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ERROR ANALYSIS OF FOURIER–LEGENDRE AND FOURIER–HERMITE
SPECTRAL-GALERKIN METHODS FOR THE VLASOV–POISSON SYSTEM

Xiaolong Zhang1, Li-Lian Wang2,* and Hongli Jia3

Abstract. We conduct a rigorous error analysis of the spectral-Galerkin methods for the 1D-1V
Vlasov–Poisson system with the velocity variable in both finite and infinite domains. The estimates
significantly improve the very limited existing results. We also provide numerical results to demonstrate
the effectiveness of the analysed methods.
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1. Introduction

The Vlasov–Poisson (VP) system is a model that describes the evolution of charged particles under a self-
consistent electric field. It involves two unknown fields of a spatial variable 𝑥 ∈ R𝑑 and/or a velocity variable
𝑣 ∈ R𝑑 (𝑑 = 1, 2, 3), together with the temporal variable, which amounts to a nonlinear system of partial
differential equations (PDEs) in 1 + 2𝑑 dimensions. The development of effective numerical methods for this
high dimensional model is still an active research topic that attracts much recent attention.

In general, there are three classes of numerical methods for solving the Vlasov-type equations. The first
category is the Particle-in-Cell (PIC) methods. The PIC technique is usually built upon the discretisation in
the phase space via macro-particles that evolve by Newton’s equations in the self-consistent electromagnetic
field (see e.g., [5, 17]). The essential idea is to approximate the plasma by a finite number of pseudo-particles
and computes their trajectories. Secondly, instead of following the particle trajectories, the Eulerian–Vlasov
method directly solving the Vlasov equation on a grid of phase space is an efficient alternative to the PIC
method in some cases [8, 14]. As with the Eulerian approaches, the semi-Lagrangian methods based on the
phase-space approximation are developed in e.g., [11, 19, 27]. A third class of methods is the transformation
(spectral) methods, which is based on the expansions of distribution function and electric field function in
global spectral basis functions. Remarkably, spectral methods enjoy the spectral accuracy with relative smaller
number of degree of freedoms when the underlying solutions are smooth. In particular, the well-developed
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spectral methods in unbounded domains (cf. [28], Chap. 7) turn out attractive for dealing with the velocity
variable. Although the Hermite and Fourier spectral methods were developed for solving such models in [2]
about half a century ago, they become popular in solutions of plasma physics problems only in the last decade,
see e.g., [4, 6, 10,12,13,15,18,21–23,25,26] and the references therein.

While there have been much development and applications of Fourier and Hermite spectral methods, the
works on the error analysis are very limited. Pulvirenti et al. [26] was perhaps the first to analyze the Fourier–
Hermite method for the VP system where some convergence results were obtained through the analysis of the
expansion coefficients. Manzini et al. [24] analysed the Fourier–Legendre spectral method (under the assumption
that the velocity variable 𝑣 is in a finite domain) and Fourier–Hermite spectral methods for the 1D-1V Vlasov–
Poisson system (i.e., 𝑑 = 1). It is noteworthy that the 𝐿2-orthogonal projections or direct expansions of the
𝐿2-orthogonal basis were used in the error analysis resulted in the error estimates in 𝐿2-norm of the order
(𝑀 +𝑁2)(𝑀1−𝑟+𝜖 +𝑁3/2−𝑠+2𝜖) (resp. (𝑀 +

√
𝑁)(𝑀1−𝑟+𝜖 +𝑁 (1−𝑠+𝜖)/2)) under some typical assumptions of

the Sobolev regularity of the underlying solution, where 𝑀 and 𝑁 denote the highest degree of Fourier modes
and Legendre polynomials (resp., Hermite functions), respectively. On the other hand, the constant in the error
bound of the Fourier–Hermite Galerkin method depends on exponential of the interval length of the velocity
variable 𝑣, where the infinite interval should be understood as a “finite” interval (𝑣min, 𝑣max) when the solution
and its partial derivatives decay very fast in 𝑣.

In this paper, we conduct a rigorous error analysis of the Fourier–Legendre and Fourier–Hermite Galerkin
methods for the VP system. In the analysis, we introduce suitable orthogonal projections, and derive some new
approximation results and inverse inequalities. Through different arguments and more delicate analysis, we are
able to obtain the 𝐿2-convergence orders: 𝑀1−𝑟 +𝑁1−𝑠 and 𝑀1−𝑟 +𝑁1−𝑠/2 for Fourier–Legendre and Fourier–
Hermite approximations, respectively, under weaker regularity conditions than those in [24]. Unfortunately, in
the Hermite case, the constant in the estimate still depends on the exponential of 4

√
𝑁. It seems that it cannot

be removed with the argument using the Grönwall-type inequality.
The paper is organized as follows. In Section 2, we introduce the problem of interest, and present some

important properties of the model. We then introduce the semi-discrete Fourier–Legendre and Fourier–Hermite
Galerkin schemes in a uniform formulation. In Section 3, we conduct the error analysis of the Fourier–Legendre
spectral method in detail. We then analyse the Fourier–Hermite spectral method with a focus on the estimates
that the imbedding properties do not hold on unbounded domains in Section 4. We present in Section 5 the full
discrete scheme using the Crank–Nicolson finite difference in time, and provide some numerical results to show
the effectiveness of the proposed method in preserving some intrinsic properties of this model. We conclude the
paper with some final remarks.

2. Spectral-Galerkin method for the Vlasov–Poisson system

Let us introduce the following notation to be used throughout the paper.

– For any nonnegative integer 𝑟, 𝐻𝑟(Ω) and 𝐻𝑟
0 (Ω) denote the usual Sobolev spaces on a bounded domain

with a Lipschitz boundary and with the norm ‖ · ‖𝐻𝑟(Ω). In particular, the norm and inner product of 𝐿2(Ω)
are denoted by ‖ · ‖Ω and (·, ·)Ω.

– To account for periodic functions on Ω𝑥 = (0, 2𝜋), we define

𝐻𝑟
p(Ω𝑥) =

{︀
𝑣 ∈ 𝐻𝑟(Ω𝑥) : 𝑣(𝑘)(𝑥) = 𝑣(𝑘)(𝑥+ 2𝜋), 0 ≤ 𝑘 ≤ 𝑟 − 1

}︀
.

2.1. Statement of the problem

To fix the idea, we consider 1D-1V Vlasov–Poisson system on Ω = Ω𝑥 × Ω𝑣, where the spatial variable
𝑥 ∈ Ω𝑥 = (0, 2𝜋) and the velocity variable 𝑣 ∈ Ω𝑣 = (𝑎, 𝑏) or 𝑣 ∈ Ω𝑣 = R. The model for the electron
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distribution function 𝑓(𝑥, 𝑣, 𝑡) and the electric field 𝐸(𝑥, 𝑡) reads{︃
𝜕𝑡𝑓 + 𝑣𝜕𝑥𝑓 − 𝐸𝜕𝑣𝑓 = 0, (𝑥, 𝑣) ∈ Ω, 𝑡 ∈ (0, 𝑇 ],

𝜕𝑥𝐸 = 1− 𝜌, where 𝜌 =
∫︀
Ω𝑣
𝑓 d𝑣, 𝑥 ∈ Ω𝑥, 𝑡 ∈ (0, 𝑇 ].

(2.1)

We can reformulate (2.1) as {︃
𝜕𝑡𝑓 + 𝐹 · ∇𝑓 = 0, (𝑥, 𝑣) ∈ Ω, 𝑡 ∈ (0, 𝑇 ],

𝜕𝑥𝐸 = 1− 𝜌, 𝑥 ∈ Ω𝑥, 𝑡 ∈ (0, 𝑇 ],
(2.2)

where

𝐹 =
(︂
𝑣
−𝐸

)︂
s. t. ∇ · 𝐹 = 𝜕𝑥𝑣 − 𝜕𝑣𝐸 = 0. (2.3)

The VP system (2.1) (or (2.2)) is supplemented with the initial condition: 𝑓(𝑥, 𝑣, 0) = 𝑓0(𝑥, 𝑣) in Ω, periodic
boundary condition in 𝑥:

𝑓(0, 𝑣, 𝑡) = 𝑓(2𝜋, 𝑣, 𝑡), 𝐸(0, 𝑡) = 𝐸(2𝜋, 𝑡), 𝑣 ∈ Ω𝑣, 𝑡 ∈ [0, 𝑇 ], (2.4)

and the homogeneous Dirichlet boundary conditions in 𝑣:

𝑓(𝑥, 𝑎, 𝑡) = 𝑓(𝑥, 𝑏, 𝑡) = 0, 𝑥 ∈ Ω𝑥, 𝑡 ∈ [0, 𝑇 ]. (2.5)

It is noteworthy that if Ω𝑣 = R, we understand (2.5) as 𝑎→ −∞ and 𝑏→∞. We remark that the VP system is
usually set in R for the velocity variable 𝑣, while the hard truncation of the unbounded domain into Ω𝑣 = (𝑎, 𝑏)
with (2.5) is feasible when 𝑓 decays fast and the interesting physics is roughly confined in a finite interval.

According to the hypothesis of neutrality of the plasma, we assume that the total charge in the system is
zero (cf. [6, 23]), i.e., ∫︁

Ω𝑥

𝐸(𝑥, 𝑡) d𝑥 = 0, 𝑡 ∈ (0, 𝑇 ], (2.6)

which is equivalent to the Fourier coefficient of the zeroth mode ̂︀𝐸0(𝑡) = 0 in the Fourier expansion of 𝐸:

𝐸(𝑥, 𝑡) =
∞∑︁

|𝑚|=0

̂︀𝐸𝑚(𝑡) ei𝑚𝑥, ̂︀𝐸𝑚(𝑡) =
1

2𝜋

∫︁ 2𝜋

0

𝐸(𝑥, 𝑡) e−i𝑚𝑥 d𝑥. (2.7)

2.2. Some conservation laws and a priori bounds

The weak formulation of (2.1) is to seek 𝑓 ∈ 𝐻1
p

(︀
Ω𝑥;𝐻1

0 (Ω𝑣)
)︀

and 𝐸 ∈ 𝐻1
p(Ω𝑥) for 𝑡 > 0 such that{︃

(𝜕𝑡𝑓, 𝑢)Ω + (𝐹 · ∇𝑓, 𝑢)Ω = 0, ∀𝑢 ∈ 𝐻1
p

(︀
Ω𝑥;𝐻1

0 (Ω𝑣)
)︀
,

(𝜕𝑥𝐸,𝑤)Ω𝑥
= (1− 𝜌, 𝑤)Ω𝑥

, ∀𝑤 ∈ 𝐻1
p(Ω𝑥),

(2.8)

together with the initial condition: 𝑓(𝑥, 𝑣, 0) = 𝑓0(𝑥, 𝑣) in Ω, and the condition (2.6).

Proposition 2.1. Let 𝑓 be the exact solution of (2.1). Then, there holds∫︁
Ω

𝑓(𝑥, 𝑣, 𝑡) dΩ =
∫︁

Ω𝑥

𝜌(𝑥, 𝑡) d𝑥 = 2𝜋,
∫︁

Ω

𝑣 𝜕𝑣𝑓(𝑥, 𝑣, 𝑡) dΩ = −2𝜋, (2.9)

and
‖𝑓(·, ·, 𝑡)‖Ω = ‖𝑓0‖Ω, 𝑡 ≥ 0. (2.10)

Moreover, if 𝑓𝑝 with 𝑝 ≥ 2 is well-defined, then we have

d
d𝑡

∫︁
Ω

𝑓𝑝(𝑥, 𝑣, 𝑡) dΩ = 0. (2.11)
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Proof. It is evident that by the periodicity of 𝐸 in (2.4), we have∫︁
Ω𝑥

𝜕𝑥𝐸(𝑥, 𝑡) d𝑥 = 0.

Taking 𝑤 = 1 in (2.8), we obtain the first identity in (2.9) immediately. Then we can further derive from (2.5)
and integration by parts the second identity.

Using the property ∇ · 𝐹 = 0, we find readily that

∇ · (𝐹 𝑓2) = 2𝑓(∇𝑓) · 𝐹 + 𝑓2∇ · 𝐹 = 2𝑓𝐹 · ∇𝑓. (2.12)

Taking 𝑢 = 2𝑓 in (2.8), we obtain from the divergence theorem, equation (2.12) and direct calculation that

d
d𝑡

∫︁
Ω

𝑓2 dΩ = −2
∫︁

Ω

𝑓 𝐹 · ∇𝑓 dΩ = −
∫︁

Ω

∇ ·
(︀
𝐹 𝑓2

)︀
dΩ = −

∫︁
𝜕Ω

𝑛 ·
(︀
𝐹 𝑓2

)︀
d𝑠

= −
∫︁

𝜕Ω

𝑓2 𝑛 · 𝐹 d𝑠 = 0,
(2.13)

which implies (2.10).
Similarly, taking 𝑢 = 𝑝𝑓𝑝−1 in (2.8) and using the divergence theorem and boundary conditions (2.4) and

(2.5), we obtain

d
d𝑡

∫︁
Ω

𝑓𝑝 dΩ = −𝑝
∫︁

Ω

𝑓𝑝−1 𝐹 · (∇𝑓) dΩ = −
∫︁

Ω

∇ · (𝐹 𝑓𝑝) dΩ = −
∫︁

𝜕Ω

𝑛 · (𝐹 𝑓𝑝) d𝑠

= −
∫︁

𝜕Ω

𝑓𝑝 𝑛 · 𝐹 d𝑠 = 0.
(2.14)

This ends the proof. �

We have the following priori estimates of the bound.

Proposition 2.2. Let 𝑓,𝐸 be the solution of the Vlasov–Poisson system (2.1). Then there holds

‖𝐸‖Ω𝑥 ≤ ‖𝜕𝑥𝐸‖Ω𝑥
≤
√︀
|Ω𝑣| ‖𝑓‖Ω, (2.15)

where the second inequality is valid for a finite interval Ω𝑣.

Proof. Taking 𝑤 = 𝜕𝑥𝐸 in the second equation of (2.8), we can derive

(𝜕𝑥𝐸, 𝜕𝑥𝐸)Ω𝑥
= (1− 𝜌, 𝜕𝑥𝐸)Ω𝑥

= −(𝜌, 𝜕𝑥𝐸)Ω𝑥
≤ ‖𝜕𝑥𝐸‖Ω𝑥

· ‖𝜌‖Ω𝑥

≤ ‖𝜕𝑥𝐸‖Ω𝑥

(︂∫︁
Ω𝑥

(︂∫︁
Ω𝑣

𝑓2d𝑣
∫︁

Ω𝑣

12d𝑣
)︂

d𝑥
)︂1/2

=
√︀
|Ω𝑣| ‖𝜕𝑥𝐸‖Ω𝑥

· ‖𝑓‖Ω.

(2.16)

This leads to the bound of ‖𝜕𝑥𝐸‖Ω𝑥
in (2.15). Thanks to (2.6) and (2.7), it follows from the Parseval’s identity

that
‖𝐸‖Ω𝑥 ≤ ‖𝜕𝑥𝐸‖Ω𝑥 . (2.17)

This ends the proof. �
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2.3. Spectral-Galerkin scheme in space

We consider the semi-discretized spectral-Galerkin scheme for (2.8): find 𝑓* := 𝑓𝑁
𝑀 ∈ 𝑉 𝑁

𝑀 := ℱ𝑀 × 𝒫0
𝑁 and

𝐸* := 𝐸𝑀 ∈ ℱ0
𝑀 for all 𝑡 ∈ (0, 𝑇 ], such that{︃

(𝜕𝑡𝑓*, 𝜓)Ω + (𝐹 * · ∇𝑓*, 𝜓)Ω = 0, 𝐹 * := (𝑣,−𝐸*), ∀𝜓 ∈ 𝑉 𝑁
𝑀 ,

(𝜕𝑥𝐸*, 𝜙)Ω𝑥
= (1− 𝜌*, 𝜙)Ω𝑥

, 𝜌* :=
∫︀
Ω𝑣
𝑓* d𝑣, ∀𝜙 ∈ ℱ0

𝑀 ,
(2.18)

together with a suitable initial approximation: 𝑓*(𝑥, 𝑣, 0) = 𝑓0,*(𝑥, 𝑣) to be specified later. Here, 𝐸* ∈ ℱ0
𝑀 is to

exactly impose the condition (2.6), so it automatically satisfies∫︁
Ω𝑥

𝐸*(𝑥, 𝑡) d𝑥 = 0, 𝑡 ∈ (0, 𝑇 ], (2.19)

i.e., the coefficient of the zeroth mode vanishes.
Note that the properties in Propositions 2.1 and 2.2 are also valid for the discrete problem.

Proposition 2.3. Let 𝑓*, 𝐸* be the numerical solution of the Vlasov–Poisson system (2.18). Then there hold∫︁
Ω

𝑓*(𝑥, 𝑣, 𝑡) dΩ =
∫︁

Ω𝑥

𝜌*(𝑥, 𝑡) d𝑥 = 2𝜋,
∫︁

Ω

𝑣 𝜕𝑣𝑓*(𝑥, 𝑣, 𝑡) dΩ = −2𝜋, (2.20)

and
d
d𝑡

∫︁
Ω

𝑓2
* (𝑥, 𝑣, 𝑡) dΩ = 0. (2.21)

Moreover, we have
‖𝐸*‖Ω𝑥

≤ ‖𝜕𝑥𝐸*‖Ω𝑥
≤
√︀
|Ω𝑣| ‖𝑓*‖Ω, (2.22)

where the second inequality is valid on finite interval Ω𝑣.

