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FULLY DISCRETE SCHWARZ WAVEFORM RELAXATION ANALYSIS FOR
THE HEAT EQUATION ON A FINITE SPATIAL DOMAIN

RoNALD D. HAYNES*® AND KHALED MOHAMMAD

Abstract. Schwarz waveform relaxation methods provide space-time parallelism for the solution of
time dependent partial differential equations. The algorithms are differentiated by the choice of the
transmission conditions enforced at the introduced space-time boundaries. Early results considered
the theoretical analysis of these algorithms in the continuous and semi-discrete (in space) settings for
various families of linear partial differential equations. Later, fully discrete results were obtained under
the simplifying assumption of an infinite spatial domain. In this paper, we provide a first analysis of
a fully discrete classical Schwarz Waveform algorithm for the one-dimensional heat equation on an
arbitrary but finite number of bounded subdomains. The #-method is chosen as the time integrator.
Convergence results are given in both the infinity norm and two norm, with an explicit contraction
given in the case of a uniform partitioning. The results are compared to the numerics and to the earlier
theoretical results.
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1. INTRODUCTION

Schwarz waveform relaxation (SWR) provides space—time parallelism by partitioning the computational
domain into overlapping or non-overlapping subdomains and iteratively solving the time dependent partial
differential equations (PDEs) over a time window. The convergence characteristics depend on the family of
PDE, the choice of spatial and temporal discretization, and the transmission conditions which couple the sub-
domain problems together at the subdomain boundaries. The use of Dirichlet transmission conditions at the
(often) artificial interior interfaces defines a classical SWR algorithm. The iteration may be improved tremen-
dously by enforcing continuity of higher order operators at these interfaces, giving rise to a family of optimized
SWR algorithms.

The analysis of classical SWR at the continuous, semi-discrete, and fully discrete levels has been provided
for many classes of PDEs. The first results by Gander and Stuart [9] analyzed SWR for the heat equation in
continuous and semi-discrete settings on a finite spatial domain. Giladi and Keller [16] analyzed the continuous
classical SWR method for the advection diffusion equation in one and two spatial dimensions. The analyses
show linear convergence on unbounded time intervals and superlinear convergence on bounded time intervals.
The contraction rates depend on the coefficients of the PDE, the size of the overlap and time window, and
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the number of subdomains. Similar results have been obtained for nonlinear reaction-diffusion equations in
one spatial dimension in [7], for convection-dominated nonlinear conservation laws in [11], and convergence in
a finite number of steps was obtained for the wave equation in [12]. The slow convergence of classical SWR
can be improved greatly by replacing the Dirichlet transmission conditions at the interior interfaces by local
approximations to the Dirichlet to Neumann operators for each subdomain. This leads to a family of optimized
Schwarz algorithms, see [8] in the steady case, [3,4,13] for advection-reaction-diffusion problems, and [12, 14]
for the wave equation. For some classes of problems, classical SWR. can be accelerated using improved initial
guesses generated by a multirate approach [19].

The early semi-discrete (in space) analysis for the heat equation in [9] was extended in [24] to give a semi-
discrete (in space) analysis for classical and optimized SWR for reaction diffusion equations on an infinite spatial
domain. In [1,2,10, 15] continuous in time analysis was provided for closely related applications to RC type
circuits. Discrete in time analysis for an infinite circuit may be found in [26], while [25,27] provides results for
a fractional order, infinite circuit, in both the discrete and continuous settings in time. Fully discrete analysis
for Schrodinger’s equation and the wave equation can be found in [17] and [14] respectively. In a very recent
paper, Clement et al. [6] provide a fully discrete analysis for the reaction—diffusion problems on two unbounded
spatial domains.

The fully discrete analyses mentioned above, all assume an infinite spatial domain to simplify the analysis. The
boundedness of the error at oo leads to a simpler solution of the error recursion. Furthermore, the contraction
rate for the error becomes much easier to analyze. In this paper, we discuss the fully discrete convergence analysis
of the SWR-algorithm for the heat equation on a bounded spatial domain using standard finite differences in
space and the #-method (1/2 < 6 < 1) in time. The consideration of a bounded spatial domain allows a multi-
domain convergence analysis on a finite number of bounded domains while a bounded time domain reflects
the usual practice of exchanging information between neighboring subdomains after a time window [0, 7]. The
bounded space and time domains also reflect the situation most often faced in actual computation. Many of the
discrete analyses above only prove convergence at the interior interfaces only. Here we complete the picture by
proving and utilizing a discrete maximum principle.

We show that the contraction rate for the fully discrete algorithm is bounded by the contraction rate for the
semi-discrete and continuous cases on an unbounded time interval. On a bounded time interval, [0, T], we prove
that the contraction rate is bounded by the contraction rate of the algorithm on an unbounded time interval.

We mention that a brief sketch of a fully discrete analysis on two overlapping, bounded subdomains using
backward Euler as the time integrator can be found in [18]. That special case analysis used a different proof
technique.

Our model problem is the one dimensional heat equation u; = g, + f(2,t) for —L < < L and ¢t > 0 subject
to initial and boundary conditions u(x,0) = ug(z), u(—L,t) = hq(t), and u(L,t) = hs(t). To ensure a unique
solution, we assume that f is bounded on [—L, L] x [0, 00) and uniformly Hélder continuous on each compact
subset of the space-time domain, and ug(x), h1(t) and ho(f) are (at least) piecewise continuous [5]. Although
seemingly quite restrictive, the one-dimensional heat equation is the standard prototypical model parabolic
problem. As mentioned previously, the emphasis and novelty here is a first analysis of a fully discrete SWR
algorithm on a bounded spatial domain. As we will see the imposition of a bounded spatial domain increases the
complexity of the analysis significantly. Following the pattern of existing continuous SWR analyses, extensions
to higher dimensions and more general parabolic problems will follow.

We obtain our semi-discrete problem by discretizing in space with centred finite differences on Q" = {zm :
Tm =—L+Ax(m+ N),m=—N,...,N}, where Az = # This leads to the system of IVPs

dl;iit) = Au(t) +£(t), t >0, u(0) = uy, (1)

where u(t) € R?N~1 is the solution vector on the interior of Q" with components wu,,(t) which are the (semi-
discrete) approximations of u(z,t) at « = ., for m = —(N —1),..., (N —1). Here A = s tridiag(1,—2,1) €
REN-DXEN-1) where tridiag(a, b, ¢) is a tridiagonal matrix with constants a, b, and ¢ on the sub-diagonal,
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FIGURE 1. The spatial discrete decomposition.

main-diagonal, and super-diagonal, respectively. The inhomogeneity, f, is given by

T
f£(t) = (f(x(Nl)at> + ﬁhl(t)af(xf(mevt)a o fm vy, t), fzv—1)t) + Alﬁh2(t)> ;

and the initial vector ug is given by ug = (uo(r_(n_1)),- - ,uo(x(N_l)))T.

2. CONVERGENCE ON TWO SUBDOMAINS

We begin by decomposing 2" into two overlapping (discrete) subdomains: QF = {z_y, T_(N-1);---,T5} and
O ={24,Tai1,--., 2N} where a and 3 are integers satisfying —N < a < 3 < N, as shown in Figure 1.

The classical semi-discrete SWR algorithm for the heat equation on the two subdomains, Qf and Q% , can
be written as: for k =1,2,..., and for j = 1,2 solve

duft(t) = Ajuf(t)+£7(t), t>0, (2.1a)
where -
wb(t) = (uf oy Ok vy (s b sy () (2.1b)
and
uj(t) = (U’S,(a+1)(t)7 U5 g2y (); - vug,(zvq)(t))T, (2.1c)

are the subdomain iterates on the interior nodes of Q% and Qf. Here, for j = 1,2, Aj = ﬁtridiag(l, -2,1),
where A; € RNHA-1X(N+5-1) and 4, € RW—a-Dx(N-a=1)
The vectors ff € RN*A~1 and f§ € RV=2~1 are defined by

_ 1 - 1
B0 = Bi(0) + 5yt (081 and E(0) =B(0) + 5 0 (06 (2.14)
where 6; € RV+8-1 and §, € RV~ are the unit column vectors
6, =(0,...,0,1)" and &, =(1,0,...,0)". (2.1¢)

The overbar notation, fj, for j = 1,2, denotes the first N + 5 — 1 and the last N — o — 1 components of
f, respectively. This bar notation will be used in this manner throughout this section. The system (2.1a) is
supplemented with an initial condition

uk(o) = ﬁj(o)v J=12, (2'1f)
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and boundary and Dirichlet transmission conditions

k—
uy, _n(t) =hi(t), uf 5(t) = us 5 (1), ¢>0, (2.10)
upo(t) =uy (), ub () =ha(t),  t>0.
Here u;?,m(t) represents the numerical approximation of u(z,t) at * = x,, on Q? at the k'" iteration of the SWR

algorithm. To get the iteration started we must pick initial guesses for ug 5(t) and uf ,(t).
To analyze the fully discrete SWR we begin with a lemma which describes the single domain discrete solution
of (1.1) using the #-method.

