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COST-OPTIMAL ADAPTIVE ITERATIVE LINEARIZED FEM FOR
SEMILINEAR ELLIPTIC PDES

ROLAND BECKER!, MAXIMILIAN BRUNNER?**, MICHAEL INNERBERGER?,
JENS MARKUS MELENK? AND DIRK PRAETORIUS?

Abstract. We consider scalar semilinear elliptic PDEs where the nonlinearity is strongly monotone,
but only locally Lipschitz continuous. We formulate an adaptive iterative linearized finite element
method (AILFEM) which steers the local mesh refinement as well as the iterative linearization of the
arising nonlinear discrete equations. To this end, we employ a damped Zarantonello iteration so that,
in each step of the algorithm, only a linear Poisson-type equation has to be solved. We prove that the
proposed AILFEM strategy guarantees convergence with optimal rates, where rates are understood with
respect to the overall computational complexity (i.e., the computational time). Moreover, we formulate
and test an adaptive algorithm where also the damping parameter of the Zarantonello iteration is
adaptively adjusted. Numerical experiments underline the theoretical findings.
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1. INTRODUCTION

1.1. State of the art

Cost-optimal computation of a discrete solution with an error below a given tolerance is the prime aim
of any numerical method. Since convergence of numerical schemes is usually (but not necessarily) spoiled
by singularities of the (given) data or the (unknown) solution, a posteriori error estimation and adaptive
mesh refinement schemes are pivotal to reliable and efficient numerical approximation. This is the foundation
of adaptive finite element methods (AFEM), for which the mathematical understanding of convergence and
optimality is fairly mature; we refer to [7,12,14,15,18,21,33, 35,36, 38] for linear elliptic equations, to [10,17,
23,26,40] for certain quasi-linear PDEs, and to [13] for an overview of available results on rate-optimal AFEM.

In particular, for nonlinear PDEs, the arising discrete equations must be solved iteratively. The interplay
of adaptive mesh refinement and iterative solvers has been treated extensively in the literature; we refer, e.g.,
to [3,4,8,38] for algebraic solvers for linear PDEs, to [1,19, 23,25, 28,29, 31] for the iterative linearization of
nonlinear PDEs, and to [20,27] for fully adaptive schemes including linearization and algebraic solver. For the
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latter works, the consideration is usually restricted to the class of strongly monotone and globally Lipschitz
continuous nonlinearities; see [25] for the first plain convergence result, [28] for an abstract framework for plain
convergence of adaptive iteratively linearized finite element methods (AILFEM), [23,24] for rate-optimality
of AILFEM based on the Zarantonello iteration (as proposed in [16]), and [30] for rate-optimality for other
linearization strategies including the Kacanov iteration as well as the damped Newton method. In particular,
we note that [24,27,30] prove optimal convergence rates with respect to the overall computational cost. For
more general nonlinear operators, optimal convergences rates are empirically observed (e.g., [20]), but the quest
for a sound mathematical analysis is still ongoing.

1.2. Contributions of the present work

We prove optimal convergence of AILFEM for strongly monotone, but only locally Lipschitz continuous
operators, where our interest stems from the treatment of semilinear elliptic PDEs. For d € {1,2,3} and a
bounded Lipschitz domain Q C R%, our model problem reads: Find the (unique) solution u* € H{(f2) to the
(scalar) semilinear elliptic PDE

—div(AVu*) + b(u*) = f —div f in Q subject to uw* =0 on 99, (1)

where we refer to Section 3 for a discussion of the precise assumptions on the diffusion matrix A, the semilinearity
b, and the given data f and f. The presented AILFEM algorithm employs the Zarantonello linearization with
a damping parameter § > 0, requiring only to solve a linear Poisson-type problem in each linearization step.
The AILFEM algorithm takes the form

ITERATIVELY SOLVE AND ESTIMATE MARK REFINE

where the first step represents an inner loop of the Zarantonello iteration and error estimation by a residual a
posteriori error estimator. This inner loop is stopped when the linearization error (measured in terms of the
energy difference of discrete Zarantonello iterates) is small with respect to the discretization error (measured in
terms of the error estimator). However, since the PDE operator is only locally Lipschitz continuous, the stopping
criterion must be slightly extended when compared to that of [24, 28, 30] for globally Lipschitz continuous
operators. As usual in this context, we employ the Dérfler marking to single out elements for refinement, and
mesh refinement relies on newest vertex bisection.

We prove that the solver iterates are uniformly bounded, provided that the Zarantonello parameter § is chosen
appropriately (Cor. 10). For arbitrary adaptivity parameters (6 for marking and A for stopping the Zarantonello
iteration), we then prove full linear convergence (Thm. 13), i.e., linear convergence regardless of the algorithmic
decision for yet another solver step or mesh refinement. For sufficiently small marking parameters, this even
guarantees rate-optimality with respect to the number of degrees of freedom (Thm. 16) and cost-optimality, i.e.,
rate-optimality with respect to the overall computational cost (Cor. 18).

1.3. Outline

This work is organized as follows: In Section 2, we present our adaptive iterative linearized finite element
method (Algo. A) and the details of its individual steps. This includes the discussion of the abstract Hilbert space
setting, the precise assumptions for the iterative solver, and a discussion of the extended stopping criterion.
Finally, we prove full linear convergence of the proposed AILFEM algorithm (Thm. 13) and optimal rates
both with respect to the degrees of freedom (Thm. 16) as well as the overall computational cost (Cor. 18). In
Section 3, we introduce and discuss semilinear elliptic PDEs, which fit into the abstract framework of Section 2.
Section 4 presents a practical extension of our AILFEM strategy (Algo. B), which includes the adaptive choice
of the Zarantonello damping parameter §. In Section 5, we support our theoretical findings with numerical
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experiments. Finally, Appendix A concludes the work by providing additional material, which allows us to
apply the abstract setting to a wider range of problems like non-scalar semilinear PDEs.

1.4. General notation
Without ambiguity, we use |- | to denote the absolute value || of a scalar A € R, the Euclidean norm |z| of a
vector x € R%, and the Lebesgue measure |w| of a set w C R?, depending on the respective context. Furthermore,
#U denotes the cardinality of a finite set U.
2. STRONGLY MONOTONE OPERATORS

In this section, we present the mathematical heart of our analysis, which will later be applied to strongly
monotone semilinear PDEs.

2.1. Abstract model problem

Let X be a Hilbert space over R with scalar product (-, -)) and induced norm ||| - |||. Let Xg C X be a closed
subspace. Let X’ be the dual space with norm ||-||x+ and denote by (-, -) the duality bracket on X’ x X. Let
A: X — X’ be a nonlinear operator. We suppose that A is strongly monotone, i.c., there exists o > 0 such
that

allv—wll* < (Av — Aw, v —w) for all v,w € X. (SM)

Moreover, we suppose that A is locally Lipschitz continuous, i.e., for all 9 > 0, there exists L[] > 0 such
that

(Av—Aw, ) < L] flo—wlll gl for all v, w, o € X with max{floll, flo—wll} <. (LIP)

Remark 1. ([43], p. 565) defines local Lipschitz continuity as follows: For all ® > 0, there exists L'[©] > 0
such that

(v — Aw, @) < L'[6] llv = wllllpll~ for all v,w, o € X with max{llvll, llwll} < ©. (2)
Conditions (LIP) and (2) are indeed equivalent in the sense that

max{[[[lll, llwll} < max{lilvll, llv — wil + llvll} < 249,
max{[lvl, llv — wlll} < max{ilvlll, lvlll + llwlll} < 20.

However, (LIP) is better suited for the inductive structure in the proof of Corollary 5.

Without loss of generality, we may suppose that A0 # F' € X’. We consider the operator equation
Au* = F. (3)
For any closed subspace Xy C X, we consider the corresponding Galerkin discretization
(Aufy , vg) = (F,vg) for all vy € Xg. (4)

We observe that the setting of strongly montone and locally Lipschitz operators yields existence and uniqueness
of the solutions to (3) and (4) as well as a Céa-type estimate.
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Proposition 2. Suppose that A satisfies (SM) and (LIP). Then, (3) and (4) admit unique solutions u* € X
and uyy € Xy, respectively, and it holds that

* * 1
max{[lu”ll llufll} < M= —|IF — AOfl # 0 (5)

as well as
llu* — uill < Cega min |lu* — vyl with Ceea = L[2M]/ . (6)
vHEXH

Proof. Since A is (even locally Lipschitz) continuous, existence of u}; follows from the Browder—Minty theorem
on monotone operators ([43], Thm. 26.A). Uniqueness of u}; follows from strong monotonicity, since any two
solutions u};, uy € Xy to (4) satisfy

N , (5M) . X @
alllug —ull® < (Auy — Aug, vy —ug) =0

and hence u}; = uy. Boundedness (5) follows from

(SM)
allugll® < (Auf — A0, ufy) = (F — A0, upy) < |IF — A0l a Illufl.

Since (3) is equivalent to (4) with X = Xy, the foregoing results also cover u* € X. This concludes the proof
of (5). To see the Céa-type estimate (6), recall the Galerkin orthogonality

(Au* — Aufy, vg) =0 for all vy € Xy. (7)

For vy € Xy, standard reasoning leads us to
* * 2 (SM) * * * * (1) * * *
allu” —uyll® < (Au” — Auy, v — uyy) = (Au” — Auyy, u™ — vp)

(LIP) )
< LRM]llv* = uylllle* — vl

Rearranging the last estimate, we prove (6), where the minimum is attained since Xy is closed. This concludes
the proof. O

Finally, we suppose that the operator A possesses a potential P: there exists a Gateaux differentiable function
P: X — R such that its derivative dP: X — X’ coincides with A, i.e., it holds that
P(w + tv) — P(w)

t

(Aw, v) = (dP(w), v) = lim for all v,w € X. (POT)
=
We define the energy E(v) := (P — F)v, where F is the right-hand side from (3).