3. Error estimates of the Fourier–Legendre spectral-Galerkin method

In this section, we assume Ω𝑣 to be a finite domain, and analyse the Fourier–Legendre spectral-Galerkin
method for the VP system. We first present some necessary approximation results and then carry out the error
analysis.

3.1. Fourier approximation results on Ω𝑥
Let us begin with the approximate spaces

ℱ𝑀 = span
{︀

ei𝑘𝑥 : 0 ≤ |𝑘| ≤𝑀
}︀
, ℱ0

𝑀 = span
{︀

ei𝑘𝑥 : 1 ≤ |𝑘| ≤𝑀
}︀
. (3.1)

Then, the 𝐿2-orthogonal projection Π𝑀 : 𝐿2(Ω𝑥) → ℱ𝑀 is defined by

(Π𝑀𝑢− 𝑢, 𝜑)Ω𝑥
= 0, ∀𝜑 ∈ ℱ𝑀 , (3.2)

which is also the 𝐻𝑚-orthogonal projection for any integer 𝑚 ≥ 1. Noted that Π𝑀𝑢 is the truncated Fourier
series:

Π𝑀𝑢(𝑥) =
𝑀∑︁
|𝑘|=0

𝑢̂𝑘 ei𝑘𝑥 with 𝑢̂𝑘 =
(︀
𝑢, ei𝑘𝑥

)︀
Ω𝑥

=
1

2𝜋

∫︁ 2𝜋

0

𝑢(𝑥) e−i𝑘𝑥d𝑥.

For any 𝑢 ∈ 𝐻𝑚
p (Ω𝑥), we have the commutability (cf. [28], p. 34):

𝜕𝑙
𝑥(Π𝑀𝑢) = Π𝑀

(︀
𝜕𝑙

𝑥𝑢
)︀
, 0 ≤ 𝑙 ≤ 𝑚. (3.3)
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To approximate the electric field 𝐸, we need a special projection that can incorporate the condition (2.6).
For this purpose, we define

𝐿2
0(Ω𝑥) =

{︀
𝑢 ∈ 𝐿2(Ω𝑥) : 𝑢̄ = 0

}︀
, where 𝑢̄ :=

1
2𝜋

∫︁
Ω𝑥

𝑢(𝑥)d𝑥. (3.4)

One derives readily from the Parseval’s identity the following Poincare’s inequality

‖𝑢‖Ω𝑥
≤ ‖𝑢′‖Ω𝑥

, ∀𝑢 ∈ 𝐻1
p,0(Ω𝑥) := 𝐻1

p(Ω𝑥) ∩ 𝐿2
0(Ω𝑥). (3.5)

Define the 𝐿2
0-orthogonal projection Π0

𝑀 : 𝐿2
0(Ω𝑥) → ℱ0

𝑀 such that(︀
Π0

𝑀𝑢− 𝑢, 𝜑
)︀
Ω𝑥

= 0, ∀𝜑 ∈ ℱ0
𝑀 . (3.6)

Introduce the Sobolev space 𝐻𝑟
p(Ω𝑥) with real 𝑟 ≥ 0, equipped with the norm and semi-norm (cf. [28]):

‖𝑢‖𝐻𝑟
p(Ω𝑥) =

(︃ ∞∑︁
|𝑘|=0

(︀
1 + 𝑘2

)︀𝑟|𝑢̂𝑘|2
)︃ 1

2

, |𝑢|𝐻𝑟
p(Ω𝑥) =

(︃ ∞∑︁
|𝑘|=1

𝑘2𝑟|𝑢̂𝑘|2
)︃ 1

2

, (3.7)

where {𝑢̂𝑘} are the Fourier coefficients of 𝑢. In particular, if 𝑟 is a positive integer, they are equivalent to

‖𝑢‖𝐻𝑟
p(Ω𝑥) ∼

(︃
𝑟∑︁

𝑘=0

⃦⃦
𝜕𝑘

𝑥𝑢
⃦⃦2

Ω𝑥

)︃ 1
2

, |𝑢|𝐻𝑟
p(Ω𝑥) ∼ ‖𝜕𝑟

𝑥𝑢‖Ω𝑥
. (3.8)

We denote by 𝑐 a generic positive constant which is independent of the underlying function and discretisation
parameters.

Recall the Nikolski’s and Bernstein inequalities stated in the following two lemmas, respectively.

Lemma 3.1 (see [28], Lem. 2.4). For any 𝑢 ∈ ℱ𝑀 and 1 ≤ 𝑝 ≤ 𝑞 ≤ ∞,

‖𝑢‖𝐿𝑞(Ω𝑥) ≤
(︂
𝑀𝑝0 + 1

2𝜋

)︂ 1
𝑝−

1
𝑞

‖𝑢‖𝐿𝑝(Ω𝑥), (3.9)

where 𝑝0 is the least even integer ≥ 𝑝.

Lemma 3.2 (see [28], Lem. 2.5). For any 𝑢 ∈ ℱ𝑀 and 1 ≤ 𝑝 ≤ ∞,

‖𝜕𝑟
𝑥𝑢‖𝐿𝑝(Ω𝑥) ≤𝑀𝑟‖𝑢‖𝐿𝑝(Ω𝑥), 𝑟 ≥ 1. (3.10)

The main approximation result on the projection errors for Π𝑀 and Π0
𝑀 are stated as follows.

Lemma 3.3. For any 𝑢 ∈ 𝐻𝑟
p(Ω𝑥) with 0 ≤ 𝜇 ≤ 𝑟,

‖Π𝑀𝑢− 𝑢‖𝐻𝜇
p (Ω𝑥) ≤ 𝑐𝑀𝜇−𝑟|𝑢|𝐻𝑟

p(Ω𝑥), (3.11)

and for any 𝑟 > 1
2 ,

‖Π𝑀𝑢− 𝑢‖𝐿∞(Ω𝑥) ≤
√︂

2
2𝑟 − 1

𝑀
1
2−𝑟|𝑢|𝐻𝑟

p(Ω𝑥). (3.12)

Moreover, for 𝑢 ∈ 𝐻𝑟
p(Ω𝑥)∩𝐿2

0(Ω𝑥), the estimates (3.11) and (3.12) are also valid for the orthogonal projection
Π0

𝑀 defined in (3.6).

Proof. The estimates (3.11) and (3.12) can be found in Section 2.2 of [28]. The same results for the orthogonal
projection Π0

𝑀 can be derived by following the same lines as in the proofs of (3.11) and (3.12). �
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3.2. Legendre approximation results on Ω𝑣
In what follows, we shall recap on some relevant estimates on 𝐿2- and 𝐻1

0 -orthogonal projections on the
standard interval Λ := (−1, 1), and show a very important result on 𝐿∞-estimate.

For 𝛼, 𝛽 > −1, let 𝑃 (𝛼,𝛽)
𝑛 (𝜉) be the Jacobi polynomials of degree 𝑛 on Λ, which are orthogonal with respect

to the weight function 𝜔(𝛼,𝛽)(𝜉) = (1− 𝜉)𝛼(1 + 𝜉)𝛽 and normalised as in Szegö [29]. For simplicity of notation,
we denote 𝜔(𝛼)(𝜉) = 𝜔(𝛼,𝛼)(𝜉). In particular, for 𝛼 = 𝛽 = 0, we define the Legendre polynomial by 𝑃𝑛(𝜉).
Moreover, we denote 𝒫𝑁 be the set of polynomials of degree at most 𝑁 .

Consider the 𝐻1
0 -orthogonal projection 𝜋1,0

𝑁 : 𝐻1
0 (Λ) → 𝒫0

𝑁 := 𝐻1
0 ∩ 𝒫𝑁 defined by

(𝜕𝜉(𝜋1,0
𝑁 𝑢− 𝑢), 𝜕𝜉𝜙)Λ = 0, ∀𝜙 ∈ 𝒫0

𝑁 . (3.13)

Lemma 3.4. For any 𝑢 ∈ 𝐻1
0 (Λ) ∩𝐻𝑠(Λ) with integer 1 ≤ 𝑠 ≤ 𝑁 + 1, we have

‖𝜕𝜉(𝜋1,0
𝑁 𝑢− 𝑢)‖𝐿2(Λ) +𝑁‖𝜋1,0

𝑁 𝑢− 𝑢‖𝐿2(Λ) ≤ 𝑐𝑁1−𝑠|𝑢|𝐻𝑠(Λ), (3.14)

and
‖𝜋1,0

𝑁 𝑢− 𝑢‖𝐿∞(Λ) ≤ 𝑐𝑁
1
2−𝑠|𝑢|𝐻𝑠(Λ), (3.15)

where 𝑐 is a positive constant independent of 𝑢 and 𝑁.

The first statement can be found in [7], p. 288, the 𝐿∞-estimate is derived directly by the Sobolev inequality
([28], Appendix B.8).

In the error analysis, we also need to use the 𝑊 1,∞-estimate that appears unavailable in literature, so we
provide its proof in Appendix A.

Lemma 3.5. For any 𝑢 ∈ 𝐻1
0 (Λ) ∩𝐻𝑠(Λ) with integer 2 ≤ 𝑠 ≤ 𝑁 + 1, we have

‖𝜕𝜉(𝜋1,0
𝑁 𝑢− 𝑢)‖𝐿∞(Λ) ≤ 𝑐𝑁

7
4−𝑠 |𝑢|𝐻𝑠(Λ). (3.16)

With the above estimates, we consider the 𝐻1
0 -orthogonal projection Π1,0

𝑁 : 𝐻1
0 (Ω𝑣) → 𝒫0

𝑁 := 𝐻1
0 (Ω𝑣) ∩ 𝒫𝑁

on the velocity (finite) subdomain Ω𝑣 = (𝑎, 𝑏) such that

(𝜕𝑣(Π1,0
𝑁 𝑢− 𝑢), 𝜕𝑣𝜙)Ω𝑣

= 0, ∀𝜙 ∈ 𝒫0
𝑁 , (3.17)

and summarize the results.

Theorem 3.1. For any 𝑢 ∈ 𝐻1
0 (Ω𝑣) ∩𝐻𝑠(Ω𝑣) with integer 1 ≤ 𝑠 ≤ 𝑁 + 1, we have

‖𝜕𝑣(Π1,0
𝑁 𝑢− 𝑢)‖𝐿2(Ω𝑣) +𝑁‖Π1,0

𝑁 𝑢− 𝑢‖𝐿2(Ω𝑣) ≤ 𝑐𝑁1−𝑠|𝑢|𝐻𝑠(Ω𝑣). (3.18)

Moreover, for any 𝑢 ∈ 𝐻1
0 (Ω𝑣) ∩𝐻𝑠(Ω𝑣) with integer 2 ≤ 𝑠 ≤ 𝑁 + 1, we have

‖𝜕𝑣(Π1,0
𝑁 𝑢− 𝑢)‖𝐿∞(Ω𝑣) ≤ 𝑐𝑁

7
4−𝑠 |𝑢|𝐻𝑠(Ω𝑣), (3.19)

where 𝑐 is a positive constant that is independent on 𝑠, 𝑢 and 𝑁 .

Proof. With the change of variable

𝑣(𝜉) =
𝑏− 𝑎

2
𝜉 +

𝑏+ 𝑎

2
with 𝜉 ∈ (−1, 1), 𝑣 ∈ (𝑎, 𝑏), (3.20)

we can derive these estimates from Lemmas 3.4 and 3.5 directly. �
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3.3. The Fourier–Legendre approximation results on Ω = Ω𝑥 × Ω𝑣

We denote the tensorial subspace 𝑉 𝑁
𝑀 := ℱ𝑀 × 𝒫0

𝑁 , and define the orthogonal projection

Π𝑁
𝑀 := Π𝑀 ∘Π1,0

𝑁 : 𝐻1
p

(︀
Ω𝑥;𝐻1

0 (Ω𝑣)
)︀
→ 𝑉 𝑁

𝑀 .

Then, we arrive at the following approximation result.

Theorem 3.2. For real 𝑟 ≥ 1 and integer 1 ≤ 𝑠 ≤ 𝑁 + 1, we have the following estimates.

(i) If 𝑓 ∈ 𝐻𝑟−1
p (Ω𝑥;𝐿2(Ω𝑣)) ∩𝐻𝑠−1(Ω𝑣;𝐿2

p(Ω𝑥)), then⃦⃦
𝑓 −Π𝑁

𝑀𝑓
⃦⃦

Ω
≤ 𝑐𝑀1−𝑟‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐿2(Ω𝑣)) + 𝑐𝑁1−𝑠‖𝑓‖𝐻𝑠−1(Ω𝑣;𝐿2
p(Ω𝑥)). (3.21)

(ii) If 𝑓 ∈ 𝐻𝑟
p(Ω𝑥;𝐿2(Ω𝑣)) ∩𝐻𝑠−1(Ω𝑣;𝐻1

p(Ω𝑥)), then⃦⃦
𝜕𝑥

(︀
𝑓 −Π𝑁

𝑀𝑓
)︀⃦⃦

Ω
≤ 𝑐𝑀1−𝑟‖𝑓‖𝐻𝑟

p(Ω𝑥;𝐿2(Ω𝑣)) + 𝑐𝑁1−𝑠‖𝑓‖𝐻𝑠−1(Ω𝑣;𝐻1
p(Ω𝑥)). (3.22)

(iii) If 𝑓 ∈ 𝐻𝑟−1
p (Ω𝑥;𝐻1(Ω𝑣)) ∩𝐻𝑠(Ω𝑣;𝐿2(Ω𝑥)), then⃦⃦

𝜕𝑣

(︀
𝑓 −Π𝑁

𝑀𝑓
)︀⃦⃦

Ω
≤ 𝑐𝑀1−𝑟‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1(Ω𝑣)) + 𝑐𝑁1−𝑠‖𝑓‖𝐻𝑠(Ω𝑣;𝐿2(Ω𝑥)). (3.23)

Proof. We can derive from Lemma 3.3, Theorem 3.1 and the triangle inequality that

‖𝑓 −Π𝑁
𝑀𝑓‖Ω = ‖𝑓 −Π𝑀 ∘Π1,0

𝑁 𝑓‖Ω
≤ ‖𝑓 −Π𝑀𝑓‖Ω + ‖Π𝑀 (𝑓 −Π1,0

𝑁 𝑓)‖Ω
≤ 𝑐𝑀1−𝑟‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐿2(Ω𝑣)) + 𝑐𝑁1−𝑠‖𝑓‖𝐻𝑠−1(Ω𝑣;𝐿2
p(Ω𝑥)).

Similarly, by (3.3),

‖𝜕𝑥(𝑓 −Π𝑁
𝑀𝑓)‖Ω = ‖𝜕𝑥(𝑓 −Π𝑀 ∘Π1,0

𝑁 𝑓)‖Ω
≤ ‖𝜕𝑥(𝑓 −Π𝑀𝑓)‖Ω + ‖𝜕𝑥Π𝑀 (𝑓 −Π1,0

𝑁 𝑓)‖Ω
≤ ‖𝜕𝑥(𝑓 −Π𝑀𝑓)‖Ω + ‖Π𝑀𝜕𝑥(𝑓 −Π1,0

𝑁 𝑓)‖Ω
≤ 𝑐𝑀1−𝑟‖𝑓‖𝐻𝑟

p(Ω𝑥;𝐿2(Ω𝑣)) + 𝑐𝑁1−𝑠‖𝑓‖𝐻𝑠−1(Ω𝑣 ;𝐻1
p(Ω𝑥))

and

‖𝜕𝑣(𝑓 −Π𝑁
𝑀𝑓)‖Ω = ‖𝜕𝑣(𝑓 −Π𝑀 ∘Π1,0

𝑁 𝑓)‖Ω
≤ ‖𝜕𝑣(𝑓 −Π𝑀𝑓)‖Ω + ‖𝜕𝑣Π𝑀 (𝑓 −Π1,0

𝑁 𝑓)‖Ω
= ‖𝜕𝑣𝑓 −Π𝑀𝜕𝑣𝑓‖Ω + ‖Π𝑀𝜕𝑣(𝑓 −Π1,0

𝑁 𝑓)‖Ω
≤ ‖𝜕𝑣𝑓 −Π𝑀𝜕𝑣𝑓‖Ω + ‖𝜕𝑣(𝑓 −Π1,0

𝑁 𝑓)‖Ω
≤ 𝑐𝑀1−𝑟‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1(Ω𝑣)) + 𝑐𝑁1−𝑠‖𝑓‖𝐻𝑠(Ω𝑣;𝐿2(Ω𝑥)).

This ends the proof. �
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Then the error bounds in the 𝐿∞-norm are given as follows.

Theorem 3.3. We have the following estimates.

(i) If 𝑓 ∈ 𝐻𝑟
p(Ω𝑥;𝐿∞(Ω𝑣)) ∩𝐻𝑠(Ω𝑣;𝐻

1
2+𝜖
p (Ω𝑥)) with 𝑟 > 1

2 , integer 𝑠 ≥ 1, and 𝜖 > 0, then

‖𝑓 −Π𝑁
𝑀𝑓‖𝐿∞(Ω) ≤ 𝑐𝑀

1
2−𝑟‖𝑓‖𝐻𝑟

p(Ω𝑥;𝐿∞(Ω𝑣))

+ 𝑐𝑁
1
2−𝑠(‖𝑓‖𝐻𝑠(Ω𝑣 ;𝐿∞(Ω𝑥)) +𝑀−𝜖‖𝑓‖

𝐻𝑠(Ω𝑣;𝐻
1
2 +𝜖

p (Ω𝑥))
).