Lemma 2.1. The single domain solution at t = t,, u(n), restricted to the interior of Q?, denoted 0;(n), for
Jj = 1,2, using the 0-method to integrate the semi-discrete heat equation (1.1), are the unique solutions of the
subsystems

(Il — HAtAl)ﬁl(n) — HAtfl(TL) = (Il — (9 — 1)AtA1)1_11(n — 1) — ((9 — 1)Atf1(n — 1),
(12 — eAtAg)ﬁz(n) — HAtfz(TL) = (IQ — (9 — 1)AtA2)ﬁ2(n — 1) — ((9 — 1)Atf2(n — 1),

where )
fi(n) =fi(n) + @"5(")51 and f3(n) = fa(n) + mua(n)%7 (2.2)
forn=1,2,.... Here, 81,2, are defined in (2.1¢), ug(n) and uy(n) are the single domain solutions at the interior

interface nodes at time t,, and I1 2 are the (N + 3 —1) x (N + 3 —1) and (N —a — 1) x (N — a — 1) identity
matrices, respectively. We set f;(n) = £;(t,) for j =1,2.

Similar expressions for the SWR approximations are given in the next lemma.

Lemma 2.2. The solution of (2.1a)~(2.1g) using the 0-method at t = t,,, u¥(n), for j = 1,2, are the unique
solutions of the subsystems
(I — OALA ) uk (n) — OAHFF (n) = (I — (0 — 1)AtA ) uf(n — 1) — (0 — 1) Atf¥(n — 1),

(I — OALA)uk (n) — OALES (n) = (I, — (0 — 1)AtAx)uk(n — 1) — (0 — 1) At (n — 1), 23)

form=1,2,.... Here ff(n) = ff(tn), for 5 =1,2, where the vectors fjk(t) are defined in (2.1d).

We denote the error between the single domain and SWR solutions on subdomain j at time step mn, by
e?(n) = uf(n) — T@,(n) for j = 1,2. Simply subtracting the representations of the single domain and SWR

solutions from the previous two lemmas gives the following result.

Lemma 2.3. For j =1,2, k=1,2,... and n =1,2,... the errors, e?(n), satisfy

(I1 — 0AtA;)ek(n) — u&e’fﬁ(n)él
(I — At Ay)ek(n) — MGeg’a(n)Jg = (I, — (0 — 1)AtAy)ek(n — 1) — u(6 — 1)e§7a(n —1)d2,
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with initial condition

and boundary conditions

Here, p = At/Az? and 0; for j = 1,2 are appropriately sized zero vectors.
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Using the boundary values and the definition of A; 2 and &; 2 we directly obtain the following recursions for
the errors.

Lemma 2.4. Component-wise, for j =1,2, k=1,2,... and n=1,2,..., the errors e;f”"m(n) satisfy

—ple oy (n) + (1 + 2u0)ef . (n) — pbef ,,q (1)
= _:U/(e - l)elf;m—l(n - 1) + (1 + 2:“(9 - 1))elf,m(n - 1) - /”'(9 - 1)€lf,m+1 (’I’L - 1)7
form=—(N-1),....,6—1, and

_/’Leeg,m—l(n) + (1 + 2/,69)8126’"1(”) - /’Leeg,m-i-l (’I’L)
= —p(0 = 1)eb g (n = 1) + (14 2u(0 = 1))e5 ,, (n — 1) = p(0 = 1) pq (0 — 1),
form=a+1,...,N—1.

To analyze these recursions for the error we use the discrete Laplace transform [23]. The discrete Laplace
transform for a general vector w = (w(0),w(1),...)", defined on a regular (time) grids with step size At is

w(s) = — Z z7"w(n), (2.5)

where z = e*2t) s € R, where Ry = {s|s = 0 +iw, 0 > 0 and |w| < 7/At}.
The recursions for the discrete Laplace transforms of the errors are recorded in the next lemma.

Lemma 2.5. For j = 1,2, k = 1,2,... and n = 1,2,..., the discrete Laplace transforms of errors, ’éﬁm(s),
satisfy

lu‘é\llc,m—l(s) - (2/1‘ + n)é\]f,m(s) + lué\llc,m—i-l(s) = 0> m= 7(N - 1)& R (5 - 1)7
and
/Lé\g,m—l(s) - (2# + n)é\g,m(s) + .U’/ég,m—i-l(s) = Oa m=aoa-+ la ) (N - 1)a

where the quantities p,n, and z are given by p = %, n= (Q(ZZ—ﬁ and z = e*At, for s € Ry.
Taking the Laplace transform of the boundary conditions gives

e pls) = g’;‘l(s), e _n(s)=0, 26)
&a(s) =14 (5), e n(s) =0.

The solutions of these recursion relations are given in the next two lemmas.

Lemma 2.6. The general solutions of the recursions for the Laplace transforms of the errors are given by
e n(s) = ab N+ DA, (2.7)

where m = —=N,..., 3, ifj =1, and m = «,...,N, if j = 2, where Ay solves)\Q—(Q—i—g))\—i—l:O and is

given explicitly by
vn?+4
Ap =14 L VT (2.8)
2u 2u

sAt

where = %, n= ﬁ and z = e*2',s € R;. In the expression for Ay, we have chosen the square root

with positive real part.

The image of the analytic complex function, Ay(s),s € R, is bounded for § € (1/2,1] and unbounded for
6 = 1/2, see Figure 2.

The coeflicients (a;?, bg?)T =: cf in (2.7) are shown to satisfy a simple fixed point iteration in the next lemma.
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FIGURE 2. The image of A (s),s € R for 0 = 1/2 (left) and for 0 = 1 (right). (a) 6 = 1/2 and
(b) 6 =1.

Lemma 2.7. The coefficients, C? = (a?,b?)T, for j = 1,2, in the general solution, (2.7), for the Laplace
transforms of the errors satisfy

ck=A7'O1ck™t and X = A Okt (2.9)
where NN
AN A P e 0 0 N o
Ay = o), A= THCE 0, = _ d 6,=(2+7+ ). 2.10
() e G e (o) () ew

Proof. Using the error function in (2.7), the boundary conditions (2.4) can be written as
Alcllc = @1Cl2(_1 and AQCIZ{ = ®2C11(—17
from which the result follows. g

To show convergence of the discrete SWR algorithm we show that ’e\’f’m(s) tends to zero as k tends to infinity
for all relevant m. A straightforward, but slightly tedious calculation, gives the following recursions for the error
functions €§ ,(s) and @’2‘“75.

Lemma 2.8. If A\ = €”, then the Laplace transforms of the errors in the approximation generated by the
discrete SWR iteration (2.3) at the interfaces xo and xg satisfy

_ sinh (({1 — d)v) sinh ((I2 — 0)v) 4_»

Aal) = "G b (o) e ) (2.11)
2 (s) = sinh ((I1 — 0)v) sinh ((lo — 6)1})@19*2(3) |
263 sinh (1) sinh (I2v) 2

for s € Ry, where 6 = —«a,ly =N+, andly = N — a.
Proof. Using (2.7) and (2.9), the Laplace transform of the error at the interfaces z, and zg can be written as

e als) = (AL A7)k = (A2, A7) AT Ok,

2.12
& 5s) = (MLAT7) ek = (AL A7) AT ek (2.12)
Substituting the matrices A1, Aa, ©1 and Oy from (2.10) gives
ke /\era - )‘J_r(N+a)Ak 1 ~k )‘fiﬁ - )‘;(N_ﬁ) k-1
ey o(8) = NTB ey €5 5 (s) and e54(s) = N o ") €1 o (8)- (2.13)
A -5 ALY = AL

+
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Using the mapping, Ay = €Y, the definition of the hyperbolic sine function, and substituting § = § — «a,
li =N+ pf,and I = N — a, we have

_ sinh ((I1 — §)v) 44

sinh ((Iz — 0)v) 4,1
sinh (I1v) 2.6

~k _
(s) and e54(s) = sinh (lov) he

(s). (2.14)

Using the expression for 8551(5) and substituting into €} ,(s) gives the first expression in (2.11). The second
expression in (2.11) is obtained similarly. O

The quantities § and [; for j = 1,2, in Lemma 2.8, determine the overlap and the subdomain sizes, respectively.

Remark. It is easy to see that as N — oo (i.e. when recover an infinite spatial domain) the contraction rate
for the error in (2.11) tends to |A4|?(*~#) which exactly matches the result obtained by Wu and Al-Khaleel [26]
when Dirichlet transmission conditions are used. We note further that (2.13) and (2.14) are generalizations
of the corresponding expressions for the error on a bounded spatial domain found through continuous and a
semi-discrete analyses in [24]. This allows us to directly compare our contraction rates to those found therein.
In the semi-discrete case (as At — 0 with Az fixed), the contraction rate at the interfaces is given in (2.11)

where v is replaced by
1 1
(s, Az) =In (1 + isAxQ +4/ ZSQAx‘l + sAx2> .

