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A SECOND-ORDER ABSORBING BOUNDARY CONDITION FOR
TWO-DIMENSIONAL PERIDYNAMICS

GANG Panc!*, SoNgsoNG J1?2 AND LEryu CHAO?

Abstract. The aim of this paper is to develop numerical analysis for the two-dimensional peridynamics
which depicts nonlocal phenomena with artificial boundary conditions (ABCs). To this end, the artificial
boundary conditions for the fully discretized peridynamics are proposed. Then, the numerical analysis
of the fully discretized scheme is developed such that the ABCs solve the corner reflection problem
with second-order accuracy. Finally numerical examples are given to verify theoretical results.
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1. INTRODUCTION

Recently the peridynamic theory introduced by Silling [10,33] has inspired a lot of interests. Peridynamics
has been developed to treat damage, cracking, deformations [33], and some other material fracture problems
[16,22,27,28,38-40] by reformulating partial differential equation in terms of integro-differential equations. We
refer to [10] for a more wider variety of nonlocal models in engineering and physics. Due to the difficulties
for seeking analytical solutions [26, 38|, numerical simulations are needed to study the behavior of general
peridynamics models [7,23-25]. In this paper, we consider the two-dimensional peridynamics equation of motion
u solution to

Utt(xvy’t) =[,5u(a:,y,t)+f(x,y,t), (z,y) ERQa te (OaT]a
u(r,y,0) = ¢ (x,y), (z,y) € R,
ut(w,y,O) :(bl(x,y)v (l',y) ERQ?

lim|x|2+‘y|2a+oo u(z,y,t) =0, t € (0,7,

(1)

with f the body force and T the maximal computational time. The nonlocal operator L5 that describes long-
range interactions is given by Du et al. [10,13]

Coulz, y,t) = / vo(@ o) ule + sy + o 1) — ey, 1) o’ dy. (2)
]RZ
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The interaction kernel function 75 appearing in (2) satisfies the following properties

— 75 is a radial function: vs(2',y") = vs(r') with ' = /(2')? + (v')?;
— s is positive: ys(r") > 0;
— 5 is compact supported (finite horizon), i.e. v5(r') = 0, for ' > § > 0.

The fractional Laplacian (—82)5/ 2 is a special case of the integro-differential operator £s. We must point that
the displacement u for the real peridynamics is a vector. But for convenience we deal with scalar peridynamics
here. The study for the scalar cases can be extended to the vector cases just as lattice dynamics. Therefore, we
will generally refer to scalar peridynamics that we treat here as peridynamics from now on.

The artificial boundary conditions (ABCs) are always applied to avoid difficulty caused by unboundedness
of the spatial domain while solving problems defined on an unbounded domain. To this end, one needs to
reformulate the unbounded problem into a problem defined on a bounded computational domain by applying
appropriate ABCs to the domain’s boundary. Inappropriate boundary conditions will lead to numerical reflection
that disrupt the numerical solution in the computational domain while the waves touch the artificial boundaries.
Weckner’s work has indicated the difficulties in designing boundary condition [39] while studying peridynamics in
an unbounded medium. An ideal boundary condition can efficiently avoid numerical reflection by annihilating the
waves that touch the artificial boundaries. In this paper the ABCs are applied to the boundary of a rectangular
computational domain to reformulate the unbounded problem (1) into an initial-boundary-value problem.

These years, many contributions of ABCs (see e.g. [2,3,6,14,15,17-19, 35]) have been devoted to the local
PDEs, such as wave equation and Schrodinger equation. Comparing to local PDEs, much less works on ABCs
of nonlocal PDEs are available in the literature. For one-dimensional cases, we refer to [42,43] for the boundary
treatments of the nonlocal heat equations and to [30,41] for the boundary treatments of nonlocal Schrodinger
equations. As for one-dimensional nonlocal wave equations, we refer to [12]. In [5,21] the PML approach is applied
to study the one-dimensional heat and Schrédinger equations involving fractional operators. Furthermore, a
general PML approach is introduced to study fractional PDEs in [1,4]. Some local in-time ABCs are also
introduced to treat the one-dimensional peridynamics in [34,37]. However, for two and three dimensional cases,
these algorithms have difficulties in dealing with the corner problem. In [11], ABCs for two-dimensional nonlocal
PDEs are proposed, but without numerical analysis. In general, there are much less works devoted to ABCs for
two-dimensional nonlocal models. A crucial difficulty for designing ABCs of two-dimensional nonlocal models is
to compute the Green’s functions accurately [20,29,31,36]. In the present work, a numerical analysis is developed
for the ABC proposed in [32]. It can be proved that the numerical ABC is of second order by computing the
Green’s functions accurately [32]. Thus, the ABC solves the problem of corner reflection efficiently (inappropriate
boundary condition can be considered physically as an artificial obstacle setting on the boundary, which will
make the waves that should have gone out of the computational domain to be reflected back at the boundary.
This kind of reflection is more obvious at the corner).

The aim of the present paper is (i) to develop a numerical analysis for the numerical scheme of (1) with
ABCs derived in [32] and (ii) to verify the numerical accuracy of the approach. In Section 2, a full discretization
of (1) is introduced by a Crank—Nicolson time discretization and a spatial asymptotically compatible scheme.
Then, the exact ABC proposed in [32] for the fully discretized version is stated. In addition, some properties
of the ABCs are stated for numerical analysis. In Section 3, the numerical analysis of the scheme with ABCs is
developed. In Section 4, we consider the wave equation, namely,

un(z,y,t) = Dz, y,t) + f(2,y,t), (z,y) €R? t€ (0,7},
u(@,y,0) = ¢°(2,y), w(z,9,0) = ¢'(z,), (z.y) €R?, (3)
limg2 2 q oo u(z,y,t) =0, t e (0,7].

In this section, we also develop the numerical analysis for the semi-discretized version of (3) with the exact
ABCs by the same manner. In Section 5 we report some numerical examples. Finally, we draw a conclusion in
Section 6.
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2. ABSORBING BOUNDARY CONDITIONS FOR THE FULLY DISCRETIZED PERIDYNAMICS

In this section we give the result of the accurate absorbing boundary conditions and the full scheme for the
two-dimensional peridynamics (1).

2.1. Time and space discretizations of the two-dimensional peridynamics

The square computational domain [—zj, 2] X [—x, ;] is discretized by using (2J + 1) x (2J + 1) grid
points (z;,y¢) = (jh,¢h) for —J < j,£ < J where h := x;/J is the uniform spatial meshsize. Let us introduce
the piecewise multilinear basis function ¢;¢(x,y) such that ¢; ¢(@m, yx) = 5;”2 , where the 5?’47" is defined as
Kronecker symbol, such that: (5;’2” =0 for (4,¢) # (k,m) and (5;’[” = 1, otherwise. Then, for (j,¢) € Z? and an

integer K > 1, the AC (Asymptotic Compatible scheme) discretization of Ls derived in [12] is given by:

Lsu(zj, ye) Z bk, (W(T ks Yerm) + W Tjks Yommn) + W5y Yorm) + u(Tj—k, Yo—m) — 4u(zj,90)),  (4)
k,m>0

where the real-valued coefficients by, ,,, are such that

k+m //B+ d?kmxy)%(\/W) Iz dzdy, (k,m) #(0,0), 5)

bk,m = k2 + m2
(k,m) = (0,0).

Here B*(0, d) is the first quadrant of the disc centered at the origin with radius d. It is obvious that by, = by, -
Due to the disc integral horizon we use a one-order numerical integral to treat (5) with very fine mesh.

For a sequence u = {u"}2 such that > o [u"|? < oo, the operators ST are defined by: S*u = {u"*1}22
setting v~ = 0. For a unlform time step 7, let us define the average operators E* and difference quotient
operators D such that E* = (S* + I)/2 and D = +(S* — I)/7. For convenience, the following symbols are
introduced: S*u" = (S*u)", E¥u™ = (E*u)" and DFfu™ = (DEu).

