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ERROR ANALYSIS OF FOURIER-LEGENDRE AND FOURIER-HERMITE
SPECTRAL-GALERKIN METHODS FOR THE VLASOV-POISSON SYSTEM

XIAOLONG ZHANG!, LI-LIAN WANG?* AND HONGLI J1A3

Abstract. We conduct a rigorous error analysis of the spectral-Galerkin methods for the 1D-1V
Vlasov—Poisson system with the velocity variable in both finite and infinite domains. The estimates
significantly improve the very limited existing results. We also provide numerical results to demonstrate
the effectiveness of the analysed methods.
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1. INTRODUCTION

The Vlasov—Poisson (VP) system is a model that describes the evolution of charged particles under a self-
consistent electric field. It involves two unknown fields of a spatial variable x € R% and/or a velocity variable
v € R (d = 1,2,3), together with the temporal variable, which amounts to a nonlinear system of partial
differential equations (PDEs) in 1 + 2d dimensions. The development of effective numerical methods for this
high dimensional model is still an active research topic that attracts much recent attention.

In general, there are three classes of numerical methods for solving the Vlasov-type equations. The first
category is the Particle-in-Cell (PIC) methods. The PIC technique is usually built upon the discretisation in
the phase space via macro-particles that evolve by Newton’s equations in the self-consistent electromagnetic
field (see e.g., [5,17]). The essential idea is to approximate the plasma by a finite number of pseudo-particles
and computes their trajectories. Secondly, instead of following the particle trajectories, the Eulerian—Vlasov
method directly solving the Vlasov equation on a grid of phase space is an efficient alternative to the PIC
method in some cases [8,14]. As with the Eulerian approaches, the semi-Lagrangian methods based on the
phase-space approximation are developed in e.g., [11,19,27]. A third class of methods is the transformation
(spectral) methods, which is based on the expansions of distribution function and electric field function in
global spectral basis functions. Remarkably, spectral methods enjoy the spectral accuracy with relative smaller
number of degree of freedoms when the underlying solutions are smooth. In particular, the well-developed
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spectral methods in unbounded domains (¢f. [28], Chap. 7) turn out attractive for dealing with the velocity
variable. Although the Hermite and Fourier spectral methods were developed for solving such models in [2]
about half a century ago, they become popular in solutions of plasma physics problems only in the last decade,
see e.g., [4,6,10,12,13,15,18,21-23,25,26] and the references therein.

While there have been much development and applications of Fourier and Hermite spectral methods, the
works on the error analysis are very limited. Pulvirenti et al. [26] was perhaps the first to analyze the Fourier—
Hermite method for the VP system where some convergence results were obtained through the analysis of the
expansion coefficients. Manzini et al. [24] analysed the Fourier-Legendre spectral method (under the assumption
that the velocity variable v is in a finite domain) and Fourier—Hermite spectral methods for the 1D-1V Vlasov—
Poisson system (i.e., d = 1). It is noteworthy that the L?-orthogonal projections or direct expansions of the
L?-orthogonal basis were used in the error analysis resulted in the error estimates in L?-norm of the order
(M 4 N?) (M€ 4 N3/2=542¢) (vesp. (M + +/N)(M*~7+¢ 4 N(1=5+)/2)) yunder some typical assumptions of
the Sobolev regularity of the underlying solution, where M and N denote the highest degree of Fourier modes
and Legendre polynomials (resp., Hermite functions), respectively. On the other hand, the constant in the error
bound of the Fourier—-Hermite Galerkin method depends on exponential of the interval length of the velocity
variable v, where the infinite interval should be understood as a “finite” interval (Umin, Umax) When the solution
and its partial derivatives decay very fast in v.

In this paper, we conduct a rigorous error analysis of the Fourier—Legendre and Fourier—Hermite Galerkin
methods for the VP system. In the analysis, we introduce suitable orthogonal projections, and derive some new
approximation results and inverse inequalities. Through different arguments and more delicate analysis, we are
able to obtain the L?-convergence orders: M'~" 4+ N1=% and M'~" + N'=%/2 for Fourier-Legendre and Fourier—
Hermite approximations, respectively, under weaker regularity conditions than those in [24]. Unfortunately, in
the Hermite case, the constant in the estimate still depends on the exponential of v/N. It seems that it cannot
be removed with the argument using the Gronwall-type inequality.

The paper is organized as follows. In Section 2, we introduce the problem of interest, and present some
important properties of the model. We then introduce the semi-discrete Fourier—Legendre and Fourier—Hermite
Galerkin schemes in a uniform formulation. In Section 3, we conduct the error analysis of the Fourier-Legendre
spectral method in detail. We then analyse the Fourier—Hermite spectral method with a focus on the estimates
that the imbedding properties do not hold on unbounded domains in Section 4. We present in Section 5 the full
discrete scheme using the Crank—Nicolson finite difference in time, and provide some numerical results to show
the effectiveness of the proposed method in preserving some intrinsic properties of this model. We conclude the
paper with some final remarks.

2. SPECTRAL-GALERKIN METHOD FOR THE VLASOV—POISSON SYSTEM
Let us introduce the following notation to be used throughout the paper.

— For any nonnegative integer r, H"(2) and H{j(€2) denote the usual Sobolev spaces on a bounded domain
with a Lipschitz boundary and with the norm |- || g+ (q). In particular, the norm and inner product of L?(Q)
are denoted by || - ||q and (-, -)q-

— To account for periodic functions on Q, = (0,27), we define

H(Q) ={ve H(Q) : v¥(z) =v®(z+2m), 0<k <r—1}.

2.1. Statement of the problem

To fix the idea, we consider 1D-1V Vlasov—Poisson system on Q = Q. x ,, where the spatial variable
x € Q, = (0,27) and the velocity variable v € Q, = (a,b) or v € Q, = R. The model for the electron



ERROR ANALYSIS OF SPECTRAL-GALERKIN METHODS FOR VP SYSTEM 3639

distribution function f(z,v,t) and the electric field F(z,t) reads

{8tf+v8xf—E8Uf:0, (z,v) €Q, te(0,T], 1)
0, E=1-p, where p:vafdv, x €8y, te(0,T).
We can reformulate (2.1) as
{6tf+F~Vf_O, (z,0) € Q, te(0,T], 22)
0:E=1-—p, x €Q,, te(0,T],
where
F = (_”E> s.t. V-F=08,0—0,E=0. (2.3)

The VP system (2.1) (or (2.2)) is supplemented with the initial condition: f(z,v,0) = fo(x,v) in Q, periodic
boundary condition in x:

f(0,u,t) = f(2m,v,t), FE(0,t)=E(2m,t), ve,, tel0,T], (2.4)
and the homogeneous Dirichlet boundary conditions in v:
f(zya,t) = f(x,b,t) =0, x€Q,, tel0,T)] (2.5)

It is noteworthy that if Q, = R, we understand (2.5) as @ — —oo and b — co. We remark that the VP system is
usually set in R for the velocity variable v, while the hard truncation of the unbounded domain into Q, = (a,b)
with (2.5) is feasible when f decays fast and the interesting physics is roughly confined in a finite interval.

According to the hypothesis of neutrality of the plasma, we assume that the total charge in the system is
zero (cf. [6,23]), i.e.,

/ E(z,)dz =0, te(0,T], (2.6)
Qo
which is equivalent to the Fourier coefficient of the zeroth mode Eo(t) = 0 in the Fourier expansion of E:
oo ~ N 1 2m
E(w,t)= Y En(t)e™, En(t) =5 E(z,t)e ™ dx. (2.7)
=0 2 J

2.2. Some conservation laws and a priori bounds

The weak formulation of (2.1) is to seek f € H} (Qq; Hj () and E € H}(2,) for t > 0 such that

Ouf,u)o + (F-Vfu)g=0,  Vue Hy(Qu; Hy()), (2.8)
(0:E,w)a, = (1 - p,w)a,, Yw € H;(Qm), .
together with the initial condition: f(x,v,0) = fo(x,v) in Q, and the condition (2.6).
Proposition 2.1. Let f be the exact solution of (2.1). Then, there holds
/ fz,0,t)dQ = / p(x,t)dx = 27, / v O, f(x,v,t)dQ = —2m, (2.9)
Q Qs Q
and
||f(> '>t)||ﬂ = ”fOHQﬂ t=>0. (2'10)

Moreover, if fP with p > 2 is well-defined, then we have

%/pr(x,v,t) dQ = 0. (2.11)



3640 X. ZHANG ET AL.

Proof. 1t is evident that by the periodicity of F in (2.4), we have

/ 0. E(z,t)dz = 0.
Qg

Taking w =1 in (2.8), we obtain the first identity in (2.9) immediately. Then we can further derive from (2.5)
and integration by parts the second identity.
Using the property V - F' = 0, we find readily that

V- (Ff*)=2f(Vf)-F+ f*V-F=2fF-Vf{. (2.12)

Taking u = 2f in (2.8), we obtain from the divergence theorem, equation (2.12) and direct calculation that

d 2 2 2
— dQ = — F.VfdQ=— [ V- (Ff?)dQ=— (Ff?*)d
dt/ﬁf Q/Qf ! /Q ) /mn e (2.13)
=— [ f’n-Fds=0,
o

which implies (2.10).
Similarly, taking v = pfP~! in (2.8) and using the divergence theorem and boundary conditions (2.4) and
(2.5), we obtain

d
— P40 = — rrlp (VA =— | V- (FfP)dQ = — - (FfP)d
G| raa=— [ prrpae-— [ v.rmaa-— [ n@as -

=— [ f’n-Fds=0.
o

This ends the proof. (I
We have the following priori estimates of the bound.