We note here that using an inequality developed later in Lemma 2.12, we are easily able to show that this semi-
discrete contraction rate is bounded above by the semi-discrete contraction rate obtained in [9]. And further,
taking the limit of o(s, Az) as Az — 0 and making use of Lemma 2.12 we recover the continuous contraction
rate obtained in [9].

To show that the moduli of the coefficients in the error recursion (2.11) are strictly less than one for all s € Ry
a more detailed analysis of A is necessary.

Lemma 2.9. If6 € [%, 1] then the quantity n = ﬁ

7 in the expression for Ay in (2.8) satisfies Re(n) > 0
and hence Re(Ay) > 1.

Proof. Consider n = where z = e*2, s € R,. The real part of 7 is given by

z—1
0(z—1)+1

0217 4 (1 —20)e2 cos(Atw) + (0 — 1) .
Re(n) = Geato con(Ate) + (1 — ) 1 (60217 sin(Ate))? (2.15)

The function Re(n) is well defined and positive for 6 € [%, 1}. To see this, assume that
(0217 cos(Atw) + (1 — 0))2 + (geto sin(Atw))2 =0,

which requires
0—1
eA cos(Atw) = 7 and sin(Atw) = 0.

If sin(Atw) = 0 then w € {0, £7/At}. Substituting w € {0, £7/At} into e2* cos(Atw) = 451 forces

0 —
T —— (2.16)
0
Equation (2.16) has no solution. To see this, we first note that for o > 0 we have 2" > 1. For § € [£,1], we

have 5% € [-1,0] and 152 € [0,1]. Hence, (fe**" cos(Atw) + (1 — 9))2 + (Berto sin(Atw))2 > 0.
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Now we show 0?27 4 (1 — 20)e®t cos(Atw) + (6 — 1) > 0. Since cos(Atw) € [—1,1], for |w| < m/At, and
1—-260 <0, for § € [3,1], we have

0e2217 4 (1 — 260)e2 cos(Atw) + (0 — 1) > 02217 4+ (1 —20)e”" + (0 — 1). (2.17)

The right hand side of (2.17) is a quadratic function in €2, is concave up for § € [%, 1], and has no roots. To

see this, assume that 0e?2t 4 (1 — 20)e*” + (6 — 1) = 0. Factoring this gives the requirement

0—1
A7 =1 and 27 = 5 (2.18)

The above equations have no solution since o > 0 and 6 € [, 1].

Since the numerator and the denominator of the right hand side of (2.15) are both positive, we have Re(n) > 0.
The real part of A defined in (2.8) is given by Re(Ay) =1+ RSS’) + Bely ZZJAW)- The conclusion Re(A;) > 1
then follows from the fact that Re(n) > 0 and the choice of the square root in Ay. O

The following technical lemma will help us prove the main inequality in Lemma 2.12.

Lemma 2.10. Suppose 6 € [3,1]. If A\ = €”, then Re(cosh(v)) > 1.

Proof. Substituting A\, = e into the quadratic equation \? — (2 + 1A+ 1 =0 and rearranging gives

cosh(v) =1+ % (2.19)
From Lemma 2.9, we have Re(n) > 0, from which the result follows. O

Lemma 2.11. Suppose 0 € [%, 1]. If Ay = €” where v = x + iy then we have x >0, |y| < T, and |y| < z.

Proof. Due to periodicity, we may initially assume y € (—m, 7]. Using Euler’s identity we have
Ap =€’ =€ cos(y) + ie” sin(y). (2.20)

From Lemma 2.9, Re(A;) = e cos(y) > 1. Since e > 0 for all z, we must have cos(y) € (0, 1], this implies that
ly| < 5- Since e” cos(y) > 1 and cos(y) € (0,1] we must have = > 0.

Now we show that |y| < z. We argue by contradiction. Suppose 0 < x < |y| < F- The cosine function is
decreasing and cosh(z) > 1 for 0 < = < 7w/2. Hence we have cosh(x) cos(y) < cosh(x) cos(z). This implies
cosh(x) cos(y) < 1, since cosh(z) cos(z) < 1 for 0 < & < /2. This contradicts the result in Lemma 2.10, where
Re(cosh(v)) = cosh(x) cos(y) > 1. O

The image of the analytic complex function, A\ (v(s)), s € Rs, with v = = + iy, in the zy-plane is bounded
for § € (1/2,1] and unbounded for § = 1/2, see Figure 3.
We can clearly see from the plots above that > 0, |y| < §, and |y| < x for § € [1/2,1].

Lemma 2.12. Suppose 0 € [%, 1] and a, b are positive integers with a < b. If A\ = e, then for all s € Ry we

have (av)
sinh (av a
—_— —- 2.21
sinh (bv) <% (2:21)
Moreowver,
sinh (av(s)) a
= . 2.22
Sseulfs sinh (bu(s)) b (2:22)
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FIGURE 3. The image of Ay on a semi-infinite time interval in the xy—plan for = 1/2 (left)
and for 6 =1 (right). (a) 6 =1/2 and (b) 6 = 1.
Proof. Let v = x 4 iy. Using trigonometric and hyperbolic identities, and with further simplification, we have

sinh (av) |’
sinh (bv)

_ cosh®(ax) — cos®(ay)
B cosh?(bx) — cos2(by) (2.23)

Using Taylor series

3 45 315

1
P BT
315 ¢ >

1 2 1
cosh?(bx) — cos?(by) = (1 + %2 + —vtat + b8 ——p8a® - )

1 2
— (1 —b2y? + §b4y4 — 4—5b6y6 +

L g
315b (:L —y)-i-

2
- % <a2 (z% +¢%) + %b2a2 (z* — o) + 435194@2 (% +4°) + 3715596@2 (2% = 9®) + - )

1 2
:bz(x2+y2>+§b4(x4_y4)+£b6(l_6+y6)+

From Lemma 2.11, z > 0 and |y| < z in Rs, so all the terms in the above expression are positive. Using the
assumption b > a > 0, we have

3 15"

cosh? (bx) — cos?(by) > b ( *(2* +y )—l— ) (x4—y4)+ 2 a®(z% +y )+315a8(x8_y8)+...>

1
_ 1 6,.6 8,8 1 ...
((+ax+ —atzt + aw+315aaﬁ+

45

2 1
_(1- a8+ —— BB+
< a’y? + ay v y+315ay+
b? 2 2
:—Q(COSh (ax) — cos®(ay)).

s}

Since > 0, we have cosh?(bz) — cos?(by) > 0 and the result (2.21) follows.

To obtain the supremum in (2.22) we consider inequality (2.21) on the boundary of R;. Indeed, it is easy
to check that the inequality (and proof technique) holds if |y| = x, except at © = 0. Moreover, since a/b
provides an upper bound on |sinh(av(s))/sinh(bv(s))| for s € Ry, lim s _¢[sinh(av(s))/sinh(bv(s))| = a/b, and
sinh(av(s))/sinh(bv(s)) is an analytic function for s € Rs — (0,0), then (2.22) follows. O

Now we arrive at a convergence result on the interfaces z, and x3.
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Lemma 2.13. The Laplace transform of the errors in the approximations generated by the discrete SWR
iteration (2.3) at the interfaces xg and xq satisfy

(b —0) (la = 9)

A’fa(s)’ S ll l2 |/€\’f;12(8) J
(2.24)
(i = 6) (l2 = 6) |y
Agﬂ( )| < ll 12 ‘/6\126752(5) ’
forall s € Rs, where =0 —a,l1 =N+0, andly = N — «.
Proof. The proof of Lemma 2.13 follows directly from Lemmas 2.8 and 2.12. (]

It is clear that for a fixed subdomain size the upper bound on the contraction rate, (lllijé)%

the overlap size, ¢, increases.
Now we are in a position to prove the convergence of (2.3). First, we prove that the following maximum
principle holds for the Laplace transforms of the error components.

, iImproves as

Lemma 2.14. Suppose 0 € [%, 1] If Ay = e, then the mazimum error for the fully discrete two subdomain
SWR iteration (2.3) occurs on the boundaries x, and xg. The Laplace transforms of the errors satisfy

elms ‘625 (s) or m=-N,...,0—1,

|€2m8’ |61a s)|, for m=a+1,...,N,

for all s € Ry. On the exterior boundaries of the physical domain the error vanishes: €y
for all s € Ry.