Let us introduce the following coefficients:

Qkm = b|k|,|m|a (kam) 7& (070)7 ap,0 = — Z bk,m~ (6)
—K<km<K,(k,m)#(0,0)

Based on the AC spatial discretization (4) and the Crank-Nicolson (CN) time scheme, one obtains the fully
discretized version of (1), namely,

K
Dy Dfuly=E"ETLopuly+ fl = > axmBE EYW o+ [ forjleZ,n>1, (7)
km=—K

with w7, the numerical approximation of w(z;,ye,tn) and discretized operator Lspuj, =

sz’msz Ak,mUj+k e+m Where ag n, is defined in (6).
2.2. The absorbing boundary conditions for the fully discretized peridynamics

In this part we will introduce the exact absorbing boundary conditions for (7) with general compactly
supported initial data ¢° and ¢!. For convenience, the notation Rz, (m,n) is introduced to denote a rectangular
box in Z? such that Rp(m,n) = {(p,q) : [p—m| < L,|¢g—n| < L}. The finite rectangular computational domain
can be chosen as R ;(0,0) with size of (2J+41) x (2J+1) (blue square domain in Fig. 1 for the specific case J = 4
and K = 2) where u}, is located at (j, (), with j = —J,...,Jand £ = —J, ..., J. Furthermore, the white interior
points are used to denote R j_x(0,0), the yellow interior layer points are used to denote R ;(0,0)\R;_x(0,0)
and the black exterior layer points are used to denote R4k (0,0)\R(0,0).
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FIGURE 1. Labelling of the interior and exterior layers nodes (J =4 and K = 2).

Then, the symbol v(k) with 1 < k < 4K (2J+1— K) can be defined to denote the location of the k-th interior
layer node (yellow node in Fig. 1). The notation By is applied to denote the set consisting of the locations of
interior layer nodes such that

B = {v(k) 1<k <4K(2J +1— K)}.

The cardinal of By satisfies [Bre| = (2J +1)? — (2J + 1 — 2K)? = 4K (2J 4+ 1 — K). The interior layer vector
u))™ = [uy gy, ’“Z(\Bm\)]T is defined such that uj;, is located at the location v(k) of B where MT is
the transpose of complex-valued matrix M.

In the same manner, we use the symbol p(m) to denote the location of the m-th exterior layer node (black
node in Fig. 1). We also define: By, = {u(k) : 1 < k < 4K(2J + 1+ K)}, with |Bgx| = 4K(2J + 1 + K).
In the same manner, the exterior layer vector is defined by (E[u])" := [uj; ), ’UZ(\BExtI)]T' We have left the
expressions of v(k) and u(m) in the Appendix A.

The Z-transform of a complex-valued sequence (f™),¢n is defined by

f(z) = Zf”z_”.

k=0

In the same manner, the Z-transforms for a sequence of M x M matrices {A"™}, ey and for a sequence of vectors
{v"}en € CM | are defined by:

Alz) = iA”z_" and V(z):= iv"z_”,
n=0 n=0
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respectively. In addition, the convolution * of two sequences {g™},, and {f"}, is defined by:
n
(frg)"=>_g""f",
r=0

while the convolution of two matrices sequences {A™},, and {B"},, is defined by:

n
(AxB)":=) A" B
r=0

Finally, we introduce the function

z—1\2 z+1\2
pInt(Z7x7y) = < ) - ( ) Alnt(x7y)a (8)
T 2
such that
K
Ami(z,y) == Y apme Fe M,
km=—K

with i = v/—1.

By the compact support assumption of initial data ¢° and ¢!, the computational domain R ;(0,0) can be
chosen such that the initial data is zero outside the selected computational domain, including its interior layer
(i.e. compactly supported in the domain consisting of the white points in Fig. 1). In this setting, the unknowns
Uy iy (1 < j < |Bgxt|) in the exterior layer (black nodes in Fig. 1) are required to complete the discretized
system (7), the complete relation is discretized boundary condition. To this end, the discretized ABC (9) in
Theorem 1 is proposed [32]. The discretized ABC (9) depicts the relation between the unknowns uy; ;) in the
exterior layer (black nodes in Fig. 1) and the values Uiy (1 <j < |Bint]) in the interior layer (yellow nodes in
Fig. 1).

Theorem 1 ([32]). Under the above setting, let us assume that 72 < |ago|~'/4, with ago given by (6). The
interior layer nodes satisfy ug(j) =0 and ullj(j) =0 with 1 < j < |Bint|- Then, the ABC for the discretized
peridynamics (7) is

| Brns |

Uy = Z (Cjkxupy)™, for 1 <j < |Bpxil, (9)
k=1

for n € N. Here, the sequence of boundary kernel matrices {C"},, of size |Brxt| X |Bmt| is given by @(2) =
B(2)A~1(2). The matriz B™ is given by B}, = fIZ(j)*V(k)I’ for 1 <j <|Bgxt|, 1 <k < |Bmt|; the matriz A™ is
given by A%y = fl g Jor 1< 4k < |Bins|. Here the sequence {f}';}n is given by

; 9;.(2)
J z) = ~ 7\ 10
f],l( ) 9070(2) ( )
with
. 1 27 27 . B y
gjl(z) = 4 2/ / (plnt(zvl'vy))_ e T ydl’dy7 (11)
T Jo 0

where the notation |(m,n)| represents (|m|, |n|).
More specifically, one can find |Bry| sequences {vl’,‘(k)}n, with 1 < k < |Bint|, satisfying

| Bint|

uliy = Y (Foy—vi * o)™ 1< < |Brul- (12)
k=1
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We remarked that it is not easy to obtained an exact boundary condition for the continuous equation (1).
Thus, a discretized exact boundary condition for the according discretized system (7) is required.

In fact, sequence {g},},, the discrete Z-inversion for g;.(z) in (11), is the discretized Green’s function for
the fully discretized peridynamics (7) due to the following Lemma 1. Therefore, the discretized boundary kernel
function {C"},, is generated by the discretized Green’s function {g}',}, from @(z) = @(Z)&’l(z) This is similar
to the continuous cases. To implement the ABC (9), one needs to compute the discretized Green’s function
{g}’)e}n accurately by Lemma 1. To state Lemma 1, let us define A | g7 = g7 o1 — 97—k pom-

Lemma 1 ([32]). The sequences {g};}n, for (j,£) € Z* and n > 2, satisfy the following relations:

D;D}lgl,=EE L(;hg]é—l—éjg, (13)
gj L 0 gj e 0 (14)
and
K K
ny ak,m( Fmdis? + A mgﬁz) +(Bn-1) Y k%m( Fmdid AT mgﬁl)
k,m=1 k,m=1
K K
+(Bn—=2) Y kagm (A0l + AL _pgite) +(n—1) Y kagm (Ai,mgﬁl + AL - 1)
k,m=1 k,m=1
K K K
+(3n—2) Z kay,0Ag 097 + (n—1) Z kakﬁoAiyog;tgl +n Z kaj o AF 09?2'2
k=1 k=1 k=1
K 16] 165
+(Bn—1) Y karoAf o0y = 59— 50 (15)

We use ;¢ to denote the relation (15) for the indices (j,¢). By setting L = 2J + K we give the numerical
algorithm to compute g; ¢ for (¢,7) € Q1 ={(4,£) : 0 < ¢ < j < L}. In order to presenting the indices clearly, we
report an particular example in Figure 2 with J =3, K = 2 and L = 8. The (1+ L)(2+ L)/2 relations (13) with
(4,7) € Qu (the light gray domain in Fig. 2) is used to compute the sequences {g7,}, with (4, j) € Q1. To do this,
the values of sequences {g},}, with (j,£) € Q3 = {(j,£) : ¢ < j,L+1<j< L+ K,0<{ <L+ K} (the white
domain in Fig. 2), and (j,¢) € Q2 = {(4j,£) : ¢ < j,—-K <j< L+ K,—K <{ < —1} (the red domain in Fig. 2),
are needed to close (13) by gr'; = 974 On the one hand, the g7,, for £ < 0, will be derived by g7, = g7 _,,
and g7, for j < ¢, can be obtained from g7, = g;';. Therefore, we can obtain the {g},}, with (j,¢) € Q2 from
{97 ¢}n with (j,€) € 21 UQ3. On the other hand, we only need to find another K (L + 1)+ (K + 1) K/2 relations
to close the (14 L)(2 + L)/2 relations (13), for (¢, j) € ;. To this end, we can choose the relations r;, (the
blue domain in Fig. 2), for (4,£) € Qu ={(j,0) : L—-K+1<j<L0<{<L}U{(,¢) £ <jL-2K+1<
J<SL-K L—-K+1</{<L}, toclose the (1+ L)(2+ L)/2 relations (13).

