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ERROR ESTIMATES FOR A FINITE VOLUME SCHEME FOR
ADVECTION-DIFFUSION EQUATIONS WITH ROUGH COEFFICIENTS

VicTOR NAVARRO-FERNANDEZ AND ANDRE SCHLICHTING*

Abstract. We study the implicit upwind finite volume scheme for numerically approximating the
advection—diffusion equation with a vector field in the low regularity DiPerna—Lions setting. That is,
we are concerned with advecting velocity fields that are spatially Sobolev regular and data that are
merely integrable. We prove that on unstructured regular meshes the rate of convergence of approximate
solutions generated by the upwind scheme towards the unique solution of the continuous model is at
least one. The numerical error is estimated in terms of logarithmic Kantorovich—Rubinstein distances
and provides a bound on the rate of weak convergence.
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1. INTRODUCTION

The advection—diffusion equation is of great relevance in a wide range of different scientific fields. Also
referred to as the Fokker—Planck equation or convection-diffusion equation, it appears related to the Navier—
Stokes equation in fluid dynamics, to the Black—Scholes equation in financial mathematics, in semiconductor
physics, in biology or engineering. It describes the transport of a scalar quantity € R under the effect of a
vector field u € R? and in the presence of diffusion [6].

In this paper we are concerned with a bounded domain 2 C R¢, a bounded time interval (0,7) and a positive
constant diffusion coefficient x > 0. Given vector field u : [0, 7] x 2 — R?, we study the evolution of a scalar
quantity 6 : [0,T) x Q — R described by the Cauchy problem

00+ V - (uh) = kAO in (0,T) x €, .
0(0,-) =6° inQ, (1)

where #° is the initial configuration.
In addition we assume that there is no loss of mass across the boundary of the domain,

(kVO—u)-n=0 1in (0,T) x 09, (2)
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where n = n(x) represents the outer unit vector normal to the boundary of the domain on every point z € 5.
This assumption implies that solutions to the advection—diffusion equation (1) conserve their mass in time,

/ 0(t,x)dx = / 0°(z)dz  for all t € (0,T).
Q Q

Well-posedness of solutions for smooth vector fields and initial data goes back to the classical theory of
parabolic equations, see Ladyzenskaja et al. [26]. In some specific contexts in physics, for instance, when studying
the transport of a mass, dye, or any scalar quantity by a turbulent flow [34,44], the vector field involved has
a very low regularity, thus a mathematical theory for transport and advection—diffusion equations with rough
vector fields is needed.

In this context, well-posedness of renormalized solutions to the equation (1) is obtained for Sobolev regular
vector fields by DiPerna and Lions [18]. This new solution concept is based on the least possible regularity such
that the chain rule still holds, providing qualitative stability and hence uniqueness results. We say a vector field
u is in the DiPerna-Lions setting if for some 1 < p < oo it holds

u e LY(0,T); WHP(Q)) and  (V-u)” € L'((0,7); L=(Q)), (3)

where we write f~ = max{0, — f} referring to the negative part of a function f. For works explicitly handling
diffusion in this regularity setting, see also [6,10,21,27].

Considering then §° € L with ¢ > 1 such that 1/p+1/q < 1, there is a unique distributional solution to the
advection—diffusion equation (1) with vector field in the DiPerna—Lions setting such that

0 € L>®((0,7); L9(Q)) N L' ((0,T); WH(Q)).
Such regularity for the solution to (1) can be straightforwardly derived from the standard a priori estimate

1 d 1
7—9qq+/€/ 017 2|VO2dz < = ||(V - u) " || p||0]|%., 4
=D 4} Q\ Ve NV w1161 (4)
with ¢ > 1. Then one can see that the solution begin L>((0,T); L?(Q2)) is obtained by integrating (4) and
dropping the term with V0 so that we get

_1
16]| oo 0y < AT 7]|6°]] L, (5)

where A = exp(||(V - u)7[|p1(ze)) is the compressibility constant of the vector field. Here and in the following
we use the Bochner space notation L"(L*®) to denote the space L"((0,T); L*(£2)) and similarly for other Banach
spaces. Since we dropped the term with V6 in order to get (5), the estimate holds for both the transport
equation (k = 0) and the advection—diffusion equation (x > 0). However, the presence of diffusion provides
better regularity for the solution, which is obtained from the term involving V6 in (4) as

T
1 1
/«v/ / 16]92|V6)? d ds < ( +Aq_1logA>||90||qu. (6)
o Ja g\qg—1

This control over the gradient provides that the solution to (1) lives in L((0,7); WH(€)) (see the beginning
of Sect. 4).

Throughout this paper, we will work with vector fields in the DiPerna—Lions setting. However, solutions can
also be defined for other types of non-smooth vector fields. For instance, there exists the so-called Ladyzenskaja—
Prodi-Serrin setting, recently revisited in [5], where solutions are well-posed for vector fields with no control
on the spatial derivatives but instead additional time integrability. Ambrosio [2] proved well-posedness for
vector fields with bounded variation regularity, u € L*(BV). Some other rough settings could be considered, for
example, when v is a singular integral of an L' function, see [13,32], which is of special interest for fluid dynamics.
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Nonetheless, it is remarkable that out of the DiPerna—Lions setting, well-posedness is not guaranteed, even with
diffusion. If p and ¢ are such that 1/p+1/q > 1+1/d, Modena, Sattig and Székelihidi proved nonuniqueness of
solutions in [30,31]. Whether solutions are well-posed or not in the gap between DiPerna—Lions and Modena—
Sattig—Székelihidi remains an open problem in the class L>°(L?). However, Cheskidov and Luo [12] very recently
proved nonuniqueness for solutions in the class L' (L?) for every exponent such that 1/p+1/q > 1 at the expense
of a worse time-integrability.

The main objective of this paper is to develop (optimal) error estimates for an upwind scheme on unstructured
meshes based on a finite volume approximation of distributional solutions to the advection—diffusion equation
(1) when the vector field is in the DiPerna—Lions setting. This result arises as a continuation of the works by
Schlichting and Seis [39,40], where the authors study the upwind scheme for the transport equation, i.e., K = 0,
in a similar regularity setting. The addition of a diffusive term is not trivial whatsoever, as we will explain in
detail along the sections of this paper. The main result in Theorem 1 of [32] provides the stability estimate
in the presence of diffusion, which will be a key ingredient for derivation of error estimates for the numerical
scheme. In the DiPerna—Lions setting, the stability for two solutions is measured with respect to the optimal
transport distance defined for any § > 0 by

Dstunspn) = ot [t (5 1) anten). (7)
mell(p1,p2) J JaxO d

Here IT(p1, o) represents the set of all transport plans between the measures p7 and p2. We give a more in-depth
contextualization and further explanation about these so-called Kantorovich—Rubinstein distances in Section 3.

The result ([32], Thm. 1) states that any two solutions #; and 03 of the advection—diffusion equation (1) with
initial data 69, 69, vector fields u1, up and diffusion coefficients k1, ko respectively, satisfy

Jur — wal p1 ooy + 181 — k2| V2]l 11
sup_ Dy 61 (1), 6a(t)) < D (609,09) + 1+ ———— E o YR ()

0<t<T

Hereby, we are using the notation a < b to express that there exists a constant C' > 0 only depending on the
norms in assumption (3), the initial data and the domain €2 such that a < Cb.

The study of convergence rates for finite volume schemes for the advection—diffusion equation is intimately
related to the study of the diffusionless case, that was firstly addressed by Kuznetsov [25]. For results about the
mathematical theory and the derivation of optimal error estimates with Lipschitz vector fields and regular initial
data, either BV or H!, see [14,29,51]. On the DiPerna-Lions setting, the problem has not been addressed until
very recently with the work of Schlichting and Seis, first with Cartesian meshes [39] and after with unstructured
meshes [40].

The study of numerical approximations for the advection equation with diffusion has been of great interest
along the last decades, from classical results with C1(Q) vector fields and Cartesian meshes [37, 38, 48] to less
regular settings [4,11,24,33,50].