Proposition 2.2. Let f, E be the solution of the Viasov—Poisson system (2.1). Then there holds

[Ella, <10:Elq, < VIQW[[fle, (2.15)

where the second inequality is valid for a finite interval €0, .

Proof. Taking w = 9, FE in the second equation of (2.8), we can derive

(BIE,(‘?IE)QI =(1-p, a:vE)szx =—(p, a’L’E)Qz < ||azEHszx “|lplle.,

1/2
gamEHQz(/Q (/Q f?cw/Q 12dv)dx> (2.16)

= VIQl10:Elq, - [ fla-

This leads to the bound of |0, E||q, in (2.15). Thanks to (2.6) and (2.7), it follows from the Parseval’s identity
that

1B, <[10:E]q,- (2.17)
This ends the proof. (I
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2.3. Spectral-Galerkin scheme in space

We consider the semi-discretized spectral-Galerkin scheme for (2.8): find f, := f3} € Vi} := Fa x P$ and
E, :=FEy € FY, for all t € (0,77, such that

{(@f*ﬂﬁ)g“‘(F*Vf*,WQ:O» F* = ('U,—E*), W/)GVJ\]/[Va

0 (2.18)
(0:Ei,0)q, = (L= pues@)q,,  px = Jo fedv, Vo € Fiy,

together with a suitable initial approximation: f,(z,v,0) = fo.(x,v) to be specified later. Here, E, € FY; is to
exactly impose the condition (2.6), so it automatically satisfies

Qp

i.e., the coefficient of the zeroth mode vanishes.
Note that the properties in Propositions 2.1 and 2.2 are also valid for the discrete problem.

Proposition 2.3. Let f., E. be the numerical solution of the Viasov—Poisson system (2.18). Then there hold

/ felz,v,t)dQ = / pi(z,t) dz = 2, / v 0y fe(z,v,t)dQ = —2m, (2.20)
Q Q. Q
and d
—/ 2(z,0,1)dQ = 0. (2.21)
dt Jq
Moreover, we have
[E:llq, < 10:Eulq, < VI [ fcllo; (2:22)

where the second inequality is valid on finite interval €.

3. ERROR ESTIMATES OF THE FOURIER-LEGENDRE SPECTRAL-GALERKIN METHOD

In this section, we assume {2, to be a finite domain, and analyse the Fourier-Legendre spectral-Galerkin
method for the VP system. We first present some necessary approximation results and then carry out the error
analysis.

3.1. Fourier approximation results on (2,

Let us begin with the approximate spaces
Fu =span{e® .0 < |k| < M}, Fyy =span{e™ : 1 < [k| < M}. (3.1)
Then, the L?-orthogonal projection Ilys : L?(,) — Far is defined by
(HMU —u, d))Ql =0, ng c Fu, (3.2)
which is also the H™-orthogonal projection for any integer m > 1. Noted that IIj;u is the truncated Fourier
series:
M i X 1 2 )
Myu(z) = Iklz_:o a e*®  with 1y = (u,elkx)m =5 ; u(z) e *2de,

For any u € Hy" (), we have the commutability (cf. [28], p. 34):

OL(Mpru) = Mpr (9hu), 0<1<m. (3.3)
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To approximate the electric field E, we need a special projection that can incorporate the condition (2.6).
For this purpose, we define

1

L3(Q,) = {u e L*(Q):u=0}, where @:=_—
2T Qo

u(z)dz. (3.4)

One derives readily from the Parseval’s identity the following Poincare’s inequality
lullo, < I,y Vo € Ho() = HL(Q.) N LA(Q,). (3.5)
Define the LZ-orthogonal projection 119, : L2(Q,) — Fy, such that
m%ufm¢szﬁ Vo e FY. (3.6)

Introduce the Sobolev space Hy(€2;) with real r > 0, equipped with the norm and semi-norm (cf. [28]):

1 1
[e%s} 2 [e%e] 2
_ 2\" 1~ 12 _ 2r |~ 12
lullry (0. = ( > (1) Ja| ) ;o ulmge,) = < > B i ) ; (3.7)

|k|=0 [k|=1
where {4y} are the Fourier coefficients of w. In particular, if r is a positive integer, they are equivalent to
1
2

ull iy () ~ (ZH@MQ) o Julag, ~ 195ullg, - (3.8)
k=0

We denote by c a generic positive constant which is independent of the underlying function and discretisation
parameters.
Recall the Nikolski’s and Bernstein inequalities stated in the following two lemmas, respectively.

Lemma 3.1 (see [28], Lem. 2.4). For any u € Fpy and 1 < p < g < o0,

1 1
Mpo+1)\ 37
R e (59)

where py s the least even integer > p.
Lemma 3.2 (see [28], Lem. 2.5). For any u € Fpr and 1 < p < oo,
”@Cunm(gw) < MTHUHLP(QI)v r>1. (3.10)

The main approximation result on the projection errors for ITy; and I13, are stated as follows.

Lemma 3.3. For any u € Hy(Q;) with 0 < p <,
”HMuiuHHpM(Qw) < cM“iT‘u|H‘:(Qm)’ (311)

and for any r > %,

i r
Mau — ull L= (o,) < M>""ulr(0,)- (3.12)

2r—1
Moreover, foru € H}(Q,) N L§(Qy), the estimates (3.11) and (3.12) are also valid for the orthogonal projection
119, defined in (3.6).

Proof. The estimates (3.11) and (3.12) can be found in Section 2.2 of [28]. The same results for the orthogonal
projection 119, can be derived by following the same lines as in the proofs of (3.11) and (3.12). O
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3.2. Legendre approximation results on (2,

In what follows, we shall recap on some relevant estimates on L?- and Hg-orthogonal projections on the
standard interval A := (—1,1), and show a very important result on L>-estimate.

For o, 8 > —1, let PT(LO"B ) (£) be the Jacobi polynomials of degree n on A, which are orthogonal with respect
to the weight function w(®%) (&) = (1 — £)*(1 + ¢)” and normalised as in Szegd [29]. For simplicity of notation,
we denote w(®)(£) = w(®(£). In particular, for & = B = 0, we define the Legendre polynomial by P, (€).

Moreover, we denote Py be the set of polynomials of degree at most .

Consider the Hg-orthogonal projection 73" : Hi(A) — P := HE NPy defined by

(Oe(my’u—u),0e0)n =0, V€ PR (3.13)
Lemma 3.4. For any u € H}(A) N H*(A) with integer 1 < s < N + 1, we have
10 (3w — w28y + Nllmy"u = ull L2(a) < N> Jul e a), (3.14)

and
75w — | e ay < N2 7% [ulgea), (3.15)

where ¢ is a positive constant independent of u and N.

The first statement can be found in [7], p. 288, the L°°-estimate is derived directly by the Sobolev inequality
([28], Appendix B.8).

In the error analysis, we also need to use the W™ -estimate that appears unavailable in literature, so we
provide its proof in Appendix A.

Lemma 3.5. For any u € H}(A) N H*(A) with integer 2 < s < N + 1, we have
1—9
||65(W11\}O“ —u)|lzeeay < eNT7 [ulgs(a)- (3.16)

With the above estimates, we consider the H}-orthogonal projection H}\}O CHE(Qy) — P = HY () NPy
on the velocity (finite) subdomain Q, = (a,b) such that

(0 (T3 u — u), D), =0, Yo e PY, (3.17)
and summarize the results.

Theorem 3.1. For any u € Hi(Q,) N H*(Q,) with integer 1 < s < N + 1, we have
10, (151 = w)[22(0,) + NII"w = ull2(0,) < N Julge(a,)- (3.18)
Moreover, for any u € H}(Q,) N H*(,) with integer 2 < s < N + 1, we have
I—s
10 (T3 w — )| oo (2,) < eNT° [ul o (a,),s (3.19)
where ¢ 1s a positive constant that is independent on s,u and N.