Proof. Using (2.9), we have

e n(s) = (N AT ek = (WP AL™MAT O1e5 7, for m=—N,..., 5,

2.26
@g)m(s) = ()\T, )\_T_m)cl; = ()\T, )\_T_m)A:,_l@gclf_l, for m=a,...,N. (2:26)
Simplifying (2.26) gives
o e VR P
el,m(s) = )\N—i-ﬁ _ /\,(NJFB) €9 2,8 ( ) for m= _Na 757
N M (2.27)
" Mo
€3.m(8) = T —a) €l (s), for m=a,...,N
+
Using the mapping, Ay = e, the expressions in (2.27) simplify to
ok sinh((N +m)v) o
€l m(8) = ————=—¢€ S for m=-N,...,0,
1 (5) sinh((N + B)v) 27 (5), (2.28)

R U

sinh((N+m)v) | 1, for m = —

(N1 B)0) N,...,[3, with a strict inequality if m # 3 and

From Lemma 2.12, we have

sinh((N—m)v)

Sh((N—a)o) <1, form=aq,...,N, with a strict inequality if m # «. Hence the result follows. (]

Using Lemma 2.14, we now show the convergence of the fully discrete two subdomain SWR iteration, (2.3),
at all nodes.
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FIGURE 4. Contour plot of the contraction rate, p(s), from (2.31), for § = 1/2 (left) and 6 =1
(right). (a) 6 =1/2 and (b) 6 = 1.

Theorem 2.15. Suppose 0 € [%, 1]. The fully discrete two subdomain SWR iteration, (2.3), for the heat equa-
tion using the 6-method converges at a linear rate. The Laplace transform of the errors satisfy

k

i< (2B el o m= N
1 2

(2.29)

k
el (P2 EE @) o meae

for all s € Ry, where § = 8 —«, Iy = N + 3, and ls = N — a. Moreover, we have strict inequality in the first
line of (2.29) if m # (8 and in the second line if m # «.

Proof. Using Lemma 2.14, we have

)

2k

A2k+1s}§’62ﬂs| for m=-N,...,[,
A% 1 . (2.30)
o+ s‘ﬁ’el s) for m=a,...,N.
Now the result follows from Lemma 2.13 and induction. O

In the case I} = Iy, the result above was obtained in [18] using a different analysis and without providing an
upper bound for the error.

Figure 4 shows contour plots of the contraction rate

_|sinh ((Iy = d)v) sinh ((Io — d)v)
pls) = sinh (I;v) sinh (lov)

(2.31)

on two subdomains for # = 1/2 and 6 = 1. Here we choose Az = At = 0.1 with a fixed overlap size of § = 2
and [; = Iy = 11, corresponding to two subdomains Q§-* = {—1,...,0.1} and Q9-* = {—0.1,...,1}. We plot the
contour levels for the contraction rate on the top half of R, R. On the bottom half of R, R , the contraction
rate behaves the same way. From Figure 4, for both § = % and 6 = 1, we see that the contraction rate is strictly
less than one in the 0 — w plane (defining R;).

As a preview to the multidomain results in Section 3 we now formulate the iteration for the error on two
subdomains as a matrix iteration, and obtain a convergence result in both the 2-norm and the infinity norm.
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Lemma 2.16. Suppose § € [%,l], If A = e, then the error in the approximation generated by the two
subdomain fully discrete SWR iteration at the interfaces x, and xg satisfies

¢ = G372, (2.32)
T
where € = (¢4 ,,7 5)
2 (rip20
G; = (0 Tlp2>, (2.33)
" inh (s — 6)v) inh (1> — 6)v)
sinh((l; — §)v sinh((lg — §)v
— d = . 2.34
" sinh(lyv) anc b2 sinh(lov) (2:34)
Moreover,
ol (12 |sinh((ly — 0)v) sinh((lz — d)v) (Ilh = 9) (Ia = 9)
162l =163 1. = | —Gnmey <o) T

Parseval’s identity for the discrete Laplace transform, in the next Lemma, will be useful to prove the conver-
gence of the SWR algorithm in the time domain.

Lemma 2.17. Let v = (v(0),v(1),...)" be a general vector defined on a regular (time) grid with step size At.
Then a Parseval’s identity
A%
sup/ 5(s)|*dw = At[|v]|z, (2.35)
>0 AT
holds, where |[v]|3 = 32°° Jv(n)|?.
Moreover, if v = (v(0),v(1),...,v(T/At))" then we have

~ At
sup [ [0(s) o = = (T = A0 o, (2.36)
T <|w|<

>0 =

where ||Jv||3 = Z:i%t v(n)|?. Here, we assume that T/At is an integer.

Proof. We will prove the first result (2.35), the second result (2.36) follows in a similar way. Substituting the
discrete Laplace transform definition (2.5) into the left hand side of (2.35), we have

2 o0 oo

At At -
/ t [0(s))Pdw = =— Z Z e_(’LJr’”)"Atv(n)U(m)/ elm=—mwitqy, (2.37)

21 ™

At n=0m=0 At

nsAtin the double sums above are orthogonal over w € [—7/At, 7/At], in fact

it 27 —
/A ei(mfn)wAt dw = {OAt n=m

The basis functions, e

n #m.

Now, we use the above orthogonality property to simplify the double sum in (2.37) and obtain

[ () dw = ALY €Ay () 2. (2.38)

A n=0

Taking the supremum of both sides in (2.38) over o > 0 the result follows. O
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The following corollary shows the convergence (at the interfaces) of the discrete SW R-algorithm in the time
domain for ¢ > 0.

Corollary 2.18. Suppose 0 € [%, 1]. If Ay = €Y, then the errors in the time domain at the interfaces x, and
xg fort >0, e’f,a and elgﬁ, in the SWR approzimation (2.3) converge and satisfy

(lh—90) (I2 —9)

2
et < P2tz
(2.39)
(lh—=0)(l2=8)|| x2
leball, < =57 e8]
oo 2 oo 2
Here [lef oI5 = Y207 olef o (n)]” and [l 4113 = 3207, 6’5,5(71)‘
Proof. The proof of Corollary 2.18 follows from Lemma 2.13 and Parseval’s identity (2.35). O

The convergence in the time domain at all the interior nodes follows from convergence at the interfaces, x,
and zg, Corollary 2.18, and a discrete maximum principle in the time domain.

In practice, we integrate in time using #-method over a bounded time interval ¢ € (0, T]. This allows exchang-
ing information between the subdomains at the end of the time interval T. The following corollary shows the
convergence of the discrete SWR-algorithm (2.3) at the interfaces (in the time domain) on a bounded time
interval ¢t € (0,7].

Corollary 2.19. Suppose 0 € [3,1]. If A\\ = e, then the error in the SWR approzimation (2.3) in the time
domain t € (0,T] at the interfaces x, and g, é’f’a and élz‘ﬁ, converge according to

sinh ((I; — d)v) sinh ((

~k ~k—2
||91,a||2 = sinh (l1v) smh lgu H ||2’
. . 2.40
Hék I, < su sinh ((I; — d)v) sinh ((I — §)v) sh-2 (240)
2.6ll2 = Rp sinh (1;v) sinh (Iov) 2,8

where Ry = {s|s = c+iw, 0 > 0 and /T < |w| < w/At}, ||él,aH% = Z:i%t ek (n)|2 and ||é27[3H§ =

1,
T/At 2 ‘ .
>onlo les 5( n)| . Here, we assume that T /At is an integer.

Proof. The proof of Corollary 2.19 follows by restricting the frequencies considered in Lemma 2.13 to 7/T <
|w| < 7/At and using Parseval’s identity (2.36). O

Corollary 2.19 will be used to present the numerical results for the two subdomain case in the time domain
in Section 4.

3. MULTIDOMAIN CONVERGENCE ANALYSIS

In this section, we discuss the fully discrete convergence analysis of the SWR-algorithm on arbitrary number
of a bounded subdomains.

To obtain the classical SW R solution of (1.1) on an arbitrary (finite) number of subdomains, we decompose
Q into S overlapping subdomains: Q;‘ ={z; :i=uq,...,0;} for j =1,...,5 where zo, = —L, zg, = L,
and 7o, , < g, for j =1,...,5 — 1. We assume that x5, < x4, , for j =1,...,5 — 2 so that non-adjacent
subdomains do not overlap, see Figure 5.
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FiGURE 5. Multi-domain spatial decomposition.
The classical semi-discrete SWR, algorithm on S subdomains, Q;-‘, for j = 1,...,5, can be written as: for
k=1,2,..., solve
du®(t)
# = Auf(t)+ £/ (), t>0, (3.1)
where ’

W (1) = (U 1) (), 0 o,y ()i 5y () (3.2)
are the subdomain iterates on the interior nodes of Q;L Here, A; = ﬁtridiag(l,—ll), where A; €
RBi—ea;=)xBi—ai=1) for j=1,...,8.