The novelty in our work is that we present error estimates for the finite volume scheme for the advection—
diffusion in the low regularity framework. Denoting by h to the size of the mesh and & to the time step, we get
an O(h+Vk) error bound as in the smooth setting. We derive most of the results and estimates here working in
the Eulerian setting for the equation (1), that is, operating with the solution of the partial differential equation.
In previous works, mainly for the transport equation, the Lagrangian setting has been considered instead, i.e.,
the characteristics associated with the equation. This provides a probabilistic interpretation of the numerical
scheme as a Markov chain on the mesh (see [15,39]). In this paper, we need to use the Lagrangian setting to
prove one estimate related to the time-discretization of the vector field. Since we are dealing with a parabolic
equation, the characteristics are solutions to stochastic differential equation, for which reason we include a short
introduction to Lagrangian stochastic flows in Appendix A.

In addition, it is remarkable that working in a low regularity setting carries over a substantial change in
topology compared to the smooth setting. Here we quantify the rate of weak convergence, following the spirit
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of previous works for the transport equation, e.g., [15,39,40]. For Lipschitz vector fields instead, it is possible
to derive bounds in strong norms. However, for the DiPerna—Lions setting, we introduce the Kantorovich—
Rubinstein distance that metrize weak convergence and hence it is a natural tool for studying this case, since
only for those stability estimates are available [32].

In this work, we focus on the upwind finite volume scheme for linear advection, since it is the easiest to analyze
and has the needed stability properties. An interesting question is, if the here presented proofs generalize to the
analysis of structure preserving schemes for singular aggregation-diffusion equations, like the ones studied for
regular aggregation in [16,41].

This paper is organized as follows: In Section 2 we present a precise definition of the admissible meshes, the
finite volume numerical scheme, and its properties together with a presentation and a discussion of the main
results. In Section 3 we introduce the logarithmic Kantorovich—Rubinstein distance that plays a pivotal role in
the results here presented. Section 4 contains all the proofs related to the main result of this paper. Finally,
Appendix A provides an overview of stochastic Lagrangian flows on bounded domains, which is a needed tool
to estimate the error related to the time-discretization of the vector field.

2. SETTING AND MAIN RESULT

2.1. Definition of the numerical scheme

In this Section we present a formal and detailed definition of the upwind scheme that we will use. To begin
with, recall from [20] the definition of admissible meshes for the finite volume discretization of advection—diffusion
equations.

Definition 1 (Admissible meshes). Let Q C R? be an open, locally convex and bounded set with C*'! boundary.
We say 7 is an admissible tessellation of €2 if it consists of a finite family of cells or control volumes K € 7 and
a finite family of points {zx }xer C € such that

— every control volume K € 7 is a closed, connected and convex subset in €2;

— the control volumes have disjoint interiors and satisfy Q = rer K

— each cell is polygonal in the interior of €2, in the sense that the interior boundary of each cell 9K \ 09 is the
union of finitely many subsets of € contained in hyperplanes of R? with strictly positive H% !-measure;

— the family of points {xx }xe7 satisfies zx € K\ 0Q for all K € 7.

In general, see [20], the geometry of ) is restricted to the case in which it is polygonal itself. However in
our specific case, we need a construction of a stochastic Lagrangian flow (see Appendix A), for which certain
error terms can only be controlled on domains satisfying a uniform exterior ball condition (11), for which a C1:!
boundary is a sufficient condition. Since, we are working under a no-flow boundary condition (2), we can indeed
consider sufficiently smooth domains €2 such that Definition 1 holds and the numerical cells are only polygonal
inside of the domain (2.

It is important to remark that the convexity requirement for the cells is needed in our analysis in order to
prove Lemma 11 invoking a specific construction, the Brenier maps. Nonetheless we believe that this might not
be strictly needed in general and one could come up with an similar construction that allows some relaxation
for the convexity assumption.

A two dimensional example of two admissible control volumes is illustrated in Figure 1. We denote by L ~ K
whenever K and L are two neighbouring cells and we write K|L to denote the common edge. If L ~ K, we
define di 1, = |r, — zk| and nky, to be the unit vector on K|L pointing in the direction x;, — 2. In addition,
abusing the notation, we write |K|L| = H?"1(K|L) the (d—1)-dimensional Hausdorff measure of the edge K N L
and |K| = L¢(K) the d-dimensional Lebesgue measure of a cell K € 7.

The mesh size h is defined to be the maximal cell diameter, h = max g7 diam K, and hence it holds dxr, < h
for all K € 7 and L ~ K. For the time discretization we call k the time step such that there exists N € N with
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L~K
K

FiGURE 1. Example of admissible neighbouring control volumes

T = kN and we adopt the convention ¢; = jk for all 0 < j < N. For the sake of shorter notation, we write
[0, N] to denote the collection of numbers {0,1,..., N}.

In addition it is required to consider some regularity assumptions for the boundary of the domain and the
mesh to ensure that, at least, the standard geometric constants arising on the Poincaré and the trace inequalities
do not depend on the size of the mesh. Namely, it is needed that for every f € WH1(K) N C(K),

1fllror) SV FlLi) + B I o,

(9)
If = Frllo ey S IV )
uniformly in K € 7 and h > 0. These are respectively the trace and Poincaré inequalities and for a classical
proof of these results we refer to Sections 4.3 and 4.5 from [19]. We denote by fx the average of f over the cell
K, to be more specific fx = fK fdz. One direct consequence of the trace estimate is the so-called isoperimetric
property of the mesh, that guarantees that every cell K of the tessellation has a volume of order A% and a surface

of order A4, and reads as follows

oK 1
Rl < 1. (10)
K[ ™~ h
In Definition 1 we assumed the boundary of Q to be C*!, i.e., C! with Lipschitz derivative. This requirement
is sufficient because with such regularity 92 satisfies the uniform exterior ball condition: For some ry > 0 and
for all x € 99 it holds

— T —y 1
VyEQ\{z}:|x_y|~n(1’)+%|xfy|20. (11)

In order to define explicitly the numerical scheme that we are considering here, we first need to approximate
the initial datum. Since the finite volume scheme approximates the solution by averaging on every cell, we can
consider the discretization of the initial datum in this way,

6 :][ 6° dz (12)
K

and hence 69 (z) = 6% for every x € K and every K € 7. Since the scheme considers net fluxes across the cell
faces, we define the discretized normal velocity from a control volume K to a neighboring one L ~ K by

tn-f—l

Uk :][ ][ u-ngp dH L. (13)
tn K|L
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Both u%; and 6% are well-defined thanks to the trace theorem for Sobolev vector fields, i.e., (9). Notice that by
definition the discretization of the velocity is antisymmetric with respect to the control volumes, i.e., it holds
U = —uf ;, which is useful for many calculations.

Making use again of the notation f* and f~ to denote the positive and negative part of a function, we define
the finite volume scheme for the advection—diffusion equation (1) as

ot —on |KIL|, i o . |K|L| 9”“ ortt
L+ TR (w05t — w0711 Z —L— =0 (14)
L~K

for every n € [0, N — 1] and K € 7. Therefore the approzimate solution 0y, is defined by
O 1n(t,x) = 0% for almost every (t,z) € [t", ") x K

for every n € [0, N — 1] and K € 7. If n = 0 we directly define 6} , = 6}.

Within the next section we show that this numerical problem is well-posed (see Lem. 1) and we will derive
analogous stability estimate to (5) and (6) (see Lem. 2). These results follow under the assumption that the time
step verifies k < knyax. The definition of the maximal time step kmax follows a similar construction as in [8,40],
where it is given depending on some « > 1 as the smaller number kyax = kmax(e) such that

~1 1
== /H (V- u) Loc dt < aa VI C [0,T) with [I] < kmax (). (15)

The constant o > 1 is used as a measure of how close the numerical solution 60y is from satisfying the a
priori estimate (5). Indeed, we will see in Lemma 2 that the exponent 1 — 1/¢ on the compressibility constant
is replaced by a(1 — 1/¢) and thus a = 1 for incompressible vector fields, i.e., if V- u = 0.