Proof. With the change of variable

b—a b+a
+

5 with €€ (-1,1), v € (a,b), (3.20)

we can derive these estimates from Lemmas 3.4 and 3.5 directly. (I
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3.3. The Fourier—-Legendre approximation results on 2 = Q, X €2,

We denote the tensorial subspace Vi := Fj; x P%, and define the orthogonal projection
I3, := Ty o H}\}O : le (Qu3 Hy () — VY.
Then, we arrive at the following approximation result.
Theorem 3.2. For real v > 1 and integer 1 < s < N + 1, we have the following estimates.
(i) If f € Hy 7 (s L2 () N H* 7 Q3 Ly (), then

| £ — 103 Sl < eMt r”fHH’" L(Qa;L2(Q ))+CN1 N1l s ~1(QuiL2 ()"

(i) If f € H;(Qx;LQ(Qv)) mH371(Qv§H;}(Qx))7 then

100 (f =T F) |y < M1 Fll g (0aic2 @) + N2 f [l o (90 H (9.))"

(iii) If f € Hy ' (Qu; HY () N H*(Q; L2(Q)), then

100 (f = TR f) ||, < eM '™ W = im0y + N fl prs (0522 (020)) -

Proof. We can derive from Lemma 3.3, Theorem 3.1 and the triangle inequality that

If =T flle = IIf = Ty o TP fla
< |f = Muflle + 1Tar(f = TR0 F)le
< M g1 0,m200) T NI T @iz @0

Similarly, by (3.3),

102 (f =TI Plle = 10:(f — Mar o T )l
<02 (f = Tarf)lle + 10:Tar (f — TN £)llo
< 0:(f — Oarf)lle + [Tar0x (f — H}\}Of)HQ
< MY fllap(oac2@,)) T N f st @ mi9.))

and

10, (f =TI N)lle = 10u(f = ar o TIF" )l
< [0u(f =T Hlle + 19uTar (f =TI f) [
= 1|100f = T fllo + [T du (f =TI ) e
< |0 f = TTas 0 fllo + 100 (f =TI f) e
< CMlir||fHH;‘*1(Qm;H1(Qv)) + CNlisHf”HS(QU;Lz(Qw))'

This ends the proof.

(3.21)

(3.22)

(3.23)
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Then the error bounds in the L°°-norm are given as follows.

Theorem 3.3. We have the following estimates.

(i) If f € Hy(Q; L>(2,)) N HS(QU;H%+E(Qx)) with r > L, integer s > 1, and € > 0, then

If = T fll oo () < e M2 "N ey (@05 (90)

+ N2 (| e (i @) + M| f] )-

1o (@R ()
34e
(ii) If f € Hy(Qq; L2(S2,)) N Hs_l(Qv;HzJr (Q)) with r > 3, integer s > 2, and € > 0, then

102 (f — TN )l poe oy < M5~ Nl g 0nm=@.))

+ N (I + M|l )-

€ 3
Ho- (9,112 T () He=1(QuHZ T (20))

(ili) If f € Hy " (Qu HY(Q)) N HS(QU,HQJFE(QJC)) with r > 3, integer s > 2, and € > 0, then

Sr
180 (f = T3 )| =) < M2 Hf”HT’l(Q CH(Q,))

+ eNE(|| ] e S(QuiLoe () + M 6||f\| )-

@it T (0.)
Proof. From Lemmas 3.3 and 3.4, the triangle inequality, and the fact H21¢(Q,) € L>®(Q,), it follows that

I1f =T Fll e @) < N = Tr fll ooy + ITar (f = TIR° F)l| o< ()
< eME7 fll g @iz + 1 — H}VOfHL“(Q)

M€ _ Hl,O
+c Hf N f||L°°(QU;H§+E(Qz))

1, 1,
S e M2 fllap @ @0)) + N2 f s (@ 00))

1
N3 e .
e ”f”HS(QU;Hp%“(Qz))

Using Lemmas 3.3 and 3.4 and the triangle inequality again, yields
100 (f = TR )l oo ) < 100 (f — Tag f)l| e @) + 100 (Marf — Ty o T )| v o)
3_p 5
< M2 fllaguins @) + 10:(f =TI )llr= @)
—e L0
MO TR, e

< M3 "N e 0,m 0 + eN2- é||f||

HQuiHE T (9,)

M—€N2—s
FeMNIL

We follow the procedure similar to the above to obtain

100 (f = TR ) e @) < |00 f — Tard, Fllzee ) + 10 (f — Iy f)||L<x>(Q)

M=oy, (f — TIR°
+ 10.(f =TIl N

()
3_r s
<Ml @iy + Nl @i

+eM™ GNZ_SIIfII .

$(QusHZ ()

where we used (3.19). O
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3.4. Error estimates

In what follows, we carry out the error analysis for the Fourier-Legendre spectral-Galerkin method (2.18).
For notational convenience, we introduce

ey =f-13f, ep=FE-NYE, ¢ =f—1yf ¢y=E.~I}E, (3.24)

where 19, is defined in (3.6) and ITY; = I, o H}\}O. The main result on the error estimates is presented as
follows.

Theorem 3.4 (Error for Fourier—Legendre spectral-Galerkin method). Let f and f. be the solution of the
Galerkin formulation (2.8) and (2.18), respectively, where the domain Q = Q. x Q, with finite Q, = (a,b). If
the distribution function f(x,v,t) satisfies
f € L%(0,T; Hy (3 L*())) N L*(0, 5 Hy ™ (23 H' ()
N L0, T; H? (Q; Ly () N L0, T35 H*H(Q; Hy ()

and 9y f € L2(0,T; Hy ' (Qy; L2(Q))) N L2(0, T H*=(Qy; L2(Qy))), then for any r > 3 and integer s > 2, we
have the following error estimates:

If(yt) = fus s B)llo < e(M™"Bj + N~*Bj + M'""B} + N'"°Bj), (3.25)
where
B} =l mimg .20 BJ% = [l 0,115 (2422 (92)))»
t
Bj ::/0 U107 fll ey 2,220,y + max{lal, (DIl g .22 @.))-
VBl 1Ly nyy) €SP i,
t
Bj = /o NOr fllms=1 (0,522 (0.)) + max{|al, [b}H [l re-1(0,;m2(0.))-
+Vb —al fllus@u:r20.)) elr atmdn qr,
and

a(t) == V= a (M2 | fll - sy + VN |l @irre(@.) + 2100 o) = O(D),
where ¢ is a positive constant that is independent of M, N and f.

Proof. From (2.8) and (2.18), we obtain the error equations:

(0:(Ex = E), ©)a, = (p = pes P), Vo € FY.
Since f. — f =€} — ey and E, — E = e} — e, we can rewrite the above system as
(&t@}ﬂﬁ)ﬂ + (F* : Ve?ﬂ/J)Q = (81‘,6,)”7,(/))9 + (F* . Vefﬂﬁ)ﬂ + ((F - F*) : vf7w)Qa (3 27)

(61,'6%’ QD)QI + (va 6} dU, @)Qz = (67J6E7 @)Qz + (va ef d’U, @)Qam

for all ¥ € VJ\J}[ and all ¢ € F9,. We take two steps to carry out the proof.
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Step 1. We first deal with the second equation of (3.27). Taking ¢ = 0ye}; in the second equation of (3.27)
leads to

l0ze118, < |(8®6E78x67‘_?)91‘+|(/9 ey dvﬁze}‘s)azlﬂ(/g ey dv,dze)a, |- (3.28)

From (3.3), we find that 119, in (3.6) also holds for the Hj (€2, )-orthogonal projection upon F3;, so we have

(OzeE, O0zel)q =0. (3.29)

x

The orthogonality of the Legendre polynomials implies

/ epdv =0, (3.30)
Q,
which, together with (3.28), (3.29) and the Cauchy—Schwarz inequality, leads to
Hax@EH?zJ(/Q ¢j dv, dzei)a,] < VI 10k, [l€f ]l (3.31)

so we have

10:ella, < VI [}l (3.32)
As e} € FY;, we have |leg]lq, < [|0z€%q,. Thus, by (2.15) and (3.32),

lerlla, < VI [lef]lq (3.33)

which illustrates that the error of electric field is bounded by the error of distribution function. That means
we only need to estimate the distribution function error.
Step 2. We next deal with the first equation in (3.27). Taking ¢ = 2¢} in the first equation of (3.27), we obtain

d %12 * * * * *
&||ef||ﬂ +2(F.-Vej,ef), = 2(0ey, e3), + 2(Fu - Veg,ef), + 2((F — F.) - Vf,e}) (3.34)
Since V - F, = 0, the identity (2.12) holds with F, and e} in place of F' and f, respectively. By the same

argument as in (2.13), we find (F, - Ve}, 2e})o = 0. Consequently, we need to estimate

d
Sl < T+ B+, (3.39

where

T =2|(0es ol T =2|(F.-Ver,ehal, Ts=2|(F — F.)-Vf,e})al. (3.36)
From (3.21) and the Cauchy—Schwarz inequality, we derive
T < 2|(at€f’€j‘)ﬂ‘ < 2[|8resllq - HE;HQ