The vectors ff e RA—*=1 for j=1,...,5, are defined by
& - 1
fr(t) = fi(t) + A2 s (t)01,1,
- 1
ka(t) =f;(t)+ NS (t)o15 + A2 Y (t)o23, forj=2,...,8 -1, (3.3)
- 1
k

where 41 5 € RA—i—1 and 02 € R% =% =1 are the unit column vectors

T T

615=1(0,...,0,1)" and d2;=(1,0,...,0)" . (3.4)

The overbar notation indicates that ?j, for j =1,...,5, are components {a; +1,...,5; — 1} of f;. This bar
notation will be used in this manner throughout this section.
The system (3.1) is supplemented with an initial condition

ub(0) =1;(0), j=1,...,5, (3.5)

1(t), uf g, (£) = us 5 (2),
k— k— .
W, () =l 0w (0=l (0 fori=2..5-1, (3:6)

Here, u;m (t),t > 0, represents the numerical approximation of u(z,t) at z = z,, on Q? obtained by the kP
iteration of the SWR algorithm. To get the iteration started, we must pick initial guesses for u?y g,(t) and u%aj (1),
forj=1,...,8S.

To analyze the fully discrete SWR algorithm we begin with a lemma which describes the single domain
discrete solution of (1.1) on S subdomains using the §-method.
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Lemma 3.1. The single domain solution at t = t,, u(n), restricted to the interior of Q?, a;(n), for j =
1,...,S, using the 6-method to integrate the semi-discrete heat equation (1.1), is the unique solution of the
subsystems

(I; — OALA; )T (n) — OALE (n) = (I; — (0 — 1)ALA,)az(n — 1) — (0 — 1) Atf(n — 1),

forn=1,2,..., where

- 1

f1 (n) = f1 (n) + TJZQU'Hl (n)51,1,
_ 1 1 )

fi(n) =f;(n) + N (n)o1;+ A2 e (n)dgy, forj=2,...,5-1, (3.7)
- 1

fs(n) =fs(n) + @UQS (n)(sz,s.

Here f;(n) = £;(t,), for j =1,...,S, 615 and 025, for j =1,...,S, are defined in (3.4). The quantities ug, (n)
and uq;(n), for j = 1,...,S, are the single domain solutions at the interface nodes at time t,, and I;, for
j=1,...,8, are the (B; — a; — 1) x (B; — oj — 1) identity matrices.

Similar expressions for the SWR, approximations are given in the next lemma.

Lemma 3.2. The solution of (3.1)—(3.6) using the 0-method at t = t,, u?(n), forj=1,...,S, are the unique
solutions of the subsystems

(I; — 0AtA;)uk(n) — AL (n) = (I; — (0 — DALA) ) uf(n — 1) — (6 — 1) Atff(n — 1), (3.8)

form=1,2,.... Here ff(n) = ff(tn), forj=1,...,5, where the vectors f]k(t) are defined in (3.3).

We denote the error between the single domain and SWR solutions at time step n by ef (n) = uf(n) —11,(n)

for 5 = 1,...,5. Simply subtracting the representations of the single domain and SWR solutions, from the
previous two lemmas, gives the following result.

Lemma 3.3. Fork=1,2,... and n=1,2,..., the errors, ef(n), forj=1,...,5 in the SWR approzimations
from (3.8) satisfy

(Il — HAtAl)ell‘(n) — ,uﬂe’f,ﬁl (TL)(SLl = (Il — (0 — I)AtAl)ell‘(n — 1) — ,UJ(G — 1)6’16761 (n — 1)5171,
(I; — OALA; el (n) = b ek 5, (M)d1 5+ ek o (M)ag) = (I = (0 = D ALA)el(n 1)

7,05
— 0 = 1) (e, (0 = Vv + ek (0 = 1)2),
j=2...,8-1
(Is — AtAg)es(n) — p@e’g)as (n)das = (Is — (0 — 1)AtAg)es(n — 1) — u(6 — 1)6’%705 (n—1)das,

with initial condition

e¥(0)=0;, forj=1,...,85,

and boundary and transmission conditions given by

elle,ozl (?’L) = 07 ellg,ﬁl (n) = 615,_61 (ﬂ),

b ) = (), ey ) =il (), forj=2,...5-1 3.9

€ja, (1) =€14 (), €g(n)=eyg(n), forj ey , (3.9)
k-1

egas(n) = 65—1,045(”)’ elgﬂs(n) =0.

Here, p = At/Az? and 0; € R%Gi~%=1 for j=1,...,S, is a zero vector.
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Using the boundary values and the definitions of A;, 61 j, and d2j, for j =1,...,5, we obtain the following
lemma.
Lemma 3.4. Component-wise, for j=1,...,5, k=1,2,... andn=1,2,... the errors, ejmi(n), in the SWR
approzimations obtained in (3.8) satisfy '
ek () (L4 2000k (1) — ek 1 (n) = (60— D)k, 1 (n— 1)

(20— 1))eb,, (0= 1) = u(0—1)ek 41 (n—1),
where mj; € {o; +1,...,3; — 1}, subject to ejmj (0) =0 and (3.9).

The recursions for the discrete Laplace transforms of the errors are recorded in the next lemma.

Lemma 3.5. Forj=1,...,5, k=1,2,... andn = 1,2,..., the discrete Laplace transform of errors, €§7m] (n),
in the SWR approzimations obtained from (3.8) satisfy
B 1 (8) = (20 + 1) 1 (8) + €5 41 (8) = 0, (3.10)

where mj € {a; +1,...,0; — 1}, p= At/Az? n= 9(;’_771%_1 and z = e*At, for s € R,. The Laplace transforms
of the boundary conditions are

&y (5) =0, & 5, (5) = &5, (5),

~o— ~— .
B =P 0 )=, ) frg =251, (3.11)
/\g,as (8) = é\gill,ozs (8)7 é\gﬁs (S) = 0

The general solutions of these recursion relations are given in the next two lemmas.

Lemma 3.6. The general solutions of the recursions (3.10) and (3.11) for the Laplace transforms of the error
are given by

e () = af N N formy € {a; +1,...,8;— 1}, andj=1,...,5, (3.12)

2,5

where Ay solves A% — (2 + g))\ + 1 =0 and is given explicitly by

V2 +4
,\+:1+1+M7 (3.13)
2u 2u

At -1 A
where 1 = Xz, 0 = g7 and z = €° ¢

with positive real part.

,S € Rs. In the expression for Ay, we have chosen the square root

The coefficients (a;?7 b?)T =: c? in the representations of the errors above are shown to satisfy a fixed point
iteration in the next lemma.

Lemma 3.7. The coefficients c? = (aé‘?, bf)T, forj=1,...,8, in the general solution for the Laplace transforms
of the errors, satisfy

ck = A7 es
= Aj'O ek + AT ek, forj=2,...,5 -1, (3.14)

JI¥j+1 0
—1 k—1
AS @SCS_l,

o Aaj A;Otj o Aj_J A;a]‘ o O 0
A= (}\E] )\__,_Bj ), 0; = ( 0 0 , and II; = Af_j )\;5]. . (3.15)

where
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Proof. Using the expression (3.12) and the boundary and transmission conditions (3.11) we have

afAY + i =0, af X7+ U = eI AL
AEAY ALY = BTN T dEND oA = BN RTINS forj=2,. 8 -1,
GENTT HBEATYS = aTIAT HBETIATT, el + 05T =0,
(3.16)
Writing (3.16) in matrix form we have
Alclf = chgil,
Ajcf = ©,ci T + ek, forj=2,...,5—1, (3.17)

Agcg = 6505:},
where Aj, ©;, and IT for j =1,...,5, are defined in (3.15). Multiplying each equality in (3.17) by the inverse
of Aj, for j =1,...,95, the result follows. (I

A straightforward, but slightly tedious calculation, gives the following iteration for the vector of Laplace
transforms of the errors at the interfaces.