The previous numerical algorithm is applied to solve g 0> for n > 3. Thus, we still need to evaluate gj ¢, for
0 <?¢<j< L+ K. This can be implemented by a direct numerlcal quadrature through

27 2
2 T 1 —ijx— léyd d
it = gz / (1= 72 A (2, 9)/4) v
After getting the value of {g7,}, for (],E) € Q1, we obtain the discretized boundary kernel C* by B"™ =

(CxA) =0 CF- Ak = CrA® + 3170 CFA™F | or equivalently

cr = (]B%" ~ Scmnk> (A%~

k=0

In the end of this section, we give a lemma for numerical analysis.
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FIGURE 2. Indices for closing the discretized system (13) (J =3, K =2 and L = 8).

Lemma 2 ([32]). Under the setting of Theorem 1, if one defines

[Bint |

ufe =Y (fG.-vim * V)"

k=1

for (j,€) € Z*\R;(0,0), then u!', satisfies the discretized system (7).
Furthermore, we will obtain

C| B |4V
‘Uﬁ(’ < %a for |j] > J,
1= J
C| B |4V
fur| < HIPrmeld” for | > J,
‘|€|—J
O| B |4V .
ez | < — BT g s > (16)
1= 7|13 = 7

2.3. Numerical algorithm for the fully discretized peridynamics with ABC

In this part we propose the corresponding numerical algorithm for the reformulated fully discretized peridy-
namics on a bounded computational domain R ;(0,0). Following Section 2.2, one can solve uly, for n > 2 and

(4,£) € R,(0,0), by (7) and (9). Since (7) is a three layers scheme, we still need the values of u}, to compute
u p, for n > 2. To determine value u]1 ¢, one can apply the Runge-Kutta 4 (RK4) scheme to the equivalent form
of (1): 4y = v,y = Lsu+ [, leading to

ujo =g o+ (Fjg +2F5 + 2F + Fg)7/6, vj =05, + (Gj, + 2G5, + 2G5, + G} ,)7/6,
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Fje = G} = LonuS, + f(jh, th,0),

Fj2,é = U?,e + Ggl‘,eT/27 Gj,z =Lsp (U%g + F]{KT/Q) + f(jh,th,7/2),

Flp =15+ G5,7/2, G5 = Lon(ul o+ Fjem/2) + f(jh, th,7/2),
Fly=19,+ G5, Gio=Lon(ud,+ F}yr) + f(jh,th,T), (17)

by setting uf, = ¢°(z;,y¢) and v}, = ¢'(x;,y¢). Thus we can use (17) to compute uj , from uJ, in a large
enough domain since the initial data are compactly supported.

We remarked the main computing cost comes from (9). For total computational step N, the computing cost
for every convolution in (9) is O(N?). Thus, for fixed j, the computing cost of (9) is O(N?)|B| = O(N2J).
Then, we know that the total computing cost of the boundary condition is O(N2.J)|Bgxs| = O(N2J?).

3. ERRORS ANALYSIS FOR THE TWO DIMENSIONAL PERIDYNAMICS

According to the assumption in Introduction, we recall that ~s is homogeneous in the exterior domain. It
may be a priori inhomogeneous in the computational domain. However, from now on we assume that ~s is
also homogeneous inside the computational domain to simplify the presentation of the proofs. The s has a
singularity behaviour vs(a) ~ |a|=272% with a < 1 around |a| = 0. In addition, if s is non homogeneous in
the domain of computation, the proofs can be adapted but at the price of more complexity with the similar
singularity types.

3.1. Estimates for the solution u of system (1)

We first propose some useful estimates for the solution u to the continuous problem (1). Firstly we introduce
T, ,u to denote u(x + ',y +y'). In this setting we introduce a notation A, s such that Ay u = Ty ou+
T_z ou+To yu+To _yu—4u. The notations ij o and V§y, can be defined that V;C ot =Toou—u, V, qu=
u—T_z ou, Vay,u = Ty, u—uand Va)y,u = u—To _yu. It is obvious that V;OV;OU = V$,70V$,)0u = Ay ou
and Vg, Vi u= V5 Vg, u=Ngyu.

Lemma 3. Let us assume that p, ¢ and { are all nonnegative integers. The initial data ¢° and ¢' belong to

HPTaHF2(R2) gnd the source term f belongs to C'([0,T], HPT9+4(R2?)). Then for the solution u to the continuous
problem (1), the following bounds hold,

o850t < € (16 g 10" g+ [ 1067 150 s

+ Z ”80 ||HP+4+2 (18)

0<c<t

t
Hapaqafu T)HLoc < C ”(bOHHP*ereJr2 + H¢1HHp+q+tz+2 +/O Haf_lf(v '7S)Hi]p+q+2 ds

+ > NG O e | (19)

0<c<e
where C > 0 is a constant depends on T, p, q, £, s and initial data ¢°, ¢'.
Proof. 1t is clearly that

L L L
/ [/ V:mu . vdx} dy = /
—L —L —L

L
/ (Ty ou — u)v dx] dy

—L
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L L+a L
= / l/ u-T_z ovde 7/ uvdx] dy
—L|J—L+a’ —-L
L L
= —/ l/ UV, v dx] dy
—L|J—L+a

L L+a’ — L4z’
+/ / u-T_x/vovdx—/ u-vdz| dy. (20)
A ~L

The term in the last line of (20) is no more than ffRz\[fLﬂ/ sz/p(uz + %) dz dy. This term tends to 0 as

L — oo. Thus, by taking L — oo in (20) one has

/ V:,Oumdxdy:—// u-V_, vdxdy,

R? ’ R2 ’

/ 2V$y,u~vdxdy=—//}Rzu-vay,vdxdy.
R

By the above two equalities one has
/ Dgrou-vdedy = // v oV ou-vdrdy = — // VootV qudzdy.
R2 R? R R2 ' '
/ A07y/u~udxdy:f// Vay,Uovay,vdzdy.
R2 Rz '

/ Az/,y/u'vdxdy: // (Az170+A07y/)U'dedy
R2 R2
_ //R (V2 0tV o0 + Vi, u¥5,,0) dedy. (21)

and

Thus, taking v by u; in (21) we have

/ . DNy oyt -updedy = — // Vo oV gt + Vay,uvay,ut> dz dy
R

:‘th//RQQV v+ [V

Now let us consider the governing equation

) dz dy.

attu(xaya t) = // '}/5(37/,y/) <U($ + xlvy + y/vt) - U,(J?,y, t)) dx/ dy/ + f(xvyat)
Bs(0

- / / 5@ ) Doy, s ) da! Ay’ + (2, 8). (22)
B} (0)

2

u(z — h) — 2u(z) + u(z + h) = h2/ /E< (z + héa) + jg‘(x—hgg))dgzdgl

LT

2 &3 4
d ) + h2§2/ / ( (x4 h&284) + jxu( h§2§4)> dé4 d§3] d&déy,  (23)
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// // vs (2", Y ) Ay ou - Opuda’ dy' | dzdy| < // vs(2',y') (/ |Agrou - Opul d dy)
R2 B} (0) BF(0) R2
3 3
< [[ ([ ipostasa) ([] oatacay)
B (0) R? R2

= // 15,y (@) da’ Ay (| 0astu s Dl + [Dnzaau(s )72 ) 100, D o
B (0)

< COllut - Ol gallOpul:, - )]l pa- (24)

Summing up (22) multiplied by 0;u, and integrating the equality on R2, by (24) and dominated convergence
theorem we obtain

fat/ \@u\ dxdy = //+ vs(2',y') dz’ dy’ [// Dy oyt 8tudxdy} / foudedy
BY (0) R2
:_// 2’ y") da’ dy’ // ,Ou-V;,O@tu—kvay,u.vay,atu)dxdy+// foudrdy
B*(O) ' ’ ’ R2

2
:_7(’9 // 2, y') da’ dy’ <HV,Ou ,,t)‘
B+(0) L
which leads to

1 2
—0 // \@u\dedy—i—// 75(x',y')dm’dy'<HV;, Ou(.7.7t)‘
20/ e B (0) ’ 2
g// |f|2dxdy+// |0yul? da: dy.
R2 R2

By integral with respect to variable ¢, the above inequality will give us

/ |6tu(-,-,t)|2 dz dy
RZ

one has

Nl

+/ fouude dy,
R2

Bl

J[ Jouteoazay+ [[ - astay)as’ ay (19aut.-0) +||vo,yfu<-7-7o>||iz)]
R? Bf(0)

+2/0 {/W |f(.7.7s)|2da:dy] ds+2/0 |:/R2|8tu("'75)|2dl‘dy:| ds.