2.2. Main result

The main result here presented concerns an estimate for the error generated by the finite volume scheme
(14) as an approximation of the advection—diffusion equation (1). Without further ado let us recall the precise
hypotheses we need for Theorem 1. First of all we consider a vector field in the DiPerna—Lions setting for some

€ (1,00]. Then assume the initial datum is integrable with

1 1
0° € LY(Q) with g € (1,00] such that -+ = <1. (16)
p q
Last, for the numerical analysis we need to consider bounded vector fields,
u e L*(0,T) x Q). (17)

Although this is not required for the derivation of the continuous stability estimates (5) and (6), it is a standard
and not very restrictive assumption for numerical experiments, see for instance [40]. The main result therefore
states as follows.

Theorem 1. Consider 0°, u and kmax such that (3), (15), (16) and (17) hold. Consider an admissible tessella-
tion of Q that satisfies (9). Let 0 be the unique distributional solution to (1), (2) and for k € (0, min{kmax, 1})
and h € (0,1) let O, be the unique approzimate solution given by the numerical scheme (14). Then, for any
0 > 0 it holds

oi‘ngpé(e(t)’ek’h(t)) S1+ Zmin{IUIlm\/f, N THZ”OO } 4 ?(\/TIIUHOO + \/E) (18)
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Here, Ds(+, ) defined as in (7), refers to a distance from the theory of optimal transportation with a logarithmic
cost. This particular distance is of great use for equations with rough coefficients because it metrizes weak
convergence. Namely, if we choose § = h 4+ vk then we get

Opp — 0 as k,h — 0

weakly with rate (at most) § = h + V'k, we elaborate more on the properties of the Kantorovich-Rubinstein
distance in Section 3.

The estimate (18) here is presented in such form to make explicit that it is a generalization of the result for
transport equations (k = 0) in [40]. One can appreciate that assuming x > 0, Theorem 1 reads

o Difo(0).0t) 51+ L0 [T VK (g p ),

0<t<T 1)

which yields an error of order O(h + v'k) as stated before.
Another consequence of Theorem 1 is that in the limit x — 0 the estimate (18) takes the form

hT|lu VET ||Ju
sup Dy(0). B (1)) £ 14+ Y ey VTl

0<t<T

and thus recovers the result from [40], i.e., an error of order O(vh + Vk).

For the diffusionless transport equation, the main source of the spatial discretization error is the phenomenon
of numerical diffusion. That is, the numerical scheme acts like creating a diffusion term with diffusion coefficient
h, that for the transport equation reads as an advection—diffusion equation of the form

040 + V - (u) = hAAD.

Therefore one would expect the rate of convergence for h to be of order 1/2 since that is the known optimal
rate for the vanishing diffusion or inviscid limit case, see [43]. However, with x > 0, numerical diffusion acts
modifying the already existing diffusion coefficient x to x + h

80+ V - (uh) = (1 + h)AG,

and hence by the recent result [32], the expected rate of convergence for h has to be of order 1.

Let us close the discussion of the main result, by remarking on including source-sink distributions and non-
homogeneous boundary conditions for (1). First, a flux boundary condition where (2) is replaced by (V6 — u) -
n = g in (0,7) x 9 for some g : [0,T] x 9 — R can be transformed into a source-sink distribution f :
[0,7] x € — R in the domain using a suitable extension. Hence, it is sufficient to do the analysis instead of (1)
for

00 +V - (ub) = kAO+ f in (0,T) x Q.

with suitable initial data and no-flux boundary condition (2). By another standard transformation, which
consists of renormalizing the density 6, we can ensure that the total sources and sinks are balanced, which
amounts to [, f(t,z)dz = 0 for all ¢ € [0,T]. In particular, these transformations ensure that 6 conserves
mass. This is essential for using the optimal transport distance Ds to compare the solution # with its numerical
approximation 6y, p,.

This situation with a balanced source-sink distribution was investigated in [40] for the diffusionless transport
equation, and we expect that the analysis carries over to the present case with diffusion. The source-sink term
will introduce additional discretization errors when we discuss the discretization of data in Lemmas 5-7. For
the temporal discretization, where we use a stochastic Lagrangian representation of the solution, becomes more
involved in the presence of a source-sink distribution and we omit it for the sake of concise presentation.
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2.3. Properties of the numerical scheme

First of all we state a result on the well-posedness of the numerical scheme.

Lemma 1. Under the hypothesis for Theorem 1, there exists a unique solution to the implicit upwind scheme
(21) that is mass preserving and monotone, i.e., the solution remains positive for positive initial data.

This is a classical result and we refer to Theorem 4.1 from [20] for a detailed proof.

The main aim of this section is to develop stability estimates for the numerical scheme that are analogous to
the a priori estimates (5) and (6). In order to do so it is convenient first to recall that some of the discretized
versions of the functions involved on the scheme are controlled by their continuous counterpart. Specifically,
recall that for the initial datum 69 and the divergence of the velocity field V - u it holds

1R 110 < 116°]] o (19)

|7 -y <|(v-w| (20)

L1(L>) L(L>®)

We omit the proof for the sake of brevity but it can be found on Lemma 3 from [40].
Let us now rewrite the upwind scheme (14) in the following equivalent form:

Or — o Py |K|L|u A 3 KL Ia;“ -y
k KL 2 |K| KL 2

L~K L~K

Ll 9n+1 9n+1

=0

Z |K|

= K| drr

for every n € [0, N — 1] and K € 7. This is a straightforward consequence of the identities

v |uxrp|+ukrp ~ _ |ukr|—ukr
?(L - 92 and TIL(L - 9

Then, the stability estimates for the finite volume scheme hold as follows.

Lemma 2 (Stability estimates). Let 65 be the solution to the upwind scheme (14) with nonnegative initial
data. Then for any q € (1,00), a > 1 and k < kyax(a) as defined in (15), it holds

100l 2oy < AT 1081 (22)

where Ay, = exp([|(V - w)i [l L1(ze)). Moreover, if r € (1, min{q,2}] it also holds,
O 05\ gt _goy?
(B gy
n K
+1 +1 9 erIL(Jrl —I—QZJFI
k K|L 0% — 07 =
+ ZZZ| ||(|UKL|+ >(K L )< B) >

L~K
< Co(1+ (r = 1) log Apn) AL V169117

r—2

with C}. being a positive constant that satisfies C,, — oo asr — 1.

Proof. By the monotonicity of the scheme and the nonnegativity of the initial datum, we deduce that the
solution of the numerical scheme 6y, ;, is nonnegative. In order to study those stability estimates we will work
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with the second formulation of the upwind scheme (21). First of all, let us multiply the scheme by |K| so that

we get
+1 +1
0% + 67

K[ (05 = 0%) +k Y K Ljuj,

L~K 2
n+1 9n+1 9n+1 9n+1
+EY \K\L\Iuml% +rk > |K|L|7L =0.
LK LK dxr

We denote the four addends as Iy + I + I + IV'; = 0. Analogously to the continuous setting, we will obtain
the stability estimates by testing with (0;"("'1)‘1*1 and summing over K € 7, namely

ZI” (07" +ZII" (07)" +ZIII” (0" +ZIV” ()" =0

I I IIT™ Ivn

For the first term, we can apply Holder’s inequality,

= S IKIE ~ SR (05" x| = lewall,ens,
For the second term we recall that u,; = —u7 ,, hence we can symmetrize II" as follows
k e n -1
- §Z Z ‘K‘L|“KL%((9KH) - (9L+1)‘1 )

K LK
We introduce the g-mean defined as a function 9, : Rt x RT — R* such that

qg—1 7 —y1

64(I7y) = q za—1 _yq_l'

Note that O9(z,y) is the arithmetic mean. Now, the above expression can be split into two factors, 11" =
II7 + 115, defined as

k
= TS S i (6 - (05)")),

q K L~K

. i .
Mg =257 3 IKILI©: = 0) (05 o) ()" = (01" ).