Lemma 3.8. If Ay = e", then the Laplace transforms of the errors in the approximation generated by the fully
discrete multi-domain SWR iteration (3.8) at the interfaces xp,, for j=1,...,8 =1, and xq,, for j=2,...,5,
satisfy

¢ =Ggh T, (3.18)
where .
€5 = (500 (91,855, (508 0y (), 2515, ()81 0 (), 1 (9)) (3.19)
s € Ry, and Gg € C2(5-1x2(5=1) 45 given by
0 T1
p20 0 g2
S92 00 T2
p30 0 g3
S3 00 T3
Gs = , (3.20)

ps—10 0 gs—1
5510 0 rg
ps 0

The non-zero elements in the matriz are

(= 0)0) g

7T T sinh(lv)
py = S —00)v) iy s
’ sinh(lv) o (3.21)
g = Snh(0;-1v) or 251 ,
77 “sinh(ijv) e S 1,
~ sinh(d;v) o
% = h(0) for j =251

The quantities §; = Bj — ajq1, for j=1,...,8 =1, and l; = B; — oy, for j =1,...,S, determine the overlaps
and the subdomain sizes, respectively.
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Proof. On €4, using (3.14), the Laplace transform of the error on the interface z,,, can be written as
& oy (8) = (AP, 05%2) ek = (A2 AL%2) AT Tkt (3.22)

Substituting in the elements of the matrices A; and II;, using hyperbolic identities, using the mapping Ay = e,
and introducing the quantities §; = 81 — s and I; = 1 — a1, we have

o~ _ sinh ((I; — 01)v) 4 |
€] a,(8) = We2,61(8) =715 5 (8), (3.23)
where r; is defined in (3.21).
On Qy, for j =2,...,5—1, using (3.14), the mapping Ay = €, and introducing the quantities §; = 3; — ;41

and l; = 3; — a;, we may write the Laplace transforms of the errors on the interfaces x5, , and z4,,, as

~k _ sinh ((l; —d;-1)v) 4y sinh (6;-1v) 44 _ok—1 ~k—1
ejﬁj_l(s) = sinjh(qujj) ej—l,aj( ) sinh (jljv) €j+1,8; (s) = Dj€i 1,0, (s) + Qjej+1,gj(3)»
~k _ sinh (6;v) 44 sinh (((; — 6;)v) g1 o ok—1 ~k—1

€ (8) = sinh (l;v) € 1.a,(8) sinhj(ljvg J+1,5, (s) = 8,87 10, (5) + Tj€it1.8; ().

(3.24)

where pj, g, s;, and r; are defined in (3.21).
Finally, on Qg, using (3.14) and introducing the quantities ds_; = Ss—1 —ag and lg = Bs — s, we have the
Laplace transform of the error on the interface xg,_, as

sinh ((ls - (55_1)’[})

o~ -1 k1
€555 . (8) = sinh (I50) 85—1,a5<5) = pses_l,as(s), (3.25)
where pg is defined in (3.21).
Writing (3.23), (3.25), and (3.24) in matrix form we arrive at (3.18). |

The next lemma proves the convergence at the interfaces in the infinity norm.

Lemma 3.9. Suppose 0 € [1,1]. The Laplace transforms of the errors defined in (3.18) converge to the zero
vector as k — oo in the infinity norm.

Proof. The infinity norm of Gg is

Gl =max{ Il lpst, o Qs+ gl s+ 1) (3.20)

where pj, g, s;, and 7; are defined in (3.21). Using Lemma 2.12, for all s € R, we have

sinh((l; — 01)v) li — 61
= ].
a1 sinh(l4v) l =
Ips| = Sinh((.ls —d5-1)v) ls — 651 <1,
sinh(lgv) ls (3.27)
R P T S BT |
Pil T 19 sinh(l;v) sinh(l;v) Ly lj ,
sinh(d;v) sinh(({; —d;)v)| & ;=4
. 1 o— - 4 S = 1.
851 + [r;] sinh(l;v) sinh(l;v) l; * l;

From (3.26) and (3.27), we have ||Gg|| ., < 1, and the result follows. O
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Remark. We see that the infinity norm of G will tend to one if even a single overlap shrinks to zero, which
coincides with our usual understanding of the convergence of (classical) Schwarz methods.

The following lemma is used to prove that a maximum principle holds in the fully discrete multi-domain case.

Lemma 3.10. Suppose m; € {«j,...,03;}, for j=1,...,5, and define

T
Ck = (/e\lfmu (5)7é\]2€,m2 (3); A ,%,17771571 (S)’é\g,ms (S)) s (328)
where ’e\f’mj is the Laplace transform of the SWR error at an arbitrary node m; € ;. If Ay = e", then

¢F =G, (3.29)
where &* is defined in (3.19) and G% € CS*2(5=1) s given by

0 g
P20 0 g5
pf“ 00 q?“
Gj = 7 (3.30)
Ps10 0 g5,
ps 0.
The matriz elements of G% are given by
pi = Sl_nh((ﬂj —mj)v)7 for j =2,...,5,
J
sinh((8; — o))
h(( o) (3.31)
% S m]‘ — Oéj v .
e fi =1,...,5 -1
U sin((3 )t T
Proof. On Q1 using (3.14) the Laplace transform of the error, € . (s), can be written as
o~ sinh ((m1 — on)v) 4y xsk—1
= = 3.32
el,ml( ) sinh ((61 o Oél)U) 62751 (S) q1 62751 (8)7 ( )

where g7 is defined in (3.31).
On Qj, for j =2,...,5 — 1, using (3.14), the Laplace transform of the error, @?)mj(s), forj=2,...,5 -1,
can be written as

e ) = sinh((5; — mj)v)g,?f () sinh((m; — aj)v)gk 11

1 —
€. (8) = — —1a.l8 : j (s)
I sinh((8; — az)v) 77 sinh((8; — a;)v) IH0 (3.33)
= ;e 10, () + e 5 (s),
where p} and g; are defined in (3.31).
Finally, on g, using (3.14), the Laplace transform of the error, ’égms (s), can be written as
~k sinh((8s — ms)v) .y « ~k—1
= = .34
€3ms(8) sinh((Bs — as)v) es-s,as(s) Pses—1,as(3)’ (3.34)
where pg is defined in (3.31).
Writing (3.32), (3.34), and (3.33) in matrix form we arrive at (3.29). O

We are now in a position to prove convergence of the SWR algorithm at all mesh points.
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Theorem 3.11. Suppose 0 € [%, 1]. If Ay = €, then the mazimum error for the fully discrete multi-domain
SWR iteration (3.8) occurs on the boundaries xp,, for j =1,...,8 =1, and x,,, for j =2,...,S. The Laplace
transform of the errors satisfy

1M < 116"l (3.35)
where CF and €F are defined in (3.28) and (3.19), and hence the algorithm converges at each grid node.
Proof. The result follows by showing ||G%|| = 1, where G is defined in (3.30). The infinity norm of G is
1G5l =max{ il I oo {155+ 11} (3.36)

where p} and gj are defined in (3.31).
Using Lemma 2.12, for s € R, we have

« _ |sinh((m1 — a1)v) B
|q1| - Sinh((ﬁl—oq)v) S]-a for mq —041,...7ﬁ1,
inh
Ips| = Ssllzllh(((( B — aj)):)) for mg = ag, ..., Bs, (3.37)
* < _ |sinh((8; —m;)v) sinh((m; — a;)v) o '
31195 = [R5, =) | [, —ag | <1 T e

From (3.37), we have ||G%|, = 1, and the inequality (3.35) follows. The convergence at the interior nodes
follows from inequality (3.35) and the convergence at the interfaces obtained in Lemma 3.9. O

Although the theorem above guarantees the convergence in the frequency domain (at all nodes), it does not
provide a convergence rate (due to the generality of the domain splitting). The convergence in the time domain
does follow, however, from the definition of the discrete Laplace transform.

In general, the contraction matrix Gy is not symmetric, nor Toeplitz, for all [; and ;. This makes it difficult
to find a closed-form upper bound for its norm. To find such upper bound the next Corollary considers a special
form of Gg, resulting from the restriction to a uniform partitioning with equal sized overlaps and subdomain
sizes.

Corollary 3.12. Suppose 0 € [%, 1] and the spatial domain has been partitioned into S equal sized overlapping
subdomains of width [Az with equal overlap Az, withl = (2N —0)/S+6. If Ay = e” then the Laplace transforms
of the errors in the approzimation generated by the fully discrete multi-subdomain SWR iteration (3.8) at the
interfaces xg,, for j=1,...,5 =1, and zo,, for j =2,...,S, satisfy

¢ = Mg, (3.38)

where £F is defined in (3.19) and Mg € C2(S=D>2(S=1) 45 given by

0r
r00gq
q00r
r0 0 ¢
q0 0 r
Mg = (3.39)
r 0 0g¢q
qg 0 0r
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The matrixz elements are given by

sinh((I — 0)v) sinh(dv)
= 77 d ¢g=—7"-. 3.40
" sinh(lv) anc sinh(lv) (3.40)
We now proceed to analyze the two norm of the contraction matrix Mg. For the following analysis, we assume
that S is odd. The case where S is even can be dealt with in a similar way with small modifications.