Then, by Gronwell’s inequality one has

J[ ot o asay

R2

<c|[[ ot o asdy+ [[ sty ae’ ay (19200t 001 + Vot 0l)
R? B;(0)

t
+/ / |f|2dxdyds}.
0 JJr?
This gives

2
// |0yul? da dy + // vs(2',y') da’ dy’(HV;,,Ou(.7.7t)‘ ,
R? B} (0) L

+ Hvay,u(~, ~,t)‘

) (25)
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t
sc// |8tu(-,-,0)|2da:dy+0/ // I£[2 dz dy ds
R2 0 R2

2
+C// vs(2',y') da’ dy’ Hv;, Ou(.,.,o)‘ +va ,u(.,.,o)‘
B (0) ' L Y

2
t
gc// |8tu(-,-,0)|2d:vdy+0/ // I£[2 dz dy ds
R2 0 R2

+C//B;(0) vs(@', ) (=) + (v)?) dm/dy/(Hawu(.,,oﬂ@z + Hayu(.7.70)||12)

t
< (I + 160+ [ [[ i arayas).

By the same manner, taking 85_10585 on the both sides of (22) one has

O (0) 0RO (, y, t) //+<> (@',y) g gy Of 1 OROIU(w, y, t) da’ Ay + O ' OROLf (2, y,).  (26)
B (0

Multiplying (26) by 858581‘% and integrating it on R2, one has

|oforagu(, - T)|%, + // o',y) da’ dy’ (Hv o0 aro%u(, - HQLZ—FHVMﬁf18585u(~,~,T)’;>
< C||oforatu-, -, HL2+C/ 0 0Ra2f (-, -, 5)|| 0 dls
+C(Hﬁf’18§+185u(-, L0)|2, + [|of aragt tu, -,o)||';). (27)

Further more, taking 85_28585 on the both sides of (22) for £ > 2, we derive

|0tz - 0} < C([|oi 20 20gu(-, 0

7. + 0200 2u(, -, 0) . ) + C|of2aranf (.-, 0

e

By induction one has

2 & 2 & C
Ol<o > (o, + losagut) + 0 S lIoFarag (. 0) .

0<c<p+£,0<d<q+¢ 0<c<t

|0 020 u .,

Taking the above estimate into (27), one derives

|oforatu(., -, 1)||%, + // o, y) da' dy (Hv I G O H;JFHVWaf1agagu(.,.,T)];>
cad, 02 cad, 1]2 tl*lpq 2
<C > (losogu®l;. + losogut ;) +C/ [0: 10805 £ (.. 5[ ds
0<e<p+€,0<d<q+t 0
+C S 950205 .- 0)|[7..

0<e<6,0<d<p+1,0<e<q+1

which gives (18).
In addition, we have the following equality,

858‘1 u(z,y,t) // 2mx51+2my£26paqu(£h52’ t) d&; dés,
Y R2
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where u(7, €2,t) is the Fourier transform of w(z,y,t) with respect to the variables z and y such that

u(&1,62,t) // —mir&y =2miySay (g g 1) da dy.
Rz

This gives us

[o0gu( - 0ll, < [ |PEouer &.0)] der dzs
= [ (+1aP+1eP)” (14l + lel®) [Eofute. .0 a6 de
< O (lor0gut.- 0o + 0220300 o + 0205 2 1), ).
which proves (19). U

2. Truncated error estimates

Let us introduce €7, such that

JZ—D D wjo(tn) — Lon B~ ET uje(tn) = fio(tn), (28)

for (j,€) € Z* with u;¢(t) = u(jh, th,t) where u(z,y,t) designates the solution to (1). The operator Ls is
introduced in (7). For a two-dimensional sequence {u; ¢(t)};.¢, we can define the discretized forward derivative
operator D such that D w;(t) := (ujt1,0(t) — uje(t))/h and the discretized backward derivative operator
D, can be defined as D u;¢(t) := (u;¢(t) — uj—1,(t))/h. In the same manner, the operators Dy and D; can
be also defined. The operator D}l can also act on numerical solution u} , such that Dfu?, = (u},, , —u},)/h.

The notations D u?,, D‘*‘u 7o and Dyu?, work in the same way. Then the following technical lemma holds.

Lemma 4. Let us assume that ||u(-,-,t)||gr < C witht <T and P large enough. For NT < T, we have

TZ o fenl’ <o+, (29)

n=0 (j,0)€Z?
hzTZ S DEer, P <o(n?+ 1), (30)
n=0 (j,£)€Z>?
TZ S pEer ] <o+ ) (31)
n=0 (j5,0)€Z?
Wit Z > DEDFe < C(h? 4127, (32)
n=0 (j,()ez2

where C depends only on T, v5 and initial data ¢°, ¢'.

Proof. 1t is well known that Taylor’s expansions
.
gt +7) = i ot) + Oula 7 + [ SRulayt+ (- o) ds
0

1
= u(x,y,t) + Opu(z,y, t)T + 72 / 8t2u(x, y,t+76)(1 —¢)dg,
0
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1
gt =) = ult) = Oule, 7 + 7 [ OPulwpit — 71— ), (33)
0
and
1. 2 1.3 3 ot 4 3
’LL(.’L', Y, t+ T) = ’u’($7 Y, t) + atu(x7 Y, t)T + gat u(gc, Y, t)T + Eat U(CE, Y, t)T + g at U(CE, Y, t+ T()(l - §) d(,
0
1 1
u((ﬂ, y,t ) - U(CE yv aifu(‘r Y, )T + gatzu(xa Y, t)7—2 - gafu(x, Y, t)7_3
+—/a4x% 7)1 — o) de. (34)
Applying (33) with ¢t = t,, = n7, we have

E_E+U(Z‘,y,tn) _ “(%y’tn B T) + 2u(xayatn) + u(x7yatn + T)

1
= u($7yatn) +T2U1(xay7tn+1/2)a (35)
with
1
Uiat) = § [ OFuleit = 79) 4 ol nt +70) (1 .

In the same way by using (34) one has

)= u(z,y,ty — 7) — 2u(x, y, t,) + u(z,y, ty +7)
- 2
-

attu(zvyvtn) +7'2U2($,y,tn)» (36)

Dy D u(z,y,ty

with .
1
Us(z,y,t) = G / (afu(x, y,t +716) + Ofu(z,y, t — 7¢)) (1 — <)% de.
0
Recalling [13]
|‘C5u($7 Y, t) - L5,hu<x’ Y, t))' < Ch2||u('7 K t) ||C4(R5(I7y))’

we have

|efe| = | D7 Df uje(tn) = Lop B~ Ej0(tn) = fe(t™)]
= |Ouwu(@s, yo, tn) = Lspu(x, ye, tn) = fie(tn) + 7°0uUi (25, Yo, tn) — 7° Lo pUs (5, Y0, tn) |
< |Owu(zy, ye, trn) — Low(zj, yes tn) — f(2j, Yo, ta)l + [Lonu(zs, ye tn) — Lou(xs, ye, tn)]
FCTULC s to)ll e my (aypey) + T 1Eo0U2(25, Y2, tn) — LoUz (5, yes )|
+ O U )l o2 00
< CR2|[ulcs s tn)llcs(rp (a0 + CT2 Il R 00) xltn—1.t11) + CHT2 U0 s t) e (a0
< C(h* +7°) [ullos Ry e Xt 1 tnsa])- (37)

For any function ¢(z,y,t) smooth enough, there exists (&, 7,t) € Rs(zj,ye) X [tn,tnt1] (vecalling Rs(x;, ye)
defined in Sect. 2.2) such that