K L~K
On the one hand, for the first addend we can symmetrize again such that
n q— 1 n n n n n
Wf = Sk > (057)" > 1K L|ujer = 7@: (05:)"(7 e = =X B (),
q K K~L
where A" = k[|(V - u(t")); /L. On the other hand, we estimate II3 using the following bound

q—2||r—
Oa() — O,(ay)] < T2 (21)

for all z,y > 0. More information about the g-mean and a detailed proof of the latter estimate can be found on
Appendix A from [40]. By the estimate (24) follows

—2
>k ‘ S g

K L~K

7L+1 9n+1

(@™ = o)"™).
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Analogously, for both 11" and IV™ the symmetrization procedure might be applied to get the bounds

" > Z Z |K‘L||UKL| TIL(+1 _ n +1 ((0%+1)q71 . (027,-}-1)‘1*1)
K L~K
n+1 n+1
_ .k Z Z |K\L\9 oy ((9?(4-1)(1*1 _ (02+1)q71)'
K L~K

All in all we get the estimate

9n+1 k KL 7[1(+1 0n+1 0n+1 q—1 9n+1 q—1
’thLq+5 ZZ\\HKH ((K) = (077) )

K L~K
9n+1 9n+ g—1 g—1
e S e I (g o)) (25)
K LK
< ||9n H 0n+1H +q_1>\n 9n+1H
S % nllpa|| %60 || p kb || e

In order to obtain the first stability estimate (22) we can drop the second and third addends in (25) such that,
dividing by (|07 1'%, ", we get

q—1 n
(1= o], < ol
Now, if k < kpax(c) it holds that
q— 1)\n < a— 17
q o

and therefore

By an iterative argument we get

-1 & ) _
1074 < exp(aq ; kzuw-u(tz—l))k,hum) 16811,
=1

for every n € [0, N] and thus we get the first stability estimate (22).
To establish the temporal and spatial gradient estimate (23) we repeat a similar computation. However now
we need to develop a different bound for the term I'"" and thus we use the estimate

ra” Nz —y) > 2" —y +<;"‘f>(“y)”<x—y>2

that holds for r € (1,2] and comes from the convexity of the map x +— z". Then, by setting = = 97;(“7 y=0%
and r € (1, min{q, 2}], we get the following lower bound for I",

jg:\z<|on+l j{:|1<K5( o))" j{:|1<|9”+4)r Yot —op)

-2

Ol o \"
2 LS IR 00) + e SIS ) o o)
K
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and adding it to the stability estimate (25) instead of the previous one, we get
-2
1 | o7+t 4o\ " 2
+1 K K +1
;’921,11 HLT+23_TZM(2 (0% —0%)
K

1k e
5 Z Z |K | L||uf | (05 = 077) ((Q%H) - (G| 1)

K L~K
9”“ gyt r—1 r—1
FRE T S I () (o))
K L~K
r r—1 n T
= ;’|9?,h| L A" kaHLT

We now rewrite the advection and diffusion terms using the following elementary inequality that holds for any
r € (1,2] and z,y > 0,
x+_y r—2 T
@ (T3Y) e

Choosing © = 07}(“, y= 92“ we thus get

r—1 r—1
-y

r—1

—1 0n+1+70n o n n
gg,rzm(f{ ) -y
K
r—2

9?{“ - 97LLJr1 n+1 n+1\2
Z > |K|L|<|UKL|+ L>< B > (0% —0.)

K L~K
r—1 T
< ;Hezih\; ezt

Summing over n and applying (22) it yields the desired estimate (23) with constant

max{22" r}

Cr =2 r(r—1)

O

Lemma 2 provides a discrete version of the standard stability and energy estimates in the continuous setting.
On the one hand (22) is the discrete version of (5), while on the other hand (6) is reproduced in the numerical
scheme setting by (23) dropping the addends related to the time derivative and the advection field.

A direct consequence of Lemma 2 together with (19) and (20) is that the expressions on the right hand side
innu (22) and (23) are controlled by [|6°|| s and ||(V - u)~ ||p1(1) and therefore they are O(1). In particular it
holds

[0k,nllLoe ey S 1,

which is certainly not surprising since that also holds for the exact solutions of (1).
Let us introduce now two weak BV estimates which will be a key tool to obtain the desired result from
Theorem 1. These estimates are a consequence of numerical diffusion.

Lemma 3 (BV estimates). Let 6i 5 be a solution of the numerical scheme (14). Under the assumptions of
Theorem 1 we get the following BV estimates

T
SN IRl -0k £/ 7 (26)
n K
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K h "
kzz Z |K|L| <\/ 7t T|u||oo|uKL|> 0% —0r T S 1 (27)

n K L~K

The first estimate on the time discretization (26) does not have a counterpart in the continuous setting and it
is a by-product of the numerical diffusion introduced by the temporal discretization of the scheme. The second
one (27) instead presents two differentiated parts. First we obtain a spatial strong BV estimate

Y Y Il -0 5T )
n K L~K

which is precisely the responsible for carrying an upgrade on the convergence rate from O(h'/?) to O(h) in
comparison with the transport equation without diffusion [39,40]. This BV estimate can be understood as the

discrete analogous to
T
VOl ey S/

Then we also obtain the spatial weak BV estimate

n K L~K

that is a consequence of the numerical diffusion introduced by the spatial discretization and can be read as the
surviving part in the limit k — 0. It is precisely the weak BV estimate obtained in Proposition 1 of [40] for the
transport equation.

Proof. We start proving (26). Let us first consider a nonnegative initial datum. Let r € (1, min{2,¢}| and
smuggle into (26) the weight (0% + 67%)/2)("=2)/2 such that

r—2 2—r
071+1 011 2 0n+1 071 2
Sl —op) () () -

Then, via Cauchy—Schwarz,

. N N 0n+14_9n r—2 9n+1_%9n 2—r
K K

By Lemma 2 and (20), the first factor of the product is controlled by a constant depending on r, the L(L>)
norm of (V- u)~ and the L" norm of the initial datum. Therefore, summing over n and applying Jensen’s
inequality for the time variable now we can write,

sy [si(H %) ]”1 > [ )|

< o7/? (Z”akh ™))%, ) 1/ Hf)k ,L|\L21(£2/2T)

Hence, by (19) and (20) we get the weak BV estimate (26) for nonnegative initial data. Once this is established,
for general initial data the estimate follows via triangle inequality.

We argue analogously to get the estimate (27). We will obtain the two estimates (28) and (29) separately.
Let us start with the strong BV estimate (28). Consider a non negative initial datum since for a general case

1/2 1/2
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we can just apply a triangle inequality. Smuggling the same weight as before, with r € (1, min{q, 2}], together
with a factor dxj we can write via Cauchy—Schwarz inequality,

1/2 1/2
Y SN IK Lot - optt| = kZ (1) 2 ()2 = <I<:ZII”> <kZHIg>

n K L~K
with
2

N 9n+1 an—i-l) 0;1(—&-1_’_02-&-1 =
mg=> > |K|L| ( 5 ) ,

K L~K

0n+1 0n+1
e = Z Z |K|L|dKL< )

K L~K

The term involving 115 is controlled thanks to (23) by

1/2 .
For IIT% we can use the identity ((x +1v)/2)?>"" < 22~" 4+ 4?77 for any x,y > 0 and the trivial bound dxr < 2h.
Then by the isoperimetric property of the mesh (10) we get

n n 2-r n n
117 < hz O > KL S Z|K| ()T = 0 (t™) | 2
L~K

Again we can estimate ||6x,p(¢t")||f2-» by ||0k n(t")|lL~ and a factor depending on || so that it yields the
remaining term

1/2
(kZHI@) SVT.

Thus, we obtain the strong BV estimate (28).
For the weak BV estimate (29) we follow a similar argument. Let r € (1, min{q, 2}| and apply Cauchy—Schwarz
as before,

1/2 1/2
EY NN KL g |07 — 071 | = kZH” YR )Y = (kZH”) (kZIH;;,)

n K L~K
where now we define

n n 12(pn+1 n+1\2 9?{“ ‘HQZH T
My, = Z Z | L|[ufep | (0% —677") -5 )

K L~K
0n+1 0n+1
Iy, = > ) |K] L|( )
K L~K
Then a direct application of (23) and following the previous argument for the strong BV estimate we obtain

1/2 1/2 T
(lsZII"}V) <Vlulle  and (kZIII%) S\

so that we complete the proof of (27). O
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3. LOGARITHMIC KANTOROVICH—RUBINSTEIN DISTANCES

In this section we give an overview about the optimal transport distance that we use to measure the errors
in Theorem 1. For a deeper understanding and proofs of the results here mentioned we refer to the monograph
by Villani [52].