(ii) If 𝑓 ∈ 𝐻𝑟
p(Ω𝑥;𝐿∞(Ω𝑣)) ∩𝐻𝑠−1(Ω𝑣;𝐻

3
2+𝜖
p (Ω𝑥)) with 𝑟 > 3

2 , integer 𝑠 ≥ 2, and 𝜖 > 0, then

‖𝜕𝑥(𝑓 −Π𝑁
𝑀𝑓)‖𝐿∞(Ω) ≤ 𝑐𝑀

3
2−𝑟‖𝑓‖𝐻𝑟

p(Ω𝑥;𝐿∞(Ω𝑣))

+ 𝑐𝑁
3
2−𝑠(‖𝑓‖

𝐻𝑠−1(Ω𝑣;𝐻
3
2 +𝜖

p (Ω𝑥))
+𝑀−𝜖‖𝑓‖

𝐻𝑠−1(Ω𝑣 ;𝐻
3
2 +𝜖

p (Ω𝑥))
).

(iii) If 𝑓 ∈ 𝐻𝑟−1
p (Ω𝑥;𝐻1(Ω𝑣)) ∩𝐻𝑠(Ω𝑣;𝐻

1
2+𝜖
p (Ω𝑥)) with 𝑟 > 3

2 , integer 𝑠 ≥ 2, and 𝜖 > 0, then

‖𝜕𝑣(𝑓 −Π𝑁
𝑀𝑓)‖𝐿∞(Ω) ≤ 𝑐𝑀

3
2−𝑟‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1(Ω𝑣))

+ 𝑐𝑁
7
4−𝑠(‖𝑓‖𝐻𝑠(Ω𝑣 ;𝐿∞(Ω𝑥)) +𝑀−𝜖‖𝑓‖

𝐻𝑠(Ω𝑣;𝐻
1
2 +𝜖

p (Ω𝑥))
).

Proof. From Lemmas 3.3 and 3.4, the triangle inequality, and the fact 𝐻
1
2+𝜖(Ω𝑥) ⊂ 𝐿∞(Ω𝑥), it follows that

‖𝑓 −Π𝑁
𝑀𝑓‖𝐿∞(Ω) ≤ ‖𝑓 −Π𝑀𝑓‖𝐿∞(Ω) + ‖Π𝑀 (𝑓 −Π1,0

𝑁 𝑓)‖𝐿∞(Ω)

≤ 𝑐𝑀
1
2−𝑟‖𝑓‖𝐻𝑟

p(Ω𝑥;𝐿∞(Ω𝑣)) + ‖𝑓 −Π1,0
𝑁 𝑓‖𝐿∞(Ω)

+ 𝑐𝑀−𝜖‖𝑓 −Π1,0
𝑁 𝑓‖

𝐿∞(Ω𝑣 ;𝐻
1
2 +𝜖

p (Ω𝑥))

≤ 𝑐𝑀
1
2−𝑟‖𝑓‖𝐻𝑟

p(Ω𝑥;𝐿∞(Ω𝑣)) + 𝑐𝑁
1
2−𝑠‖𝑓‖𝐻𝑠(Ω𝑣 ;𝐿∞(Ω𝑥))

+ 𝑐𝑁
1
2−𝑠𝑀−𝜖‖𝑓‖

𝐻𝑠(Ω𝑣 ;𝐻
1
2 +𝜖

p (Ω𝑥))
.

Using Lemmas 3.3 and 3.4 and the triangle inequality again, yields

‖𝜕𝑥(𝑓 −Π𝑁
𝑀𝑓)‖𝐿∞(Ω) ≤ ‖𝜕𝑥(𝑓 −Π𝑀𝑓)‖𝐿∞(Ω) + ‖𝜕𝑥(Π𝑀𝑓 −Π𝑀 ∘Π1,0

𝑁 𝑓)‖𝐿∞(Ω)

≤ 𝑐𝑀
3
2−𝑟‖𝑓‖𝐻𝑟

p(Ω𝑣 ;𝐿∞(Ω𝑣)) + ‖𝜕𝑥(𝑓 −Π1,0
𝑁 𝑓)‖𝐿∞(Ω)

+𝑀−𝜖‖𝜕𝑥(𝑓 −Π1,0
𝑁 𝑓)‖

𝐿∞(Ω𝑣 ;𝐻
1
2 +𝜖

p (Ω𝑥))

≤ 𝑐𝑀
3
2−𝑟‖𝑓‖𝐻𝑟

p(Ω𝑣 ;𝐿∞(Ω𝑣)) + 𝑐𝑁
3
2−𝑠‖𝑓‖

𝐻𝑠−1(Ω𝑣 ;𝐻
3
2 +𝜖

p (Ω𝑥))

+ 𝑐𝑀−𝜖𝑁
3
2−𝑠‖𝑓‖

𝐻𝑠−1(Ω𝑣;𝐻
3
2 +𝜖

p (Ω𝑥))
.

We follow the procedure similar to the above to obtain

‖𝜕𝑣(𝑓 −Π𝑁
𝑀𝑓)‖𝐿∞(Ω) ≤ ‖𝜕𝑣𝑓 −Π𝑀𝜕𝑣𝑓‖𝐿∞(Ω) + ‖𝜕𝑣(𝑓 −Π1,0

𝑁 𝑓)‖𝐿∞(Ω)

+𝑀−𝜖‖𝜕𝑣(𝑓 −Π1,0
𝑁 𝑓)‖

𝐿∞(Ω𝑣 ;𝐻
1
2 +𝜖

p (Ω𝑥))

≤ 𝑐𝑀
3
2−𝑟‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1(Ω𝑣)) + 𝑐𝑁
7
4−𝑠‖𝑓‖𝐻𝑠(Ω𝑣 ;𝐿∞(Ω𝑥))

+ 𝑐𝑀−𝜖𝑁
7
4−𝑠‖𝑓‖

𝐻𝑠(Ω𝑣;𝐻
1
2 +𝜖

p (Ω𝑥))
,

where we used (3.19). �
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3.4. Error estimates

In what follows, we carry out the error analysis for the Fourier–Legendre spectral-Galerkin method (2.18).
For notational convenience, we introduce

𝑒𝑓 = 𝑓 −Π𝑁
𝑀𝑓, 𝑒𝐸 = 𝐸 −Π0

𝑀𝐸, 𝑒*𝑓 = 𝑓* −Π𝑁
𝑀𝑓, 𝑒*𝐸 = 𝐸* −Π0

𝑀𝐸, (3.24)

where Π0
𝑀 is defined in (3.6) and Π𝑁

𝑀 = Π𝑀 ∘ Π1,0
𝑁 . The main result on the error estimates is presented as

follows.

Theorem 3.4 (Error for Fourier–Legendre spectral-Galerkin method). Let 𝑓 and 𝑓* be the solution of the
Galerkin formulation (2.8) and (2.18), respectively, where the domain Ω = Ω𝑥 × Ω𝑣 with finite Ω𝑣 = (𝑎, 𝑏). If
the distribution function 𝑓(𝑥, 𝑣, 𝑡) satisfies

𝑓 ∈ 𝐿∞(0, 𝑇 ;𝐻𝑟
p(Ω𝑥;𝐿2(Ω𝑣))) ∩ 𝐿2(0, 𝑇 ;𝐻𝑟−1

p (Ω𝑥;𝐻1(Ω𝑣)))

∩ 𝐿∞(0, 𝑇 ;𝐻𝑠(Ω𝑣;𝐿2
p(Ω𝑥))) ∩ 𝐿2(0, 𝑇 ;𝐻𝑠−1(Ω𝑣;𝐻1

p(Ω𝑥)))

and 𝜕𝑡𝑓 ∈ 𝐿2(0, 𝑇 ;𝐻𝑟−1
p (Ω𝑥;𝐿2(Ω𝑣))) ∩ 𝐿2(0, 𝑇 ;𝐻𝑠−1(Ω𝑣;𝐿2

p(Ω𝑥))), then for any 𝑟 ≥ 3
2 and integer 𝑠 ≥ 2, we

have the following error estimates:

‖𝑓(·, ·, 𝑡)− 𝑓*(·, ·, 𝑡)‖Ω ≤ 𝑐(𝑀−𝑟𝐵1
𝑓 +𝑁−𝑠𝐵2

𝑓 +𝑀1−𝑟𝐵3
𝑓 +𝑁1−𝑠𝐵4

𝑓 ), (3.25)

where

𝐵1
𝑓 := ‖𝑓‖𝐿∞(0,𝑇 ;𝐻𝑟

p(Ω𝑥;𝐿2(Ω𝑣))), 𝐵2
𝑓 := ‖𝑓‖𝐿∞(0,𝑇 ;𝐻𝑠(Ω𝑣;𝐿2

p(Ω𝑥))),

𝐵3
𝑓 :=

∫︁ 𝑡

0

(‖𝜕𝜏𝑓‖𝐻𝑟−1
p (Ω𝑥;𝐿2(Ω𝑣)) + max{|𝑎|, |𝑏|}‖𝑓‖𝐻𝑟

p(Ω𝑥;𝐿2(Ω𝑣)).

+.
√
𝑏− 𝑎 ‖𝑓‖Ω · ‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1(Ω𝑣))) e
∫︀ 𝑡

𝜏
𝛼(𝜂)d𝜂 d𝜏,

𝐵4
𝑓 :=

∫︁ 𝑡

0

(‖𝜕𝜏𝑓‖𝐻𝑠−1(Ω𝑣;𝐿2
p(Ω𝑥)) + max{|𝑎|, |𝑏|}‖𝑓‖𝐻𝑠−1(Ω𝑣 ;𝐻1

p(Ω𝑥)).

+.
√
𝑏− 𝑎‖𝑓‖𝐻𝑠(Ω𝑣;𝐿2

p(Ω𝑥))) e
∫︀ 𝑡

𝜏
𝛼(𝜂)d𝜂 d𝜏,

and

𝛼(𝑡) :=
√
𝑏− 𝑎 (𝑐𝑀3/2−𝑟‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1(Ω𝑣)) + 𝑐
√
𝑀𝑁1−𝑠‖𝑓‖𝐿2

p(Ω𝑥;𝐻𝑠(Ω𝑣)) + 2‖𝜕𝑣𝑓‖∞) = 𝒪(1),

where 𝑐 is a positive constant that is independent of 𝑀,𝑁 and 𝑓 .

Proof. From (2.8) and (2.18), we obtain the error equations:{︃
(𝜕𝑡(𝑓* − 𝑓), 𝜓)Ω + (𝐹 * · ∇𝑓* − 𝐹 · ∇𝑓, 𝜓)Ω = 0, ∀𝜓 ∈ 𝑉 𝑁

𝑀 ,

(𝜕𝑥(𝐸* − 𝐸), 𝜙)Ω𝑥
= (𝜌− 𝜌*, 𝜙)Ω𝑥

, ∀𝜙 ∈ ℱ0
𝑀 .

(3.26)

Since 𝑓* − 𝑓 = 𝑒*𝑓 − 𝑒𝑓 and 𝐸* − 𝐸 = 𝑒*𝐸 − 𝑒𝐸 , we can rewrite the above system as⎧⎨⎩(𝜕𝑡𝑒
*
𝑓 , 𝜓)Ω + (𝐹 * · ∇𝑒*𝑓 , 𝜓)Ω = (𝜕𝑡𝑒𝑓 , 𝜓)Ω + (𝐹 * · ∇𝑒𝑓 , 𝜓)Ω + ((𝐹 − 𝐹 *) · ∇𝑓, 𝜓)Ω,

(𝜕𝑥𝑒
*
𝐸 , 𝜙)Ω𝑥

+ (
∫︀
Ω𝑣
𝑒*𝑓 d𝑣, 𝜙)Ω𝑥

= (𝜕𝑥𝑒𝐸 , 𝜙)Ω𝑥
+ (
∫︀
Ω𝑣
𝑒𝑓 d𝑣, 𝜙)Ω𝑥

,
(3.27)

for all 𝜓 ∈ 𝑉 𝑁
𝑀 and all 𝜙 ∈ ℱ0

𝑀 . We take two steps to carry out the proof.
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Step 1. We first deal with the second equation of (3.27). Taking 𝜙 = 𝜕𝑥𝑒
*
𝐸 in the second equation of (3.27)

leads to

‖𝜕𝑥𝑒
*
𝐸‖2Ω𝑥

≤ |(𝜕𝑥𝑒𝐸 , 𝜕𝑥𝑒
*
𝐸)Ω𝑥

|+ |(
∫︁

Ω𝑣

𝑒*𝑓 d𝑣, 𝜕𝑥𝑒
*
𝐸)Ω𝑥

|+ |(
∫︁

Ω𝑣

𝑒𝑓 d𝑣, 𝜕𝑥𝑒
*
𝐸)Ω𝑥

|. (3.28)

From (3.3), we find that Π0
𝑀 in (3.6) also holds for the 𝐻1

p(Ω𝑥)-orthogonal projection upon ℱ0
𝑀 , so we have

(𝜕𝑥𝑒𝐸 , 𝜕𝑥𝑒
*
𝐸)Ω𝑥

= 0. (3.29)

The orthogonality of the Legendre polynomials implies∫︁
Ω𝑣

𝑒𝑓 d𝑣 = 0, (3.30)

which, together with (3.28), (3.29) and the Cauchy–Schwarz inequality, leads to

‖𝜕𝑥𝑒
*
𝐸‖

2
Ω𝑥
|(
∫︁

Ω𝑣

𝑒*𝑓 d𝑣, 𝜕𝑥𝑒
*
𝐸)Ω𝑥

| ≤
√︀
|Ω𝑣| ‖𝜕𝑥𝑒

*
𝐸‖Ω𝑥

⃦⃦
𝑒*𝑓
⃦⃦

Ω
, (3.31)

so we have
‖𝜕𝑥𝑒

*
𝐸‖Ω𝑥

≤
√︀
|Ω𝑣|

⃦⃦
𝑒*𝑓
⃦⃦

Ω
. (3.32)

As 𝑒*𝐸 ∈ ℱ0
𝑀 , we have ‖𝑒*𝐸‖Ω𝑥 ≤ ‖𝜕𝑥𝑒

*
𝐸‖Ω𝑥 . Thus, by (2.15) and (3.32),

‖𝑒*𝐸‖Ω𝑥
≤
√︀
|Ω𝑣|

⃦⃦
𝑒*𝑓
⃦⃦

Ω
, (3.33)

which illustrates that the error of electric field is bounded by the error of distribution function. That means
we only need to estimate the distribution function error.

Step 2. We next deal with the first equation in (3.27). Taking 𝜓 = 2𝑒*𝑓 in the first equation of (3.27), we obtain

d
d𝑡

⃦⃦
𝑒*𝑓
⃦⃦2

Ω
+ 2
(︀
𝐹 * · ∇𝑒*𝑓 , 𝑒*𝑓

)︀
Ω

= 2
(︀
𝜕𝑡𝑒𝑓 , 𝑒

*
𝑓

)︀
Ω

+ 2
(︀
𝐹 * · ∇𝑒𝑓 , 𝑒

*
𝑓

)︀
Ω

+ 2
(︀
(𝐹 − 𝐹 *) · ∇𝑓, 𝑒*𝑓

)︀
Ω
. (3.34)

Since ∇ · 𝐹 * = 0, the identity (2.12) holds with 𝐹 * and 𝑒*𝑓 in place of 𝐹 and 𝑓, respectively. By the same
argument as in (2.13), we find (𝐹 * · ∇𝑒*𝑓 , 2𝑒*𝑓 )Ω = 0. Consequently, we need to estimate

d
d𝑡

⃦⃦
𝑒*𝑓
⃦⃦2

Ω
≤ 𝒯1 + 𝒯2 + 𝒯3, (3.35)

where
𝒯1 = 2 |(𝜕𝑡𝑒𝑓 , 𝑒

*
𝑓 )Ω|, 𝒯2 = 2 |(𝐹 * · ∇𝑒𝑓 , 𝑒

*
𝑓 )Ω|, 𝒯3 = 2 |((𝐹 − 𝐹 *) · ∇𝑓, 𝑒*𝑓 )Ω|. (3.36)

From (3.21) and the Cauchy–Schwarz inequality, we derive

𝒯1 ≤ 2|
(︀
𝜕𝑡𝑒𝑓 , 𝑒

*
𝑓

)︀
Ω
| ≤ 2‖𝜕𝑡𝑒𝑓‖Ω ·

⃦⃦
𝑒*𝑓
⃦⃦

Ω

≤
(︁
𝑐𝑀1−𝑟‖𝜕𝑡𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐿2(Ω𝑣)) + 𝑐𝑁1−𝑠‖𝜕𝑡𝑓‖𝐻𝑠−1(Ω𝑣;𝐿2
p(Ω𝑥))

)︁⃦⃦
𝑒*𝑓
⃦⃦

Ω
.