Hq(xa Y, t) ||C(R5(a:j,yg)><[tn,tn+1]) = ‘q(fﬁ, Y, E) ’

& g
Q(xjayf7tn+l/2) +/ 8IQ(Uay€7tn+1/2) dU+/ 8yQ(i‘aw7tn+1/2) dw

J Ye
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t
+ / Dua(@, 5, t1) dty .
nt1/2

On the right hand side of (38), the term fyi 0yq(Z,w, t,+1/2) dw can be written as

/ 3yfI(f, w, tn+1/2) dw = / ayQ(:Cja w»tn+1/2) dw + / 8x8yq(vv w, tn+1/2) dv dw,
Ye Ye i Ye

and the term fttnﬂ/z Orq(Z, 7, t1) dt1 can be written as

£ £
/ Dna(@, 5, t1) dty = / Bua(e;, i, 1) dty + / a0, 5, 41) du iy
n+1/2 n+1/2

'n.+1/2 Zj
i t g
= / 3t‘](17jvy€7t1)dt1 +/ atayq(xj,w7t1)dt1 dw
n+1/2 tnt1/2

/ / 0:0,q(v, ye, t1) dv dty —I—/ / / 0:0,,0yq(v, w,t1) dvdw dt;.
1 +1/2 VT tny1/2 Joj

m

Thus, summing up the square of the first two terms in the right hand side of (38) with (j,¢) € Z? we obtain

Y

2

Q(xjayf7tn+1/2) +/ 8wQ(Uay€7tn+1/2) dv

(3,0)€Z? *i
< Ch? Z ‘ (%JJZ» n+1/2 | +Ch2/ dU<h2|5xQ(U7W7tn+1/2)|2>
(4,0)€z? JEL LET
xj—i-é o0 9
<C// ’q ,,Ml ‘ dxdy+0h2/ (/ 10090, s 2) | dy>
jer i e
<C// : ,tn+1 d:cdy+C’/ / hzqu z;+v,-, n+1/2)| dv | dy
R? JEZL
2
<C//R2< St )’ + Iq(,,tm_ )‘)d:z:dy. (39)

In the same manner, the square summation of the third term in the right hand side of (38) with (j,¢) € Z?
satisfies the following estimate,

zj+0 Yo+0
/ 8yq T, w tn+1/2) dw| < Ch? Z / / Z laxayQ(anvthrl/Q)dedw

(4,0 €z? (j,0) €72 ye—0
Yo+ 5
+Ch2/ dw hZ|0yq(xj,w,tn+1/2)|
tez /Y9 JEL
< C/ / |8z6'yq(xj +v,ye+w,tn+1/2)|2 dvdw

(4,0)€Z?
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+C/ dw/ dv(hzqu 0, Y + W, tp12) | )

LeZ

<o [ (pal-tonr) 4

and the square summation of the fourth term in the right hand side of (38) with (j, ¢) € Z? satisfies the following
estimate,

A yq(o,o,t,H_%)’Q) dz dy, (40)

~ 2
t

2 / Bral, 5, tr) dty
ez tnsire

= // (latQ|2 + |8taa:Q|2 + |atayQ|2 + |3t3x3y(1|2> dz dy. (41)
RZ

Combining the estimates (39)—(41) one derives

RS et SC [ 2 108050 tnaya)| dedy

(4,0)ez? ar+as<2

([ ramas)e

a1 tas+asz<3
y (37) and (42), finally we get
N-1
TZ ol <@+ T IR D ullEsmate ottt
n=0 (j,0)€Z? n=0 (j,0)ez?
N-1
B
n=0 a1+ a2<10

n+1 9
/ // |021 002072 u|” dady | dt
R2 )

a1 +a2+a3<11
2 g o
< C’(h2+7'2) trer[lg% Z // |8 10,207 % u(, -, )| dx dy.
ar1+az+as<ll

Due to Lemma 3, above estimate implies (29).
By the same procedure, one has

’D;_e?l’ < C(h2 + TQ) HUHCQ(Ré(l‘j#yl’.)X[tnytn+l])’
|D;r€?75’ < C(h2 + T2) HUHCQ(RJ(%,W)X[tn,7tn+1])7
|DEDyes | < C(h* +7%) lullcro(Ry g o) x [t i) -

Therefore, we obtain

N-1
Z Z |De?, | h’r < C(h* +7%)" max //]R2 ‘3?13;28?3u(~7'7t)|2dxdy,

te[0,7T]
n=0 (j,0)€Z? €l a1+a2+a3<12

Z > |Dfe T <o+ 77 max]//Rz o lomagrareul, b dedy,

n=0 (j,£)€Z? ay+az+az<12
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N-1
Z Z |D;FD |h27'<C(h2—|—7' trenéu% // Z |3alaa26a3 - | dz dy,

n=0 (5,0)€z? a14as+as<l3

which leads to (30)—(32) by Lemma 3. O

3.3. Error estimates of the scheme (7) with boundary condition (9)

Let us now give error estimates for the proposed scheme based on the solution of (7) and boundary condition
(9). For the sequence {u]}; }, such that u) ;) = 0 and u;,;) = 0 with 1 < j < |Bin|, by Theorem 1 one can find
|Bint| sequences {v} },, with 1 < k < |Biygl, such that

[ Brnt |

upy = Y (v *vum) s 1< 5 < |Buul, (43)
k=1

which is an equivalent form of boundary condition (9). On the other hand, from Lemma 2 the solution uf, of
the infinite discretized system (7) with (4,¢) € Z*\R;(0,0), can be defined by

| Brnt|
=Y (fGn—vie) * vwe)) " (44)
k=1

Therefore, the u?, solved by (7) with the boundary condition (9) and the uf, represented by (44) satisfy
Dy Dfuly, = LsnE~Etul, + f7, with (j,€) € Z?. Now, let us consider w, = u}, — u(z;,ys, tn) where
u(j,ye, tn) is the solution to peridynamics (1) evaluated at (x;, ye,t,). Thus, for (j,¢) € Z?, we have

D; Dfw}, = LsnE~Etw], + €}y, (45)
where €7, has been introduced in (28). In addition, let us define the norm: [[W"([s := max(; ¢)ez2 [w},| and

[w"[|¢2 := (B? Z(j,e)eW |w§2£|2)1/2-

Theorem 2. Let us assume that the solution u to (1) satisfies ||u(-, -, t)||gr < C fort < T with P large enough,
and a singularity behaviour vs(a) ~ |a|=>72* around |a| = 0, 0 < o < 1. We also assume uj , is solution to (7)
with boundary conditions (9). For small 7 > 0 and N7 < T, we have the error bound

W™l < C(7% + 17), (46)
for constant C' > 0 that only depends on s, §, T, and initial data ¢°, ¢*.

Proof. Let us remark that: DY D = (DY —D;)/7,(ET—E~)/T=(Df+D;)/2and EYE~ = (Et+E7)/2.
By (45), {w?,z}m for (j,¢) € 72, satisfies the following fully discretized peridynamics system

(DY = D7 )wi,/r = DI Drwi, = > arm BT ET W] g pym €5
(k,m)E€R 1 (0,0)

Z g (B + BT ) Wiy o /2 + €54
(kym)ERx (0,0)

Multiplying the above equality by (D} + D )w
M is an integer such that M > J, we get

74, and summing up all the terms for (j,£) € Ra(0,0) where
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+ — n + — n
> ((DF =Dy )wh ) (DF + Dy )why/7