Note that the energy £ trivially satisfies that
Elvg) —EW) = [E(vy) — E(uy)] + [E(uy) — EW™)]  for all vy € Xy (8)
and all these energy differences are non-negative; see (10).
Moreover, assumption (POT) admits the following classical equivalence:

Lemma 3 (see e.g., ([23], Lemma 5.1)). Suppose that A satisfies (SM), (LIP), and (POT). Let ¥ > M. Let
vy € X with |lvg — ujylll < 9. Then, it holds that

o L9
o —uil® < o)~ £uty) < E o — il )
In particular, the solution wy; of (4) is indeed the unique minimizer of € in Xy, i.e.,
E(uyy) < E(wy) for all vy € Xy, (10)

and, therefore, (4) can equivalently be reformulated as an energy minimization problem:

Find wu} € Xy such that E(uj;) = min E(vy). |
v EXH
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2.2. Zarantonello iteration

Let Xy C X be a closed subspace. For given damping parameter § > 0, we define the Zarantonello mapping
@H(d, ) XH — XH by

<<‘I)H((5,UJH) s ’UH» = «U]H7 ’UH» + (5(F — .AwH, ’UH> for all vy € XH. (11)

Clearly, existence and uniqueness of @ (d;wy) € Xy and hence well-posedness of @ (d;-) follows from the
Riesz theorem. The following two estimates are obvious: first,

F —
10 (8: i) — wirll < 6 1F — AwplZr = 6 sup LAY o il g € X, (12)
vex\{0} (Il
second,
NPx (6 ve) — Pa(S;wa)ll < llvg — wall + 6 | Avy — Awg |3, for all vy, wy € Xp. (13)

Due to the local Lipschitz continuity (LIP) of A, this proves that also ® g (0;-) is locally Lipschitz continuous.
By definition, u}; € Xp solves (4) if and only it is a fixed point of @ (d;-), i.e., uf; = P (0;uky).

2.3. Zarantonello iteration and norm contraction

Let Xy C X be a closed subspace. The next proposition ([43], Sect. 25.4) proves local contraction of ® g (d;-)
with respect to the energy norm. For the convenience of the reader, we include the proof to highlight that local
Lipschitz continuity suffices.

Proposition 4 (Norm contraction). Suppose that A satisfies (SM) and (LIP). Let ¥ > 0 and vy, wy € Xg
with max{|lvgll, llve — wgll} < 9. Then, for all 0 < § < 2a/L[Y]? and 0 < gn[6]? == 1—6(2a — SL[VY)?) < 1, it
holds that

N r(0;vm) — P (d;wu)ll < gn[6] lve — wlll- (14)

We note that qx[6] — 1 as & — 0. Moreover, for known a and L[J], the contraction constant qn[6]? = 1 —
a?/L[Y)? =1 — a6 is minimal and only attained for § = a/ L[9)?.
Proof. Recall that the Riesz mapping

Iy: Xy — Xy, vy Ig(vyg) = ,vg) forallvy e Xy (15)

is an isometric isomorphism; cf., e.g., ([42], Chap. II1.6). Therefore, a reformulation of the Zarantonello iteration
reads
(@u(wn), ou) = Cwu , eu) +6{en, Iy (F — Awg))  for all o, wy € Xy

Given vy, wy € Xy with max {|||1)H|||, |||vH—wH|||} < 9, we exploit the last equality for ® 5 (d; vy ) by subtraction
of @y (d;wy) and use g = Py (d;vy) — Py (d; wy) to arrive at

NP5 (85;vm) — @ (S;wa)ll* = llve — wall® — 28 §vg — wir , I (Ave — Awgr))
+ 2 15t (Aveg — Awg)|IP.

The isometry property of Iy implies that

_ 15 (LIP)
7 (Aver — Awa) P 2 | Avy — Awgll% < LR i — wall?.

Moreover, it holds that

(SM) )
> allve —wall”

(o —wrr , I (Avg — Awg)) ‘2 (Avy — Awg | v — wir)
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Combining these observations, we see that
0 < 1@ (5:0m) = @ (§;wm)lI* < [1—26c+ L] llomr — warll*.

Rearranging qx[6]? = 1 — 20 + 62L[0]? = 1 — 6(2a — 6L[9]?), we conclude the first claim. Finally, it follows
from elementary calculus that § = a/L[¥]? is the unique minimizer of the quadratic polynomial gx[d] if o and
L[9])? are fixed. This concludes the proof. O

Corollary 5. Suppose that A satisfies (SM) and (LIP). Let u%; € Xy with |Ju%ll < 2M. Let 0 < § <
20/ LI3BM)? and let 0 < gn[8] < 1 be chosen according to Proposition 4, where 9 = 3M. Define

uhftt = P g (0; u]fq) for all k € Ny. (16)
Then, it holds that
(1 — gn[0]) Mgy — wlfylll < Mt — Wil < (14 gn(0]) llufy — il (17)
and
ey =l < an[6] llwf —wfrlll < g (61 Mlufy —ufell < 3M  for all k € No. (18)
In particular, it follows that
b Il < 4M  for all k € Ny. (19)

Proof. The claim (18) is proved by induction on k. By recalling (5), it holds that [|u}lll < M as well as
sy — w% Il < Ml + llu%lll < 3M. Therefore, Proposition 4 proves that

(14)
Mgy — wglll = M@ w (5 uyy) — Sr(dui)ll < an(o]llugy — ugylll < 3M.

This proves (18) for k& = 0. In the induction step, we know that ||u}, — u’}I||| < 3M. As before, (14) from
Proposition 4 and the induction hypothesis prove that

(14)
ey — w1 = 195 (55 wly) — @ (0365 < ane[0] iy — uy
< gn [0 gy — ulyll < 3M.

This proves (18) for general k € Ny, and the inequalities (17) follow from (14) and the triangle inequality.
Moreover, the triangle inequality yields that

Mgl < Mgl + Ny — wigll < 4M.
This concludes the proof. O

Corollary 6. Suppose that A satisfies (SM) and (LIP). Let u% € Xy with |Ju%ll < 2M. Let 0 < § <
20/ LI6M)? and let 0 < qn[6] < 1 be chosen according to Proposition 4, where 9 = 6M . Then, the Zarantonello
iterates from (16) satisfy (17)—(19) as well as

ek — I < gne[8] My — M0 < an (81" sy —uyll < 6M  for all k € N, (20)

Proof. Since L[3M] < L[6M], it only remains to prove (20). We argue by induction and note that

% O < e 9 (1<9) 6M
ug — ugll < llugll+ Nlugll < :



COST-OPTIMAL ADAPTIVE ITERATIVE LINEARIZED FEM FOR SEMILINEAR ELLIPTIC PDES 2199

Therefore, Proposition 4 proves that

(14)
gy — wgrll = NP (65 upr) — Car (8 up) Il < an[0] llugy — ufrll < 6M.
This proves (20) for £ = 1. In the induction step, we know that |||u’;{+1 — u’fq||| < 6M. Therefore, Proposition 4
and the induction hypothesis prove that
k+2 | k41 k-+1 oy 2 k+1 k
s —wi i = NPw (6w ™) — @a (6 uf )l < gnld] luf™ — uflll < 6M.
This proves (20) for general k € N and concludes the proof. O

2.4. Zarantonello iteration and energy contraction

Let X C X be a closed subspace. The next result extends the abstract lower bound from ([28] Prop. 1) to
the Zarantonello iteration in the locally Lipschitz continuous setting.

Lemma 7. Suppose that A satisfies (SM), (LIP), and (POT). Let u}, € Xy with ||[u%ll < 2M. Then, for
0 <0 < 2a/L[6M]?, the Zarantonello iteration (11) yields that

0 < wd] g™ — upll® < € (ufy) — € (up™) < K[3] luf™ — will?, (21)
where k[6] = (671 — LI6M]/2) > 0 and K[0] = (67! — a/2).

Proof. Define ek = vk —uk, for all k € Ny. Then, (POT) guarantees that £ = P—F is Gateaux differentiable.
Define ¢(t) := E(UH +teftt) for t € [0,1] and observe that

¢ (t) = (dE (ulfy + el ™), bty = (A(ufy + ekt — F ek,

For 0 < § < 2a/L[6M]?, Corollary 6 together with the boundedness [[|u%|[| < 4M from (19) and the convexity

of the norm show that

k+1

max{[llef I, lluf, — t e} < 6M  for all k € Ny. (22)

With the fundamental theorem of calculus and the Zarantonello iteration (11), we see that
(k) ~ ™) = - [ (Al 1) - P o
/ (A(uly + el — Auky ety dt — (Auf, — F, el
(11) / (.A uH—i—tekH) —Au’fq, k+1> dt + ((ekH,e];IH))

(LIP) /1 ! 1 L6
2(5—/tmwﬂw)w“1 zwz(é—[ ])n“l ull”
0

Since § < 2a/L[6M]? < 2/L[6M], it follows that x[§] = (1/6 — L[6M]/2) > 0. This proves the lower bound
n (21). Moreover, the same argument also yields that

5@1;{) k:-‘rl (1) / (A uH—i—tekH) .AuH>ek+1 at+ = «ek-i-l k+1>>

(SM) 1 1 1
< @—/waww“ @W=<X—>m“1umﬁ
0

This concludes the proof. (I
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The Zarantonello iterates are also contractive with respect to the energy difference.

Proposition 8 (Energy contraction). Suppose that A satisfies (SM), (LIP), and (POT). Then, for 0 < § <
20/ L[6M]?, it holds that

0< &™) —E(uyy) < qeld)? [E(uy) — E(uyy)]  for allk € Ny (23a)
with contraction constant
SL[6M] 2502
< 2.-1— — .
0<qeld2=1 (1 : ) Tar <! (23b)

We note that qe[6] — 1 as § — 0. Furthermore, for all k € Ny, it holds that

(1= qeld]?) [€(uly) — E(uiy)] < E(ufy) — E(ul™) < (1+qel0]?) [€(ufy) — E(ufp)]. (24)

Proof. First, we observe that

k k uk (4) k k
alluy —ugll® < <AU2{ — Aujy, ujr — ) = (F_-A o Wi _UH>

11) 1 N (25)
Sl =y — ) < ||| Bl by — .
Since 0 < 6 < 2a/L[6M]?, it follows that
(9)
0 < E(uf™) = E(uyy) = E(ufy) — E(uyy) — [E(ufy) — E(uf™)]

1) * 1 LM

<E(ufy) — Euly) — (5 _ L ]> Mkt — w2

(25) 1 Li6M

< &(ufy) = Eufy) = (5 - [2]) 020 lujy — ulyI?

¢ {1 - (1 - §L[2M]> LQ{;?;}] [E(ufr) — E(uip)],

where (9) holds due to (18) from Corollary 5. This proves (23). The inequalities (24) follow from the triangle
inequality. This concludes the proof. O

Remark 9. For a globally Lipschitz continuous A with Lipschzitz constant L, we observe that the energy
contraction factor is minimal for 6 = 1/L, where g¢[0]*> = 1 — %3+ In contrast, the optimal norm contraction
factor gn[0]? = 1 — % is obtained for 6 = 75; cf. Proposition 4. To allow a larger damping parameter § > 0,
energy contraction is preferred.