(3.37)

We continue to estimate 𝒯2 and deduce from (2.18), (3.24), (3.33) and the Cauchy–Schwarz inequality that

𝒯2 = 2|(𝐹 * · ∇𝑒𝑓 , 𝑒
*
𝑓 )Ω| ≤ 2|(𝑣𝜕𝑥𝑒𝑓 , 𝑒

*
𝑓 )Ω|+ 2|(𝐸*𝜕𝑣𝑒𝑓 , 𝑒

*
𝑓 )Ω|

≤ 2|(𝑣𝜕𝑥𝑒𝑓 , 𝑒
*
𝑓 )Ω|+ 2|(𝑒*𝐸 𝜕𝑣𝑒𝑓 , 𝑒

*
𝑓 )Ω|+ 2|(Π0

𝑀𝐸 𝜕𝑣𝑒𝑓 , 𝑒
*
𝑓 )Ω|

≤ 2‖𝑣𝜕𝑥𝑒𝑓‖Ω · ‖𝑒*𝑓‖Ω + 2‖𝑒*𝐸‖∞ · ‖𝜕𝑣𝑒𝑓‖Ω · ‖𝑒*𝑓‖Ω + 2‖Π0
𝑀𝐸‖∞ · ‖𝜕𝑣𝑒𝑓‖Ω · ‖𝑒*𝑓‖Ω.

(3.38)
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We now estimate the terms in (3.38). From (2.15) and (3.12), we obtain⃦⃦
Π0

𝑀𝐸
⃦⃦
∞ ≤ ‖𝐸‖∞ +

√
2𝑀− 1

2 |𝐸|𝐻1
p(Ω𝑥) ≤ 𝑐 ‖𝜕𝑥𝐸‖Ω𝑥

≤ 𝑐
√︀
|Ω𝑣| ‖𝑓‖Ω, (3.39)

where we used the fact that: 𝐻1
p(Ω𝑥) →˓ 𝐿∞(Ω𝑥). Using (3.33) and (3.9) leads to

‖𝑒*𝐸‖∞ ‖𝜕𝑣𝑒𝑓‖Ω
⃦⃦
𝑒*𝑓
⃦⃦

Ω
≤
√︀
|Ω𝑣|

√︀
(2𝑀 + 1)/2𝜋 ‖𝜕𝑣𝑒𝑓‖Ω ·

⃦⃦
𝑒*𝑓
⃦⃦2

Ω
. (3.40)

Similarly, in view of (3.39), we can show that

2
⃦⃦

Π0
𝑀𝐸

⃦⃦
∞ ‖𝜕𝑣𝑒𝑓‖Ω ·

⃦⃦
𝑒*𝑓
⃦⃦

Ω
≤ 2𝑐

√︀
|Ω𝑣| · ‖𝑓‖Ω · ‖𝜕𝑣𝑒𝑓‖Ω ·

⃦⃦
𝑒*𝑓
⃦⃦

Ω
. (3.41)

Then, we derive from (3.38) to (3.41) that

𝒯2 ≤ 2
√︀
|Ω𝑣|

√︀
(2𝑀 + 1)/2𝜋 ‖𝜕𝑣𝑒𝑓‖Ω ·

⃦⃦
𝑒*𝑓
⃦⃦2

Ω
+ 2
(︁

max{|𝑎|, |𝑏|}‖𝜕𝑥𝑒𝑓‖Ω

+𝑐
√︀
|Ω𝑣| · ‖𝑓‖Ω · ‖𝜕𝑣𝑒𝑓‖Ω

)︁⃦⃦
𝑒*𝑓
⃦⃦

Ω
.

(3.42)

It remains to estimate 𝒯3. Using (2.18), (3.24), (3.33), and the triangle inequality leads to

𝒯3 = 2
⃒⃒⃒(︀

(𝐸* − 𝐸)𝜕𝑣𝑓, 𝑒
*
𝑓

)︀
Ω

⃒⃒⃒
= 2
⃒⃒⃒(︀

(𝑒*𝐸 − 𝑒𝐸)𝜕𝑣𝑓, 𝑒
*
𝑓

)︀
Ω

⃒⃒⃒
≤ 2‖𝜕𝑣𝑓‖∞

(︀
‖𝑒*𝐸‖Ω𝑥

+ ‖𝑒𝐸‖Ω𝑥

)︀⃦⃦
𝑒*𝑓
⃦⃦

Ω

≤ 2
√︀
|Ω𝑣|‖𝜕𝑣𝑓‖∞

⃦⃦
𝑒*𝑓
⃦⃦2

Ω
+ 2‖𝜕𝑣𝑓‖∞‖𝑒𝐸‖Ω𝑥

⃦⃦
𝑒*𝑓
⃦⃦

Ω
.

(3.43)

By the second equation in (2.1), we can see that if 𝑓 ∈ 𝐻𝑟
p(Ω𝑥;𝐿2(Ω𝑣)), then 𝐸 ∈ 𝐻𝑟+1

p (Ω𝑥). A combination of
(3.3), (3.35), (3.37), (3.42) and (3.43) yields

d
d𝑡

⃦⃦
𝑒*𝑓
⃦⃦2

Ω
≤ 2
(︁
‖𝜕𝑡𝑒𝑓‖Ω + max{|𝑎|, |𝑏|}‖𝜕𝑥𝑒𝑓‖Ω + 𝑐

√︀
|Ω𝑣| · ‖𝑓‖Ω · ‖𝜕𝑣𝑒𝑓‖Ω

+ ‖𝜕𝑣𝑓‖∞ · ‖𝑒𝐸‖Ω𝑥

)︁⃦⃦
𝑒*𝑓
⃦⃦

Ω
+ 2

√︀
|Ω𝑣|

(︁√
𝑀‖𝜕𝑣𝑒𝑓‖Ω + ‖𝜕𝑣𝑓‖∞

)︁⃦⃦
𝑒*𝑓
⃦⃦2

Ω
,

(3.44)

which implies

d
d𝑡

⃦⃦
𝑒*𝑓
⃦⃦

Ω
≤ 𝛼(𝑡)

⃦⃦
𝑒*𝑓
⃦⃦

Ω
+ 𝛽(𝑡,𝑀,𝑁), (3.45)

where

𝛼(𝑡) :=
√︀

Ω𝑣

(︁
𝑐𝑀3/2−𝑟‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1(Ω𝑣)) + 𝑐
√
𝑀𝑁1−𝑠‖𝑓‖𝐿2

p(Ω𝑥;𝐻𝑠(Ω𝑣)) + 2‖𝜕𝑣𝑓‖∞
)︁

= 𝒪(1),

𝛽(𝑡,𝑀,𝑁) := ‖𝜕𝑡𝑒𝑓‖Ω + max{|𝑎|, |𝑏|}‖𝜕𝑥𝑒𝑓‖Ω + 𝑐
√︀
|Ω𝑣| · ‖𝑓‖Ω · ‖𝜕𝑣𝑒𝑓‖Ω + ‖𝜕𝑣𝑓‖∞ · ‖𝑒𝐸‖Ω𝑥

≤ 𝑐𝑀1−𝑟‖𝜕𝑡𝑓‖𝐻𝑟−1
p (Ω𝑥;𝐿2(Ω𝑣)) + 𝑐𝑁1−𝑠‖𝜕𝑡𝑓‖𝐻𝑠−1(Ω𝑣 ;𝐿2

p(Ω𝑥))

+ 𝑐max{|𝑎|, |𝑏|}
(︁
𝑀1−𝑟‖𝑓‖𝐻𝑟

p(Ω𝑥;𝐿2(Ω𝑣)) +𝑁1−𝑠‖𝑓‖𝐻𝑠−1(Ω𝑣;𝐻1
p(Ω𝑥))

)︁
+ 𝑐

√
𝑏− 𝑎‖𝑓‖Ω

(︁
𝑀1−𝑟‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1(Ω𝑣)) +𝑁1−𝑠‖𝑓‖𝐻𝑠(Ω𝑣;𝐿2
p(Ω𝑥))

)︁
+ 𝑐‖𝜕𝑣𝑓‖∞𝑀

−(𝑟+1)‖𝐸‖𝐻𝑟+1
p (Ω𝑥)

≈ 𝒪
(︀
𝑀1−𝑟 +𝑁1−𝑠

)︀
.
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Integrating (3.45) with respect to 𝑡 and using 𝑒*𝑓 (0) = 𝑓*(𝑥, 𝑣, 0)−Π𝑁
𝑀𝑓0 = 0, we obtain

⃦⃦
𝑒*𝑓 (𝑡)

⃦⃦
Ω
≤
∫︁ 𝑡

0

𝛼(𝜏)
⃦⃦
𝑒*𝑓 (𝜏)

⃦⃦
Ω

d𝜏 +
∫︁ 𝑡

0

𝛽(𝑠,𝑀,𝑁) d𝑠. (3.46)

Finally, the assertion of the theorem follows from the Grönwall inequality. �

Remark 3.1. In [24], the authors proved that for any 𝑓 which belongs to the Sobolev space
𝐿∞
(︀
(0, 𝑇 ];𝐻𝑟(Ω𝑥), 𝐻𝑠(Ω𝑣)

)︀
and 𝜕𝑡𝑓 ∈ 𝐿2(0, 𝑇 ;𝐻𝑟−1(Ω𝑥;𝐿2(Ω𝑣)))∩𝐿2(0, 𝑇 ;𝐻𝑠−1(Ω𝑣;𝐿2(Ω𝑥))) with 𝑟 ≥ 2+𝜖,

𝑠 ≥ 7
2 + 𝜖, 𝜖 > 0, the error bound is

‖𝑓(·, ·, 𝑡)− 𝑓*(·, ·, 𝑡)‖Ω ≤ 𝑐
(︀
𝑀 +𝑁2

)︀(︁
𝑀1−𝑟+𝜖 +𝑁

3
2−𝑠+𝜖

)︁
.

However, with a weaker regularity assumption in Theorem 3.4, we derived

‖𝑓(·, ·, 𝑡)− 𝑓*(·, ·, 𝑡)‖Ω ≤ 𝑐
(︀
𝑀1−𝑟 +𝑁1−𝑠

)︀
,

for 𝑟 ≥ 3
2 and integer 𝑠 ≥ 2, which significantly improved the estimate in [24]. Such an improvement is largely

due to the use of a more suitable orthogonal projection in the 𝑣-direction together with a more delicate analysis.

4. Error estimates of the Fourier–Hermite spectral-Galerkin method

In this section, we consider the velocity variable on the whole line Ω𝑣 = R and conduct the error analysis
of the Fourier–Hermite spectral-Galerkin method for the VP system. It is seen from Theorem 3.4 that the size
of Ω𝑣 appears in the error bounds. Such a dependence also occurred in the unbounded case, see [24], where
it was assumed that the solution and its derivatives decay very fast to alleviate this factor. To overcome this,
we shall adopt a different argument and derive some new inverse inequalities and approximation results on the
unbounded domains. The estimates to be obtained improve the existing ones.

4.1. Hermite approximation results on R
We now consider approximations by Hermite functions on Ω𝑣 = R. To this end, the generalized Hermite

function of degree 𝑛 is defined by

̂︀𝐻𝑛(𝑣) =
(−1)𝑛

𝜋
1
4
√

2𝑛𝑛!
e

𝑣2
2

d𝑛

d𝑣𝑛
e−𝑣2

=
1

𝜋
1
4
√

2𝑛𝑛!
e−

𝑣2
2 𝐻𝑛(𝑣), 𝑣 ∈ R, (4.1)

which is normalized so that ∫︁
R
̂︀𝐻𝑛(𝑣) ̂︀𝐻𝑚(𝑣) d𝑣 = 𝛿𝑚𝑛. (4.2)

Define the approximation space

𝑉𝑁 = span
{︀
𝜑 : 𝜑 = e−

𝑣2
2 𝜓, ∀𝜓 ∈ 𝒫𝑁

}︀
. (4.3)

Consider the 𝐿2-orthogonal projection Π̂𝑁 : 𝐿2(R) → 𝑉𝑁 such that(︀
𝑢− Π̂𝑁𝑢, 𝜙

)︀
R = 0, ∀𝜙 ∈ 𝑉𝑁 , (4.4)

or equivalently,

Π̂𝑁𝑢(𝑣) =
𝑁∑︁

𝑛=0

𝑢̂𝑛
̂︀𝐻𝑛(𝑣) where 𝑢̂𝑛 =

∫︁
R
𝑢(𝑣) ̂︀𝐻𝑛(𝑣) d𝑣. (4.5)
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To characterize the regularity of the functions, we define the derivative operator 𝜕𝑣 = 𝜕𝑣 + 𝑣 and introduce

𝐻𝑠
𝐴(R) := {𝑢 : 𝑢 ∈ 𝐿2(R), 𝜕𝑘

𝑣𝑢 ∈ 𝐿2(R), 0 ≤ 𝑘 ≤ 𝑠, 𝑘, 𝑠 ∈ N},

equipped with the norm and semi-norm

‖𝑢‖𝐻𝑠
𝐴(R) =

(︃
𝑠∑︁

𝑘=0

‖𝜕𝑘
𝑣𝑢‖2𝐿2(R)

)︃ 1
2

, |𝑢|𝐻𝑠
𝐴(R) = ‖𝜕𝑠

𝑣𝑢‖𝐿2(R). (4.6)

The Hermite function approximations under 𝐻 𝑙-norm is stated in Theorem 7.14 from [28]: if 𝑢 ∈ 𝐻𝑠
𝐴(R) with

0 ≤ 𝑙 ≤ 𝑠 ≤ 𝑁 + 1, then
‖Π̂𝑁𝑢− 𝑢‖𝐻𝑙(R) ≤ 𝑐𝑁

𝑙−𝑠
2 |𝑢|𝐻𝑠

𝐴(R), 𝑙 = 0, 1, 2, (4.7)

where 𝑐 is a positive constant independent of 𝑠, 𝑁 and 𝑢.
The following estimate is useful in the error analysis whose proof is postponed to Appendix B.

Theorem 4.1. Let 𝜕𝑣 := 𝜕𝑣 + 𝑣. For any 𝜕𝑠
𝑣𝑢 ∈ 𝐿2(R) with 1 ≤ 𝑠 ≤ 𝑁 + 1, we have

‖𝑣𝜕𝑙
𝑣(Π̂𝑁𝑢− 𝑢)‖𝐿2(R) ≤ 𝑐

√︃
(𝑁 − 𝑠+ 1)!

(𝑁 − 𝑙)!
|𝑢|𝐻𝑠

𝐴(R), 0 ≤ 𝑙 ≤ 𝑠− 1, (4.8)

and

‖𝑣𝜕𝑙
𝑣(Π̂𝑁𝑢− 𝑢)‖𝐿2(R) ≤ 𝑐

√︃
(𝑁 − 𝑠+ 1)!

(𝑁 − 𝑙)!
|𝑢|𝐻𝑠

𝐴(R), 𝑙 = 0, 1. (4.9)

In the error analysis, we also need the following 𝐿∞-estimates.

Theorem 4.2. For any 𝜕𝑠
𝑣𝑢 ∈ 𝐿2(R) with 1 ≤ 𝑠 ≤ 𝑁 + 1,

‖Π̂𝑁𝑢− 𝑢‖𝐿∞(R) ≤ 𝑐𝑁
1
4−

𝑠
2 |𝑢|𝐻𝑠

𝐴(R). (4.10)

For any 𝑢 ∈ 𝐻1(R) ∩𝐻𝑠
𝐴(R) with 2 ≤ 𝑠 ≤ 𝑁 + 1, we have

‖𝜕𝑣(Π̂𝑁𝑢− 𝑢)‖𝐿∞(R) ≤ 𝑐𝑁
3
4−

𝑠
2 |𝑢|𝐻𝑠

𝐴(R). (4.11)

Proof. The first estimate can be derived from (4.7) and the Sobolev inequality (C.1) straightforwardly. The
proof of the second result is given in Appendix C. �

To estimate the integration of the projection error, we introduce another Sobolev-type space. For any real
𝑠 ≥ 0, we define

𝐻𝑠
𝐵(R) :=

{︀
𝑢 : ‖𝑢‖𝐻𝑠

𝐵(R) <∞
}︀
, (4.12)

equipped with the norm and semi-norm

‖𝑢‖𝐻𝑠
𝐵(R) =

(︃ ∞∑︁
𝑛=0

(1 + 𝑛)𝑠 |𝑢̂𝑛|2
)︃1/2

, |𝑢|𝐻𝑠
𝐵(R) =

(︃ ∞∑︁
𝑛=1

𝑛𝑠 |𝑢̂𝑛|2
)︃1/2

, (4.13)

where {𝑢̂𝑛} are the coefficients of Hermite function expansion for 𝑢(𝑣). There holds the following equivalence
of the norms when 𝑠 is an integer. We provide its proof in Appendix D.

Lemma 4.1. For integer 𝑠 ≥ 0, we have the equivalence

‖𝑢‖𝐻𝑠
𝐴(R) ∼ ‖𝑢‖𝐻𝑠

𝐵(R). (4.14)
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On a finite interval, the imbedding 𝐿2 →˓ 𝐿1 is obvious, but it does not hold on R. However, we can derive
the inverse inequality (4.15), which, together with the approximation result (4.16), is critical in dealing with the
integral terms of the VP system. It is noteworthy that the factor 𝑂(𝑁1/4) in (4.15) seems optimal (see Rem. 4.1
below).