- _ . (3.37)
< (M0 g+ @iz + N 10 s 0,300 )13 o

We continue to estimate 73 and deduce from (2.18), (3.24), (3.33) and the Cauchy—-Schwarz inequality that

T, = 2|(F. - Ver,c))al < 2/(vdses,ei)al +2|(Eudyes. c})al
< 2/(vdses, e} )al + 2/(ch duer. ol + 2/(TT B dyey, ol (3.38)
< 2vdeslla - llejlla + 2l - 10ueslla - e} lla + 2% Bl - 10ueslla - e} -
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We now estimate the terms in (3.38). From (2.15) and (3.12), we obtain
T, E], < 1Elloc + V2M ™2 |El 30, < ¢ [0:Ellg, < ¢ VI £, (3.39)

where we used the fact that: Hp(Q,) — L>(,). Using (3.33) and (3.9) leads to

o S VIQUIWVEM T 1)/27 8vellg - [|e3 |5 (3.40)

Similarly, in view of (3.39), we can show that

lekll o 19verllg [l

2|10, |, 1ower g - |

o < 20 VI 1l - 18ver g - 16l (3.41)

€y
Then, we derive from (3.38) to (3.41) that

T, < 20V @M + 1)27 ueslg - le |15 + 2 (max{lal, 1o} 0z

(3.42)
/1] I flle - 10ues o ) llef o
It remains to estimate 73. Using (2.18), (3.24), (3.33), and the triangle inequality leads to
Ty = 2|((B. — E)Ouf.€})o| = 2|((ck: — ep)Duf €}
< 20001l Ik, + llezla,)lle}lq (343)

< 2/1Q,(10s f|l o |

By the second equation in (2.1), we can see that if f € H}(Q,; L*(2,)), then E € H; T (Q,). A combination of
(3.3), (3.35), (3.37), (3.42) and (3.43) yields

o+ 2100 fllllesllo, llef o

€y

d .2
aH@fHQ < 2(||5t€f\|g + max{lal, [b|}|0zefllg + v/ Q] - | flla - [|0verllg

(3.44)
100l - leml, ) el +2 /BT (VATIDuesllg + 10uf 1) eI
which implies
d
Fllerllq < a®llefllq + B M, N), (3.45)

where
a(t) = V0 (M2 WLy sy + VINT I laguin o + 2107 o) = O,
B(t, M,N) := ||Oses|lo, +max{lal, [b[}|0zefll + v/ [Qu] - [ flla - Ovesllg + 1100 fll - lleellq,

< M0 gz + N 10 g 310
+ cmax{|al, Ibl}(Ml’TIIfIIH;(Qm;Lva)) + NH||f||Hs—1(m;H;(nz>)>
+evb=alFlla (M1 g many + V' i 2z
+ 0 flla MUV B i,

~ O(ler _|_N175).
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Integrating (3.45) with respect to ¢ and using e}(0) = f.(z,v,0) — 1%, fo = 0, we obtain

||€?(t)||9§/0 04(7)||6’}(T)H9d7+/0 B(s, M, N) ds. (3.46)

Finally, the assertion of the theorem follows from the Gronwall inequality. O

Remark 3.1. In [24], the authors proved that for any f which belongs to the Sobolev space
LDO((O,T];HT(QJC),HS(QU)) and O, f € L?(0,T; H™1(Q,; L?(Q,)))NL2(0,T; H*~1(Qy; L?(Q,))) with 7 > 24,
s> % + €, € > 0, the error bound is

Hf(7 '7t) - f*(, '7t)||Q < C(M + N2) (JMI_T-"_6 + N%_S+6).
However, with a weaker regularity assumption in Theorem 3.4, we derived
Hf(’ 7t) - f*(a ’t)HQ S C(Ml_r + Nl_s)a

for r > % and integer s > 2, which significantly improved the estimate in [24]. Such an improvement is largely
due to the use of a more suitable orthogonal projection in the v-direction together with a more delicate analysis.

4. ERROR ESTIMATES OF THE FOURIER-HERMITE SPECTRAL-GALERKIN METHOD

In this section, we consider the velocity variable on the whole line {2, = R and conduct the error analysis
of the Fourier—Hermite spectral-Galerkin method for the VP system. It is seen from Theorem 3.4 that the size
of Q, appears in the error bounds. Such a dependence also occurred in the unbounded case, see [24], where
it was assumed that the solution and its derivatives decay very fast to alleviate this factor. To overcome this,
we shall adopt a different argument and derive some new inverse inequalities and approximation results on the
unbounded domains. The estimates to be obtained improve the existing ones.

4.1. Hermite approximation results on R

We now consider approximations by Hermite functions on €, = R. To this end, the generalized Hermite
function of degree n is defined by

7 (71)71 »2 d" —v? 1 22

Hn(’U) = ﬂ-i 2nn|e 2 d’U”e = me 2 Hn(’l}), ORS R, (41)
which is normalized so that
/ Hp(v)Hpp (v) dv = . (4.2)
R
Define the approximation space
02

Vv =span{¢: ¢ =ec" 29, V) € Py}. (4.3)

Consider the L2-orthogonal projection Iy : L?(R) — Vi such that

(u— Myu, @) =0, YoeVy, (4.4)
or equivalently,
N
Iyu(v) = Zﬁnﬁn(v) where i, = / w(v)H, (v) dv. (4.5)
R

n=0



3650 X. ZHANG ET AL.

To characterize the regularity of the functions, we define the derivative operator dy = 0, + v and introduce
H5(R) := {u:u e L*R), 0*u e L*(R), 0< k <s, k,s € N},

equipped with the norm and semi-norm

s 2
||U||H;(1R) = (Z ||85UJ||2L2(R)> ) |U\H;(R) = ||83UHL2(R)~ (4.6)
k=0

The Hermite function approximations under H'-norm is stated in Theorem 7.14 from [28]: if u € H%(R) with
0<I<s<N+1, then
- l=s
Hnu —ull gy < N2 ulpy®), 1=0,1,2, (4.7)
where ¢ is a positive constant independent of s, N and u.
The following estimate is useful in the error analysis whose proof is postponed to Appendix B.

Theorem 4.1. Let 9, := 9, +v. For any &*u € L2(R) with 1 < s < N + 1, we have

AL N —s+1)!
||Ua1l}(HNU — U)HLZ(R) S C ((]\f—l)') |u|H:Z(R)7 0 S l S S — 1, (48)
and
N (N —s+1)!
[0, (Mnu — u)| 2@y < ¢ WlMHZ(R)a [=0,1. (4.9)
In the error analysis, we also need the following L°°-estimates.
Theorem 4.2. For any 03u € L2(R) with 1 < s < N +1,
Ty — | ooy < eNT73 [ul s ). (4.10)
For any u € HY(R) N H5(R) with 2 < s < N + 1, we have
10 (Myw — ) | oo ry < N3 Jul gy - (4.11)

Proof. The first estimate can be derived from (4.7) and the Sobolev inequality (C.1) straightforwardly. The
proof of the second result is given in Appendix C. (]

To estimate the integration of the projection error, we introduce another Sobolev-type space. For any real
s > 0, we define

Hj(R) = {u: [ull g ) < oo}, (4.12)
equipped with the norm and semi-norm
oo 1/2 s 1/2
||UHH;'3(R) = (Z(l +n)* ﬁn|2> ) |u|Hf3(R) = (Z n’® |ﬁn|2> ) (4.13)
n=0 n=1

where {4, } are the coeflicients of Hermite function expansion for u(v). There holds the following equivalence
of the norms when s is an integer. We provide its proof in Appendix D.

Lemma 4.1. For integer s > 0, we have the equivalence

lullrrs ) ~ [lull g r)- (4.14)
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On a finite interval, the imbedding L? — L' is obvious, but it does not hold on R. However, we can derive
the inverse inequality (4.15), which, together with the approximation result (4.16), is critical in dealing with the
integral terms of the VP system. It is noteworthy that the factor O(N'/4) in (4.15) seems optimal (see Rem. 4.1
below).