2.5. Mesh refinement

From now on, let 7y be a given conforming triangulation of the polyhedral Lipschitz domain Q C R? with
d > 1. For mesh refinement, we employ newest vertex bisection (NVB) for d > 2 (see e.g., [39]), or the 1D
bisection from [5] for d = 1. For each triangulation 7y and a set of marked elements My C Ty, let T =
refine(7y, Mpy) be the coarsest triangulation such that all T € My have been refined, i.e., My C Ty\7},.
We write 7, € T(7g), if 73, results from 7y by finitely many steps of refinement. To abbreviate notation, let
T := T(7p).

Throughout, each triangulation 7y € T is associated with a conforming finite-dimensional space Xy C X,
and we suppose that mesh refinement 7, € T(7x) implies nestedness Xy C X C X.
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2.6. Axioms of adaptivity and a posteriori error estimator

For 7y € T and vy € Xy, let
na(T,-): Xg — R>o forall T € Ty (26)

be the local contributions of an a posteriori error estimator

1/2
nu(vy) =nug(Tg,vy), where ngUg,vy) = ( Z nu (T, vH)2> for all Uy C Ty.
TeUn

We suppose that the error estimator ny satisfies the following axioms of adaptivity from [13] with a slightly
relaxed variant of stability (A1) from [9].

(A1) Stability: For all ¥ > 0 and all' Uy C 7;, N Ty, there exists Cytap[9] > 0 such that for all v, € A), and
vy € Xy with max {|||vh|||, lvp, — vH|||} < 19, it holds that

0 (Ui, vn) — na (U, vi)| < Csan[9] lvn — vl
(A2) Reduction: With 0 < g¢eqa < 1, it holds that
(T \Ta,ve) < Gred N (Ta\Th,ve) for all vy € Xp.
(A3) Reliability: There exists Cie > 0 such that
llw* — ullll < Crer i (ufy)-
(A4) Discrete reliability: There exists Cqre > 0 such that
lu, — will < Cavet nu (T \Th, wly)-

2.7. Idealized adaptive algorithm

In the following, we formulate and analyze an AILFEM algorithm in the spirit of [24], but with an extended
stopping criterion in Algorithm A(i.b), i.e.,

€ (up™") = E(uf)| < N ne(uf)® A llufll < 2M. (i.b)

Clearly, if the stopping criterion from Algorithm A(i.b) holds, then also the simpler stopping criterion |£ (uif*l) —
E(WR)| < A2ne(uf) from ([24], Algo. 2) holds.

The proposed algorithm is idealized in the sense that an appropriate parameter 6 > 0 is chosen a priori; see
Theorem 16 below.

Following [24], the analysis of Algorithm A requires the ordered index set

Q= {(¢,k) € N3 | index pair (¢, k) occurs in Algorithm A and k < k(¢)}, (27)

where k(£) > 1 counts the number of solver steps for each ¢. The pair (¢, k(¢)) is excluded from Q, since either
((+1,0) € Qand u),, = uf(e) or even k(¢) :== oo if the k-loop does not terminate after finitely many steps.
Since Algorithm A is sequential, the index set Q is lexicographically ordered: For (£, k) and (¢ k') € Q, we

Iwhile ([9], Prop. 15) states stability only for 7, N Tg, the inspection of the proof reveals that indeed arbitrary subsets
Uy C T, N Ty are admissible.
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Algorithm A. Idealized AILFEM with energy contraction.

Input: initial triangulation 7o, initial guess u§ := 0 with M = %HF — A0|| x» < oo according to (5), marking parameters
0<0<1and 1< Chak < 00, damping parameter § > 0, solver parameter A > 0.
Loop: For £ =0,1,2,..., repeat the following steps (i)—(iv):

(i) For all k =1,2,3,..., repeat the following steps (a)—(b):
(a) Compute uf = O, (6; u’g_l) and (T, uf) for all T € 7.
(b) Terminate k-loop if (|€(u§71) — S(u?)‘ < M, (uf)2 A lubll < 2]\/[).
(ii) Upon termination of the k-loop, define k(¢) := k.
(iii) Determine a set M, C 7, with up to the multiplicative factor Cmarx minimal cardinality such that
0 e (up')? < > renm, (T, up®)2.
%)
0.

(iv) Generate 741 = refine(7z, M,) and define ul, | == u

write (¢, k') < (¢, k) if and only if (¢',k’) appears earlier in Algorithm A than (¢, k). Given this ordering, we
define the total step counter

£—1

(6 k)] = #{(€ K) € QI (0 K) < (LR} =k+ D k({),

£'=0

which provides the total number of solver steps up to the computation of uf. -
Moreover, we define Q := Q U {(¢,k(¢)) | £ € Ny with (¢ + 1,0) € Q}. Note that Q C Ny x Ny is a countably
infinite index set such that, for all (¢, k) € Ny x Ny,

((+1,00€6Q = (L,k() € Q and k(¢) =max{k € Ny | ({,k) € O},
Lk+1)eQ = (k) eQ.

With £ := sup{f € Ny | (¢,0) € Q}, it then follows that either £ = co or k(£) = oo. From now on and throughout
k(¢)

the paper, we employ the abbreviations (¢, k) := (¢, k(¢)) and u% =y
Corollary 10. Suppose that A satisfies (SM), (LIP), and (POT). Suppose the azioms of adaptivity (A1)—(A3).
Let A >0 and 0 < 0 < 1 be arbitrary. Then, there exists a choice of the parameter § > 0 in Algorithm A such
that there exist 0 < gn < 1 and 0 < g¢ < 1 such that the following properties hold:

— nested iteration: lull < 2M for all (¢,0) € Q; (28)
- boundedness: llufll < 4M for all (¢, k) € Q; (29)
~ norm contraction: My — g I < g lllug — gl for all (¢,k) € Q; (30)
— energy contraction: S(UQfH) —&(up) < ¢ [S(ulg) —&(up)]  for all (¢,k) € Q. (31)

Moreover, this guarantees (17) and (18) for all (¢, k) € Q with qx[d] replaced by qn. Furthermore, there exists
ko € No such that ||[uf|l| < 2M for all (¢,k) € Q with k > ky.

Proof. Let 0 < § < 2/ L[6M]? be arbitrary but fixed. From Algorithm A and u] := 0, we have that [[[uf[|] < 2M.
Then, [luj — udll < 3M. Choose 0 < gn = ¢n[6] < 1 according to Proposition 4, where ¥ = 3M as well
as 0 < gg¢ = ¢gg[d] < 1 according to Proposition 8. This proves norm contraction (30) as well as energy
contraction (31) for all (¢, k) € Q. Furthermore, for all (¢, k) € Q, it follows that

(18)
WS < Mgl + Mg — bl < M + g8 lllug — udlll < M + & 3M < 4M, (32)
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which proves boundedness (29). Moreover, (32) together with 0 < gn < 1 from (30) proves that there exists
ko € Ny, which is independent of £, such that, for all k > kg, it holds that

(32) !
Mubll < M + ¢& 3M < 2M.

This shows for (¢,0) € Q that the stopping criterion [[|uf|| < 2M is met for all (¢,k) € Q with k > kq. This
concludes the proof. O

2.8. AILFEM under the assumption of energy contraction (31)

Norm contraction (30) is the critical ingredient in the proof of Corollary 10 — leading to boundedness
(Coro. 5), which is key to the proof of energy contraction (31) (¢f. (22)). Thus, norm contraction (30) is sufficient
for obtaining nested iteration (28), boundedness (29), and energy contraction (31). However, supposing (31)
already suffices to obtain uniform constants in the energy norm as the next result shows. Thus, throughout the
rest of this paper, we suppose that energy contraction (31) holds for all (¢,k) € Q.

Lemma 11. Suppose that A satisfies (SM), (LIP), and (POT). Suppose that the choice of § > 0 guarantees
that Algorithm A satisfies energy contraction (31). Then, it holds that

L[3M
lluflll < M +3M % = % for all (¢, k) € Q. (33a)
Moreover, it holds that )
lluf —uf Il <7 for all (¢,k), (LK) € Q. (33b)

Furthermore, there exists kg € Ng, which is independent of £, such that

|||u§||| <2M for all (L, k) € Q with k > k. (34)
Proof. From Algorithm A and u§ := 0, we have that [|ul|| < 2M. With [|uj|| < M from (5), it holds that
lluy — wflll < 3M. For all (¢,k) € Q, it follows that

k * * k ©) 2 1z k %) 1/2
Mugll < Wzl + llwg —ugll < M+ ” (€(ug) — E(u7))

(31) 2\'/? o172 @ L[3M]\ V/?

<ot (2) ) - e < o gganr (25 (35)
(31) LM\ 2

< M+3M([i}> - % (36)

This and the triangle inequality prove (33b). Moreover, inequality (35) together with 0 < g¢ < 1 from energy
contraction (31) proves that there exists ko € Ny, which is independent of ¢, such that

(35) LI3MI\ /2 1
llugll < M + qf3M <[a1> <2M for all (¢,k) € Q with k > ky. (37)

This concludes the proof. O

Remark 12. (i) From Lemma 11, we infer that the stopping criterion can fail only finitely many times due to
the energy norm criterion |||u’Z||| <2M.

(ii) Under the assumption of energy contraction (31), we note that (33b) shows that 7 provides a uniform upper
bound for the involved stability and Lipschitz constants Csiap[7] and L[7], respectively. Indeed, it will become
apparent later that stability and local Lipschitz continuity will only be exploited for the differences |||u’}{ —u’;{1|||7
e, — Ml or il — will in (A1), (9), and (21).
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2.9. Main results

Given the Pythagoras identity (8) and energy contraction (31), the first main theorem states full linear
convergence of the quasi-error

AF =l = ugll + ne (uf). (38)

Theorem 13 (Full linear convergence). Suppose that A satisfies (SM), (LIP), and (POT). Suppose the axioms
of adaptivity (A1)—(A3) and orthogonality (8), where Xy is understood as Xy for (£, k) € Q. Let 0 < 6 < 1,
1 < Chark < 00, and X > 0. Suppose that the choice of & > 0 guarantees that Algorithm A satisfies energy
contraction (31). Then, there exist Cin > 0 and 0 < qn < 1 such that Algorithm A leads to

[e.k)—| (¢ k")

INEe LAY for all (6,8), (¢, K) € Q with (¢/,F) < (6, k). (39)

The constants Ciy and qin depend only on M, L[1/2], a, Cstab[7], qred, Crel, and qs as well as on the adaptivity
parameters 0 < 6 <1 and A > 0.

