y € Po X1 _—a,—3,
E;i,5¢H € PoXr,a3. Let vg = E;iﬁ(ﬁH, then (5.4) can be rewritten as

<(H - >‘)qu ¢H> = - <(Vne + Vee)uL; ¢H> for any ¢H € PQXI,—a,—ﬂ- (58)

Now, for any o, 3 satisfying Assumption 2.1, let Yy o g (ur) € PoX1 o s be the unique solution to (5.4)
for « = @’ and 8 = 3. Obviously, Hi((R*)N) < X7 _o —p. Then PoH}((R®)N) © PoXr _o,—p. Thus thanks
to (5.8), for any ¢y € PoH}((R)YN), we have

<(H - )‘)wH,a’,,@’ (U’L)7 ¢H> == <(Vne + Vee)uLv ¢H>a

which implies that g o g (ur) also solves (5.4) for & = § = 0. Then, by Lemma 5.1, for any o/, ' satisfying

Assumption 2.1, Y,/ (ur) = Yr00(ur). As Yu0,0(Us,L) = s, we finally get Yp,arp(Us,L) = ts m. By
Lemma 5.1, usx g = Yo/, (us,.) € X1 o, 3. This ends the proof. O
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6. APPLICATION TO THE HYPERBOLIC CROSS SPACE APPROXIMATION
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Finally, in this section, we study the hyperbolic cross space approximation and prove Theorem 2.5. We need
to replace in Theorem 2.2 the operator L; o g by L1 q,3,- which is defined by
B/2
, IVil*\® Vil
Llopri= H(l + 5 1_[ L+
jel iele
We consider equally the following norms
= Lraprtlz(@syvy: luliress = 1VLraprtl 2 (@s)vy):
It is easy to see that for 7 > 1
T QNHUHO Lap < |ulo,r,a,8 < |uo,r,a8. 7 aNHqu Lag < |ulira.87 < lul1,r,0,8
while for 0 <7 < 1
lullo,r.a.6 < lulo, 10,5 < 77N ulo,rap,  ulhras < lulras. <7 N ul1,r06-
Before going further, we need the following.
Lemma 6.1. Under Assumption 2.1 on o, 3, we have for any u,v € X7 4.3,
KLr a7 (Vie + Vee)u, L1.0,5,70)| < C B (6.1)
where Chix,a,3 15 defined in Theorem 2.2.
Proof. Let u,(z) := 773N 2u(r~'z) and v, (z) := 73N/ 2y(r~'x) where z = (z1,--- ,zn) € (R*)V. Let
' ;;1 |xZ —Ta,|
It is easy to see u,, v, € X7 o, since u,v € Xy o 3. Then, by Theorem 2.2, we have
[{L1,0,8(Vige + Vee)tr, L1,a,6V7)] < Ciix,a,8V N max{Z, N}HUTHO Ia, 5HUTH1 I,a,8° (6.2)
The scaling definition yields
[KL1,0,8(Viie + Veettr, L1,0,507)] = T L1 0,6, (Ve + Vee )t L1,0,6,70))- (6.3)
On the other hand,
| a8 = HL"I,aﬁ“THLf((RS)N) = Hﬁl,a,ﬁ,T“HLf((RS)N) = |ulo,r,a,8,- (6.4)
and
| B = VLo EUTHLZ((]RS) ) = _1HVLI,a,ﬁ,TUHLg((]RS)N) =77 vll1, 10,8, (6.5)
Gathering together (6.2)—(6.5), equation (6.1) follows. O
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Let I < {1,---,N}. Let uy € Hi (R?*)N be an eigenfunction of (1.2), and let uy g = Pous, us r, = (1— Po)uy
with Pq defined by (5.1). We consider the following variational problem: for any vy € Po X743,

<£1,a,B,T(H - )\)UH, LI,a,ﬁ,TUH> = - <£1,a,B,T(Vne + ‘/ee)u*,L; £I,a,ﬂ,TUH>- (66)

Following the proof of Theorem 2.3 in Section 5 and under Assumption 2.1 on «, 3, we know that w, g is the
unique solution to the variational problem (6.6).
Recall that Q > %C’mixy,l,g\/Nmaux{N7 Z} and let vy = uy g. Then we have

1
|<£1,a,B,T(H - )‘)“*,Hvﬁl,a,ﬁ,fu*,H>| = 1 HU*,HH,LQ,,@,T (6.7)
and
7
[<Lr 0,8, (Vae + Vee) s, 1, L1,0,68,r U, 1)| < —- |, Lll0,1,0,8,7 [, [1,1,0,6,7- (6.8)
2
By (6.7) and (6.8), we get
7€ 1 7
U, H|0,],0,8,7 X 7 |Usx,H|1,],0,8,7 S —5 ||Ux,L|0,],0,3,7- .
2 fte il < g < T s (69)

It follows from (6.9) and the identity [u«| ; 05, = |Us.2l§ 1057 + |Us. #3105, that

01,08, < V2| uy LLa8r < 2V210 uy

|ws, 1 l0.1,0,8.7  us,H] 0,1,0,8,7- (6.10)

Lemma 6.2. Let Q > %Cmix,a’B\/NmaX{N, Z} be large enough. Under Assumption 2.1 on «, 3, we have
HU*HO,I,a,ﬁ,zwsz <V2e%8 (ke HL2((R3)N)’ H“*HLI,a,ﬁ,zwsz <2V27e?fQ HU*HLZ((RB)N)'
Proof. The proof is in the spirit of Theorem 9 from [18]. Under Assumption 2.1 on a, 8, we have 0 < § < a < 5/4

and 5
52\" &) 5l¢ 2
H(”@?) H<”|Q|2> <o o)

jel iele

where € := (&1, ,&n) € (R®)N. Thus, by (5.1) and using the fact that us , = (1 — Pqo)us, we have

s -] Ll R :
wilorapama=]  TI1rigp ) TTL1+ g | 1o ov (wo(©OF g

1€1<Q Ger iele

5|£‘2 2 5/4 2
S I e [ AN TR TG S T et

Let now 7 = 27Q). Then equation (6.10) implies
s ‘|o,17a,572ﬂ9 < \665/8“u* HL2((R3)N)7 HU*HI,I,a,,B,QTrQ S 2\/§7T65/8QHU* HL2((R3)N)'

This ends the proof. O

Finally, we turn to the proof of Theorem 2.5.
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Proof of Theorem 2.5. For any § € Hy o (R, Q)¢ where Hr o (R, Q) is defined by (2.9), we have

1 o 2\ one; |2
1< —
Rr? n 27Q H 2
el jele
Thus, by Lemma 6.2, it is easy to see that
(=77 ) ol (1P e
P ‘1“3 L2((%)) R Pras 0,1,0,8,27Q

1 \/565/8

< EHU* ||o,1,a,g,27r§z < T‘|U*HL2((R3)N)~
Analogously,
1 2V/2me®/8
Hv< Pz a,ﬁ *>IL2((R3)N) < EH“*”LI,a,g,sz < TQHU*HLQ((D@)N)'
This ends the proof. O
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