=y 3 W ((EY + E7)w g gn) (D + D)Wl /2+ Y TF,

R (0,0) (kym)ER K (0,0) R (0,0)
= 3> Y (B E) ) (BY — BTl /2r) + > TP, (47)
Rar(0,0) (k,m)ERK (0,0) R (0,0)

with T}, = €7, ((D;r + D;)w}fz). Thus, equation (47) can be written as

2 2
T i s
> ;
R (0,0)
= Yoo akm Y (BY+E)why ) (BY - ED)uly/r+ Y Ty
(k,m)€ER K (0,0) R (0,0) Rar(0,0)
= Z Ak,m Z (BT Wi peem B whe = 7wy e BT w)e) /7
(k,m)€E€R K (0,0) R (0,0)
+ Yoo akm Y (BBl — EYwly g BTl T4 Y T
(k,m)ERK(0,0) Ra(0,0) Ra1(0,0)
© Y wn X (BB B B
(k,m)ER K (0,0) R (0,0)
+ Z Ak, m Z E™wiy g ppm BT Wi, — Z Emwi om0l | 7+ Z it
(k,m)€Rx (0,0) Rz (0,0) R (—k,—m) R (0,0)
= Yo akm Y (BTl m B0l — ETwl g e ETw]) /T
(k,m)ER K (0,0) R (0,0)
+ > akm > E™wi g oym B w5
(k,m)ER K (0,0) R (0,0\R s (—k,—m)
- Z Eiwﬁk,HmEerzf /T+ Z e
R (—k,—m)\ R (0,0) R (0,0)

which is equivalent to

2 2
|(D)wr| = (D7),
2 Z 75 75 (48)
Rar(0,0) T
= Z ak,m Z (E+w;+k,2+mE+wZ€ — E_w?+k,l+mE_wZZ)/T (49)
(k,m)GRK(O,O) RM(O,O)
1 — n — n n
-— Y (BT}, ETw)y — BT wp,, BT w]y) (50)

T (4,£)€ B (M) (K,m) B (M)

+ Z TJ%'

R (0,0)
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Let us now set V,ﬁ;wh = E+w_?+k,€+m - E*w;’,@. Then, the first term of (49) can be written as

I{I = Z ahm Z (E+w-?+k7é+mE+w?7£)/T
(k:,m)ERK (0,0) R (O 0)
= Z Ak,m Z (vkm ]Z)E—‘r j@/T (51)
(k,m)#(0,0) R (0,0)
ak, ET  n 2 Ak,
S Y e Y (R e Y MY (VE)E e,
(k,m);é(o,()) Rm (O’O) (k’vm)#(o’o) Rm (an)
ak m 2 Ak .m n
Y ey (vhep) - Y Y (VEw )E e
(k,m)#(0,0) Rz (0,0) (k,m)#(0,0) R (—k,—m)

Thus, the term I]* can be written as the average of (51) and (52), i.e

=3 awl Y (v,m M)Eﬂuze— 3 (vkm M)E*w;{[ /(27)

(k,m)#(0,0) R (0,0) R (—k,—m)
+ o \2

= X a3 (VEnwi) /@n).

(k,m)7#(0,0) R (0,0)

The above equality is equivalent to

S Z ak,m Z (vkm ]z)( Vkm ge)

(k,m);ﬁ(0,0) RM(0,0)\R]M(—]C,—TH)
o on n n
+ Z VkE,mwj,lE+wj+k,€+m - Z (vkm ]z)E+wj,z /(27)
RM(0,0)\RJM(—]C,—'M,) RM(—k,—m)\RM(O,O)
- Z ak,m Z (vk m ] f) /(27—)
(k,m)7#(0,0) R (0,0)

As a consequence, we have

=- 3 am > (VB /e (53)

(k,m)#(0,0) Rm (0,0\Rm(—k,—m)
Af—j,m—1
+ Z Z +E+wkm(E+wkm —E U)] f)

(5,)E€Bint (M) (k,m) €Brxt (M)

- S S (V) (54)

(k7m)7£(0’0) Rwm (070)

while the term (54) can be written as

_ Y % > (VEap) - Y % 3 (VEnuse)

2
(k) 20,00~ Rar(0,0)\Rat(—k,—m) (e 2(0,0) ~1 Rar(0,0) (\ Rt (—k,—m)

By the above equality, equations (53) and (54), we deduce
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1
IIL = - Z Z Ak—jm—L {E+w2,m (EerIZ,m - E+w;£) - (Eerg,m - E+w;€)2}
(3 ,4) EBint (M) (k,m)€EBgxt (M)

_ i Z Ak,m Z (Vg;w;l)Q

2T
(k,m)#(0,0) Rm(0,0) VR (—k,—m)
1
== X > akgmetETwp (BT, — ETuly)

T (4,£)€ B (M) (K, m) B (M)

— QL Z Qk,m Z (VELMZZ)Q

T (k,m)#(0,0) R (0,0) N Ry (—k,—m)
1
=z Z Z ak_jvm_eE—i_wlycimE-i_w;L,@ - an
T (7,0) EBint (M) (k,m)EBrxt (M)
with
n 1 EtY n 2 1 +,.n |2
H" = 2— Z Ak.m Z (Vk)mw‘j’g) + ; Z Z a/kfj,mde wj)£| .

(k,m)#(0,0) R (0,0) N Ras(—k,—m) (4,0)€Bnt (M) (k;m)€Bxi (M)

It is clear that (49) can be written as I} — I7~*. Thus, we can rewrite (48) as

2 2

(D, | — (D7),

2 Y .

R (0,0)
1 — n — n
== Z Z ak—jm—t(ETwp ,EYw}, — E"wi , E”w},)
(3,0)EBnt (M) (k,;m)€EBExt (M)
1
- 2 > wmee(Ful B wl, — Ewl Brwl) — H'+ HY e 3 T,
(3,8) EBine (M) (k,m)EBrxt (M) R (0,0)
1 _ n n — n
T Z Z a—jm—t(EY W)y + E7wil ) (BF W], — E”wjy)
(4,)€Brnt (M) (k,m)€Bexs (M)

+ > T - H"+H" (55)
R (0,0)

Multiplying (55) by h? and summing up it from n = 1 to N — 1, one has

2 2 2 2
) ((DHwl | = [, (D] = |7 yug,
2n® Y =20 Y
R (0,0) T n=1 R (0,0) T
p2 V-1
= 7 Z Z Z ak_j7m_g (E+’w£7m — E*wﬁ,m) (EJF"UJZ[ —+ E*w;fg)
n=1 (j,£)€Bmt (M) (k,m)EBrx (M)
N-1
—PHNT RPHO Ry Y T (56)
n=1 R;(0,0)

The first term for R.H.S of (56) can be evaluated as
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Py S wgme(Bul, - B, ) (Bl + Bul,)
T n=1 (4,£)EBins (M) (k,m)EBrxt (M)

n=1 Z2\R n -k (0,0)

2
gl +

2
W )P+ o)+ |uj,e<tn_1>|2). (57)

Firstly we estimate the terms on the right hand side of (57) with respect to the numerical solution u”

N—-1 2
Y Y (| 7'
n=1 ZQ\RN],K((LO)

o namely,

U?jl‘ +|“J€|

N—-1

2 n |2 n |2
<on*y > |uj o] + > e

n=1 \ |j|< 16> J,(5,) €22\ Ras - i (0,0) 11> T, |1, (j,£) €22\ R — 1 (0,0)

+ > Jugte|”

71> J,1€1> J,(5,£) €22\ R — k¢ (0,0)

Consequently, by (16) of Theorem 1, as M — oo, above estimate satisfies

S|

n=1 Z2\R -k (0,0)

2
w o+

< CRAN Bt (N)P16)N > —= + Ch2N|Biue () (16)Y >
ek E=J) j=M-K G-

+CRN Bt (DAY [ >0 >+ > Y %Ho. (58)

VT MK jedt1t=p—K ) VT

On the other hand, as M — oo, the terms on the right hand side of (57) with respect to the exact solution
uj ¢(t) satisfy

J —(M-K)
2
* 2 DRSS SHD SIS Sl Sl (0N
151<J, 16> J,(5,0) €22\ R s — 1 (0,0) j=—Jb=M-K j=—J f=—00
(M—EK)h
<o / . o / u(a,y, 1) dedy — 0,
M—K)h
h? e (n)[* = 0,
[e|<J,151> 7,4, f)GZQ\RM—K(Ovo)
h? > luje(tn))* — 0. (59)
Ié‘>J7|j|>Jv(j7€)eZ2\RM—K(070)
Thus, as M — oo one derives
T2 X > kit (B0l = ETwi) (B wje + BT wjy) =0, (60)

n=1 (§,£)€Bini (M) (k,m)€EBrxi (M)
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due to (57)—(59). Consequently, by taking M — oo in (55), one has

w2y ‘(Dj)wf[l‘2+h£ S am Y (VELw je)

(4,£)ez? (k,m)#(0,0) (3,£)€z?
h2
= h2 Z |(Dj._)w;)’e|2 + Z Z ak,m Z (Vﬁ;wg’g) + Th2 Z Z (61)
(4,0)€z? (k,m)#(0,0) (j,0)ez? n=1 (j,0)€z?