The proof of Theorem 13 extends that of ([24], Thm. 4), since the stopping criterion from Algorithm A(i.b)
requires further analysis to cover all cases. To ease notation, we introduce the shorthand

d(v,w)? = [E(v) — E(w)| for all v,w € X.
The following lemma provides the essential step in the proof of Theorem 13.

Lemma 14. Under the assumptions of Theorem 13, there exist constants u > 0 and 0 < qun < 1 such that
Ak = d(u*7u§)2 + ,ung(uf)Q for all (¢, k) € Q (40)
satisfies the following statements (i) and (ii):

(i) AT < g2 Ab forall ((,k+1)€ Q.

lin

(i) A, <@ Ay" forall (£4+1,0)€ Q.

The constants p and qin depend only on M, L[2M|, a, Csab[7], @red, Crel, and g as well as on the adaptivity
parameters 0 < 8 <1 and A > 0.

Proof. For k € N such that 1 < k < k(¢), the stopping criterion of Algorithm A(i.b), i.e.,
_ 2 _ 2 .
d(uy™ug)” = [E(uy™") = E(u)| < N me(uf)” A lllugll < 2M, (i.b)

comprises four cases. Statement (1) contains the cases true A false, false A false, and false A true. State-
ment (ii) consists of the remaining case true A true.

Case 1: Evaluation of (i.b) returns true A false.

This case investigates (i.b) for k + 1 < k(¢). First, we note that

. % 2(A3) 2 * 2(A1),(33a) 2 k‘-‘rl 2 2 2 * k+1y12
lw* —uglll® < Creyme(uy) < 2Came(u )"+ 2C0 Cplr g — w I,

Together with (9), this leads us to

(9) L[2M]

9) 2 2
d(w,up)” < ot = il < Come(uf ) + Gl (g, uf ),
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where we define Cy :== L[2M]C%, and Cy :=2a ' L[2M]C2,C2,,[7]. For 0 < £ < 1, we obtain that

d(u*, u?"’l) © (1—e)d(u*,up)? +ed(u*,up)® + d(up, u§+1)2
< (1-e)d(u*,up)® +eCrm(u kH) + (1+eCy)d (uz7uf+1)
(:;1)(1 —&)d(u*,u})’ +eCiny (uéH) + (1 +eCo)q¢ d(up, uf)Q.
We use the last inequality for the quasi-error Aif“ to obtain that
AR = d(u* U?H) + e (u k+1)
< (1—e)d(u*,up)? +(p+eCh)ne(u k+1) (1+602)q§d(uz,u§)2. (41)

We need four auxiliary estimates:
First, since |||}l < M and [||uj —uglll < 2M hold independently of ¢, the axioms (A1)—(A3) and Proposition 2
imply quasi-monotonicity of the estimators, i.e.,

() < Crono(u)  With  Cinon = (2 + 8Csan[2M]2(1 4+ C24,)C2) 7 (42)

¢f. ([13], Lemma 3.6). With Cjy := Chyon max{1, Cstan[M]M}, we infer that

(42) (A1)
772(“2) S CmonnO(us) § Cmonno(o) + Cmoncstab[MHHUSN S 00(770(0) + 1) (43)

Second, with C3 :=2Cy(no(0) + 1) and Cy =4 a~! Cytap[7]? ¢2, it holds that

2(Al1) 4
e (uET) ™ < 2m0(uf)? + 2 Csgan [7)? Ml — ub )12 < 2n0(uf)® + — Cotap ]2 d (g, uf )
(31) o 4 L 203 L2
< Qng(ug)Q + o Citap[7]? qg cd(ug,uf) <C3+Cy cd(ug,uf) . (44)

Third, the error estimator allows for the following estimate with an arbitrary but fixed Young parameter
0<y<1:

(A1)
e (uETY < (1 4 7) me(ub)” + (1497 Capan 72 b — w2
< (149 ne(ub)® +2 (1 +77) Caran 71 [llup — a2 + flup — ubl1%]

) 4

< (147) ng(uf)z + o (14+77") Cstablr)? [d(ue,ufﬂ) +d(u2,u§)2}

55 k)2 * k)2

< (T+7)me(ug)” + Csd(up, ug), (45)

where C5 =407 (1 +771) Coan[7]? (1 + ¢2).
Fourth, we observe that the case true A false yields that

k+1 k+1 k+1
2M < g < Mgl + Mg — g ™ < M+ g — g I

and hence M < [uj — ufT![|l. With Cg := 2~ 1M ~2 g2, this observation leads us to

ug P ©

M2

i —

2 (3)
1< 2 202 d(ul, ub ) L Cpa(up,ub) (46)
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Recall that 0 < € < 1 and define 0 < o == ij’g < 1. This choice of o ensures that

l-0)(1+vy)=1-¢. (47)

2
We apply these observations to the term (u + ¢ Cy)ne(up ™)™ of (41) to arrive at

(42 C) me (b)) = (1= ) e (W) + (0 o+ 2 Cy) e (ub )
(45)

v 2 2
< (T=o) (1 +7) pne(ug)? + (1= 0) pCs d(uf, ug)” + (o p+eCr)ne(ug™)

(44) ) L w2 L2
< (1= 0)(1+ ) pme(wh)? + (1 = 0) p G ad(uy, uf)” + (o o+ C1) |Gy + Caal(uf, uf)|
(46) 2 2 2
< (1—0)(1—&—7);“7@(1&?) —&—(l—a)uCg,d(ug,uf) —|—(Uu—|—501)(0306+C'4)<d(u§,u§)
a7 2 2 . 2
(:)(1_5>MW<U§) +[(1=0)Cs + 0 Crlpd(uf,uf)” + e Cr Crd(uy, uf)”, (48)

where C7 := C3Cs + Cy. Together with (41), we obtain that

(41) 2 2
AR (1—¢) d(u*,uf)’ + (u+eCh) W(uf"'l) +(14+eCy) qﬁd(%ule“)
(48) . 2 k)2
< (—e)d(u*,up)” + (1 —e) pne(ug)

+{[(1=0)Cs + 0 Crlp +£Cy Cr + (1+2Cy) g2} d(uf, uf)”
< (1= e)d(w,uf) + (1 - ) me(uf)”
+ {p max{Cs,Cr} + e Cy Cr + (1 4+ Cy) g2} d(uf, ub)”.
Note that C1,...,C7 depend only on the problem setting. Provided that
pmax{Cs,Cr} +eC1Cr+(14+eCy) g2 <1—¢, (49)
we conclude that
APTE < (1—¢) [d(u*, up)® + d(u;, u’g)2 + e (u§)2]

@) (1—¢) [d(u*,u’})z + uw(u’f)ﬂ = (1 —¢) AL

Case 2: Evaluation of (i.b) returns false A false or false A true.

These cases follow from the arguments found in ([24], Lemma 10(i)). There, the proof is based in essence on

the estimate

31)
ne(u§+1)2 < \72 d(uf"'l,uf)Q < 22 1+ qg) <1:1(uz,u§)27

to obtain an upper bound of the quasi-error A’Z‘H in terms of the linearization error d(u},uf)% With Cg =
A2 (1 + qg«) and provided that
(p+eCi)Cs+ (1+eCo) gt <1—c¢, (50)

([24], Lemma 10(i)) then proves that
AFTE < (1 —e)A}.

Up to the final choice of u,e > 0, this concludes the proof of these cases and statement (i).
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Case 3: Evaluation of (i.b) returns true A true.

The case true A true is analyzed in ([24], Lemma 10(ii)) and is based on the contractivity of the error
estimator given that the Dorfler marking is employed.

Define gy = (1 — (1 — qfed) 9) and Cy = 404_1(1 +q§) Cstab[7]?. Let 0 < w < 1 be arbitrary. Note that
C1,C5,Cy >0 and 0 < gg < 1 depend only on the problem setting. Provided that

eC ' +q(1+6)<1—¢ and eCot+qt+ug(l+w )0y <1—c¢, (51)
we obtain from ([24], Lemma 10(ii)) that
Al S (1-e) A7
Up to the final choice of w, u,& > 0, this concludes the proof of Lemma 14(ii).
Choice of parameters

We proceed as follows:

(1) Choose w > 0 such that (14 w)gy < 1.
(2) Choose p > 0 such that ¢ + p max{Cs,C7} <1, ¢2 + uCs < 1, and ¢ + puge(l +w) 1Co < 1.
(3) Finally, choose € > 0 sufficiently small such that (49)—(51) are satisfied.

This concludes the proof of Lemma 14 with ¢ = (1 —¢). O

Proof of Theorem 13. According to (9), it holds that Ak ~ (Af)l/ 2, where the hidden constants depend only
on p, o, and L[7/2]. We use (9) for the term |[|u} — u}]|l, and hence the dependency L[r/2] is justified by (36).
Then, linear convergence (39) follows from Lemma 14 and induction, since the set Q is linearly ordered with
respect to the total step counter |(-,-)]. O

Remark 15. (i) Provided that energy contraction (31) holds and that the adaptivity parameter A > 0 is
sufficiently small, the stopping criterion

€ (™) — & (uf)| < N me(uf)” (ib)

from [24] is a viable alternative to the stopping criterion of Algorithm A(i.b). The main difficulty is to ensure
nested iteration (28). This relies, in essence, on the estimate

) (31), (24) s12
g — i < eh) e < D

ib’ 2
6 gl
1 —qglo]?

Tg[é]g {5(71%71) - 5(“%)}

(AD) 6 g * *
w2 L0 e [10(u)? + Coavan /2121 — wll?),
1-— qe [5]

where [[|luj — uk|ll < 7/2 stems from (36). Using a uniform estimate for the error estimator as in (43), the
last estimate, and the observation that |||u§||| <M +lluy — u§||| lead us to

7[6] Co (170(0) + 1)
[T = A2 102 oy /2] 172

4 ge[0)?
(6%

1
<2M with r[§]? = = S
< o= TP

a1l = Mgl < M+ A
where a sufficiently small A such that A?r[6]? Csab[7/2]> < 1 is required and where Cp =
Cimon max{l, Cstap[M]| M}. We see that a sufficently small A > 0 ensures nested iteration (28). In con-
trast, (i.b) leads to full linear convergence for arbitrary A > 0.
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(ii) Theorem 13 proves linear convergence, and hence in particular plain convergence A} — 0 as |(£, k)| — oco.
In Appendix A, it is shown that plain convergence also holds for Algorithm A with the modified stopping
criterion

Muf — w0 < Ame(uf) A bl < 20 (i.b")

(instead of Algorithm A(i.b)) in the strongly monotone and locally Lipschitz continuous setting with-
out (POT). Due to the lack of an energy &, the result relies on norm contraction (30) instead of energy
contraction (31).