Theorem 4.3. For any 𝜑 ∈ 𝑉𝑁 given in (4.3), we have⃒⃒⃒⃒∫︁
R
𝜑(𝑣) d𝑣

⃒⃒⃒⃒
≤
√

3 (2𝑁)
1
4 ‖𝜑‖𝐿2(R). (4.15)

For any 𝑢 ∈ 𝐻𝑠
𝐴(R) with integer 𝑠 ≥ 1, we have the following estimate for the orthogonal projection Π̂𝑁 defined

in (4.4): ⃒⃒⃒⃒∫︁
R

(︁
Π̂𝑁𝑢− 𝑢

)︁
(𝑣) d𝑣

⃒⃒⃒⃒
≤ 𝑐𝑁− 1

4 ‖𝜕𝑣(Π̂𝑁𝑢− 𝑢)‖𝐿2(R) ≤ 𝑐𝑁
1
4−

𝑠
2 ‖𝑢‖𝐻𝑠

𝐴(R). (4.16)

Proof. We first prove (4.15). For any 𝜑 ∈ 𝑉𝑁 , we have

∫︁
R
𝜑(𝑣) d𝑣 =

𝑁∑︁
𝑛=0

𝜑𝑛

∫︁
R
̂︀𝐻𝑛(𝑣) d𝑣 =

[𝑁/2]∑︁
𝑛=0

𝜑2𝑛

∫︁
R
̂︀𝐻2𝑛(𝑣) d𝑣, (4.17)

where we noted that ̂︀𝐻2𝑛+1(𝑣) is an odd function. Recall that the identity (cf. [16], 7.373):∫︁
R
̂︀𝐻2𝑛(𝑣) d𝑣 = 4

√
4𝜋 ·

√︀
(2𝑛)!
𝑛!2𝑛

· (4.18)

One verifies readily that the sequence
{︀ (2𝑛)!

√
𝜋𝑛

(𝑛!)222𝑛

}︀
is monotonically increasing and (2𝑛)!

√
𝜋𝑛

(𝑛!)222𝑛 → 1, as 𝑛 → ∞.
Thus we obtain

(2𝑛)!
(𝑛!)222𝑛

≤ 1√
𝜋
· 1√

𝑛
, 𝑛 ≥ 1. (4.19)

Using the Cauchy–Schwarz inequality, we find from the above that

⃒⃒⃒⃒∫︁
R
𝜑(𝑣) d𝑣

⃒⃒⃒⃒
≤ 4
√

4𝜋
[𝑁/2]∑︁
𝑛=0

|𝜑2𝑛|
√︀

(2𝑛)!
𝑛!2𝑛

≤ 4
√

4𝜋

⎛⎝[𝑁/2]∑︁
𝑛=0

⃒⃒⃒
𝜑2𝑛

⃒⃒⃒2⎞⎠1/2⎛⎝[𝑁/2]∑︁
𝑛=0

(2𝑛)!
(𝑛!)222𝑛

⎞⎠1/2

≤ 4
√

4𝜋‖𝜑‖𝐿2(R) ×

(︃
3√
𝜋

√︂
𝑁

2

)︃1/2

=
√

3 (2𝑁)
1
4 ‖𝜑‖𝐿2(R),

where we used the fact
𝑁∑︁

𝑛=0

(2𝑛)!
(𝑛!)222𝑛

= (2𝑁 + 1)
(2𝑁)!

(𝑁 !)2 22𝑁
≤ 3√

𝜋

√
𝑁.

This ends the proof of (4.15).
We now turn to the proof of (4.16). For notational simplicity, we denote 𝑒𝑁 = 𝑢− Π̂𝑁𝑢, and obtain∫︁

R
𝑒𝑁 (𝑣) d𝑣 =

∞∑︁
𝑛=𝑁+1

𝑢̂𝑛

∫︁
R
̂︀𝐻𝑛(𝑣) d𝑣 =

∞∑︁
𝑛=[𝑁/2]+1

𝑢̂2𝑛

∫︁
R
̂︀𝐻2𝑛(𝑣) d𝑣.
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Figure 1. The ratio |
∫︀
Ω𝑣
𝜑 d𝑣|/‖𝜑‖𝐿2(Ω𝑣) with the expansion coefficients of 𝜑 ∈ 𝑉𝑁 in [0, 1]

randomly generated by “rand()” (left) or “normpdf()” (right).

Using (4.18), (4.19) and the Cauchy–Schwarz inequality, we obtain from (4.13) and Lemma 4.1 that⃒⃒⃒⃒∫︁
R
𝑒𝑁 (𝑣) d𝑣

⃒⃒⃒⃒
≤ 4
√

4𝜋
∞∑︁

𝑛=[𝑁/2]+1

|𝑢̂2𝑛|
√︀

(2𝑛)!
𝑛!2𝑛

≤
√

2
(︂ ∞∑︁

𝑛=[𝑁/2]+1

𝑛|𝑢̂2𝑛|2
)︂1/2(︂ ∞∑︁

𝑛=[𝑁/2]+1

1
𝑛3/2

)︂1/2

≤ 𝑐𝑁− 1
4 |𝑒𝑁 |𝐻1

𝐵(R) ≤ 𝑐𝑁− 1
4 ‖𝑒𝑁‖𝐻1

𝐴(R) ≤ 𝑐𝑁− 1
4 ‖𝜕𝑣𝑒𝑁‖𝐿2(R),

(4.20)

where we used the bound
∞∑︁

𝑛=[𝑁/2]+1

1
𝑛3/2

≤
∫︁ ∞

[𝑁/2]

1
𝑥3/2

d𝑥 ≤ 𝑐𝑁− 1
2 .

Then the desired estimate (4.16) follows from the known bound of ‖𝜕𝑣𝑒𝑁‖𝐿2(R) given in Corollary 7.3 from
[28]. �

Remark 4.1. The order 𝑂(𝑁1/4) in (4.15) appears optimal. Indeed, there exist many 𝜑 ∈ 𝑉𝑁 that can nearly
attain this bound as we illustrated below. We examine the ratio ℛ𝑁 [𝜑] := |

∫︀
R 𝜑d𝑣|/|𝜑‖𝐿2(R) by taking the

expansion coefficients of 𝜑 ∈ 𝑉𝑁 to be {𝜑𝑛 = 𝐴𝑎𝑛}𝑁
𝑛=0 with the vector of 𝑎𝑛 ∈ [0, 1] randomly generated

by rand(N+1,1) or normpdf(𝑥) (with 𝑥𝑗 = −5 + 10𝑗/𝑁, 𝑗 = 0, 1, · · · , 𝑁) in Matlab. Note that the nonzero
constant 𝐴 is scaled by the ratio. In Figure 1, we depict the ratio ℛ𝑁 [𝜑] and the reference line 𝑁1/4 in log–log
scale from which we observe ℛ𝑁 [𝜑] ∼ 𝑁1/4.

4.2. Fourier–Hermite approximation

Define the tensorial subspace 𝑉 𝑁
𝑀 := ℱ𝑀 × 𝑉𝑁 , and the orthogonal projection:

Π𝑁
𝑀 := Π𝑀 ∘ Π̂𝑁 : 𝐻1

p

(︀
Ω𝑥;𝐻1(R)

)︀
→ 𝑉 𝑁

𝑀 .

The Hermite function approximation results stated in the following two theorems will be directly used in the
error analysis. As their derivations are very similar to those for the Legendre cases in Theorems 3.2 and 3.3, so
we omit the details to avoid repetition.
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Theorem 4.4. Let 1 ≤ 𝑟 ≤𝑀 + 1 and 1 ≤ 𝑠 ≤ 𝑁 + 1. If 𝑓 ∈ 𝐻𝑟−1
p (Ω𝑥;𝐿2(R)) ∩𝐻𝑠−1

𝐴 (R;𝐿2(Ω𝑥)),⃦⃦
𝑓 −Π𝑁

𝑀𝑓
⃦⃦

Ω
≤ 𝑐𝑀1−𝑟‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐿2(R)) + 𝑐𝑁
1−𝑠
2 ‖𝑓‖𝐻𝑠−1

𝐴 (R;𝐿2(Ω𝑥)). (4.21)

If 𝑓 ∈ 𝐻𝑟
p(Ω𝑥;𝐿2(R)) ∩𝐻𝑠−1

𝐴 (R;𝐻1
p(Ω𝑥)), then⃦⃦

𝜕𝑥

(︀
𝑓 −Π𝑁

𝑀𝑓
)︀⃦⃦

Ω
≤ 𝑐𝑀1−𝑟‖𝑓‖𝐻𝑟

p(Ω𝑥;𝐿2(R)) + 𝑐𝑁
1−𝑠
2 ‖𝑓‖𝐻𝑠−1

𝐴 (R;𝐻1
p(Ω𝑥)). (4.22)

If 𝑓 ∈ 𝐻𝑟−1
p (Ω𝑥;𝐻1(R)) ∩𝐻𝑠

𝐴(R;𝐿2(Ω𝑥)), then⃦⃦
𝜕𝑣

(︀
𝑓 −Π𝑁

𝑀𝑓
)︀⃦⃦

Ω
≤ 𝑐𝑀1−𝑟‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1(R)) + 𝑐𝑁
1−𝑠
2 ‖𝑓‖𝐻𝑠

𝐴(R;𝐿2(Ω𝑥)), (4.23)

where 𝑐 is a positive constant independent of real 𝑟, integer 𝑠,𝑀,𝑁 and 𝑓 .

Theorem 4.5. We have the following estimates. If 𝑓 ∈ 𝐻𝑟
p(Ω𝑥;𝐿∞(R))∩𝐻𝑠

𝐴(R;𝐻
1
2+𝜖
p (Ω𝑥)) with 𝑟 > 1

2 , integer
𝑠 ≥ 1, and 𝜖 > 0, we have⃦⃦

𝑓 −Π𝑁
𝑀𝑓
⃦⃦

𝐿∞(Ω)
≤ 𝑐𝑀

1
2−𝑟‖𝑓‖𝐻𝑟

p(Ω𝑥;𝐿∞(R)) + 𝑐𝑁
1
4−

𝑠
2 ‖𝑓‖𝐻𝑠

𝐴(R;𝐿∞(Ω𝑥))

+ 𝑐𝑀−𝜖𝑁
1
4−

𝑠
2 ‖𝑓‖

𝐻𝑠
𝐴

(︀
R;𝐻

1
2 +𝜖

p (Ω𝑥)
)︀.

If 𝑓 ∈ 𝐻𝑟
p(Ω𝑥;𝐿∞(R)) ∩𝐻𝑠−1

𝐴 (R;𝐻
3
2+𝜖
p (Ω𝑥)) with 𝑟 > 3

2 , integer 𝑠 ≥ 2, and 𝜖 > 0, we have⃦⃦
𝜕𝑥

(︀
𝑓 −Π𝑁

𝑀𝑓
)︀⃦⃦

𝐿∞(Ω)
≤ 𝑐𝑀

3
2−𝑟‖𝑓‖

𝐻𝑟
p

(︀
Ω𝑥;𝐿∞(R)

)︀ + 𝑐𝑁
3
4−

𝑠
2 ‖𝑓‖

𝐻𝑠−1
𝐴

(︀
R;𝐻

3
2 +𝜖

p (Ω𝑥)
)︀

+ 𝑐𝑀−𝜖𝑁
3
4−

𝑠
2 ‖𝑓‖

𝐻𝑠−1
𝐴

(︀
R;𝐻

3
2 +𝜖

p (Ω𝑥)
)︀.

If 𝑓 ∈ 𝐻𝑟−1
p (Ω𝑥;𝐻1(R)) ∩𝐻𝑠

𝐴(R;𝐻
1
2+𝜖
p (Ω𝑥)) with 𝑟 > 3

2 , integer 𝑠 ≥ 2 and 𝜖 > 0, we have⃦⃦
𝜕𝑣

(︀
𝑓 −Π𝑁

𝑀𝑓
)︀⃦⃦

𝐿∞(Ω)
≤ 𝑐𝑀

3
2−𝑟‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1(R)) + 𝑐𝑁
3
4−

𝑠
2 ‖𝑓‖𝐻𝑠

𝐴(Ω𝑣;𝐿∞(Ω𝑥))

+ 𝑐𝑀−𝜖𝑁
3
4−

𝑠
2 ‖𝑓‖

𝐻𝑠
𝐴

(︀
R;𝐻

1
2 +𝜖

p (Ω𝑥)
)︀.

4.3. Error estimates

Like (3.24), we introduce similar notation for the Hermite case

𝑒𝑓 = 𝑓 −Π𝑁
𝑀𝑓, 𝑒𝐸 = 𝐸 −Π0

𝑀𝐸, 𝑒*𝑓 = 𝑓* −Π𝑁
𝑀𝑓, 𝑒*𝐸 = 𝐸* −Π0

𝑀𝐸, (4.24)

where Π0
𝑀 is defined in (3.6) and Π𝑁

𝑀 = Π𝑀 ∘ Π̂𝑁 .
We are now ready to conduct the convergence analysis and present the main results as follows.

Theorem 4.6 (Error for Fourier–Hermite). Let 𝑓 and 𝑓* be the solutions of (2.8) and (2.18), respectively, on
the domain Ω = Ω𝑥 × Ω𝑣 with Ω𝑣 = R. If

𝑓 ∈ 𝐿∞
(︀
0, 𝑇 ;𝐻𝑟

p

(︀
Ω𝑥;𝐿2(R)

)︀)︀
∩ 𝐿2

(︀
0, 𝑇 ;𝐻𝑟−1

p

(︀
Ω𝑥;𝐻1

𝐴(R)
)︀)︀
∩ 𝐿2

(︀
0, 𝑇 ;𝐻𝑟−1

p

(︀
Ω𝑥;𝐻1(R)

)︀)︀
∩ 𝐿∞

(︀
0, 𝑇 ;𝐻𝑠

𝐴

(︀
R;𝐿2

p(Ω𝑥)
)︀)︀
∩ 𝐿2

(︀
0, 𝑇 ;𝐻𝑠−1

𝐴

(︀
R;𝐻1

p(Ω𝑥)
)︀)︀
,
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𝜕𝑡𝑓 ∈ 𝐿2(0, 𝑇 ;𝐻𝑟−1
p (Ω𝑥;𝐿2(R))) ∩ 𝐿2(0, 𝑇 ;𝐻𝑠−1

𝐴 (R;𝐿2
p(Ω𝑥)) and 𝑣𝑓 ∈ 𝐿2(0, 𝑇 ;𝐻𝑟

p(Ω𝑥;𝐿2(R))), then for any
real 𝑟 > 1 and integer 𝑠 ≥ 2, we have

‖𝑓 − 𝑓*‖Ω ≤ 𝑐
(︁
𝑀−𝑟‖𝑓‖𝐻𝑟

p(Ω𝑥;𝐿2(R)) +𝑁− 𝑠
2 ‖𝑓‖𝐻𝑠

𝐴(R;𝐿2
p(Ω𝑥))

)︁
+ 𝑐
(︁
𝑀1−𝑟𝐵̂1

𝑓 +𝑁
1−𝑠
2 𝐵̂2

𝑓

+𝑀
5
2−2𝑟𝑁− 1

4 𝐵̂3
𝑓 +𝑀

1
2𝑁

3
4−𝑠𝐵̂4

𝑓 +𝑁
2−𝑠
2 𝐵̂5

𝑓 +𝑀−(𝑟+1)𝐵̂6
𝑓

)︁
,

(4.25)

where

𝐵̂1
𝑓 =

∫︁ 𝑡

0

(︁
‖𝜕𝑡𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐿2(R)) + ‖𝑣𝑓‖𝐻𝑟
p(Ω𝑥;𝐿2(R)) +

⃦⃦
Π0

𝑀𝐸
⃦⃦

𝐿∞(Ω𝑥)
‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1(R))

+𝑁− 1
4 ‖𝜕𝑣𝑓‖𝐿∞(Ω𝑥;𝐿2(R))‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1
𝐴(R))

)︁
e
∫︀ 𝑡

𝜏
𝛼̂(𝜂) d𝜂 d𝜏,

𝐵̂2
𝑓 =

∫︁ 𝑡

0

(︁
‖𝜕𝑡𝑓‖𝐻𝑠−1

𝐴 (R;𝐿2
p(Ω𝑥)) +

(︁⃦⃦
Π0

𝑀𝐸
⃦⃦

𝐿∞(Ω𝑥)
+𝑁− 1

4 ‖𝜕𝑣𝑓‖𝐿∞(Ω𝑥;𝐿2(R))

)︁
‖𝑓‖𝐻𝑠

𝐴(R;𝐿2
p(Ω𝑥))

)︁
× e

∫︀ 𝑡
𝜏

𝛼̂(𝜂) d𝜂 d𝜏,

𝐵̂3
𝑓 =

∫︁ 𝑡

0

(︁
‖𝑓‖2

𝐻𝑟−1
p (Ω𝑥;𝐻1

𝐴(R)) + ‖𝑓‖2
𝐻𝑟−1

p (Ω𝑥;𝐻1(R))

)︁
e
∫︀ 𝑡

𝜏
𝛼̂(𝜂) d𝜂 d𝜏,

𝐵̂4
𝑓 =

∫︁ 𝑡

0

‖𝑓‖2
𝐻𝑠

𝐴(R;𝐿2
p(Ω𝑥)) e

∫︀ 𝑡
𝜏

𝛼̂(𝜂) d𝜂 d𝜏,

𝐵̂5
𝑓 =

∫︁ 𝑡

0

‖𝑓‖𝐻𝑠−1
𝐴 (R;𝐻1

p(Ω𝑥)) e
∫︀ 𝑡

𝜏
𝛼̂(𝜂) d𝜂 d𝜏,

𝐵̂6
𝑓 =

∫︁ 𝑡

0

‖𝜕𝑣𝑓‖∞‖𝐸‖𝐻𝑟+1
p (Ω𝑥),

with

𝛼̂(𝑡) =
√

3
(︁
𝑀

3
2−𝑟(2𝑁)

1
4 ‖𝑓‖𝐻𝑟−1

p (Ω𝑥;𝐻1(R)) + 4
√

2𝑀
1
2𝑁

3
4−

𝑠
2 ‖𝑓‖𝐻𝑠

𝐴(R;𝐿2(Ω𝑥))

)︁
+ ‖𝜕𝑣𝑓‖𝐿∞(Ω𝑥;𝐿2(R))𝑁

1
4 = 𝒪( 4

√
𝑁).