Recalling (17) with u, = ¢°(jh, £h) and v}, = ¢' (jh, £h) we derive that

uby =l + (Fly+2F%, + 2F3, + F},)7/6
=uly+ 00,7+ (Gl o+ G5+ G5 y)T /6
=)+ V)7 + Lopud ;72 /2 + (f(jh, th,0) + 2 (jh, th,7/2))7% /6 + (Ls n F} s + Lsn Fy ) 7% /12
= ¢°(jh, th) + ¢' (jh, th)T + (Ls n ), ¢ + f(jh, th, 0))7%/2
+ (f(jh,th,7/2) = f(jh, (h,0))7? /3 + (Lsn F} s + LsnF} ) 7% /12
= ¢°(jh, th) + ¢* (jh, th)T + ((Ls50°) (jh, £h) + f(jh, Ch, 0))72/2 + 7®, (jh, th,T)

with @ (x,y,t) a function smooth enough and |®1(jh,h, )| < C(h? + 72)||u/| o4 By Taylor expan-

Rg(jh,Lh)x|[0,
sion,
w(jh, Ch, ) = ¢°(jh, Lh) + @' (jh, Lh)T + ug (5h, Lh, 0)72 /2 4+ 75 (jh, Lh, T)
= ¢°(jh, th) + ¢ (jh, h)T + ((Ls0°) (jh, Lh) + f(jh, Lh,0))T° /2 + 7®5(jh, Lh, T),

with ®5(z,y,t) a function smooth enough and |®5(jh, th,7)| < C(h? + 72)||ul|cs . Combining the

(Rg (Gh,eh)x[0,7])
estimates of u(jh, ¢h, ) and uj ¢» we have

|DFwd | = [@1(jh, th, ) — ®2(jh, th,T)| < C(h® + 72)||u| o4

(R (ih,en)x[0, r])

’E*’w%‘ = [7(®1(jh, th,T) + ®2(jh, th,7))/2| < CT(h* + 7%)||ul| 0+

(Rg(ih,eh)x]0, T])’

|LsnETw} | = |7(Lsn®1(jh, €h,T) + L5 n®2(jh, th, 7)) /2| < C7(h* +72)||ul|co . (62)

(Rg(ih,eh)x[0,7])

E O . .
Let Ay, Je Wik o4m 2wj o+ wj k.0—ms 1t 1s obvious that

/ AF u-vdrdy = 7// VI uVE vdady.
RQ
Therefore we have

+,,0 +,,0 _ +,,0 +,,,0
D LonBrwg BTy =3 Y akm BT e Bl
72 72 (k;m)ER(0,0)

=1/2 > akaAkm wl , ETw?

(k,m)eR K (0,0)\(0,0)

VRS ak,mz\vﬁzwgﬁ
Z2

(k,m)eR K (0,0)\(0,0)

By (62), above equality gives
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2
SO+ Y a X (V)

(.0)ez? (k,m)#(0,0) (j,0)€z?
2
S D (IS T PG S AL )
(4,0)ez? (j,0)ez?
S @GR )+ O S [LanBrul [+ o Y |Brul [ < O+ 1),
(4,6)€z? (§,¢)ez? (j,0)ez?

By Lemma 4, equation (61) and above estimate one gets

# Y e[+ T e X (aFw)

(4,£)ez? (k,m)#(0,0) (JZ )EZ?
< O(r? + h?)’ +Ch272 S jen,f? +Ch2TZ S (D + Dy )wr,)?
n=0 (j,£)€Z? n=0 (j,£)eZ?
TZ Z ’D |+CT +h2)
n=0 (j,0)€Z?
which is equivalent to
) N
1D3wN [ < O+ 12)° + O || DF w1,
n=0

by which a Gronwall inequality [8] yields: ||DFw"| . < Ce®NT (72 + h?) < Ce“T (72 4+ h?) with n < N. Thus
one has

2 2

N-1 N-1
DIV DS w?,ﬁTZ(Di)w?,z <on® 37 [uf on’ DT | 3 (D),
(4,0)ez? (4.0)ez? = (4.0)ez? (g.0ez?l n=0
<2n? 3 Jul, [P+ 2Nt Y Z| Hwt)?
(4,0)€z? (4,6)€Z2 n=0
N-1
<om? 37 full’ +2TTZHD+ Y < O 02
(5,0)€z? =
Now, let us consider Dfw?, = Dfu}, — Dfu(x;, ye, t,). For (j,¢) € Z?, we have
(Df - D7)Diw?,/7 = D D; Diw}, = > amBETETDIwy oy + D€l

(k,m)eR K (0,0)

Multiplying the above equality by h?(DF + D7 )Dfw?

w?,, and summing up all the terms for (4,€) € Rp(0,0),
we get

WY ((DF = D7) Dfwi,) ((DF + D7) Dfwiy)/r=h* ) Diw,((Df +D7)Diwy,)
R (0,0) R (0,0)

Z Z @ (B + E7)DFwp i) (BT — E7)DFw?,) /(27).

Rm (0,0) (k:,m)E'RK(O,O)
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After the same manipulation as previous, as M — oo one has
2 et No1]? h?
S| pred )+

(4.0)ez?

S aw Y (afLorw)’

(km)£(0,0) (02>

h? 2
=0 3 |OHDFw P+ Y am Y (AFLDIwl)
(4,0)ez? (k,m)#(0,0) (4,0)ez?
+h* Y Dret, (DS + Dy)Dfwyy)
(3.6)€z?
which leads to

N
D VWY, — D VWY < O 4 ) 4 Or 3 D Vw2

n=0

Thus, we derive that |DF DFw"| ez < Ce“N7(72 + h?) < O(7? + h?) with n < N, this implies || Dfw"|,2 <
Ce“N7 (12 + h?) < O(72 + h?) with n < N. By a similar technique, we can prove

Dy wh |, < Ce“T (7% + 1?),
and

||D;FD;WNH£2 < CeCT(72 + h?).
Finally, for any (j,¢) € Z* we have

1 1
il < s < (10t ) s Slop )
LET LETL
9\ 3
< C(hz )

max wj-vz
JEZ ’

9\ 3
) +C<hz
LET

LET

max D w?,
jez Y

1

2
<o[m S ST+ 023N |DFwl |
(€T jET (€T FEL

+0| B2 Y2 IDywl [+ 12 Y S [DE D wl|’
LeT jET. (€T jET

< 9V |+ 105w+ D + DD w0 < 02 4 72),
which gives (65).

O
We remark that the main difficulty in numerical analysis is the complicated estimate on the boundary, but
the exact discretized boundary conditions help us to avoid the difficulty.

We also point that frog-leap scheme will be more suitable for wave equation due to the good CFL condition.
It will be interesting to analysis the stability and error by using frog-leap scheme.

4. ACCURATE BOUNDARY CONDITIONS FOR WAVE EQUATION ON RECTANGULAR DOMAIN

The initial data ¢°(x, ), ¢'(z,y) and the source f(x,y,t) of peridynamics (3) are assumed to be compactly
supported in [—x s,z 5] X [—2 5,2 s]. Under the settings of Section 2.2, based on CN time scheme at time ¢,, = n7
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we obtain the fully discretized version for (3), namely,

D+DTU/JZ E E Lhu]f—’—fjf Z Z ak?’mE E~ uj+krf+m+fj€

k=—1m=-1
_ETET i A ETE U+ BTET Y+ ETET g, — 4ET BT,
= W2
+ f;,Lf? for ]76 € Zv (63)
with
1
ap,1 = ai1,0 = ag,—1 = G-1,0 = 72
a1,1 =a1,-1 =0a-11 =0a-1,—-1 = 0,
4
ap,0 = _ﬁv
aje =0, for |j| > 2 or [£] > 2, (64)

which is exactly a special case of semi-discretized peridynamics (7). Thus, the boundary conditions can be
obtained by Theorem 1 for the special a;, proposed in (64).