To formulate our main result on optimal convergence rates, we need some additional notation. For N € Ny,
let Ty = {7 € T | #T — #7Ty < N} denote the (finite) set of all refinements of 7y which have at most N
elements more than 7. For s > 0, we define

lu*lla, = sup ((N+1)" min [llu* — gl + nopt(ugpe)] | € R>o U {oo}. (52)
NeNy opt ETN

Here, u ;. € Xopt denotes the exact Galerkin solution (4) with respect to the optimal mesh 7, where optimality
is understood with respect to the quasi-error Aj from (38) (consisting of the energy norm error plus error
estimator). In explicit terms, ||u*||4, < oo means that an algebraic convergence rate O(N ~*) for the quasi-error
A7 is possible, if the optimal triangulations are chosen.

The second main theorem states optimal convergence rates of the quasi-error (38) with respect to the number
of degrees of freedom. As usual in this context (see e.g., [13]), the result requires that the adaptivity parameters
0 <6 <1and A > 0 are sufficiently small. The proof is found in, e.g., ([24], Thm. 8). A careful inspection of

the proof reveals that it requires only estimates of the form
d (u%, u§71> < Ane (u%) ,

as well as linear convergence (39), which are satisfied for Algorithm A. The results from [24] are proven for a
uniform Lipschitz and stability constant; in the present setting, this follows from Remark 12(ii).

Theorem 16 (Rate-optimality w.r.t. degrees of freedom). Suppose that A satisfies (SM), (LIP), and (POT)
as well as the axioms of adaptivity (A1)—(A4). Suppose that the choice of & > 0 guarantees that Algorithm A
satisfies energy contraction (31). Define

1—qe [a\1/2
Aopt = ——————( = , 53
Pt qe Cstab [7-] ( 2 ) ( )

with T from (33). Let 0 < 0 <1 and 0 < A < Aoptf such that

0+ M Aope

= A Aopt g 4 o T202,) TR 4
1_)\/)\013t < ( +CAt<b[T] Orel) (5 )

0<8

Let s > 0. Then, there exist copt, Copt > 0 such that

Cop 10" lla, < sup (#Te = #To +1)" Af < Copr max{|lu”lla,, AY}, (55)

(¢,k)eQ

where ||u*||a, is defined in (52). The constant copy > 0 depends only on Ccea = L[2M]/«, fine properties of

NVB refinement, Cstab[7], Crel, #70, and s, and additionally on £ or Ly, if £ < 0o or 1, (u%o) = 0 for some
(£o,0) € Q, respectively. The constant Copy, > 0 depends only on fine properties of NVB refinement, o, Cstab[7],
Gred; Crels Carel, 1 — A/ Aopy (and hence on energy contraction qe ), Ciark, Clin, Giin, and s.
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To estimate the work necessary to compute u;? € Xy, we make the following assumptions which are usually
satisfied in practice:

— The computation of all indicators 7, (T , uf) for T € 7, requires O(#7;) operations;

— The marking in Algorithm A(iii) can be performed at linear cost O(#7¢) (cf. [38], or the algorithm from [37]
providing M, with minimal cardinality);

— We have linear cost O(#7;) to generate the new mesh 7;4; in Algorithm A(iv).

In addition, we make the following “idealized” assumption, but refer to Remark 17(ii):

— The solutions ui? € X of the linearized problems in Algorithm A(i.a) can be computed in linear complexity

O#To).

Since a step (¢, k) € Q of Algorithm A depends on the full history of preceding steps, the total work spent to
compute uf € X is then of order

work((, k)= Y #Tp forall (k)€ Q. (56)

' kheQ
(€' k") <(L,k)

Remark 17. (i) In order to avoid the computation of 114 (uf_H) in each step of the inner loop, i.e., for all

k such that (¢4 1,k) € Q, one may use m(u?) instead. While the proof of linear convergence with the
adapted stopping criterion is possible, the proof of optimality remains an open question that goes beyond
this work.

(ii) The idealized assumption that the cost of solving the linearized discrete system in Algorithm A(i.a) is
linear, can be avoided with an extended algorithm (and refined analysis) in the spirit of [27]. There, an
algebraic solve procedure is built into the presented adaptive algorithm as an additional inner loop, taking
into account not only discretization and linearization errors but also algebraic errors. In this setting, the
“idealized” assumption on the solver would be reduced to the assumption that one solver step has linear
cost, which is feasible in the context of FEM. To keep the length of the present manuscript reasonable, we
have decided to focus only on the linearization. The details follow along the lines of [27] and are omitted.

The next corollary states the equivalence of rate-optimality with respect to the number of degrees of freedom
and rate-optimality with respect to the total work, i.e., the overall computational cost.

Corollary 18 (Rate-optimality w.r.t. computational cost). Let (7¢)een, be the sequence gemerated by Algo-
rithm A. Suppose full linear convergence (39) with respect to the quasi-error A¥ from (38). Then, for all s > 0,
1t holds that

s s To)* Cin
Crate = sup (#To — #To +1)° A} < sup work(l, k)° Ay < M Crate- (57)
(eheQ (eheQ (1-al)
Consequently, rate-optimality with respect to the number of elements (55) yields that
_ s T s CVin *
Cope 0¥ la, < sup work(, k) Af < Copy % max{||u*|l,, AY}. (58)
(&k)eQ (1—a)

Proof. The first inequality in (57) is obvious. To obtain the upper bound, let (¢,k) € Q. Elementary calculus
(see ([11], Lemma 22)) proves that

H#Ty < #To (#Ty —#Tp+1) forall Ty € T.
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Moreover, linear convergence (39) and the geometric series lead us to

Z (A?[’)‘l/s (?)SQ) Cl/s (Alz)fl/s Z (ql/s)\(éak)\—\(é’,k’n . M

lin lin 1 l/s
(¢ kheQ ' k)eQ ~ Qlin
(' k)< (£,k) (' k"< (4,k)

Combining the last two inequalities, we obtain that

N R <H#T) Y. HTr-#T+ D)< HD)CYL Y (ak)V

(¢',k"eQ (¢'k"eQ (¢ k")eQ
(0 k)< (LK) (€' k") <(E,k) (€K )< (4,k)
Cl/s —1/s 1/s
S (#76) hnl/s (Af) Cra/te'
1- Din
Rearranging this estimate, we obtain the upper bound in (57). (]

3. SEMILINEAR MODEL PROBLEM

3.1. Model problem

For d € {1,2,3}, let Q C R? be a bounded Lipschitz domain. Given f € L2(Q) and f € [L?(2)]?, we aim to
approximate the weak solution u* € X := H}(Q) of the semilinear elliptic PDE

—div(AVu*) + b(u*) = f —divf in Q subject to u* =0 on 9. (59)

While the precise assumptions on the coefficients A: 2 — ngxn? and b: 2 xR — R are given in Sections 3.3 and
3.4, we note that, here and below, we abbreviate AVu* = A(-)Vu*(-): Q — R% and b(u*) = b(-,u*(-)): Q — R.

Let (-, - )q denote the L?(Q)-scalar product (v, w)q = fQ vwdz and let (v, w) = (AVv, Vw)q be the A-
induced energy scalar product on H}(2). Then, the weak formulation of (59) reads as follows: Find u* € Hg (€2)

such that
(A, u = (u*, o)), vya=(f, vya+{(f, Vo)o=(F,v) forallve H}(Q). (60)

Existence and uniqueness of the solution u* € Hg(Q2) of (60) follow from the Browder—Minty theorem on
monotone operators (see Sect. 3.6 for details).

Based on conforming triangulations 7y of € and fixed polynomial degree m € N, let Xy = {vy € H}(Q) |
VT € Ty: vyl|r is a polynomial of degree < m}. Then, the FEM discretization of (60) reads: find u};, € Xy
such that

Cugr, va) + (b(uy), vado = (F, vg) forall vy € Ay. (61)

The FEM solution u}; approximates the sought exact solution u*.

3.2. General notation

For 1 < p < oo, let 1 < p’ < oo be the conjugate Holder index which ensures that loYllrin) <
9l e @) 1Nl Lo () for ¢ € LP(Q) and ¢ € Lp/(Q)7 i.e., 1/p+ 1/p’ = 1 with the convention that p’ = 1 for
p = oo and wice versa. Moreover, for 1 < p < d, let 1 < p* :=dp/(d — p) < oo denote the critical Sobolev expo-
nent of p in dimension d € N. We recall the Gagliardo—Nirenberg—Sobolev inequality (see e.g., ([22], Thm. 16.6))

vl zr ) < Cans IVUllrg) for all v € WyP(Q) (62)

with a constant Cans = Cans(|Q|,d, p, 7). With X = H}(Q), we restrict to p = 2. If d € {1,2}, (62) holds for
any 1 <r < oo. If d =3, (62) holds for all 1 <r < p* =6, where r = p* is the largest possible exponent such
that the embedding WP (Q) — L"(f2) is continuous.



COST-OPTIMAL ADAPTIVE ITERATIVE LINEARIZED FEM FOR SEMILINEAR ELLIPTIC PDES 2211

3.3. Assumptions on diffusion coefficient

The diffusion coefficient A: Q — Rg;n‘f satisfies the following standard assumptions:

(ELL) A € L™ (% ngxn‘f)7 where A(z) € R‘Siyxn‘f is a symmetric and uniformly positive definite matrix, i.e., the
minimal and maximal eigenvalues satisfy

0 < po = inf Apin(A(z)) < sup Apax(A(z)) = p1 < 0.
z€Q €N

In particular, the A-induced energy scalar product (v, w) = (AVv, Vw)q induces an equivalent norm [[|v]|| :=
(v, vHY/? on HE(Q).

To guarantee later that the residual a posteriori error estimators are well-defined, we additionally require
that A|p € [Wl’w(T)]dXd for all T' € 7y, where 7j is the initial triangulation of the adaptive algorithm.

3.4. Assumptions on the nonlinear reaction coefficient
The nonlinearity b: Q@ x R — R satisfies the following assumptions, which follow ([6], (A1)—(A3)):

(CAR) b: Q x R — R is a Carathéodory function, i.e., for all n € Ny, the nth derivative b(") := 0¢'b of b with
respect to the second argument £ satisfies that
— for any & € R, the function z +— b("™ (x, £) is measurable on (,
— for any x € Q, the function & — b(™ (z, £) exists and is continuous in £.

(MON) We assume monotonicity in the second argument, i.e., b’ (z, €) == b (z,£) > 0 for all z € Q and & € R.
Without loss of generality?, we assume that b(x,0) = 0.