Proof. Following the argument in Section 3.4, we also split the error into three terms

d
d𝑡

⃦⃦
𝑒*𝑓
⃦⃦2

Ω
≤ 𝒯1 + 𝒯2 + 𝒯3, (4.26)

where
𝒯1 = 2 |(𝜕𝑡𝑒𝑓 , 𝑒

*
𝑓 )Ω|, 𝒯2 = 2|(𝐹 * · ∇𝑒𝑓 , 𝑒

*
𝑓 )Ω|, 𝒯3 = 2|((𝐹 − 𝐹 *) · ∇𝑓, 𝑒*𝑓 )Ω|.

The upper bound of 𝒯1 can be obtained by using the Cauchy–Schwarz inequality

𝒯1 ≤ 2‖𝜕𝑡𝑒𝑓‖Ω ·
⃦⃦
𝑒*𝑓
⃦⃦

Ω
, (4.27)

similar to (3.37). However, the estimate of 𝒯2 is more involved for two reasons. Firstly, the interval Ω𝑣 becomes
infinite, so the estimates (3.33) involving the length |Ω𝑣| cannot be used. Moreover, the identity (3.30) is not
valid. To obtain a meaningful upper bound of 𝒯2, the estimate of 𝜕𝑥𝑒

*
𝐸 is essential. Using Theorem 4.3, we derive⃒⃒⃒⃒(︂ ∫︁

R
𝑒𝑓 d𝑣, 𝜕𝑥𝑒

*
𝐸

)︂
Ω𝑥

⃒⃒⃒⃒
=
⃒⃒⃒⃒ ∫︁

Ω𝑥

∫︁
R
𝑒𝑓 d𝑣 𝜕𝑥𝑒

*
𝐸 d𝑥

⃒⃒⃒⃒
≤
(︂∫︁

Ω𝑥

(𝜕𝑥𝑒
*
𝐸)2 d𝑥

)︂1/2(︂∫︁
Ω𝑥

(︂∫︁
R
𝑒𝑓 d𝑣

)︂2

d𝑥
)︂1/2

≤ 𝑐𝑁− 1
4
⃦⃦
𝜕𝑣𝑒𝑓

⃦⃦
Ω
· ‖𝜕𝑥𝑒

*
𝐸‖Ω𝑥

.
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In a similar way, we also can derive that⃒⃒⃒⃒(︂ ∫︁
R
𝑒*𝑓 d𝑣, 𝜕𝑥𝑒

*
𝐸

)︂
Ω𝑥

⃒⃒⃒⃒
≤
√

3 (2𝑁)
1
4
⃦⃦
𝑒*𝑓
⃦⃦

Ω
· ‖𝜕𝑥𝑒

*
𝐸‖Ω𝑥

.

Taking 𝜙 = 𝜕𝑥𝑒
*
𝐸 in (3.27) leads to

‖𝜕𝑥𝑒
*
𝐸‖

2
Ω𝑥
≤
⃒⃒⃒⃒(︂ ∫︁

Ω𝑣

𝑒*𝑓 d𝑣, 𝜕𝑥𝑒
*
𝐸

)︂
Ω𝑥

⃒⃒⃒⃒
+
⃒⃒⃒⃒(︂ ∫︁

Ω𝑣

𝑒𝑓 d𝑣, 𝜕𝑥𝑒
*
𝐸

)︂
Ω𝑥

⃒⃒⃒⃒
≤ 𝑐𝑁− 1

4
⃦⃦
𝜕𝑣𝑒𝑓

⃦⃦
Ω
· ‖𝜕𝑥𝑒

*
𝐸‖Ω𝑥

+
√

3(2𝑁)
1
4
⃦⃦
𝑒*𝑓
⃦⃦

Ω
· ‖𝜕𝑥𝑒

*
𝐸‖Ω𝑥

,

which yields
‖𝜕𝑥𝑒

*
𝐸‖Ω𝑥

≤ 𝑐𝑁− 1
4
⃦⃦
𝜕𝑣𝑒𝑓

⃦⃦
Ω

+
√

3(2𝑁)
1
4
⃦⃦
𝑒*𝑓
⃦⃦

Ω
. (4.28)

Using the identity 𝐸* = 𝑒*𝐸 + Π0
𝑀𝐸, we estimate 𝒯2 as follows

𝒯2 = 2|(𝐹* · ∇𝑒𝑓 , 𝑒
*
𝑓 )Ω| ≤ 2|(𝑣𝜕𝑥𝑒𝑓 , 𝑒

*
𝑓 )Ω|+ 2|(𝐸*𝜕𝑣𝑒𝑓 , 𝑒

*
𝑓 )Ω|

≤ 2‖𝑣𝜕𝑥𝑒𝑓‖Ω · ‖𝑒*𝑓‖Ω + 2‖𝑒*𝐸‖∞ · ‖𝜕𝑣𝑒𝑓‖Ω · ‖𝑒*𝑓‖Ω + 2‖Π0
𝑀𝐸‖𝐿∞(Ω𝑥) · ‖𝜕𝑣𝑒𝑓‖Ω · ‖𝑒*𝑓‖Ω.

(4.29)

Noting that ‖𝑒*𝐸‖Ω𝑥
≤ ‖𝜕𝑥𝑒

*
𝐸‖Ω𝑥

and substituting the inequalities (3.9) and (4.28) into (4.29), leads to

𝒯2 = 2
(︁
‖𝑣𝜕𝑥𝑒𝑓‖Ω +𝑀

1
2𝑁− 1

4 ‖𝜕𝑣𝑒𝑓‖Ω ·
⃦⃦
𝜕𝑣𝑒𝑓

⃦⃦
Ω

+
⃦⃦

Π0
𝑀𝐸

⃦⃦
𝐿∞(Ω𝑥)

· ‖𝜕𝑣𝑒𝑓‖Ω
)︁⃦⃦
𝑒*𝑓
⃦⃦

Ω

+ 2
√

3𝑀
1
2 (2𝑁)

1
4 ‖𝜕𝑣𝑒𝑓‖Ω ·

⃦⃦
𝑒*𝑓
⃦⃦2

Ω
.

(4.30)

Different from the previous Legendre case, the estimate of ‖𝑣𝜕𝑥𝑒𝑓‖ whose factor 𝑣 cannot be bounded by a
constant any more in this case. Here, we used a tight bound that leads to a tradeoff by 4

√
𝑁. We next estimate

𝒯3. Using the triangle inequality, equations (2.3), (3.24) and (4.28), we obtain

𝒯3 = 2|((𝐹 − 𝐹 *) · ∇𝑓, 𝑒*𝑓 )Ω| = 2|((𝐸* − 𝐸)𝜕𝑣𝑓, 𝑒
*
𝑓 )Ω|

= 2|((𝑒*𝐸 − 𝑒𝐸)𝜕𝑣𝑓, 𝑒
*
𝑓 )|

≤ 2‖𝜕𝑣𝑓‖∞(‖𝑒*𝐸‖Ω𝑥 + ‖𝑒𝐸‖Ω𝑥)‖𝑒*𝑓‖Ω

≤ 2‖𝜕𝑣𝑓‖∞(𝑐𝑁− 1
4 ‖𝜕𝑣𝑒𝑓‖Ω +

√
3(2𝑁)

1
4 ‖𝑒*𝑓‖Ω + ‖𝑒𝐸‖Ω𝑥

)‖𝑒*𝑓‖Ω,

(4.31)

which brings about the factor 4
√
𝑁 in 𝛼(𝑀,𝑁, 𝑡). A combination of (4.27), (4.30) and (4.31) yields

d
d𝑡
‖𝑒*𝑓‖Ω ≤ (

√
3𝑀

1
2 (2𝑁)

1
4 ‖𝜕𝑣𝑒𝑓‖Ω + 𝑐‖𝜕𝑣𝑓‖𝐿∞(Ω𝑥;𝐿2(R))𝑁

1
4 )‖𝑒*𝑓‖Ω + ‖𝜕𝑡𝑒𝑓‖Ω + ‖𝑣𝜕𝑥𝑒𝑓‖Ω

+ 𝑐𝑀
1
2𝑁− 1

4 ‖𝜕𝑣𝑒𝑓‖Ω · ‖𝜕𝑣𝑒𝑓‖Ω + ‖Π0
𝑀𝐸‖𝐿∞(Ω𝑥) · ‖𝜕𝑣𝑒𝑓‖Ω

+ 𝑐𝑁− 1
4 ‖𝜕𝑣𝑓‖𝐿∞(Ω𝑥;𝐿2(R))‖𝜕𝑣𝑒𝑓‖Ω + ‖𝜕𝑣𝑓‖∞‖𝑒𝐸‖Ω𝑥 .

By Theorems 4.1, 4.3, 4.4, and applying the Grönwall’s inequality, one can obtain the desired bounds. �

Remark 4.2. Manzini et al. [24] analysed the Fourier–Hermite spectral Galerkin method under the regular-
ity condition 𝑓 ∈ 𝐿∞(0, 𝑇 ;𝐻𝑟(Ω𝑥) × 𝐻𝑠(R)) and 𝜕𝑡𝑓 ∈ 𝐿2(0, 𝑇 ;𝐻𝑟−1(Ω𝑥) × 𝐿2(Ω𝑣)) ∩ 𝐿2(0, 𝑇 ;𝐻𝑠−1(Ω𝑣) ×
𝐿2(Ω𝑥))with 𝑟, 𝑠 ≥ 2 + 𝜖, 𝜖 > 0, with the error bound

‖𝑓(𝑡)− 𝑓*(𝑡)‖Ω ≤ 𝐶
(︀
|Ω𝑣|, 𝑓

)︀(︀
𝑀 +

√
𝑁
)︀(︀
𝑀1−𝑟+𝜖 +𝑁 (1−𝑠+2𝜖)/2

)︀
,
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where the constant 𝐶(|Ω𝑣|, 𝑓) depends on the exponential of the length of Ω𝑣 and the regularity of 𝑓 as in
the Legendre case. The essential argument therein is that Ω𝑣 = R can be understood as a “finite” interval
(𝑣min, 𝑣max) if the solution (and its partial derivatives) decays sufficiently fast.

Note that in our error bound, the dependence becomes exponential of 4
√
𝑁 (which appears sharp), and we

improve the convergence order under weaker regularity conditions:

‖𝑓(𝑡)− 𝑓*(𝑡)‖Ω ≤ 𝐶
(︀ 4
√
𝑁, 𝑓

)︀(︀
𝑀1−𝑟 +𝑁1− 𝑠

2
)︀
,

where 𝑟 ≥ 1, 𝑠 ≥ 2.

5. Full discretisation schemes and numerical results

In this section, we provide some numerical results to demonstrate the accuracy of the proposed spectral
algorithms and simulate some interesting dynamics of the VP system.

5.1. Full discretisation scheme

Here, we employ the Crank–Nicolson scheme in time and proposed spectral-Galerkin method in space and
show that full discretisation scheme enjoys the mass conservation.

Let 𝜏 be the time stepping size and 𝜏𝑘 = 𝑘𝜏, 𝑘 = 0, 1, · · · ,𝐾 := [𝑇/𝜏 ]. Introduce the finite difference operator
and grid average

𝛿+𝜏 𝑓
𝑘 =

𝑓𝑘+1 − 𝑓𝑘

𝜏
, 𝑓𝑘+ 1

2 =
𝑓𝑘+1 + 𝑓𝑘

2
·

The Crank–Nicolson Fourier–Legendre (CNFL) scheme (resp., Crank–Nicolson Fourier–Hermite (CNFH)
scheme) for (2.18) is to find 𝑓𝑘

* ∈ ℱ𝑀 × 𝒫0
𝑁 (resp., 𝑓𝑘

* ∈ ℱ𝑀 × 𝑉𝑁 ) and 𝐸𝑘
* ∈ ℱ𝑀 such that⎧⎪⎪⎪⎨⎪⎪⎪⎩

(︀
𝛿+𝜏 𝑓

𝑘
* , 𝜓

)︀
Ω

+
(︁
𝑣𝜕𝑥𝑓

𝑘+ 1
2

* , 𝜓
)︁
Ω
−
(︁
𝐸

𝑘+ 1
2

* 𝜕𝑣𝑓
𝑘+ 1

2
* , 𝜓

)︁
Ω

= 0, ∀𝜓 ∈ 𝑉 𝑁
𝑀 ,(︁

𝜕𝑥𝐸
𝑘+ 1

2
* , 𝜙

)︁
Ω𝑥

=
(︁

1−
∫︀
Ω𝑣
𝑓

𝑘+ 1
2

* d𝑣, 𝜙
)︁
Ω𝑥

, ∀𝜙 ∈ ℱ𝑀 ,

𝑓0
* = Π𝑁

𝑀𝑓0, (𝑥, 𝑣) ∈ Ω := Ω𝑥 × Ω𝑣,

(5.1)

which preserves the mass in the following sense.

Theorem 5.1. Let 𝑓𝑘+1
* be the solution of (5.1). Then for all 𝑘 = 0, · · · ,𝐾 − 1, we have⃦⃦

𝑓𝑘+1
*

⃦⃦
Ω

=
⃦⃦
𝑓𝑘
*
⃦⃦

Ω
= · · · =

⃦⃦
𝑓0
*
⃦⃦

Ω
. (5.2)

Proof. In view of the periodic condition in 𝑥, we have

2
(︁
𝑣𝜕𝑥𝑓

𝑘+ 1
2

* , 𝑓
𝑘+ 1

2
*

)︁
Ω

=
∫︁

Ω𝑥×Ω𝑣

𝑣𝜕𝑥

(︁
𝑓

𝑘+ 1
2

*

)︁2

d𝑥 d𝑣 = −
∫︁

Ω𝑣

𝑣
(︁
𝑓

𝑘+ 1
2

*

)︁2 ⃒⃒⃒
𝜕Ω𝑥

d𝑣 = 0,

and similarly, in view of the homogeneous boundary in 𝑣, we obtain

2
(︁
𝐸

𝑘+ 1
2

* 𝜕𝑣𝑓
𝑘+ 1

2
* , 𝑓

𝑘+ 1
2

*

)︁
Ω

=
∫︁

Ω𝑥

𝐸
𝑘+ 1

2
*

(︁
𝑓

𝑘+ 1
2

*

)︁2 ⃒⃒⃒
𝜕Ω𝑣

d𝑥 = 0.

Thus, taking 𝜓 = 2𝑓𝑘+ 1
2

* in the first equation of (5.1) leads to

2
(︁
𝛿+𝜏 𝑓

𝑘
* , 𝑓

𝑘+ 1
2

*

)︁
Ω

=
1
𝜏

(︁⃦⃦
𝑓𝑘+1
* (·, ·)

⃦⃦2

Ω
−
⃦⃦
𝑓𝑘
* (·, ·)

⃦⃦2

Ω

)︁
= 0,

which implies the desired property (5.2). �

It is seen that the scheme (5.1) is implicit, so we use the Newton iteration method to solve the resulting
nonlinear systems in the following numerical tests.
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5.2. Numerical results

For the accuracy test, we consider the VP system{︃
𝜕𝑡𝑓 + 𝑣𝜕𝑥𝑓 − 𝐸𝜕𝑣𝑓 = 𝑔 in Ω𝑥 × R,

𝜕𝑥𝐸 = 1− 𝜌 with 𝜌 =
∫︀
Ω𝑣
𝑓 d𝑣 in Ω𝑥,

(5.3)

with the exact solution

𝑓(𝑥, 𝑣, 𝑡) =
1
𝛼

(1 + 𝜖 cos(𝜔𝑥+ 𝑡))|𝑣|𝑠e−
𝑣2
2 , 𝛼 := 2

𝑠+1
2 Γ
(︂
𝑠+ 1

2

)︂
, 𝑠 ≥ 0, (5.4)

where 𝜖, 𝜔 are given constants. From direct calculation, we find the corresponding source term is

𝑔(𝑥, 𝑣, 𝑡) = − 𝜖

𝛼
(1 + 𝜔𝑣) sin(𝜔𝑥+ 𝑡) |𝑣|𝑠 e−

𝑣2
2 +

𝜖

𝛼
𝜔 sin(𝜔𝑥+ 𝑡)(1 + 𝜖 cos(𝜔𝑥+ 𝑡)) e−

𝑣2
2

×
(︀
𝑠|𝑣|𝑠−1sign(𝑣)− |𝑣|𝑠

)︀
.

(5.5)

Accordingly, the initial distribution function is

𝑓0(𝑥, 𝑣) =
1
𝛼

(1 + 𝜖 cos(𝜔𝑥)) |𝑣|𝑠 e−
𝑣2
2 . (5.6)

As a matter of fact, it can serve as a multipurpose example to test the accuracy of the scheme and simulate the
dynamics. More precisely, a road-map to conduct the numerical tests is as follows:

(i) Case-I: accuracy test. We apply the CNFL/CNFH scheme (5.1) to (5.3) with smooth or non-smooth exact
solutions given in (5.4). Here, we choose 𝑠 = 0 and 𝑠 = 1, 2.1, 3, respectively. For the CNFL method, we
extract from the exact solution the boundary conditions at 𝑣 = 𝑎, 𝑏.