Consider two nonnegative measures 111, po € L1 () = {p € L*(Q) | p > 0}. We define the set of all transport
plans between pq and s, denoted by II(uq, o), as the collection of all measures 7 on © x Q such that

w[A x Q] = p1[A] and 7[Q2 x A] = p2[A] for all measurable A C Q,

or equivalently such that

/Q (@) + fal) dr(e.y) = /Q frdu + /Q fo dyia

for all fi € L' (1), f2 € L' (p2).

We define a nondecresing function ¢ : [0,00) — [0,00) called cost function that models the cost of the
transpost of an infinitesimal part of the configurations. The optimal transport problem consists of finding the
transport plan in IT(pq, ue) that minimizes the total cost of transportation from one configuration to another,

more precisely
D 5 inf .’L' — dr(x
(:U’l ;U’Q €Ti(8;,0) // N ‘ y| ( y)

When the cost function is given by a distance d(z,y) = ¢(|x — y|) then the quantity D.(u1,p2) defines a
metric in the space of measures, the so-called Kantorovich—Rubinstein metric. In addition, if the cost function
is concave, the optimal transport problem admits a dual formulation that reads as follows,

Do(jinsia) = sup {/c ou(e 2<x>>dm:<<x>—<<y>|Sc<|x—y|>},

¢:Q—R

where the optimal ¢ in this representation will be referred as the Kantorovich potential.

By means of the dual formulation we see that the distance D.(u1, u2) only depends on the difference w3 — po
(when the cost function is concave) and we thus can consider negative or not-signed densities as long as both
u1 and po are of the same mass, i.e., pu1[Q] = p2[Q2]. This way, the quantity D.(p1, 12) defines a distance on the
space of densities with same total mass.

In this context, for any mean-zero density, i.e., for any u € L'(§) such that

‘/gzu(x)dx =0

we can conveniently define the norm

De(p) = De(p,0) = De(u®, ™).

For the results here presented we are specifically interested in a particular concave cost function. For any
0 > 0 we define

c(z) = log(g + 1>

such that the optimal transportation distance that we use in Theorem 1 reads,

1)
Ds (i1, lo 1) dn(z, 30
o) =__inf [ tos( 5 1) dnten) (30)
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for all pu1, po € L'(Q) with same total mass. Furthermore, the Kantorovich potential associated to this logarith-
mic cost has the Lipschitz property,
V¢l < 3 (31)

The logarithmic cost has been used in previous works to study transport and advection—diffusion equations,
see [13,32,42], since similar expressions appear naturally when searching for stability estimates for the transport
equation in the smooth setting. It is of particular interest for us here because the distance is singular when
d — 0, therefore if we find a uniform bound for the distance as § — 0, it means that pq — p2 (in some sense)
with rate, at most, §. Since finding optimal rates of convergence is the main goal of this work, it appears natural
to make use of the distance (30).

The convergence p; — o takes place in the weak topology, i.e., 13 — pa, because one of the most powerful
properties of the Kantorovich-Rubinstein distances is that they metrize weak convergence, see Theorem 7.12 of
[62]. This means that D.(u1, u2) — 0 if and only if pg — po.

To sum up we present a result that deals with the differentiability properties of the properties of the log-
arithmic Kantorovich-Rubinstein distance (30). This is very useful for the derivation of some of the stability
estimates presented on the next section, especially when measuring the distance between two solutions of the
advection—diffusion equation (1).

Lemma 4. Let py, po € L®(L9)N LY (W) with ¢ > 1 be two solutions to the advection—diffusion equation (1)
with vector fields uy, us and diffusion coefficients k1, ko respectively. Then the mapping t — Ds(p1(t), ua(t)) is
absolutely continuous with

%Da (1 (t), pa(t)) = A5 (ur(B)pa (t) — ua(t)pa(t)) do — Ve (R1Vp(t) = Ko Vpsa(t)) dz, (32)

where (; is the Kantorovich potential corresponding to Ds(u1(t), ua(t)).

For a proof of this result in the whole space we refer to Lemma 4 of [32]. Everything is straightforwardly
adaptable to bounded domains with the no-flux boundary condition (2). Furthermore, for a bounded domain €,
if ¢ > 1 then the first moments are finite and standard embeddings of Lebesgue spaces imply 61,0y € L*(W11).

4. PROOF OF THEOREM 1

In this section we will prove the main result of the paper. In order to do so we need to derive all the error
estimates coming from the different discretizations that contribute to the stability estimate (18). There are two
main sources of error: on the one hand the discretization in time and space of the initial datum and the vector
field and on the other hand there is the error associated to the scheme, also known as truncation error. For the
diffusionless transport equation one can see (for instance, in [39,40]) that the error that governs the convergence
of the numerical solution comes exclusively in form of truncation error. However in our case we will see how
both sources of error, truncation and discretization of data, contribute equally to the final estimate.

Before turning to the proof of the Theorem let us first mention essential mathematical tools to study stability
estimates for the advection—diffusion equations in a low regularity framework.

On the one hand, we use the Hardy-Littlewood maximal function from the Calderén-Zygmund theory in
harmonic analysis. Given a measurable function f : R? — R, we say M is the maximal function operator and

it is defined by

1
Mf(z) = SUP@ |f(y)] dy.
R>0 BR(QZ)I'-TQ

The operator is continuous from L? to LP for every 1 < p < oo and therefore we get the estimate,

IMflle S M1 fllze,  for 1 <p<oo. (33)
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Moreover, via the maximal function we can establish bounds for the different quotients of a measurable function
through the so-called Morrey’s inequality, that is

[f(z) = f(y)|

g~ MVI)@)+ (MY)() (34)

for almost every z,y € Q and where f denotes a Sobolev regular extension of f to the full space R?. These
type of arguments with Morrey’s inequality to deal with transport and advection—diffusion equations on the
DiPerna—Lions setting have been broadly used, see for instance [7,13,32,42].

On the other hand, as stated in the introduction the stability estimate (6) provides for any I C [0,7] an
explicit control on the L (I; W11(2)) norm of the solution to (1). We can see this by choosing r € (1, min{g, 2}],
then we have

1/2 1/2 ]
// V6| dz dt < (// |9|T_2|V62dmdt) (// 92_dedt> <l (35)
I1JQ I1JQ I1JQ

where we have used Holder’s inequality and we have estimated ||0]| Lo (z2-r) by [|0]| o () With a factor depending

on || via
| [wrraaes | ( / |0|de) e S IO, S P

4.1. Error due to the discretization of the data
We start with the contribution to the error estimates caused by the discretization in time.

Lemma 5. Let t € [t",¢"*') with n € [0, N — 1]. Then it holds

k;||u||Oo + \/lm
§

Proof. Let (; be the optimal Kantorovich potential corresponding to the distance Dys(6(t),0(t™)) at time ¢t €
[t",t"+1) for some n € [0, N — 1], such that

Ds(6(1), 0(t™)) = /Q (@) (0t ) — 0", 2)) da.

Ds(6(1),0(t")) < (36)

By means of (32) we can rewrite the distance as

Dy (6(t), 0 / / VG (@) - u(s, 2)0(s, 2) dw ds — K / / Ve(x) - V(s ) da ds,

that to shorten the notation we denote as Ds(0(t),0(t™)) = I+1I. The first addend can be controlled by the
standard estimate (31) as follows,

t
k
I:/ /V(t(x) ~u(s,z)0(s,z)deds S g|\u||oo||9||Loo(L1).
t'n.

For the second term, we apply the estimate (35) on the time interval [t",¢) and we get

t—tn
V0l e pniny S ) — \f

and thus it yields the bound for II via

¢ ¢ i
II:—I{/ /Vft(x)~V9(s,x)dxds§E/ /\VH(s,x)|dxds§ﬁ~
i Jo 0 Jen Jo 0

Thus, putting everything together it yields the estimate (36). (I
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Next in order we study the error caused by the spatial discretization of the initial datum 6°. We define
09 (z) = 6% (z) as in (12) piecewise for almost every z € K and for each K € 7. This result is a straightforward
consequence of the stability estimate for the advection—diffusion equation (8).