To establish continuity of v +— (b(v), w)q, we impose the following growth condition on b(v); see e.g.,
([22], Chap. III, (12)) or ([6], (A4)):

(GC) If d € {1,2}, there exists N € N such that 1 < N < oco. For d = 3, there exists N € N such that
1 < N < 5. Suppose that, for d € {1,2,3}, there exists R > 0 such that

6™ (2,6)] <R for a.e. z € Q and all £ € R. (63)

While (GC) turns out to be sufficient for plain convergence of the later AILFEM algorithm, we require the
following stronger assumption for linear convergence and optimal convergence rates.

(CGC) There holds (GC), if d € {1,2}. If d = 3, there holds (GC) with the stronger assumption N € {2, 3}.

Remark 19. (i) Let v,w € H(2). To establish continuity of (v,w) +— (b(v), w)q, we apply the Holder
inequality with Holder conjugates 1 < s, s’ < co to obtain that

(b(v) s whal < BN gy 0l 0)- (64)
The smoothness assumption (CAR) admits a Taylor expansion for b. Together with 5(0) = 0 from (MON),
this yields that
N-1 1 N-1
(MON) b(n)(o) n (1-9) (N) N

With ||v"||LSI(Q) = ||v||”m,(ﬂ)7 it follows that

(GQ) N-—-1 N-—1
)@y S D" ey + 10N L) = D 100 ) + M0l ver g
n=1 n=1

20therwise, consider b(v) := b(v) — b(0) and f := f — b(0) instead.
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< levllw < Nmax{ 1, [01Y5b o) b vl g,

where the second to last estimate exploits the LP-space inclusions for bounded 2. To guarantee that
[{(b(v), w)a| < oo, condition (GC) should ensure that the embedding

Hy(Q) — L"(Q) is continuous for r=s and r= Ns' (66)

If d € {1,2}, (66) follows if 1 <r < oo and hence arbitrary 1 < s <occand N e N Ifd=3,r=s=2*=61s
the maximal index in (66). Hence, it follows that N < 2* /s’ = 2*/2*' = 2* — 1 = 5. Altogether, we conclude
continuity of (v, w) — (b(v), w)q for all N e Nif d € {1,2}, and N <5if d = 3.

(ii) The definition of ([9], (GC)) uses

6™ (2, )| < R(1+|¢N"™) forallz€Q, all  €R, andall 0 <n < N

instead of (63). However, the following observation replaces the estimates for all b with 0 < n < N.
Due to the smoothness assumption (CAR), we may apply a Taylor expansion for an admissible o such that
(N—-n)o<oifd=1,2and (N —n)o <6 if d = 3. Together with [[v"||L-) = ||v||’L‘m,(Q), this leads us
to

(n) e j—n ! (1_§)N—1—n (N) N-—n
157 ()1l Lo o2 Z ||v o) + | | o= 0 (€0) d€ ) 10 llLe o
j=n 0

(N—-1-n)!
(GC)N 1 N .
< vauw iy T IR o @) S DO 0 0
j=n
<V =n) (T+ 101" 0 ) S (N =) (1= lIY ™), (67)

where the additive constant stems from the fact that b(™)(0) # 0 in general (in contrast to the reasoning
in (i)). This estimate plays a central role in proving the local Lipschitz continuity of b and thus of the overall
semilinear model problem; see Lemma 20 below and the discussion thereafter.

3.5. Assumptions on the right-hand sides

For d = 1, the exact solution u* from (60) below satisfies an L>°-bound, since H!-functions are absolutely
continuous. For d € {2,3}, we need the following assumption:

(RHS) We suppose that the right-hand side fulfils that
f € [LP(Q))? for some p>d>2 and fec LYQ) where 1/q:=1/p+1/d.

To guarantee later that the residual a posteriori error estimator from (74) is well-defined, we additionally require
that f|r € H(div,T) and f|r -n € L2(0T) for all T € Ty, where 7Ty is the initial triangulation of the adaptive
algorithm.

3.6. Well-posedness and applicability of abstract framework
Let v,w € H}(). We consider the operator A, where H=1(Q) := H}(Q)’ is used to denote the dual space of
Hg (%),
A: HY(Q) — HHQ), Aw:= (w, )+ (bw), ). (68)
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Since V' (x,¢) > 0 according to (MON), this implies that
(b(x, &) — b(x,&1))(€a — &) >0 forallz € Q and &,& € R.
Together with (ELL) and for v, w € H{(£2), we thus see that
(Aw — Av, w —v) = w — v, w =) + (b(w) = b(v) , w —v)a = [lw — vIl* (69)

This proves that A is strongly monotone with o = 1 with respect to the energy norm ||| - |||. The following lemma
is crucial to prove local Lipschitz continuity.

Lemma 20. Suppose (RHS), (ELL), (CAR), (MON), and (GC). Let ¥ > 0 and let v,w € H(Q) with
max{||wll|, llw — v||} < I < co. Then, it holds that

(b(w) = b(v), 2)o < LW llw —vllllzlll  for all = € H() (70)
with L[Y] = L(|Q|, d, 9, N, R, o).

Proof. Due to the smoothness assumption (CAR), we may consider the Taylor expansion

- w—w)"  w-—w)V v
b(v) = > b (w) + 1 / (1 =N 1M (w + (v —w) €) dE. (71)
n—0 . . 0

In order to apply the generalized Holder inequality for three terms ¢, p, 1 € HE ()

(Do, Vyo < NSl e (o) lellLe) 1WllLe o),

where 1 = 1/t + 1/t + 1/t", we choose t > 2 arbitrarily for d € {1,2} and ¢ = 6 and hence ¢ = 3/2 for d = 3.
In both cases, we see that

<b(w) - b(’U) ) Z)Q

1 _
E 157 (w) (w — )™Ml o e llw = vl ey 1zl e ()

HMZ

+

1
H (1=ON M (w + (v —w) ) dE llw — vl ey Izl Le ()

0

Lt//(Q)

(GC

< <Z||b(”)(w)(w—v)"1||Lt”(9) + llw — ol N5t W(m>|||w—vn| (E
1

where the hidden constant depends on R from (GC). Since HE(Q) < LN-D"(Q) for d € {1,2,3}, it remains
to prove that
167 (w) (w = v)" M oy < CW] foralln=1,...,N —1. (72)

To this end, choose t; = (N — 1)t” /(N —n) and to = (N — 1)t /(n — 1) and note that

171 anJrnfl 71+1
"\ N—1 N-=-1/) t to

Using the Holder inequality, we arrive at

157 (w) (w = )" Ml o () < M6 (W) s () |l (w = 0)" I oo (2y-
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Since |7 || o (o) = ||<,0||j Lio (o) and (N-1t" <oifde {1,2} and (N —1)t" <6 if d = 3 guarantee admissibility
as in Remark 19(ii), we apply the Sobolev embedding to obtain that

(67)
1D (W)l ) £ 1+ MW ey @) = L+ IWIER" 0 g S 1+ Tl

and
—1 —1
w = )" sy = o = 075 ) = o = VI gy S e — ol

The last estimates together with the assumptions |[w — v||| < ¥ and [|lw|]| < ¥ conclude the proof with hidden
constant L[] = L(|2],d, 9, N, R, o) > 0. O

To see the local Lipschitz continuity of A, let v, w, v € HZ(2) and observe that

(70) ~
(Aw — Av, ) = {w — v, ) + (b(w) — b(v) , P)a 7SO (1+ L[I]) llw = wlll ll,

provided that [Jw|| < ¥ and [|lw — v|| < o). This shows that A is locally Lipschitz continuous with Lipschitz
constant L[¢] :== 1+ L[J]. Hence, A fits into the abstract setting of Section 2.
Furthermore, following [2], we note that the energy for the semilinear model problem (59) of Section 3 for

v € HE(Q) is given by
/‘Al/zvfu dx+// dsdx—/fv dw—/f Vv dz. (73)
0

To see that the second integral is well-defined, note that the integration of the Taylor expansion (65) gives rise

to a term sVt1

by (CGC).

evaluated at s = v(z) and s = 0. Its integrability |0V 1], ||v||L<N+1)(Q) < o0 is ensured

()

3.7. Residual error estimators

For 7y € T and vy € Xy, the local contributions of the standard residual error estimator for the semilinear
model problem (60) read

i (T,vm)? = hi || f + div(A Vog — £) = b(vr)]| 72 ()

> (74)

+ hr [[(AVog = ) - nlllz20r00)
where [ -] denotes the jump across edges (for d = 2) resp. faces (for d = 3) and n denotes the outer unit normal
vector. For d = 1, these jumps vanish, i.e., [[-]] = 0. ([9], Prop. 15) proves the axioms of adaptivity (A1)—(A4)
for the present setting.

Proposition 21 ([9], Prop. 15). Suppose (RHS), (ELL), (CAR), (MON), and (CGC). Then, the residual error
estimator from (74) satisfies (A1)—(A4) from Section 2.6. The constant Cye depends only on d, po, and uniform
shape regularity of the meshes Ty € T. The constant Cyrel depends, in addition, on the polynomial degree m,
and Csap[V] depends furthermore on |, 9, n, R, and A.

4. PRACTICAL ALGORITHM

For the semilinear problem (59) of Section 3, it holds that a = 1 according to (69). The optimal damping
parameter 6 > 0 as well as L[6M] are unknown in practice. In this section, we present a practical algorithm
which is formulated with computable quantities only.
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Algorithm B. Practical AILFEM.

Input: initial triangulation 7o, initial guess u§ := 0 and M = ||F — A0||x» < oo according to (5), marking parameters
0 < 6 <1 and Cparx > 1, solver termination parameter A > 0, and solver parameters Lo := 1 and 3 = v/2.
Loop: For £ =0,1,2,..., repeat the following steps (i)—(v):

(i) Calculate 0; <= 1/L¢ and g <= 1 — &;.
(ii) For all k =1,2,..., repeat the following steps (a)—(c):
(a) Compute uf = ®¢(d¢;u; ") and ne (T, up) for all T € To.
(b) Terminate k-loop if (|8(u§71) - €(u§)| <X, (uf)2 A el < 2M>
(c) If (E(uf) > q7 E(uf™")), then
(c1) Discard the computed uf and set k « k — 1.
(c2) Increase L¢ < 3 Ly.
(c3) Update 8 < 1/L, and q; < 1 — §3.
(iii) Upon termination of the k-loop, define k(¢) = k.
(iv) Determine M, C 7, with Gr]g(u%w)Q < ZTEM@ ne(T, uf(e))2.