For u solution to (3), we set uj¢(t) := u(x;, ys, t), for (j,¢) € Z*. The truncation error e, for scheme (63) is
then

1 1
e = =5 (wreltner) = 2use(tn) + wja(tn=1)) = T (wieltnsr) + 2use(tn) + wseltn-)) = £

where 0 < n < N — 1. We set Die 0 and D e ¢ as we did in Section 3.2. Therefore, Lemma 3 also holds for
(3) by the same technique. Then We have a local version of Lemma 4.

Lemma 5. Let us assume that the solution u to (3) satisfies ||u(-,-,t)||gpr < C fort < T with P large enough.
For N7 < T, the truncated error estimates (29)—(32) hold. The constant C depends only on the initial data ¢°,
o' and source f.

Proof. By (23) it is clear that

|Au(z,y,t) — Lyu(@,y, 1)) < CR?|lu(, Ollcs (R, 2.0)-
Combining above estimate, equations (33), (34) and (63), one has
l€e| = [D7 D wje(tn) — LnE™ Eujo(tn) — f.0(t"))|
= |Ouu(z;, e, tn) — Luu(x;, ye, tn) — fie(tn) + 7200 UL (25, Yo, tn) — T LaUs (2, ye, )|
) —
,t

< ‘6ttu(xjay€7 n J,Lu(xjvyéat ) f(xj,ye, )| + |Lh (xjaybtn) - 6£xu(xj7y€7tn)|
+CT2HU1( n)HCl Rh(a;J yg)) +7 |LhU2(x]7y€7 ) 6$IU2(x]7yé7t )|

+CT2Ua(, s to)ll 2R (2g90))
< Ch?[Jus s ta) oty g ey + CT Nl (R p0) x [t -1, tmsa)) T CRATANU2(s 5 t) | 0t (e )
< O(W* +7°) [ulles sty x a1 i)
Thus, the technique in Lemma 4 leads to (29)-(32). O

Finally, for numerical error wil, =uj, — u(z;, ye, tn), the truncated error estimates give a parallel conclusion
to Theorem 2.



A SECOND-ORDER ABC FOR TWO-DIMENSIONAL PERIDYNAMICS 3053

Theorem 3. Assume that the solution u to (3) satisfies ||u(-, -, t)||gr < C fort <T with P large enough. For
7> 0 and N7 < T, we have the error bounds

W™l < C(7% +17), (65)
for constant C > 0 that only depends on T, initial data ¢°, ¢' and source f(x,vy,t).

Remark 1. For the 4-th spatial order fully discretized version of wave equation (3), namely,
1
DiD;u;ﬁZ = o2 (7E+E*u;-’_2’g + 16E+E*u?_u — 30E+E*u;ﬁz + 16E+E*u;’+u — E+E*u?_~_27£)
1

* 1on2

(-E*E~u}, y+16EYE"u}, | —30ETE"u}, + 16EYE " u},,, — ETE~u},5) + f]4,
the estimate (65) is replaced by

W™l < C(7* + 1Y), (66)
5. NUMERICAL EXAMPLE

5.1. Numerical example of peidynamics

Consider the peridynamics (1) such that the interaction kernel function s is given by

4
%) = G 0srmi=val+y? <4,

with initial data

2
€—4r

¢ (@) = 6502y ——a(3 ), 6'(z.y) =0,

where J,, is the Bessel’s function of order m. We set the computational domain as [—2,2]? and the total
computational time as 7' = 5. We compute the reference solutions u™ on a larger spatial domain [—16,16]? in
order to avoid any numerical reflection with A =272 and 7 = 27!2, The L>°-norm error e';gT is defined by

r

h,T

Coot = |u" (5,40, T) = e,

ma.
—J<G<J

by refining h, fixing 7 = 2712 and T = 5 (with N7 = T). For § = 0.125 and § = 0.25, the numerical errors are
ploted in the Figure 3. We observe that the scheme is around two-order in space.
In the same manner, by refining 7 and fixed h = 277, for T = 5 (with N7 = T) the numerical errors are
ploted in the Figure 4 with § = 0.125 and § = 0.25. We observe that the scheme is around two-order in time.
In addition, we show the behaviour of the numerical solution with initial data ¢° and ¢! = 0 at different
times for § = 0.25 in Figure 5. We observe that the wave packet goes through the corners without reflection.

5.2. Numerical example of wave equation

The wave equation (3) is considered with the initial data ¢° and ¢! as the followings,

N y) = e=4% Jo(0.5r) — e 4R J5(0.5R)
Y= 1— =47 ] (0.5R) ’
#°(z,y) =0, r > 2.25,

where r = /22 + y2 and

0<r<R=225,

¢'(z,y) =0.
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FI1GURE 3. The space convergence order for u(z,y,t) at ¢ = 5 for 6 = 0.125 and § = 0.25,
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FIGURE 4. The time convergence order for u(x,y,t) at t = 5 for § = 0.125 and § = 0.25,
respectively.

We employ the 4-th spatial order scheme in Remark 1 and the corresponding ABCs to implement the
computation. The computational domain is set as [—2.5,2.5] and the total computational time is set as T = 4.
We still compute the reference solutions u™f on a larger spatial domain [—~16,16]? with h = 278 and 7 = 2716,
The L°°-norm error eZC’fT is defined by the same way as it was in Section 5.1 by refining h, fixing 7 = 2716
and T =4 (with N7 = T). The numerical errors are ploted in Figure 6. We observe that the scheme is around
four-order in space.

By refining 7 and fixing h = 278, the numerical errors are ploted in Figure 7 with T = 4 (N7 = T). We
observe that the scheme is around two-order in time.

In the Figure 8 we shows the behaviour of the numerical solution with initial data ¢° (and ¢! = 0) at different
times. We observe that the wave packet goes through the corners without reflection.
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6. CONCLUSION

The construction of ABCs is proposed for the two-dimensional peridynamics which is fully discretized by an
Crank—Nicolson scheme in time and an asymptotically compatible scheme in space. The numerical analysis for
the full scheme with the ABCs is developed. Numerical examples confirm the theoretical results. We verify that
there is no numerical reflection at the corners of the square domain. Further works include the study of fast
algorithm as well as nonlinearities. It will be also interesting to analysis the stability and error by using other
scheme such as frog-leap scheme.

APPENDIX A.

Here we give the expressions of the symbol v(k) that denote the location of the k-th interior layer node
(yellow node in Fig. 1). The notation mod(a, b) is introduced to denote the modulo function which provides the
remainder of dividing a by b. Then, the symbol v(k) with 1 < k <4K(2J+ 1 — K), can be defined as

—For1 <k<(2J+1)K:

(1) If mod(k,2J +1) #0:

B k —mod(k,2J + 1)
v(k) = (J+ 2711 ,—J +mod(k,2J + 1) — 1).

(2) If mod(k,2J +1)=0:

B k —mod(k,2J 4+ 1)
y(k:)—(—J—i— 57+ 1 —1,J>.

~For 2+ DK +1<k<(2J+1)K + (2 +1 - 2K)2K:
Set: k1 =k—(2J+ 1)K — 1.
(1) If mod(ky,2K) # 0:
(a) If mod(ky,2K) < K:

— 2K
v(k) = (—J + K+ %ﬁ’), —J + mod(k, 2K) — 1).
(b) If mod(ky,2K) > K + 1:
k — mod(k,2K)

V(k)z(—J—i—K—f— K

,J — (2K —mod(k,2K)) + 1).

(2) If mod(ky,2K) = 0:

v(k) = <—J+K+ = mod(ky, 4K) 1,J>.

4K
~ For (2J+ 1)K + (2J +1—4K)2K +1 <k < J? — (J — 2K)?:
Set ky = k — (2J + 1)K — (2J + 1 — 2K)2K
(1) If mod(ky,2J + 1) # 0:
kl - mod(kl, 2J + 1)
2J+1

V(k)z(J—K+1+ ,—J—|—m0d(k1,2J—|—1)—1>.

(2) Tf mod(ky, 2J + 1) = 0:

2J+1

In the same manner, the symbol u(m) can be used to denote the location of the m-th exterior layer node
(black node in Fig. 1).

u(k) (J_K+1+k1—mod(k1,2J+1) —LJ).
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