Lemma 6. Let 0" be the solution to the advection—diffusion equation (1) with initial datum 6%. Then it holds

sup Dg(@(t),ﬁh(t)) S1+ k. (37)
0<t<T 0

Proof. In this case § and 0" are solutions to the same equation with same velocity fields and same diffusion
coefficients, therefore a direct application of (8) yields

sup D;(0(t),0"(t)) <1+ D(6°,65).
0<t<T

Now let us write (; to denote the optimal Kantorovich potential such that it holds
DE08) = [ 6@ (0@ =) do = [ (Ga) = @) (@) do

where the second equality comes from the symmetry property of the cell-averaging (-); operator, that is

| r@anta dx—ZlKl][][f Wiyde = [ fi(on

for all integrable f and g such that its product is also integrable. Furthermore, we use the definition of the
Kantorovich potential together with its Lipschitz bound (31) pointwise in « € K so that,

— h h
Go(z) — |<][ (e >|dy<][ 1og(W+1> dyglog(5+1) .

We thus find the final estimate (37) just by combining everything,. O

In addition we must also consider the error due to the time discretization for the coefficients of the equation.
We denote by u* the vector field averaged in time over [t",t"*1) as follows,

tn+1
uf(t,z) = u(t,z)dt for a.e. t € [t",t"T1).
tTL

Lemma 7. Let 0% be the solution to the advection—diffusion equation (1) with vector field u*. Then it holds for

any m € [0, N]
k o+ 1 vk
DO, ), 0™, ) S 1+ (”“H5 U, 5””. (38)
For the proof of the lemma we need to introduce a stochastic Lagrangian representation for the advection—
diffusion equation. Consider a filtered probability space (U, F, F¢,P), for any ¢ > 0 we say the map X; : Q — Q

is an stochastic Lagrangian flow if for every x € Q it solves the stochastic differential equation

X, = XP— a4 /tu(s,XS(:E))ds + VR B — /tn(Xs(:c))dLs. (39)
0 0

Here {B:},5 is a Fi-adapted Brownian motion and {L:},, is an F-adapted local time of the process {X¢},5
at the boundary 9Q. By the classic Doob maximal martingale inequality (see [36]), we have for any ¢ > 1 the
bound for the Brownian motion,

E{ sup Bﬂ < —f (40)

0<s<t
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Since the setting and tools needed for the proof of this lemma use some language from stochastic analysis and
differs from the rest of the mathematical tools presented in this paper, we include for the convenience of the
reader the Appendix A reviewing some of the abstract setting and the formal definitions that will be used along
this proof.

Proof of Lemma 7. We can assume by a density argument that v and u* are smooth in space and continuous in
time. Indeed, this a consequence of a classic approximation argument leading to the emergence of a commutator,
which can be estimated along the lines of Lemma 2.1 from [18] or Section 2 from [17], and the fact that the
logarithmic Kantorovich-Rubinstein distance metrizes weak convergence.

Without loss of generality, we assume that 6° is a probability measure. Hence, by the results stated in the
Appendix we find processes {X; };>0 and { X} }+>0, strong solutions to the reflected SDE (A.1) started with law
¢° driven by the same Brownian motion {B;};>0 with vector field u and u¥, respectively. The according local
times at the boundary are denoted by {L;},~, and {Lf};>0. In this way, we constructed a pathwise coupling
of 0(t) and 0% (t), i.e., law X; = 0(t) and law X} = 6%(¢) and we can straightforwardly estimate the logarithmic
Kantorovich-Rubinstein distance with the help of the Lagrangian coupling for any ¢ € [0, T] by

- JU—
Ds(0(t), 0" (t)) < Ego 1og(|t§t n 1)}
t ] _ Yk . )
< emEgo []og<w6—%(Lt+Li‘) n 1)}

[ X, — XF| _ 1 :
S Ego log(|t5te 2o (LH_L?)—&-l)])

where we used the fact that the boundary local times satisfy |L;|, |L¥| <t for any ¢ € [0, 7] and where rq is the
constant given by the uniform exterior ball condition for the domain (11). We have also estimated e*/7 with
eT/m and absorbed this constant in <. Hence, by telescoping and using that X, = Xk, we arrive at the estimate

my\ pk(ym <m_1 |‘th"+1 _Xt"Jrl‘ 77(Ltn+1+L n+1)
D3(01), 04(t) < Y ( Boo [log Tt o ) 41

n=0

Xpn — XK o

The representation (39) and Itd’s formula allows to estimate for any n € [0,m — 1]

_ Xk i
e log(we%@t"“ﬂf"“) + 1) - log<w€2io(Lw+Lf”) + 1>
n X=X}
B /t . o7 (Li+LE) X=X (dX; —dXF) — 5| Xs — XF|(dL; + dLY)
= Itgo T t
o X, — Xplem = (B ) 45
- o R (A — dXF) - g |X - XF|(dL + dEf)
/e X, — Xkl o (BetLE) 45
-
< [ Jult, Xo) —ub(t, X5
< Ego (b
e \Xt—Xk|e 7y (Lot Lt +(;
nt1 Xg— k & A .
. /t (X)) ALy — pe = - n(XF) ALE + 5k Xy - XF|(dL, + st)l
_ Ego |
tn |Xt Xk|e To( e+ LY )_|_5
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Next, we rearrange the integrands in the dominator of the second term in such a way that those have a sign
thanks to the exterior ball condition (11). Indeed, we observe that for X;, X} € Q, one has

X, — X} 1 .
LT (X)) + — | X — XE[ >0
| X — XF| n t)+27“0‘ ! =
and
X, — X} e 1 ko XE—X, Ky, L vk
ST X | X, — X = o T xRy xR x| > 0.
i, —xr KO g 1K= X = e (X0 g X - X 2

Hence, it is enough to continue to estimate the first one, for which we first get rid of the exponential factor in
the denominator again using the property |L;|,|LF| < ¢t. Summarizing our findings so far, we get

Ds(0(t™), 0% (t™)) < exp( ) Z " (41)

where

" = Ego

n | X — XF|+6

/tn+1 ‘u(t, Xi) — uk(s,Xf)’ ds]
¢

Using the definition of u* and Morrey’s estimate (34) we can bound the first addend by

tn+1

|u(s, X;) —uF(s, X )’ ]{n |u(t,Xt)—u(t,X§)’ds

5][ (MVT)(t, X;) + (MVT) (¢, XF)) | X — XF| ds.

Plugging this estimate into I", we introduce the normalized Lebesgue measure

Lo(z)

dx
12

dwo(x) =

and using Hoélder’s inequality we can write

tn+1 tn+1

" <10 ][ E.
tn tn
tn+1 'n.+1
<o) /

gl t'n.+1 b qq
X — X7 ?
. " (/ |[MVa(s,z)P dws + / |MVa(s, z)P dwy ) EGOK)JXH—||—5| O|> } ,

where w; and w} are by the representation (A.7) solutions to (1) with initial datum wy driven by u and ¥,
respectively.