(v) Generate Ty41 = refine(7y, M,) and define u2+1 = u%(o'

4.1. AILFEM and contraction of damped Zarantonello iteration

Instead of adaptively choosing § > 0, we adapt the local Lipschitz constant L. Since o = 1, this already
determines the optimal choice § = 1/L and ¢[§]? = 1 — §?; see Remark 9.

Remark 22. The motivation of the criterion in Algorithm B(ii.c) is based on the equivalence
E(ug) =) < qf[E(ug ") =E(p)] = E(uf)—qi€(u; ") < (1-q7) E(u7). (75)

The energy minimization property from Lemma 3 and 5(0) = 0 from (MON) show that £(u}) < £(0) = 0;
cf. (73). As a necessary criterion for energy contraction (31), we thus obtain &(uf) < ql?é'(ulz_l), which is
enforced by Algorithm B(ii.c).

Remark 23. Note that A > 0 is arbitrary but fixed and remains unchanged throughout the algorithm. In the

numerical experiments below, the particular choice A = 0.1 is motivated by the following heuristic argument:
) 9

the estimator 7,(uj) and hence approximately ng(u%) controls the discretization error, while [|u; — u%|||2 (f:)

24) B 91 B

5(u§) &) S S(uf 1) —S(u%) (:) |||u%—u% 1|12 controls the linearization error — at least if 5z is sufficiently

small. Hence, £ (uf_l) -& (u%) <0.1%7, (u§)2 heuristically aims at limiting the linearization error to be at most

10% of the current discretization error.

The next result states that Algorithm B(ii.c) will not lead to an infinite loop.

Proposition 24. Suppose that A satisfies (SM), (LIP), and (POT). Let u% € Xy with ||[u%|l < 2M. Set
Lo, Ly < 1 and define 8 = V2. Compute dg = 1/Ly and q%[ =1- 6%[. Starting with k «— 1 and u}l =
by (5H;u9q) € Xy, we proceed as follows:

- Given uqu € Xy for k > 1, compute u’;f"l = @H(éH;u’}{) € Xy and check if
E(u?‘l) < q%l E(ulfq) (76)

— If (76) holds, then increase k «— k + 1.

— If (76) fails, then increase Ly < 3Ly and update Sy < 1/Ly and q¢% < 1 — 6%. Discard the computed
k+1
uy .
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Then, the condition (76) fails only finitely often so that this simple algorithm defines the sequence of iterates
k
(uH)kENo'

Proof. Step 1. Given the initial Ly = 1, there exists a minimal number j € Ny such that

LM .. , a1 20
5 < B'Lo=Lg(j) andthus &y =4dp(j)= 3Ly < L6ME

Define g [0x(k)]? == 1 — 6 (k)% Recall g¢[dy] from (23b) and observe that

qg[5H(k)]2:].— <1— B L[3M] 21—6H(k)+5H(]€)2 for 5H(/{7)—>0

Since g (k) — 0 for k — oo, there exists a minimal number ko € N with kg > j such that

1 2c
Bko L L[GM]2

1
ael0m (ko))? < ¢4 [0m (ko) =1 — PRIz <1 aswellas dp(ko) =

This implies that Proposition 8 holds for the theoretical sequence Y = u 2 and uk+1 = oy (5 H;U H) In
particular, we conclude that energy contraction (31) holds with ¢% = 1 — (52 Moreover Remark 22 shows
that the necessary criterion (76) is guaranteed to hold for the iterates (u%;)ken, as soon as (31) holds.
Step 2. Since the failure of (76) increases the current value of L to SL, it follows from Step 1 that (76) can fail
only finitely often, until the recomputed sequence (u%)en, satisfies (76) for all k € Ng with k > ko.
O

Remark 25. The optimality results for Algorithm A are expected to carry over — at least asymptotically — to
Algorithm B; see Proposition 24. The major difficulty lies in algorithmically determining whether the correct
estimate of the Lipschitz constant (and thus dy) is preasymptotic or not, i.e., determining &k in Step 2 from
the last proposition by means of computable quantities only. However, it is ensured that g remains uniformly
bounded from below.

5. NUMERICAL EXPERIMENTS

In this section, we test and illustrate Algorithm B with numerical experiments. All experiments were imple-
mented using the Matlab code MooAFEM [32]. Throughout, Q C R? and we use x = (z1,72) €  to denote
the Cartesian coordinates. In all experiments, we consider equation (59) with isotropic diffusion A = (§2) with
0 < € < 1. The adaptivity parameter is set to 8 = 0.5 and Cpax = 1. Moreover, recall the definition of the
overall computational cost from (56), which reads

work((,k) = > #Tp =k#T+ Z k() #Tp.
' k"HeQ
(€ k)< (k)

Experiment 26 (Nonlinear variant of the sine-Gordon equation ([2], Expt. 5.1)).
For = (0,1)2, let X = H}(Q) with ||| |I> = (V-, V) (i.e., e = 1) and consider

—Au* + (u*)? +sin(u*) = f inQ subject to u* =0 on 99, (77)

with the monotone semilinearity b(v) = v + sin(v), which satisfies (ELL), (CAR), (MON), and (GC). We set
f =0 and choose f in such a way that

u*(l') — sin(ﬂ-xl) Sin(ﬂ'x2)7
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FIGURE 1. Results of Experiment 26 with polynomial degree m 1. Left: error estimator

ne(uf) (diamond, left ordinate) and energy difference of iterative solutions (€ (uf) — &(u*)) 1z
(circle, left ordinate) against work(/, k) and the number of Zarantonello steps on Xj (cross,
right ordinate). Right: energy difference of & (uy) to £(u*) (circle) and to £(u}) (square) over
the total step counter |(¢, k)|. Throughout, £(u*) is obtained by Aitken extrapolation and &(uj)
by sufficient Zarantonello steps on each level /.

which satisfies (RHS). In Figure 1, we plot the a posteriori estimator 7y (u?) and the energy difference of the

iterative solutions (5 (uf) - & (u*)) 1/2 against the work((, k) for lowest order FEM m = 1, where we approximate
E(u*) by means of Aitken convergence acceleration on uniform meshes with up to #7g,. = 67 108 864 degrees
of freedom on the finest mesh. The decay rate is of (expected) optimal order O (work(¢, k) ~1/2) as |(¢, k)| — oo.
Moreover, the experimentally observed number of sufficient linearization steps k(¢) is two. Furthermore, in
Figure 1, we plot the difference of £ (uéC ) to the approximated reference energy £(u*) using Aitken’s acceleration
and to the energy £(u}) on X, over the step counter |(¢,%)|. The reference energy €(uj) is calculated by a
sufficient number of Zarantonello iterations on each level ¢ until the energy difference of successive iterates is
below the tolerance tol < 10715,

Experiment 27 (Singularly perturbed sine-Gordon equation).
This example is a variant of ([2], Expt. 5.2). For d = 2 and Q = (0,1)?, let ¢ = 107> and consider

—eAu* +2u* +sin(u*) =1 in Q subject to u* =0 on 99,

with the monotone semilinearity b(v) = v + sin(v). In this case, the exact solution u* is unknown. The used
X-norm is given by ||-[|I? = e(V-, V-) + (-, ). The particular choice of the X-norm allows for a = 1 due to
the monotonicity of b(v). The problem clearly satisfies (ELL), (CAR), (MON), and (GC). Moreover, f = 1
and f = 0 satisfy (RHS). In this experiment, we employ a slight modification of the error estimator (74)
following ([41], Rmk. 4.14)

nu (T, WH)Q = hip || f + eAvy — b(vH)||2L2(T) + hr ||le Vou - n] Hi?(aTﬁQ)’

where the scaling factors hp = min{sfl/ 2 hy, 1} ensure e-robustness of the estimator.

In Figure 2A, we plot the error estimator ny(uj) for all (¢,k) € Q against the work(¢, k) for polynomial
degrees m € {1,2}. The decay rate is of (expected) optimal order O(work(¢, k)fm/Q) as |(¢,k)] — oo. The
number of Zarantonello steps on each mesh refinement level ¢ stabilizes for m € {1,2} at three (m = 1) and
two (m = 2) after an initial phase. For m = 2, Figure 2B shows the approximate solution uf, where ¢ = 28 and



2218

R. BECKER ET AL.
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FIGURE 2. Using the norm || [|> = £(V-, V-)+ (-, -) in Experiment 27. Top: convergence plot

of the error estimator m(
work for m =1 (top, left) and m = 2 (top, right). Bottom: plot of the approximate solution u,

uf) over work(¢, k) and number of Zarantonello iterations on X; over

k

(bottom, left) and plot of a sample mesh (bottom, right). (A) Error estimator ng(ug) over work
(diamond, left ordinate) and number of Zarantonello iteration steps on X, over work (cross,
right ordinate) for m = 1 (left) and m = 2 (right), (B) approximated solutions uf, where ¢ = 28,
k(28) = 2, and m = 2 and (C) mesh with #7; = 4295, where ¢/ = 11 and m = 1.

k(28) = 2. Figure 2C depicts a mesh plot for #7; = 4295 for ¢ = 11 and m = 1. In particular, this experiment
shows that Algorithm B is suitable for a setting with dominating nonlinear reaction given that a suitable norm
on X is chosen. Furthermore, we remark that the nonlinearity b(v) = v 4 sin(v) is globally Lipschitz continuous
with Lipschitz constant L = 2. In our experiments, &y is decreased twice, i.e., 6y decreases from 1 to 0.5 =1/L,

which is optimal according to Remark 9 and remains uniformly bounded from below; cf. Remark 25.

m 10

9

# Zarantonello steps on Xy
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FIGURE 3. (A)—(C) Product error estimator n(uf) [ng (u’g)2 + Co(2e [uf])ﬂ v (diamond, left

ordinate), absolute goal error JG(U*) — G(uf)| (circle, left ordinate), and number of Zaran-

tonello steps on X, over work

cross, right ordinate) for m = 1 (top, left), m = 2 (top, right),
and m = 4 (bottom, left). (D) Plot of an iterative solution u% (bottom, right). (A) Results for

m = 1, (B) results for m = 2, (C) results for m = 4, and (D) plot of iterative solution u%,

(=16, k(16) = 2, dim(X,) = 14599, and m = 1.

Experiment 28 (Goal-oriented AILFEM (GAILFEM)).