Theorem 4.3. For any ¢ € Vi given in (4.3), we have

/R 6(v) dv

For any u € H§(R) with integer s > 1, we have the following estimate for the orthogonal projection Iy defined

in (4.4):
/R(f[Nu - u) (v)dv

Proof. We first prove (4.15). For any ¢ € Vy, we have

A¢(v)dvién4ﬁn(v)dv

where we noted that Ha, 1 (v) is an odd function. Recall that the identity (cf. [16], 7.373):

<VBEN)T|¢] L2 (m)- (4.15)

< N5, (Myu — )| L2y < N2 [l s r).- (4.16)

[N/2]

S o / Fon(v) do, (417)
n=0

(2n)!
nl2n

/ Hyp(v) dv = Var - (4.18)
R

One verifies readily that the sequence {((273));@} is monotonically increasing and ((2:,))'2\2/2@ — 1, as n — oo.

Thus we obtain

ot 11
(2> = Va Vi

Using the Cauchy—Schwarz inequality, we find from the above that

n>1. (4.19)

1/2 1/2
(N/2] 2n)! [N/2] 9 [N/2]
4 n n) 4 ~ (277,)'
/R o) do| < Vim 3 16| < Vir| 3 b2 > G

1/2
< VRI6l0e) ¥ (j% \E) = Ve el

where we used the fact

N (2n)! IN)! 3

This ends the proof of (4.15).
We now turn to the proof of (4.16). For notational simplicity, we denote ey = u — IIyu, and obtain

/ReN(v)dvz _f: in [ () dv = f: dgn/ﬁgn(v)dv.

R
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FIGURE 1. The ratio |f9v ¢ dv|/[|¢[|L2(q,) With the expansion coefficients of ¢ € Viy in [0, 1]
randomly generated by “rand()” (left) or “normpdf ()” (right).

Using (4.18), (4.19) and the Cauchy—Schwarz inequality, we obtain from (4.13) and Lemma 4.1 that

= (2n)!
’/GN dv < \/4 47 E |U2n|W
n=[N/2]+1
0o 1/2 ) 1/2
) 1 (4.20)
< \@< E nu2n|2> ( E n3/2)

n=[N/2]+1 n=[N/2]+1
_1 _1 _1,A
<cN7dlen|pym S N7 len|lmy @ < N7 |[0venllr2r),

where we used the bound

i 1 _ /Oo L gz <eN-d
— < ——dx <c .
n=[N/2]+1 n/? /2 T3/

Then the desired estimate (4.16) follows from the known bound of ||dyex || r2(r) given in Corollary 7.3 from
[28]. |
Remark 4.1. The order O(N1/4) in (4.15) appears optimal. Indeed, there exist many ¢ € Viy that can nearly

attain this bound as we illustrated below. We examine the ratio Ry[¢] := | [ #dv|/|||L2r) by taking the

expansion coefficients of ¢ € Vi to be {¢, = Aa,}N_, with the vector of a, € [0,1] randomly generated
by rand(N+1,1) or normpdf () (with z; = -5+ 10j/N,j = 0,1,--- ,N) in Matlab. Note that the nonzero
constant A is scaled by the ratio. In Figure 1, we depict the ratio R x[¢] and the reference line N 1/4 in log-log
scale from which we observe Ry[¢] ~ N1/4.

4.2. Fourier—Hermite approximation
Define the tensorial subspace VY := Fa; x Vy, and the orthogonal projection:
I3 =Ty o My : H) (Qu; H'(R)) — V).

The Hermite function approximation results stated in the following two theorems will be directly used in the
error analysis. As their derivations are very similar to those for the Legendre cases in Theorems 3.2 and 3.3, so
we omit the details to avoid repetition.
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Theorem 4.4. Let 1 <r<M+1and1<s<N-+1.If f € H ' (Q; L*R)) N H5 ' (R; L2(Q,)),

[f =T fl < eM*™ W ez . L2(R))+CN ||f||H5 L(R;L2(2,))"
If f € Hy (3 L*(R)) N HY Y (R; HY (), then

102 (F = T 1) |y < M| Fllrrg sy + N7 | £l s (R HL(Q.))-
If f € Hy ' (s HY(R)) N HY (R; L2(Q,)), then

100 (f =13 ) o < M "1 Nl (i ) + N || fll i iz )

where ¢ is a positive constant independent of real r, integer s, M, N and f.
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(4.21)

(4.22)

(4.23)

1 € . .
Theorem 4.5. We have the following estimates. If f € Hy(2; L= (R))NHj (R; Hp2+ (Qg)) withr > 3, integer

s>1, and € > 0, we have

1_, 1_s
[ = TRl e 0y < M2 Fllrrg 00 ) + €N T2 f g iz 000)
+cM eNi%

oy ord* )

If f € Hy(Q; L=(R)) N Hi_l(R;H§+E(Qx)) with r > 2, integer s > 2, and € > 0, we have

000 = TR oy S MFTM Ny o, ey T N2

M TN

HY™ 1( H§+6(Qw)>
e (R;H§+€(Qm)) ’
If f € Hy (s HY(R)) N HY(R; Hé+€(ﬂx)) with v > 3, integer s > 2 and € > 0, we have

3 _ 3 _s
H(’) (f - 113, f)HLoc(sz < cM> T”fHHT’lQ )y TN E | fllms 0= 0.))
+eMTENiTE Il

s (®; H2+€(Q )

4.3. Error estimates

Like (3.24), we introduce similar notation for the Hermite case
ef=f—TNf, es=E-TYE, €} =/f—1yf, ep=FE.—1}E,

where T19, is defined in (3.6) and ITY; = Iy o TTy.

We are now ready to conduct the convergence analysis and present the main results as follows.

(4.24)

Theorem 4.6 (Error for Fourier—Hermite). Let f and f. be the solutions of (2.8) and (2.18), respectively, on

the domain Q = Q, x Q, with Q, = R. If

feL®(0,T; H) (R L*(R))) N L*(0, T3 Hy ' Q0 HA(R))) N L?(0, T3 Hy ' (20 H'(R)))

NL>®(0,T; Hy (R; L () N L*(0,T; Hy ' (R; Hy (),
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O f € L*(0,T; Hy ' (Qq; LA(R))) N L2(0, T3 Hy ' (R; L2(Q)) and vf € L*(0,T; H} (Q; L2(R))), then for any
real r > 1 and integer s > 2, we have

—_r _s —r 1—-s A
||f - f*HQ < C(M ||f||H;(Qm,L2(]R)) + Nz ||fHHf‘(]R,L%(Q ))) +C(M1 B}c + N2 ch

>

A . . . (4.25)
+METNTIBY 4 MANT B 4 N B 4 M—<’“+1>B§),
where
A1 ' 0
B} = /0 (IlatfHH;fluzz;mR)) Hofllyuire @) + T E oo o) 1 11 00 )
_1 ta(n)d
+NT ||3foLoc(Q$;L2(R))||fHH;*1(QI;Hi‘(R))) ef- &) Tdr,
t
2 0 _1
B} = / (10015 w2000y + (IS Bl e oy + N 100 iz ) ) W g 22 00))
x eli &) dn g
t
H3 _ 2 2 ta(n)d
Bf - /O (HfHH;_l(QI;H}l(]R)) + ||f||H;*1(Q‘T;H1(R))> ef" (n) TldT’
t
31 _ 2 [t atn dn
Bf - /0 Hf” Z(Rﬂlﬁ(ﬂz)) € dT?
t
5 ta(n)d
B; = /0 HfHHZ*l(R;Hg(Qm)) eframdn gz
t
B = [ 101wl 0,
with
alt) = V3(MET N fll g1 g ) + VEMENTE | fllay iz )
1
H 1100 f | oo (0, 12y N T = O(VN).
Proof. Following the argument in Section 3.4, we also split the error into three terms
Ll <7+ B+ 4.26
a’efQS 1+ 13+ 713, (4.26)
where
T =2[(0eg,ep)al, T2 =2|(F.-Veyp,ef)al, Tz =2[(F - F.)-Vf efal
The upper bound of 7; can be obtained by using the Cauchy—Schwarz inequality
Ti < 20resllg, - [l || (4.27)

similar to (3.37). However, the estimate of 75 is more involved for two reasons. Firstly, the interval €, becomes
infinite, so the estimates (3.33) involving the length |§2,| cannot be used. Moreover, the identity (3.30) is not
valid. To obtain a meaningful upper bound of 73, the estimate of 9, e}, is essential. Using Theorem 4.3, we derive

1/2 2 1/2
’(/efdv,axe*E> = ‘/ /efdvame}i;dx < (/ (Bme*E)zdx) (/ (/ef dv) dx>
R Q. Q. JR Q Q. \JR

< eN~5||Dey |, - 10nenlq,
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In a similar way, we also can derive that