Now the L? norm of the maximal function is directly controlled by the fundamental inequality for maximal
functions (33). For the rest we can apply the elemental inequality,

X — X7

(Mrvm)(s, X,) + (MVE)(&Xf))m

10°|| dr ds

— p — k\|p % |X Xk‘ 0 17
]EUJO [|MVU(S7X5)| +|MVU(S,X7)| ] EWO m|9 | drds

X, - XE[" < 20 (|, - X[ |xE - X))
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and by the definition of the stochastic flow (39) we have for any t,s € [t",#"+1), s < t, the estimate

tn+1 q tn+1 q

E[|X; — X9 < E[ u(s, X,)ds| | + (2k)92E[|Bynsr — Bin|"] + E n(Xs)dLs

tn tn

< Jlull &k + (26k) Y2 + K
where we have used the Doob maximal martingale inequality for the Brownian motion (40) and the standard

bound for the Fi-adapted process Ly (A.2) together with the trivial property of the normal vector ||n| L~ = 1.
Therefore, by means of these last two inequalities we can write

X, - xk[ 2171 (1X, — XF|" + | xF - XE|Y)
E|l ——1— <E
| Xs — Xk + 0 (| Xs — XE| +0)?
XXX - X
~ \XS—X§|" 049
(Jullg + Dk + (kk)*?
<1+ 5 :

Finally, noticing that (1 + 29)'/9 < 14 2 and (29 +y9)"/9 < z +y for all ¢ > 1 and z,y > 0, it yields the
estimate for I",

0 ullL, + 1)k + (k)22 o
15(1+<” [f &+ DR (k) ) 600, [ 19l ds
k Iik- tn+1 (42)
< <1+<|u||oo+1>5+”5>|9°|m [ Ivae) e s

and hence by combining it with (41) and using that u € L*(WP) we get the result stated by the lemma. [

At this point we collect the three discretization errors (time, initial data, vector-field) from Lemmas 5 to 7.
Since the Kantorovich-Rubinstein distance Ds(-,-) satisfies the triangle inequality we can just write now for
any t € [t™,¢t™*1) and any m € [0, N — 1],

Ds(0(t), xn(t) < Ds(6(t),0(t™)) + D5 (8(t™), 0" (¢™)) + D (6" (t™), 67" (t™)) + Ds (0" (t™), O (™)),
where §%" is the unique solution to the advection-diffusion equation (1) with vector field u* and initial datum

69. Notice that Lemmas 5 and 6 yield control over the first two addends. In order to get the bound for the third
addend we apply Lemma 7 with 60 = 92, and hence we arrive to the expression

h+ kl|lul|o + Vs

Ds(0(t), Ok n(t) S 1+ ;

+ Ds (05" (t™), Op. 1 (™). (43)

The last addend in (43) corresponds to the so-called truncation error or error caused by the scheme. We will
concentrate on it in the next section.

4.2. Error due to the scheme

Since we already studied the errors coming from the discretization of the initial datum and vector field, we
can consider now the continuous problem (1) with vector field u* and initial datum 6. Also we can assume that
t = t™ for some m € [0, N] such that we have 0(¢,z) = %" (t™ z). However, for the sake of a clear notation,
along this section we will write 6 denoting %",
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We want to study the distance Ds(0(t™), 0,1 (t")) and in order to do so it is more convenient to consider a
piecewise linear temporal approximation of 0y, ; defined by
R t— ¢ t’nJrl —t
O n(t, ) = TG?(H + TG?‘ for a.e. (t,x) € [t", ") x K
for all K € 7 and all n € [0, N]. One can check that indeed for the time points of the mesh ¢ with n € [0, N] it
holds 0y, ,(t") = 0y, (t") and hence no additional error term must be considered. This linear piecewise temporal
approximation is particularly convenient because it is weakly differentiable and by construction it holds,

9n+1 —_ o
TK for a.e. (t,2) € [t",t"™) x K.

Therefore we can directly apply (32) to obtain
d n n
aDg 99kh /V{ u9dx+n/(A9dx——Z/ 9“ 0%) dx

where ( represents the optimal Kantorovich potential associated to the distance Ds(6, 9kh)
For the last term in the right hand side we can use the definition of the upwind scheme (21) in an analogous
process to what it is done with the continuous part. Then, after integration over [t " 1) we get

OOk p(t,x) =

Ds (9(t"+1),ék,h(t"+1)) — D, (a(t"), ék,h(t”)) S L L | L T (44)
with
tntt
" = / / V¢u(0— 07t dadt, (45)
¢t 9n+1 9n+1
" = / /vg ufp ! dxdtJrkZCK Z |K|L|uf el (46)
L~K
n+1 0n+1
I = kZCK Z |K\L|ufep | ———F—"— s (47)
L~K
t"+1 n+1 n+1
|KIL| 07" — 0%
V" = A — dx dt, 48
/v Z/ ( g;{ dir (48)

where we use the notation .
t’Vl

(n = ]{n ][Cdxdt

We will study the contribution to the final error caused by the scheme analysing the four terms separately
in the four following lemmas.

Lemma 8 (Error from I"). The first contribution to the error caused by the scheme is

We will omit the proof of this lemma for the sake of brevity because the argument is completely analogous to
the one in Lemma 7 from [40]: a combination of properties of the optimal transport distance, Morrey’s inequality
and stability estimates.

From now on our procedure here diverges from the techniques in [40], providing indeed the better convergence
rate for the size of the mesh h.
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Lemma 9 (Error from II"). The second contribution to the error caused by the scheme is

. [T |T|ull
zn:II SJ(5111111{1L||OO N

Proof. In order to proof the estimate for II" first it is convenient to rewrite it in a more suitable way. Let us
abuse the notation for the sake of a clear exposition of the results and write u™ for u(t") and ¢™ for the average
of ¢ over the interval [t",¢"T1). With this notation for the first addend in II" notice that

/VCudm—Z

Cu™ - ngp dHA! —/ ¢(V-u™de.
K

K|L
Meanwhile, since u}; = —uf x, for the second addend it holds
9 n+1 9n+1 1
kz Ck Z |K\Llufp H———t— = k29n+ Z |K|L|UKL

L~K L~K

Therefore we can develop the whole term as follows

n Xt n, n - n C +< n n
I1 :kZ@;jl > VKILC u - ngp dHOY — | K| Ljup K2k kZ@”“ " = (MY -uda
L~K

—kZG"H Z/ [u—uK) ]{(lL(u — ) dH 1] “ngp dHE?

L~K

n n n — C +C n n n
+hY O KLuKL<]lK|L< dHi—t - =K L) kZG +1/ — CR)V " d,
K

L~K

so that we call the three addends II7, II5 and II5 respectively.
First, to estimate IIT, we can use the fact that (} is constant to add and subtract on each L ~ K a term of
the form

cr / (u™ — u) - ngp dHI
K|L

such that we obtain

H;ukZQ"H Z/ — ) (= ul) g dHE 1+k20"+12/ ul) - ngp dHE!

L~K L~K

o k20n+1 Z / Cn][ (un o ur[l{) de,1 ML de,1
K|IL JK|L

LK
<2k OC" ~ Gl [ = w4,
I% oK
Now on the one hand we use the Lipschitz condition of the Kantorovich potential, i.e., for every z € K it holds
h
¢(z) = Cx| = ) dy| < V¢l o Ix—y\dyN 5 (49)
On the other hand by means of the trace and the Poincaré inequality (9) we obtain

n — 1 n n
[ = S Ve + o = ey 1V
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Therefore combining everything, summing over n and using Hélder’s inequality we get the estimate,

. . h
PRI TZZGnHHVU vy < 510knllze=@n Vel ze).

For IIY instead we use again that u},; = —u}, and hence we can rewrite the term as
9n+1 o 9n+1 n + n
I = kz > IKILjuy, ][ ¢dHAT — Sic T CL ,
LK KIL 2

so that by the Lipschitz property of ¢ the last factor is bounded by

1 Cr—CF _ h
nde 1 _ SK L < n _ de 1 dy < =.
K|L< b sf @@ canways g

Therefore, IT5 is controlled then by a term of the form

13 < S e 30 ST KL - 077
K KI|L

and thus a direct application of (27) yields

n /T [ T|ully
ZIIQSI(Smm{uHOo = ‘h }

Finally for the third addend II§ we make use again of the Lipschitz property of ¢ from (49) and we bound the
divergence of the vector field u™ by its gradient and some dimension dependant constant such that we obtain

LEEDS

After summation in n we get a bound analogous to the bound that we got for II7" and thus all three addends in
II" are controlled by the factor stated in the claim of the Lemma. (]

0| /|Vu”|da:<—||0"+1||LqHVu ™

Lemma 10 (Error from II1"). The third contribution to the error caused by the scheme is

Zn:m"< mln{| s \f\/W}

Proof. The proof of this lemma follows a similar strategy to what has been performed in the previous one. First

of all notice that this time |u' | = | — u% | and hence we can symmetrize III" as
Cn o Cn 9n+1 _ 9n+1
" =kY Y |K(Lluf |2 5 LK 5 L.
K L~K

Since the Kantorovich potential is Lipschitz we have the bound

h
=il < f £ 1@ = Wldedy < IVClinf f o -vidray < 3

IS = llulloe Y > IKILIO — 0],

K L~K

and hence

After summation in n, by means of the BV estimate (27) as before we obtain the statement of the lemma. O
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Finally, to study the contribution made by the diffusion term we will follow a similar technique to what it is
done in Lemma 5 but adapting it now to the setting of a finite volume scheme. In order to make this suitable
approximation of the Laplacian we need to argue as follows.