# Zarantonello steps

2219

We also test a canonical extension of Algorithm B in a goal-oriented setting similar to that
of ([34], Example 7.3). A thorough treatment of this problem (and the assumptions thereof) is found
in ([9], Example 35). We use the proposed practical Algorithm B as the solve module for the semilinear primal
problem in the GOAFEM algorithm ([9], Algo. 17). Let 2 = (0,1)? and € = 1. The weak formulation of the
primal problem reads: Find u* € H{ () such that

(Vu*, Vo) + (b(u*), v) = / f-Vodz, forallve Hi(Q),
Q

(78)
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(A) (B)

FIGURE 4. Generated GAILFEM meshes for m = 1 and m = 4. (A) Mesh generated for m = 1,
where dim A, = 3092 and ¢ = 12 and (B) mesh generated for m = 4, where dim X, = 3081 and
{=12.

where b(v) = v® and f = xq, (—1,0) with the characteristic function xq, of Qf = {z € Q | z; + 22 < 3} The
weak formulation of the practical dual problem for the linearization point w € HE(Q) reads: find 2*[w] € H}(Q2)
such that

(Vz*[w], Vo) + b (w)z*[w] , v) = / g-Vuvdx, forallve H& (),
Q

where V' (v) = 302 and g = xq, (—1,0) with Qg = {z € Q | 21 + 22 > 2}. The goal functional thus reads

G(v) = — ;—v dz for all v € H} ().
Qg 071

Since div(g) = 0 on every element T' € 7, the associated error estimator for the dual problem reads
2
Cur(w; Tyvp) = W | Aoy — V' (w) (0r) |20y + hr [1(Vor = 9) - 2l 72 0r00)- (79)

We used ||| -I? = -, -) as the X-norm. For various polynomial degrees m € {1,2,4}, Figure 3A-C shows the
1/2
results of the proposed GAILFEM algorithm driven by the product estimator 7, (u’Z) [ng (u?)2 + (o (z@ [uﬂ )2} ,

which is an upper bound to the goal error difference G(u*) — G(u}) and a viable way to recover opti-
1/2

mal convergence rates; cf. [9]. We plot the estimator product 7 (uf) [774(1&?)2 + (o (Zg [uﬂ)ﬂ , the num-
ber of Zarantonello steps, and the absolute goal error difference |G(u*) — G(uf)| over the work((, k), where
G(u*) = —0.0015849518088245 serves as a reference value; see ([9], Example 35). In Figure 3D, we plot the
sample solution u%, where ¢ = 13, k(13) = 2, and m = 1.

The decay rate is of (expected) optimal order O(work(¢, k)~ ™) for |(¢, k)| — oo, where m € {1,2,4} is the
polynomial degree of the FEM space Xy. The number of Zarantonello steps does not exceed two for m = {1,2,4}

and stabilizes after an initial phase at one for m = 4, respectively. Figure 4 depicts two meshes for m = 1 and
m = 4.
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APPENDIX A. CONVERGENCE FOR VECTOR-VALUED SEMILINEAR PDES

This appendix aims to extend the analysis from Section 2 to problems where the monotone operator does
not have a potential, e.g., vector-valued semilinear PDEs. We prove plain convergence of Algorithm A without
the assumption (POT) and with the modified stopping criterion

Mg —ug™ M < Ame(ug) A Mgl < 2M (ib")
replacing Algorithm A(i.b). The proof requires some preliminary observations: First, the convergence of the

exact discrete solutions uj towards the exact solution v, in the so-called discrete limit space, which dates back

to the seminal work [7]. Second, we need to show that the approximate discrete solutions ui? converge to the

same limit.

Lemma 29. Suppose that A satisfies (SM) and (LIP). With the discrete subspaces Xy C X from Algorithm A

(with or without the modified stopping criterion (1.b")), define the discrete limit space Xo := U%:o X, where
we recall that £ = sup{¢ € Ny | (¢,0) € Q}. Then, there exists a unique u’, € Xoo which solves

(Aul, , Vo) = (F, Vo)  for all voo € Xeo. (A1)
Moreover, given the exact discrete solutions uj € Xy, it holds that
lus, —upll = 0 as €— L. (A.2)

Additionally, suppose (A1)—(A3) and suppose that the choice of 6 > 0 in Algorithm A ensures norm contrac-
tion (30). Then, the approximations uf computed in Algorithm A fulfil that

llus, —ufll =0 as (L,k) € Q with |(4,k)| — oc. (A.3)
Proof. The proof consists of three steps.

Step 1 (Exact solutions). Since Xy C Xp1 C X, the discrete limit space X, := U%:o Xy is a closed subspace
of X. Proposition 2 proves the existence of a unique u}, € X satisfying (A.1). The Galerkin solutions u}
from (4) are also Galerkin approximations of u} . Hence, there holds the Céa-type estimate

* * (g) C . * t—L A4
lue — uzlll < Cesa min [[lus, — velll — 0, (A4)
Ve EXy

where convergence follows by definition of X.,.

Step 2 (Approximate solutions for £ = c0). The norm contraction (30) and u,, = u% reveal that

(30)
k(¢+1 k(e+1 0 k(¢
0 < M — VIS g Mgy — il < an [ = N+ gy — gl

From Step 1, we infer that (u;ﬁ)ZeNo is a Cauchy sequence. Defining a; := ||lu} — uflll and by = qn gy, — uylll,
the last estimate can be rewritten as

0<apr1 <gnag+ by, where élim by = 0.
It follows from elementary calculus (c¢f. ([13], Coro. 4.8) that

0= lim ag = lim [lu} — ug]l.
{—o0 {—o00
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Altogether, we obtain that

(30)
k k 0
lufe — ugll < MuZe — will+ Mz — ugll < Ml — ugll + luz — wll

k
< Mo — wgll+ Mg — iyl =+ Mlluz—y —uwg_ gl =0 as £ — oc.

Step 3 (Approximate solutions for £ < oo and k(¢) = o0). It holds that u%, = u; and hence, due to (30),
Mk — wglll = lluf — ugll — 0 s [(£, k)] — oc.
This concludes the proof. (I

The following theorem states plain convergence in the abstract setting of the proposed AILFEM algorithm.

Theorem 30 (Plain convergence). Suppose that A satisfies (SM) and (LIP). Suppose the azioms of adaptiv-
ity (A1)—(A3). Suppose that the choice of 6 > 0 in Algorithm A ensures (30). Then, for any choice of the
marking parameters 0 < 0 <1, A > 0, and 1 < Cpax < 00, Algorithm A with modified stopping criterion (i.b")
guarantees convergence of the quasi-error from (38), i.e.,

A’; = llu* — u;flll + ng(uf) —0 as (LK) € Q with |(L, k)| — 0. (A.5)

Proof. The assertion |(¢, k)| — oo consists of two cases:
Case 1 (£ = 00). Recall the generalized estimator reduction ([13], Lemma 4.7): Let w > 0. Given the Dorfler
marking in Algorithm A(iii), it follows that

k k k k
77[+1(UZ+1)2 < Qest W(UZ)2 + Cest ”luﬁrl - Uﬂ”zv (AG)

where 0 < gest = (1 +w) [1 —(1-¢%y) 9] < 1 and Cegt 1= (1 + w‘l) Cstab[4M]? with w > 0 being sufficiently
small and where 4M stems from nested iteration (28). From Lemma 29, we infer that |||ut%_1 — u§||| — 0 as

¢ — oo. Hence, it follows from elementary calculus (cf. ([13], Coro. 4.8)) that W(u%) — 0 as £ — oo. Moreover,
this and Lemma 29 prove that

* k (A3) * * k (A1) k * k
llw* —uglll < Crane(uz) + llup —uglll < Crane(uy) + (1 + CraCstan[3M]) llug — uylll

L— 00

< Crame(uf) + (1 + CrarCuaan [3M)) [l = il + s, = ]| === 0.

We conclude that |lu* — u§||| + ng(ug) + ne(uy) — 0 as £ — oo. Due to (18) together with Lemma 29 and for
C!., =1+ Che, this yields for all (¢,k) € Q that

(30)
A]; < Cfemé(U?) + [1 + Cstab[?’MH ”luz - Ulﬂ” < C;elnf(uz) + [1 =+ Cstab[3M]] |||U1*z - ug”l
{—o00

< Clame(ui) + [1+ Cutan[3M]] [l = w1+l _y — ] == 0.

This concludes the proof of the first case.
Case 2 (¢ < oo and k(£) = 00). Since k(£) = oo, at least one of the cases is met:

#{k € No [ llugll > 2M} = 00 or  #{k € No | Ane(ug) < llluf —uy "I} = oo.

Since norm contraction (30) holds, the arguments to obtain (32) prove the existence of kg € N such that, for all
k > kg, it holds that
llugll < 2M.
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We deduce from the (not met) stopping criterion in Algorithm A(i.b”) and (30) that

(i.b"") P
Ane(uf) < g —ug I == 0.

With contraction (30), we see that

* k (A3) * * k (AD) k * kg k—oo
llu* —ugll < Crame(ug) + llu; —ugll < Crame(ug) + (1 + Cstan [3M]) llug — uglll — 0.
This concludes the proof of the second case and the proof is complete. (I

The next corollary states that the exact solution u* = uj is discrete if £ < oco. Moreover, if there exists £ with

ng(u%) = 0, then the exact solution u* coincides with u%

Corollary 31. Under the assumptions of Theorem 30, there hold the following implications:

(i) If £=sup{l € Ny | (£,0) € Q} < oo, then u* = uj and ne(u;) = 0.
(if) If £ € Ny with k < oo and ng(uf) =0, then u% =u* = uj.

Proof. (i) According to Theorem 30, it holds that

AZ = llu* — u’ZIlI + ng(uZ) —0 as k — oco.
Norm contraction (30) proves that

Iy — UZIII <qf fllup — U2||| —0 as k — oo.

Uniqueness of the limit yields that u* = uj. With stability (A1), we obtain that

0 <me(uy) < ng(u’Z) + Cstan[3M] lllug — u£||| —0 as k— oo.

This concludes the proof of (i).
(ii) Note that the stopping criterion in Algorithm A(i.b”) implies that |||u% - u%_lﬂl < Am(u%) = 0 by
assumption. Thus, u% = uf_l. This implies that uf_l is a fixed point of ®4(J;-). Since the fixed point is unique,

we infer that u% = uffl = uj. With reliability (A3), we thus obtain that

* * (AS) * k
llw* — uel” < Cra n((ug) = Chel 776(“57) = 0.

This concludes the proof. O

Plain convergence is required to obtain results proving weak convergence in the spirit of (][9], Lemma 28).
This is pivotal for achieving quasi-orthogonality along the lines of ([9], Lemma 29), which can substitute (8) in
the proof of full linear convergence. Details are omitted.
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