)(/e}dv,@w})
R Q

Taking ¢ = 0 e}, in (3.27) leads to

a2, < \( e dv,axeg)
Q Q

v x

< VBN ler|l, - lomekllg, -

2

+ ‘ </ ef dv,@xe}‘;)
Q, Q

x

—114 * i« *
<cN™13 av‘efHQ ) ||6$6E‘||QI + \/§(2N>4 } Cfllq - HaﬂieE‘HQIv
which yields
10z€llq, < eNTH||dues|,, + VBEN)*[|e}]|,- (4.28)
Using the identity F, = e} + I, F, we estimate 75 as follows
T =2|(Fx - Vef,e;)gﬂ < 2|(’Uamef,e?)g| + 2|(E*(r“)v€f,e})g| (4.20)
< 2[vdseslla - lleflla + 2llek o - [0veslle - leflla + 2 Bl (o, - |0uveslla - €} llo- ’
Noting that |le}]lq, < ||0ze%(q, and substituting the inequalities (3.9) and (4.28) into (4.29), leads to
11 5 x
T = 2<||vagcef||Q +MEN"7 el - [[0ves g + M3 B e g, - ||a,,ef||9) ezl (4.30)

1

+2V3 M3 (2N)(|0eslg, - [|ef]|

Q

s
Different from the previous Legendre case, the estimate of ||[v0,ef| whose factor v cannot be bounded by a

constant any more in this case. Here, we used a tight bound that leads to a tradeoff by v N. We next estimate
7s. Using the triangle inequality, equations (2.3), (3.24) and (4.28), we obtain

Ty =2|((F = F.) - Vf,¢})al = 2|((E. = E)duf,¢})al
=2|((e}; — ep)duf. €})|

< 200, f (e llo. + lezllo.)leflo (31
< 2000 flloc (N~ 4 [ueslla + VBEN) i€ lla + lenlia,)llef o
which brings about the factor v'N in (M, N,t). A combination of (4.27), (4.30) and (4.31) yields
d 1 1 1
glerlo < (VM= @2N)F[10veslla + clldufllL=(@.iz2@)yN)lefllo + 19ies o + [[vses o
+eMANTH[Duesllo - [Dueyllo + TR Ell~(0,) - |0ves o
+ N5y fll Lo (2,22 19ue sl + 100 fllocllem o,
By Theorems 4.1, 4.3, 4.4, and applying the Gronwall’s inequality, one can obtain the desired bounds. (]

Remark 4.2. Manzini et al. [24] analysed the Fourier-Hermite spectral Galerkin method under the regular-
ity condition f € L>(0,T;H"(Q,) x H*(R)) and 9,f € L*(0,T; H"*(Q) x L*(Qy)) N L2(0,T; H5~1(€,) x
L?(Q,))with r,s > 2+ ¢, € > 0, with the error bound

1£(t) = f@®)lle < C(1Q0], £) (M + VN) (M 7rFe 4 NO=et29/2)
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where the constant C(|€2,], f) depends on the exponential of the length of €, and the regularity of f as in
the Legendre case. The essential argument therein is that €2, = R can be understood as a “finite” interval
(Umin, Vmax) if the solution (and its partial derivatives) decays sufficiently fast.

Note that in our error bound, the dependence becomes exponential of v N (which appears sharp), and we
improve the convergence order under weaker regularity conditions:

1F(2) = Folla < C(YN, £) (M7 + N175),

where r > 1,5 > 2.

5. FULL DISCRETISATION SCHEMES AND NUMERICAL RESULTS

In this section, we provide some numerical results to demonstrate the accuracy of the proposed spectral
algorithms and simulate some interesting dynamics of the VP system.

5.1. Full discretisation scheme

Here, we employ the Crank—Nicolson scheme in time and proposed spectral-Galerkin method in space and
show that full discretisation scheme enjoys the mass conservation.
Let 7 be the time stepping size and 7, = k7, k = 0,1,--- , K := [T/7]. Introduce the finite difference operator
and grid average
5+ _ fk+1 fh kar% _ fRHL g fk:'
T T ’ 2
The Crank—Nicolson Fourier-Legendre (CNFL) scheme (resp., Crank—Nicolson Fourier-Hermite (CNFH)
scheme) for (2.18) is to find f¥ € Fpr x PY (vesp., fF € Far x Vi) and E¥ € Fys such that

(0 £2 )y + (v0e 0 0) = (BERo i w) =0, vwevd,

bty gkt 5.1
(a E )Q (1 Jo FE7% v ¢) Vo€ Far, (5.1)
0 =14 fo, (z,v) € Q1= Qy x Qy,

which preserves the mass in the following sense.

Theorem 5.1. Let f**1 be the solution of (5.1). Then for all k =0,--- , K — 1, we have

k+1 k 0
17 g = Il = - = 1]l (5-2)
Proof. In view of the periodic condition in x, we have
12
(v@ P m) :/ v@gg(ffn) dxdv:_/ v(ff+ ) ‘ dv =0,
o Ja,xa, Q, 02
and similarly, in view of the homogeneous boundary in v, we obtain
1 1 1\ 2
N e e - (o) N
Q Q. 00,
Thus, taking ¢ = 2fj<€+§ in the first equation of (5.1) leads to
k+3 2
2(57 75, 157 8) = 2 (16— 7)) =0
which implies the desired property (5.2). O

It is seen that the scheme (5.1) is implicit, so we use the Newton iteration method to solve the resulting
nonlinear systems in the following numerical tests.
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5.2. Numerical results

For the accuracy test, we consider the VP system

Oef +v0,f —EO,f =g in Q, xR, (5:3)
0:E=1—p with p= [, fdv in Q, .
with the exact solution
1 w2 s 1
fz,v,t) = —(1 + ecos(wz + t))|v]°e” 7, «a:=2 ;1I‘<s—; >, 5> 0, (5.4)
@
where €, w are given constants. From direct calculation, we find the corresponding source term is
v? »2
glz,v,t) = — < (1 4+ wv)sin(wz +t) [v[°e™ 2 + ‘o sin(wz + t)(1 4+ ecos(wz +t))e” = (5.5)
e’ e .
x (s|v]*'sign(v) — |v]*).
Accordingly, the initial distribution function is
]. 1!2
fo(z,v) = =(1 4+ ecos(wz)) |v|*e™ 7. (5.6)
o

As a matter of fact, it can serve as a multipurpose example to test the accuracy of the scheme and simulate the
dynamics. More precisely, a road-map to conduct the numerical tests is as follows:

(i) Case-I: accuracy test. We apply the CNFL/CNFH scheme (5.1) to (5.3) with smooth or non-smooth exact
solutions given in (5.4). Here, we choose s = 0 and s = 1,2.1, 3, respectively. For the CNFL method, we
extract from the exact solution the boundary conditions at v = a, b.

(ii) Case-II: Landau damping. Landau damping is a classical kinetic effect in plasmas, due to the resonance
of particles with an initial wave perturbation. To simulate such dynamics, we set g = 0 in (5.3), and take
the initial distribution function to be

2

1
= — 2
folz,v) \/ﬂ(l + ecos(wx))e” 7, (5.7)
as in [9,13,23]. In this case, there is no exact solution, and for the CNFL method, we choose suitable a, b,
and impose homogeneous Dirichlet boundary conditions at v = a, b.
(iii) Case-III: two-stream instability. Two-stream instability is a common phenomenon in plasma physics. It
is therefore of interest to numerically study this phenomenon wia the proposed numerical scheme. We use
a setting similar to that in Case-II, but take the following initial distribution function:

1 2
z,v) = ——(1 + ecos(wx vie T, 5.8
fola) = —=(1+ ecos(or)) (53
For clarity, we report the numerical results for the above three cases obtained by the CNFL and CNFH
schemes separately in the following two subsections.

5.2.1. Numerical results for the CNFL scheme

As the first example for the accuracy test, we consider the VP problem (5.3)—(5.6) with s = 0, and take
e=1lw=1Q, = (0,2m), Q, = (-8,8). To verify the second-order convergence in time, we choose N = 50
and M = 6 (note: 2M + 1 Fourier modes in total) to ensure the spectral accuracy in space. In Table 1, we
tabulate the discrete L>°- and L?-errors and order of convergence various 7 at t = 1, which clearly indicates a
second-order convergence.
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TABLE 1. L°- and L?-errors and convergence in time (CNFL).