Lemma 3.13. Suppose that S is odd and the spatial domain has been partitioned into S equal sized overlapping
subdomains of width IAx and with equal overlap Az, with 1 = (2N — §)/S + 6. If Ay = €, then the Laplace
transforms of the errors in the approximation generated by the multi-domain fully discrete SWR iteration (3.8)
at the interfaces xg,;, for j=1,...,5 =1, and x,,, for j =2,...,5, satisfy

& = MséF !, (3.41)
where .
. - P
Fo(4) wa st (g2 o
Here,
T
€ = (P10 (9). 8 5,(5). B 0, (), Ty (9,851 (), 1 () s
r .
€8 = (5.5, (5), .0, (), 5, (0,85 0y (9B (), B 100 (9), )
and &g, ¥g € CE=DXE=D gre given by
T
rq rq
qr qr
By = A Ty = R : (3.44)
rq rq
qr qr
T

where r and q are given by

_ sinh((l - d)v) _ sinh(dv)
r= “enh(o) and ¢ = m (3.45)

Proof. First, we define the following permutation matrix

PS::<£2>, (3.46)

where P, P, € R(S—D*2(5-1) are given by

1
0010
0001

P, = R (3.47)
0010

0001
001
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and

P, = : (3.48)

00100
00010

Multiplying both sides of (3.38) by the permutation matrix Pg, we have
Psed = PgMgeh—t (3.49)
The permutation matrix, Pg, is an orthogonal matrix. Using the fact PEPS =1, (3.49) can be written as
Ps¢® = PsMgPLPgeh 1. (3.50)

Letting f’“ =PgtF and Mg = PSMSPE, the result follows. (Il

The next lemma obtains an explicit contraction rate in the two norm for the error at the interfaces for the
multidomain fully discrete SWR algorithm.

Lemma 3.14. Suppose 0 € [%, 1], S is odd and the spatial domain has been partitioned into S equal sized
overlapping subdomains of width lAx and with equal overlap §Ax, with | = (2N — §)/S + 0. If Ay = €Y, then
the two norm of the Laplace transforms of the errors on the interfaces xs,, for j =1,...,5 =1, and x4,, for
J=2,...,8, for the fully discrete SWR iteration, (3.8), converge according to

Je, = (-4 () ) Je

where Ek and Mg are defined in (3.42).

(3.51)

)
2

Proof. Using (3.42) the square of Mg is

M2 = (%) 7 (3.52)

where ®gW g, Wgdg € CE-D*E-1) gre given by

r? rq
rqr? rq ¢*
@ rqr?rq

Py = (3.53)
rq r° rq ¢°

¢ rqr’rq
rq 7"2
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and
7"2 rq q2
rq T'2 rq
rq 7"2 rq q2
q2 rq 7’2 rq
Tbg = : (3.54)
rq 2 rq ¢*
¢* rq r?rg
rq 7"2 rq
q*rqr’
Since M% is a block diagonal matrix, we have
N3 = max{|@s®s]ly, s Psll,}. (3.55)

To find an upper bound for || ®s¥g||, and || ¥sPg||,, we follow the same procedure as in [9]. We rewrite the
matrices g and g as

®s¥s =Ts +¢°Fy,

9 (3.56)
Vs®Ps=Tg+ ¢ Fo,
where T = tridiag(rq, 72,7q), ¢*°F1 = ®s¥s — Tg, and ¢°Fy = g5 — Tg.
Applying the two norm on both sides of (3.56) and using the triangle inequality, we have
®5Us|, < | Tsl, + lal*IIF4]l,,
@5, < [Tsll, + o [Fall, -

2
[s®sll, < [ITslly + [al”[F2ll,-

The matrices, F;, for j = 1,2, have only O(S — 1) entries, which are all ones. The structure of the F; for
J = 1,2 then implies ||F;||, =1, for j =1,2.
The complex tridiagonal matrix, Tg, is normal, Tg Tg = TSTg (where Tg is the conjugate transpose of
Tg), this implies that
ITsll, = p(Ts), (3.58)

where p(Tg) is the spectral radius of Tg.
It is well-known, see e.g. [21,22], that the eigenvalues of Tg, are given by

14 , 4
eig,(Ts) = r? + 2/r2¢? cos(éj) =r24 24/ |7“|2|q|2ez("”g(TH'Mg(”"))/2 cos<§>, (3.59)

for ¢ =1,...,5 — 1, where arg(r) is the complex argument of r.
The spectral radius of Tg can be bounded as

™
ITslly = p(Ts) < [rf? +21rlql cos (5 ). (3.60)

Using (3.60), (3.57) and the fact that [|F;||, = 1, for j = 1,2, then the spectral radius of M2 can then be
bounded as

VIZI < ) + Jgf . :
[N < 11+ laf” + 2irl gl cos () (3.61)

Using (3.61) and the supremum property, the error recursion formula, (3.51), follows.
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Now, to prove the convergence, we use the fact that, for any finite S > 1 0 < cos(%) < 1, the trigonometric

identity cos(%) = 1—2sin®(Z), (3.45), (2.21) and supremum property. Then (3.61) can be written and bounded
as

S22, < (2 + 1+ 2o 5)) < L0420 D001 2e0(5))

S 50— 5) 12 (3.62)
_ —9) 2T
=1—-4 B sin (ﬁ)
Clearly for 0 < § <l we have (1 — 46(1156) sin%%)) < 1, and the convergence follows. O

The following lemma is used to prove that a maximum principle holds in the two norm in the multi-domain
case. We begin with a representation of the error at an arbitrary node and then provide norms of the coefficient
matrix.

Lemma 3.15. Suppose 0 € [%, 1], S is odd and the spatial domain has been partitioned into S equal sized
overlapping subdomains of width I{Ax and with equal overlap §Ax, with | = (2N —06)/S+4d. If Ay = e?, then the
Laplace transforms of the errors, ¥, in the approzimation generated by the multi-domain fully discrete SWR
iteration (3.8) and the Laplace transforms of the errors at the interfaces, £, satisfy

¢F =Mge, (3.63)

where C* is defined in (3.28), &* is defined in (3.19) and M € CS*2(5=1) s given by

0 g
P50 0 g3
P50 0 g3
M = o : (3.64)
P51 0 0 g5,
P50
Here, m; € {oj,..., 05}, forj=1,...,5, and
. _ sinh((8; — m;)v) ,
DT by 0 TR
sinh((m; — a;)v) (365)
~ Jg % -
q = sinh (o) , forj=1,...,5 -1
Moreover,
IMgll, =1, for p=1,cc. (3.66)

Proof. The representation of the Laplace transforms of the errors at the interior nodes follows from Lemma 3.10
and using the fact that 8; —a; =1, for j=1,...,5.
The one and infinity norm of M} are

,,,,,

I = macf G54 53 {1551+ 151} )

yer

(3.67)

where p} and g; are defined in (3.65). Using (2.21) and following the steps in (3.37), the result follows. O

The following lemma shows the relation between the Laplace transforms of the errors at the interior nodes ¢
and the permuted Laplace transforms of the errors at the interfaces, &.
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Lemma 3.16. Suppose that S is odd and the spatial domain has been partitioned into S equal sized overlapping
subdomains of width lAx and with equal overlap §Ax, with | = (2N — §)/S + 6. If Ay = eV, then the Laplace
transforms of the errors, ¥, in the approzimation generated by the fully discrete multi-domain SWR iteration,
(3.8), and the Laplace transforms of the errors at the interfaces, gk, satisfy

¢ =M, (3.68)
where _
L= M5PL. (3.69)
Here, £8—1, M, and PL are defined in (3.42), (3.43), (3.64), and (3.46), respectively.
Proof. Using the fact that the permutation matrix, Pg, is an orthogonal matrix, (3.63) can be written as
" =MEPITPgeR L (3.70)
using the substitution 1\~/I§ = Mng and Ekfl =PgtF~1 we arrive at the required result. O

We now arrive at a discrete maximum principle for the Laplace transforms of the errors in the two norm.

Lemma 3.17. Suppose 0 € [%, 1] and the spatial domain has been partitioned into S equal sized overlapping
subdomains (where S is odd) of width IAx and with equal overlap §Ax, with 1 = (2N —68)/S + . If Ay = €*,
then the mazimum Laplace transform of the errors in the two norm for the fully discrete SWR iteration, (3.8),
occurs on the boundaries. The Laplace transforms of the errors satisfy

Ik, < [|&

(3.71)

27
where ¢k, €81, M, and PL are defined in (3.28), (3.43), (3.42), (3.64), and (3.46), respectively. On the initial
line and on the exterior boundaries the error vanishes.

Proof. Applying the two norm on both sides of (3.68)

e, < M3

& (372

Using the Riesz—Thorin inequality [20], we have

</ || s | (3.73)

From the definition of M in (3.69) and using (3.66), we have

[

[

= ||M§P§||p < ||Mg||py|P§Hp =1, for p=1,cc. (3.74)
From (3.74) the result follows. O

Now we arrive at the point where we can prove the convergence and obtain an explicit contraction in the two
norm.

Theorem 3.18. Suppose 0 € [%, 1], S is odd and the spatial domain has been partitioned into S equal sized
overlapping subdomains of width I[Ax and with equal overlap Az, with 1 = (2N —6)/S + 0. If Ay = €Y, then
the fully discrete multi-domain SWR iteration (3.8) for the heat equation converges at the linear rate in the two
norm. The Laplace transforms of the errors satisfy

ool < (1-a2 e D e (29) ey

where C* and €8 are defined in (3.28), (3.42), and (3.43), respectively.