(ii) Case-II: Landau damping. Landau damping is a classical kinetic effect in plasmas, due to the resonance
of particles with an initial wave perturbation. To simulate such dynamics, we set 𝑔 ≡ 0 in (5.3), and take
the initial distribution function to be

𝑓0(𝑥, 𝑣) =
1√
2𝜋

(1 + 𝜖 cos(𝜔𝑥)) e−
𝑣2
2 , (5.7)

as in [9,13,23]. In this case, there is no exact solution, and for the CNFL method, we choose suitable 𝑎, 𝑏,
and impose homogeneous Dirichlet boundary conditions at 𝑣 = 𝑎, 𝑏.

(iii) Case-III: two-stream instability. Two-stream instability is a common phenomenon in plasma physics. It
is therefore of interest to numerically study this phenomenon via the proposed numerical scheme. We use
a setting similar to that in Case-II, but take the following initial distribution function:

𝑓0(𝑥, 𝑣) =
1√
2𝜋

(1 + 𝜖 cos(𝜔𝑥)) 𝑣2 e−
𝑣2
2 . (5.8)

For clarity, we report the numerical results for the above three cases obtained by the CNFL and CNFH
schemes separately in the following two subsections.

5.2.1. Numerical results for the CNFL scheme

As the first example for the accuracy test, we consider the VP problem (5.3)–(5.6) with 𝑠 = 0, and take
𝜖 = 1, 𝜔 = 1, Ω𝑥 = (0, 2𝜋), Ω𝑣 = (−8, 8). To verify the second-order convergence in time, we choose 𝑁 = 50
and 𝑀 = 6 (note: 2𝑀 + 1 Fourier modes in total) to ensure the spectral accuracy in space. In Table 1, we
tabulate the discrete 𝐿∞- and 𝐿2-errors and order of convergence various 𝜏 at 𝑡 = 1, which clearly indicates a
second-order convergence.
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Table 1. 𝐿∞- and 𝐿2-errors and convergence in time (CNFL).

𝜏 𝐿∞-error Order 𝐿2-error Order

1/2 1.397e-2 − 3.240e-2 −
1/4 3.429e-3 2.0263 8.218e-3 1.9793
1/8 8.649e-4 1.9871 2.064e-3 1.9936
1/16 2.167e-4 1.9970 5.165e-4 1.9983
1/32 5.419e-5 1.9993 1.292e-4 1.9996
1/64 1.355e-5 1.9999 3.229e-5 1.9999

Figure 2. The convergence rate of the CNFL solution on the direction of 𝑣. We take (5.4) as
the exact solution with 𝑠 = 1, 2.1, 3, 𝜖 = 𝜔 = 1 and 𝜏 = 0.005.

In the second test, we consider the VP system (5.3) with 𝑠 = 1, 2.1, 3 in the exact solution (which has
limited regularity). To test the convergence rate on direction of 𝑣, we take 𝜖 = 𝜔 = 1, 𝜏 = 0.005,Ω𝑥 = (0, 2𝜋),
Ω𝑣 = (−8, 8) and fix 2𝑀+1 = 13 Fourier modes, but run up 𝑇 = 0.1. In Figure 2, it shows that the convergence
orders in 𝐿2 norm, 𝐿∞ norm are 𝑠+ 1

2 and 𝑠, respectively, and the convergence behaviours are consistent with
the Legendre approximation results for such functions with limited regularity (see e.g., [20]).

With above accuracy tests, we are now ready to simulate the Landau damping in Case-II, where we set 𝑔 ≡ 0
in (5.3) and take the initial condition (5.7). Though we do not know the exact solution in this case, we can
verify the conservation in Theorem 5.1. Here, we take 𝜖 = 0.01, 𝜔 = 0.5,Ω𝑥 = (0, 4𝜋),Ω𝑣 = (−8, 8), and choose
the discretisation parameters in the scheme (5.1) to be 𝑁 = 50,𝑀 = 25, 𝜏 = 0.005. In Figure 3 (left), we plot
the difference ‖𝑓𝑘

* ‖Ω − ‖𝑓0‖Ω (but in the discrete 𝐿2-norms) for 𝑡 ≤ 𝑇 = 20. We see that the property (5.2)
is well-preserved in the sense that there is no error in time and it is spectrally accurate in space. In Figure 3
(right), we record the evolution of the numerical electric field 𝐸𝑘

* in discrete 𝐿1-, 𝐿2- and 𝐿∞-norms, where the
dashed line has a slope: 𝜈 = −0.1533, so the electric filed in such norms has an exponential decay 𝑂(𝑒𝜈𝑡) as
observed numerically in [3, 13,14].

In the two-stream instability test in Case-III, we take 𝑔 = 0 and choose the initial function to be (5.8). It is
known that the VP system with the such initial input will develop some instability vortex structures as time
evolves [3,9]. To demonstrate this, we plot the distribution function at time 𝑡 = 0, 10, 15, 20 in Figure 4. Indeed,
we observe the same instability pattern for slightly large 𝑡 as shown in these literature.

5.2.2. Numerical results for the CNFH scheme

We next conduct similar numerical tests for the CNFH scheme as for the CHFL scheme. In this case, Ω𝑣 = R.
As before, we first test the accuracy and consider the system (5.3) having the exact solution (5.4) with 𝑠 = 0
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Figure 3. Weak Landau damping of the initial distribution (5.7) with 𝜖 = 0.01, 𝜔 = 0.5 and
𝜏 = 0.005. Left: time evolution of the efforts between the discrete 𝐿2-norm of the numerical
distribution 𝑓𝑘

* and initial distribution 𝑓0. Right: time evolution of the numerical electric field
𝐸 in discrete 𝐿1-, 𝐿2- and 𝐿∞-norms.

Figure 4. Evolution of the distribution function 𝑓 for time 𝑡 = 0, 10, 15, 20.
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Table 2. 𝐿∞- and 𝐿2-errors and convergence in time (CNFH).

𝜏 𝐿∞-error Order 𝐿2-error Order

1/2 1.422e-2 − 1.288e-2 −
1/4 3.496e-3 2.0242 3.268e-3 1.9791
1/8 8.677e-4 2.0102 8.205e-4 1.9936
1/16 2.166e-4 2.0024 2.054e-4 1.9983
1/32 5.412e-5 2.0006 5.135e-5 1.9996
1/64 1.353e-5 2.0001 1.284e-5 1.9999

Figure 5. The convergence rate of the CNFH solution on the direction of 𝑣. We choose (5.6)
as the initial value with 𝜖 = 1, 𝜔 = 1, 𝜏 = 0.005. The cases that 𝑠 = 1 (left), 𝑠 = 2.1 (middle)
and 𝑠 = 3 (right) are considered.

and 𝜖 = 𝜔 = 1. As the solution is smooth, we take 𝑁 = 10 and 𝑀 = 6. In Table 2, we tabulate the discrete 𝐿∞-
and 𝐿2-errors and order of convergence various 𝜏 at 𝑡 = 1, which clearly indicates a second-order convergence.

Similar to the second test in the CNFL method, we choose 𝑠 = 1, 2.1, 3 in the system (5.3) with (5.6) and
(5.5) to test the convergence order on the direction 𝑣 by the Hermite function approximation. Here, we take
𝜖 = 𝜔 = 1, 𝜏 = 0.005,Ω𝑥 = (0, 2𝜋). From Figure 5, we can see that the order of convergence in 𝐿2 norm and 𝐿∞

norm at 𝑡 = 0.1 are 𝑠+1
2 and 𝑠

2 , respectively. As expected, they are half of orders for the Legendre approximation
as shown in Figure 2.

In the third test, we consider the Landau damping in Case-II, and follow the same setting as for the CNFL
scheme. In Figure 6 (left), we plot the difference ‖𝑓𝑘

* ‖Ω − ‖𝑓0‖Ω for 𝑡 ≤ 𝑇 = 20. We see that the property (5.2)
is well-preserved in the sense that there is no error in time and it is spectrally accurate in space. In Figure 6
(right), we record the evolution of the numerical electric field 𝐸𝑘

* in discrete 𝐿1-, 𝐿2- and 𝐿∞-norms, where
the dashed line has a slope: 𝑂(e𝜈𝑡), 𝜈 = −0.1533, but the norm of 𝐸𝑘

* grows after 𝑡 = 13. Although the CNFH
approximation preserves the 𝐿2 norm of 𝑓𝑘

* (see Fig. 6 (left)), it cannot ensure the same exponential decay rate
of the electric field for long-time simulation.

Finally, we demonstrate the two-stream instability phenomenon of the distribution function 𝑓 in Case-III. As
with the last test for the CNFL scheme, we choose (5.8) with 𝜖 = 0.01 and 𝜔 = 0.5 as the initial distribution
function. The computation domain is Ω = (0, 4𝜋) × R. We take 𝑁 = 51,𝑀 = 25 and 𝜏 = 0.01 in the scheme
(5.1). Similar to the results obtained by the CNFL method, the CNFH method can also capture the two-stream
instability vortex structure when 𝑡 is large as shown in Figure 7.
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Figure 6. Weak Landau damping of the initial distribution (5.6) solved by the CNFH method
with 𝑠 = 0, 𝜖 = 0.01, 𝜔 = 0.5 and 𝜏 = 0.005. Left: time evolution of the efforts between
the discrete 𝐿2-norm of the numerical distribution 𝑓𝑘

* and initial distribution 𝑓0. Right: time
evolution of the numerical electric field 𝐸 in discrete 𝐿1-, 𝐿2- and 𝐿∞-norms.

Figure 7. Evolution of the distribution function 𝑓 for time 𝑡 = 0, 10, 15, 20, which is obtained
by the CNFH method.

5.3. Concluding remarks

In summary, we provided some improved error estimates for the spectral approximations of the Vlasov–
Poisson system with the velocity variable both in a finite interval or on the whole line. The arguments and
main tools can be extended to the analysis of spectral methods for the general 𝑑D-𝑑V Vlasov–Poisson system.
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Although we did not analyse the full discrete scheme, it is not difficult to mimic the analysis of the semi-discrete
scheme to obtain the estimates for the Crank–Nicolson discretisation in time. It is noteworthy that we analyzed
herein the symmetric Hermite function approximation in the velocity variable which conserves the mass and has
the non-weighted 𝐿2-error estimates. In fact, it is advantageous to use the asymmetric Hermite functions (see
e.g., [4,13,18]) that lead to simultaneous conservation of mass, momentum and total energy. However, the error
estimates are only available in certain weighted 𝐿2

𝜔-spaces. It appears open to obtain the usual non-weighted
𝐿2-estimates.

Appendix A. The proof of Lemma 3.5

In order to prove Lemma 3.5, we first introduce the 𝐿2-orthogonal projection 𝜋𝑁 : 𝐿2(Λ) → 𝒫𝑁 defined by

(𝜋𝑁𝑢− 𝑢, 𝜙)Λ = 0, ∀𝜙 ∈ 𝒫𝑁 . (A.1)

Then, the corresponding approximation result ([28], Sect. 3.5) is: for any 𝑢 ∈ 𝐻𝑠(Λ) with integer 0 ≤ 𝑠 ≤ 𝑁+1,

‖𝜋𝑁𝑢− 𝑢‖𝐿2(Λ) ≤ 𝑐𝑁−𝑠|𝑢|𝐻𝑠(Λ), (A.2)

and for 1 ≤ 𝑠 ≤ 𝑁 + 1, ⃦⃦
(𝜋𝑁𝑢− 𝑢)′

⃦⃦
𝐿2(Λ)

≤ 𝑐𝑁
3
2−𝑠|𝑢|𝐻𝑠(Λ), (A.3)

where 𝑐 is a generic positive constant independent of 𝑢 and 𝑁. In Section 3.5 of [28], the authors also gave the
error estimates when 𝑠 > 𝑁 + 1, but here 𝑠 ≤ 𝑁 + 1 is considered.

Recall the Sobolev inequality (see e.g., [1]): for any 𝑢 ∈ 𝐻1(Λ), we have

‖𝑢‖𝐿∞(Λ) ≤ 2‖𝑢‖
1
2
𝐻1(Λ)‖𝑢‖

1
2
𝐿2(Λ). (A.4)

From (A.4), we obtain⃦⃦⃦
𝜕𝜉

(︁
𝜋1,0

𝑁 𝑢− 𝑢
)︁⃦⃦⃦

𝐿∞(Λ)
≤ 2
⃦⃦⃦
𝜕𝜉

(︁
𝜋1,0

𝑁 𝑢− 𝑢
)︁⃦⃦⃦ 1

2

𝐻1(Λ)

⃦⃦⃦
𝜕𝜉

(︁
𝜋1,0

𝑁 𝑢− 𝑢
)︁⃦⃦⃦ 1

2

𝐿2(Λ)

≤ 2
(︂⃦⃦⃦
𝜕2

𝜉

(︁
𝜋1,0

𝑁 𝑢− 𝑢
)︁⃦⃦⃦2

𝐿2(Λ)
+
⃦⃦⃦
𝜕𝜉

(︁
𝜋1,0

𝑁 𝑢− 𝑢
)︁⃦⃦⃦2

𝐿2(Λ)

)︂ 1
4 ⃦⃦⃦
𝜕𝜉

(︁
𝜋1,0

𝑁 𝑢− 𝑢
)︁⃦⃦⃦ 1

2

𝐿2(Λ)
.

(A.5)

In view of Lemma 3.4, it suffices to estimate ‖𝜕2
𝜉 (𝜋1,0

𝑁 𝑢−𝑢)‖𝐿2(Λ). For this purpose, it is essential to show that

𝜕𝜉𝜋
1,0
𝑁 𝑢(𝜉) = 𝜋𝑁−1𝜕𝜉𝑢(𝜉), ∀𝑢 ∈ 𝐻1

0 (Λ). (A.6)

To derive this property, we define

Φ𝑛(𝜉) = 𝑃𝑛+2(𝜉)− 𝑃𝑛(𝜉), 𝑛 ∈ N. (A.7)

Using the derivative recurrence relations of Legendre polynomials ([28], (3.176a)):

(2𝑛+ 1)𝑃𝑛(𝜉) = 𝑃 ′𝑛+1(𝜉)− 𝑃 ′𝑛−1(𝜉), 𝑛 ≥ 1,

and

(1− 𝜉2)𝑃 ′𝑛(𝜉) =
𝑛(𝑛+ 1)
(2𝑛+ 1)

(𝑃𝑛−1(𝜉)− 𝑃𝑛+1(𝜉)) =
1
2

(𝑛+ 1)(1− 𝜉2)𝑃 (1,1)
𝑛−1 (𝜉),

we find

Φ𝑛(𝜉) = (2𝑛+ 3)
∫︁ 𝜉

−1

𝑃𝑛+1(𝜂) d𝜂 = 𝑎𝑛(1− 𝜉2)𝑃 (1,1)
𝑛 (𝜉), 𝑎𝑛 = − (2𝑛+ 3)

2(𝑛+ 1)
· (A.8)
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By the orthogonality of Jacobi polynomials {𝑃 (1,1)
𝑛 }, we have the orthogonality:∫︁ 1

−1

Φ𝑛(𝜉)Φ𝑚(𝜉)
(︀
1− 𝜉2

)︀−1
d𝜉 = 𝛾𝑛𝛿𝑛𝑚, 𝛾𝑛 =

2(2𝑛+ 3)
(𝑛+ 2)(𝑛+ 1)

·

Note that 𝐻1
0 (Λ) ⊆ 𝐿2

𝜔−1(Λ) (cf. [28], (B.40)). For any 𝑢 ∈ 𝐻1
0 (Λ), we write

𝑢(𝜉) =
∞∑︁

𝑛=0

𝑢̂𝑛Φ𝑛(𝜉), 𝑢̂𝑛 =
1
𝛾𝑛

∫︁ 1

−1

𝑢(𝜉)Φ𝑛(𝜉)
(︀
1− 𝜉2

)︀−1
d𝜉. (A.9)

We can expand 𝜕𝜉𝑢 in series of Legendre polynomials:

𝜕𝜉𝑢(𝜉) =
∞∑︁

𝑛=0

𝑢̂(1)
𝑛 𝑃𝑛(𝜉), 𝑢̂(1)

𝑛 =
2𝑛+ 1

2

∫︁ 1

−1

𝜕𝜉𝑢(𝜉)𝑃𝑛(𝜉) d𝜉.

Integrating it on both sides and using (A.8), leads to

𝑢(𝜉) =
∞∑︁

𝑛=0

𝑢̂(1)
𝑛

∫︁ 𝜉

−1

𝑃𝑛(𝜂) d𝜂 = (1 + 𝜉)𝑢̂(1)
0 +

∞∑︁
𝑛=0

𝑢̂
(1)
𝑛+1

∫︁ 𝜉

−1

𝑃𝑛+1(𝜂) d𝜂

= (1 + 𝜉)𝑢̂(1)
0 +

∞∑︁
𝑛=0

𝑢̂
(1)
𝑛+1

2𝑛+ 3
Φ𝑛(𝜉),

(A.10)

which, together with the fact: 𝑢(±1) = 0 and (A.10), implies

𝑢̂
(1)
0 = 0; 𝑢̂(1)

𝑛 = (2𝑛+ 1)𝑢̂𝑛−1, 𝑛 ≥ 1.