T L>®-error Order L%-error Order

1/2 1.397e-2 — 3.240e-2 —

1/4 3.429e-3 2.0263 8.218e-3  1.9793
1/8 8.649e-4 1.9871 2.064e-3  1.9936
1/16  2.167e-4 1.9970 5.165e-4  1.9983
1/32  5.419e-5 1.9993  1.292e-4  1.9996
1/64 1.355e-5 1.9999  3.229e-5 1.9999

s=1 s=2.1 s=3
2x107 6x107g
8 o 7 Al N o 7/ o [/
S o |If = fell~ o o |If = fillo o |If = fillso
N o\\ - O(N—l.a) ‘o\\ - O(N—ZG) 10_2 \\ o - O(N—?’ia)
10 ARG S~ --O(NT W — - o(N" 2 )
NN 8. .
\\D :)\ ‘\\ ~a
N o 10° A A
§ A c\\\ § \\g\ § °3
@ \\ﬂ oo\\ 5] \8\ 510-3 ‘3
N o N N o NS
O o NN LN
N g ° \a oN INPRN
N N o N
o RN a-s
ta N oo \q\o\
N} \(-‘ o do°
. ] 4 w07
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102 1074 L
30 70 150 30 70 150 30 70 150
N N N

FIGURE 2. The convergence rate of the CNFL solution on the direction of v. We take (5.4) as
the exact solution with s =1,2.1,3, e =w =1 and 7 = 0.005.

In the second test, we consider the VP system (5.3) with s = 1,2.1,3 in the exact solution (which has
limited regularity). To test the convergence rate on direction of v, we take ¢ = w = 1,7 = 0.005,Q, = (0, 27),
Q, = (—8,8) and fix 2M 41 = 13 Fourier modes, but run up 7' = 0.1. In Figure 2, it shows that the convergence
orders in L? norm, L*™ norm are s + % and s, respectively, and the convergence behaviours are consistent with
the Legendre approximation results for such functions with limited regularity (see e.g., [20]).

With above accuracy tests, we are now ready to simulate the Landau damping in Case-II, where we set g = 0
in (5.3) and take the initial condition (5.7). Though we do not know the exact solution in this case, we can
verify the conservation in Theorem 5.1. Here, we take e = 0.01,w = 0.5,8,, = (0, 47),Q, = (—8,8), and choose
the discretisation parameters in the scheme (5.1) to be N = 50, M = 25,7 = 0.005. In Figure 3 (left), we plot
the difference ||f*|lo — ||f°|lq (but in the discrete L2-norms) for t+ < T = 20. We see that the property (5.2)
is well-preserved in the sense that there is no error in time and it is spectrally accurate in space. In Figure 3
(right), we record the evolution of the numerical electric field E* in discrete L'-, L?- and L*°-norms, where the
dashed line has a slope: v = —0.1533, so the electric filed in such norms has an exponential decay O(e*?) as
observed numerically in [3,13,14].

In the two-stream instability test in Case-III, we take g = 0 and choose the initial function to be (5.8). It is
known that the VP system with the such initial input will develop some instability vortex structures as time
evolves [3,9]. To demonstrate this, we plot the distribution function at time ¢ = 0, 10, 15, 20 in Figure 4. Indeed,
we observe the same instability pattern for slightly large ¢ as shown in these literature.

5.2.2. Numerical results for the CNFH scheme

We next conduct similar numerical tests for the CNFH scheme as for the CHFL scheme. In this case, 2, = R.
As before, we first test the accuracy and consider the system (5.3) having the exact solution (5.4) with s = 0
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FIGURE 3. Weak Landau damping of the initial distribution (5.7) with ¢ = 0.01, w = 0.5 and
7 = 0.005. Left: time evolution of the efforts between the discrete L?-norm of the numerical
distribution f* and initial distribution f°. Right: time evolution of the numerical electric field
E in discrete L'-, L?- and L*°-norms.
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FIGURE 4. Evolution of the distribution function f for time ¢ = 0, 10, 15, 20.
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TABLE 2. L°°- and L?*-errors and convergence in time (CNFH).

X. ZHANG ET AL.

T L*>®-error Order L?-error Order
1/2 1.422e-2 - 1.288e-2 —
1/4 3.496e-3 2.0242 3.268e-3  1.9791
1/8 8.677e-4 2.0102 8.205e-4 1.9936
1/16 2.166e-4 2.0024 2.054e-4 1.9983
1/32  5.412e-5 2.0006 5.135e-5  1.9996
1/64 1.353e-5 2.0001 1.284e-5 1.9999
4x102 =1 2x10° =21 2x10 =3
o |f=£ll o |f= £l N o ||f = £l
~_ ° o [If = fill o |f = fillo AN o |If = fill
~< ——O(NY) — — O(N1%%) N ——O(N?
T, o R - - O(N-'%) \\ S - - 0(N1%)
\\\E \\\O\‘o\ \\\\ \\\\Q \\\\ b\\\o\
5 e s1s R The . 8 N el
\\D\ 2x10% \\\u \o\“’\Q 2x10% S\ . \°\“
4x10% 5x10° . 5x10°% >
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FIGURE 5. The convergence rate of the CNFH solution on the direction of v. We choose (5.6)
as the initial value with € = 1,w = 1,7 = 0.005. The cases that s = 1 (left), s = 2.1 (middle)
and s = 3 (right) are considered.

and € = w = 1. As the solution is smooth, we take N = 10 and M = 6. In Table 2, we tabulate the discrete L>°-
and L?-errors and order of convergence various 7 at ¢ = 1, which clearly indicates a second-order convergence.

Similar to the second test in the CNFL method, we choose s = 1,2.1,3 in the system (5.3) with (5.6) and
(5.5) to test the convergence order on the direction v by the Hermite function approximation. Here, we take
€=w=1,7=0.005,, = (0,27). From Figure 5, we can see that the order of convergence in L? norm and L>
norm at t = 0.1 are 8*2'1 and 3, respectively. As expected, they are half of orders for the Legendre approximation

as shown in Figure 2.

In the third test, we consider the Landau damping in Case-II, and follow the same setting as for the CNFL
scheme. In Figure 6 (left), we plot the difference || f¥||q — || f°|la for t < T = 20. We see that the property (5.2)
is well-preserved in the sense that there is no error in time and it is spectrally accurate in space. In Figure 6
(right), we record the evolution of the numerical electric field E¥ in discrete L!-, L?- and L*°-norms, where
the dashed line has a slope: O(e*?), v = —0.1533, but the norm of E¥ grows after ¢ = 13. Although the CNFH
approximation preserves the L? norm of f* (see Fig. 6 (left)), it cannot ensure the same exponential decay rate
of the electric field for long-time simulation.

Finally, we demonstrate the two-stream instability phenomenon of the distribution function f in Case-III. As
with the last test for the CNFL scheme, we choose (5.8) with € = 0.01 and w = 0.5 as the initial distribution
function. The computation domain is = (0,47) x R. We take N = 51, M = 25 and 7 = 0.01 in the scheme
(5.1). Similar to the results obtained by the CNFL method, the CNFH method can also capture the two-stream
instability vortex structure when t is large as shown in Figure 7.
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FIGURE 6. Weak Landau damping of the initial distribution (5.6) solved by the CNFH method
with s = 0, € = 0.01, w = 0.5 and 7 = 0.005. Left: time evolution of the efforts between
the discrete L?-norm of the numerical distribution f* and initial distribution f°. Right: time
evolution of the numerical electric field E in discrete L'-, L?- and L>°-norms.
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FIGURE 7. Evolution of the distribution function f for time ¢ = 0, 10, 15, 20, which is obtained
by the CNFH method.
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5.3. Concluding remarks

In summary, we provided some improved error estimates for the spectral approximations of the Vlasov—
Poisson system with the velocity variable both in a finite interval or on the whole line. The arguments and
main tools can be extended to the analysis of spectral methods for the general dD-dV Vlasov—Poisson system.
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Although we did not analyse the full discrete scheme, it is not difficult to mimic the analysis of the semi-discrete
scheme to obtain the estimates for the Crank—Nicolson discretisation in time. It is noteworthy that we analyzed
herein the symmetric Hermite function approximation in the velocity variable which conserves the mass and has
the non-weighted L?-error estimates. In fact, it is advantageous to use the asymmetric Hermite functions (see
e.g., [4,13,18]) that lead to simultaneous conservation of mass, momentum and total energy. However, the error
estimates are only available in certain weighted L2-spaces. It appears open to obtain the usual non-weighted
L2-estimates.