Given an admissible tessellation 7 of 2 and two neighboring cells K, L € 7 we define a diffeomorphism
oK1 : K — L with constant Jacobian derivative, what means

J¢KL = |det V¢KL| = ﬂ
K|
such that the mass is preserved. Since all the admissible cells are convex the existence of this map is guaranteed,
for instance consider an appropriate Brenier map [9, 28] or some other analogous construction [1]. Then, using
this diffeomorphism we can define a finite-volume-based approximation of the Laplacian such as

Al g( Z [KIL| f o ¢xcr(z) — f(2) fora.e. v € K and all K € 7.
i Kl drL

Indeed, for sufficiently regular functions f it holds lim,_o A" f = Af. This will be a key instrument in the
proof of the next and last Lemma.

Lemma 11 (Error from IV"™). The fourth term does not contribute to the error caused by the scheme, that is
> o <o.
n

Proof. To prove this result we follow an adapted version of the technique used in Lemma 5 that the authors
explain in more detail in [32]. This technique in turn comes inspired by Fournier and Perthame [22]. Let us
start by considering an approximation of the Laplacian as explained in the previous paragraphs. By means of
A" we can also define an approximation to IV" as follows,

gl n+1 n+1
, A |K|L| 07T — 0%
fIVL_/tn Z/ (A 0 — Z dadt

LK KL

g+l n+1 n+1
K|L K|\L| 077 — 0%
Z/ (Zl \ |9O¢KL Z| |L| )dxdt.
t’IL

I~K LK Les

Notice that since ¢ € W1* and # € W it holds
lim IV} =1V",
h—0

and thus it is enough to study the approximation IV} instead of IV".
Through a convenient change of variables y = ¢, (x) on the first addend that we can make because ¢, is
a diffeomorphism, it yields

tn+1

- IVTL — /
tn

Z Z |I|(KL| dir / (@) [(Boprr(x) —07) — (B(x) —Ox™)] dzdt

K L~K
fn+1
|KIL| n
i Z Z |L‘ dKL C ¢KL ( ) - 9L+1) dydt
K L~K

tn+1

|KIL| n
ZZ TR dKL/ C(x — 0% de dt,

tm K L~K
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where we have used that the Jacobian derivative of ¢x is constant and equals |L|/|K|. Then notice that by
definition ( is the optimal Kantorovich potential for the distance between 6 and 0y 4, i.e.,

Z/ C(x — 0% da = D5(0,0.1).

Furthermore, the optimal ¢ is taken as the supremum over a set of functions where ( o gbl}lL also belongs to.
Therefore it holds

5 [ Coorb)(0) ~ 05) dr < D600
K

and hence, after relabelling in a suitable way

K|L| 1
= IVh / Z > KL K| | drL (Ds(0,01.1) |k — Ds(0, 01,1) | i) dt = 0, (50)
K L~K

where we denote by Ds(6, 0y n)|k the restriction of the distance Ds(6, 60y 1) to the subset K C . Since (50)
holds uniformly in h, it yields that in the limit IV"™ does not contribute to the error caused the scheme. ]

Proof of Theorem 1. Finally we can get the result on Theorem 1 with a straightforward combination of Lem-
mas 5-11. The first three of them already yield the intermediate estimate (43). For the remaining term we just
notice that by definition 6%"(0) = ), 5,(0) = 69 and thus we can sum on (44) so that

Dy (05" (™), O n(t™)) = > (I + 11" + III" +IV")
n=0
h T [T VET ||
51+5mm%muwﬁq/”2w}+ lils
Combining this with (43) we get the estimate on Theorem 1. O

APPENDIX A. STOCHASTIC LAGRANGIAN FLOWS ON BOUNDED DOMAINS

The proof of Lemma 6 is based on a Lagrangian representation of the solution to (1). As discussed in the
beginning of the proof of Lemma 6, we can assume without loss of generality that the driving vector field u
is smooth, which we shall do throughout this appendix. Due to the presence of the Laplacian, the Lagrangian
representation will be stochastic. Hence, we fix a filtered probability space (U, F, F;,P) on which we define the
according stochastic process. For a domain  having for each 2 € 9§ a unique normal n(z), it is well-know (see
e.g., [35], Chap. 3.1) that any smooth solution of (1) is intimately related to the solution to the SDE

dXt = ’Z,L(t, Xt) ds + V2K dBt — n(Xt) st, (Al)

where {B;},-, is an F;-adapted Brownian motion on R? and {L;},-, is an F;-adapted local time of the process
{Xt}tzo at the boundary 95, that is a non-decreasing process with Ly = 0 such that

t t
/ dLs <t, / ]lxsgag dL, = 0. (AQ)
0 0

The representation is obtained wvia the Kolmogorov backward equation associated to (1), that is a solution
f:[0,¢] x Q — R of the backward parabolic equation with some terminal condition g € C?(Q2) satisfying

Ohf+EAf+u-Vf=0 in [0,¢] x Q,
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for (s,z) € [0,t] x 09, (A.3)

Vf(s,z) n(x)
. in Q.

f(t,-)

0
g
Then, any solution of (A.1) provides a solution to (A.3) via the observable representation

f(s,2) = Eso[g(X ()] = E[g(X ()| X (s) = 2]  for (s,z) € (0,£) x Q. (A.4)
From here we arrive at measure-valued solutions to (1) via duality, which we give in the following definition.

Definition 2 (Measure-valued solution to (1)). A Borel curve 6 = (6;)icjo,r) C M(R?) is a measure-valued
solution to the advection—diffusion equation (1) provided that

/ /(m + Ju(t,)]|) d]0:(+)] dt < o0 (A.5)
0 Jo

and for all f € C12([0,T] x Q) N {d,f =0 on IQ} and all 0 < t; <ty < T it holds

/Qf(t2,~)d9t2f/Qf(tlf)thl /t /Q(at+m+u.v>f(t,z)dat(x)dt:o. (A.6)

By a standard density argument ([3], Lem. 8.1.2), it holds that any measure-valued solution in the sense of
Definition 2 admits a narrowly continuous representative, coinciding with (6;):c(o,r) for a.e. t € (0,T), in the
space M(R?) conserving the mass, i.e., 0;(Q) = 0y(Q) for all ¢ € (0, T]. Hence, we can without loss of generality
consider narrowly continuous paths (6;):e (0,7 C P(€) solution to the advection-diffusion equation in the sense
of Definition 2.

For smooth u, we find a unique classical solutions f € C*2([0,T] x ) to the system (A.3) (see [23]) with
terminal value g € C%(Q). In particular this identifies via (A.6), becoming for ¢; = 0 and ¢ € (0, T the identity
[ 9(-) 8, = [ £(0,-)df a unique family (8,),ci0.7) C P(U).

Based on the stochastic representation (A.4), we obtain the pathwise Lagrangian representation

/ g(-)do, = / Eo.[9(X1)] dbo = E[g(X¢) [law Xo = bo] = Eg, [9(X:)]. (A7)
Q Q

Remark 1 (Stochastic Lagrangian flows). For the case of 2 = R, i.e., no reflection, the Lagrangian represen-
tation (A.7) was obtained in [21], for bounded coefficients and in [49] under the sole integrability condition (A.5).
The identification, also called stochastic Lagrangian flow, is based on martingale solutions to (A.1), which is a
weak solution concept for SDEs going back to [45,46].

It seems also possible to directly generalize the concept of stochastic Lagrangian flows on a bounded set
with reflecting boundary conditions to measurable vectorfields just satisfying (A.5). Here, one would use the
martingale problem formulation from [47] for the reflected SDE (A.1) (see also [35], Chap. 3.2) and do similar
approximation steps as outlined in Appendix A from [49].
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