As a result, we can write

𝜕𝜉𝑢(𝜉) =
∞∑︁

𝑛=1

𝑢̂(1)
𝑛 𝑃𝑛(𝜉) =

∞∑︁
𝑛=1

(2𝑛+ 1)𝑢̂𝑛−1𝑃𝑛(𝜉) =
∞∑︁

𝑛=0

(2𝑛+ 3)𝑢̂𝑛𝑃𝑛+1(𝜉). (A.11)

Since 𝒫0
𝑁 = span{Φ𝑛 : 0 ≤ 𝑛 ≤ 𝑁 − 2}, we infer from (A.9) that

𝜋1,0
𝑁 𝑢(𝜉) =

𝑁−2∑︁
𝑛=0

𝑢̂𝑛Φ𝑛(𝜉). (A.12)

By (A.8) and (A.11), (A.12), we have that for any 𝑢 ∈ 𝐻1
0 (Λ),

𝜕𝜉𝜋
1,0
𝑁 𝑢(𝜉) =

𝑁−2∑︁
𝑛=0

𝑢̂𝑛Φ′𝑛(𝜉) =
𝑁−2∑︁
𝑛=0

(2𝑛+ 3)𝑢̂𝑛𝑃𝑛+1(𝜉) = 𝜋𝑁−1𝜕𝜉𝑢(𝜉). (A.13)

Thus, from (A.3), we conclude that for integer 𝑠 ≥ 2,⃦⃦⃦
𝜕2

𝜉

(︁
𝜋1,0

𝑁 𝑢− 𝑢
)︁⃦⃦⃦

𝐿2(Λ)
= ‖𝜕𝜉(𝜋𝑁−1𝜕𝜉𝑢− 𝜕𝜉𝑢)‖𝐿2(Λ) ≤ 𝑐𝑁

5
2−𝑠|𝑢|𝐻𝑠(Λ). (A.14)

Hence, the estimate (3.16) follows directly from Lemma 3.4, (A.5) and (A.14).
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Appendix B. The proof of Theorem 4.1

We first introduce the Hermite-weighted Sobolev space. Denote 𝜔 := e−𝑣2
and define

𝐻𝑠
𝜔(R) :=

{︀
𝑢 : 𝜕𝑘

𝑣𝑢 ∈ 𝐿2
𝜔(R), 𝑘 = 0, 1, · · · , 𝑠

}︀
,

with integer 𝑠 ≥ 0, which is equipped with the norm and semi-norm

‖𝑢‖𝐻𝑠
𝜔(R) :=

(︃
𝑠∑︁

𝑘=0

⃦⃦
𝜕𝑘

𝑣𝑢
⃦⃦2

𝐿2
𝜔(R)

)︃ 1
2

, |𝑢|𝐻𝑠
𝜔(R) := ‖𝜕𝑠

𝑣𝑢‖𝐿2
𝜔(R).

We then give a lemma that will be used in this proof.

Lemma B.1. Let 𝜔(𝑣) = e−𝑣2
. Then for any 𝑢 ∈ 𝐻2

𝜔(R), we have⃦⃦
𝑣2𝑢
⃦⃦

𝐿2
𝜔(R)

≤ 𝑐‖𝑢‖𝐻2
𝜔(R). (B.1)

Proof. By Lemma B.6 of [28], there has

‖𝑣𝑢‖𝐿2
𝜔(R) ≤ ‖𝑢‖𝐻1

𝜔(R), ‖𝑣𝜕𝑣𝑢‖𝐿2
𝜔(R) ≤ 𝑐‖𝑢‖𝐻2

𝜔(R). (B.2)

Applying integration by parts and the Schwarz inequality yields,∫︁ ∞

−∞
𝑣3𝑢2(𝑣)𝜔(𝑣) d𝑣 =

1
2

∫︁ ∞

−∞
𝜕𝑣

(︀
𝑣2𝑢2(𝑣)

)︀
𝜔(𝑣) d𝑣

≤
∫︁ ∞

−∞
𝑣𝑢2(𝑣)𝜔(𝑣) d𝑣 + ‖𝑣𝑢(𝑣)‖𝐿2

𝜔(R) · ‖𝑣𝜕𝑣𝑢(𝑣)‖𝐿2
𝜔(R).

(B.3)

To demonstrate the integration above on the left is bounded, one only needs to estimate the first term on the
right side of (B.3). Using the integration by parts and the Schwarz inequality again, it is not hard to see that∫︁ ∞

−∞
𝑣𝑢2(𝑣)𝜔(𝑣) d𝑣 ≤ ‖𝑢‖𝐿2

𝜔(R)|𝑢|𝐻1
𝜔(R).

Thus, ∫︁ ∞

−∞
𝑣3𝑢2(𝑣)𝜔(𝑣) d𝑣 ≤ ‖𝑢‖𝐿2

𝜔(R)|𝑢|𝐻1
𝜔(R) + ‖𝑣𝑢(𝑣)‖𝐿2

𝜔(R) · ‖𝑣𝜕𝑣𝑢‖𝐿2
𝜔(R),

which indicates that 𝑣3𝑢2(𝑣)𝜔(𝑣) → 0 as 𝑣 → +∞. Therefore, one has∫︁ ∞

−∞

(︀
𝑣2𝑢(𝑣)

)︀2
𝜔(𝑣) d𝑣 =

1
2

∫︁ ∞

−∞

(︀
3𝑣2𝑢2(𝑣) + 2𝑣3𝑢(𝑣)𝜕𝑣𝑢(𝑣)

)︀
𝜔(𝑣) d𝑣

≤ 3
2
‖𝑣𝑢‖2𝐿2

𝜔(R) +
1
2

⃦⃦
𝑣2𝑢
⃦⃦2

𝐿2
𝜔(R)

+
1
2
‖𝑣𝜕𝑣𝑢‖2𝐿2

𝜔(R),

(B.4)

which finally gives (B.1). �

Proof of Theorem 4.1. We find from (4.5) that

Π̂𝑁𝑢 := e−
𝑣2
2 Π𝑁

(︁
𝑢 e

𝑣2
2

)︁
∈ 𝑉𝑁 , (B.5)
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where Π̂𝑁 and 𝑉𝑁 are defined in (4.4) and (4.3), respectively. Here the operator Π𝑁 : 𝐿2
𝜔(R) → 𝒫𝑁 is the

𝐿2-orthogonal projection associated with the Hermite polynomial expansion. According to Corollary 7.3 of [28],
we have the approximation error for the projection Π̂𝑁 : for any 𝜕𝑠

𝑣𝑢 ∈ 𝐿2(R), with 0 ≤ 𝑙 ≤ 𝑠 ≤ 𝑁 + 1,

⃦⃦⃦
𝜕𝑙

𝑣

(︁
Π̂𝑁𝑢− 𝑢

)︁⃦⃦⃦
𝐿2(R)

≤ 𝑐

√︃
(𝑁 − 𝑠+ 1)!
(𝑁 − 𝑙 + 1)!

⃦⃦⃦
𝜕𝑠

𝑣𝑢
⃦⃦⃦

𝐿2(R)
. (B.6)

With the aid of (B.6), we will derive an upper bound of 𝐿2
𝜔-orthogonal projection error that multiplied by

𝑣. By the definition of Π̂𝑁 , it is clear that⃦⃦⃦
𝑣𝜕𝑙

𝑣

(︁
Π𝑁

(︁
e

𝑣2
2 𝑢
)︁
− e

𝑣2
2 𝑢
)︁⃦⃦⃦

𝐿2
𝜔(R)

=
⃦⃦⃦
𝑣𝜕𝑙

𝑣

(︁
e

𝑣2
2

(︁
Π̂𝑁𝑢− 𝑢

)︁)︁⃦⃦⃦
𝐿2

𝜔(R)
.

Notice that 𝜕𝑙
𝑣(e

𝑣2
2 (Π̂𝑁𝑢− 𝑢)) ∈ 𝐿2

𝜔(R). Using the inequality ([28], Lem. B.6), there has⃦⃦⃦
𝑣𝜕𝑙

𝑣

(︁
e

𝑣2
2

(︁
Π̂𝑁𝑢− 𝑢

)︁)︁⃦⃦⃦
𝐿2

𝜔(R)
≤ 𝑐
⃦⃦⃦
𝜕𝑙

𝑣

(︁
e

𝑣2
2

(︁
Π̂𝑁𝑢− 𝑢

)︁)︁⃦⃦⃦
𝐻1

𝜔(R)

= 𝑐

(︂⃦⃦⃦
𝜕𝑙

𝑣

(︁
Π̂𝑁𝑢− 𝑢

)︁⃦⃦⃦2

𝐿2(R)
+
⃦⃦⃦
𝜕𝑙+1

𝑣

(︁
Π̂𝑁𝑢− 𝑢

)︁⃦⃦⃦2

𝐿2(R)

)︂ 1
2

.

Then thanks to (B.6), one finally derives that⃦⃦⃦
𝑣𝜕𝑙

𝑣

(︁
Π𝑁

(︁
e

𝑣2
2 𝑢
)︁
− e

𝑣2
2 𝑢
)︁⃦⃦⃦

𝐿2
𝜔(R)

≤ 𝑐
⃦⃦⃦
𝜕𝑙+1

𝑣

(︁
Π̂𝑁𝑢− 𝑢

)︁⃦⃦⃦
𝐿2(R)

≤ 𝑐

√︃
(𝑁 − 𝑠+ 1)!

(𝑁 − 𝑙)!
|𝑢|𝐻𝑠

𝐴(R).

It notes that ⃦⃦⃦
𝑣𝜕𝑙

𝑣

(︁
Π̂𝑁𝑢− 𝑢

)︁⃦⃦⃦
𝐿2(R)

=
⃦⃦⃦
𝑣𝜕𝑙

𝑣

(︁
Π𝑁

(︁
e

𝑣2
2 𝑢
)︁
− e

𝑣2
2 𝑢
)︁⃦⃦⃦

𝐿2
𝜔(R)

. (B.7)

Then the first statement in (4.8) follows.
Next we will prove the second statement. The estimate (4.9) with 𝑙 = 0 follows from the (4.8) with 𝑙 = 0. For

𝑙 = 1, we find

𝑣𝜕𝑣

(︁
Π̂𝑁𝑢− 𝑢

)︁
= 𝑣 e−

𝑣2
2 𝜕𝑣

(︁
Π𝑁

(︁
e

𝑣2
2 𝑢
)︁
− e

𝑣2
2 𝑢
)︁
− 𝑣2 e−

𝑣2
2

(︁
Π𝑁

(︁
e

𝑣2
2 𝑢
)︁
− e

𝑣2
2 𝑢
)︁
.

Hence, by Lemma B.1 and Theorem 7.13 of [28],⃦⃦⃦
𝑣𝜕𝑣

(︁
Π̂𝑁𝑢− 𝑢

)︁⃦⃦⃦
𝐿2(R)

≤
⃦⃦⃦
𝑣 e−

𝑣2
2 𝜕𝑣

(︁
Π𝑁

(︁
e

𝑣2
2 𝑢
)︁
− e

𝑣2
2 𝑢
)︁⃦⃦⃦

𝐿2(R)
+
⃦⃦⃦
𝑣2 e−

𝑣2
2

(︁
Π𝑁

(︁
e

𝑣2
2 𝑢
)︁
− e

𝑣2
2 𝑢
)︁⃦⃦⃦

≤ 𝑐
⃦⃦⃦

Π𝑁

(︁
e

𝑣2
2 𝑢
)︁
− e

𝑣2
2 𝑢
⃦⃦⃦

𝐻1
𝜔(R)

+
⃦⃦⃦
Π𝑁

(︁
e

𝑣2
2 𝑢
)︁
− e

𝑣2
2 𝑢
⃦⃦⃦

𝐻2
𝜔(R)

≤ 𝑐

√︃
(𝑁 − 𝑠+ 1)!

(𝑁 − 𝑙)!
|𝑢|𝐻𝑠

𝐴(R),

which completes the proof. �
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Appendix C. The proof of Theorem 4.2

Recall the Sobolev inequality ([28], Lem. B.6): for any 𝑢, 𝜕𝑣𝑢 ∈ 𝐿2
𝜔(R),⃦⃦⃦

e−
𝑣2
2 𝑢
⃦⃦⃦

𝐿∞(R)
≤ 2‖𝑢‖

1
2
𝐿2

𝜔(R)|𝑢|
1
2
𝐻1

𝜔(R). (C.1)

In view of (B.5), by triangle inequality,⃦⃦⃦
𝜕𝑣

(︁
Π̂𝑁𝑢− 𝑢

)︁⃦⃦⃦
𝐿∞(R)

=
⃦⃦⃦
𝜕𝑣

(︁
e−

𝑣2
2

(︁
Π𝑁

(︁
𝑢 e

𝑣2
2

)︁
− 𝑢 e

𝑣2
2

)︁)︁⃦⃦⃦
𝐿∞(R)

≤
⃦⃦⃦

e−
𝑣2
2 𝑣
(︁

Π𝑁

(︁
𝑢 e

𝑣2
2

)︁
− 𝑢 e

𝑣2
2

)︁⃦⃦⃦
𝐿∞(R)

+
⃦⃦⃦

e−
𝑣2
2 𝜕𝑣

(︁
Π𝑁

(︁
𝑢 e

𝑣2
2

)︁
− 𝑢 e

𝑣2
2

)︁⃦⃦⃦
𝐿∞(R)

=: 𝐼1 + 𝐼2.

By (4.7), (4.8) and the Sobolev inequality (C.1), we obtain that

𝐼1 ≤ 2
⃦⃦⃦
𝑣
(︁

Π𝑁

(︁
𝑢 e

𝑣2
2

)︁
− 𝑢 e

𝑣2
2

)︁⃦⃦⃦ 1
2

𝐿2
𝜔(R)

⃦⃦⃦
𝜕𝑣

(︁
𝑣Π𝑁

(︁
𝑢 e

𝑣2
2

)︁
− 𝑣
(︁
𝑢 e

𝑣2
2

)︁)︁⃦⃦⃦ 1
2

𝐿2
𝜔(R)

≤ 2
⃦⃦⃦
𝑣
(︁

Π̂𝑁𝑢− 𝑢
)︁⃦⃦⃦ 1

2

𝐿2(R)

(︂⃦⃦⃦
Π̂𝑁𝑢− 𝑢

⃦⃦⃦
𝐿2(R)

+
⃦⃦⃦
𝑣𝜕𝑣

(︁
Π̂𝑁𝑢− 𝑢

)︁⃦⃦⃦
𝐿2(R)

)︂ 1
2

≤ 𝑐𝑁
3
4−

𝑠
2 |𝑢|𝐻𝑠

𝐴(R).

Similarly, we have from (4.7) and (C.1) that

𝐼2 ≤ 2
⃦⃦⃦
𝜕𝑣

(︁
Π𝑁

(︁
𝑢 e

𝑣2
2

)︁
− 𝑢 e

𝑣2
2

)︁⃦⃦⃦ 1
2

𝐿2
𝜔(R)

⃦⃦⃦
𝜕2

𝑣

(︁
Π𝑁

(︁
𝑢 e

𝑣2
2

)︁
− 𝑢 e

𝑣2
2

)︁⃦⃦⃦ 1
2

𝐿2
𝜔(R)

≤ 𝑁
3
4−

𝑠
2

⃦⃦⃦
𝜕𝑠

𝑣𝑢
⃦⃦⃦

𝐿2(R)
= 𝑁

3
4−

𝑠
2 |𝑢|𝐻𝑠

𝐴(R).

A combination of the above facts leads to the desired result (4.11).

Appendix D. Proof of Lemma 4.1

Using the derivative formula of the Hermite polynomial (cf. [28], (7.126)):

𝜕𝑘
𝑣𝐻𝑛(𝑣) =

2𝑘𝑛!
(𝑛− 𝑘)!

𝐻𝑛−𝑘(𝑣),

we obtain from (4.1) that

𝜕𝑘
𝑣
̂︀𝐻𝑛(𝑣) = e−

𝑣2
2 𝜕𝑘

𝑣

(︁
e

𝑣2
2 ̂︀𝐻𝑛(𝑣)

)︁
=

2𝑘𝑛!
(𝑛− 𝑘)!

1
𝜋

1
4
√
𝑛!2𝑛

e−
𝑣2
2 𝐻𝑛−𝑘(𝑣)

= 2
𝑘
2

√︃
𝑛!

(𝑛− 𝑘)!
̂︀𝐻𝑛−𝑘(𝑣), 𝑛 ≥ 𝑘.

In view of the orthogonality (4.2), we have∫︁
R
𝜕𝑘

𝑣
̂︀𝐻𝑛(𝑣)𝜕𝑘

𝑣
̂︀𝐻𝑚(𝑣) d𝑣 =

2𝑘𝑛!
(𝑛− 𝑘)!

𝛿𝑚𝑛. (D.1)
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Thus, by the Parseval’s identity,

‖𝑢‖2𝐻𝑠
𝐴(R) =

𝑠∑︁
𝑘=0

‖𝜕𝑘
𝑣𝑢‖2𝐿2(R) =

𝑠∑︁
𝑘=0

‖
∞∑︁

𝑛=0

𝑢̂𝑛 𝜕
𝑘
𝑣
̂︀𝐻𝑛‖2𝐿2(R) =

𝑠∑︁
𝑘=0

2𝑘
∞∑︁

𝑛=𝑘

𝑛!
(𝑛− 𝑘)!

|𝑢̂𝑛|2

=
𝑠∑︁

𝑛=0

𝑛∑︁
𝑘=0

2𝑘𝑛!
(𝑛− 𝑘)!

|𝑢̂𝑛|2 +
∞∑︁

𝑛=𝑠+1

𝑠∑︁
𝑘=0

2𝑘𝑛!
(𝑛− 𝑘)!

|𝑢̂𝑛|2 ∼ ‖𝑢‖2𝐻𝑠
𝐵(R).

This ends the proof.
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