APPENDIX A. THE PROOF OF LEMMA 3.5
In order to prove Lemma 3.5, we first introduce the L2-orthogonal projection 7y : L?(A) — Py defined by
(rvu—u,9), =0, Vo€ Py. (A1)
Then, the corresponding approximation result ([28], Sect. 3.5) is: for any v € H*(A) with integer 0 < s < N+1,

I = ullaa) < Nl a), (A:2)

and for 1 < s < N +1,
| (rvu — HLZ ) < eN3~ ul s (a)s (A.3)

where c is a generic positive constant independent of u and N. In Section 3.5 of [28], the authors also gave the
error estimates when s > N + 1, but here s < N + 1 is considered.
Recall the Sobolev inequality (see e.g., [1]): for any u € H'(A), we have
”uHLOO(A) < 2||UH1§{1(A)||U||22(A)~ (A.4)

From (A.4), we obtain

2

1,0 1,0 1,0
H85<7TN u_U)HLw(A) S2H85<7TN u_u) Hl(A)H 5<7TN u_u) L2(A)

<ofat(etta- )]+l ) ot

L2(A)
In view of Lemma 3.4, it suffices to estimate H@g (w]l\}ou —u)||z2(a)- For this purpose, it is essential to show that

. (A.5)

L2(A)

ey u(€) = mn_10cu(f), Yu € HE(A). (A.6)
To derive this property, we define

D (§) = Poy2(§) — Pu(§), meN. (A7)

Using the derivative recurrence relations of Legendre polynomials ([28], (3.176a)):

(2n+1)Po(§) = Py (§) = Ppa(§), n=1,

and
(1= 70 = D (Pus(©) = PanO) = 500+ 11 - )P (E),
we find .
B(©) = n+3) [ Pl dn=an(t = @RIV, @, = - (A9
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By the orthogonality of Jacobi polynomials {P,Sl’l)}, we have the orthogonality:

Note that Hj(A) € L2, (A) (cf. [28], (B.40)). For any u € H}(A), we write

oo X A _i 1 . .
wE =D ina(©): = / PO - ) e

We can expand O¢u in series of Legendre polynomials:

o0

eu(€) =Y alD Pu(e), ) = =5

n=0 -1

Integrating it on both sides and using (A.8), leads to

o £
u@) =Xl [ Pamdan=+9 “’+Zun+1/ Prir(n

n=0 -1

—(1+6)a 1)+Z2"113 n(6),

which, together with the fact: u(£1) = 0 and (A.10), implies
1181) =0; o =©2n+4 1,1, n>1.

As a result, we can write

8§u i ﬁgl n

n=0
Since P, = span{®,, : 0 < n < N — 2}, we infer from (A.9) that
N-2
TN u(€) = D i@ (€)
n=0
By (A.8) and (A.11), (A.12), we have that for any u € H}(A),
N—2 N-2
ery'u(€) = D n®,(6) = Y (20 + 3)inPry1 (€) = my-10¢u(§).
n=0 n=0

Thus, from (A.3), we conclude that for integer s > 2,

Jo2 (=& w)]

Hence, the estimate (3.16) follows directly from Lemma 3.4, (A.5) and (A.14).

= ||0c(mN—10:u — 8§U)HL2(A) < CN%_S|U Hs(A)-

L2(A)

Z 20+ Vi1 Po(§) = Y (20 + 3)itn Pry1 (6).
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APPENDIX B. THE PROOF OF THEOREM 4.1

We first introduce the Hermite-weighted Sobolev space. Denote w := e~ and define
HS(R) := {u : 3ffu € Li(R), k=0,1,--- ,5},

with integer s > 0, which is equipped with the norm and semi-norm

2

sy = <Z||ajfu|}ig®> s ulas @) = 110ull 2 (gy-
k=0

We then give a lemma that will be used in this proof.

Lemma B.1. Let w(v) =e~%". Then for any u € H2(R), we have
HvzuHLg(R) < cflull g2 gy- (B.1)
Proof. By Lemma B.6 of [28], there has

loull L2 ) < lullaz @y [10Ouull 2 () < cllullmz )- (B.2)

Applying integration by parts and the Schwarz inequality yields,

o0 1 oo
v (v)w(v)do = = Dy (v*u?(v))w(v) dv
[

< / vu2(0)(v) v+ [0u(0) |2 g - [1000(0)]] 2 2

— 00

To demonstrate the integration above on the left is bounded, one only needs to estimate the first term on the
right side of (B.3). Using the integration by parts and the Schwarz inequality again, it is not hard to see that

/ o ()w(v) dv < [[ull 22 g lul s m).

Thus,

/ vPu? (0)w(v) dv < lull gz @y [l ) + vu@)ll e @) - [v00ull L2 (&),

which indicates that v3u?(v)w(v) — 0 as v — +oo. Therefore, one has
o 1 e 9]
/ (v2u(v))2w(v) dv == / (3v2u?(v) + 2v%u(v)dyu(v))w(v) dv

o 2 ) o (B.4)

3 2 1 2 2 1 2
< §||UU||L3(R) + 5“” “HLg(R) + 5”“8”“HLE(RP
which finally gives (B.1). O

Proof of Theorem 4.1. We find from (4.5) that

w2

. V2
IIyu = e_THN<ue7> € W, (B.5)
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where Ty and Vy are defined in (4.4) and (4.3), respectively. Here the operator Iy : L2(R) — Py is the
L2-orthogonal projection associated with the Hermite polynomial expansion. According to Corollary 7.3 of [28],
we have the approximation error for the projection Ily: for any asu € L*R), with0<I<s<N+1,

(N—s+1)!

< -—_ .
L2(R) ¢ (N—=1+1)! (B.6)

U

8t (fINu - u)\

L2(R)

With the aid of (B.G), we will derive an upper bound of L2-orthogonal projection error that multiplied by
v. By the definition of Iy, it is clear that
w2 A~
= o2 (e (B —u))
LZ(R)

w2 02
ot 072 e
Notice that 8i(e§(ﬁNu —u)) € L?(R). Using the inequality ([28], Lem. B.6), there has
w2 A ~
ook (e (M=), < o (e (=)
H (R)

:c(‘ Av(lﬁ[Nu—uﬂ éf}Jrl(ﬁNu—u)’

Then thanks to (B.6), one finally derives that

o0t (Tix (e ) — e )|

L2 (R)

@

N

gl

2
o)

L2(R)

<l ()]

L2 (R) L2?(R)
(N —s+1)!
< - 7
=scC (N _ l) |u|H
It notes that
AL (e _ 1 2 N 22 ’
) = o e0) <), o

Then the first statement in (4.8) follows.
Next we will prove the second statement. The estimate (4.9) with I = 0 follows from the (4.8) with [ = 0. For

=1, we find
vav(f[Nu—u) =ve 7T, (HN<ev7u> —e%u) — 2 efv7<HN(evTu> —e%u).

Hence, by Lemma B.1 and Theorem 7.13 of [28],

1/2 ’U2 1)2
L2(R) = Hve*T&, (HN(GTu) —e7u>‘
< CHHN( T ) — e%uH + HHN (e%u) — e%uH
H}(R) H2(R)

(N —-s+1)!
<c WMH (R)s

o v )

which completes the proof. O
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APPENDIX C. THE PROOF OF THEOREM 4.2

Recall the Sobolev inequality ([28], Lem. B.6): for any u, d,u € L2 (R),

1
< 2flullf,

_ 2 1
‘F2“H ® Ui =)

Le=(R)

In view of (B.5), by triangle inequality,

1)2 ’L72 1)2
| (7 (1 (o) — )|
L= (®)

Op (ﬁNu — u)

.

IN

=1+ L.

By (4.7), (4.8) and the Sobolev inequality (C.1), we obtain that

[N

1
: ‘

2 V2
I < 2HU(HN(UCT> — uoT)
1
2
o

Similarly, we have from (4.7) and (C.1) that

(1t (o) —ue ) |
L3 ®)

As
ou

LZ,(R)

<ofine)

‘ﬂNu B UHL2(R) + Hvé” (ﬂNU B u)‘

3_s
< N3 72 ulmy )

=

1232‘

83<HN<ue§) —ue%)

3_ s
= Nz~ 2 |U|H2(R)~

LZ(R)

< Ni-3

L2(R)

A combination of the above facts leads to the desired result (4.11).

APPENDIX D. PROOF OF LEMMA 4.1

Using the derivative formula of the Hermite polynomial (cf. [28], (7.126)):

2kn)

O H,(v) = G

nfk(v)v

we obtain from (4.1) that

In view of the orthogonality (4.2), we have

A~ Ay 2knl
*H *H = mn.
[ B8 av = i,

2 02 v?2 02 02 v
He*TfU(HN(ueT) fue7>H +He*TGU<HN(ueT) —uez
L= (R)

’U2 ’U2
Oy (’UHN (UCT) - v(ucT)) H
LZ(R)
3
)
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Thus, by the Parseval’s identity,

S o0

n! 9
ngz =] |t |

s g = 3 1050 Za = SIS i 05 H 2o =
Ul s (R) v U L2 (R) Un Oy Hnl|L2(R)
k=0 k=0 n=0 k=0 n=k

n S

: 2kpl 9 > 2kpl 9 9
:ZZWWH + Z men\ ~ NullEs r)-

n=0 k=0 n=s+1k=0

This ends the proof.
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