(3.75)

)
2
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Proof. The result follows from Lemma 3.14 and induction. In fact

e, = [larsé], < s &), < (i + b + 2irlalcos(5)) 9]

Again for 0 < § < [ we have (|r| +lgl* + 2|r|q| cos(% )) < (1 45(1 8) Gin? (£)) < 1, and the convergence

follows from (3.62). O

\_/

The following corollary shows the two norm convergence at the interfaces in the time domain ¢ > 0.

Corollary 3.19. Suppose 0 € [%, 1] and the spatial domain has been partitioned into S equal sized overlapping
subdomains (S is odd) of width |Ax with equal overlap 6Ax, withl = (2N —§)/S + 6. If Ay = ev then the two
norm of the errors in the approzimation generated by the fully discrete multi-subdomain SWR iteration (3.8) in
the time domain at the interfaces xg,, for j =1,...,5 =1, and x,,, for j =2,...,5, fort > 0 satisfy

o(l—=19) T
k 2 k—2
Il = (100 s () ) (3.76)
where X* is given by
T
k_ k k k
X = (Hel,a2| 20 11€2,81 |2 "| HQ’ 65,6571HQ> : (3'77)
2

Here, llef o, 1B = Sooo| e, ()] forj =100, 8=1, and ek, I3 = Soo|ehs, ()] forj=2.....5.
Proof. The proof of Corollary 3.19 follows from Lemma 3.14 and Parseval’s identity (2.35). O

The convergence in the time domain at all the interior nodes follows from convergence at the interfaces, zg,,
for j=1,...,8 1, and z,,, for j =2,...,5, for t > 0, Corollary 3.19, and the discrete maximum principle in
the time domain.

Like the two subdomain case, in practice, we integrate in time using #-method over a bounded time interval
(0,T). This allow exchanging the information between the subdomains at the end of the time interval T. This
convergence result is given next.

Corollary 3.20. Suppose 0 € [%, 1] and the spatial domain has been partitioned into S equal sized overlapping
subdomains (S is odd) of width [Ax with equal overlap 0Ax, with | = (2N —§)/S + 0. If Ay = €¥ then the two
norm of the errors in the approzimation generated by the fully discrete multi-subdomain SWR iteration (3.8) in
the time domain at the interfaces xg,, for j =1,...,8 =1, and xq,, for j =2,...,8, fort € (0,T], satisfy

751 < sup (i + 1af + 2l os () I . (3.78)
where X* is
T
(H 1042”2’”6251H2’ : HeS 1as||27HéS,ﬁs—1H2) ' (3.79)
2 2
Here, 185,13 = S0 ek, ()] for j = 1,8 = 1, and |85, 1B = X057 |ehs ()| for j =

2,...,5. Here, we assume that T /At is an integer.

Proof. The proof of Corollary 3.20 follows from restricting the frequencies considered in Lemma 3.14 to 7/T <
|w| < w/At and using Parseval’s identity (2.36). O

We will use the result of Corollary 3.20 to numerically illustrate the convergence at the interfaces in the time
domain for multi-domain case in Section 4.
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4. NUMERICAL RESULTS

In this section, we demonstrate the numerical convergence of the classical SWR algorithm for the following
heat equation

Uy = Uy — e~ D=1 jcpctl0<t<t,
u(z,0) =1, —-l<z<l, (4.1)
u(—1,t) =22 — e, 0<t<l,
u(l,t) = et 0<t<l.

The above example has been considered in [9] with 0 <2 <1 and 0 <t < 3.

For all the numerical experiments we discretize the spatial and temporal domains with Az = At = 0.01.
We use the initial condition to generate a constant-in-time initial guess for the SWR algorithm at the interior
(artificial) interfaces.

First we solve the heat equation (4.1) on two subdomains with different overlaps: 6 = 10, 20 and 30. For
these three cases, we consider the subdomains Q-9 = {—1,... 25} and Q3! = {z,,...,1} where

(Ta, ) € {(—0.05,0.05), (—0.1,0.1), (=0.15,0.15) }.

Figure 6 shows the error between the single domain solution and the subdomain solutions generated by the
SWR algorithm at xg for § = 1/2 (left) and 6 = 1 (right). The solid black lines show the actual discrete errors
(for varying overlaps), ||é’§, sll2, measured in the two norm in the time domain, as defined in Corollary 2.19.

The red and the blue dashed lines are the theoretically predicted errors on bounded (B) and unbounded (UB)
sinh ((I1 —8)v) sinh ((I2—4)v)

time intervals, respectively, at every second iteration, ég%BHQ = SUPg | b (o) Sinh (130) ég)(g—n H2 and
é;kéUB‘ = (lllj‘s) % ég(g_l) ‘ ,for k = 1,2,.... The supremum of the contraction rate on R, has been
’ 2 ’ 2

evaluated numerically. As expected from Corollary 2.19, the results show that the predicted error on a bounded
time interval is bounded by the predicted error on an unbounded time interval for § = % and # = 1. More
importantly, the experimental results and the theoretical bounds are quite close.

We note that in the figure we have curves rather than the straight lines that may be expected from the linear
convergence result. The curves arise due to the definitions of €258 and é2%'UB. In these definitions you can see
that we are only comparing the per-step decrease in the errors. On the right hand side of the definition for
é;fﬂﬁ’B, for instance, we have ||é§7(§_1)|
before.

We now solve problem (4.1)) using SWR with S = 3,5 and 7 subdomains with a fixed overlap size of § = 20.
The solid black line in Figure 7 shows the convergence profile of the two norm of the actual error H)Zk ||2 in the
time domain.

The red and the blue dashed lines are again the theoretically predicted errors on the bounded and the
unbounded time intervals at every second iteration, defined as

|2, which is the two norm of the actual error in the time domain two steps

~ ™ ~2(k—
|52, = sup(|rf* + laf” + 2Irllal cos (5 ) )| 2=V
R 2

and

)

2

U ol —=19) . ™
HX%’ B||2 (1 12 Sln2(25>) XQ(Ic 1)‘
for k=1,2,3,....

Again, the supremum of the contraction rate on R, has been evaluated numerically. The results again show
close agreement between the experimental results and the theoretical bounds for both values of # and the
different numbers of subdomains tested.
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FIGURE 6. Convergence of the SWR algorithm for (4.1) using the #-method on two subdomains
with 8 = 1/2 (left) and 6 = 1 (right). (a) § =1/2 and (b) § = 1.

%1,

0 5 1 15 20 25 %0 3 40 45 50 0 5 10 15 20 25 30 3 40 45 50
Iteration k Iteration k

(a) (b)

FIGURE 7. Convergence of the SWR algorithm for (4.1) using the #-method for different num-
bers of subdomains for § = 1/2 (left) and 6 = 1 (right). (a) 8 = 1/2 and (b) 6 = 1.

5. CONCLUSION

In this paper, we considered the fully discrete convergence analysis of SWR on a bounded spatial and time
domain for the heat equation. Bounding the spatial domain allows a first multi-domain, fully discrete convergence
analysis, while bounding the time domain allows us to study the algorithm implemented in practice which
exchanges information between neighboring subdomains at the end of the time window 7.

We have proved the convergence of the discrete classical SWR- algorithm on a bounded spatial domain using
an arbitrary, finite number of subdomains for the heat equation using the §-method for § € [1,1] as the time
integrator. The imposition of a bounded spatial domain leads to a new, and much more complicated convergence
factor to analyze. On an unbounded time interval the discrete classical SWR-algorithm has a robust convergence
rate whose upper bound is independent of the choice of the parameters Az, At and 6, for 6 € [%, 1].

On two subdomains, we prove the convergence of the SWR-algorithm on a bounded spatial domain and on
bounded and unbounded time intervals. On a bounded time interval, the contraction rate is bounded by the
contraction rate for the unbounded time interval.

For the general multidomain case with non-equal size overlaps or partitioning, we proved the convergence in
the frequency space at the interfaces and at all interior nodes. The convergence in the time domain then follows.
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Due to the generality of the problem, we were not able to find an explicit form for the contraction rate in the
time domain for this case. With equal size overlap and subdomains a convergence result in the frequency space
was obtained in the two norm, a time domain result then follows from Parseval’s identity. We introduced and
proved the maximum principle at the discrete level for the two and multi subdomain cases, and then used it to
show convergence at all interior nodes.

The techniques demonstrated above will prove useful to handle the analysis of fully discrete SWR algorithms
(on bounded spatial domains) for other classes of linear PDEs and choices of time integrators. It is impor-
tant to identify any necessary conditions required on the time integrator to allow convergence of the discrete
SWR algorithm. Our approach provides an initial framework for two-dimensional extensions and for nonlinear
problems discretized by linearizing approaches (such as Rosenbrock methods). Work is also underway to use
this framework to study the fully discrete optimized Schwarz waveform relaxation algorithm on a finite spa-
tial domain. This algorithm provides a parameter which may be tuned to accelerate the convergence of the
algorithm. Dirichlet—Neumann interface conditions may be studied in a similar manner.
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